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Abstract

Plasma kinematics is typically performed on either the mass shell or a lab bundle, 7-dimensional phase spaces
equipped with a Vlasov vector field. This choice of phase space encodes the parametrisation of the differential equa-
tions governing particle dynamics. By replacing the Vlasov vector field and related quantities over a phase space
with a bivector on an 8—dimensional conic sub-bundle of the tangent bundle, we construct a parameter-free version of
Vlasov theory. The advantages of this formalism include compatibility with light-like and ultra-relativistic particles,
non-metric connections, and metric-free or pre-metric theories. Additionally, this formalism applies to theories where
no time-phase space can exist for topological topological reasons e.g. when we wish to consider all geodesics, includ-
ing space-like geodesics. We also use this formalism to derive a simple formula which enables the transformation of
a Vlasov field from one phase space to another in such a way that the trajectories of the particles in the base space are
unchanged.

Our formalism also has implications for numerical simulations. By extending quantities such as the particle den-
sity form onto an 8§—dimensional conic sub-bundle, we can extend existing numerical integrators, such as the Agile-
Numerical-Integrator, to relativistic scenarios. The extension of the particle density form also allows for the gen-
eralisation of the current 3—form onto the conic bundle. We also discuss the complicated relationship between the
stress-energy form and phase space, how our formalism illustrates this, and the corresponding challenges in develop-
ing a parameter-free Einstein-Vlasov system. The relationship between our formalism and sprays or semi-sprays is
explored, and examples from Finsler geometry are given.

1 Introduction

In Vlasov and Boltzmann theories of kinematics, one is interested in the dynamics of a scalar field over a time-phase
space which represents a particle density. The fields are typically functions of time, 3 positional coordinates, and
3 velocity or momentum coordinates. The dynamic equations are written in terms of a first order operator on this
scalar field. In the case of the Vlasov equation, the action of the operator on the scalar field is zero, whereas for the
Boltzmann equation, the right-hand side is non-zero to account for collisions. This 7—dimensional time-phase space,
which we call the kinematic domain, is a subspace of the 8-dimensional tangent bundle. It corresponds to the chosen
parameterisation one uses for the underlying solutions of the chosen force equation. Sometimes there is a natural choice
for this 7-dimensional space, for example the mass shell in the case of an Einstein-Vlasov system (see [1]]). In other
cases, it has to be chosen, e.g. for null geodesics. Furthermore, there are cases where it is not even possible to construct
a kinematic domain; for example, in the case where we consider all geodesics, including space-like geodesics.

In this article, we investigate an alternative approach that does not require a choice of kinematic domain. We work
on an 8—dimensional conic bundle which is a subset of the tangent bundle, and we replace the Vlasov vector field,
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Figure 1: The Vlasov Bivector integrates to form leaves, like the pages of a book. The density of the leaves also
corresponds to the particle distribution.

with the Vlasov bivector. This corresponds to not choosing a parameterisation for the underlying ordinary differential
equations (ODESs) of the system. The integral 2—dimensional surfaces of this bivector are depicted in figure[I} There
are many advantages to this formalism which we discuss in the following subsection. Although we concentrate on
the geodesic or Lorentz force equations and their corresponding Vlasov fields, this approach can be applied to the
kinematics models for any 2nd order ODEs, on any arbitrary dimensional base manifold.

In this article, we first summarise the standard kinematic domain approach plus its relationship with the conic sub-
bundle, and make the link with sprays and semi-sprays. This includes the means by which we transform a Vlasov field
between kinematic domains. We then define the Vlasov bivector and particle density 6-form, and we give the equations
of motion for the latter. We show how to go between the approaches, when the kinematic domain approach exists. We
also show how to calculate the current 3—form, the analogue to the stress-energy tensor, needed for the Einstein-Vlasov
system. Next, we discuss the implications of our formalism for numerical methods, and apply our formalism to extend
the agile numerical integrator (ANI) to relativistic contexts.

In this article, we use sprays and Finsler geometry as examples to put this work in context. However, for the reader
unfamiliar with these concepts, all statements about sprays, semi-sprays and Finsler geometry may be safely ignored.
The details linking our work and sprays are given in section [A.T]

1.1 The Standard Vlasov Approach

When performing Vlasov kinematics, a 7-dimensional time-phase space E is chosen upon which to construct the
particle density scalar field fr. We will refer to E as the kinematic domain, and it is a bundle over the spacetime
manifold M. The first order partial differential equation governing the dynamics of f5 can be represented by the
Vlasov vector field Wy € I'TE,

Wg(fE) =0, )]

where the angled brackets (») indicate the action of a vector field on a scalar field. Note that it is also referred to as the
Liouville vector field in some literature, e.g. [2].

Throughout this article, we use the language of differential geometry on the tangent bundle to describe Vlasov
kinematic models. For an overview of this technique, see [3]. The solutions to the underlying second-order ordinary
differential equations (ODEs) are called trajectories and correspond to the worldlines of the particles. The tangent
vectors to the trajectories, that is, the velocities of particles, are curves in the kinematic domain, called the prolongation
of the trajectories. These prolongations are the integral curves of the Vlasov vector field.

The kinematic domain E C T'M is a sub-bundle of the tangent bundle over the base manifold M and there are
many choices for this sub-bundle. For example, if M has a spacetime metric, g (with signature (—, +, +, +)), then one
choice is to use the unit mass shell Ey, also known as the upper unit hyperboloid:

Ey={veTM: gv,v)=—1, vis future pointing}. )
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(a) Prolongations for a metric compatible connection, which  (b) Prolongations for a non-metric compatible connection,
remain on the mass shell. which do not remain on the mass shell.

Figure 2: Illustration of integral curves, i.e the prolongations, in the mass shell for the case of a Vlasov field built from
a force equation with a metric compatible connection (fig. and a non metric compatjble connection (fig. 2b). The
mass shell is represented by the blue sheet, integral curves #, # of the Vlasov fields W', W are given by the green lines.
The Vlasov fields themselves are depicted by the orange arrows.

This corresponds to proper-time parameterisation and is the natural choice for the relativistic Vlasov-Maxwell [4]]
system and the Einstein Vlasov system [1]. When performing plasma kinematics with the Vlasov-Maxwell system, we
typically formulate the Lorentz force equation in terms of a metric compatible connection. One disadvantage of the
upper unit hyperboloid is that prolongations of trajectories for a non-metric compatible connection will not, in general,
remain on the mass shell (see lemmal[A.6] for an example). This is visualised in fig. 2]

Another choice of kinematic domain is the lab-time bundle, E, where t € T AOM is a lab-time. This ¢ has the
property that if v is future pointing then v(z) > 0. We also refer to ¢ as a time-slicing scalar, because it slices spacetime
into hypersurfaces. The events on each hypersurface are designated to be simultaneous. The term lab-time refers to
any scalar field ¢, not necessarily the time coordinate of an inertial frame or associated with a lab. Thus it can also refer
to the rest frame of an accelerating particle. The lab-time bundle, E,, consists of vectors v such that v(t) = 1 subject
to some additional restrictions, such as being time-like. It is defined in eq. (ZI]) below, once we have defined the conic
bundle, U.

Working on E, adds an additional term to the Vlasov equation relative to the Vlasov field on Ey;. Unlike the unit
hyperboloid, it does not require a metric compatible connection. It is also useful when other quantities are defined
with reference to a global time (see, e.g. [5]]). The disadvantage of this approach is that one has to choose a lab-time
coordinate and there may be complicated transformations from one lab-time coordinate to another. An illustration of
kinematic domains as “slices” of a conic bundle is given in fig.

Given two kinematic domains, say E and E, it is possible to transform the Vlasov field Wy € I'TE to another
Vlasov field W; € I'TE in such a way that the trajectories in the base space are unaffected. This transformation
corresponds to a reparameterisation of the trajectories associated with the Vlasov field. For example, the geodesic
equation on the unit hyperboloid Ey; becomes the pre-geodesic equation on the lab-time bundle E;, and by analogy the
Lorentz force equation becomes the pre-Lorentz force equation. This extra force term, which is always proportional to
the velocity, gives rise to an extra term in the Vlasov field.

1.2 Motivation for the Parameter Free Approach

The primary goal of this work is to present the formalism of the Vlasov field and the corresponding Vlasov equation
in a way which does not require choosing a kinematic domain, or equivalently, a parameterisation. It is a considerable
abstraction to pass from the 7-dimensional kinematic formalism to the 8—dimensional formalism, and several new
concepts must be defined, such as the Vlasov bivector and the particle density form. We identify here a number of
reasons why this new formalism is justified.

e [t removes the arbitrariness of the kinematic domain and the need for additional terms. Thus this approach is
fundamentally free of the choice of parameterisation.

o It works when modelling light-like particles where the kinematic domain is 6-dimensional, and hence one cannot
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Figure 3: The 7-dimensional kinematic domains Ey and E, are given by slices of the 8—dimensional conic bundle
U c TM. The unit hyperboloid Ey is given by the dark blue hyperbola and a lab-time bundle E, by the horizontal
black line. The Vlasov fields Wk, and W, (green and red arrows respectively) are tangent to their respective kinematic
domains.

use the hyperboloid bundle, Ey;. One could use a lab-time bundle E, = {v € TM : v(t) = 1 and g(v,v) = 0}.
In the case of Minkowski spacetime, with ¢ given by the usual Minkowski time coordinate, the prolongations of
light-like geodesics remain on E,. However, in general where there is gravity or where we use an arbitrary time
scalar field, this is not the case, and the prolongations of light-like geodesics will not remain on E,. See appendix
lemmal[A.7]for an example of this. Thus one has two choices, either to use our approach given here or to use the
pre-geodesic equation.

e In particle accelerators, charged particles travel at speeds very close to the speed of light, and one can use an
ultra-relativistic approximation. Although massless particles are not affected by an electromagnetic fields, ultra-
relativistic particles do respond in the limit where the electromagnetic field becomes infinite. In [6]], the authors
consider the ultra-relativistic approximation for a charged fluid. The approach given here will enable the ultra-
relativistic approximation for a kinetic description of charged particles.

e Sometimes it is necessary to work in multiple kinematic domains for practical reasons and hence it is necessary
to transform the Vlasov equation between them. One can construct this transformation by considering the under-
lying ODEs, rescaling them, and then reconstructing the new corresponding Vlasov equation. The advantage of
starting with the parameterisation free approach, is that it gives the formula for this transformation directly. This
can be visualised in fig.[3] This is analogous to the advantages of working in coordinate-free notation. If one is
subsequently given a coordinate system, one can easily calculate the corresponding coordinate quantities from the
coordinate-free quantities. Also, given two coordinate systems, the transformation of these coordinate-quantities
is also derived from the coordinate free definitions. Likewise the formula for passing from one kinematic do-
main to another falls out of our kinematic domain free definition of the Vlasov field. Additionally, working with
coordinate free tools often provides geometric insight (see [7]], for example).

e The numerical simulation of plasmas, both terrestrial and astrophysical are of intensive interest. For these one
may attempt to solve the Maxwell-Vlasov system directly [8]] (especially in 1 or 2 dimensions) or use a particle-
in-cell (PIC) code. There are many codes in current use [[9]. These generally use a lab-frame [[10] which updates
all the fields and particles from one timesteps to the next. These timesteps define the time-slicing scalar field,
that is a field on spacetime the contours which define all simultaneous events. We know from relativity that such
a notion of simultaneity is not universal and is a choice. When one can ignore the effect of gravity, it is usual to
use an inertial frame.

In section section[5.2] we leverage our formalism to generalise the agile numerical integrator (ANI), found in [11]).
We generate the equations for a Lorentz boost of the 1-dimensional Vlasov-Poison equation. The current use



of the ANI is to systems where the velocities are either non-relativistic or only mildly relativistic. This avoids
velocities bunching just below v = ¢. This prevents the ANI being used to model a bunch of particles being
accelerated to ultra-relativistic velocities, such as in a particle accelerator. Using a series of Lorentz boosts, one
can model such bunches. Here, we constantly work in a frame where the velocities have v < ¢, even though the
actual velocities, relative to the lab, are ultra-relativistic.

One could also use an arbitrary non-inertial frame, for example one adapted to a prescribed accelerating orbit.
This is a natural thing to do when considering moments moments of a distribution, for example, [5]]. Our tech-
nology will trivially give you the Vlasov system in this case. Starting with the adapted time-slicing scalar field,
it is trivial to use eq. (54) to deduce the Vlasov field in this adapted coordinate system. An alternative would
require calculating all the pseudo-forces in the equations of motion and constructing the Vlasov field from these.
The same approach can be used in general relativity with the contours of the time-slicing scalar field being the
geodesic hypersurfaces which are orthogonal to a prescribed worldline, [12].

e In this formalism, we work on the conic bundle U ¢ TM (where TM = TM \ {0}, the subset of T M which
excludes the zero vectors), which is a bundle over M and has the same dimension as 7'M . The formal definition
of the conic bundle is given in definition [I.5] There are cases where there cannot exist a kinematic domain
for topological reasons. For example, suppose we wish to consider all solutions to the autoparallel equation.
In spacetime this corresponds to all time-like, light-like and space-like geodesics simultaneously. In this case
U =T M. Thus we would have to pick an initial velocity for each direction in order to construct the phase space
E upon which we define our Vlasov field. Each fibre E, would then be topologically equivalent to the quotient
set T,M / ~ where v ~ Av for A # 0. This set is the real projective (n—1)-space RP"! in the case where M is
a n—dimensional spacetime manifold. However, if # is odd, n > 3, R P! cannot be embedded into TPM , and
hence no kinematic domain E exists. By contrast, our formalism remains valid in this case. For proof that R P%"
cannot be embedded into R2"+! see cor. 8.9 [13].

e As seen in fig. 2} the prolongations of solutions to the Lorentz force equation do not, in general, remain on Ey
if the connection is not metric compatible. An example is given in the lemma[A.6] By contrast, our approach
works with force equations constructed from any connection, and more general models of acceleration [[14].

Furthermore, our approach works even when the manifold does not possess a metric. For example, using the
autoparallel equations, one can construct the Vlasov equations with just a connection and no metric. Thus it is
compatible with pre-metric formalisms of dynamics (see [15H17]]). For electrodynamics, without a metric, one
would need to consider a force tensor, analogous to the electromagnetic field, but which maps vectors to vectors.

e This formalism can be generalised to Finsler spacetimes [18]]. Furthermore, our formalism is not intrinsically
dependant on any geometric objects beyond a base manifold. By casting objects from Finsler geometry based
kinematic theories (e.g. [19]]), the dependence of these objects upon the Finsler metric can be better highlighted
in a way analogous to pre-metric electromagnetism.

e The clock hypothesis is defined using the metric. Particles which decay must have a notions of time. However
for stable particles, one can argue that the description of the particles motion should not be defined in terms of
proper time which does not effect the particles. Our approach may be useful for treatments which do not impose
the clock hypothesis, e.g. Mashoon electrodynamics [[20-23]].

o Finally, there is a philosophical argument. There is vague distinction between the kinematics and the dynamics
of a system. In the case of particle dynamics, the kinematics simply state that we are interested in curves that
satisfy some unspecified ODE, whereas the dynamics prescribe the ODE. It is the dynamics that require the
connection, and maybe a metric. By contrast, for the standard Vlasov field on Ey, the kinematics are defined on
a kinematic domain which requires a metric. Thus, the metric is introduced at the kinematic stage rather than
the dynamics stage.

1.3 The Vlasov Bivector and the Transport equations

The primary object of interest in this paper is the Vlasov bivector, ¥. The Vlasov bivector is constructed on the conic
bundle U as opposed to a given kinematic domain. Informally we may consider these to be the generalisation of a
Vlasov field Wi on E to a geometric object on U. Although we use the language of bivectors here, one can use
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Figure 4: Diagram of the transport equations on a (2n — 1)—dimensional kinetic domain E using form submanifolds.
The details of submanifolds are described in [24]. The form manifolds of 8 € I'A2"=2E (black lines) do not terminate
(dfg = 0) and are tangent to the vector field Wi € I'T E, represented by blue arrows (i, 6 = 0).
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Figure 5: Sketch of an integrable Vlasov bivector ¥. Here, a possible form for ¥ is ¥ = R A W. Notice that since ¥
is integrable, the bivectors ‘knit-together’ to from the leaves of a foliation, also depicted in fig.[T} The ambient space is
U c TM. The green line is to indicate the absence of 0-vectors in our space. The density of the leaves correspondence
to the velocity density of our one particle distributions function with higher density towards the middle and lower
density towards the sides. Viewing this diagram as the particle density form 6, then the observation that the leaves are
tangent to ¥ and that they have no boundary, is equivalent to the transport equations given in eq. .

the equivalent language of foliations to describe a Vlasov bivector. Each ¥ is constructed in such a way that the 2—
dimensional leaves, see fig.[TJand fig.[5] that compose their foliations intersect any given kinematic domain E to produce
1-dimensional curves, visualised in fig. [f] These curves are exactly the integral curves of a Vlasov field associated
with ¥ which is tangent to E.

Vlasov bivectors also have the added benefit of accounting for all projectively related Vlasov fields. Consequently,
the Vlasov bivector accounts for all parametrisations in tandem without explicit reference to any of them. Furthermore,
the equation for transforming Vlasov fields between kinematic domains can be easily derived from the Vlasov bivector,
hence the choice to describe our formalism in terms of bivectors instead of foliations. Vlasov bivectors are the main
topic of discussion in section 3}

In general, it is not informative to attempt to extend the particle density function f to U. Instead, we first replace
fg with the particle density 6-form 6. This is depicted in fig. @} This 6-form has two conditions, equivalent to
eq. (I), which together we call the transport equations. The first states that 6 is closed, d0y = 0 which corresponds
to the form manifolds not terminating (i.e. no particles being created or lost). The second states that the Vlasov field is
tangent to 6 i.e. iy, 0 = 0. Furthermore, the transport equations apply to a more general set of theories than simply
the Vlasov equation. The transport equations are discussed in section [2.5]

The geometric notion of the transport equations can be more easily translated into our formalism. In our case,



the particle density from on E, 6, is replaced with the particle density form § € TA>"~2U. This (2n—2)—form on a
2n—dimensional manifold is also depicted in figure fig. (1} using the idea of form-submanifolds described in [24]. The
closure of 6 corresponds to the fact that the form-submanifolds do not have boundaries in U, they are also tangent to all
projectively related Vlasov fields W. In sectiond.1|the transport equations are generalised to U in terms of the Vlasov
bivector and the particle density form on U'.

Having established the Vlasov bivector, W, and the particle density form 6, we show how to relate them to the
corresponding Vlasov vector W and density form 6. Of course, this is only possible if we are dealing with a time-
orientable system. We say that the conic bundle is time-orientable if we can write U in terms of a disjoint union of
future pointing and past pointing vectors, discussed in section section[I.6] When U is time-orientable, we show how
to translate between W and W, and between 6 and 6.

1.4 Signposting

The remainder of section 1 is devoted to the notation and conventions used throughout this paper. In section 2 we
discuss kinematic domains and the various objects built on them. We begin by introducing the kinematic domain
and its properties in section 2.1} a generalisation of the mass shell and lab-time bundles upon which we can perform
kinematics. In this subsection we also introduce the Vlasov field W on the conic bundle U and explore its relationship
with the Vlasov field Wi on kinematic domains. A useful tool for describing a kinematic domain is a kinematic
indicator, these are introduced and discussed in section[2.2] Integral curves of Vlasov fields are discussed in section[2.3]
We also discuss the conditions for which two different Vlasov fields correspond to the same trajectories. In section [2.4]
we discuss how to transform Vlasov fields between kinematic domains in such a way that the trajectories of particles are
preserved. In section[2.5]we introduce the transport equations, a geometric method of interpreting the Vlasov equation
on E. We also discuss some advantages of this approach. Next, section[2.6]gives an example of how we may transform
Vlasov fields between kinematic domains.

In section [3| we introduce the Vlasov bivector W. First, the necessary properties to define Vlasov bivectors are
discussed in section [3.1) and section[3.2} Vlasov bivectors themselves, their benefits, and geometric interpretation are
given in section We also illustrate the correspondence between bivectors and foliations here.

Section 4 deals with the particle density form on U and its applications. The transport equations are generalised to
the conic bundle using the Vlasov bivector in sectiond.I] We also discuss the geometric interpretation of these new
transport equations here. In section f.2] we explore the conditions necessary to define a particle density form on U
given a particle density from on a kinematic domain E and vice versa. We then apply the particle density on U to
define a current (n—1)—form on M in section[#.3] We also show that this current form is the same as the current form
typically defined on E. In section section 4.4 we define the stress-energy 3-forms. We see that unlike the case of the
current, these depend on the choice of kinematic domain.

In section [5] numerical applications for the framework are discussed. We begin in section [5.1] with a discussion
of the application of lab time in simulations, particularly in relativistic cases. We then discuss a particular integration
scheme, the ANI and its generalisation in section [5.2] This includes the introduction of an integration scheme which
only uses one interpolation, and an application of our formalism: we perform a Lorentz boost on a Vlasov-Poisson
system to to write the equation for integrating the Vlasov field in a new frame. We conclude in section [6]

In the appendices, we discuss the relationship between our work and sprays in section [A. T} some useful auxiliary
lemmas are contained in section[A.2] and proofs which are not discussed in the body of the work are given in section[A.3]

1.5 Notation and Conventions for general manifolds

Throughout this paper Greek indices will run fromOton —1 (u,v =0, 1,2,...,n — 1) and Latin indices will run from
lton—1(a,b = 1,2,...n— 1), unless specified otherwise. We will use M to denote a connected n-dimensional
manifold and T M to denote the tangent bundle over M (all manifolds are assumed to be smooth). Points in M will
generally be denote p,g € M. Vectors on M which are points in TM (and consequently the conic bundle U) will
be denoted u € U. The space of vector fields over an arbitrary smooth manifold N of dimension £ is denoted I'T N
and its elements are denoted X,Y € I'T N. Maps between abstract manifolds are denoted ® : N — P. The space of
scalar fields is denoted TA° N and we denote its elements f.g&,h F,G,H el AN depending on context. The space
of r—forms is given by ’A” N and we denote its elements by a, § € 'A” N. Although we consider both vectors at points
and vector fields, we only consider r—form fields. Hence when referring to r—forms, the word field is implicit. A field



Figure 6: Given a two dimensional manifold M and two different kinematic domains E and E , we can observe the
relationship between two Vlasov fields W and W related by theorem The Vlasov field W (resp. W), depicted by
green (light blue) arrows, are tangent to E (E) and generate integral curves # (#7), depicted by red lines. Both integral
curves project down into the same curve on M, denoted C, also a red line. The radial vector field R is denoted by dark
blue arrows. This diagram can be identified with fig. E}

Object Type | Set of Objects Generic Specific
Manifolds N.A. N,P,K M,E U
Scalar Fields T'AON h, k f,F,g
Vector Fields I'TN X,Y,Z,V w
p-forms T'APN a, By, 0,0, 2. 7,JE
Bivectors TB%(N) [ 7

Table 1: Table of symbols use throughout. The objects in the column marked specific are reserved for specific objects
e.g. W €TI'TU is reserved for the Vlasov field, € is used for the particle density form etc.

evaluated at a point will be denoted by X|, and the action of a vector field on a scalar field X (h). A table of generic
and specific symbols is given in table|[T]

The internal contraction of an r—form & by a vector field X is given by i ya (or a: X for the special case when «
is a 1-form), and the Lie derivative of « along X is denoted by L ya. Contraction by coordinate partial derivatives

are denoted iEf) =i etc. A similar convention is used for Lie derivatives along a coordinate vector field where we
M
denote L = Lﬁf) etc.
"

Definition 1.1 (Pullback and Pushforward). Given a map between manifolds ® : N — P, then the pushforward of a
vector at a point v € T, N is given by

(©.2) (h) = v(ho®). (3)
The pullback of a scalar field h € TA°P is given by
O*h = (hoO). 4)
We may also pullback forms of arbitrary degree  according to the following rules:
O*(dh)=d(©*h) and OF(a Ap)=0"a AO*S, o)
forh e TA’N, a e TA'N, p € TA""! N. The pullback and pushforward satisfy the compatibility property:
a: O.uv=0%: 1y, (6)

for any 1-form @ € 'A! N and point vector v € T,N. Observe that we pushforward vectors at points, while we pull
back r—forms.



Definition 1.2 (Tangential Vector Fields). Given an embedding ® : K < N, a vector field X € I'T'N is tangent to
the submanifold K if, there exists a vector field Y € I'T K such that

Note that if Y exists then it is unique. In this case, we say that Y € I'T K is induced by X. Given an r—form a € ’'A"N
then

O*(iya) = iy(O*a). (8)

Definition 1.3 (Scalar Lift). Given a scalar field h € TA?N, the scalar lift defines a scalar field h € TA’T N given by

l, = u(h). ©)
Definition 1.4 (Induced Coordinates). Given a coordinate system (x°, ..., x"~!) for the patch K C N, this induces a
coordinate system ()"co, Lm0 )'c"_l) for ﬂ'_l(K) C TN, where x# = n*x* and x* is the scalar lift. In this

coordinate system an arbitrary vector field X € I'T'N can be written

X=X”;TM+X”:7 where X* = X(%") and X* = X (x*). (10)
X X

Every vector field over TN can be defined using eq. (I0) and consequently can be defined entirely by its action on
scalar fields of type 7*h and A for all h € TAN.
Throughout, we will use the shorthand

9 ®m_9 sw_ 9
c D= o= (an

Note that 05‘) e I'T'M while 05—‘) eI'TTM and 0,(;‘) e I'TT M. In induced coordinates, the scalar lift of a scalar field
h € TA°M is given by
h =39 h. (12)

In general, we will not distinguish between X and x unless necessary.
When convenient, the exterior product of coordinate differential forms will be written

dxO A - Adx" = dxOnml (13)

1.6 Notation and Conventions specific for this article

Let M be a spacetime manifold and 7 : TM — M, the tangent bundle over M. The slit tangent bundle TM =
T M\ {0} is the subset of TM which excludes the zero vectors.

Definition 1.5 (Conic Sub-Bundle). A conic sub-bundle is a subset of the slit tangent bundle U C T M, which satisfies
the following properties:

L z(U)y=M
2. If u € U then for any A4 # 0 we have Au € U.

We also use # to also denote the projection # : U — M. A formal discussion of conic bundles can be found in [[18].
We additionally assume the properties necessary for U to have a smooth sub-bundle structure.

Definition 1.6 (Causal Indicator). We say U is time-orientable if U = Ut UU~ where Ut NU~ =@ andu € Ut if
and only if —u € U~. We call u € U™ future pointing. The causal indicator is the scalar field ¢ € TA’U given by

1, ifueU*
= - 14
ly {—1, ifueU-. (1



Examples of structures described by conic bundles include the collection of time-like vectors over a spacetime
manifold, the light cone, and the causal region of a time-orientable manifold. In the case where we consider only the
time-like vectors, the corresponding conic bundle has an open sub-bundle structure. In the case where we consider
the causally connected regions of spacetime (the former case plus the light cone), the corresponding conic bundle is a
sub-bundle with a boundary. However, it is not a closed set since it excludes the zero vectors.

An important example of a conic bundle which is not time-orientable is U = 7'M, for any manifold of dimension
greater than 1. This is because each fibre, pr , 1S connected.

As discussed in the introduction, when dealing with kinematic domains we restrict our attention to time-orientable
conic bundles. By contrast, when dealing with the Vlasov bivector approach, we do not have to make this restriction.
Thus, the bivector approach can be applied to the case when U = T M.

Definition 1.7 (Radial Vector Field). The radial vector field, denoted by R € I'TU, is the unique vector field that
satisfies the following condition: for any 2~ € TA°M and u € U we have

R(z*h)=0, and R(h)|, = hl, = u(h). (15)

In local induced coordinates R is given by _
R = xﬂafj”. (16)

This can be seen by acting R on the induced coordinates: R(x*) = 0, R(x#) = x*. Within the literature, the radial
vector field is known by many names, perhaps the most common of which is the vertical vector field. We have opted
to refer to it as the radial vector field as it exhibits many useful radial properties.

Definition 1.8 (Homogeneity). A scalar field G € TAU is said to be homogeneous of degree k (also known as radially
homogeneous or fibre-wise homogeneous) if

Gl = 4G, forall AeR\{0). an

Note that by Euler’s theorem of homogeneous functions, a function G € T'A°U is (fibre-wise) k~homogeneous if
and only if it satisfies
R(G) = kG. (18)

2 Vlasov Systems and Kinematic Domains

2.1 Kinematic Domains and the Vlasov Picture

In order to discuss the Vlasov field we must first establish the space over which it is defined. We call such submanifolds
kinematic domains. For this section we assume that U is time-orientable in the sense of deﬁnition andthat Ec U™,
that is all points in E are future pointing. As stated in the introduction, this constraint is not needed for the generalisation
to Vlasov bivectors, discussed below. We assume that each spacetime manifold M (and hence T M) is connected.

Definition 2.1 (Kinematic Domain). A Kinematic domain is a (2n—1)—dimensional submanifold E c U™ which
satisfies the following properties:

1. 7 : E - M is surjective,

2. E is connected,

3. Forany u € U there exists a unique v € E and 4 # 0 such thatu = Av.
The inclusion map for E into U is givenby Zp : E < U.

For example, the unit mass shell, or as we refer to it throughout the remainder of this paper, the upper unit hyper-
boloid, given in eq. @ is a kinematic domain. We can write this as

Eg={ueU: Fg=1ando|, =1}, (19)
where

Fy:U->R; ur —g,,)(uuw. (20)
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Another example of a kinematic domain is the lab-time bundle, with respect to a time-slicing scalar field z,
E ={veU: v(t)=1}. (@3]

Recall that a time-slicing scalar t € TA? M, requires that if o(v) = 1 then v(t) > 0.
An example from Finsler geometr is defined in [25]], where the Finsler spacetime (M, L, F) admits an observer
bundle

o=Js, @2)
PEM
where
0,= { weT,M : L|,=+1,g"|, has signature (L, ~L, ~L, ~L) } , 23)

(L)

v 18 the metric induced by the fundamental function

and S, is a non-empty closed connected component of ©,,. Here g
L.

We refer to two types of Vlasov fields throughout this paper: Vlasov fields on kinematic domains (denoted W €
I'TE for E C U), and Vlasov fields on U (denoted W € I'TU).

Definition 2.2 (Vlasov field on E). Given a kinematic domain E, a Viasov field on E, Wy € I'TE, is a vector field
that satisfies the horizontal condition

mg.(Wgl,) = v, or equivalently, Wy (xjh) = h, (24)

for any v € E and h € TAE. This equivalence is due to the fact Wy| (7%h) = 75, (Wg|,)(h) = v(h) = h|,, for all
ve Eand h e TA'M.

Given a particle density function f € CAYE, the Vlasov field Wy, € I'TE satisfies eq. . The flow of the Vlasov
field defines a set of integral curves which trace out the paths of particles through phase space (see section [2.3)). The
projections of these integral curves into the base space M are the trajectories of the particles described by f.

An example of the Vlasov field on Ey; is the Lorentz force Vlasov equation. In local coordinates (x*, v*) on Ey,
with the embedding given by x? = v?. Define 1" by solving the constraint 8, V"v” = —1 and choosing the root, such

that U”dff) € U™ (note that here the x# in ()Lx) is a coordinate on M). In this coordinate system, the Lorentz force
Vlasov field is given by

Wi, = 000 = (r,00r = Lgor, or) o), (25)

Here F € TA>M is the Faraday 2—form which satisfies the Maxwell equations. Dividing by 0" gives the usual Vlasov
field on Ey.

Definition 2.3 (Vlasov Field on U). Denoted W € I'TU, a Vliasov field on U is a vector field with the following
defining properties:

1. W is horizontal,
z,(W|,) = u, or equivalently, W{z*h) = h, (26)

for any point vector u € U and h € TA°M;;

2. W is radially quadratic,
W) 3 = ZPW ()], 27

for any h € FAOM,EE U,and 1 € RY.
From eq. and eq. (I8) the radially quadratic property can equivalently be stated as

R(W (h)) = 2W (h). (28)

IRecall, examples from Finsler geometry may be ignored for readers unfamiliar with this geometry. For this reason we do not give definitions of
standard Finsler objects.
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Lemma 2.4. Let W € I'TU be horizontal. Then W is radially quadratic and hence a Vlasov field if and only if
R W]=W. (29)

Proof. Let W be radially quadratic then for any f € TA°M, W (f) is a 2-homogeneous §calar field. It follows that
RW{(f)) = 2W(f) by eq. (28). Hence [R, WI(f) = R(W{f)) = W(R(f)) = W (). From eq. (26), we also

have ' '
[RWa"f) =R(f)=[f=W(z"f),
and hence [R, W] =W.
Suppose that [R, W] = W, then for any f € TA°M we have
W) =R WIS) =RW () - W([) (30)
Rearranging the above gives R(W (f)) = 2W (f). Hence W is radially quadratic. O

In fig.[3|we see two Vlasov fields on U that represent the same trajectories on M, just with different parametrisations.
One is tangent to the unit hyperboloid Ej; while the other is tangent to a lab-time bundle E,. In section[2.4] we see the
formula for transforming from one Vlasov field to another in such a way that the particle trajectories are unaffected.

The Vlasov field on U can be written in local coordinates as

W =39 + 940, €20

where @# are 2-homogeneous scalar fields, @#|,;, = /lz(p"lu. The Vlasov field W on U can be reduced to a Vlasov
field on E provided it is tangent to it. - N

Definition 2.5 (Extension of a Vlasov Field on E). Given a kinematic domain E with inclusion map X : E & U
and a Vlasov field Wy € I'TE, we call W € I'TU the extension of W if W is tangent to E and W is induced by
W, as in eq. (7),

p. (Wely) = Wik, (32

forallv € E.
Lemma 2.6. Let W be a Vlasov field and G be any k—homogeneous scalar field. Then for any A # 0 and u € U,
W1,4(G) = AW 1,(G).

Proof. Let G be a k-homogeneous function. First note that

o) <G| ) .y (a@“)G)
u Au u

s

Au

by the chain rule. Hence we have

(afj‘)G) |M — o (GUz) = o (/lkGIZ> = k-1 (a/(;z)G) |u.

We also have
(476) ] o8 (1) =+ (70|
H Au H 4 H 'i.

By expanding the Vlasov field in coordinates we get

W1,(G) = (xﬂaj;‘)G ¥ q;ﬂajf)c;)

— k (x) 2 u k—1 (%)
= (aﬂ G) ‘Z+/1 ¢, (aﬂ G) |Z

= (109G + "G ) | = W46,

hence the result. O
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It is worth noting at this point that what we call Vlasov fields on U are referred to as sprays and W, are referred to as
semi-sprays in literature (see [[26]] or [27]] for an overview of the theory of sprays and semi-sprays). The correspondence
between these objects is explored in section[A.T]

We now give the example of the Lorentz force equation and the corresponding Vlasov fields adapted to the unit
hyperbolid Ey; and the lab bundle E,. Here U is the conic bundle of time-like vectors. The Vlasov field on U adapted
to Ey is given by

W = xﬂay + <%a Fug"F,,x" — Ffv‘vaxﬂ) afj“), (33)
where Fy is as defined in eq. . The inclusion of the factor o4/ F is to ensure the (),(f) term is 2- and future pointing.
The parameterisation associated with the trajectories of this Vlasov field is proper time z. The Vlasov field on U
describing particles subject to the Lorentz force in the lab-time bundle W with associated lab-time 7 is given by

W =39 + <%a\/F_Hgﬂvrwxﬂ - F/jpx“x/’)afj‘)

(4 Av -pﬁ_ A -v-pi AN ot ﬁ (%)
(ma\/FHg f'vpx P vax X P + x"x vor? ) ()M .

(34)

When using a lab-time bundle it is often convenient to choose a coordinate system (¢, x!, x?, x*) adapted to the lab-time
t. In this coordinate system eq. (34) becomes

N . xH .
W= x40 + <%O‘\/FHg”VFVp5€p - F/;prxp)af;‘) ~ (LoV/Fiug™F,, %~ 19,53 e )

where x* = ¢. We see below in subsection that we can demonstrate the transformation between eq. and
eq. (34) using the underlying 2nd order ODEs as done in lemma However, it is much easier to calculate these
transformations after we have defined the kinematic indicator in the following subsection. This leads to the main result
of this section in theorem 2.18]

2.2 Kinematic Indicators
A kinematic domain can be defined in terms of a scalar field on U, we call this field a kinematic indicator.

Definition 2.7 (Kinematic Indicator). A kinematic indicator for E, is a non-vanishing scalar field F € TA°U with
non-zero integer degree of homogeneity k, F|,;, = A*F|,, such that F is positively valued on U™, and E is given by

E={ueU: F|,=a and o¢|, =1}, (36)
for some positive number a. Note that if k is odd the inclusion of the ¢|, = 1 condition is unnecessary.

For example Fy, given in eq. is a kinematic indicator for Ey, the unit hyperboloid. A second example F = f,
is a kinematic indicator for E,, the lab-time bundle.

Lemma 2.8. Given an arbitrary kinematic domain E, there exists a unique 1-homogeneous kinematic indicator F €
AU such that E = {ue U : F|,=1}. Foreachu € U this is given by

F|,=A where u= Av forauniquev € E. 37)

Proof. For each u € U, there exists a unique 4 € R \ {0} and v € E such that u = Av by the conic properties
of U (definition E}) We define then F|, = A. Since each component of E is connected F is smooth and hence

F € TAYU. To see that F is unique, suppose there is another scalar F’ which is 1-homogeneous and is such that such
that E={u€U : F'|, =1} and pickany u € U. Then F'|, = F'|;,, = A= F|,. O

Given a kinematic indicator F for a kinematic domain E as defined in lemma|2.8} we may define another scalar for
some k € Z, k #0and a € R by

A

F =aF*. (38)

Not only is £ a k~homogeneous kinematic indicator for E, it is also unique for the chosen k and a.
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Lemma 2.9. Let F be a kinematic indicator for E as given by lemma and let F be given by eq. . Fisa
kinematic indicator for E.
Proof. Let E be a contour of F as given by eq. . For and v € E notice that F¥|, = 1 so that 13"|U = aF*

Hence v € E implies v € E. The converse can be proved similarly to show v E E implies v € E. Hence Fisa
kinematic indicator for E. O

|E=a.

Lemma 2.10. Leta € R* and k € N. If F is a k—=homogeneous kinematic indicator for E such that eq. is satisfied,
then F is uniquely given by eq. .

Proof. F satisfies the following properties:
Fl,=a and F|, ="F|,

forallv € E,u € U and 4 # 0. These two functions can be related by

e k
F F d @Dl a* Fla 39
|, =a=aF|,, an 7 =0luA" =0l Fl, ) (39)

u

forallv e E, u € U and 1 # 0.
By the conic property, for any u € U there exists a unique v € E and A # 0 such that u = Av. By plugging such a

v into eq. we get
(EE) . .
Flay <F|AE> = F|,=aF¥|
— u =a ue

a 1

Hence F = aF*. O

In the case of the upper unit hyperboloid Fy; (eq. (20)), the kinematic indicator is 2-homogeneous. The equivalent
1-homogeneous kinematic indicator is given by

Fyly = oly\/ Fuly (40)

where o is given by definition[I.6

At this point, we may observe some similarities with foliations of the tangent bundle based on Finsler metrics [28]].
The function F which defines E can be a Finsler metric; however, it is not a necessary condition. The only requirement
for F is that it be homogeneous of some degree.

Definition 2.11 (Compatible Vlasov Field). Given a kinematic indicator F with associated kinematic domain E, a
Vlasov field W € I'TU is said to be compatible with F if it satisfies W (F) = 0. The restriction of W to a compatible
E is then denoted Wy € I'TE as given by eq. (32).

Note that by lemma[A.5] W is tangent to a kinematic domain E with kinematic indicator F if and only if W is
compatible with F.

Lemma 2.12. Given a kinematic domain E and a Vlasov field Wy € I'TE, there exists a unique Vlasov field W €
I'T'U which is an extension of W, or equivalently W, is induced by W.

Proof. First observe that for any f € TAYM and vEE,
(fOZE) |2 = f|ZE(1_1) = f|2-

It follows that foX, = f.
Forallu € U and f € TA°M, define W € I'TU

7, (W) =u and W|,(f) = PWgl,(/),
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where u = Av by the conic property for v € E and A # 0. By construction W is radially quadratic and horizontal so it
remains to show that it is unique.
Let both W and W induce W as defined above and set X = W — W. Observe that 7, X = 0 and

X1(f) = ZWg = Wp)l(f) = 0.

Hence it follows that X = 0 and W is unique.
To see that W is compatible with F (and hence tangent to E by lemma[A.3)) consider the following. Without loss
of generality, we may assume F is 1-homogeneous. By lemmawe have W |, (F) = A>W|(F). It follows that

WI(F) = PW|(F) = P(Ep, Wgl )(F) = #Wg|(FoZg) = P Wg|,(1) =0.

2.3 Trajectories, Prolongations, and the Horizontal Condition on U

The notion of integral curves for Vlasov fields on kinematic domains can be extended to integral curves on U. The
Vlasov field W on U generates a set of integral curves on U, denoted #. The projections of these curves onto M are
exactly the trajectories of the particles and are denoted C. Since we restrict our attention here to integral curves of
horizontal vector fields, the terms prolongation and integral curve can be used interchangeably.
Trajectories can be considered in terms of maps from intervals of the real line 7 C R into the spacetime manifold
M:
C: I M. (41)

These trajectories can be parameterised by choosing a parameter, s € I'A’T with ds # 0. We then write the parame-
terised trajectories as C(s).

Definition 2.13 (Prolongations). For some s € T'A°T and 9, € I'TZ, the prolongation of a curve C : T < M is given
by
n:IsU, nisy = c*(as|50), Vsg € 1. 42)

Lemma 2.14. 7 : T < U is the prolongation of some trajectory C if and only if
(won),(dy) =n. (43)

Proof. First, suppose 7 is the prolongation of C. Then C, () € T¢(y,)M . Hence ﬂ'(i’](SO)) = TF(C*(0S|SO)) = C(s),
i.e. woy = C and hence (zon).(d,) = C.(d,) = 7.
Conversely, assuming eq. [@#3), let C = 7oz, then C,(9;) = (won),(d,) = 1. O

Let I C R be coordinated by § and let C : T < M be an alternative parameterisation of C. Le. there exists a
diffeomorphism § = §(s) such that
C(@(s)) = C(s). (44)

Note that although the two parameterisations define the same curve, the prolongations # and 77 do not coincide. Conse-
quently, the tangent vectors along the prolongations (i.e. acceleration) belong to different spaces: #,(9,l,) € T, ) U

and ﬁ*(6§|§0) € Tﬁ(fo)U even when C(sg) = é(sl).
Definition 2.15. An integral curve 5 of W is said to lie along E if
nis)e E, Vse 1. (45)
This is a necessary condition for # to be an integral curve of W.
If Wy is induced by W, 5 is an integral curve of W, and # lies along E, then # is also an integral curve of W.

Lemma 2.16. All integral curves n of a vector field X € I'TU are prolongations if and only if X is horizontal.
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Proof. Letu € U and let n be an integral curve of X i.e. X|
some sy € T.
Suppose first that # is a prolongation. Then

wsp = Me(0sly,) for all s, € T, such that n(sg) = u for

7, X1, = 7, X o)) = m,0,1,) = (om), 0,]) = n(so) = (46)

Hence X is horizontal.
Suppose now that X is horizontal. We have 7, X |, = u = #(sy). Then,

r[(SO) = ”*Xlr/(so) = ”*”*(aslso) = (ﬁon)*(6S|SO). (47)
Hence 7 is a prolongation. O

The integral curves n of Vlasov fields W € I'T'U correspond to trajectories C in the base space M through the
following relation:
C = mon. (48)

In local coordinates (x#, x#) let C#(sp) = x|, then

. dcH ; d*cH
CH(S()) = W and C”(So) = dS2

S0 S0

(49)

These trajectories can be expressed in terms of a parameterised system of second-order differential equations in
terms of the coefficients of W':

CH |SO = (0” |C(SO)’ (50)

where s is a parameter corresponding to W and @* are the coefficients of W as given in eq. (31). Due to the projection
in eq. @8), there is a class of integral curves that produce the same trajectories. The vector fields which produce these
curves differ only by a term kR where k € TAU is a 1-homogeneous function. The converse is also true, and a
full proof of this statement can be found in [26]]. These vector fields are said to be projectively related in the literature
(see definition[A.2]for a definition). We present here a proof of only the former statement to illustrate this result in our
mathematical notation.

Lemma 2.17. Let W, W € I'TU be Vlasov fields and let k € TA°U be a 1-homogeneous scalar field. If W and W
are related by
W =W +kR 5D

then they have the same trajectories up to a parameterisation. That is, if the trajectories C of W are parameterised by
s then W has the same trajectories C only parameterised by § where
d*s
ds?

ds
“ds

0 B (52)
% ds

+ k|

S0

and u = C,(0,,)) € U.
Proof. Notice that if W and W are related by eq. then in local coordinates we have
" = @ + kxH,

where @* (resp. @*) are the afj") coefficients of W (W), see eq. . Let the trajectories of W be denoted by C(s).
These trajectories satisfy eq. (50). Define a new parameter § = §(s) by eq. and set 8, = §(sq).
The trajectory C(5(s)) can be shown to satisfy
o(#)] )
30 ds 50 ds?

_d*3| dc#
ds? so ds

d*cH
ds?

So S0
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‘We therefore have

a2cr| <§ >_2<d2C” _d%| dew ) _ (@ >'2 <(p,,| oK ds| dcw )
ds? 30 dsls, ds? 50 ds? 50 ds S ds|s, Ci(05159) Cu0slsy) g g % ds 5
dcr . .
= @latkla——| = (0" + ki) |z = ¢";,
at K| ="l

where & = C,(0;] 50). The third line is due to the 2-homogeneity of # and 1-homogeneity of k. Hence C(8) are the
trajectories associated with W . Hence, both W and W have the same trajectories up to a reparameterisation. O

In the case of special relativity, with local coordinates (¢, x¢), where ¢ is a lab-time coordinate and s = ¢, the Lorentz
force equation may be written in velocity coordinates as

WO =1, Q=11(E+ﬁx§)—ii(5-ﬁ)a (53)
dt ym y3m

where U is the 3-velocity of the particle and y is the Lorentz factor. We see that in this case the new (second) term in

eq. l| correspond to the second term in eq. (53)), which arises from %.

2.4 Transforming Between Kinematic Domains

Suppose we are given a Vlasov field W on a kinematic domain E with kinematic indicator F. Using this data we
can construct a new Vlasov field W which is compatible with a new kinematic indicator F with associated kinematic
domain E. This defines a new Vlasov field WE on E which produces the same trajectories in the base space M as the
initial Vlasov field W.

Once we have promoted W, into a Vlasov field W on U using lemma|2.12} we can use it to construct a new Vlasov
field W which is tangent to another kinematic domain E. A visualisation of the following lemma can be found in fig. @

Theorem 2.18. Let E and E be kinematic domains with kinematic indicator F and F respectively. Given a Viasov
field W € I'TU which is compatible with F we may construct a new Vlasov field W € T'TU given by

. ~ W(F)R

W=w _ (54)
R(F)

which is compatible with F and corresponds to the same trajectories as W up to parameterisation.

Proof. 1t is clear that W (F) = 0. To see that the resultant vector field is horizontal observe that

W(F)

~

W) =zWl,) -

7, (Rl) = 2. W|,) =u

u

To see that W is radially quadratic observe that

W (F) L AEWI(E)

= /12<W|2(h) - Zg;

W|Ag<h> = W|Ag<h> -

R|£<h>> = W, (h),

for any h € TA'M, v e U, #0. Hence W is a valid Vlasov field. To see that W corresponds to the same set of

trajectories as W, notice that W (F)/R(F) in eq. is a I-homogeneous function. Hence, by lemma , W and
W have the same trajectories up to parameterisation. O
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2.5 The Transport Equations on Kinematic Domains

A method of interpreting the Vlasov equation in a kinematic domain E can be given in terms of the transport equations
[29]. The transport equations are written in terms of a particle density form which codifies the phase space trajectories
corresponding to a given Vlasov field. With some additional structure (a choice of non-vanishing top form, otherwise
known as a measure) we can recover the usual Vlasov equation (i.e. a particle density function f € T'A°E such that
Wg(fg) = 0) from the transport equations on our preferred choice of kinetic domain E.

Definition 2.19 (Transport Equations on E). Consider a kinematic domain E C U, a (2n—2)—form 6, € TA*"~2E,
and a Vlasov field W € I'T E. The transport equations on E are written

0y =0, iy, 05 =0. (55)

A visualisation of the transport equations is given in fig. @] These geometric statements are equivalent to the Vlasov
equation under appropriate conditions. We call 8 a particle density form on E.

Let E be a kinematic domain, W € I'TE a Vlasov field on E, and let Q € TA?"~! E be a measure on E such
that
Ly, Qp =0. (56)

We can relate a particle density (2n—2)—form 6 € TA?"~2E and a particle density function (PDF) f € TA’E via

Lemma 2.20. Given 0 € TA*~2E such that iy, 0p = 0then fp € T'AYE, given by eq 1i exists and is unique.
Furthermore, 0 satisfies the transport equations eq. . 55) if and only if fr satisfies eq. (1), that is Wg{(fg) =

Proof. Let (x°, ..., x?"=2) define a coordinate system on E such that 0(x) W Then,
QE = Qodxo A A dxzn_2, and 9E = HZILX)QEs
where u =0, ...,2n — 2. We then have

0=iy 0 =i00; =0%Vi0Q, + 091000, = 05i17i0Q,,

where a = 1, ...,2n — 2. Hence 67, = 0. It follows that 6 = 90 ;& )Qle O = fEiw, Q-
From eq. @ we have

dOp =dfp Ny, Qp =iy, df ANQp = We(fg)QE,
hence the transport equations for 6 are equivalent to eq. (I)). O
As a corollary of lemma[2.20} the transport equations and the Vlasov equation, eq. (I), can equivalently be cast as
Ly, (fgQEp) =0. (58)

An example of the transport equations can be seen in [25]]. However, these equations are subtly different in that a
form wy = iy, Qp with Ly, Qp = 0 is defined and the transport equations are cast as dwg = 0 and iy, wp = 0.
Note that the particle density function f is absent from this definition.

Given a volume form Q € TA2"U on U, such that Ly,Q = 0, and kinematic domain £ C U with inclusion map
Xg  E < U, the typical choice of top form on E is given by

Lemma 2.21. Let Q € TA?"U such that Ly, Q = 0. Let Q € TA*""'E be defined by eq. , then eq. holds.

Proof. Observe that
Ly, Qp = Ly, (Z3irQ) =25 (LyirQ) = 25 (iw r1Q + ig Ly Q) = =X}y Q = —iy, T30 =0,

since the degree of Q is greater than the dimension of E. O
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In the instance that the chosen kinematic domain is the upper unit hyperboloid Ey as given in eq. (I9), then the
volume form typically chosen is

Qp = —mdxo

; A Adx" N AdEE A A dET (60)
X0

Furthermore, if W, is the Vlasov field corresponding to the Lorentz force it can be shown that Ly, Qg = 0and
H

hence the transport equations equipped with Q are equivalent to the standard Vlasov equation. The choice of volume
form in (60) is given by (59) where

Q=—det(g)dx" A - AdX"" " Adx" A - AdX. (61)

It is a straightforward exercise to show that Ly;,Q = 0 for the above € and W given by eq. .

It is often the case that we know the measure only on the time-slices of E, as is the case as seen in section@ In the
following lemma, we show that this is sufficient information to specify Q uniquely. In this lemma we consider the scalar
field s on E to be the time slicing, and « to be the measure on each time-slice. For example if the particle current density

other data required is the constant A € R which enables us to extend the uniqueness to the entirety of U. Of course, Q
will depend on the choice of @ and A.

Lemma 2.22. Givenan a € TA* 2E and A € R. Let s € TACE, such that ds # 0 on E, let SS0 ={veEs|,=

So} C E and define ESO : SSO — E. Ifthere exists an Q € TA*"U satisfies the following Ly Q =0, LpQ = iQ and
E;‘Oi WEZEiRQ = E:Oa for each s then Q is unique.

Proof. Suppose there exists Q.Q e TAMU satisfying the relevant conditions and define w = Q — Q. Define a

coordinate system on U such that R = d(()x), W = ag"). Letw =o' (X0, ..., x*"" Ddx" A ... Adx*"~!. Then L;,,Q =0

and Ly, Q = 0 implies Ly, o = 0. Furthermore,
Ao = Lo = 0 0)dx" A Adx® 1 4 o LYVdxO A - A dx™ 1 = (V0 )dx0 A A dx?,

hence,
_ 0 _
w=a (2., x" e dxO A e AdxPL

: = . % - _ I A =% - % - _ ! (2 n—1 _
Also, since :;‘OszZEzRQ = a (similarly for Q) for each sy, we have :SOIWEZEIRCU =0, thus Qo(x |S0, v X |SO) =0

for all s so @’ = 0 and hence @ = 0. O

We observe that Q given by (61) satisfies Lz Q = nQ. Therefore by setting s = x* and a = (—x° det g/xy)dx""~1A
dx'-=1 lemma[2.22tells us that eq. (61 is unique.

There are instances however when it is advantageous to cast the Vlasov equation in terms of the transport equations
even when the flow of the measure is not preserved by the Vlasov field (i.e. Ly, Qg # 0). In [30] an attempt is made to
account for the radiation reaction within the Vlasov field over a 4-dimensional spacetime manifold M. To accomplish
this, the Vlasov equation is cast as

LWQ(choQ) =0. (62)

Here the 10-dimensional manifold Q is a subset of the double copy of the tangent bundle Q C TM @ T M where the
first copy of the tangent bundle contains normalised time-like velocity vectors (as on the upper unit hyperboloid), and
the second copy contains acceleration vectors which are orthogonal to these velocities. The measure g € TAQ is
formed on Q by pulling back a specific 10 form related to the measure on TM @ T M. In this case, the flow of @,
along W, is not conserved:

3 . 3
Ly, 0o = —wg, or equivalently Wy (fo) + ;fQ =0, (63)

where 7 = g% /6xm. The latter equation is similar to eq. , but the additional term on the LHS is to account for losses
due to radiation. Note that, although the Vlasov equation is altered, the transport equations remain the same:

dp =0, iy, 00 =0, (64)

where
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2.6 Example: The unit hyperboloid and lab-time Vlasov vector fields for the Lorentz force
equation.

In eq. (33), eq. (34) and eq. (35), we gave the Vlasov vector field adapted to the upper unit hyperboloid, an arbitrary
time slicing and a time slicing with respect to coordinate time. We stated that one method to find the transformation
is to calculate 2nd order ODEs, perform the reparameterisation, and then recalculate the corresponding Vlasov vector
field, which we do here.

Lemma 2.23. Equation eq. (33) can be transformed into eq. (34), by reparameterising the Lorentz force ODE.

Proof. Let t be the parameterisation of the trajectories C of the Vlasov field Wy, (i.e. eq. @ The Lorentz force
ODE is given in coordinates by

d*c# q dc’ dcvdcr
— o1/ F, g,uv7:‘ U
dr? m

dr v dr dr

Let W , given by eq. , be parameterised by . Assuming the existence of a relationship ¢ = #(z) the above ODE
can be reparameterised as

(66)

20m P v p -3 42 JZ
d-C _4, Fug"'F, dC 1w dCv dC _(ﬂ) d-t1dC .

drr  m P dt Yo dt  dt dt/ dr2 dt
Let the integral curves of Wy, and Wi be given by n, and np respectively. Let 7y = #(z,) then we have the following
relations:

dr|
E . - |’1£H(To)’
0
L s Ol ) D = Wil = Wil e (225
dz2 |y, = NEy Yzl = WEalng, o\7 = WEylng, ) \ X oxV
(4 ST 0O A v O L v O
_<ma Fug T’Vpx p vax X Ixl + xVx oxv0x )|y, o)
H
q ” dce| ot . dcv| dcr| o dcv| dcr| o
(R, 2] 2] o) &) i) der
m ey () dt [o 0xt ey VPligy() dT [ dT (g 0xtly,  dT g dT | 0xVOxP |y
2
» v p
(8]) (2evmn), 22 ] e, ] ]
T 70 m ”E,(t()) t toax to ’lE,(t()) t to t to()x to
dcv| dcr ot
dr |y, dt |, 0xVox’ |,
Inserting the above relationships into eq. (66) we get
d*ct _q dC’ 1, dCYdC’

=L o\/F otvp L= _
mC Ve Ty vo dtr dt

_ P 1 Teld v P "
() (Lo Fagir, €0 9 s dCVdCP 01, dCYACP o1 )dC"
m Pdt ox* Y0 dr di ox*  di di oxYoxP) dt

di? (67)

We may identify this with the ()ff) term in eq. lb using eq. li Hence W, corresponds to the reparameterised
Lorentz force equation above. If we were to choose an adapted coordinate system (x° = 7, x%, x#) then we would have

i_go ot

=6, =0. 68
OxH K oxHovY (68)
Plugging these into eq. gives the 05;‘) coefficient of eq. . O

Alternatively, we can use the transformation formula eq. (54).
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Lemma 2.24. Equation eq. can be transformed into eq. and hence eq. (33)), using the transformation formula
eq. (54).
Proof. Follows from

Vel 4 O X L vp O XMy, 01 M 69)

. ==\ Fug"F, 3" —=— — . —.
R (i) m Y IHE T T T N T T o

O

Thus we see that the use of the transformation formula greatly simplifies the task of re-adapting the Vlasov vector
field from one kinematic domain to another. Furthermore, we will see below that eq. (54) can be trivially derived from
the Vlasov bivector. This is shown in lemma[3.2T] below.

3 The Vlasov Bivectors

Here we present the Vlasov Bivector, the key goal of this article. The advantages of this approach have been listed in
section section[I.2] The Vlasov bivector ¥ can always be expressed as

Y=RAW, (70)

for any appropriate W € I'TU. It s trivial to see that any Vlasov fields related by eq. (51)) and eq. (54) produce the
same Vlasov bivector, and so represents an entire class of equivalent Vlasov fields. Throughout this section, ¥ will be
reserved for Vlasov bivectors while an arbitrary bivector will be denoted ®.

3.1 Bivectors
First, we write the definition of bivectors, and explore some of their important properties.

Definition 3.1 (Bivector). A bivector over a manifold N is an exterior product of vector fields X, Y, € I' TN over
N, denoted by Y u X N, for an arbitrary summation index . These follow the standard rules for exterior products,

namely ‘f’-linearity and antisymmetry.

Definition 3.2 (Simple Bivectors). A bivector over N, @ is said to be simple if there exists X,Y € I'T'N such that
® = X AY. The space of all simple bivectors (fields) over N is denoted by 'B(N).

We require that a Vlasov bivector be simple and take the form eq. (70). In order to formally write the definition of
¥ we first observe the following property of simple bivectors.

Definition 3.3 (Bivector Pairing). A bivector ) u X, N Y, acts on a pair of scalar fields F, G € I'AU according to

D (X, AY)(F.G) = D (X, (F)Y,(G) - X,(G)Y,(F)). (71)
U U
Similarly we may define a vector field using
DX, AY(F0) =Y (X, (F)Y, - Y,(F)X,). (72)
U H

In the case that we have a simple bivector acting on a scalar field we write
(X AY)F,o)=X(F)Y —Y(F)X. (73)

Lemma 3.4. Given a bivector ® and a non-zero vector field X € I'TN, X A ® = 0 if and only if there exists some
Y €I'TN suchthat® =X AY.

Proof. Suppose that X A® = 0 and let N have dimension £. Define a local coordinate system such that X = g, when
we may write ® = ®%9, A d, + %nbbcab A 0., where a,b,c = 1,...,£ — 1. Since 9y A ® = %@bcao A0y A0, =0, we
must have that each ®*¢ = 0. Hence ® = d, A (®%99,) = X A Y. The converse holds by the properties of the exterior
product (X A X = 0). O
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Definition 3.5 (Specially Related Pairs of Vector Fields). Two pairs of vector fields X;, X, €I'TN andY;,Y, e [ TN
are said to be specially related if there exists a, f,7,6 € AN satisfying

(a6 =py)l,=1VpEN,
such that
Yl = (xX1 + ﬁXz, and Yz = J/XI +5X2

Lemma 3.6. Two pairs of vector fields, X|,X, € I'TN and Y|,Y, € I'TN, are specially related if and only if
Xl /\X2 = Yl /\Y2

Proof. See section[A.2 O

For a Vlasov bivector to contain all the necessary information to perform plasma kinematics, it must satisfy three
conditions: the radial condition, the horizontal condition, and a third condition. There are three equivalent ways to
express the third condition: integrability, being radially cubic, and being expressible as in eq. (70).

We begin by discussing integrability. A geometric interpretation of a bivector is a network of infinitesimal rectan-
gles whose sides are defined by a pair of vectors. When these bivectors ‘knit together’ to form smooth surfaces, the
vector-distribution spanned by the components of the bivector is integrable. These surfaces are depicted in figure fig.[5]
More formally, we may consider integrability using the Frobenius theorem and the language of vector distributions (a
method of smoothly assigning vector subspaces of T, M to each point x € M).

Definition 3.7 (Tangent Bivector). A bivector @ is tangent to a surface K C N if, given a representation for the
bivector ® = X AY, X,Y € 'TN, both X and Y are tangent to K in the sense described in deﬁnition@

From lemma [3.6] it is clear that definition [3.7)is independent of the representation of the bivector: if ® = X A Y
and® = Z AV and X and Y are tangent to K, then by lemma[3.6 Z and V' are linear combinations of X and Y and
hence tangent to K.

Definition 3.8 (Integrability). A simple bivector ® € I'B>(N) is said to be integrable if there exists X,Y € I'T N and
a,p € TAON such that if ® = X A Y then [X,Y] = aX + Y. By lemma if one representation of @ satisfies the
integrability condition, then so do all other representations of ®.

Lemma 3.9. If a bivector ® € TB2(N) is integrable then for any representation ® = X AY, X,Y € I'TN, we have
[X,.Y]=aX + pY, (74)

for some a, f € TAN.

Proof. See section[A3] O

It follows from lemma [3.6] and lemma [3.9] that integrability is a well defined property. That is, given a simple
bivector, if one representation satisfies the integrability condition, then all representations do.

The Frobenius theorem states that a vector distribution over a manifold M is integrable if and only if the Lie
bracket of any two vectors within the distribution also lies within the distribution. An integrable vector distribution
then admits a collection of maximal connected integral manifolds which form a foliation of M. Given an integrable
bivector ® = X A Y we can form a vector distribution over U which is spanned by X and Y. This generates a 2-
dimensional foliation of U such that X and Y are tangent to the leaves of our foliation at each point. We may identify
the leaves of this foliation with the form manifolds of the particle density form.

We also introduce the null condition here. This is a property an arbitrary bivector may have which is necessary for
defining the transport equations on U.

Definition 3.10 (Null condition). Given a (2n—2)—form a, and a bivector ® € T'B2(N), then the null condition is given
by
Null(®, @) istrue < iya=0andiya =0, forany X,Y €I'TN suchthat ® =X AY. (75)

To see that the null condition is well defined notice that if X AY = Z AV then Null(X A Y, @) holds if and only
if Null (Z AV, @) holds. This is due to lemma[3.6and the linearity of the contraction mapping.
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3.2 Horizontal Bivectors

The radial and the horizontal conditions are dealt with in tandem. We now exclusively work on the submanifold
UcTM.

Definition 3.11 (Radial Bivectors). A simple bivector ® € I'B%(U) is called radial if
RAD=0, (76)
where R € I'TU is the radial vector field.

Definition 3.12 (Horizontal Bivectors). A simple radial bivector ® € I'B>(U) is called horizontal if for any f,h €
I'AOM it satisfies
O(z* f,h) = ~fh. a7

The space of horizontal bivectors is denoted FB%(U ).

Note that in order for a bivector to be horizontal it must also be simple and radial. Hence, from this point onwards,
when we refer to a horizontal bivector, we also assume it to be simple and radial.

Lemma 3.13. A bivector ® = R A X is horizontal if and only if X € T'TU is horizontal.

Proof. Suppose first that ® = R A X for some horizontal X € I'TU. We then have R A ¥ = 0 automatically, hence
® is radial. To see that @ is horizontal observe that

O(a* [, h) =R(x" [)X(h) = R(\)X(x"f) = ~fh,
forany f,h € TAM.

Suppose now that @ is horizontal. By lemma [3.4] (since ® is radial and simple) there exists some X € I'T'U such
that
d=RAX.

By the horizontal condition
—fh =" f,h) =R(x* [)X(h) = R()X(x" f) = =X (x"f)h,

for any f,h € TA°M. Hence X (x* f) = f, that is X is horizontal. O

Lemma 3.14. Let X € I'TU and ® € T'B*(U) such that ® = R A X. If X is horizontal and ® is integrable then there
exists a € TAU such that
[R.,X]=X+aR. (78)

Proof. Since X is horizontal, observe that for any f € T'A°M we have
[R, XUa"f) =R(X(x"[)) = X(R(x"[)) = R(f) = f = X(z"f).
By the integrability of ® we also have [R, X] = aR + fX so that we also have
[R,XKx"f) = aR(x"f) + pX(x"[) = pX(x"[).

Combining the last two equations gives us that f = 1. Hence the result holds. O
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3.3 Vlasov Bivectors

With this we have all the necessary ingredients to define a Vlasov bivector. There are several equivalent properties
which ensure that a bivector contains sufficient structure. Given a horizontal bivector ¥ € FB%},(U), these three
properties are, the existence of a Vlasov field W € I'T'U such that ¥ = R A W, integrability, and another property we
call the radially cubic property. Representations and integrability are discussed in section [3.1] and the radially cubic
property is discussed below.

Definition 3.15 (Radially Cubic). A horizontal bivector ¥ € FB%L,(U ) is radially cubic if for any f,h € TA°M,
u € U, and A # 0 we have

W(f ) = AW ), (79)
We see below in theorem [3.18] that we can generate a Vlasov field W, using a Vlasov bivector and a kinematic
indicator. A natural choice to use is a "lab-time" kinematic indicator 7. However in general there is no t € TA°M

such that 7 # 0 on all of U. As an intermediate step, we can always define the following kinematic indicator using the
coordinate system (x°, ... x"~1) on M,

n—1
Fog = ) (4. (80)
u=0
It is clear this is not a physical kinematic indicator since it depends on the coordinate system. It is homogeneous degree
2. Since this is even, one would need the causality indicator to define a kinematic domain, eq. @)

Definition 3.16 (Coordinate based Vlasov field). Let (x°, ... x"~!) be a local coordinate system on M and let ¥ €
FB%{(U), we define the coordinate based Vlasov field by

W (Fera- )
crd = Z;rd . 81)
crd
Lemma 3.17. Let V¥ € FB%(U) be radially cubic and then W as given by eq. is a Vlasov field such that
¥Y=RAW. (82)
Furthermore, given another representation for ¥, say ¥ = R A X for some X € I'TU, then
X(F,
VVcrd —xX_ ( crd> R. (83)
2Fcrd
Proof. See section[A.J] O

Theorem 3.18. Let ¥ € FB2H(U ) be a horizontal bivector. The following properties are equivalent:
(1) There exists a Vlasov field W € TTU such that'¥ = R AW.
(ii) W is integrable (definition[3.8).
(iii) W is radially cubic (definition[3.15)).

Proof. Suppose first that there exists a Vlasov field W such that ¥ = R A W. To see that ¥ is radially cubic observe
that, for some f,h € T'A°M, any u € U, and A # 0, it follows that

WS )|y = RCOW )y = RAYW ()3 = AR PW ()], = AR W), = XS )

Also, since W is radially quadratic we have [R, W] = W by lemma[2.4] Hence ¥ is integrable. That is, property
(i) implies properties (ii) and (iii).

By lemma|3.17} if ¥ is radially cubic then W, as defined by eq. is a Vlasov field and ¥ = R A W_4. Hence
property (iii) implies (i).

Suppose now that ¥ is integrable. Let W4 be given by eq. (81). By lemma ¥ =R AW,y and Wy, is
horizontal. It remains to show that W, is radially quadratic. By lemma [3.13] there exists a horizontal vector field
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X €I'TU such that ¥ = R A X and by lemma|3.17] W4 and X are related by eq. (83). The integrability of ¥ tells
us [R, X] = aR + pX for some a, § € TACU. It follows that g = 1 form lemma We then have that

(R W,ql = [R.X] - [R,%ﬂR =[R.X] —R<%,f.>>R=X+aR— <R<);<f>> - X;ﬂ) R

=X+aR—%[R,X](f)R=X+aR—%(X(f)+af)R=X—¥R=VVcrd.

Hence W, is radially quadratic by lemma 2.4} It follows that W4 is a Vlasov field and property (ii) implies property
®. O

Definition 3.19 (Vlasov Bivectors). A horizontal bivector ¥ € I BiI(U ) defines a Viasov bivector if it satisfies one of
the following equivalent properties:

1. There exists a Vlasov field W € I'TU suchthat ¥ = R A W.
2. ¥ is integrable (definition [3.8)).
3. Y is radially cubic (definition [3.15)).

The space of Vlasov vectors over U is denoted by W € FB%,(U).

Lemma 3.20. Let¥ € FB%,(U), let E have a kinematic indicator F of order k, and let

W, = 2AEe) (84)
E= kR
Then W, is a Vlasov field which is compatible with F and
Y=RAWE. (85)

Proof. ¥ = RAW and W is horizontal by the same logic as lemma(3.17| Furthermore, by lemma[3.17) ¥ = RAW 4
where W4 is given by eq. (81)). To see that W is radially quadratic observe that

. g R N — RS . i
Wil = (G| - (ROl RO )| (i) - Lweat)|
. i _ W alF . )
= (Wt = LA W) ) | = 2 (Weast) = 2001 )
= Welu(f)-

The Vlasov field W, is compatible with F, i.e. Wr(F) = 0, since ¥(F, F) = 0. It follows that

W(F,s) W(F,») R(F)Wp-Wp(F)R _
kF ~ R(F) R(F) o

O

With lemma|[3.6|and lemma|[3.9]combined we may note that Vlasov bivectors constructed from projectively related
Vlasov fields represents the same object; that is, if there exists a 1-homogeneous function k € TA°U such that W =
W +kR,then ¥ = RAW = RAW. In figure ﬁg. the foliations generated by R, W are the same of those generated
by R, W. We can use the Vlasov bivector to derive the transformation formula eq. .

Lemma 3.21. If ¥ = RAW =R AW and W is compatible with kinematic indicators F then eq. holds.

Proof. Consider the action of ¥ on the scalar field F:
W(F, &) =R(EYW — W(EFYR = R(EYW — W(EYR = R(F)W.

Hence eq. O
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Here we show that the Vlasov Bivector P, knit together as leaves, as depicted in fig.[5| Since the leaves are tangent
to R, then they must open out like a book.

Theorem 3.22. Given a Viasov bivector Y, then for each u € U there exists a 2—dimensions surface K C U such that
u € K and ¥ is a tangent to K.

Proof. From theorem we can write ¥ = R A W such that R and W are in involution, eq. (29). The result now
follows directly from Frobenius Theorem, which can be found in [31]. O

4 Particle Density (2n—2)—-forms

In this section we introduce the particle density (2n—2)—form on U, & € T'A*"~2U. This may be depicted pictorially
in fig.|1{and fig.[5| It is the generalisation of the particle density form 8 € TA**~2E, and it is subject to the transport
equations on U, defined below. This reformulation of the transport equations has the same advantages as mentioned in
the introduction.

4.1 Transport Equations on U

Definition 4.1 (Transport Equations on U). Given a particle density form § € TA?*~2U and a Vlasov bivector ¥ €
FB%,(U), the transport equations on U are given by

Null(¥, #) holds and dé = 0, (86)

where the null condition is given by definition

Notice that if Null(¥, #) holds and ¥ = R A W then both W and R are tangent to the form manifolds of 8. That
is, iy = 0 and iz 6 = 0. This is consistent with the visualisation in fig.[5} We can identify the form manifolds of 0
with the leaves of a foliation generated by a Vlasov bivector. Since 0 is a closed form, the form manifolds associated
with it are smooth surfaces. Furthermore, the velocity density profile of the particle distribution is reflected in these
form manifolds: the closer together the surfaces, the greater the local velocity density of the particles (and vice versa).

Definition 4.2 (Populated Systems on U). Given a Vlasov bivector ¥ and a particle density (2n—2)—form € TA>"2U
which satisfies the transport equations on U eq. (86), we define the pair (¥, 6) to be a populated system on U.

As stated in the introduction, defining a populated system does not require a time orientation. Since for any given
radial {Au € U, A > 0} is disconnected from {Au € U, A < 0} there is no relationship between 8|, and 6|_,. For

example, in eq. (70) the particle density form can be considered nonzero on U™ and zero on U~.

4.2 Relating the particle density on U with the particle density on £

For this subsection we assume that U is time-orientable and that there is a kinematic domain E. We relate the particle
densities € TA"~2U and 0 € TA"~2E. Furthermore we assume that § only contains particles which lie on U™*.

Definition 4.3 (Future Pointing Particle Density). A particle density form 8 € TA?"~2U is called future pointing if
U is time-orientable and
Oly- =0. (87)

For future pointing particle densities we let the restriction + € TA?"~2U™ be
0t =0|y+. (88)
A populated system (¥, ™) formed from a future pointing particle density is called a future pointing populated system.

Lemma 4.4. Let (¥, 0%) define a future pointing populated system on U, satisfying the transport equations. Given a
kinematic domain E C Ut with kinematic indicator F, let W, be given by eq. where W is given by eq. , and
let 0 € TA*"2E be given by

O = Z*Et9+. (89)

Then Wy, and O, satisfy the transport equations on E.
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Proof. Observe that
dfg =dSh0 = ¥5d6 =0, and iy, Op = iy, T50 =% (iy0) =0.
Hence 0 with W, satisfy definition[2.19] O

Lemma 4.5. Given a kinematic domain E with 8 € TA*"~2E and Wy € TTE such that 0 satisfies the transport
equations on E, define the map,

p: U" - E; II(Av) = v where v € E and 4> 0. (90)

Let
0t = H’%OE, (C2))

let @ be future pointing, given by eq. and eq. (88), and let W € T'TU be given by eq. (32). The system (¥ =
R AW, 0) satisfies the transport equations on U.

Proof. See section[A.3 O

Lemma 4.6. Given a kinematic domain E and particle densities 0 and 0 where 0 is future pointing satisfying the
relevant transport equations, then eq. (89) holds if and only if eq. (91) holds.

Proof. See section[A.3] O

A direct application of lemma .4 and lemma[4.5]to numerical simulations, is given in section 5.2} where they are
used to construct a particle density function in a new kinematic as a way to deduce quantities in a boosted frame.

4.3 The current associated with the particle density form

For a populated system on E, (Wp, 0) can construct the current J associated with 8 by integrating over each fibre.
In differential geometry, this integration can be expressed very naturally using the language of de Rham pushforwards.
The conservation of charge d Jr = 0 follows from the transport equation df5 = 0 and the fact the exterior derivative
commutes with the de Rham pushforward.

To write the current density for a populated system on U, it is necessary to introduce a support 1-form y. The goal
of this subsection is to first define the current form J on U, then show that the result is independent of the choice of
this support 1-form, and to show charge is conserved.

Definition 4.7 (Integration along a fibre). Let # : K — M where K is an oriented k—dimensional vector bundle over
M. A form a € TAYK (for n < k < 2n) is said to have vertical compact support if for each p € M the restriction
a| -1, has compact support. Given a form with vertical compact support a € I'A?K the integral along the fibre
(otherwise known as the de Rham pushforward) z_a € 'A"™"M is defined by

/ﬂ*ﬁ/\(x=/ pAma, (92)
K M

for all forms f € 'A" M with compact support such that g + r = dim(K). For a comprehensive overview see [32].

Definition 4.8 (Current forms from E). Let U be time-orientable, let E C U™ be a kinematic domain and let 8, €
'A?"~2E define a particle density 2n—2—form satisfying the transport equations on E. We define the current (n—1)—
form Jp € A" M by

Jg =g 0p). (93)

Here, 7 : E — M is the projection from the bundle E to M.

Since the above definition relies on a choice of kinematic domain E, we propose the following generalisation. For
this, we need to define a support form, which is a 1-form on U.
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Definition 4.9 (Support Form). Givenany u € U let R, = {Au : 1 > 0} and Efiu: Rt o U. A support form
y € TA'U is a 1-form such that for all ueU, ifiz & has compact support on R, and satisfies

Riy=1, (94)
R+ =
foreachu e U.

Observe that replacing u with Au for some 4 > 0 does not change the integration in eq. (94). Recall that 8|, may be
unrelated to 0|_u and in general both can be non-zero. Thus we need a support form to have support on both’ ER and
R_, so that both sides contribute.

Definition 4.10 (Current forms from U). Let @ € T'A?"~2U be a particle density form satisfying the transport equations
on U (definition . The current formon U, J € A" M is given by

J =n(x NO), 95)

for any support form y € TA'U

Although we need to impose additional structure through the inclusion of the support form, we may show that the
current form from U is independent of our choice of support form.

Lemma 4.11. Let N be an ¢ dimensional manifold, a € CAYIN, p e TA'N, 1t € TA°N and X € TTN such that
Lya=0, iya=0, and X(t)=1. (96)

Let K; = {p € N : 1|, =1y} for some value t, and define the embedding Z,: K, < N. Lastly, let n,(t) denote the
integral curve of X passing through p. Then

[ano= [ za([n0). ©7)
N peK,O R

provided 11;/3 has compact support on the domain of each n,.
Proof. See section[A3] O

Lemma 4.12. Let the current form J € TA""' M as given by deﬁnition J is independent of the choice of support
form y e TA'U.

Proof. Observe that since 6 satisfies the transport equations (definition[4.1)) we have ir 6 = 0 and d6 = 0 so L0 = 0.
It follows that
Lp(z*pAO) = n*(L,,*Rqﬁ) ANO—m"PpALrd =0,

since 7, R = 0, for any test form ¢p. We also have i (7% ¢ A 6) = 0 so we may apply lemma in the following way.
Let r € TAU such that dr # 0 and R(r) = 1, then let 5, be an integral curve of R passing through u € U and let
={ueU:r|,=ry}withZ, : K, < U for some value r,. We then have

/ ﬂ*:l)/\&/\;(:/ Z:‘O(Jr*d)/\G) </ nZ‘;{) =/ 2;“0(”*¢/\9).
U uek, R — K,
= 0 0
Hence J is independent of the choice of support form y. O

Lemma 4.13. The current (n—1)-formon U, J = zn(y A 0), satisfies the continuity equation

dJ =0. (98)
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Proof. The exterior derivative commutes with the de Rham pushforward and d6 = 0 so we have
dJj = dﬂ'g()( AB) = ﬂg(d)( A 0).

Since J is independent of our choice of y by lemma it suffices to pick y such that d y = 0. By picking r € TAU
such that dr # 0 and R(r) = 1 we may define a coordinate system (x*, r, y?). By choosing

x = x.(rydr,

where y,(r) is a function in r with compact support, to comply with eq. (94), we have d y = 0. Hence dJ = 0, and
charge is conserved. O

Lemma 4.14. Let U be time-orientable, E be a kinematic domain and 6 is future time pointing. Let 6 and 0 be
related by eq. and eq. (91). The current form on U, J € TA"' M (definition and the current form on E,
Jr € A" M, definition m are identical.

Proof. Let F be the 1-homogeneous kinematic indicator associated with E, define
r=1logF,

K, ={ueU:r|l, =rp},and X, : K, < U. First observe that E = K, and R(r) = 1. By application of
lemmawe have for any test form ¢ € FOAIM R

/7:*¢A9/\)(=/ ZE(ﬂ*gb/\H)(/n;)():/ Z(’;(ﬂ*d)/\é’):/Z*E(ﬂ*qB/\H):/ﬂ:gd)/\HE.
U peK, R K, E E

Hence for any E, J = Jg. O

Using the coordinate expression for the fibre integral in [33]], the coefficients of the current vector on the unit
hyperboloid Ey (i.e. the 4 current when dim M = 4) are given by

V/—detg
7 . o1n—1
I, = [En x”fEHTdX ", 99)
where
J"E‘H = x(dx* A JEH). (100)

4.4 Discussion about the Stress-Energy n—1-form
Given a kinematic domain E and & € TA! M, the stress-energy (n—1)—form can be expressed

tF = rp (@0p), (101)

where & € TAU is given by &|, = @ : u for u € U. The stress-energy n—I—form for the unit hyperboloid Ej can be
converted into the usual stress-energy tensor

y/—det
T = / it fp Y gt (102)
H Ey T X
using the relationship
uv o _ Ey
TEH =x(dx" AT ) (103)

where * is the Hodge dual. See lemma[A.§]for proof of this statement. This can be substituted into the right hand side
of Einstein’s equations to complete the Einstein-Vlasov system on Ey;.
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Due to the similarities between the definitions of the current (n—1)—form, eq. (93), and the stress-energy (n—1)—
form, eq. (101)), it may be tempting to try defining the stress-energy (n—1)—form on U by

T= ﬂg()( A af). (104)

Unfortunately, unlike for .7, the stress-energy (n—1)—form depends on the choice of y. This is because d (@) # 0 in
general, so that lemma[4.14]does not apply.
For an explicit example of raE depending on E, consider the charged free dust in Minkowski space time so that in

Cartesian coordinates W = x”a,(f) . In this case, 7, and 7 , are given by
t

Ey _ (x) 5, Oun—1 x4 L1

7" = idx0 " [ @ — % dx", (105)
Ey X0

7, = i0dx0n! / [ a x5 dxh" (106)

in their respective adapted coordinate systems.
Furthermore, in general, the stress-energy form is not necessarily divergenceless (in the sense put forth in [34]) for
an arbitrary lab frame with no electromagnetic interaction. Using the external covariant derivative D,

Drj =dt; —dx" Aty (107)

the divergenceless condition can then be written DraE = 0. In [35] it’s shown that Dﬂ:;,E H = 0. However, for an arbitrary

lab bundle E,, it can be shown that

D, =0, Dri'y=dxOn! / 0 svstds!-=, (108)
z=1(e)

dxt dx9

in an adapted coordinate system (x*, x¢).

The usual stress-energy form is TO,E " which is needed for the Einstein-Vlasov system. This implies there is a
preferred kinematic domain, Ey;. One may ask if there are still advantages for using the formalism in this article. First,
it makes it clear how the Vlasov equations i.e. the Vlasov bivector and the transport equations depend on the metric.
This may be less explicit in the usual treatment. This is especially relevant if one needs to vary the metric, as is done
in [36], for instance. Second, it reveals the relationship between the stress-energy tensor and the kinematic domain.
Since we do not have a formulation of the stress-energy form/tensor which does not depend on the kinematic domain,
we cannot assert that Einstein-Vlasov systems are parameter free under our formalism.

Another use of our approach, is when considering non-metric compatible connections. As stated in the introduction,
the trajectories no longer remain on Ey, fig. 2] However, using the Vlasov bivector and the particle density form 6,

this is no longer a problem. After calculating 8, one can choose Ey to calculate T,f H
It is an open question to see if there is a relationship between the stress-energy forms for different E’s or y’s or if
there exists an object similar to the stress-energy form can be defined which does not depend on the choice of E or y.

S Application to Numerical Simulation of Plasmas

This work can be applied to numerical simulations of plasmas. Such simulations typically involve solving the Maxwell-Vlasov
system, either directly (particularly in one or two dimensions), or through PIC methods.

The usual method for describing the relativistic Maxwell-Vlasov system is in terms of proper time. However, for
numerical simulations it is much easier to use the lab time. This is explained in section section [5.1}

A particular numerical simulation procedure is the agile numerical integrator (ANI). To date this method is mainly
used where velocities are non-relativistic. If velocities start approaching the speed of light, simulation becomes increas-
ingly challenging as it would require many grid points near v = ¢. We show how one can extend the applicability of
the ANI, using a series of Lorentz transformations, to scenarios where the velocities of particles become large, but the
relative velocities between the particles remains small. This is ideal for cases of particle acceleration. This is detailed
in section section[5.2]

30



to + At

Figure 7: The advantages of using a lab-frame when doing numerical simulations. The red planes represent time slices.
We integrate over v to evaluate the charge and current. These are the fibres depicted in dark red. By contrast, using
proper-time to step forward from 7, = ¢, to 7, + At results in the blue surface which cannot be directly integrated.

5.1 The Use of Lab Time

These simulations invariably use a lab-frame. Recall that the term lab-frame in this article refers to any kinematic
domain E,, which is determined by a time-slicing scalar field t € TA?M. This may be the frame of an actual lab, but
can include the rest frame of a particle.

It is challenging to use the proper-time Lorentz force equations to update the particle trajectory. This is because,
assuming x°() all coincided, the updated x’(z + Ar) would not coincide. This would make it difficult to sum over
the particles in the same cell to obtain the charge or current. The same problem arises when attempting to solve the
Maxwell-Vlasov system with the proper time version of Vlasov’s equation, since the integration over velocities cannot
be performed directly. This is depicted in figure fig.[7]

Assuming a numerical simulation scheme is using a lab-frame E,, one needs to choose time-slicing scalar field ¢.
This decision is made alongside many others, such as coordinates, grid strategy, integrator, etc. The usual choice for
Minkowski spacetime is an inertial frame. However, there may be advantages with using a non-inertial frame. For
example, in a particle accelerator, one could use the frame adapted to the design orbit. For uniform acceleration, this
would correspond to Rindler coordinates.

In general relativity there are generally no preferred coordinate systems, and the choice of time-slicing may be
arbitrary. In this case, it may be useful to be able to run the simulations in different coordinate systems and compare
the result.

Let ¢ be one time-slicing and 7 = #(¢, x%) be a new time-slicing. Then from eq.

§ ot + ot 4

ot T oxa

(109)
since 7 is a kinematic indicator it can be directly placed into eq. to give the transformed Vlasov field.

5.2 The Agile Numerical Integrator

Our formalism enables a generalisation of work such as [[11] wherein a novel integration scheme, the agile numerical
(ANI), is derived from the treatment of the Vlasov field as the divergence of a flux density J over phase space. As
stated in the introduction, the ANI is mainly used to model particles with non-relativistic velocities. Here we show how
to extend, using a Lorentz transformation, the ANI to higher velocities, giving it application for particle accelerators,
or even the electrons, inside the bubble of a LWFA.
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In the aforementioned paper, the linearised Vlasov-Poisson system is described by the flux density

. P
J=ft+uxffc—%£fﬁx, (110)

where 7 (resp. %, 0,) are unit vectors in the 7 (resp. x, v,) direction, and ¢ is the electric potential satisfying the Poisson
equation. This enables the Vlasov equation to be cast as

V.-J=0, (111)

or an equivalent flux integral.

We can identify the coefficients of the phase-space flux density eq. (I10) with the coefficients of the particle density
form definition[2.T9} In particular, assuming the Vlasov-Poisson system to be written on a lab-time bundle E,, we may
make the following identifications: v, = X, 7 = d,, & = 9, D, = d;, and Qp = dt Adx A dx which satisfies eq. .
This allows us to recognise the notion of a velocity field on a phase space u from [[11]] with our notion of a Vlasov field
W, on a kinematic domain E;. From here we can make the identification,

J = f5,Wg,. (112)

Consequently eq. (TITT) is equivalent to the transport equations eq. (58)), and the Vlasov equation can be written as

Ly, (fEtQEt) = 0. (113)

Consequently, our formalism allows for the generalisation of the ANI. We illustrate this through an application by
performing a Lorentz boost to the Vlasov-Poisson system.

The main benefit of the ANI is that by characterising the Vlasov equation as a vector field, the particle density
function (PDF) can be evolved independently along each dynamical axis. This allows us to write the equation for the
evolution of the PDF with fewer interpolations than a method invoking Strang splitting. For the relativistic Vlasov-
Poisson system, the discretised Vlasov equation yields

F(t+ AL X, %) = f(t,x — XALX) + f (r X, % — —€F3/2 ) — ft, %, %), (114)

where Fy; is given by eq. , which is equal to Fi; = 1 — x2 here, and £ is the electric field.
Note that this scheme requires 2 interpolations, one in x and one in x. By gridding phase space in intervals width
(At, Ax, Ax) and indexing the nodes on the grid such that f J” . = f(nAt, jAx, kAX), the above equation can be written

= 2 W0 (e = %20 1+ Zﬂk v (x _ —8F3/2At> fla=1r, (115)

Js

where the /4 (x) and /4 Kk ,(x) are the interpolation parameters e.g. [37].
The number of interpolations can be halved by defining the gridpoints as x = jAx and x = kAx/At. Substituting

into (TT14) gives

fjrt:1=fj kk+ZMkk’ (x__£F3/2 ) T = Tiue (116)
We can still obey the Courant stability conditions, by choosing At such that At < Ax/V; and At < (Ax/ (%80 F;/ 2)) 172,
where ¥, is the maximum velocity of the system, and & is the maximum electric field amplitude. When the above
grid spacing is chosen, we call this the matched grid case.

As stated in the introduction, if the particles become ultra-relativistic so that x — ¢, the use of the ANI becomes
challenging as, to resolve the velocities, we would need many velocity grid points near x = c. Using eq. (TT3), this is
possible, but not ideal, whereas, using eq. (IT6) this is not possible as the grid size Ax is fixed. Assuming the energy
spread of the particles remains small, the solution is to perform a Lorentz boost, and continue the simulation in a grid
adapted to this new rest frame. We show here how our technology can be used to transform the Vlasov field Wy and
the PDF [ to the new frame.

Suppose we have a Vlasov-Poisson system on the lab bundle E, with PDF f E,;» and corresponding Vlasov field Wr,.
To find the equivalent of the PDF evolution equation (eq .) in the boosted frame E,, we first need to deduce WE ,
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using theoremn Next, we find an appropriate choice of Q to calculate 6, using eq. ( and use this to deduce
0 E, by promoting 0 E, to 0 using lemma hen we use 07 to calculate 0 E, through lemma. Wthh gives us a
relatlonshlp between f g, and f E, using eq. lb

Using eq. (34) we can write the 1D1V VIasov-Poisson field on U (the light cone), in a coordinate system adapted
to E,, (1, x,1, %), using the Lorentz metric 8y = diag(—1,1) as

3/2
W =10, + %0, — ie%ax, (117)
m

where £ = £(t, x) is the electric field, and Fy is eq. (here, Fy; = > — x?). Note that W is horizontal and vertically
quadratic. Since W (f) = 0, W is tangent to E, by lemma we can write

Wy, = 0, + %0, — %8(FH02E[)3/2()X, (118)

since X (Wg ) = W, Thatis, W is the extension of WE This is consistent with the 1D1V Vlasov field used to
derive Landau oscﬂlatlons (before linearisation) when Fy; = 1 in the non-relativistic case. Consider now a Lorentz
boost to a frame moving with constant velocity V, (¢, x) = (', x") = (yt — Vyx,yx — Vyt), where y = (1 — V)~ 172,
It is straightforward to show that on U we have

V=yt—Vyx, ' =yx-Vyi, t=y +yVx, x=yx' +yV?, (119)
0, =ydy —yVo 0, =y0y —yVoy, 0;j=ydy—yVo 0y =y0dy —yVoy. (120)

X/ pall

The lab bundle associated with this boost is given by E,. Using eq. (54) and the above, we get

. 3/2 3/2 3/2
Wi ) VyF ) F
wew WO p o vso _eli 5 9 TTH p oy g, _elH o (121)
R(#') ! “m i Y m ! “m o

From the same reasoning as for eq. (IT8) it follows that

=0y + %0y — —e(FHozE,) 320, (122)
where (¢, x’, ', X') is the coordinate system adapted to E,.
To get the particle density function in the new frame we first need the correct volume element Q € T'A*U,
—det ;
Q= %dz/\dx/\dmdx. (123)
3/
H
To see that Ly;,Q = 0 observe that (noting det g = —1)
F32
LyQ=di,Q=d idx Adi Adx — xdt Adi Adx+ L& dt Adx Adi
P mo (124)
H

- (ati+axx— gé'ax%>dt/\dx/\di/\dx =0.
m

A similar calculation shows Ly, = 0. From lemma[2.22] by setting s = tand @ = (Fy OEET)_3/2dx Adx, and noting
that L Q = —Q we see that Q is unique.
To write 0 we first calculate iy, X7 ip€Q:

iRQ=%dt/\dx/\dx ——dt Adx Adi,
FH/ F) /
1
¥ igQ=————dtAndx Adx, 125
E'R (FioXp)?? (125)
; P 1 . X q
’WE,ZE,’RQ_ —(FHOZE )3/2dx/\dx —(FHOZE )3/2dt/\dx L edt A dx.
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Hence we may write

HE, = szlWE,ZEIRQ
JE

' (126)
= _(FHOEE,)3/2

(dx Adx = xdi Adx - Le(Fyoxy ) di A dx) .
m

Recall the definition for IT Ut — E, fromeq. . Using this we can define 6 =TT}, 6 £,- Define coordinates
t

on E; by (g, xg,, X, ) (note that this is the same as (7, x, X) in previous and subsequent equations due to abuse of
notation). Using the fact that (¢, x, 7, X) +— (tg,.Xg,.Xg) where Zg (tp . xg . Xg) = (1, x, 1, x/1),

e (XN %
IT;, (d%) = d ( i ) = 2dx— =di (127)
S °lE ¢ . ' ¢
—ot=— 5 (aen(Lax—2ai) - 2ara (Lax— 2ai) - Le(Ryos, ol )i A dx
(FyyoXg oIl )3/2 f i2 { { i2 m o
t t
(128)
S ol ' X 2 .
=B E (Lnax— Xaxndi- Larndx+ Zaindi - Le(Fyox, ollp )y di ndx ).
(FHOZEIOHEt):;/Z t i? i2 3 m 4 4
(129)
Now we perform the coordinate transformation corresponding to the Lorentz boost:
2
%dx Adx = yT(dx’ +Vdr) A X+ Vdi)
2
= yT(dx’ Adx' +Vdx' Adi' +Vdl Adx' +V2dl Adi),
. .2
—t_ﬁzdx Adi = —%(dx’ + VAl Adi +VdR)
xy? ’ 1 ’ ’ ’ r 2 4 ’
= _i_2(dx Adt +Vdx Adx" +Vdt Adt +Vdt AdXx),
. .2
—Xdinds = -2 (af + Vdx') A dX + Vdi')
i2 i2 (130)

2
= —%(dt' ANdX +Vdl Adi' +Vdx AdX + V2dx Adi),

x2 . X%y .
i_3dt Adf = i_s(d’, +Vdx'")Adi +Vdx)
x2y2 ’ Y, ’ ’ . 2 5.0
= ——(d' ndi +Vdt!' AdX' +Vdx' Adi' + VZdx' AdX)
i

—ES(FHOZEtoHEt)yzdt Adx = —ig(FHozEt oIl )*2y2(dt' + Vdx') A (dx' + Vdt')
m m !

= L e(Fyox ol )/ ?dl Adx'.
m 1
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Gathering terms gives

2 2. 2 92
ax' nds’ : L (1- 2—+V. !
f i? P+ Vi)
2 Vil i
dx' Adi’ : y—_(V——(1+V2)+ X)Xt
f i? P+ Vi)
2 i
dt' Ad% ”—.(V—f(1+V2)+x.V . (13D
i i i2 3 + Vi)
2 2 12
df nai' s (V2—2ﬁ+>.c -
i i i2 3 + V)
df' ndx' © - %E(FHozEIoHET)W.
Therefore, 8" takes the form
fgoll 72 Y ) o
ot = Ei i 32< 3 d - 3dx Adx +3+t43dx'/\dt'+3,x—t_3dt'/\dx'
(FygoXp, ol 32 \ 3 + V') P+ V) P+ V) 132
x—/zdt' Adi' — Le(Fyox, o, ¥2dl A dx'
P3G+ Vi) m TR
Performing the pullback X7, ,on 0" gives
SEollg oXp, s
0E1= d d d 32< 3 ! ./3dx’/\dx'+ﬁdt’/\dx'
q
— — E(FyoX £,ollg 0X ;) 2di’ A dx/>.
To simplify observe that
%) )
— _q X _ =X+t
Merefu=1-7%= P2+ V2 (134)
Z* l—[* * — 1 - X’z — FHOZET/ )
B ETETH T 20 4y T 21+ V)2
Plugging into our expression for 6 E, yields
fE OHE OZE/
0, =— " (dx Ad5' = Xdt Adi — LE(Fyosy ) 2dt A dx’) . (135)
r (FHOZE )3/2 m r
Comparing this with the definition for 8 E, = f El We, 275,/ inQ,
6y, = —E (dx' A ds’ = 5'dr' nds' = Le(Fyoxy, ) dr’ ndx') (136)
B (Fyoxy, )32 m HTE ’
allows us to make the identification
fEt, = fEIOHETOEEt’. (137)
By observing that
ZEM cE, U, @, x', 3~ {,x,1,x") = (yt—yVx,yx—yVt,1,yx —yVi), (138)
Np : U— Es(t—yVxyx—yVt, Lyx—yVh o (it —yVx,yx —yVi,yx —yV), (139)
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we may write
fEt’ (t,(x’ t)? x,(xs t)v x,(x)) = fEt (}’t - ny’ VX — th’ }/X - ]/V) . (140)
It will now be necessary to create a new grid and redeposit the particles over this grid, using interpolation and
eq. (I40). To do this, we require a new choice of grid spacing, a reasonable option for the matched grid case would be

!/
A =yAr, Ax =A% Ay =B8X _ LAx
4 At y2 At

(141)
On this new grid, we can recreate eq. (I14) using eq. (I40) and eq. (I41)) in order to execute the ANI in the new boosted
bundle E,.

6 Conclusion

In this article, we have presented an alternative way of representing the Vlasov equation. The primary advantage of
this representation is that it enables the user to write the equations of motion without reference to a kinematic domain.
As a result, the transformation laws of the Vlasov field become apparent and transformations between frames can be
easily calculated in our framework.

The generality of our formalism makes it applicable to a wide variety of situations where the usual tools of kine-
matics would otherwise fail. For example, these tools apply in situations where there cannot exist a time orientation,
when one does not have a metric compatible connection, or when working in a pre-metric context. Additionally, one
can investigate the Vlasov equation for light-like particles. This enables the extension of the ultra-relativistic approx-
imation [6] from fluids to the Vlasov equation. This is particularly relevant when considering particles in particle
accelerators as well as astrophysical plasmas near black holes and neutron stars.

The current 3—form and the transport equations are generalised to our formalism. However, the generalisation
of stress-energy 3—form depends on the choice of kinematic domain or a support form. Furthermore, the divergence
of the stress-energy 3—form, also depends on the choice of kinematic domain. As a result it may be divergence-free
with respect to one E, but not another. Since the stress-energy tensor underlies the Einstein-Vlasov system, it will
be important, in future work, to investigate the relationship between T(f , and its divergence, for different kinematic
domains.

As highlighted in section[5] our work has implications for numerical simulations, in particular when these simula-
tions concern coordinate transformations, non inertial frames or general relativity. The formulation of the (relativistic)
Vlasov equation [38] in terms of the particle density form, i.e. the transport equations, allows for the generalisation
of some existing numerical integrators; for example, the agile numerical integrator [[11]. Our formalism enables the
extension of the ANI to include ultra-relativistic scenarios, that is, where the velocities approach the speed of light.
For example, w hen electrons are accelerated up to ultra-relativistic velocities, but the spread in their energies remains
small. In section[5.2] we show that this is achieved by performing a series of Lorentz boosts, so that the PDF is always
in a frame where velocities are not close to the speed of light. These techniques may be generalised to other numerical
integrators which see applications in accelerator physics. For future work, one can look at applying this technique to 2d
Vlasov solvers. This will enable the modelling of the transfer for energy from high energy electrons to electromagnetic
waves using a wiggler or undulator, generalising work such as [39]].

There are many interesting plasma phenomena like Landau damping, two stream instability, and plasma echos
which can be further investigated with these tools. The basic theory of these starts with a (relativistic) Poisson-Vlasov
system, for example [38]. As such, they have a preferred inertial lab-frame and corresponding time-slicing. The power
of the results in this article will become apparent if one wishes to reformulated the Poisson-Vlasov systems in a non-
inertial lab-frame or with respect to a more complicated kinematic domain. For example, a scenario where there is a
magnetic field in the inertial lab-frame, but no magnetic field in an adapted co-moving accelerating lab-frame.

There is clearly a deep relationship between the work presented here and the idea of trajectory and solutions of
second-order ODEs which do not have a parameter prescribed. In a follow-up article, we will show how to define such
trajectories and their connection to the leaves of the Vlasov bivector.

Other directions one may consider are to look at the relationship of this work with jet bundles and Finsler geometry.
One can also look at how to generalise the Vlasov equation and the Bolzmann equation. In this latter case, we may
have to replace the transport equation eq. , with Null(', §) and dz 6 = 0.

In summary we argue that the Vlasov bivector is the fundamental object to describe kinetic systems, since it is
invariant under reparameterisation.
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A Appendices
A.1 Sprays and Semi-Sprays

Vlasov fields can be formulated in terms of sprays and semi-sprays. For a detailed discussion of sprays the reader is
directed towards [26]] and [40]]. For our purposes we define a spray as follows.

Definition A.1 (Spray). A spray on a smooth manifold N is a smooth vector field X € ['T(T N) which is expressed

in local adapted coordinates (x*, x*) as

P! d
Xx=xr9 L xr 2 142
X oxn oxH (142)

where X# = X*(x, x) are local functions on T'N satisfying

XH 3 = ,12)(”|£, A>0,u€TN. (143)

In the case where T'N is a conic bundle this can be shown to be equivalent to deﬁnition
The trajectories of a spray are defined in the same way as described in section[2.3] satisfying the equation

d*c+
dr?

= x# (C”(t), %) . (144)

Definition A.2 (Projectively related Sprays). Two sprays X and X are projectively related if they have the same tra-
jectories as point sets. That is, if C(¢) is a trajectory of X, then there exists a reparameterisation ¢ = f(s) such that
C(s) := C(t(s)) is a geodesic of X (and vice versa).

Lemma A.3. Two sprays X and X are projectively related if and only if there exists a 1-homogeneous scalar field
k € TAYT N) such that
X =X + kR, (145)

where R is the radial vector field on TN.
Proof. See Z. Shen, Differential Geometry of Spray and Finsler Spaces, pages 173-174 [26]], and lemma|2.17 [

In the literature a semi-spray is defined similarly to a spray on 7N, only without the homogeneity property. For our
purposes, it is productive to define sprays on some hypersurface K ¢ TN. We restrict our attention to hypersurfaces
defined similarly to lab-time bundles.

Definition A.4 (Semi-Spray). Given s € TAN let K = {ue TN : §|, =1}. A semi-spray Xy € I'TK is a vector

field given by
_ 0 a0 a a .ay 0
XK = a + x ﬁ +XK(S,X , X )axa.
Unlike a spray, there are no homogeneity conditions on X} . The semi-spray Xy corresponds to a set of ordinary
differential equations locally expressed as

(146)

d2fa  oa " dfa
(ot

Similarly to the case with a spray, f(s) is a solution to eq. (147) if and only if its lift £(s) = (1, £%(s),d f(s)/ds) is
an integral curve of X.

Observe that in the case where K = E; C U, we may identify eq. (I46) with eq. (33), a Vlasov field on a lab-time

bundle eq. 1).
Given such a semi-spray on K we may construct a spray on 7'N and vice versa. The full details of the lemma can

be found in [26]]. An example of this lemma in action is given below. If we are given a semi-spray determined by
coefficients X over K (equipped with a choice of parameterisation s) then we may construct a spray over T'N with

the following coefficients
XOx,%) =0
e e (e 550 (148)
X(x, %) = XXX L (X7, x4, x4 /%),
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where s = x’. Note that under this construction, Xy is induced by X. This is an example of the quadratic extension
described in lemma The freedom to choose X in eq. (148) roughly corresponds to the freedom to re-parameterise
the spray according to eq. (I43). In the instance where we restrict ourselves to a Vlasov field on a lab-time then
section[2.2] can be identified with eq. (I48).

A.2 Auxiliary Lemmas

Lemma A.5. Let X € TTN, f € TAN be suchthatdf # 0, and f~1{0} = K C N withZg : K < N. We have
X|x{(f) = 0if and only if there exists a unique Y € I'TK such that X |x = Zg,Y (i.e. X is tangent to K).

Proof. Suppose X is tangent to K then we have

X|g(f) =Zg.Y{(f) =Y(foZg) =Y(0) =0.

Suppose now that X |, (f) = 0. If a suitable vector field exists it is unique by the injectivity of ;. Let £ be the
dimension of N. Since d f # 0 there exists a local coordinate system {xO = f, x!, ., x?1 } where we may express

Xas X = X”al(f), where y = 0,...,¢ — 1. Since X(f) = 0, we have X = X(x°) = 0. In this coordinate system
we also have Zp : (x%,...,x771) > (0,x',...,x“~1). This allows us to define a vector field Y € I'T K where locally
Y = Y“()gx), Y? = Z}X", fora=1,..,7 — 1. It follows that X |, = X .Y and hence X is tangent to K. O

Lemma A.6. Given a spacetime manifold M with a pseudo-Reimann metric g, there exists a Vlasov field W € T'TU
constructed from a force equation involving a non-metric compatible connection V i.e. in local coordinates (x, x),

VeC=icF and W =30 + <g"”7-‘v,,5c” - fgvaxﬂ) o, (149)

where C = C,(0,) and t is the chosen parameterisation of the trajectories, such that the integral curves of W will not
lie on Ey.

Proof. Let V denote the Levi-Civita connection built from g. Since V is non-metric compatible, it has non-vanishing
non-metricity:

Q=Vg#0.
Letting Fy; denote the kinematic indicator of Ey;. We observe that W is not tangent to Ey since there exists C such
that

W le{F) = C.(0)(Fy) = 0,(FyyoC) = 0,C*(8(C. 0)) = C(g(C. C)) = V¢ (3(C.C)) = O(C.C.C) + (V€. C)
= 0(C.C.O)+g (IcF.C) = O(C.C.O) +icicF = O(C,C.C) #0,

where 7 is a parameter and C = C,(d,). Hence W is not tangent to Ey by lemma and consequently, its integral

curves will not remain on Ey. Conversely, if we replace V with the Levi-Civita connection V in eq. (149), then we

may see that W | (Fy) = 0since Vg = 0. Hence W is tangent to Ey; and consequently its integral curves are confined
to EH' O

Lemma A.7. Let M be a Minkowsky spacetime manifold of dimension 2 and let s € TA°M define a lab-time func-
tion such that E defines a lab-time bundle (see eq. (Z1))). The null geodesics parameterised by the induced lab-time
coordinate in general do not satisfy the geodesic equation. Consequently, the prolongations of lab-time parameterised
curves must be expressed in terms of the pre-geodesic equation.

Proof. Let C: T < M be a trajectory parameterised by 7 € TA°Z. Then the prolongation satisfies

d(soC)
dr

C=C,0,), C(s)= 1.

Let (z, x) define coordinates on M. Null trajectories in Minkowsky spacetime form straight lines, for example,

(toC)(z) = (x0C)(7).
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The trajectory above satisfies

d(soC) ()(xoC)ﬁ + d(toC)Q _ 0(x00) (ﬁ + @) —1
or 0t Ox or ot or \ox ot/

By defining X = xoC and T' = toC we can write

-1 -1
K= (L)L o (2 )T
ox Ot ox ox Ot ot

It follows that

95 . as>—1 0s
ox ot

; . d

in general since there is no specific relationship between s, ¢ and x. The same result follows for 7. Hence the null
trajectories parameterised by the lab-time function cannot obey the geodesic equation, they must obey a pre-geodesic

equation.
If, however, we choose to parameterise the null geodesics by the Minkowsky coordinate # then the above equation
does satisfy Vy X = V4T = 0. O

Lemma A.8. Let (M, g) be a spacetime manifold, let E be a kinematic domain with a local coordinate system (x*, x%),
let Q. be the volume form as given by eq. (60), and let 0 be a particle density form built from Q. The stress-energy
3—form Tf eq. (101)) is equivalent to the Einstein-Vlasov stress-energy tensor eq. lb

Proof. First observe that jx\”lu =dx* . u=u# = x#|,. We may write 0 as
O = fEiw, Qp = fEX”iEAX)QE + fE(paEi(aX)'QE’

where ¢ = Wg(x?). Here we use the coordinate-based definition for the de Rham pushforward as seen in [33]]. Since
only forms with maximal degree in the fibre coordinates contribute to the de Rham pushforward we have

— — det
(dx* ATE )|, = dx¥ Az (dx0g) |,, = —(dx" A z;">d4x)|p/E dex"fE%d%'c
4
det
- —d4x|p/ sy £ 318 3y
E, X0
Since x1 = \/det(g)d4x and x x 1 = —1 we have foreachp e M
y/det
*(dx”/\rlfxv) ’ :/ )'CMX'VfE.—(g)d?’x,
P Ep X0
so that eq. (I02) holds. O

A.3  Proofs
Proof of lemma[3.6] Let X, X, and Y;, Y, be specially related. We then have
X\ AXy = (aY] +BYy) A (rY +6Y,) =adY| AY, + fyYa AY = (@S — Br) Y AY, = Y| A Y,

Suppose X| A X, # 0 then there exists a basis { X, ..., X, } such that X; A Xj #0fori#j,i,j=1,..,n We
may then express A A
Yl = alXi, Y2 = ﬁlXi,

for scalar fields o/, B/ € TAN.
Hence, if we have X; A X, = Y| AY,, we observe that

X\AXy =Y A, =d X, AP/ X; = (a'f* — a®B') X| A X,
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It follows that a! % — pla? = 1. It remains to be shown that the other coefficients ((a', §7) for i > 2) vanish. Since
the coefficients of the terms X; A X for i or j > 2 are vanishing, we have &'/ — o/ ' = 0 for i or j > 2. We have the

following set of equations:

a'pl = plal, fori,j>2,

alpl =dlpl, forj>2,
B =alp?,  forj>2.
Define column vectors
(13 ﬁ3
A=|:1], B=]|:].
an ﬁn
These column vectors satisfy the following relations
a'B=p'A,
a’B = f*A,

by eq. (I51),
by eq. (I52).

(150)
(151)
(152)

(153)
(154)

By multiplying eq. (153) by % and then applying eq. (154) we observe that f?a' B = 2! A = p1(p%A) = p'(«*B)
and hence 0 = (f%a! — p'a?)B = B. Since at least one of #!, §? is non-zero we must also have A = 0 by eq. (153) or

eq. (I54). Hence X, X, and Y}, Y, are specially related.

O

Proof of lemma[3.9} Since @ is integrable there exists ¥, Z € I'TN suchthat ® = V A Z and [V, Z] = yV +6Z.
Let @ have another representation ® = X A Y. By lemmathere exist scalar field A,0,p,xk €T AYN such that

X=AW+0cZ,andY =pV +«kZ.

The Lie bracket of X and Y satisfies

[(X,Y]=[AV +6Z,pV +kZ] =[AV,pV ]+ [AV .,k Z]+ [6Z,pV ]+ [cZ,xkZ].

Consider a term containing V" and Z e.g.

AV, kZ] = AWV{(k)Z =k Z(A)V + AV, Z] = (Aky — k Z(A))V + (AcS + AV (K)) Z.

Consider a term containing two of the same types e.g.

[AV, pV] = AV(p)V — pV (AW + AplV., V] = AV(p)V — pV(D)V.

Hence we may write

[X,Y]= AV {p)V — pV (AW + (Aky — k Z{A))V + (AkS + AV{K)) Z + (opy — pV{(0)) Z + (0p6 + 6 Z{p))V

+0Z{(k)Z —xZ{0)Z
= (AV{(p) — pV(A) + Aky — K Z{A) + 6pb + 6 Z{p))V

+ (CTZ(K) —kZ{c)+ Akb + AV{k) + opy — pV(o-))Z
=yV+6Z7

There exist A',6’,p',x’ such that V.= /X + ¢'Y and Z = p’X + k'Y. These are guaranteed to exist since

Ak — op = 1. It follows that

(X,Y]= (YA +60 )X+ (Yo' +5'«")Y.
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Proof of lemma[3.17] By lemma there exists a horizontal vector field X € I'TU such that ¥ = R A X. Then
W4 and X are related by

< crd)
2F 4

W 1

crd = 2F (R< crd>X — X<Fcrd>R) =

To see that ¥ = R A W4 first suppose that ¥ = R A X for some X € I'T'U then observe that

T<Fcrd’°> =R A (R<Fcrd>X _ X<Fcrd>R> —RAX =Y.
2Fcrd

RA
2Fcrd 2Fcrd

Define local coordinates (x#, x#). To see that W, is horizontal observe that for any f € I'A"M we have

W(Forg, 7" f) _ Z W((xH)2, o f) _ z x’“{’(x” “f Z (X”)2

W *
crd(ﬂ f> 2Fcrd 2Fcrd

To see that W, is radially quadratic observe that foranyu € U, 1 €R, f € rA'Mm,

. |ﬂu< crd? f> x/" .
Werdl 1l ) = ——— < ) ‘I'I (X, f) = < > PP (5 )
erdau crdl/lg ; F, crd Au /12 z crd =
R IR(CORYV IR .
= = AWl (/)-
Fcrdlz -
Hence W4 is a Vlasov field. O

Proof of lemma[.3] Let F be the 1-homogeneous kinematic indicator for E C U™. Define a foliation on U* of
kinematic domains E, for £ € R* where E; = E and F| g, = ¢. We may define a coordinate system (x*, 7, &%) for
Ut where £ is constant on each E,. We may choose £ such that they are 0-homogeneous, and £ is 1-homogeneous
by the 1-homogeneity of F. By lemmawe have foreach A > 0andu € U™,

W u(xH) = AW, (), W5, (E%) = AW (&9). (155)

The map

is well defined since E, = {£v, v € E}. Furthermore, it satisfies

-1
MgoZy of, = 1y ie. = (nEozEf) .
Observe that we have
Eixt=xt, ERE=¢Y EidxM =dxV, Eide =de
Lastly, define Q € TA>"~'U by
Q=dx" A AdX""VAdE' A AdETL.

First observe that d0* = 0 since the exterior derivative commutes with the pullback. Notice also that iz0% = 0
since [1;, R = 0 we have

To see that iy, 0" = 0 define coordinate functions W 2 2 as b = xkfor0 < k < n—1, y*¥ = vkt for
n < k <2n—2. Hence (3, ..., y*"~2) is a coordinate system for E while (7, )°, ..., y*"~%) is a coordinate system for U*.
With appropriate domains y* = IT¢ y* and y* = £* y*. Hence for Zyoll; : Ut — U* we have (Zgoll)*(y*) = y*
Thus Q = dy° A -+ A dy*"~2. Also,

Epollp)f=f and  (Egollp)i¥Q=i"Q
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where f is a scalar which such that R{f) = 0, so it is a function only of (°, ..., y*"72).
Since we have, for any v € E,

W|A2<yk> = AW'Q(.Vk)
by eq. (I55). Thus for v € E (and Av € E;)34 we have

(= (i, 22*) )

Since this is true for any v € E we have (for dy* € TA'E))

= =( (iWEjdyk> Uy) =iy, ¥y = iy doM, = Ay, 5 (dykw) = (/liWEEj (dy*) )'U

v

= (iWEAdyk> = Jiy, Edy*.
It follows that
. :‘* * — :‘* . *
b, Eixy @ = ] (i, T Q).
Since @ is an (2n — 2)—form on a (2n — 1)—dimensional manifold E, with coordinates (7, ..., y*"~%) we may write
0 = 65iV5E 0
E~VE CE™®

where 6% = 6%.()°, ..., y*"~2). Thus we can extend 6% to a scalar field on U™ so that R(#%.) = 0. Also 65 = IT%.6% =
Ei; 0'1‘5 for the appropriate domains. Therefore,

0" = ITy0p = 1Ty, (05i2)5,Q) = ;0% (Spollp)” (iY0) = 0% Y0
‘We then have for each A
=k % . + _ = * * _ ok % * k (3) 5 _ gk W (- * % ok
=i <2E,1 (it )) == <lWEAEE,1HE9E) == <IWEAZEAHE (gElk z“JEQ>) =05l =) (IWEAZEAHEZEQ>
k
E

. . * _ k) = * _ . = k (V) g
VE; (i, Ty @) = 4081V, 5 (23,0) = aiw, B (0415} @)

Il
|
D
<
[1]
*

Since Z, is bijective we have Z”‘El1 (iW9+) = 0. In order to see that this implies iy, 6" = 0, observe the following
result:

Given a € TA" U™, if iga = 0 and X}, a = 0 for each 4 > 0, then a = 0.

This follows since ir @ = 0, we may write @ = akfiiy)iﬁy)g. Forany 1> 0,0 = Z*E/la = Z*EA (ak) iiy)ii.y)Z*EAQ. Since
the form on the RHS is non-zero we must have X (a*) =0forall 2 > 0. Since U™ is the union of E, then a/* = 0.
It follows that (¥, 07) satisfy the transport equations on U™ . O

Proof of lemmald.6] First suppose that 0+ = IT,.0 ;. We have X1.0% = X} 11,05 = (ToZ)" 0 = 6.

Suppose we now have 0 = Z*E€+. Define a coordinate system (£, y*) in the same way as in the proof for
lemma so that (Zoll)“y* = yX. Since d6* = 0 and ix6* = 0 we have 6+ = Oki;y)QX, where 6% is a function of
0P, ...,y*""2), and Qy = dy" A -+ A dy*=2. We then have

M0 = 250" = L2 (040 ) = 0% (2polly)” (100 ) = 0410’0y = 0.
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Proof of lemma[@T1] Define a coordinate system on N by (x, ..., x? =2, 1) such that X = d,. Since i ya = 0 it follows
that @ = agdx® A - A dx?~2 for some ay € TA’N. Let f§, = iy then we have

/a/\ﬂ=/aodxo/\---/\dxf_z/\(ixﬂ)dt
N N

=/ / ay(x0, ... xX72)dXO A dx? 72 A Bo(x°, ... X2, D)dt
(x0 xf—z)eK,O teR

.....

..........
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