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One-dimensional topology and topolectrics of nonsymmorphic Kramers degenerate systems
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We describe nonsymmorphic four-band tight-binding models in one dimension with Kramers degeneracy, and
propose topolectric-circuit realizations of their topological phases. We begin with a representative model in the
nonsymmorphic All class with symmorphic time-reversal symmetry and nonsymmorphic charge-conjugation
and chiral symmetries, resulting in a Z, invariant. We also provide a Bogoliubov-de Gennes model in the
nonsymmorphic D class with symmorphic charge-conjugation symmetry and nonsymmorphic time-reversal
and chiral symmetries, which support a Z, classification. To compute these invariants, we extend an open-
path winding-number formulation previously used for non-Kramers-degenerate nonsymmorphic Z, phases to
Kramers-degenerate four-band systems. We propose topolectric-circuit implementations of nonsymmorphic
systems, beginning with a comparison between the symmorphic Su-Schrieffer-Heeger and nonsymmorphic
charge-density-wave models. We then extend this methodology to topolectric realizations of the AIl and
Z4 models, finding that the impedance response reproduces the predicted phase boundaries and associated
zero-energy modes. Finally, we analyze disorder in the Z4 model and find that, although disorder breaks the
nonsymmorphic symmetries, certain domain-wall zero modes in the minimal nearest-neighbor model remain
pinned at zero energy because the disorder has no first-order coupling to the soliton subspace; longer-range

terms satisfying relevant symmetries lift this emergent property.

DOI: 10.1103/j1f9-qgyz

I. INTRODUCTION

Topological materials are a central focus of condensed mat-
ter research [1-10], with models such as the Kitaev chain [1]
guiding the pursuit of experimentally realizable nontrivial su-
perconducting phases [11]. This prospect has driven extensive
theoretical [2,4-6,12] and experimental efforts on systems
such as nanowires [13-15] and magnetic atom chains [16—-18]
that are primarily investigated through scanning tunneling
microscopy [16—-19]. However, implementing and tuning such
platforms can be challenging [20-23], motivating comple-
mentary approaches that capture topological band structure
and boundary phenomena in simpler settings. Topolectric cir-
cuits provide such a route by mapping tight-binding models
onto networks of linear circuit elements [24-37], enabling
direct experimental access to topological signatures through
electrical response measurements [24].

The topological properties of tight-binding models may
be categorized according to the tenfold way classification
of nonunitary symmetries [38—45], specifically, time-reversal
(TRS), charge-conjugation, and chiral symmetries [39,46].
Recent work has included crystalline symmetries in this
classification, leading to new topological invariants and
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protected states [47—49]. Crystalline symmetries may also
mimic nonunitary ones, expanding the tenfold way without
requiring that the Hamiltonian satisfies further nonunitary
transformations [46,50-56]. A particularly important exam-
ple of this in one dimension is the comparison between
the symmorphic Su-Schrieffer-Heeger (SSH) model [57-61],
with alternating hopping parameters, and the nonsymmorphic
charge-density-wave (CDW) model [57,62—-66], with constant
hopping and alternating onsite energy. The SSH model is
defined by its symmorphic symmetries that act locally within
a unit cell, resulting in a Z topological index. Surprisingly,
the CDW model has nonsymmorphic symmetries that involve
a translation by half a unit cell, and mimic the nonunitary
charge-conjugation and chiral symmetries of the SSH model
[62-64,67-78], resulting in a Z, topological index.

While example topological models for most symmetry
classes in one spatial dimension can be realized with two
bands [78], models with Kramers degeneracy require at least
four. In this paper, we build example four-band models in
the nonsymmorphic All class with a Z, invariant, which has
not been previously discussed, and the nonsymmorphic D
class described in Ref. [79] with a Z,4 index, where the Z4
model has been obtained by writing the Hamiltonian in the
Bogoliubov-de Gennes (BdG) representation [8,9,80-82]. To
calculate both the Z, and Z, invariants, we generalize the
winding number from the BDI class, e.g., the SSH model,
for nonsymmorphic chiral symmetry [62,63]. This method
has previously only been used for non-Kramers-degenerate
systems such as the CDW model, where the gap closes at
the time-reversal invariant momenta. Here, we show that,
for Kramers degenerate systems, there are topological band
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FIG. 1. Four distinct topological phases of the Z4 model in the
nonsymmorphic D class, displayed as example trajectories of the
winding path E,(k), Eq. (10), across the Brillouin zone —m/a <
k < m/a. (a) Shows a trajectory in the phase NY°> =2, and (b) a
trajectory in the phase NS = 4. Both (a) and (b) have parameter
values v = 0.5, Ay = 1, and ¢, = 7 /4, and they are distinguished as
for (a) u = —1 and for (b) © = 1. (c) Shows a trajectory in the phase
NN = 3, and (d) a trajectory in the phase N}® = 1. Both (c) and
(d) have parameter values u = 1.7, v = 1.2, and A; = 0.6, and they
are distinguished as for (¢) ¢, = 37 /4 and for (d) ¢, = /4. It is
possible to adiabatically deform the parameters such that the path in
(a) may resemble the path in (b) without causing a phase transition.
However, a change in sign of w, as displayed here, must cause a
transition between the two paths. A similar statement is true for a
change in the sign of cos(¢,) between the paths in (c) and (d).

crossings at arbitrary k values. Example paths of the general-
ized winding number for the Z4 model are shown for each of
the four phases in Fig. 1.

We then extend the topolectric circuit methodology to non-
symmorphic systems, first by drawing comparison between
the SSH model [24,58,59] and the CDW model [64,78], and
then by describing topolectric realizations of the nonsymmor-
phic Al and Z,4 chains. We find that the circuits agree with the
topological theory, and allow for an experimentally measur-
able quantity (impedance) to be easily observed. Additionally,
we further investigate the Z, model because of its unique
topology for noninteracting models in one dimension to
understand the role of disorder in the presence of solitons be-
tween its phases. This is relevant in the context of topolectrics,
as varied tolerances in circuit components effectively mimic
conventional disorder effects [24]. We find that, despite the
nonsymmorphic symmetries being broken by disorder, the
domain-wall bound state can remain near zero energy for
particular disorder channels because of accidental emergent
properties of the minimal model with nearest-neighbor hop-
ping only.

In Sec. II, we describe a representative model of the
nonsymmorphic All class in k space, and calculate its Z,
topology using a generalized winding number. We then use
the same methodology to calculate the Z,4 invariant in the
nonsymmorphic D class in Sec. III. Topolectric realizations
of nonsymmorphic systems are then discussed in Sec. IV,
with a comparison between the SSH and CDW model in
Sec. IV B, followed by realizations of the AIl and Z4 models
in Secs. IV C and IV D, respectively. Finally, we add disorder
in the presence of solitons to the Z4 model, including long-
range parameters, in Sec. V.

II. NONSYMMORPHIC AII CLASS WITH A Z, INDEX

The AII class is generally topologically trivial when only
symmorphic TRS T2 = —1 is present. By introducing non-
symmorphic charge-conjugation and chiral symmetries, we
can induce a nontrivial Z, index [46]. Note that, although
charge-conjugation symmetry is present, we do not consider
this model to be a superconductor, as the symmetry is non-
symmorphic. The nonunitary symmetry operations can be
written as

time : U, (k)H*(k)Ur (k) = H(—k), (1)
charge : Ug(k)H*(k)Uc(k) = —H(—k), 2)
chiral : U (k)H (k)Us(k) = —H (k), )

where Ur, Uc, and Us are unitary matrices that obey the
relationship Ug(k) = UgZ(k)Ur(—k). In k space, symmorphic
and nonsymmorphic symmetry operators are distinguished by
the fact that the nonsymmorphic operators acquire a k depen-
dence for zero intracell spacing [64,78]. In position space, the
difference is clearer, as nonsymmorphic operators contain a
translation of half the unit cell, as shown in Appendix A.

To build the AIl model, we first write a generic Hamil—
tonian with four atomic sites in the basis ‘IIZ = (c;k,

c;k, Cz,k’ c};’k). This model represents two coupled CDW

chains that are time-reversal partners of each other such that
the time-reversal is symmorphic with Ur = 7,00. Atomic sites
A and C are at the same spatial position, sites B and D are
also at the same spatial position and are separated from A
and C by half the lattice constant. The chains are described
by a constant hopping v, alternating onsite energy £u, and an
interchain coupling parameter I" with phase ¢r, a schematic
of the system is given in Fig. 2(a). The bulk Hamiltonian for
this system can be written as

h(k) d(k)
= (d*(k) h*(—k))’

where d(k) = —d” (—k). Imposing nonsymmorphic charge-
conjugation and chiral symmetries satisfied by Uc = 7.0, and
Us = 1.0y, we have

“

_ u 2v cos(ka/2)
h(k) = <2v cos(ka/2) —u )

~ 0 2T cos(ka/2 + ¢r)
d(k) = (_21" cos(ka/2 — ¢r) 0 >
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FIG. 2. Nonsymmorphic AIl class with symmorphic time-
reversal symmetry and nonsymmorphic charge-conjugation and
chiral symmetries. (a) A schematic of an example system described
by Hamiltonian (4) with alternating onsite energy =u, constant
nearest-neighbor hopping v, and constant coupling I with phase ¢r.
(b) An example band structure, as 7> = —1 Kramers degeneracy is
present at both k = 0 and k = 7 /a, (c) shows the corresponding path
of E,(k) for N};ﬁ = 1. (d) An example soliton state for an atomically
smooth texture in the onsite energy localized on the transition u = 0
with up,, = 1, ¢ = 12 and for 48 unit cells, with weak atomically
sharp disorder in the hopping parameter v of strength W = 10~ that
lifts the Kramers degeneracy. Panels (b), (c), and (d) have parameter
values v = 0.4, I' = 0.8, and ¢ = 7 /4, and (b) and (c) also have a
fixed value of u = 0.5.

In general, the band structure for this Hamiltonian is insulat-
ing, an example band structure is given in Fig. 2(b), which
shows Kramers degeneracy at the time-reversal invariant
points k = 0 and k =  /a. The position space representation
of this model is given in Appendix A. The topology of this
model is described by a Z, index, which we can calculate
by utilizing the chiral symmetry to define a Q matrix, with
k) = UJ},H(k)ny, where

i 0 —i O

(0 b 1o =i o
Q(k)—<q*(k) 0 ) Us=75lo 1 o 1f

1 0 1 o0

such that

2v cos(ka/2)

_ (2l cos(ka/2 + ¢r) —u
q(k) = ( u + 2iT cos(ka/2 — ¢r)

2v cos(ka/2) )

We plot the path in the complex plane of the determinant
of g(k), which we denote as E,(k), and, for this system, we

find that
E, (k) = 4T%sin’(ka/2) — 4T? cos*(¢r) — 4v? cos*(ka/2)
—u? — 4iul sin(¢r) sin(ka/2). ®)

Similarly to the Z4 model, Sec. III, plotting E,(k) between
k = —m/a and k = 7 /a results in an open path with a guar-
anteed crossing of the real axis at k = 0. This is because of
the 47 /a periodicity in the complex plane induced by the
nonsymmorphic symmetry, and is in contrast to symmorphic
chiral symmetry that produces a closed-loop winding number
[38,43,45]. An example path of E (k) is plotted in Fig. 2(c).
As is the case of the two-band CDW model, we can attempt
to find the point of the phase transition by setting £,(0) = 0;
however, this yields —u> — 4v> — 472 = 0. As u?, v?, and I'?
are all positive constants, £,(0) < 0 for all nonzero parameter
values. We instead define the Z, index by examining the
constraints imposed on the end of the path at k = 7 /a. To
do this we first set Im[E, (k)] = —4ul sin(¢r) sin(ka/2) = 0,
for which there are three solutions for 0 < k < 7 /a: ¢r =0,
I' =0, and u = 0. For these solutions, E,(k) traverses only
the real axis, and, as E,;(0) < 0, the sign of E,(w/a) for
each of these solutions determines whether the path passes
through the origin, causing a phase transition. We find that
Eym/a,¢r =0) = Ey(w/a, T =0) = —u?, and, for nonzero
u, these are always negative quantities such that the path of
E, (k) does not pass through the origin. However, E, (7 /a, u =
0) = 4I'*(1 — cos? ¢r), which is always positive, such that
the path of E,(k) does pass through the origin, inducing a
phase transition. It is not possible to adiabatically transform
the parameters of E,(k) to avoid this transition, and hence
there is a topological phase transition protected by the non-
symmorphic symmetry at u = 0. As a result, the index has
values given by

0 if u>0
NS _ )
NAH_{I if u<DO.

We find that, similar to other nonsymmorphic models [78],
neither phase hosts zero-energy edge states. To emphasize
the topological nature of this transition, we instead consider
an atomically smooth soliton in the alternating onsite energy
described by the function

(6

(N

|—N-—-1/2
w = (=1 umaxtanh<—/),

¢

for atomic site [, where um.x is the magnitude of the texture
at infinity and ¢ is the soliton width. We find that, for atomi-
cally sharp solitons (¢ — 0) or smooth solitons on the length
scale of the unit cell ({ > a), the nonsymmorphic symme-
tries are approximate in the presence of a soliton that breaks
translational invariance. This results in energy levels that are
not symmetric about E = 0, including the soliton with finite
energy E, that does not have a chiral partner at energy —Eg.
This effect is minimized for an atomically smooth soliton de-
scribed by Eq. (7), where the nonsymmorphic symmetries are
not significantly broken as the translational symmetry local
to each unit cell is mostly preserved. Therefore, the soliton
energy level is pinned close to zero energy and is doubly
degenerate because of Kramers degeneracy. The zero-energy
mode has a wavefunction exponentially localized at the center
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FIG. 3. (a) The Z4 model shown in the Bogoliubov-de Gennes
(BdG) representation with two orbitals A and B per cell with constant
chemical potential u, nearest-neighbor hopping v, and magnitude
of the superconducting order parameter A, with alternating phase
of the order parameter ¢;. (b) Phase diagram of the Z, topological
superconductor with phases NY® = 1, 2, 3, 4. (c) Example bulk band
structure E(k) with the corresponding path of E, (k) in (d) defining a
phase NY® = 3. In (c) and (d), parameter values are u = 1, v = 0.6,
Ay =0.2,and ¢, = 7 /4.

of the soliton at the point u = 0, as shown in Fig. 2(d). To nu-
merically obtain Fig. 2(d), we broke the Kramers degeneracy
by adding small disorder to the hopping parameter v, drawn
randomly from a uniform distribution [—W, W] of magnitude
W =101

III. NONSYMMORPHIC D CLASS WITH A Z4 INDEX

A. Minimal model

The Z, index belonging to the symmorphic D class, e.g.,
the Kitaev chain with symmorphic charge-conjugation sym-
metry [1], is expanded to a Z,4 index when nonsymmorphic
TRS and chiral symmetries are also enforced. We note that the
Z4 index does not refer to the degeneracy of the ground state
[1,83,84] or unique propagation of edge currents [85], but
rather four distinct topological phases, with phase transitions
that may be unrelated to the Majorana number. Here, we ex-
plore in more detail an example model with nonsymmorphic
Ur = 1yo, and Ug = 1,0y, as first described in Ref. [79]. This
model is in the BdG representation, i.e., it is represented by an
electron chain coupled to a hole chain such that the symmor-
phic charge-conjugation operator is Uc = t1,0p. The system
is defined by constant chemical potential w, hopping v, and
superconducting order parameter Ay, and a superconducting
phase ¢, that alternates sign along the length of the chain. A
schematic of the model is shown in Fig. 3(a). The alternating
phase distinguishes this model from the Kitaev chain, and
results in a Z, index, denoted N5®, with phases shown in

Fig. 3(b). The position space form of this model can be found
in Appendix A, and the Bloch Hamiltonian is

Ak Ak)
= (Mk) —lﬂ—k))’
Ao —u 2v cos(ka/2)
hik) = (2u cos(ka/2) —u )
Ay 0 2iAgsin(ka/2 + ¢5)
Alk) = (zms sin(ka/2 — ¢y) 0 )

®)

In general, the band structure for this Hamiltonian is insu-
lating, and an example band structure is shown in Fig. 3(c),
which shows Kramers degeneracy only at the Brillouin zone
edge k = 7 /a [78]. This is in contrast to symmorphic time-
reversal symmetry, which also shows degeneracy at k = 0.
Previously, calculation of the parameter regions in which
each of the Z, phases exists was accomplished through a
Pfaffian based equation [46,79]. Here, we instead obtain the
phases through a generalization of the winding number, as
the topology can be calculated more intuitively from the
utilization of the chiral symmetry, similarly to the case of
the nonsymmorphic AlI class described in Sec. II. First, we
transform Hamiltonian (8) into the form of a Q matrix with
Q(k) = U} H(k)U,,, where

-1 0 1 0
_( 0 g 1o -1 0 1
1 1 0
such that
o= (" 2iAgsin(ka/2 + ¢y) —2v cos(ka/2)
q(k) = —2v cos(ka/2) uw—2iAgsin(ka/2—¢s) )’

To characterize the topology, we plot the determinant of
q(k) in the complex plane across the Brillouin zone, i.e., for
—m/a < k < m/a, where, for this system, the determinant
can be written as

E (k) = p* — 4A7sin®(ka/2) + 4AZ sin®(¢y)
— 4v? cos®(ka/2) — 4ipn Ay cos(¢y) sin(ka/2).  (9)

For the band structure shown in Fig. 3(c), we can construct a
corresponding path of E,(k), as shown in Fig. 3(d). Phase tran-
sitions are defined for parameter values in which E, (k) passes
through the origin, and that cannot be avoided by adiabatically
deforming the parameters. Again, because of the nonsymmor-
phism, this does not produce a closed-loop winding number,
but rather an open-loop path owing to the 47 /a periodicity of
the imaginary and real components of E (k) [62]. Typically,
this methodology results in a Z, index, as the Hamiltonian
symmetries enforce the path to be symmetric about the real
axis such that the only topological band gap closing occurs
at £4(0), as is the case for the CDW model. Alternatively,
for Kramers-degenerate systems like the aforementioned AIL
model, the Z, index may be realized by transitions at nonzero
k values depending on the parameters of the system. For the
Z4 model, we effectively combine the two types of transitions,
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i.e., transitions at k =0 and k # 0, to define four distinct
phases.

We first examine the transition associated with E,(0) = 0.
This transition is protected purely by the symmorphic charge-
conjugation symmetry, and, as such, is identical to a Majorana
number calculation that determines the presence of Majorana
zero modes (MZM). This transition is found simply by setting
E,(0) = 0, where

E (0) = p* + 4AZ sin’(¢y) — 407, (10)

such that phases are separated by whether £,(0) < O (phases
with MZM) or E;(0) > O (phases without MZM). For the
other two transitions, we must solve E, (k) = 0 for nonzero &,
a problem that can be simplified by considering the imaginary
and real parts in isolation. Specifically, we must find parame-
ter values such that Im[E, (k)] = —4u A, cos(py) sin(k/2) =
0 for nonzero k. We assume that the electron and hole
chains remain coupled with A # 0, leaving either © = 0 or
cos(¢s) = 0 as solutions. For p =0, we find that E,(7) =
—4A2 sin?(¢,), which is always less than zero. Since the path
of E,(k) is confined to the real axis for p = 0, this means
that, for the phases with E,(0) > 0, the path must always
pass through the origin, resulting in a closing of the bulk
band gap that corresponds to a secondary phase transition.
For the phases with E,(0) < 0, both ends of the path are now
negative and a crossing is not guaranteed. The same logic can
be applied in the case of cos ¢ = 0, for which E, () = w2,
since this is always positive, a transition is only guaranteed for
E,(0) < 0. Overall, the phases are

if 2+ 4A%sin’(¢,) < 4v* and cos ¢, > 0,
if 2+ 4A2sin’(¢) > 4v? and p <0,
if p?+4A?2 sin?(¢;) < 4v?> and cos¢, < 0,
if 2+ 4A2sin’(¢) > 4v? and u > 0,

NS _
Npy® =

AW OO =

as given in the phase diagram, Fig. 3(d). Therefore, we have
shown that the topology of the Z, model can be derived purely
from the use of the chiral symmetry.

Example trajectories for each of the four phases are shown
in Fig. 1. The phases NYS =2 and N)° =4, shown in
Figs. 1(a) and 1(b), are related by a sign reversal of u. As
discussed previously, this sign change necessarily drives a
phase transition at 4 = 0. The phases N)°> = 3 and NS = 1,
depicted in Figs. 1(c) and 1(d), are similarly related by a sign
reversal of cos(¢;), implying a phase transition at cos(¢y) =
0. It is possible, however, to adiabatically deform A; and
¢, at fixed p in Fig. 1(a) to produce a trajectory resembling
Fig. 1(b) without encountering a phase transition. In contrast,
changing the sign of w invariably induces a transition and
reverses the direction of the trajectory across the Brillouin
zone. An analogous relationship holds between Figs. 1(c) and
1(d) when varying u and Ay at fixed ¢;.

B. Solitons in the minimal 74 model

While the topological nature of the Majorana boundary at
E,(0) = 0 is well understood [1], the additional phase tran-
sitions at u = 0 and cos ¢, = 0 are not. To provide further
evidence of the topological nature for these transitions, we

a b
(a) ( )0.08

0.10

0.08 0.06
o o~
> 0.06 > 0.04

0.04

0.02
0.02
i I
0.006——55"100 150 0.006—=55 100 150
Orbital Site Orbital Site

FIG. 4. Probability densities of near zero-energy soliton states
exponentially localized at the center of a chain of 48 unit cells.
(a) A system with a soliton in the chemical potential between phases
NYS = 2 and N)S = 4, with parameter values A, = 1,v = 0.3, ¢, =
/2, and pm.x = 1. (b) A system with a soliton in the superconduct-
ing phase between phases N)® = 1 and N3 = 4, with parameter
values A; =1, v=1.5, u =2, and ¢;mx = 7. In both systems,
there exists a second state localized at the soliton with opposite
energy, for the system in (b) there also exist two Majorana zero
modes localized at the ends of the chain.

introduce solitons into the system, where a texture in pa-
rameter values hosts a zero-energy state that is topologically
protected by the symmetries of the system [57-59,64,86].
Consider an atomically smooth soliton in the chemical poten-
tial described by the function

I—-N—-1/2
M1 = — Mmaxtanh f + Ue, (11)

for atomic site [ = 1, 2, ..., J, where pyx is the magnitude of
the texture at infinity for u. = 0, N = J/2 is the number of
unit cells, and ¢ is the soliton width in dimensionless units,
i.e., measured in units of the lattice constant. Here, . is a
constant dependent on the other parameters of the system and
is used to shift all values of the soliton across the chain. This
is needed for systems with long-range parameters with transi-
tions that do not occur at i = 0, as discussed in Sec. V B. For
the minimal model we consider here, we set u. = 0 such that
the soliton is centered on u = 0.

As the solitons break translational invariance, they also
weaken the nonsymmorphic symmetries; however, for a large
enough system size and width ¢ the symmetry is approxi-
mately maintained, allowing the solitons to remain localized
[62,63,69,78,87,88]. We find that the addition of the texture
results in a zero-energy state exponentially localized at the
soliton at the center of the chain where u =~ 0. Therefore,
the soliton marks the boundary between phases Ngs =2 and
NDNS = 4; Fig. 3(b). An example soliton state highlighting the
exponential localization at the center of the chain is shown in
Fig. 4(a), with imax = 1, Ay =1, v = 0.3, and ¢, = /2.

We also consider the case of a smooth soliton in ¢, de-
scribed by the function

_ Pomax (4 4 (2= 12
¢s,n- 2 ( + tan <T))+¢.&‘,Ca ( )

where ¢ max 1S the magnitude of the texture at infinity,
and n=1,2,...,J — 1 is an index representing the position
between adjacent atomic sites. For the minimal model we
consider here, we set ¢; . = 0 such that the soliton is centered
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Nx=0 CDW soliton Ny =

%Ll i - ii

FIG. 5. Schematic of a topolectric circuit realization of the SSH
and CDW models. Each node is connected to adjacent nodes with
staggered capacitors C; or C, and connected to the ground through
alternating inductors L; or L,. The SSH phase is realized for L, = L,
and the CDW phase for C; = C,. In the CDW phase, an atomically
sharp soliton may be implemented by swapping the order of L; and
L,, as shown at the center of the diagram.

earth line

on ¢; = P max/2. An example probability density for ¢ max =
w, Ay =1,v=1.5,and u = 1 is shown in Fig. 4(b). In this
regime, there are two zero-energy states hosted by the soliton
in ¢y, additionally, there are two MZM exponentially localized
at the ends of the chain, as the model exists in phases with
E(0) < 0. The soliton states are localized at the center of the
chain where ¢, ~ 7 /2, the same parameter value predicting
the phase transition between phases NY° = 1 and N5 = 3.

IV. TOPOLECTRIC CIRCUIT REALIZATION
OF NONSYMMORPHIC MODELS

A. General setup and two-point impedance

The use of electric circuits to realize topological systems
has been studied extensively [24-28,32,34-36]; however, cir-
cuits representing nonsymmorphic models have not been
explored previously. Here, we explicitly write out circuit re-
alizations of the symmorphic SSH chain and compare it to
the nonsymmorphic CDW chain, which can be realized as
different phases of the same model; Fig. 5. We then expand the
nonsymmorphic methodology to topolectric realizations of
the previously described nonsymmorphic All and Z4 chains.
First, let us define a general setup for topolectric circuits
in addition to the measurable observable of impedance. The
electric current that flows into the ground and the voltage
of an RLC circuit at node a are related by Kirchhoff’s law
[28,32,34] as

dz Z C @ + ! + ! (Vp — V)
dt - mn d12 Lmn Rmn d m n

+Cd2+1+1dv (13)
"d2 " L, R, dt

where I, is the current between node m and the ground, V,,
and V, are the voltages at node m and n, Cy;,, L, and Ry,
are the capacitance, inductance, and resistance between nodes
m and n, C,, L,,, and R,, are the capacitance, inductance, and
resistance at node m, and the sum is taken over all adjacent
nodes n. We note that, by convention, we take C,,, Ly,
Ry Coiy Ly, and R, to be positive. By performing a Fourier
transform V (¢) = Vpe'™, we can rewrite Eq. (13) as

(@) = Jun(@)Va(@), (14)

where
1
w?L,,

i 1 ]
- Cm(' Ty T s 15
wR,, + ; |: ?Ly.  oR,. ])] (15

where J,,, () is the circuit Laplacian. If the circuit Laplacian
is at its resonant frequency, with respect to the intended model,
then it can be related to the position-space tight-binding
Hamiltonian A via the relation J,,,,(w) = iwH . (w), or, in k
space, as J,,(k) = iwH,,,(k). The topological equivalence of
the circuit to the tight-binding Hamiltonian is confirmed by
the experimentally measurable quantity of impedance under
an applied current [34]. We inject an incoming current 7, ()
into node m, resulting in an outgoing current I,(w) = I,,(w) at
node n. The voltage difference between these two nodes then
defines the two-point impedance as

Vm(a)) - Vn(w) Wfpm - I»[/p,n|
= , 16

1 i
Jun =io[—Cp+——+— +8u| Crn —
(@) |: szmn @R, (

Zn(w) =

where we have diagonalized the circuit Laplacian to obtain
eigenvalues j, and corresponding eigenmodes with compo-
nents ¥,,, at node m. When at least one eigenvalue j, is
small, Z,,, diverges provided that v, ,, # ¥, ,. Therefore,
edge states, MZM, and solitons may be detected by measuring
the two-point impedance.

We note that, throughout this section, we use component
values that may be physically unrealizable experimentally,
e.g., unrealistically large capacitances. This choice is only for
numerical simplicity, and values may be scaled where appro-
priate. By scaling all linear components (for fixed resistance)
we identically scale the eigenvalues of the circuit Laplacian,
which inversely scales the impedance magnitude, Eq. (16).
In general, this will only affect the absolute magnitude of
the impedance peaks, with the underlying physics remaining
unaffected.

B. Circuit realizations of the SSH and CDW models

The SSH and CDW models have circuit realizations that
can be considered as different phases of one another. To see
this, consider a chain of nodes connected by staggered ca-
pacitors C; and C; and grounded by inductors L; and L, that
alternate along the chain at nodes A and B, respectively. With
only these components, Eq. (15) reduces to the position space
Hamiltonian

. 1
Jmn(w) = lw|:_cmn + (Smn <_(,()2_Lm + ;Cmc)j| s (17)
where C,,,, = C; and L,, = L; for odd values of m and C,,,, =
C, and L, = L, for even values of m. The SSH phase is
realized when L, = L;, such that, for an infinite circuit with
intracell spacing s = 0, this results in

Ci+C— g —C —Ge ™
. (18)

Jssu(k) = iw .
St ( —C1 - Czelka C] + C2 - +L

where at the resonant frequency wy = 1/+/Li(C; 4+ C3), the
onsite terms are zero and we find exact agreement with
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FIG. 6. Two-point impedance magnitudes across topolectric re-
alizations of the SSH model with 20 nodes in the topological
phase C;/C, = 0.4 with edge states and current input at the first
site in the chain. In (a), the current output is at the edge state on
the opposite end of the chain and the logarithm of the magnitude
of the impedance In(]Z|) is plotted as a function of the frequency,
while (b) shows the on-resonance impedance as a function of variable
output node, where the value at site 20 corresponds to the peak in
(a)at w/wy = 1.

the SSH model with C; = —v and C; = —w. Therefore, for
C1/C, < 1, the model is in the topological regime and hosts
edge states at zero energy on the ends of the chain, while, for
C1/C, > 1, the model is in the trivial phase. We note that, as
C; and G, are both positive, we cannot realize regimes with
C1/C, < 0, although this is possible by introducing subnodes
into the system [34]. By varying the frequency w across a
system in the topologically nontrivial regime (C;/C, < 1), we
find that there is a distinct peak in the two-point impedance
between the two ends of the chain, where [ is the last node
in the chain, as predicted by Eq. (16) and shown in Fig. 6(a).
This peak corresponds to the zero-energy edge state of the
SSH model. In Fig. 6(b), we plot the two-point impedance for
each node across the chain when the system is at the resonant
frequency and for an input current injected at the first node.
There is a distinct peak in the impedance at the end of the
chain that matches the peak found in Fig. 6(a). Because of
the underlying sublattice symmetry of the SSH model, the
impedance is near-zero if the current output is on an A node
and nonzero on B nodes [34].

The CDW phase is realized by setting C; = C) in Eq. (17).
For an infinite circuit, with each A and B site equally separated
by half the lattice constant, this results in

20, — a)+L1 C cos(ka/2)> (19

Jopw (k) = iw
v <C1 cos(ka/2)  2C; —

The CDW model is characterized by an alternating onsite
energy u, which we obtain by setting u = 2C; — 1/w’L; =
-2C +1 /a)2L2, a condition satisfied by the resonant
frequency

L (20)
2\ cL, ' GL

woy =
The constant hopping of the CDW model is related
to the capacitance as v = —C;. At the resonant
frequency, the two topological phases are then defined by

(@) 4 (b)
. 0
N N
£ =
-8
T
0.75 1.00 1.25 50 100 150 200
() w/wo (d) Node number
20 20 ‘
BT =
£ £
A A L1
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FIG. 7. Two-point impedance magnitudes across topolectric re-
alizations of the CDW model with 200 nodes in the presence of a
topological soliton between the two phases and with current injected
at the first site in the chain. (a) and (b) are for an atomically sharp
soliton, Fig. 5, located at the center of the chain, (a) is the logarithm
of the magnitude of the impedance In(|Z|) plotted as a function of
frequency with current output at the position of the soliton at the
center of the chain. (b) is a plot of the on-resonance impedance as a
function of output node, where the peak at the center of the chain cor-
responds to the peak in (a) at w/wy = 1. (c) and (d) are for the same
system as (a) and (b), but in the presence of an atomically smooth
soliton of width ¢ = 25. We find a significantly larger peak in the
impedance for a smooth soliton when compared to the sharp soliton
in (a) and (b). Panels (a) and (b) use parameter values C; = 10F,
L, =0.2H, and L, = 0.21H, and (c) and (d) use C; = 1F, up, = 1.

whether 2C; — 1/w*L; > 0 (NXP = 0) or 2C; — 1/w?L; < 0
(NN AI = 1). While the CDW model does not have zero-energy
edge states, it can host a zero-energy state exponentially
localized at a soliton between the two phases [64]. An
atomically sharp soliton can be implemented by swapping the
values of L; and L, at the center of the chain. The two-point
impedance for current injected at the edge of the chain and
with current output at the center of the chain is shown as a
function of the frequency w in Fig. 7(a). A sharp peak in the
impedance is found at the resonant frequency, and we find
that the magnitude of the peak is small when compared to the
SSH model, Fig. 6, because of the nonsymmorphic symmetry
only being approximate in the presence of a soliton, requiring
large system sizes to be close to zero energy [64]. We also
plot the two-point impedance for current injected at the edge
of the chain for each node in the chain in Fig. 7(b). This
shows a distinct peak in the impedance at the position of the
soliton at the center of the chain.

Although more difficult to implement experimentally, re-
quiring careful tuning of circuit components, a larger peak in
the impedance may be realized by considering an atomically
smooth soliton in the onsite terms. By fixing the frequency
as w = wy, we can define a smooth soliton by continuously
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FIG. 8. Topolectric circuit realization of the AIl model, a soliton
causes a phase transition between phases N3, = 0 and N3, = 1. The
model is simulated by two channels, the upper channel (black) and
lower channel (blue), that are time-reversal partners of one another.
The chains are grounded by either inductors L; or L,, nodes in the
same channel are connected by capacitors Cy, and the channels are
paired to one another (red) by phase-control units; Fig. 9 [28,32].

changing the value of L,, according to

-1
Lm==[wg(zcl—(—J)mmmxmnh(31:fﬁ%flli%>>} ,
21

where un. is the value of the alternating onsite energy at
infinity, N is the number of nodes, and ¢ is the soliton width.
This results in a significantly larger peak in the impedance
as there are eigenvalues j, closer to zero energy when com-
pared to an atomically sharp soliton [64]. We show this in
Fig. 7(c) as a function of the frequency for current injected
at the first node and with output current at the center of the
chain, where a significantly larger peak at w = wy is shown as
compared to Fig. 7(a). In Fig. 7(d), the two-point impedance
for current injected at the first node as a function of output
node is shown, where the impedance is exponentially (linearly
in the log scale) localized around the location of the soliton
at the center of the chain. For both the SSH and CDW models,
the component values may be scaled linearly with the magni-
tude of impedance spectra shown in Figs. 6 and 7.

We note that it is also possible to build a CDW circuit
by alternating the grounding component from capacitors to
inductors; however, this cannot realize a phase of the SSH
model.

C. Circuit realization of the nonsymmorphic AII model

The AII chain, Eq. (4), can be modeled with two coupled
CDW channels that are time-reversal partners of each other, as
shown in Fig. 8 [28,32]. This is of a similar form to the circuit
description of the Kitaev chain found in Ref. [32]. A soliton
at the center of the chain marks the boundary between topo-
logical phases NX = 0 and NX} = 1, Eq. (6). The channels
are grounded by inductors L; or L,, nodes are connected by
capacitors C}, and the two channels are coupled by the phase
control units shown in Fig. 9, which are themselves composed
of capacitors Cy, inductors Lg, and operational amplifiers Rg.
The operational amplifiers, while experimentally complex, are
required as they act as directional resistors, allowing for the
addition of complex phases without breaking Hermiticity, i.e.,

@ (e)

Lg Operational
Cs amplifier

feA |4

FIG. 9. Circuit diagrams of the phase-control units (PCUs). Four
forms of PCU are shown. The combination of panels (a) and (c)
show the intracell and intercell PCUs used in the AIl model shown in
Fig. 8. The combination of panels (a) and (b) show the intracell and
intercell PCUs used in the Z4 model shown in Fig. 11, mimicking the
superconducting pairing A; with phase ¢; for 0 < ¢; < w /2. The
combination of panels (c) and (d) implement the same parameters
for m /2 < ¢, < m. Panel (e) shows the structure of the operational
amplifier used in (a)—(d).

flipping the current direction flips the sign of Rs. The resonant
frequency of this system requires high specificity of the circuit
components, as it is identical to the CDW resonant frequency,
Eq. (20), with further constraints. We find that

1 1 1

> C1L1+C1L2 /~/CsLs (22)

2]

The bulk circuit Laplacian can be derived by Fourier trans-
forming the position space circuit Laplacian, Eq. (15), such
that, at the resonant frequency, we find that the parameters of
the AIl Hamiltonian (4) can be parameterized in terms of the
circuit components as

u=2C; —4C\Ly/(Ly + L1), (23)
v =—Cj, (24)

I =,/C2 + LsCs/R2, (25)
¢r = arg[—Cs + iv/LsCs/Rs]. (26)

From this comparison we can create atomically sharp solitons
at the resonant frequency by swapping L; and L,, as we
did previously in the CDW model, which shares the same
transition point at u = 0. Figure 10(a) shows the impedance as
a function of input frequency, with current output at the first
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FIG. 10. Two-point impedance magnitudes across topolectric re-
alizations of the nonsymmorphic AIl model, Fig. 8, for 400 nodes
and input current at the first node in the upper channel. Panels (a) and
(b) are for an atomically sharp soliton located at the center of the
chain, (a) is the logarithm of the magnitude of the impedance In(|Z|)
plotted as a function of the frequency with current output at the
position of the soliton at the center of the chain. (b) is a plot of
the on-resonance impedance as a function of output node, where
the peak at the center of the chain corresponds to the peak in (a) at
w/wy = 1. (c) and (d) are for the same system as (a) and (b), but in
the presence of an atomically smooth soliton of width ¢ = 25. We
find a significantly larger peak in the impedance for a smooth soliton
when compared to the sharp soliton in (a) and (b). Panels (a) and
(b) use parameter values C; = 4F, L; = 0.128H, L, = 0.129H, Cs =
0.5, Lg = 2, and Ry = 2, while (c¢) and (d) use C; = 0.4F, up. = 1,
Cs =0.5,Lg =2,and Ry = 2.

node in the upper chain and the current output at the center
of the upper chain, while Fig. 10(b) shows the two-point
on-resonance impedance for variable output node. Similarly
to the CDW model, the atomically sharp soliton does not
produce an impedance peak at the resonant frequency that
is discernible from the background noise, although the small
peak produced does appear localized at the center of the chain,
indicating a phase boundary. In contrast to this, for a smooth
soliton described by Eq. (21), where both channels maintain
identical component values to each other, the impedance peak
is significantly more pronounced. The impedance as a func-
tion of input frequency for current injected at the first node
and output at the center of the chain is shown in Fig. 10(c),
which shows a significantly larger peak at the resonant fre-
quency when compared to the atomically sharp soliton. The
on-resonance impedance as a function of output node is shown
in Fig. 10(d), which shows exponential (linear in the log scale)
localization around the location of the soliton at the center of
the chain.

@) NY=3

earth line =
(b) NE=1 Soliton NE=3
earth line =

earth line ‘ =

FIG. 11. Examples of topolectric circuit realizations of the Z,4
model. The model is simulated by two channels; the upper channel
(black) represents the electron chain and the lower channel (blue)
represents the hole chain. The chains are grounded by inductors
(capacitors) in the electron (hole) chain, nodes in the same channel
are connected by inductors L; and capacitors Ci, and the channels
are paired to one another (red) by phase control units [28,32], Fig. 9.
In (a), a soliton in the grounding inductance causes a phase transition
from N§® = 4 to N§® = 3 or N)® = 3 depending on the parameter
values. In (b), a soliton in the phase control unit causes a phase
transition from N3 = 1 to NYS = 3. There may be different phase
transitions to those shown here or no phase transition depending on
the parameter values of the system.

D. Circuit realizations of the Z4 model

The topolectric realization of the Z4 model is also of a
similar form to the circuit description of the Kitaev chain
found in Ref. [32], and by extension the topolectric AIl model.
The Z4 chain can be modeled with two coupled channels
as shown in Fig. 11, where the upper channel represents the
“electron” nodes and the lower channel represents the “hole”
nodes [28,32]. The electron (hole) channel is grounded by
inductors Lo or L (capacitors Cy or Cj) depending on the
phase of the model. Nodes within the electron (hole) channel
are connected by capacitors C; (inductors L;). In contrast
to the Kitaev chain, the alternating phases of the Z4 model
cannot be gauged away [79], and must be accounted for when
constructing a topolectric circuit. As a result, the interchannel
couplings and phases are determined by PCUs, Fig. 9, where
now we also make use of ¢| and ¢}, which flip the sign of
the resistance, creating the required alternating phase. Phase
transitions are controlled by a change in the grounding induc-
tance from Ly to L, and grounding capacitance from Cy to C),
Fig. 11(a), or by a change in the PCU from ¢; (¢]) to ¢, (¢5),
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FIG. 12. Impedances across the topolectric realization of the Z4 chain, Fig. 11, for 400 nodes and input current at the first node in the
electron channel. The top row of panels measure the impedance as a function of frequency with current output at the center of the chain, while
the bottom row measures impedance as a function of variable output node. Panels (a)—(d) are for a system with an atomically sharp soliton
in the grounding inductors and capacitors, where (a) and (b) are for a system with a soliton between phases N)S = 4 and N)® = 3, while
(c) and (d) are for a soliton between phases NY> = 4 and NY® = 2. Panels (e) and (f) are for an atomically smooth soliton of width ¢ = 25 in
the grounding inductors and capacitors between phases NS = 4 and N}® = 2. Finally, (g) and (h) are for an atomically sharp soliton in the
phase-control unit between phases N}® = 3 and NYS = 1. Parameter values for (a) and (b) are Ly = 0.075H, Cy = 1.6F, Lj = 0.171,C, = 0.7
L, =0.4H, C; = 0.3F, Ls = 0.6H, Cs = 0.2F, Ry = 5%, for (c) and (d) Ly = 0.047H, Cy = 1.7F, L; = 0.053H, C; = 1.5F, L; = 0.1H, C, =
0.8F, Ly = 0.3H, Cs = 0.267F, Ry = 0.2%; for (e) and (f) L; = 0.1H, C; = 0.8F, Ls = 0.3H, Cs = 0.267F, Ry = 0.2, and pmyx = 1; and
for (g) and (h) Ly = 0.4H, C, = 0.2F, L, = 0.1H, C, = 0.8F, Ly = 0.3H, Cs = 0.267F, and Rg = 1.

Fig. 11(b). The resonant frequency is

-1
wy =1/~ LoCo = 1/~ LiCy = 1/+/LsCs. (27) Y = 77:( f?_i +c| (35)
At this frequency, we can compare the components to the §
parameters of the Z4 Hamiltonian, Eq. (8), as Z =u=-=-2C +Cy. (36)
u = =2C + Co, (28)

We can select parameter values such that by swapping C, for
C|, we can flip the sign of X or Z, resulting in a phase transi-

v=-G, (29) tion between N> = 4 and N} = 3 or between N° = 4 and

. ; NE® = 2 at the position in the chain where this swap occurs;

= C5 + LsCs/Rg, (30) Fig. 11(a). Similarly, we can swap the PCU ¢, (¢}) for ¢»

) (¢5), which flips the sign of Y, resulting in a transition be-

o5 = arg[n;Cs + i~/LsCs/Rs], B tween phases NS = 1 and NYS = 3. We note that the solitons

shown in Fig. 11 are example transitions, and, alternatively,
there may be different phase transitions or no phase transition
1 if PCU = ¢, 32) depending on the parameter values.
T=-1 if PCU = ¢y, Taking finite chains, with topological transitions occurring
at the center of the chain, results in zero-energy states hosted
on solitons and corresponding peaks in the impedance that are
localized at the solitons according to Eq. (16). We first plot
the impedance for a system with 400 nodes, current input at

where Cy is interchangeable with C; and

assuming that the PCUs do not alternate along the chain as
they do in the AII topolectrics. Substituting these expressions
into the phase transitions shown in Fig. 3(d), we find that

1 if X<0 and Y > 0, the first site in the “electron” channel, and a soliton between

AN _ ]2 if X>0 and Z <0, (33) NNS = 4 and N)® = 3 as a function of frequency in Fig. 12(a).
D 713 if X<0 and Y <O, Here a large peak is observed at the resonant frequency. For
4 if X >0 and Z >0, the same system, we then plot the impedance as a function

of the output node, Fig. 12(b), where peaks are exponentially

(linearly in the log scale) localized at the edges of the Ngs =3

LSCS section of the chain, which hosts MZM. By deforming the
(34) i NS

parameter values, the transition may then be between N> = 4

where

X:CO 4C,Cy +
S
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and N)® = 2. As neither side of this transition is in a phase
that hosts MZM, the only contribution to the impedance peak
is from the soliton. Figure 12(c) shows that the on-resonance
peak for current output on the soliton is of the same or-
der of magnitude as the off-resonance impedances, although
Fig. 12(d) does show that there is some small localization on
the soliton despite the small magnitude. To obtain a more
measurable impedance, we instead construct an atomically
smooth soliton with a texture in the grounding components
Ly and C, between phases NY° = 4 and N§® = 2. The texture
is described by

—1
Lo, = |:0)2 <2C1 — Mmax tanh (#))] ,

1 l—N—l/Z)

Gy = —5—
M WLy, ¢

= 2C| — max tanh <

where [ is the index of a given node in the electron chain and
WUmax 1S the value of the onsite energy, Eq. (28), at infinity.
We plot the impedance in the presence of a smooth soliton
with width { = N/4 as a function of frequency in Fig. 12(e).
This shows a much more distinct peak when compared to
the atomically sharp soliton in Fig. 12(c), and the impedance
as a function of output node shows the corresponding peak
at the center of the chain. Finally, we plot the impedance
for a system with a soliton in the superconducting phase,
Fig. 11(b), between phases NY® = 3 and N) = 1 as a func-
tion of frequency in Fig. 12(g) and as a function of output
node in Fig. 12(h). Large peaks in the impedance are found
localized at both ends of the chain in addition to localization
on the soliton at the center of the chain. This is owing to both
NN =3 and N)® = 1 hosting MZM.

V. DISORDER IN THE Z4 MODEL
A. Minimal model

In general, nonsymmorphic symmetries are sensitive to
disorder because they rely on translation symmetry, which
is violated by sharp disorder. This is particularly relevant in
topolectric realizations, where unavoidable component toler-
ances introduce variations along the chain, effectively acting
as uncorrelated onsite or bond disorder [24,30,33]. In practice,
such nonuniformity both detunes and broadens the impedance
signature associated with boundary and defect resonances.
Similar broadening and spectral shifts can also arise from
resistive losses, which render the effective circuit Hamiltonian
weakly non-Hermitian [24,29,31,37], although we do not an-
alyze these effects explicitly here.

In this work, our goal is instead to isolate how disor-
der in specific model parameters impacts the unconventional
topology of the Z4 model. Because the mapping of circuit
components onto the effective pairing terms is nontrivial, we
implement disorder at the level of the condensed-matter pa-
rameters and relate it back to the topolectric realization via
Eqgs. (28)-(31).

We introduce disorder in the chemical potential through
the addition §u; to the /th atomic site in the particle chain,
as described by the Gaussian-correlated potential [87,89,90]

given by

_ X wnexp(=|l = m*/n?)
VY exp(—=1l —mP/n?)

where 7 is the correlation length in dimensionless units. The
summation is over all atomic sites m = 1, 2, ..., 2N with w,,
drawn randomly from a uniform distribution —W < w,, < W
with disorder strength W. This allows for atomically sharp
disorder within a sample for the case of n <« 1 and sample-
to-sample variations for n 3> N across an ensemble. We find
that sample-to-sample disorder does not affect topologically
protected zero modes in this model, as for each variation
in the ensemble the symmetries are not broken; hence, we
focus on atomically sharp disorder within each member of the
ensemble. In this way, chosen parameters can be effectively
randomized across the length of the chain. This breaks the
nonsymmorphic symmetry that relies on translational invari-
ance, while maintaining the symmorphic charge-conjugation
symmetry that protects the MZM localized at the ends of
the chain in phases NN° =3 and NS = 1. We can also
use the right-hand side of Eq. (37) to calculate disorder terms
for the hopping parameter dv; and the superconducting phase
3¢5 We plot the density of states (DOS) for these finite
systems numerically by approximation in Fig. 13 using a
Lorentzian of finite width &,

37

Sk

1 §

9(E) = — Z ELr e (38)
We first plot the DOS with width £ = 0.04A; for a system
of 48 unit cells, with no solitons or MZM and no disorder.
This system resides in the phase Ngs =4 with parameter
values u = 1, v = 0.3, A; = 1, and ¢; = /4 and is shown
in Fig. 13(a). As expected, the DOS is zero at zero energy,
indicating the absence of any zero-energy states. Figure 13(b)
shows the DOS for the same system after a soliton in the
chemical potential is added with ppy.,x = 1. There is now a
small but distinct peak in the DOS at zero energy, correspond-
ing to a zero-energy soliton exponentially localized at the
center of the chain; Fig. 4(a). While maintaining the soliton
we now also introduce atomically sharp disorder with n =
0.05: The disorder-averaged DOS are shown in Figs. 13(c)
and 13(d) for disorder in v and ¢y, respectively. For all DOS
plots with disorder, we average over 20 disorder realizations.
As the disorder breaks the translational invariance of the sys-
tem and hence the nonsymmorphic symmetries, we expect
that the soliton states would delocalize into the bulk and move
away from zero energy. However, Figs. 13(c) and 13(d) clearly
show a zero-energy peak in the DOS.

To better understand the robustness of such soliton states,
we plot the disorder-averaged DOS for small energy ~A; X
10~2 with disorder in v and ¢;,. Figure 13(e) shows that disor-
der in v does delocalize the soliton state, increasing its energy
away from zero. In contrast, Fig. 13(f) shows that disorder in
¢5 does not delocalize the soliton, as the energy eigenvalues
across the ensemble remain fixed at zero energy.

We repeat this procedure for the case of solitons in the su-
perconducting phase ¢, by plotting the DOS with £ = 0.04A,.
We start with a system in the N}° = 3 phase with no soliton
and parameter values u = 1, v = 1.5, A; = 1, and ¢, = 7 /4.
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FIG. 13. Density of states (DOS) for various systems of the Z4 model in position space with 48 unit cells. (a) The DOS in the phase
NYS =4 withu = 1,v=0.3, A, = 1, and ¢, = 77 /4; (b) is for the same system but in the presence of a soliton in the chemical potential with
Umax = 1 and width ¢ = 12. Panels (c)—(f) detail the DOS once disorder has been introduced to (b). (c) and (d) show the DOS for atomically
sharp disorder in v and ¢y, respectively. (e) and (f) show the same disorder as (c) and (d) but for small energy of order A, x 1072 for disorder
in v and ¢;, respectively. (g) The DOS in the phase Ngs =3 withu=1,v=15, A; =1, and ¢, = 7 /4; and (h) is for same system but in
the presence of a soliton in the superconducting phase with ¢, n.x = 7 and width ¢ = 12. Panels (i)—(1) detail the DOS once disorder has been
introduced to (h), (i), and (j) show atomically sharp disorder in v and u, respectively. (k) and (1) show the same disorder as (i) and (j) for a
small energy of order A; x 1072 in v and p, respectively. A broadening width of & = 0.04A, was used for panels (a)—(d) and (g)—(j), and
& = 0.0004A; for panels (e), (f) and (k), (1). For plots with disorder we average over 20 disorder realizations with a disorder magnitude of
W = 0.5 and parameter n = 0.05, resulting in strong atomically sharp disorder within each sample.

In this phase, there are MZM localized at the edges of the
chain even in the absence of solitons. Figure 13(g) shows the
DOS for this pristine system, where the MZM are shown as a
small but observable peak at zero energy. Adding a soliton
in ¢, between the phases Ngs =3 and Ngs = 1, increases
the magnitude of this peak, as can be seen in Fig. 13(h).
Adding disorder to the hopping parameter v and chemical
potential p does not appear to significantly change the DOS,
as shown in Figs. 13(i) and 13(j), respectively. Figures 13(k)
and 13(1) show the disorder-averaged DOS for small energy
~Ay x 1072 for disorder in v and u, respectively. As we
are focused on the effect of disorder on the soliton states,
we separate the MZM from the DOS by representing their
contribution with the red dashed line in Figs. 13(k) and 13(1).

In Fig. 13(k), it is clear that the disorder in v has delocalized
the soliton state and moved its energy away from zero, while
disorder in p has not, with the soliton remaining at zero
energy.

These results indicate an apparent channel-selective ro-
bustness in the minimal nearest-neighbor model, i.e., although
open boundaries and atomically sharp disorder generically
break translation and hence the nonsymmorphic symmetries,
the domain-wall bound state can remain near zero energy
for certain disorder channels without being protected by the
nonsymmorphic bulk invariant. In contrast, the end Majorana
zero modes (when present) are protected by the symmorphic
particle-hole symmetry, whereas the near-zero domain-wall
pinning here is an accidental property of the minimal Hamil-
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tonian, where some symmetry-breaking perturbations couple
only weakly within the soliton subspace. To see this, we
can examine a first-order perturbation of the soliton energies.
Take, for example, the soliton in the chemical potential i with
disorder in ¢y, a robust disorder channel, such that we may
describe the Hamiltonian as a function of the many values
of disorder H (§¢s), where 6¢ps = (85,1, 852, ..., SPson—1).
Performing an expansion around zero disorder, §¢s = 0, we
find that

H(8¢s) = Hy + SH(S¢s) + O((Bd)) + -+, (39)
where
oH
SH(8¢s) = Sy ———— . 40
(8¢bs) ; P 5o o (40)

Therefore, the first-order energy shifts of the soliton state are
determined by the eigenvalues of the 2 x 2 effective Hamil-
tonian Hef = PSHP, where P is a projector onto the soliton
subspace composed of the soliton related eigenvectors. This
applies when the soliton subspace is spectrally isolated from
the rest of the energy levels, so that degenerate perturbation
theory is valid. We find that, for each term of §H, which each
correspond to an individual noise value, the contribution to the
effective Hamiltonian,

JoH
M, =P P =0, 41)
8(8¢s.1) 8¢5.=0

within numerical precision. Therefore, the soliton energy has
no first-order shift because none of the disorder terms couple
to the soliton subspace. A similar analysis for disorder in the
hopping v, a nonrobust disorder channel, shows that M; # 0
in general, resulting in a first-order energy shift of the soliton
states. An analogous relation holds for solitons in ¢;, although
the effective Hamiltonian is a 4 x 4 matrix because of the
presence of two MZM in addition to the two soliton energy
levels. While this is not definitive proof of the mechanism of
robustness for certain disorder channels with large disorder
strength, as higher-order terms may become nonnegligible,
it provides a qualitative explanation for the observed DOS
calculations.

We find that adding symmetry-allowed longer-range terms
removes this emergent constraint, allowing the bound-state
energy to generically shift away from zero.

B. Long-range parameters

So far we have only considered the minimal required pa-
rameters to realize the Z4 topology, and this has led to a
surprising robustness of solitons localized on these transitions
under certain disorder channels. There are two first-order
parameters, not counting their complex phases, that we can
consider adding that still satisfy the required symmetries.
These are an A-A hopping 44 and a p-wave order parameter
A,. Here, we focus on the addition of A,. If we consider
the simple case of switching off the s-wave superconducting
parameter A and switching on the p-wave parameter A, we
find that the Z4 model is reduced to a Z, index because of
the creation of unitary symmetries. However, unlike typical
superconductors in the symmorphic D class such as the Ki-

taev chain [1], having both A; and A, be nonzero results
in a distortion of the topological phase transitions between
NN® =1 and NS = 3 and between N)® = 2 and N5® = 4,
although, as expected, the Majorana phase transition remains
unchanged. Introducing A, to the Hamiltonian (8) keeps the
noninteracting part the same but results in a new coupling
matrix of

2iA, sin(ka)

Ao 2iAgsin(ka/2 + ¢5)
Alk) = <2iAs sin(ka/2 — ¢y) >

2iA, sin(ka)

Analytically deriving the topological transition points is non-
trivial, and is discussed in detail in Appendix B. In the same
appendix we also include the derivation of topological tran-
sition points for a Hamiltonian that includes the hopping
parameter t44. Here, we examine the effect of disorder on
the DOS for systems with solitons, where the zero-energy
states are localized on domain walls corresponding to the
new transition points once A, coupling is accounted for.
The disorder-averaged DOS for small energy ~A; x 1072 is
shown in Fig. 14. We first examine the case of solitons in
 between NYS =2 and NYS = 4 as we previously did for
a minimal model, Figs. 13(a)-13(f), for a soliton localized
on u = 0. Because of the introduction of the parameter A,
the value of u, which corresponds to a phase transition has
shifted. For a system with A, =0.5, v=0.3, A; =1, and
¢ = /4, we find that the phase transition occurs at u =~
—0.255. This can be accounted for in the soliton texture,
Eq. (11), by setting 1, = —0.255. In this way, the zero-energy
state remains localized on the soliton at the center of the
chain. The disorder-averaged DOS for this system without
disorder is shown in Fig. 14(a), and for disorder in v and ¢; in
Figs. 14(b) and 14(c), respectively. Similarly to the minimal
model with disorder in v, Fig. 13(e), the DOS for a system
with nonzero A, and disorder in v has multiple peaks near
zero energy, rather than a single larger peak at exactly zero
energy. However, in the case of the minimal model we found
the soliton state to be especially robust to the presence of
disorder in ¢y, Fig. 13(f), remaining at zero energy. In contrast
to this, the presence of A, shifts the states from zero energy,
Fig. 14(b), as there are no longer any emergent constraints at
the soliton.

We plot the logarithm of the disorder-averaged soliton en-
ergy In(E,,) for a soliton in the chemical potential & against
the disorder strength W in Fig. 15(a), and against the log value
of A, in Fig. 15(b), with error bars showing +1 standard
deviation from the mean. Each point is averaged across an
ensemble of 20 disorder realizations for disorder in the su-
perconducting phase ¢, with fixed A, = 0.5 in Fig. 15(a) and
fixed disorder strength W = 0.5 in Fig. 15(b). The approxi-
mately linear behavior in both plots indicates an exponential
relation between disorder strength and the increase of the soli-
ton energy level from zero energy, and a power-law relation
between the value of A, and the increase of the soliton energy
level from zero energy.

We also examine solitons in ¢ between phases Ngs =1
and NS = 3, as we previously did for a minimal model as
shown in Figs. 13(g)-13(1) for a soliton localized on ¢, =
7 /2. For asystem with A, =0.5,v =15, A, =1,and u =
1, we find that the phase transition occurs at ¢; ~ 2.02. This
can be accounted for in the soliton texture, Eq. (12), by setting
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FIG. 14. Density of states (DOS) for small energy of order
A, x 1072 for various systems of the Z4 model in position space
with 48 unit cells and in the presence of a A, order parameter. All
panels use a broadening width & = 4A; x 10~*. In each of these
systems, solitons of width ¢ = 12 are present, with panels (b), (c),
(e), and (f) also having disorder of strength W = 0.5 and parameter
n = 0.05, averaged over 20 disorder realizations. (a) DOS in the
phase NY® =4, with a soliton in the chemical potential and pa-
rameter values pm.x = 1, o = —0.255,v =03, A, =1, ¢, = /4,
and A, = 0.5. (b) The same system as (a), but with disorder in the
hopping parameter v. (c) DOS for the same system as (a), but in
the presence of disorder in ¢;. (d) The DOS in the phase Ngs =3,
with a soliton in the superconducting phase and parameter values
p=Lv=15A,=1,¢smx =7, 5. =2.02,and A, = 0.5. (e)
The same system as (d), but with disorder in the hopping parameter
v. (f) The same system as (d), but with disorder in u.

¢s.c = 2.02 such that the zero-energy state remains localized
on the soliton at the center of the chain. The disorder-averaged
DOS for this system for no disorder is shown in Fig. 14(d), and
for disorder in v and w in Figs. 14(e) and 14(f), respectively.
Similarly to the minimal model with disorder in v, Fig. 13(k),
the DOS for a system with nonzero A, and disorder in v has
multiple peaks near zero energy, rather than a single larger
peak at exactly zero energy. However, in the case of the
minimal model, we found the soliton state to be especially
robust to the presence of disorder in p, Fig. 13(1), remaining
at zero energy. In contrast to this, the presence of A, shifts the
states from zero energy; Fig. 14(d).
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FIG. 15. Disorder-averaged soliton energy for a soliton in the
chemical potential p of width ¢ = 12 in the Z, model between
phases NYS =2 and N3® = 4. Disorder is added to the supercon-
ducting phase with parameter n = 0.05. (a) Energy plotted against
the disorder strength W with fixed parameter A, = 0.5, where the
energy is represented on a logarithmic scale. (b) Energy plotted
against the magnitude of the superconducting order parameter A,
with fixed disorder strength W = 0.5 and represented as a log-log
plot. In both (a) and (b), each point is averaged across an ensemble of
20 disorder realizations of 48 unit cells. Error bars represent ranges
of £1 standard deviation from the mean for each ensemble. The plot
shows approximately linear behavior for both (a) and (b) indicat-
ing an exponential relation in (a) and a power-law relation in (b).
Parameter values are . = 1, Ay = 1, v =0.3, ¢, = 7 /4, and in
(a) u. = —0.255, while for (b) p. is variable depending on the value
of A,.

VI. CONCLUSIONS

We describe a method of calculating the topological in-
dex of nonsymmorphic one-dimensional tight-binding models
with Kramers degeneracy by way of a generalized winding
number. The method is demonstrated for superconducting
models that realize two distinct symmetry implementations.
In the nonsymmorphic All class, time-reversal symmetry is
symmorphic while charge-conjugation and chiral symmetries
are nonsymmorphic, resulting in a Z, topological index. In
the nonsymmorphic D class, charge-conjugation symmetry is
symmorphic while time-reversal and chiral symmetries are
nonsymmorphic, and the corresponding topology is charac-
terized by a Z,4 invariant. In both settings, the resulting phase
structure is consistent with the nonsymmorphic classification
of Ref. [46] for nonsymmorphic models. While the topology
of other symmetry classes can be described as either topolog-
ically trivial, an integer Z winding number, or a Z, index, the
Z4 index is unique in one-dimensional noninteracting models.
We calculate the topology based on a nonsymmorphic wind-
ing number equivalent that has previously only been used to
calculate a Z, topological index without Kramers degeneracy
[62,63]. We explore the Z4 model in detail, introducing soli-
tons into the system and, by plotting the disorder-averaged
DOS, we find that, in general, the zero-energy states hosted
by the solitons are not robust to disorder. However, for only
nearest-neighbor parameters, emergent constraints are present
around the domain wall that stop the system from being
gapped, and these constraints are lifted in the presence of
longer-range parameters.

A theoretical realization of nonsymmorphic topology is
shown in the form of topolectric circuits, where electrical
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components are used to mimic the position space Hamilto-
nian, and the impedance through the circuit is used to identify
domain walls between degenerate ground states [26,28,32].
To introduce nonsymmorphic topolectrics, we build circuits
for the symmorphic SSH chains and compare them to the
nonsymmorphic CDW chain. We then constructed topolectric
equivalents of the previously described AIl and Z4 models,
finding agreement with the topological k-space calculations.
We note that extensive experimental studies have been con-
ducted on topolectric circuits [36], in addition to finding
analytic solutions for edge-to-edge impedances using the
method of images [35]; these approaches may be extendable
to the nonsymmorphic systems described here.

The models presented here in the atomic basis in posi-
tion space provide a guideline for experimental realization of
each of the two symmetry classes with four energy bands.
Although the topology of the superconducting Z, model
may be realized by identical four-band noninteracting tight-
binding parameters, it may be more experimentally viable to
consider a two-band topological insulator, with superconduc-
tivity induced by the proximity effect [91-93] to replicate the
topology.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [94].

APPENDIX A: POSITION SPACE REPRESENTATIONS
OF AIl AND Z4 MODELS

In order to model domain walls between topological
phases, we construct position space Hamiltonians for the
All and Z4 models, described in k space by Eqs. (4) and
(8), respectively. The nonunitary symmetry operations can be
written in position space as

time: T H*T =H; TT*=+I; (A1)
charge: C'H*C = —H; CC* = +I; (A2)
chiral: STHS = —-H; SS=1I; (A3)

where 7, C, and S are unitary matrices, and S =
T*C. For eight orbitals in the “ladder” basis v =

T i T i T T
(car €1 €1 Cp1 Can Cpa Cco Cpa)  the
AIl Hamiltonian may be written as
],’\ll Al i’\lz A2
) AT _px _A* —il*
H=wil 7 e, (A
hy =4, h
AT hT AT h
Ay —hy Ay —h]

where

Nonsymmorphic symmetries must include a translation of
half a unit cell, which, in this basis, can be written as

01 000 0 0 00 0
000010 0 00 0
0001 00 0 00 0
000000 1 00 0
00000 10 00 0

Tpo=|: ¢ & & & & P
0000000 0 1 0
00000 0 O 10 0
10000 00 00 0
000000 O 0 0 1
00100 00 00 0

(A5)

For this model, we find that Uy = S,;, Uc = 1,25, and Ug =
Sx1T4/251;, such that Uc and Us are nonsymmorphic symmetry
operators, where

Ti0; 0

S,‘j = 0 Tiaj (A6)

For the Z4 model, the position space Hamiltonian can be
written for a finite system with J orbitals as a 2J x 2J
BdG matrix, e.g., for four orbitals in tlhe “ladder” basis
v = (CZ,I C;l CAl €Al C}g Cpa CA2  CA2)s
the Hamiltonian is

/:11 A[ flz A2
A] -k —Ay s
H=—w| b T e T ], (A7)
h; —Ag hy Ay
Ay —hi AL R
where

A faA 0 A AP 0
hy = v ) B2= b ,
AA Age™? A,

where we have also included the longer-range order parameter
A, and hopping t44. The corresponding symmetry operators
are Ur = Tyyn, Uc = Sy, and Us = Sy Ty 0.

APPENDIX B: CALCULATION OF Z4 INDEX
IN THE PRESENCE OF LONG-RANGE PARAMETERS

The Hamiltonian of the Z4 model, Eq. (8), may be
modified by the inclusion of long-range parameters A,
and 744, which represent a p—-wave order parameter and
next-nearest-neighbor hopping, respectively. The resulting
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Hamiltonian is

_ (M Ak
Hk) = (AT(k) —sz(—k))’ (B1)
N ~+ 2t44 cos(ka) 2v cos(ka/2)
(k) = 2v cos(ka/2) — U + 244 cos(ka) )’
A(k) — 2iA, sin(ka) 2iA; sin(ka/2 + ¢y)
(k) = 2iAgsin(ka/2 — ¢) 2iA, sin(ka) '

We find the resulting Q matrix [Eq. (23) in the main text] to
be Q(k) = Ul H(k)U,, with

_ (k) gt
q(")‘<g(k> f*(—k)>’ (B2

where

f(k) = — 2iA;sin(ka/2 + ¢y) — 2tqu cos(ka), (B3)

g(k) = —2vcos(ka/2) + 2iA, sin(ka). (B4)

From this form the required topology may be calculated by
setting either A, = 0 or 44 = 0. It is valid to consider both
as nonzero; however, analytical complexity increases rapidly
with the number of parameters.

1. Superconducting order parameter A,

The introduction of A s significantly complicates the an-
alytical calculation of the phase transition points between
phases N)® = 1 and NJ® = 3, and between phases N)° = 2
and Ngs = 4; however, the Majorana boundary remains un-
changed from the minimal model. To see this, we can consider
the off-block diagonal Hamiltonian (B2) with #44 = 0. We
again characterize the topology by plotting the product of the
eigenvalues of g(k) in the complex plane across the Brillouin
zone, i.e., for —m < ka < m, where, for this system, the prod-
uct can be written as

Ey(k) = 4cos’(ka/2)[4A7 sin(ka/2) + 4iA v sin(ka/2)
+ A} — v?] + 4iApsin(ka/2) cos(¢y)
— 4A% cos? () + 2. (B3)

From this, the Majorana number can be found by setting
k =0 and determining whether E,(0) is greater than or less
than zero. As expected, this yields the same Majorana phase
transition as the minimal model. The other phase transitions
are not found as simply as those described for the minimal
model, as the complex part of E,(k) is no longer zero across
the Brillouin zone in the cases of & = 0 or cos(¢;) = 0, such
that we must consider the value of k& when calculating the
phase transition points.

To calculate the topology, we can utilize the symmetry
of E,(k) about the real axis and consider only one half of
the path, between k =0 and k = m. Separating Eq. (B5)
into its complex and imaginary parts, we can recognize that
both these parts must be equal to zero at the phase tran-
sition as they pass through the origin, i.e., Im[E,(kr)] =0
and Re[E,(k7)] = 0, where k7 is the value of k at the tran-
sition point. As we are only interested in a transition that
is dependent on the physical parameters of the system, we
rearrange both Im[E,(kr)] = 0 and Re[E,(kr)] =0 for k7

and equate them to one another. Rearranging for kr results
in multiple solutions, which arise from its periodicity, but
discarding solutions with negative k values and squaring each
of these solutions results in two equations that can be written
as S+ = 0, where

—2A7 4+ 8A7 + 202 £2Jf  Agucos(¢y) +4A,v
202 +8A2 — 202 F2/F A cos(dy)

St =

(B6)
where
[ =—16A7 cos’($) A5 + 16A) + (8A7 4+ 4u” — 8v°) A7
+@ =AY+ A (B7)

Solutions to these equations that correspond to real k values
in the range 0 < k <  correspond to points of topological
phase transition between phases Ngs =2 and Ngs =4, and
between phases NY® = 1 and NY® = 3 in the Z, model. In the
limit A, — 0, these solutions approach the minimal model
transitions of © = 0 and cos ¢, = 0 depending on whether the
Majorana number is 1 or —1. We find that

S, if limg_, Re[E, (k)] =0T,
Se={ " T (BS)
S_if  limgg, Re[E, (k)] =07,

while traversing the path from k = 0 to kK = . We note that
an identical solution can be obtained through the integral
calculation described in Ref. [79], by tracking the path of
the integral and calculating at which point it first crosses the
discontinuity at the origin.

2. Hopping parameter #44

Using a similar methodology as we did for A,, we now
calculate the topological phase transitions in the presence of
an additional hopping parameter between same sites in neigh-
boring unit cells z44. To see this, we can consider the off-block
diagonal Hamiltonian (B2) with 744 = 0. We again character-
ize the topology by plotting the product of the eigenvalues of
q(k) in the complex plane across the Brillouin zone, i.e., for
—n/a < k < 7w /a, where, for this system, the product can be
written as

E, (k) = 16144 cos*(ka/2) + 4 cos*(ka/2)[ A} — v*
—2putan — Ay, — 4iAtaq sin(ka/2) cos(¢y)]
— 4 A cos? () + (1 + 2t44)?
+4i A cos(ds)( + 2tan) sin(ka/2). (B9)

Unlike for the addition of parameter A, we find that #44 does
change the Majorana number transition. This transition can be
found by setting E,(0) = 0, resulting in
létAA + 4(A% — l)2 — Ui — 4t,§A)
—4A co8* (@) + (L +2t44)* =0,  (B10)

which reduces to the minimal model solution [Eq. (35) in
the main text] for 144 = 0. The other transition points can be
calculated in the same way as described for A, with solutions
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FIG. 16. Topolectric circuit realization for the condensed matter
parameters A, and 44 in the Z4 model. The model is simulated
by two channels, the upper channel (black) represents the electron
chain and the lower channel (blue) represents the hole chain. The
capacitors Cy, in the upper channel represent #44, with the inductors
Laa in the hole channel acting as their charge-conjugation partner.
The two channels are paired (red) with inductors Lp and capacitors
Cp, which emulate the order parameter A ,. Earth lines and grounding
terms have been omitted, but can be found in Fig. 11.

S+ = 0, where here

—2A2 4 812, + dutan + 202 £2/F

5= 2A2 + 812, — 4utag — 202 F2/f
“2+jtj"+4m“, (B11)
w? — 4t2,
where
f= ("= A2) (247 + 8ty + 4putas + 20°)
+ 16A%t3, cos® ¢;. (B12)

Solutions to these equations that correspond to real k values
in the range 0 < k <  correspond to points of topological
phase transition between phases NYS = 2 and N5® = 4, and
between phases NY® = 1 and NY® = 3 in the Z4 model. In
the limit#44 — O, these solutions approach the minimal model
transitions of u = 0 and cos ¢y = 0, depending on whether the
Majorana number is O or 1. The determining factor on which

of the two equations are used is identical to the case for the
inclusion of A, pairing, Eq. (B8). We note that an identical
solution can be obtained through the integral calculation de-
scribed in Ref. [79], by tracking the path of the integral and
calculating at which point it first crosses the discontinuity at
the origin.

APPENDIX C: TOPOLECTRIC CIRCUIT FOR THE Z4
MODEL WITH LONG-RANGE PARAMETERS

While we do not explicitly take into account the effects
of long-range parameters on the impedance spectra, for com-
pleteness, we consider here the possible construction of these
components as an RLC circuit. A schematic of the circuit
representing long-range parameters only, i.e., excluding the
parameters shown in Fig. 11, is shown in Fig. 16. The pa-
rameter A, is represented by constant interchannel inductors
Lp and capacitors Cp, while the parameter #44 is represented
by the addition of capacitors Cy4 to the electron channel and
inductors L4 to the hole channel. This results in additional
constraints on the resonant frequency, Eq. (27), with

wy = 1/\/L()C0 = 1/\/L1C1 = 1/\/L5CS
= 1/vLaaCaa = 1/~/LpCp. (C1)

At the resonant frequency, the parametrizations of Hamilto-
nian (B1) in terms of circuit components are

= —2Cy —2Cas + Co, (C2)
v=—C, (C3)

tar = —Cas (C4)

A, = C} + LsCs/R3, (C5)

¢s = arg[n,Cs + iv/LsCs/Rs], (C6)
A, = —Cp, (o)

where we have preferentially represented the parameters in
terms of capacitors, representations preferring inductors can
be related by the resonant frequency, Eq. (C1).
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