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Abstract

Compared to the entrywise transforms which preserve
positive semidefiniteness, those leaving invariant the
inertia of symmetric matrices reveal a surprising rigidity.
We first obtain the classification of negativity preservers
by combining recent advances in matrix analysis with
some novel arguments relying on well-chosen test matri-
ces, Sidon sets from number theory, and analytic prop-
erties of absolutely monotone functions. We continue
with the analogous classification in the multi-variable
setting, revealing for the first time a striking separation
of variables, with absolute monotonicity on one side and
only homotheties on the other. We conclude with the
complex analogue of this result.
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1 | INTRODUCTION AND MAIN RESULTS

A subtitle of this article could be “Indefinite variations on a theme by Schoenberg”. We honor here
Schoenberg the mathematician, whose legacy is arguably comparable to that of his homonym, the
artist. As much as Arnold Schoenberg’s musical innovation has shaped the last century, the same
applies to Isaac Schoenberg in the mathematical milieu. We touch upon below only a concise,
but profound, 1942 contribution of the latter [35]: a definitive description of positive definite func-
tions defined on Euclidean spheres. This theorem synthesizes several decades of metric geometry,
a topic much cultivated by Schoenberg (partially in the company of von Neumann). A second
motivation comes from his early studies of total positivity, in themselves rooted in the analy-
sis of the oscillatory behavior of analytic functions or matrices. From this path of discovery the
concept of splines would later emerge. A reformulation of Schoenberg’s classification of positive
definite functions on spheres turned out to be a guiding light for generations to come. We state
this theorem in a form which includes some slight enhancements accumulated over time.
Henceforth, a function f* : I — R acts entrywise on a matrix A = (a;;) with entries in [ via the

prescription f[A] := (f(a;;)).

Theorem 1.1 [6, 32, 35]. Let I := (—p,p), where 0 < p < o0. Given a function f : I — R, the
following are equivalent.

(1) Thefunction f acts entrywise to preserve the set of positive semidefinite matrices of all dimensions
with entries in I.

(2) The function f is absolutely monotone, that is, f(x) = Z;"ZO ¢, x" forall x € I with c,, > 0 for
alln.

‘We use the term absolutely monotone to describe functions which have a power-series represen-
tation with nonnegative Maclaurin coefficients, although the nonnegativity of derivatives holds
only for a certain subset of the domain (which is [0, p) above). For more on this, see the Appendix.

Entrywise transforms that preserve positive definiteness have been investigated within the con-
text of linear algebra or harmonic analysis by many authors: Rudin [32], Herz [19], Loewner and
Horn [20], Christensen and Ressel [11, 12] (who also have a relevant monograph with Berg [8]),
Vasudeva [38], and FitzGerald, Micchelli, and Pinkus [15], to name just some of those whose work
in this area appeared in the second half of the 20th century. More recently, we have articles by
Fallat, Johnson, and Sokal [14], Jain [22, 23], and Vishwakarma [40], in addition to our previous
publications [3, 6] and those with additional co-authors [16, 26]. We note also that Molnar [29]
has studied similar transforms in the context of operator algebras.
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Interest in this subject was reinvigorated by statisticians. Their quest was prompted by the
implementation of thresholding or other entrywise operations aimed at regularizing large corre-
lation matrices which are near, but not, sparse. Details about this line of enquiry appear in Section
5 of [4] and to [17], and the monograph [25].

The present article is a part of a systematic study and classification of inner transformations of
structured matrices and kernels. Our earlier works dealt with entrywise positivity preservers: see,
in particular, [6] and [7]. We now turn to indefinite quadratic forms. In addition to the unquestion-
able theoretical interest, a strong motivation to pursue this investigation comes from the recently
uncovered benefits of embedding data, and particularly big data, in hyperbolic space. This is a
lively topic in full spate today, surfacing in an array of areas such as image and language process-
ing [27, 33], finance [24], social networks [39], and geographic routing [28]. We do not explore
such applications in the present work, focusing solely on describing the entrywise preservers of
matrices with negative-eigenvalue constraints. The surprising rigidity revealed by the classifica-
tion completed below would suggest profound impacts on data structuring. We will elaborate on
such applications in a separate article.

We provide herein a comprehensive extension to previous Schoenberg-type theorems, old and
new, such as [6]. To be more specific, Theorem 1.1 classifies all entrywise inner transforms of
self-adjoint matrices with no negative eigenvalues, tacitly allowing the nullity or number of pos-
itive eigenvalues to vary. (Throughout this work, eigenvalues are counted with multiplicity.)
Instead, we now seek operations which do not change the inertia of real symmetric matrices.
More generally, we provide complete answers to three questions.

* What are the entrywise transforms sending matrices with at most k negative eigenvalues to
ones with at most ! negative eigenvalues, for arbitrary nonnegative integers k and [1?

» What are the preservers of inertia on such sets of matrices? (We recall that the inertia of a com-
plex Hermitian matrix A is the triple (n,, ny, n_) of nonnegative integers corresponding to the
number of positive, zero and negative eigenvalues of A. Some authors prefer the term signa-
ture for this triple, but as this is also used to describe the difference n, — n_ we will prefer the
former terminology.)

* What are the multi-variable analogues of these questions, in both the real and complex settings?

The classes of transforms that answer these questions turn out to be far smaller than the collection
of functions appearing in Theorem 1.1.

1.1 | One-variable inertia preservers

A step further from Schoenberg’s theorem is the description of entrywise transforms that preserve
the inertia of matrices with precisely k negative eigenvalues for some choice of integer k. To state
our first complete result precisely, we introduce the following notation.

Given nonnegative integers n and k, with n > 1 and k < n, we let S,(,k)(I) denote the set of
n X n symmetric matrices with entries in I € R having exactly k negative eigenvalues; here and
throughout, eigenvalues are counted with multiplicity. Let

sOa) = s®m
n=k

be the set of real symmetric matrices of arbitrary size with entries in I and exactly k negative
eigenvalues. For brevity we let S®) : = S©(R) and S,Sk) 1= S,(lk)([R{).
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Note that, for any n > 1, the sets S,SO), S,(ll), ey S,(l") are pairwise disjoint and partition the set of
n X n real symmetric matrices.
‘We now assert

Theorem 1.2. Let I :=(—p,p), where 0 < p < oo, and let k be a nonnegative integer. Given a
function f : I — R, the following are equivalent.

(1) The entrywise transform f[—] preserves the inertia of all matrices in S®(I).
(2) The function is a positive homothety: f(x) = cx for some constant ¢ > 0.

Thus, the class of inertia preservers for the collection of real symmetric matrices of all sizes
with k negative eigenvalues is highly restricted, whatever the choice of k: every such map in fact
preserves not only the nullity and the total multiplicities of positive and negative eigenvalues, it
preserves the eigenvalues themselves, up to simultaneous scaling.

Our second result resolves the dimension-free preserver problem for S®)(I). If k = 0, Schoen-
berg’s Theorem 1.1 shows that the class of entrywise preservers is far larger than the class of inertia
preservers, which contains only the positive homotheties. However, if k > 0 then this is no longer
the case.

Theorem 1.3. Let := (—p, p), where 0 < p < o0, and let k be a positive integer. Given a function
f I = R, the following are equivalent.

(1) The entrywise transform f[—] sends SU(I) to ¥
(2) The function f is a positive homothety, so that f(x) = cx for some c > 0, or, when k = 1, we can
also have that f(x) = —c for some ¢ > 0.

There is a notable rigidity phenomenon here, in stark contrast to the dimension-free preserver
problem for positive semidefinite matrices (the k = 0 case). When there is at least one negative
eigenvalue, the nonconstant transforms leaving invariant the number of negative eigenvalues also
conserve the number of positive eigenvalues and the number of zero eigenvalues; more strongly,
they preserve the eigenvalues themselves, up to simultaneous scaling. That is, Schoenberg’s the-
orem collapses to just homotheties if k > 2, with the additional appearance of negative constant
functions if k = 1 (and the collection of preservers is nonconvex in this last case).

It is interesting to compare these results with a theorem obtained about three decades ago by
FitzGerald, Micchelli, and Pinkus [15], who classified the entrywise preservers of conditionally
positive matrices of all sizes. An n X n real symmetric matrix A is conditionally positive if the
corresponding quadratic form is positive semidefinite when restricted to the hyperplane 1# C R",
where 1, :=(1,...,1)T. That is,

if v € R" is such that len =0then v Av > 0.
The authors showed in [15, Theorem 2.9] that an entrywise preserver f[—] of this class of condi-

tionally positive matrices corresponds to a function that differs from being absolutely monotone
by a constant:

fx) = 2 c,x" for all x € R, wherec, > Oforalln > 1. 11
n=0
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From the perspective of the present article, conditionally positive matrices are those real sym-
metric matrices with at most one negative eigenvalue, with the negative eigenspace (if it exists)
constrained to equal R1,. If this constraint on the eigenspace is removed, Theorem 1.3 shows
that the class of preservers shrinks dramatically. The high level of rigidity for preservers of neg-
ative spectral multiplicity is akin to that occurring for preservers of totally positive and totally
nonnegative kernels: see the recent work [7] for further details on the latter.

Another way to view Schoenberg’s theorem [35] is as the description of the entrywise transforms
that preserve the class of correlation matrices of vectors in Hilbert space. A completely parallel
theory is developed in Section 3, providing the classification of self transforms of Gram matrices
of vectors belonging to a Pontryagin space (that is, a Hilbert space endowed with an indefinite
sesquilinear form with a finite number of negative squares [2]).

Our next step involves relaxing the conditions appearing in Theorem 1.3, by only imposing
an upper bound on the number of negative eigenvalues. In other words, we seek to classify the
endomorphisms of the closure

k

s = JsPw),  wheren>1. 1.2)
j=0

Note that the domain remains I and not its closure 1. Similarly to before, we let S,(lk) serve as an

abbreviation for Sr(lk)([R).
Once again, if k = 0 then this is just Schoenberg’s Theorem 1.1, which yields a large class of
transforms. In contrast, if k > 0 then we again obtain a far smaller class.

Theorem 1.4. LetI := (—p, p), where 0 < p < oo, and let k be a positive integer. Given a function
f I - R, the following are equivalent.

(1) The entrywise transform f[—] sends S,(lk)(l ) to S,(,k) foralln > k.
(2) The function f is either linear and of the form f(x) = f(0) + cx, where f(0) > 0 and c > 0O, or
constant, so that f(x) = d for somed € R.

Theorems 1.2, 1.3, and 1.4 are negativity-preserving results. All three statements turn out to be
consequences of the following unifying theorem that we prove in Section 2.

Theorem A. Let I :=(—p,p), where 0 < p < oo, and let k and | be positive integers. Given a
function f : I — R, the following are equivalent.

(1) The entrywise transform f[—] sends S,Sk)(l ) to S,(ql) foralln > k.
(2) The entrywise transform f[—] sends S,Sk)(l ) to S,(ll) foralln > k
(3) Exactly one of the following occurs:
(a) the function f is constant, so that f(x) = d for somed € R;
(b) it holds that | > k and f is linear, with f(x) = f(0) + cx, where ¢ > 0 and also f(0) > 0 if
=k

If instead k > 1 and | = 0 then the entrywise transform f[—] sends S,(lk)(l ) (and so S,(lk)(l ) to
S,SO) = S,(lo)for alln > k if and only if f(x) = c for some c > 0.

Finally, if k = 0 and | > 1 then the entrywise transform f[—] sends 5,(10)([ ) to S,(f) foralln > 1if
and only if
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flx) = Z c,x" forallx € (—p, p), wherec, >0 foralln > 1.
n=0

Note that setting k = I = 0 in Theorem A(1) (the missing case) gives exactly hypothesis (1) of
Schoenberg’s Theorem 1.1.

The class of functions identified in Theorem A when k = 0 and [ > 1 is independent of [ and
coincides with the dimension-free entrywise preservers for two related but distinct constraints: (a)
conditional positivity, as noted above (1.1), and (b) Loewner monotonicity, so that f[A] — f[B] €
S whenever A — B € S©. The latter claim is a straightforward consequence of Schoenberg’s
Theorem 1.1; see [25, Theorem 19.2].

Remark 1.5. A striking consequence of Theorem A is as follows. For any polynomial function
f, if the negative spectral multiplicity of f[C] is uniformly bounded above for any sufficiently
large matrix C then f cannot have any quadratic or higher order terms. The proof of this result is
given in the next section, and uses Sidon sets (also known as B, sets) from additive combinatorics
and number theory, whose study was pioneered by Erdds and Turdn and developed by Chowla,
among others.

1.2 | Multi-variable transforms and nonbalanced domains

Given the results described above, it is natural to explore extensions in two directions, aligned to
previous work. In the sequel, for any integers m and n with m < n, we let [m : n] denote the set
{m,m+1,..,n}=[m,nlnZ

* Functions acting on matrices with entries in I = (0, p) (positive entries) or in I = [0, p) (non-
negative entries). For preservers of positive semidefiniteness, this problem was considered by
Loewner and Horn [20] and Vasudeva [38] for the case p = o0, and then in recent work [6] for
finite p. In each case, the class obtained consists of functions represented by convergent power
series with nonnegative Maclaurin coefficients.

» Functions acting on m-tuples of matrices. A function f : I — R acts entrywise on m-tuples
of matrices with entries in I: if B(P) = (bl.(j’.’)) is an n X n matrix for p =1, ..., m then the n X n

matrix f[BWY, ..., BU™] has (i, j) entry
fIBY, ..., B™],; = f(bl?]?),...,bg")) foralli,j €[l : nl.

In this case, the classification of preservers in the positive-semidefinite setting was achieved by
FitzGerald, Micchelli, and Pinkus [15] when I = R, and then in our recent work [6] over smaller
domains.

Given a multi-index ¢ = (a4, ..., a,,) € Z', where Z, = {0,1,2,...} is the set of nonnegative
integers, and a point x = (x4, ..., X,,,) € R™, we use the standard notation x* := xfl x,o,;’".
Theorem 1.6 [6]. Let I = (—p, p), (0, p) or [0, p), where 0 < p < oo, and let m be a positive inte-
ger. The function f : I — R acts entrywise to send m-tuples of positive semidefinite matrices with
entries in I of arbitrary size to the set of positive semidefinite matrices if and only if f is represented
on I"™ by a convergent power series with nonnegative coefficients:

fx) = z c,X*  forallx e I"™, wherec, > 0 forall «. 1.3)

m
aez”
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Below, we extend this result to the complete classification of negativity-preserving transforms
acting on tuples of matrices, in the spirit of the one-variable results above, over the three types of
domain: I = (—p, p), (0, p) or [0, p), where 0 < p < oo. The key to this is a multi-variable strength-
ening of Theorem A which also applies to these three different types of domain. The proof of this
result, Theorem B, appears in Sections 4 and 5, together with the necessary supporting results
and subsequent corollaries: Section 4 is concerned with the extension of Theorem A to several
variables and Section 5 then allows the restriction of I from (—p, p) to (0, p) or [0, p).

Notation 1.7. In Theorem A, the parameters k and [ control the degree of negativity in the domain
and the co-domain, respectively. In the multi-variable setting, the domain parameter k becomes
an m-tuple of nonnegative integers k = (k;, ..., k,,). Given such a k, we may permute the entries
so that any zero entries appear first: more formally, there exists m, € [0 : m] with k,, = 0 for
pE[l:my]land k, > 1 for p € [m; +1 : m]. We say that k is admissible in this case and let
Kmax 1= max{l,k, : p €[1: m]},

sy 1= sy x - x s¥(1), and  s®) 1= S¥1) x - x SE ().

We now provide the result that unifies both Schoenberg’s theorem and Theorem A. Its nec-
essarily technical statement shows a separation of variables, combining additively two kinds
of preservers: the rich class of multi-variable power series on one side and the rigid family of
homotheties on the other.

Theorem B (A Schoenberg-type theorem with negativity constraints). Let I := (—p, p), (0, p),
or [0, p), where 0 < p < oo, let | and m be nonnegative integers, with m > 1, and let k € ZT be an
admissible tuple. Given any function f : I'"™ — R, the following are equivalent.

(1) The entrywise transform f[—] sends S,Sk)(l ) to S,(f) foralln > k..

: k l

(2) The entrywise transform f[—] sends 5‘,(1 )(I ) to S,(l) foralln > k..

(3) There exists a function F : (—p, p)™ — R and a nonnegative constant c,, for each p € [m, +
1 : m] such that
(a) we have the representation

m
fx) = F(x,, '"’me) + Z CpXp forallxeI™, (1.4)
p=my+1

(b) the functionx’ := (x, ..., xmo) — Fx') — F(Omo) is absolutely monotone, that is, it is rep-
resented on I"™o by a convergent power series with all Maclaurin coefficients nonnegative,
and

(c) we have the inequality

oo + D, kp <L

picy,>0

(Here and below, the quantity 1, has the value 0 if the proposition P is false and 1 if it is true.)
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Theorem B unifies all of the potentially disparate cases for k and [, such as those considered
in the one-variable Theorem A, into one set of assertions; the multivariable formulation seems to
add clarity to the situation. For instance, ifk = 0 and [ > 0 then (3)(c) is vacuously true, whereas if
I = 0 then condition (3)(c) requires that £(0,,) = F(Omo) > 0. Moreover, whenk = 0and [ = Owe
recover Theorem 1.6 and, in particular, Schoenberg’s theorem. Similarly, if m = 1 and I = (—p, p)
then we recover Theorem A.

Given previous results, the fact that the transforms classified by Theorem B are real analytic is
to be expected, but their exact structure is surprising.

Theorem B is the building block we use to obtain the classification of negativity-preserving
transforms in several variables. The classes of transforms do not depend on the choice of one-sided
or two-sided domains, akin to the one-variable setting.

We complete the paper by proving complex-valued counterparts to the preceding statements,
now applying to Hermitian matrices. In this case, the complex analogue of Schoenberg’s theorem
in one variable was proved by Herz [19]; the multivariable result was obtained by FitzGerald,
Micchelli, and Pinkus:

Theorem 1.8 [15]. Let m be a positive integer. The function f : C™ — C acts entrywise to send
m-tuples of positive semidefinite complex Hermitian matrices to the set of positive semidefinite
matrices if and only if f is represented on C™ by a convergent power series in z = (zy, ..., z,,) and
z = (zy, ..., z,,) With nonnegative coefficients:

f(z) = 2 Co gZ° z forallz € C™, wherec, g > 0 forall e, 8. (1.5)
a.pezl

With Theorem 1.8 at hand, we provide the complex analogue of our main result.

Theorem C. Let | and m be nonnegative integers, with m > 1, and let k € Z'!' be an admissible
tuple. Given any function f : C™ — C, the following are equivalent.

(1) The entrywise transform f[—] sends S (k)(C) to S(l)(C) foralln >k

(2) The entrywise transform f[—] sends S (k)(C) to S(l)(C) foralln > k..
(3) There exists a function F : C™ — C and nonnegative constants ¢, and d, for each p € [m, +
1 : m] such that
(a) we have the representation

max-

f@)=F(zy,....,2,,) + Z (cpzp + dp@) forallz € C™, (1.6)

p=my+1

(b) the function z’ := (z,, ""ZmO) — F(Z') — F(Omo) is represented on C™o by a convergent
power series in z' and 2/ with nonnegative coefficients, as in (1.5), and
(c) we have the inequality

picy>0 p:dy>0

and the constant f(0,,) = F(Omo) is real.



NEGATIVITY-PRESERVING TRANSFORMS OF TUPLES OF SYMMETRIC MATRICES | 9 of 46

Although it may seem elementary, a central technique for narrowing down the class of
negativity-preserving transforms to the hyper-rigid forms listed above is to test them on
nonorthogonal “weighted sums of squares,” that is, linear combinations of carefully chosen rank-
one matrices. Starting with Horn’s landmark dissertation [20], this is a key ingredient in almost
all structured-matrix-preserver studies [25]. A second key technique in our proofs is the inflation
and deflation of symmetric matrices along isogenic blocks [5].

1.3 | Organization of the paper

In Section 2, we prove Theorem A and then deduce from it Theorems 1.2, 1.3, and 1.4. Working in
the one-variable setting and with the two-sided domain I = (—p, p) allows us to introduce several
key ideas and techniques in less complex circumstances, and these will then be employed in the
multi-variable setting and with one-sided domains.

We next explore the territory of Pontryagin space and classify in Section 3 the entrywise
transforms of indefinite Gram matrices in this environment.

In Sections 4, 5, and 6, we prove the several-variables results mentioned above, first over the
two-sided product domain, then on the one-sided versions, and finally, over C. In each section,
this is followed by the classification of negativity preservers, extending the results obtained in
the single-variable case. We conclude with the Appendix that proves a multi-variable Bernstein
theorem, asserting that absolutely monotone functions on (0, p)™ necessarily have power-series
representations with nonnegative Maclaurin coefficients.

1.4 | Notation

We let R denote the set of real numbersand Z, = {0, 1, 2, ...} the set of nonnegative integers. Given
a,bez, witha<b,welet[a: b] :=[a,b]nZ,.If p = o then p/a and p — a also equal oo,
for any finite a > 0. We also set 0° := 1.

2 | INERTIA PRESERVERS FOR MATRICES WITH REAL ENTRIES

We now begin to address the results appearing in the introduction. In this section, we will consider
functions with domain I = (—p, p). The proofs below involve several key ideas:

(a) the translation g of f, where g(x) := f(x) — f(0);

(b) a “replication trick” that we will demonstrate shortly (see (2.2) and thereafter);

(c) aresult from previous work [16], that functions sending positive matrices of rank at most k
to ones of rank at most [ are necessarily polynomials;

(d) the use of Sidon sets (also known as B sets) from number theory and additive combinatorics;

(e) the following lemma.

Lemma 2.1. Let h : I — R be absolutely monotone, where I := (—p, p) and 0 < p < oo, and let

A B
C:= [B A]’ where A, B € S,(lo)(I ) are positive semidefinite matrices.
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(1) fA-Be S,(lk) for some nonnegative integer k then C € ngl)(l ). L

(2) IfhiC] € ng for some nonnegative integer | then h[A] — h[B] € S,(f).

Proof. Note first that

+[A B], [A+B o0 _ 1 [d, -Id,
J [B AJ— 0 A—gl’ WhereJ.—\/E d, 1d, 2.1

isorthogonal and Id,, is the n X n identity matrix. As A + B is positive semidefinite, it follows from
(21) thatif A — B € S then C € S{)(D).

Next, if h[C] € Séln) then another application of (2.1) gives that

h[A] + R[B] 0 5
0 nA] - ]| € San

Schoenberg’s Theorem 1.1 gives that h[A] + h[B] is positive semidefinite and therefore h[A] —

h[B] € S,(ll), as claimed. O

In addition to the key ideas, we will use a further two lemmas. The first is the following basic
consequence of Weyl’s interlacing theorem.

Lemma2.2. Suppose A € S,(lk) for some positive integer n and nonnegative integer k. If B € S,(ZO) has
rank1then A +B € S¥Vus® and A — B € st U S¥HY (where &V 1= gand SI"Y = @),

Proof. Let 4,(C) < --- £ 4,(C) denote the eigenvalues of the n X n real symmetric matrix C,
repeated according to multiplicity, and let 1,(C) := —oc0 and 4,,,(C) := oo.

We note first that C € S,(lk) ifand only if 0 € (4,(C), 4 1(C)], fork = 0,1, ..., n.

If A and B are as in the statement of the lemma, then the following inequalities are a corollary
[21, Corollary 4.3.9] of Weyl’s interlacing theorem:

2,(A) £ 41(A + B) < ,(A) < -+ < 1,(A) < 4,(A + B).

It follows that 0 € (4;(A), 4,41 (A)] =1, UI,, where I, := (4, (A), 4, (A+ B)]and I, := (4, (A +
B), Ai11(A)].

Then either k> 1 and 0 €I, € (4,_;(A+B), 4, (A+B)], so A+BeS* ™ oroel c
(A4 (A+B), 4, (A+B)],s0oA+B e S,(lk). The first claim follows.

For the second part, note that A—B € S,(f) for some [ € {0, ..., n}, so the previous working
gives that A=(A—-B)+B € S,(ll_l) U S,(ll). As A e S,(lk), it follows that [ —1 = k or [ = k. This
completes the proof. O

The next lemma is a simple but useful observation about inertia.

Lemma 2.3. Let p and q be nonnegative integers and suppose {u,, ..., up, vy, ..., V,} is a set of
linearly independent vectors in R", so that n > p + q. The matrix
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T T T T
WU+ WU, — VIV = = VgV
has exactly p positive and q negative eigenvalues.
Proof. If necessary, we extend the given set to a basis by adding vectors wy, ..., w,, where r =

n — p — q. If C is the n X n matrix with these basis vectors as columns and B is the n X n matrix
defined in the statement of the lemma then B = CDCT, where

Idp 0 0
D=|0 —qu 0
0 0 0

rXr

The matrix C has full rank, so is invertible, and it follows from Sylvester’s law of inertia [21,
Theorem 4.5.8] that B and D have the same inertia. O

Proof of Theorem A. We first show that (3) implies (2) (and this holds without any restrictions on
the domain I C R).

If f(x) = dforsome d € Rthen f[A] € Sfll) c S,(ll), since the matrix d1,,,, = d1,1! has nullity
at least n — 1 and the eigenvalue nd. This also gives one implication for the final claim in the
statement of the theorem, since f[A] =d1,,, € SELO) ifd > 0. Moreover, ifd < Othen f[A] € s,(})
and so f does not map S;k) into Sflo) in this case.

Next, suppose f(x)= f(0)+cx with ¢>0, and let A € S,(qk). If f(0)>0 then f[A]=
fON1,,,+cAe Sflk_l) U S,Sk), by Lemma 2.2, and so f[A] € 5',(11) as long as [ > k. If instead
f(0) < 0then, again by Lemma 2.2, f[A] = f(0)1,,,, + cA has at most k + 1 negative eigenvalues
andk+1<laslongasl > k.

This shows (3) = (2) and its [ = 0 analogue in the penultimate sentence of Theorem A. For
the k = 0 analogue in the final sentence, if f has the prescribed form then ¢ : x — f(x) — f(0)
is absolutely monotone, so g[—] : S,&O) I - Sflo) by Schoenberg’s Theorem 1.1. Now Lemma 2.2
implies that f[—] : S,&O)(I) - S,(ll) - S,(ll), as required.

Next, we note that this working also yields the implication (3) = (1), including the I = 0 ana-

logue. Indeed, if (3) holds and k’ € [1 : k] then the transform f[—] maps 5,(1"’)(1 ) to S,(ll) by the

(3) = (2) result, whereas f[—] maps S,&O) D) to S,(f) by the k = 0 analogue.

That (1) implies (2) is immediate. It remains to show (2) = (3). Henceforth, we suppose that
I = (—p, p), where 0 < p < o0, the nonnegative integers k and [ are not both zero,and f : I - R
is such that f[—] : S,(,k)(l) - Sfll) foralln > k,orforalln > 1ifk = 0.

To show that f has the form claimed in each case, we proceed in a series of steps.

Step 1: Let g : I — R be defined by setting g(x) := f(x) — f(0). Then g is absolutely monotone

Indeed, by Lemma 2.2, g[] : S3)() - S{™ for all N > k. If A € S\”(I), then the block-
diagonal matrix

nxn

D :=(~t,1d,) @ A%+ e s,

where t, € (0, p), there are | + 2 copies of A along the block diagonal, and we have that N =
k + (I + 2)n. It follows that
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gID] = (9(=t) 1d;) @ g[A]PH? € 5L+ (2.2)

Thus, the block-diagonal matrix g[A]®(+?) can have at most I + 1 negative eigenvalues. This is
only possible if g[A] has no such eigenvalues, which implies that g[A] is positive semidefinite
whenever A is. Thus, by Schoenberg’s Theorem 1.1, the function g is absolutely monotone. (This
is the replication trick mentioned at the beginning of this section.)

If kK = 0 we are now done, so henceforth we assume that k > 1.

Step 2:If gisasin Stepland B € S,(lo)(I) has rank k then g[B] has rank at most 1.

Define an absolutely monotone function h : I — R by setting h(x) := f(x)+ |f(0)|. If C €

Sflk)(l) then f[C] € Sfll), by assumption, and so h[C] = f[C] + |f(0)|1,x, € S,(ll), by Lemma 2.2.

Thus, h[-] : S,(,k)(I ) — Sr(ll) for all n > k. Applying Lemma 2.1 with the matrices A = 0,,,,,, and B
as above yields

—g[B] = h[0,,] - h[B] € .

However, the matrix g[B] is positive semidefinite, by Schoenberg’s Theorem 1.1, so it has no
negative eigenvalues, and hence has rank at most [.

We now resolve the I = 0 case in Step 3, before working with ! > 0 in Steps 4 and 5.

Step 3: If f[-] : S,(lk)(l ) — S,(lo) for all n > k then f is constant.

Suppose the assumption holds; let ¢, € (0, p) and note that the function g from Step 1 applied
entrywise sends the matrix ¢yId, to g(¢,)Id,. By Step 2, the latter matrix has rank 0, so g(¢,) = 0.
Since g is absolutely monotone and vanishes on (0, p), it must be zero, by the identity theorem.
Hence, f is constant.

Step 4: If f is nonconstant then f is linear with positive slope.

Let g(x) = E;’;l c jxj ,wherec; > 0forall j. We first recall [16, Theorems A and B], which imply
that if n > max{k, [ + 3} and the entrywise transform g[—] sends matrices in S,(lo)(l ) with rank at
most k to matrices with rank at most [, then g is a polynomial. Hence, it follows from these results

and Step 2 that g is a polynomial. Moreover, by Lemma 2.2, we have that g[—] : S,(lk)(I ) — S,(llﬂ)

foralln > k.
We now suppose for contradiction that c, > 0 for somer > 2. Let N > [ + 3 be a positive integer
and, for some u € (0, 1), let

u = (1,up,...,uy D' e 0,11V, (2.3)
For any tuple of distinct positive integers s = (s, ..., S;;,), the vectors
o8; — S (N_l)si T . .
u® = (Lug, ..., u, ) (ielo:1+2])

are linearly independent, as they form [ + 3 columns of a generalized Vandermonde matrix; for
the definition and properties of these, see, for example, [25, Section 4.1]. Our strategy is to apply
g[—] to a matrix of the form C := B @ —t,Id,_,, where

1+2
B:= t0<—€u°50 (u*so)T 4+ Z u’s (u°si)T> € SI(\}) 2.4)
i=1
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as long as f; and ¢ are both positive, by Lemma 2.3. Then C lies in 51(\21{—1 ((0, p)) whenever ¢, €
(0,p/(1 +2)) and € is positive and sufficiently small. It follows that

g[C] = g[B] & g(—t)Id)_4

has at most [ + 1 negative eigenvalues, whence so does the N X N matrix ¢g[B]. We will show this
to be false for a judicious choice of s: its entries will form a generalized Sidon set, as explained in
Remark 2.4.

We now let s; :=(d + 1)! for i € [0 : I + 2], where d is the degree of the polynomial g, and
suppose N > (d + 1)!*3. We compute by multinomial expansion that

d .
glBl=Y it Y (—e)m0< J >wmern, (2.5)
j=1 my,

Mo+ +my )= o M
where the sum is taken over m = (m, ..., m;,,) € Zl: 3 the vector

142
Wy, c=u®meRY and s-m= z m;(d + 1)\
i=0

By considering base-(d + 1) representations of nonnegative integers, it is clear that the map

1+2
[0:d*"*>Z mrHs-m= Zmi(d+1)i
i=0

is injective and its domain [0 : d]"*3 has size (d + 1)!*+3 < N. It follows by Vandermonde theory
that the collection of vectors of the form w,,, appearing in (2.5) is linearly independent (again, see
[25, Section 4.1]). Hence, by Lemma 2.3, the matrix g[B] has precisely as many negative eigenval-
ues as there are summands in (2.5) with a negative coefficient, that is, those with c ;> 0and m,
odd. There are at least I + 2 such summands, when j =d > 1 and

m e {(1,d - 1,0,...,0), (1,0,d — 1,0,...,0), ..., (1,...,0,d — 1)}.

Hence, g[B] has at least [ + 2 negative eigenvalues, which is the desired contradiction.

Step 5: Concluding the proof.

We may assume f(x) = f(0) + cx, where ¢ > 0, and we must show that ! > k and that f(0) > 0
ifl = k.

If | > k there is nothing to prove. If | < k then we claim no such function f exists. Let {v; :=
1,41, Vs, -, U4} be an orthogonal basis of Rkt fix § € (0, p), and choose a positive ¢ small
enough so that the entries of the matrix

k+1
. T T
A = 51k+11k+1—€zzvjvj (26)
j:

lie in (0, p). Then A € Sl(clfr)l(I) and
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k+1

k k+1
fIA] = (f(0) + cé)lk+11£+1 —ce zévjvjr S SI£+)1 U SI(HJ; )
j:

as we know the eigenvalues explicitly. Hence, f[—] cannot send 51§k+)1 ) to 51521 ifl <k.

The final case to consider is when [ = k and f(0) < 0, but the counterexample (2.6) also works
here if we insist that § < |f(0)|/c, whence f(0) + ¢§ < 0 and therefore f[A] € 5}&k+1) ; this shows

that f[A] ¢ S0 . O
Remark 2.4. For completeness, we note that the specific integerss; = (d + 1)/ chosen in the proof
of Step 4 above work because the map m — s - m is injective. As long as N is taken sufficiently
large, we could instead have used any real tuple s that satisfies this condition; such positive-integer
tuples, for a fixed value of Z jm;,are called B, or Sidon sets. This is a very well-studied notion in
number theory and additive combinatorics; for early work in this area, see Singer [37], Erdds and
Turan [13], and Bose and Chowla [10].

Remark 2.5. Atzmon and Pinkus studied entrywise transforms of rectangular matrices that
preserve bounds on rank: see [1].

With Theorem A at hand, we show the remaining results above.

Proof of Theorems 1.2 and 1.3. 1t is straightforward to verify that (2) implies (1) for both theorems.
Next, suppose k > 1. If f[—] preserves the inertia of all matrices in S,(lk)(I) then f[—] sends
S‘flk)(I ) into S,(lk). If this holds for all n then Theorem A with I = k gives that either f(x) = d for
some d € R, or f is linear, so f(x) = f(0) + cx, with f(0) > 0and ¢ > 0.
Ifk > 2 then f(x) = d cannot send S®(I) to S&). Moreover, if k = 1 then indeed f(x) = d pre-

serves S for d < 0 and does not do so if d > 0. Finally, if t, € (0, p/2) then the matrix t, B ﬂ

shows that no constant function preserves the inertia of all matrices in S (I). Thus, we now
assume f is of the form f(x) = f(0) + cx, with f(0) > 0 and ¢ > 0, and show that f(0) = 0.
By hypothesis, if t, € (0, p) then

Fl=toldi] = f(O) 1y — ctoldy € S, @7)

As f(0)1; has the eigenvalue k f(0), so f[—t,1d; ] has the eigenvalue k f(0) — ct,, which can be
made positive if f(0) > 0 by taking ¢, sufficiently small. Thus, f(0) = 0 and this concludes the
proof for k > 1.

It remains to show that (1) implies (2) in Theorem 1.2 when k = 0. If f[—] preserves the inertia
of positive semidefinite matrices then, by Schoenberg’s Theorem 1.1, the function f has a power-
series representation f(x) = Y °  c,x" onI, with ¢, > 0 for all n > 0. Suppose ¢, > 0 and ¢; > 0
for distinct nonnegative integers r and s. Applying f[—] to the rank-one matrix A = tyuu’, where
u=(1,1/2)" and ¢, € (0, p), and using the Loewner ordering, we see that

fIA] = ¢, A% + ¢,A% = ¢, thu” ()" + ctius ()T,
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where u® and u°®* are not proportional. Hence, f[A] is positive definite, and therefore nonsingu-
lar, while A is not. This contradicts the hypotheses, so the power series representing f has at most
one nonzero term.

Finally, we claim that f is a homothety. If not, say f(x) = cx" for ¢ > 0 and n > 2, then we
apply f to the rank-2 matrix B = t,(15,; + uu’), where u = (x, y, z)" has distinct positive entries
and ¢t is positive and sufficiently small to ensure B has entries in I. The binomial theorem gives
that

n 2
° n . . . . . . n . . . . . . .
B =15 < .>(xf,yf,zf)(xj,yf,zf)T >3 Y < .>(xf,y’,zf)(xf,yf,zJ)T =: B,
= =N
and the column space of B’ contains (x/, yj ,z)T for j =0,1, and 2. These three vectors are lin-
early independent, as a Vandermonde determinant demonstrates, so B’ is positive definite, hence

nonsingular. Then so is B°", while B has rank 2 by construction. This contradicts the hypothesis,
and son =1 and f(x) = cx as claimed. O

Proof of Theorem 1.4. If f is constant then f[A] € s,(,l) Cc S,(lk) for any n X n matrix A and any posi-
tive integer k. Furthermore, if f(x) = f(0) + cx, withc > 0and f(0) > 0, then f[A] = f(0)1,,, +

cA e S,(lk) forany A € ,(lk), by Lemma 2.2.

Conversely, if f[—] sends Sflk )(I )to S,(lk) for all n > 1 then, in particular, it sends S,(lk)(l ) to Sflk).
Theorem A now shows that f has the form claimed. O

3 | ENTRYWISE PRESERVERS OF k-INDEFINITE GRAM MATRICES
3.1 | Gram matrices in Pontryagin space

In analogy with the standard version of Schoenberg’s theorem, we may interpret the main
result of this section as a classification of entrywise preservers of finite correlation matrices in a
Hilbert space endowed with an indefinite metric. To be more specific, we introduce the following
terminology.

Definition 3.1. A Pontryagin space is a pair (H,J), where H is a separable real Hilbert space and
J : H — H is a bounded linear operator such that J = J* and J? = Idy;, the identity operator on
H. Note that J is an isometric isomorphism.
We write J = P, —P_, where P, and P_ are orthogonal projections onto the eigenspaces
H, :={x€H :Jx=x}tandH_ :={x € H : Jx = —x}, respectively, sothat H = H, @ H_.
We say that the Pontryagin space has negative index k if dim H_ = k. We assume henceforth
that k is positive and finite.

Here we follow Pontryagin’s original convention from [30], that the negative index is taken to
be finite, as opposed to that used by Azizov and Iokhvidov [2], where the positive index dim H
is required to be finite. In the same way that the sign choice for Lorentz metric is merely a
convention, there is no difference between the theories which are obtained.
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These spaces provide the framework for a still active, important branch of spectral analysis. We
refer the reader to the classic monograph on the subject [2].

Definition 3.2. The Pontryagin space (H,J) carries a continuous symmetric bilinear form [-, -],
where
[u,v] := (u,Jv) forallu,v € H.
Givenanyu € H,letu, :=P,uandu_ :=P_u,sothatu =u, +u_andJu =u, —u_. Then
[y +us,uy +u] = Jlugl® = flu_ll.

The analogy with Minkowski space endowed with the Lorentz metric is obvious and it goes
quite far [2]. We include, for completeness, a proof of the following well-known lemma.
Lemma 3.3.

(1) Suppose (H,J) is a Pontryagin space of negative index k. If (vy, ..., v,,) is an n-tuple of vectors in
the Hilbert space H and

a;; = [v;, 0] foralli,j €1 : n]

then the n X n correlation matrixA = (q; | )?}.21 is real, symmetric, and admits at most k negative
eigenvalues, counted with multiplicity.

(2) Conversely, let A = (q; j):ljzl be a real symmetric matrix with at most k negative eigenvalues,
counted with multiplicity. There exists a Pontryagin space (H,J) of negative index k and an n-
tuple of vectors (vy, ..., ,,) in H such that

a;; = [v;, 0] foradlli,j €[l : n].
Having reminded the reader that we count eigenvalues with multiplicity, we again leave
this implicit.

Proof.
(1) That A isreal and symmetric is immediate. Let T : R" — H be the linear transform mapping
the canonical basis vector e | into v [ for j =1, .., n. Then

;= (ei,T*JTej) foralli,j €[1 : n],

and the self-adjoint operator T*JT = T*P,T — T*P_T has at most k negative eigenvalues.
(2) Let T denote the linear transformation of Euclidean space R" corresponding to the given
matrix A. Thus,

a;; :(ei,Tej> foralli,j €[1 : n],
where ey, ..., e, are the canonical basis vectors in R". The spectral decomposition of T provides

orthogonal projections Q. and Q_ = Id — Q, on R" that commute with T and are such that
TQ, >0,-TQ_>0,andr :=rankQ_ < k.
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Setting H, :=Q,R"andH_ :=(Q_R") & Rk let (H,J) be the Pontryagin space of negative
index k obtained by equipping H = H, @ H_ withthemapJ : x, +x_— x, —x_forallx, €
H, andx_€H_.

Letv; :=4/TQ,e; + \/—TQ_eg; for i =1, ..., n. Since 4/TQ, maps R” into H, and /-TQ_

maps R" into H_, we have that

[v,0;]1 = (VTQ e; + /-TQ_e;,J(1/TQ,e; + /-TQ_e)))
=(VTQ,e;, v TQ+ej> - (\/_TQ_eia \/—TQ_é-)
= (ei,TQ+ej) + (¢;,TQ_e;)

(e;, T(Q, + Q—)ej>

= al' ] D
A small variation of the first observation above provides the following stabilization result.

Corollary 3.4. Let (v j);?';l be a sequence of vectors in a Pontryagin space of negative index k. There
n

exists a threshold N such that the number of negative eigenvalues of the Gram matrix ([vi, v j])i,j=1

is constant for alln > N.

Proof. For any n > 1, the Gram matrix A[n] = ([vi, v j])fj=1 can have no more than k negative
eigenvalues, by Lemma 3.3(1). Furthermore, by the Cauchy interlacing theorem [21, Theo-
rem 4.3.17], the number of negative eigenvalues in A, cannot decrease as n increases. The result
follows. U

‘We now establish a partial converse of the above corollary, employing an infinite-matrix version
of Lemma 3.3(2).

Lemma 3.5. Let (q; j)f”}=1 be an infinite real symmetric matrix with the property that every finite
leading principal submatrix of it has at most k negative eigenvalues. Then there exists a sequence of
vectors (v; )‘J?';l in a Pontryagin space of negative index k such that

a;j = [vi,vj] foralli,j>1.

Proof. One can select successively positive weights (w; );‘;1 so that the infinite matrix
B = (blj l?:)]‘:1 = (wiw‘,‘aij);jzl = diag(wl, wz, )(alj) diag(wl, wz, )
has square-summable entries:
oo
2
Z bl.j < 0.
i,j=1

(To do this, choose w), so that the sum of the squares of the entries of Bj,;; = (b;; inj=1 that do not

appear in Bj,_;) = (b;; ;“]‘:11 is less than 27.)



18 of 46 | BELTON ET AL.

Then the matrix B represents a self-adjoint Hilbert-Schmidt operator on #? which we denote
by B as well. Since all finite leading principal submatrices of this matrix have at most k negative
eigenvalues, the operator B has at most k spectral points, counting multiplicities, on (—o0, 0). (Sup-
pose otherwise, so that there exists a (k + 1)-dimensional subspace U of #2 such that {x, Bx) < 0
whenever x € U \ {0}. The truncation B,, := Bj,;; @ 0, converges to B in the Hilbert-Schmidt
norm, so in operator norm, as n — oo, and therefore (x,B,x) < 0 for all x € U \ {0} and all
sufficiently large n, a contradiction.)

Hence, there exists an orthogonal projection P_ on #? with r := rank P_ < k that commutes
with BandissuchthatD := —BP_ > 0andC := BP, > 0,where P, :=1 — P_. We now proceed
essentially as for the proof of Lemma 3.3(2).

Define a Pontryagin space (H,J) of negative index k by setting H := H,_ @ H_, where
H, :=P,f?andH_ :=P_¢>®R*",andJ(x, + x_) := x, — x_wheneverx, € H, andx_ €
H_.If (ej);?‘;l is the canonical basis for # C H and v; := wj_l(Cl/2 + Dl/z)ej for all j>1
then

[v:,v;] = w W (€2 + DY)e;, (€12 = D?e;) = wi ' wi (e, (€ = D)e;) = @y

foralli, j > 1, as required. [l

3.2 | Preservers of k-indefinite Gram matrices

As avariation on Schoenberg’s description of endomorphisms of correlation matrices of systems
of vectors lying in Hilbert space, we now classify the entrywise preservers of the Gram matrices of
systems of vectors in a real Pontryagin space of negative index k. We proceed by first introducing
some terminology and notation.

Definition 3.6. Given a nonnegative integer k and a sequence of vectors (v; );.";1 in a Pontryagin
space, let a;; := [v;, v;]. The infinite real symmetric matrix A = (q; j)z‘}zl is a k-indefinite Gram
matrix if the leading principal submatrix A, := (q;, j)?’j:l has exactly k negative eigenvalues
whenever n is sufficiently large.

We denote the collection of all k-indefinite Gram matrices by %, and we let %, := U?:o &,
the collection of j-indefinite Gram matrices for j = 0, ..., k. By Lemma 3.5, this is also the collec-
tion of all infinite real symmetric matrices whose leading principal submatrices have at most k
negative eigenvalues.

Our next result classifies the entrywise preservers of %, and of ﬁk, in the spirit of Theorems 1.3
and 1.4. The entrywise preservers of Gram matrices in Euclidean space are precisely the absolutely
monotone functions, by Schoenberg’s Theorem 1.1. However, in the indefinite setting the set of
preservers is much smaller.

Theorem 3.7. Fix a positive integer k and a function f : R — R.

(1) The map f[—] : B — % if and only if f is a positive homothety, so that f(x) = cx for some
¢ > 0, or k = 1, in which case we may have a negative constant function, so that f(x) = —c for
some c > 0.
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(2) Themap f[—] : 51{ - 5,( ifand only if f(x) = d for some real constantd or f(x) = f(0) + cx,
with f(0) > 0and ¢ > 0.

The key idea in the proof is to employ a construction introduced and studied in detail in our
recent work [5], which we now recall and study further.

Definition 3.8. Let 7 ={I,,...,I,,} be a partition of the set of positive integers [1 : N] =

{1,2,...,N} into m nonempty subsets, so that m € [1 : N|. Define the inflation Z; ;R

RNXN as the linear map such that

Lty = Lo
where 1, has (p,q) entry 1if p € A and q € B, and 0 otherwise.

Thus, E; sends every m X m matrix into one with blocks that are constant on the rectangles
defined by the partition 7.

Lemma 3.9. Suppose A is an m X m real symmetric matrix. Then ZIT (A) has the same number
of positive eigenvalues and the same number of negative eigenvalues, counted with multiplicity, as
A does.

Proof. Define the weight matrix W, € RV*™ to have (i, j) entry 1ifi € T ;j and 0 otherwise. As
verified in [5], we have that

21 (A) =W, AW!  forany A € R™™ and WIW, =diag(|I}, ..., |,,l).

Since each set in 7 is nonempty, the matrix W, has full column rank and so may be extended to
an invertible N X N matrix X,, = [W, C] for some matrix C € RV*N=") Then

A0
X, [0 0] XI=w Aw! =3l (4).

Since X, is invertible, it follows from Sylvester’s law of inertia [21, Theorem 4.5.8] that Z; (A) and

A 0 S .
[ 0 0] have the same inertia, and the proof is complete. O
With Lemma 3.9 at hand, we can prove Theorem 3.7. First we introduce some notation.

Definition 3.10. Given an n X n real symmetric matrix

A= lAO 2 ] (3.1)

a Aun

and a positive integer m, let A,, := Z; (A) be the inflation of A according to the partition

T i={{1}...fn -1} {n,..,n—1+m}},
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so that
A, a a
T
a App = App
Am =1 : :
al a a

nn nn

As A e s,(j” for some k € {0, ..., n}, it follows from Lemma 3.9 that 4,, € S’(j‘_)ler forallm > 1.
Hence, there exists a k-indefinite Gram matrix A that can be considered as the direct limit of the
sequence of matrices (A,,);>_,, where A= (gij)zj‘:l € 9, is such that Z[N] = (gl-]-)ffj.=1 =AN_n+1
for all N > n. In particular, the matrix A is recoverable from A, since A = A

Below, the collection of all k-indefinite Gram matrices of the form A for some A as in (3.1) is

denoted Q’kf in

Note that f[A},] = f[A]j, foralln > 1 and f[A,,] = f[Al,, for all m > 1, which implies that
fIA] = f[A], whenever these quantities are well-defined.

Proof of Theorem 3.7.

(1) Itisimmediately seen that every positive homothety preserves % and every negative constant
sends & to itself. Furthermore, if f[—] preserves 94 then it sends g’kf‘“ to %,.. We now show
that

fl-1: @M 5 & ifandonlyif f[-]: S — % foralln > k.

Given this, the result follows at once from Theorem 1.3.

Suppose f[—] sends 21" to %, andlet A € % for some n > k. The Gram matrix A € Ffin
so f[A] = f[A] € % by assumption. Hence, the leading principal submatrix f [Aln) € SI(\;‘)
for all sufficiently large N, so for some N > n, but this matrix equals f[A]y_,+1, Which has the
same number of negative eigenvalues as f[A], by Lemma 3.9. Thus, f[—] maps s,(j” to itself.

Conversely, suppose f[—] maps S,(lk) to itself for all n >k and let A € Qkain for some

Ae S,(lk). We know that f[A] € S,Sk), by assumption, and therefore f[g][N] = TAH]INJ =

flAlN_pi1 € 5,(1"’ for all N > n, again using Lemma 3.9. Hence, f[A] € (@kﬁn C %, as
claimed. o

(2) If f(x) =dforsomed € Rthen f[B] =d € ##; C P, forall k > 1 and any infinite matrix B.

—_—

Similarly, if f(x) = f(0) + cx, with f(0) > 0 and ¢ > 0, then f[B] = f(0) + ¢B, so f[A]}, =

J(O)1,y, + cApy € S,(lk) for all sufficiently large n if A € %), by Lemma 2.2. In both cases we
see that f[—] : ﬁk - ﬁk. In turn, this condition implies that f[—] : g’kﬁn — ﬁk. We now
claim thatif f[—] : @kf in_, ﬁk, then f is a real constant or linear of the above form. Similarly
to the previous part, this follows from Theorem A, given the following claim:

fl-1: 2" P ifandonlyif f[-]: S — SV foralln > k.
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The proof of this equivalence follows the same lines as that in the previous part, so the details
are left to the interested reader. [l

4 | MULTI-VARIABLE TRANSFORMS WITH NEGATIVITY
CONSTRAINTS

We now turn to the analysis of functions of several variables, acting on tuples of matrices with
prescribed negativity. In the present section, we focus on functions of the form f : I — R, where
I = (—p, p) for some 0 < p < o0. The next section will address the cases where I = (0,p) and I =
[0, p). We will then turn to the complex setting in Section 6.

Recall that if B(P) = (bg}‘.) )) is an n X n matrix with entries in I for all p € [1 : m] then the

function f acts entrywise to produce the n x n matrix f[BY, ..., B™] with (i, j) entry
fIBY,...,B™],; = f(bf}), - bg.”)) foralli,j €[l : nl.

The negativity constraints on the domain are described by an m-tuple of nonnegative integers
k = (k;, ..., k,,). As noted in the introduction, we may permute the entries of k so that any zero
entries appear first: there exists m, € [0 : m] with k, =0 for p € [1 : my] and k, > 1 for p €
[my + 1 : m]. In this case, the m-tuple K is said to be admissible. We let k;,,, :=max{k, : p €

[1:ml]},

sy 1= sy x - x s¥1), and  s®) 1= SE 1) x - x SE (D).

The simplest generalization of the one-variable preserver problem would involve takingk; = -+ =
k,, = 1, but the more general problem is more interesting (and also more challenging). We now
recall our generalization of Theorem A, but break it into two parts for ease of exposition while
proving it.

Theorem 4.1 (The casesk = 0 and [ = 0). Let I = (—p, p), (0, p) or [0, p), where 0 < p < o0, and
letk € Z'! be admissible. Given a function f : I™ — R, the following are equivalent.

(1) The entrywise transform f[—] sends S,Sk)(l ) to s,(l‘” foralln = k..

(2) The entrywise transform f[—] sends Sr(lk)(l ) to s,ﬁ") foralln > k..

(3) The function f is independent of Xpy+1s - Xy aNd is represented on I'" by a convergent power
series in the reduced tuple X' := (x1, ..., X, ), with all Maclaurin coefficients nonnegative.

If instead, k = 0and |l > 1 then f[—] sends S,(lo)(l ) to S,(ll) if and only if the function f is represented
on I"™ by a power series Zaez'f CuX* with ¢, > 0 forallx € 77 \ {0}.

The case of entrywise positivity preservers corresponds to takingk = 0 and [ = 0. The analogue
of Schoenberg’s theorem holds, as shown by FitzGerald, Micchelli, and Pinkus in [15]. Before
that, Vasudeva [38] had obtained the one-sided, one-variable version of Schoenberg’s theorem,
which corresponds to taking m = 1and I = (0, c0). These results were extended to various smaller
domains in our previous work: see Theorem 1.6, the proof of which employs the multi-variable
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version of Bernstein’s theorem on absolutely monotone functions. This theorem was obtained by
Bernstein [9] for m = 1, and then by Schoenberg [34] for m = 2. For m > 2, see the Appendix.

Schoenberg’s theorem and these generalizations yield a large collection of preservers. Theo-
rem 4.1 shows that a similarly rich class of preservers is obtained even if one relaxes some (but not
all) of the negativity constraints, from none to some, provided that the codomain is still required
to be S,(IO).

We now complete the classification of the multi-variable transforms for the remaining case of
Theorem B. The class of functions obtained is given by a combination of the rich class of absolutely
monotone functions in the variables for which the corresponding entries of k are zero and the rigid
class of positive homotheties in a subset of the remaining variables.

Theorem 4.2 (The case of k # 0 and [ > 0). Let I := (—p, p), (0, p) or [0, p), where 0 < p < oo, let
k be admissible and not equal to 0, and suppose l is a positive integer. Given a function f : I - R,
the following are equivalent.

(1) The entrywise transform f[—] sends Sflk)(I ) to S,(f) foralln > k.-

(2) The entrywise transform f[—] sends S,Sk)(l ) to S,(f) foralln > k..

(3) There exists a function F : (—p, p)™ — R and a nonnegative constant c,, for each p € [m, +
1 : m] such that
(a) we have the representation

m
F&X) =F(xy, .., X)) + Z cpx,  forallxel™, (4.1

p=my+1

(b) the functionx’' := (xq, ..., me) — F(x') — F(Omo) is absolutely monotone, that is, it is rep-
resented on I by a convergent power series with all Maclaurin coefficients nonnegative,
and

(c) we have the inequality

p:cp>0

In the above, we adopt the convention that if my = 0 then F(x,, ..., me) is the constant F(0)
and (3)(b) is vacuously satisfied.

Remark 4.3. As asserted in [6, Remark 9.16] for the k = 0 case, there is no greater generality in
considering, for Theorems 4.1 and 4.2, domains of the form

(=p1,p1) X = X (P> Pm),  Where 0 < py,...,p,, < 00.

For finite p p» ONe can introduce the scaling x b Xp /P b whereas for infinite p p» ONe can truncate
to (=N, N), scale and then use the identity theorem to facilitate the extension to (—oo, ).

The simplest multi-variable generalization mentioned above, k; = -+ = k,,, = [, is a straightfor-
ward consequence of Theorem 4.2. The classification obtained is rigid and very close to what is
seen in Theorems 1.3 and 1.4.
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Corollary 4.4. Let1 := (—p,p), (0,p) or [0, p), where 0 < p < o0, let k and m be positive integers,
andlet f : I - R.

T
(1) The entrywise transform f[—] sends Sr(lkl'”)(I ) to 5,(lk) foralln > k ifand only if f(x) = cXp, for
a constant ¢ > 0 and some p, € [1 : m], or, when k = 1, we may also have f(x) = —c for some
c>0.
. (k1l) ) . .
(2) The entrywise transform f[—]sends S, ™ (I) to S,(l )for alln > kifand only if f(x) = cx, +d
forsome p, € [1 : m], with eitherc =0andd € R, orc > 0andd > 0.

It is not clear how to define inertia preservers when there are multiple matrices to which an
entrywise transform is applied. Hence, we provide no version of Theorem 1.2 in Corollary 4.4.
However, when we work over (0, p) or [0, p) in the next section, we will give a proof of the analogue
of Theorem 1.2 for these domains in the m = 1 case.

Proof. We first prove (1). The reverse implication is readily verified; for the forward assertion,
apply Theorem 4.2, noting that m; = 0, to obtain that either f(x) = F(0) or f(x) = F(0) + cx o

with F(0) > 0 and ¢ > 0. Now f = F(0) cannot take S,(lkl’T")(I ) to Sr(lk) for any real F(0) ifk > 2, and
for nonnegative F(0) if k = 1. We next assume that f(x) = F(0) + cxp 3 to complete the proof,
we need to show that F(0) = 0. Taking B = ... = B = —,1d, for ¢, € (0, p), the working
around (2.7) gives that F(0) = 0.

Coming to (2), the reverse implication is trivial for ¢ = 0, and follows from Lemma 2.2 ifc > 0
and d > 0. The forward implication follows immediately from Theorem 4.2. O

4.1 | The proofs

The remainder of this section is devoted to establishing Theorems 4.1 and 4.2 for the case I =
(—p, p). In addition to the replication trick and multi-variable analogues of various lemmas used
above, a key ingredient is Lemma 3.9. This result is indispensable for producing tuples of test
matrices of the same large dimension while preserving the number of negative eigenvalues.

The next proposition provides suitable multi-variable versions of Steps 1 and 2 from the proof
of Theorem A. To state it clearly, we introduce some notation.

Notation 4.5. Given n X n test matrices AY, ..., A(™ and constants €1, --» €y, We let the m-tuples
A =AY, ..., AM)and

A+el =AYV +e1,,,..,A" +¢,1,.,), (4.2)

and similarly for B and B + ¢1.

If P ={p, < -+ < pi}is a nonempty subset of [1 : m], then Ap and Ap + €p1 denote the cor-
responding k-tuples with entries whose indices appear in P, so that Ap = (A®V, ..., APK)) and
similarly for Ap + €pl.

If & € 7™, then A°® denotes the matrix (AM)°%1o .- o(AU™)°%n, where o denotes the Schur
product, so that A°* has (i, j) entry

A = (Al?}))% ---(Ag."))“m foralli,j €[l : nl.
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A function f with power-series representation f(x) = Y, c,x* acts on the m-tuple A to give the
n X n matrix f[A] = Y c, A%,

The following result and its corollary are not required when considering functions of a single
variable but they are crucial to our arguments in the multivariable setting.
Proposition 4.6. Let I := (—p, p), (0,p) or [0, p), where 0 < p < 0. Suppose f : I — R is such
>k

that the entrywise transform f[—] sends S,(lk)(I ) to 5,(11) foralln
nonnegative integer.

max> Where k € 7' and lis a

(1) The function f is represented on I'"™ by a power series Z“EZT ¢, X%, where the coefficient ¢, > 0
foralla € 77 \ {0}.

k
(2) Suppose the matrices AW, .., A, BD),  BM ¢ S,(lo) are such that AP) — B(P) S,i ")for all
€ [1 : m]. Fixe,, ..., €, > Osuch that the entries of AP) +¢ .1, and BP) +¢ 1. allliein
P 1 m prnxn pTnxn
I forevery p € [1 : m]. Then
fIB+¢€l] — f[A +€1]

is a positive semidefinite matrix with rank at most L.

Proof of Proposition 4.6 for I = (—p, p).

(1) Define g on I"™ by setting g(x) = f(x) — f(0). Given a constant t, € (0, p) and matrices A;,
Ay € SO, 1et N 1= kypyy + (1 + 2)n and

! (kp)
BP) = —t1de @ 0pe, i yw(ionuty) DAG T € Sy(D) 4.3)

forall p € [1 : m]. By hypothesis and Lemma 2.2, the entrywise transform ¢g[—] sends S](\}( 40)

to S](\IIH) , S0 g[B] € S](\fﬂ). As the block-diagonal matrix g[B] contains I + 2 copies of the
matrix g[A] on the diagonal, this last matrix must be positive semidefinite. It now follows
from Theorem 1.6 that g is absolutely monotone.

(2) It follows from the previous part that the function h : x — f(x)+ |f(0)| is absolutely
monotone, so h[A + €1] and h[B + €1] are positive semidefinite.

By Lemma 2.2, h[—] sends S,(lk)(l ) to S,Sl) for all n > k,,,,. Using (2.1), we see that

AP +¢1,., BP +e,1 (kp)

prnxn
B®P +¢1 A0 e, | 5w D

pinxn pinxn

forall p € [1 : m], so h[C] € Sgln) Hence, again using (2.1), we have that

fIA+e€el]— f[B+e€l] = h[A +€l] — h[B +€1] ES_,(II).

By the Schur product theorem, any absolutely monotone function preserves Loewner mono-
tonicity when acting entrywise; see Theorem 1.1. Hence, the matrix f[B + 1] — f[A + €1] is
positive semidefinite, and so has rank at most [, by the previous working. [
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‘We now present an application of the previous proposition after first introducing some nota-
tion. GivenasetP = {p; < - < pi} C[1 : m]andx = (x4, ..., x,,,) € R™,letP’ = [1 : m] \ Pand
Xp = (xp1 y s xpk). Further, let |P| denote the cardinality of the set P, so that |P| € [0 : m].

Corollary4.7. LetI := (—p, p), (0, p) or [0, p), where O < p < o0. Suppose the function f 1 I™ — R

is such that the entrywise transform f[—] sends S,(lk)(I ) to S,(f) Joralln > k., wherek € 7" and |
is a nonnegative integer.

(1) Givenany P C [1 : m], we may write f in the split representation

fx) = Z Carp xp)xpt  forallx eI™, (4.4)

ocpezlfl

where each Cap IS a function on I¥' such that Xpr > Co, xpr) — Co, (0p/) and Cap (with ap # 0p)
are absolutely monotone.

(2) Foreachp € [1 : m], let BP) € 5,(10) have rank k, and suppose the nonnegative constant €, is
such that B(P) + €15, has all of its entriesin 1. If g I - R is such that

9(xp) = Z CO,P(GP/)XgP forallxp € IY,
apez)\{o}

where each c,, is as in (4.4), then the matrix g[Bp] is positive semidefinite and has rank at most
L

Proof of Corollary 4.7 for I = (—p, p).

(24
(1) This is an immediate consequence of Proposition 4.6(1) and the fact that x* = XP‘,’ ' XZ" .

(2) That g[Bp] is positive semidefinite is a straightforward consequence of the Schur product
theorem. Next, applying Proposition 4.6(2) with (AP, B(P), ¢ ) there equal to (1 B(P) 4+

€, 150> €,) for all p, where €, = ¢, /2, it follows that

nxn»

C := f[B+el] — flel]

is positive semidefinite and has rank at most I. Thus, for the final claim it suffices to show that
the inequality C > ¢g[Bp] holds. Note first that

[Pl

Cap[Bpr +€pr1] > ¢ [ep1] forallay, € Z, ',

by Loewner monotonicity, as in the proof of Proposition 4.6(2). Again using the Schur product
theorem, it follows that

C = Z (C“P [BP/ + EP/].]O(BP + EPI)O“P - C“P [EP/1]0(€P1)°“P>

“PEZE‘

> Z Cap [epll]o<(BP +€pl)°%P — (epl)"“P)

P
cxPEZLl
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> cap(er)((Bp +6,1)°% = (61)°* )

ap#0

2 Cop (€p B "

ap#0

WV

= g[Bp]. O

With Proposition 4.6 and Corollary 4.7 at hand, we show the two theorems above.

Proof of Theorem 4.1 for I = (—p, p). We begin by showing a cycle of implications for the three
equivalent hypotheses. The Schur product theorem gives that (3) implies (1) and it is immediate
that (1) implies (2). We now assume (2) and deduce that (3) holds.

Note first that the case m, = m is Theorem 1.6, so we assume henceforth that m; < m. Proposi-
tion 4.6(1) gives that x — f(x) — f(0) is absolutely monotone and we claim that f(0) > 0, so that
f is itself absolutely monotone. To see this, let N = 1 + k,, and ¢, € (0, p), and set

(ep)
BWP) := O -k x(N—k,) ® —toldy € Sy"()  forallp €[1 : m]. (4.5)

By hypothesis, f[B] € S 1(\? )is positive semidefinite. In particular, its (1,1) entry f(0) is nonnegative.
To complete the first part of the proof, we now show that the power series that represents f

contains no monomials involving any of x,, 1, ..., X,,. We suppose without loss of generality that

there is a monomial containing x,,. Let a, b, 2t, € (0, p), witha < b, let N > 2 + k.., and set

a b k
B := [b a] ® (2oL i —told, B toldy ., € Sy™,

since the first matrix has one positive and one negative eigenvalue and 2,1;, . has eigenvalue
0 with multiplicity k,, — 1 and eigenvalue 2k, t, with multiplicity 1.
Similarly, for p € [1 : m — 1], let

. (kp)
B, 1= Qlolge, 11yxe,+1) ~ foldi,+1) @ Loldy i, 2 € Sy ).

By the continuity of eigenvalues, we can now take ¢, positive but sufficiently small so that, for all

peE(l:m—1],

(k) Ko
B+ ol iy-nxv-n) € Sy /1 ((0,0) and BY™ + oLy € Sy ((0,0)).  (46)

After this preamble, we can now define the test matrices we need. We take the partition 7 =
{{1,2}, {3} ...{N }} of [1 : N] into N — 1 subsets and then use the inflation operator EIT from
Definition 3.8 to produce

(B . Co
B - {Zn(Bp +elv_nxv-1) fp€E[l:m—1] “n

k
By Lemma 3.9, we have that B(?) € S,7((0,p)) for all p € [1 : m]. Hence, by hypothesis, the
matrix f[B] € Sﬁ? ). In particular, its leading principal 2 X 2 submatrix is positive semidefinite,
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but this submatrix M equals

[iggi ?EZ;] ,  Wwhere F(x,,) := f(ty + €y, ..., tg + €, X,,) forall x,,, € (0, p).

As f is absolutely monotone and we have assumed that its power-series representation contains
a monomial involving x,,, the function F is strictly increasing. This implies that the matrix M
has negative determinant, contradicting the fact that it is positive semidefinite. Hence, f cannot
depend on x,,, and similarly not on x, for any p > m,. Thus, (2) implies (3).

Finally, suppose k = 0 and [ > 1. The forward implication is a special case of Proposition 4.6(1).
For the converse, note that if g : x — f(x) — f(0) is absolutely monotone then the entrywise
transform g[—] sends S,(lo)(l ) to S,(ZO), by the Schur product theorem. Hence, by Lemma 2.2, the

entrywise map f[—] sends S,(lk)(l ) to Sfll) C S,(ll), as claimed. O
The remainder of this section is occupied by the following proof.
Proof of Theorem 4.2 for I = (—p, p). We first show that (3) implies (2). Suppose f has the form
(4.1) and let G(x') = F(x) — F(0) for all X' := (xy, ..., X, ). If the matrix B?) € S,(lk")(I) for all
p € [1 : m] then

m

SIB] = F(O)1,, + G[By. )1+ D, ¢, BP.

p=my+1

Since G is absolutely monotone and B, ..., B0 € S,(IO), the matrix G[By; . , 1] is positive semidef-
inite. Hence, by repeated applications of Lemma 2.2, the number of negative eigenvalues that the
matrix f[B] has is bounded above by that number for

m
M :=F(0)l,y, + Y c,BP.

p=my+1

By spectral decomposition, we can write BP) = Bgf) — B(P), where Bip ) and BP) are each the
sum of rank-one positive semidefinite matrices. Repeated application of Lemma 2.2 shows that

B® + B@ ¢ g%tk

; *) and therefore we have that M € S%) whereK := Lroy<o + 2
by (3)(c). Hence, M has at most [ negative eigenvalues and therefore so does f[B].
As in the single-variable case, we now claim that this working extends to show that (3) = (1).

Suppose k” = (k/,...,k/,) € Z"" \ {0} is such that k;. <k;forall j € [1 : m], sothat m| > m, and

picp>0 kp < l

k! .« < Kpax- If (3) holds for k then we can write
m
— /
fx) =Fy(xq, ..., xm(r)) + CpXps
p=m/+1
where

m/

0
Fo(xl,...,xm(r)) t=F(xy, e, X)) + 2 CpXp
p=my+1
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and c; =c,forpe [m6 +1 : m]. Since FO(Om(r)) = F(OmO), we have that

Iry0)<0 + Z k, < 1p@)<o + Z k, <1,
picp>0 picy>0

and therefore f[—] maps S,(lk/)(l ) into S,Sl) foralln > k] ., by the previous working.

That (1) = (2) isimmediate; finally, we show that (2) implies (3), in several steps. We commence
by noting that Proposition 4.6(1) gives that g : x — f(x) — f(0) has a power-series representation
with nonnegative coefficients.

Step 1: The only powers of x, with p € [my + 1 : m] that may occur in any monomial in the
power-series representation of f are xg and x})

Lemma 2.2 implies that the transform g[—] sends Sflk)(I ) to S,SlH) for all n > k.. We show
the claim by applying Theorem A to the restriction of g to each coordinate Xp,» Where p, €

k
[my+1 : m]. Given ¢, € (0,p) and B € S,(, p")(l) for each p € [1 : m], we define the block test
matrix

B(P) = B ® Okmaxkaax lfp = I?Oa
tolyxn @ (_tOIdkp) D O(kmax_kp)x(kmax_kp) otherwise,

where the term —tOIdkp is omitted if k,, = 0. As the block diagonal matrix ¢[B] has at most [ + 1
negative eigenvalues, so does its leading n X n block g, [B], where

9p, IRy x> g(tOIIT)

T
,—17 %5 tolm_po).

k
Thus, gpo[—] sends S,(l P 0)(I) into S,(f“), and it follows from Theorem A that 9po is of the
form required.
Step 2: The function f has the power-series representation

f®=Fx)+ ) c,&)x, forallxel™,

p=my+1

where X' = (x4, ..., Xp,,) and the functions ¢, and x' & F(x’) — F(0) are absolutely monotone.
Fix any ¢, € (0, p) and define

. . T T
h:I->R;x+—g (tolmO,xlm_m0>.

Then h is a polynomial with nonnegative coefficients whose degree is independent of ¢, by Step 1.
The claim follows if we can show that h is linear.

‘We suppose for contradiction that the claim fails to hold, so that d, the degree of h, is at least 2.
We suppose N > (d + 1)"*3 and let u be as in (2.3), where u,, € (0, 1), and B be as in (2.4), where
to € (0, p), € is positive and small enough to ensure B has entries in (0, o) and s o= (d + 1) for
j€[0:1+2].For p €[l : m], we define the block test matrix
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tol @0 _ _ if pe[l: myl,
B(p) = { 0TNXN (kmax —1X(Kmax—1) 0 (48)

B&® (_IOIdkp—l) &) O(kmax_kp)x(kmax_kp) lfp S [mo +1: m]

. ( ) (kp)
Since each B'P) € SN e

so does its leading N x N block, which is precisely h[B], but this is impossible by the analysis
following (2.4). This contradiction shows that h is linear.

Step 3: In the notation of Step 2, each absolutely monotone function c,, is constant.

To establish this claim we fix ¢, € (0, p) and let

—1(I ), the matrix g[B] has at most [ + 1 negative eigenvalues. Hence,

AD = toldjy @0 i fpeE[l:mg],
Oty 14k, )x(+14ky,) HPE[My+1 1 m]

and
(2] i .
B A Tfpe [1: my],
tolasxa+n) @ told 1 @ O~k +1)x (ke —k,+1) LD € [Mg+1 1 m].
Given any € € (0, 0 — t), we let ; = --- = ¢,,, = € and apply Proposition 4.6(2) to see that f[B +

€l] — f[A + €1] is positive semidefinite and has rank at most I. As this is a block-diagonal matrix,
the same holds for its (I + 1) x (I + 1) leading principal submatrix M. In particular, M is singular.
‘We now obtain a contradiction if any absolutely monotone function c, is nonconstant. We have

p
that
m
M =1, 2 Cpltoldiyr + €1y > boldipr + €1giayxsn)]
p=my+1

= (h.(to + E) - h(e))IdH_l + h(€)1(1+1)x(l+1)a
where h @ x £ Z;":m() + cp(xernO). If any function ¢, contains a nontrivial monomial, then so
does the absolutely monotone map h, which implies that

a:=h(ty+¢)>b:=h() >0,

and so the matrix M = (a — b)ld; ;1 + b1(;,1)x+1) Would be positive definite.
Step 4: Completing the proof.
To conclude, we assume f has the form (1.4) and show the bound

picy>0

We adapt the test matrix in (2.6) and the subsequent discussion to the present situation. We
define P, :={p € [my+1: m]:c,>0}if P, is empty then there is nothing to prove, so we
assume otherwise. We let {v; := 1g,,U,, ..., Ug,,} be an orthogonal basis of RK+!, where K :=
szP+ k, and fix a partition {J,, : p € P,} of [2 : K + 1] such that |J,,| = k, for all p. We fix
de (O,pmin{cp pEP +}) and choose a positive ¢ small enough to ensure the entries of the
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matrix

S
AP = g 18, - 2 vju! (4.9)

CP|P+| p J€l,

lie in (0, p). Lemma 2.3 then gives that AP € S (I Yforallp e P,.
We now let N :=K + k.., choose t, € (0 p) and use the inflation operator ET from
Definition 3.8 to obtain the test matrix

Onxn ifpell: my,
BP =zl (AP) ifpeP,,
O(n—k,x(N—k,) D (—oldy ) otherwise,

where 7 1= {{1},... . {K},{K +1,. N}} The matrix BP) € S (I) forall p € P,,by Lemma 3.9,
soB e SI(\}( ) and therefore fIB] e SJ(\II). As we see directly that

fIBl = F(O)1y,y + ) ¢,BP =x] (F(O)l(mx(m + ) cpA@)),

pEP, PpEP,

it follows from Lemma 3.9 that

K+1

FO i iyirny + D, CpAP = (F0) + Oy 1f, —€ D vju] (4.10)
PEP, j=

also has at most I negative eigenvalues.

There are now two cases to consider. If F(0) > 0 then Lemma 2.3 applied to (4.10) gives that
K <1, as desired. If, instead, we have that F(0) < 0 then we may shrink & if necessary to ensure
that F(0) + 6 < 0, and then again Lemma 2.3 gives the desired inequality, now K + 1 < I. O

5 | MULTI-VARIABLE TRANSFORMS FOR MATRICES WITH
POSITIVE ENTRIES

In this section, we provide proofs for results stated above where matrices have entries in the one-
sided intervalsI = (0, p)and I = [0, p), where 0 < p < o0, and functions have domains of the form

(0,p)™ and [0, p)™, where m > 1.

Remark 5.1. Aswith Remark 4.3, such classification results imply their counterparts for functions
with domains of the form

(0,p1) X X (Oa pm) or [Ouol) X X [Ouom),

where 0 < pq, ..., 0, < 0.
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Having explored the one-variable and multi-variable situations separately in the two-sided case,
where I = (—p, p), in this section we adopt a unified approach.

The case of I = [0, p) will follow from the other two cases. Thus, we firstlet I = (0, p) and defer
the proofs for I = [0, p) to Section 5.1. While the classification results for I = (—p, p) above hold
verbatim (except for the change of domain) when I = (0, p), the proofs need to be modified in sev-
eral places. We describe these modifications in what follows, and skip lightly over the remaining
arguments, which are essentially the same as those in Sections 2 and 4.

The first step is to prove Proposition 4.6 when I = (0, p). For this, we require the enhanced set
of test matrices given by the following lemma.

Lemma 5.2. Given constants a and b, with 0 < a < b, a nonnegative integer k and a nonnegative
constant €, the map

k
¥ =¥(a,b,k,e¢) : S,(lo) - S}E-}—)1+n; B (Mj41(a,b) @ B) + €L 14 nmyx(k+14n)

is well-defined, where

a b b b
b a b b

Mk+1(a, b) :=|b b b|= (a - b)Idk+1 + bl(k+1)><(k+1)'
b b b -« a

Furthermore, the k negative eigenvalues of ¥(B) are all equal to a — b for any choice of B.

Proof. The k = 0 case is immediate, so we assume henceforth that k > 1.
The matrix bl 1y+1) has rank one and eigenvector 1;, with eigenvalue (k + 1)b, so
M, ,1(a, b) has eigenvalue a + kb with multiplicity 1 and eigenvalue a — b with multiplicity k.
Let P = (k + 1)"'1;,,17 and P* =1d;,, — P, so that P and P* are spectral projections such

k+1
that My, ,(a,b) = (a + kb)P + (a — b)P* and

¥(B) = ((a+kb)P + (a— b)P) @ B + €141 4 nyx(ks14n)-

If v lies in the range of P, which has dimension k, then Pv = 0,; and lz V=050

W(B) [3’] —(a—b) [3’]

This shows that a — b is an eigenvalue of W(B) with multiplicity at least k. As the matrix
M, ,(a,b) ® B has k + 1 nonnegative eigenvalues, so does ¥(B), by [21, Corollary 4.3.9] and the
previous observation. This completes the proof. O

Proof of Proposition 4.6 and Corollary 4.7 for I = (0, p). The reader can verify that the above
proofs of Proposition 4.6(2) and Corollary 4.7 with I = (—p, p) go through verbatim for I = (0, p),
since all of the test matrices used therein have all their entries in (0, p). It remains to show that
the first part of Proposition 4.6 holds in this setting.
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We begin by fixinge € I = (0,p)and a,b € (0 p —¢)with a < b. Given a positive integer n and
an m-tuple of matrices A = (A, ..., AM) S ((0 p — €)), the matrix

ng) :=¥(a,b, ky, 0)((A(p))®(l+2)) = Mkp+1(a’ b) @ (AP)®U+2)

isan N » XN, block-diagonal matrix with entries in [0, p — €), where N p = kp +1+{+2)n,
k

for all p € [1 : m]. By Lemma 5.2, the matrix B(()p) +ely v, € SJ(V p)(I). We apply the inflation
p

operator Z; to this matrix, where
p
o o= {0 ey — K + 1 {Ray — by + 2} s fkax — kp + N3

By Lemma 3.9, the matrix B() := 5! (B(p ) is such that BP) + 1y, € S (I ), where N :=
kpax + 1+ +2)n.

It now follows from the hypotheses of the theorem that f[B + ¢1] € S](\?, wheree; = .- =¢,, =
€. Thus, by Lemma 2.2, we have that

%.[Bl € STV, where g.(x) 1= f(x +¢l,,) — f(e1,,).
The matrix g.[B] is block diagonal of the form
GelZ (M 11(a,D), e 20 (M, 11(a,D))] © g [A]P(+2),
where
={An{l,...kp, +1} 1 A€ 7} forallp e [1: m].

Thus, ¢.[A] cannot have any negative eigenvalues, for any m-tuple A € S,S")((o, o — e)) and all
n > 1. It now follows from Theorem 1.6 that

fx+e1,)— f(e1,) = g.(x) = Z CpcX® forallx € (0,0 —€)",

m
xeZ

where ¢, . > Oforall e € Z7".

As this holds for all € € (0, p), we see that f is smooth on (0, p)" and (3% f)(x) > 0 for all & #
0 and all x € (0, p)". In particular, axp f is absolutely monotone on (0, p)" for any p € [1 : m]
and so, by Theorem A.1, it has there a power-series representation with nonnegative Maclaurin
coefficients: we can write

@, N = Y (&, +1)c("> *  forallx € (0,p)",

aez!l

)

P
are equal for any distinct p and g, whence c,;

where c, > 0 for all . Since f is smooth, the mixed partial derivatives d, 6 f and d, 6 f

P) _ (q) whenever a;, > 0 and a; > 0. Hence, setting
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- c‘(xp)

Cy : makes c,, well-defined whenever o # 0. We let

fx) = Z Co X% for all x € (0, p)™,

a#0
which is convergent because
m
Z [, x¥| < Z Xp Z (orp + 1)ca+e;x“.
a#0 p=1 aia,>0

Note that axpf= 5xpf on (0, p)" forany[1 : m]and therefore f = f + ¢y ifweletcy := f(el,,) —
f(elm). Thisshows that x — f(x) hasa power-series representation on (0, p)"” of the form claimed
and so completes the proof of Proposition 4.6(1) when I = (0, p). O

With Proposition 4.6 and Corollary 4.7 now established for I = (0, p), we next show that the
two main theorems hold in this context.

We note first that if f has a power-series representation on (0, p)" as in the conclusion of Propo-
sition 4.6(1) then the unique extension of the function f to (—p, p)" will also be denoted by f and
will be used without further comment.

Proof of Theorem 4.1 for I = (0, p). The implication (1) = (2) is immediate, and that (3) = (1)
follows from the Schur product theorem. It remains to show that (2) = (3) and also the case
when k = 0 and [ > 1. Given (2), we note that Proposition 4.6(1) shows that f has a power-series
representation

f®) =) cx* forallx € (0,p)" (5.1)

m
a€Z+

with the coefficients ¢, > 0 for all @ # 0. In particular, the function x — f(x) — ¢, is continuous,
nonnegative, and nondecreasing on (0, p)"* and hence extends to a continuous function on [0, p)".
We denote this extension by g and use g to extend f to [0, )™ so that f(x) = g(x) + ¢, for all
x € [0,p0)™.

Now the proof of Theorem 4.1 for I = (—p, p) goes through verbatim, with one exception: the
test matrix in (4.5) must be changed. Welet N := k., + 1 and

m, o= {1} 2} .. kb {k, + 1, N}
Given a, b € (0, p), with a < b, the matrix

k
B = ijp (Mkp+1(a, b)) € Sz(vp)(l) forallp €[1 : m],

by Lemmas 5.2 and 3.9. It follows that the matrix f[B] is positive semidefinite, and soits (1, 1) entry
f(a1,,) = 0. Since f is continuous on [0, p)™, letting a — 0* gives that f(0) > 0, as required. []

Proof of Theorem 4.2 for I = (0, p). That (1) = (2) is immediate, while the proofs that (3) = (2)
and (3) = (1) go through as for the case where I = (—p, p). To show (2) = (3), we note as above
that Proposition 4.6(1) and the remarks immediately after (5.1) show the function f extends con-
tinuously to the domain [0, p)" with the power-series representation (5.1) there, and g : x —
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f(x) — f(0) is absolutely monotone on this domain. We will proceed parallel to the proof of
Theorem 4.2, indicating the changes required for each of its steps.

The first step is somewhat different and its proof is entirely changed.

Step 1': For each p € [my + 1 : m], only finitely many powers of X, occur in any monomial in
the power-series representation of f

Here we apply Corollary 4.7 instead of Theorem A to the restriction of g to each coordinate x,

To do this, we fix p, € [my+1 : m]and n > max{kpo,l + 3}, and suppose B € S,(lo)([o, p)) has
rank kpu' We take € > 0 such that B + €1,,,,, has all its entries in (0, p), choose t, € (0, 0 — €), and
let N :=n + k.. We let the matrix

B .= B D Oy ifp= l?o,
toLnxn @ Loldic,—1 @ O, . ke, +1)x(hpy—k,+1)  Otherwise.

nxn

We can write g in the split representation
[So]
g(x) = Z Cn(xhiﬂl]\{po})x;o forallx € [0, p)"
n=0

and so the function gI’Jo : [0, p) = R such that

[So]
gl’)o(x) 1= g(elgo_l,x,elz;l_po) - g(elgo_l,o, elz;l_po) = Z c (el x".
n=1
Applying Corollary 4.7(2) with P = {p,} and ¢, := e forall p € [1 : m], the matrix
B(Po) Z c (613_1)(3(1)0))0"

is positive semidefinite and has rank at most [. As g;O (0) = 0, this is a block matrix and so its

leading n X n block has the same property. Hence, gl’)0 sendsany B € S,SO) ([0, p)) with rank kpo to
a positive semidefinite matrix of rank at most [. Asn > max{kpo, I + 3}, applying [16, Theorems A
and B] with I = [0, p) gives that gI’JO is a polynomial. This proves the claim.

Step 2: The function f has the power-series representation

f®=Fx)+ ) c,&)x, forallxel™,

p=my+1

where x' = (xq, ..., Xp,) and the functions ¢, and x' = F(x") — F(0) are absolutely monotone.
The proof here is the same as above for the case when I = (—p, p) until the definition of the test
matrices in (4.8). Instead we let a, b € (0, p) be such that a < b and take

B - Lolnxn @ O e if p e[l : mygl,
) B&® Mk (a b) (<) O(kmax_k X (Kpax —K ) lfp S [mo +1: m],
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k
where Mkp (a,b) is as in Lemma 5.2. The matrix B/P) S( »)

N+kmax
(k)
that B®) + el i x(N ) € Stk

by the continuity of eigenvalues. Hence g[B + €1y xN+k,, )] has at most [ + 1 negative
eigenvalues, where ¢, = ¢ for all p. Letting ¢ — 0%, the same holds for g[B], again by the con-
SN
g[B] is a block matrix, its leading N X N block h[B] also has at most [ + 1 negative eigenval-
ues, where we recall that h(x) := g(tolao, xern_mO). As before, this is not possible according to
the analysis following (2.4) if h has degree 2 or more. Thus, & must be linear, which proves the
claim.

Step 3: In the notation of Step 2, each absolutely monotone function c,, is constant.

The proof above of this step when I = (—p, p) goes through verbatim if I = (0, p).

Step 4: Completing the proof.

The proof of this step with I = (—p, p) may be imitated verbatim, until and including the defi-
nition in (4.9) of the matrix AP for p € P +- To continue in the current setting, where I = (0, p),
weletN :=K + k., +1,choose a, b € (0, p) with a < b, and take some € € (0, p — b). With the
help of the inflation operator Z; from Definition 3.8, we let

([0,0)) and therefore we have

(I) for all p and all sufficiently small and positive ¢,

p

tinuity of eigenvalues, since is closed for the topology of entrywise convergence. As

blyun ifpell:m,
B ;=31 (AW) ifpep,,

(O(N—kp—l)x(N—kp—l) ® Mkp+1(a, b)) +€ly,y otherwise,

where 7 := {{1},...,{K},{K + 1,..,N}} and My ..(a,b) is as in Lemma 5.2. It follows from
Lemmas 5.2 and 3.9 that B € SI(\}{) ((0,p)). Hence,

_ 1 oD
fBl=F[BY, .. ,B™]+ ¥ ¢,BP e S)).
pePy

Since F is continuous, letting b — 0% gives that

F[Onyns - > Onsen] + 2 CpB(p) = F(OrTnO)leN + Z ch(p)
pePJr p€P+

0
= 2‘,; (F(O)I(K+1)X(K+1) + Z CPA(p)) S SI(V)’
pEP,

by the continuity of eigenvalues. Hence, the matrix in (4.10) also has at most | negative
eigenvalues, by Lemma 3.9, and the rest of the proof following (4.10) goes through unchanged. []

Remark 5.3. We could have used Step 1’ and its proof as above in place of Step 1 in the proof given
in Section 4 of Theorem 4.2 for I = (—p, p).

We now use Theorem 4.2 to establish two results for preservers when I = (0, p), including a
version of Corollary 4.4. The proofs require another carefully chosen set of test matrices.
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Lemma 5.4. There exists an invertible matrix A € Sgl) ((0, 5)) such that, for each positive integer
k, the matrix

(k=1)

AP 11y o € S; whenever t > 1.

k
Proof. Note first that the matrix
4 2 3
A=(2 1 2
3 2 4

has characteristic polynomial
det(xId; — A) = (x — 1)(x> —8x —1)
and eigenvalues 1, 4 + 1/17 and 4 — 1/17, whence A € Sél) ((0,5)).

To proceed, we recall Cauchy’s matrix determinant lemma, which can be found as [21,
eq. (0.8.5.11), p. 26] and states that

det(B + uv’) = det B + v’ (adjB)u,

where adj B denotes the adjugate of the matrix B. We also note the identity
adj(B® C) = (detC)adjB & (detB) adjC.
It follow from these identities that, for any t € R,
det(xIdy — AP — 1135, = det(xId; — A)* ! (det(xId; — A) — tk1] adj(xId; — A)13).

A straightforward computation reveals that

17 adj(xId; — A)1; = (3x — 1)(x — 1)
and so the characteristic polynomial of the linear pencil A®* + 15, is

det(xId; — A)*~1(x — 1)(x? — (8 + 3tk)x — 1 + tk).

Thus, A% + 115, € Sgt_l) if both roots of the polynomial x> — (8 + 3tk)x — 1+ tk are

positive, but this holds for all ¢ > 1. O

Now we have:

Proof of Corollary 4.4 for I = (0, p). The proof with I = (—p, p) of the second part goes through
verbatim over (0, p), as does the proof of the first part until the final sentence, which uses
the matrices B = ... = B = —eld;. having no entries in (0, p). Thus, it remains to show the
following holds.
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Suppose I := (0, p), where 0 < p < o0, and let f(x) = cx . dforallx € I, wherec > 0, p, €

P
T
[1:m]andd >0.Ifk > 1and f[—] sends S,(lkl’")(l) to S,(lk)for alln > k thend = 0.
To show this, suppose d > 0 and let A € Sél)((o, 5)) be as in Lemma 5.4. Choose & € (0,d/c)
such that § < p/5, so that (§A)®k e Sé’;) ([0, p)). This matrix is invertible, so (§A)®* + €155, €

Sgll? ((0, p)) for sufficiently small € > 0, by the continuity of eigenvalues. Then, by the assumption
on f,

B := fl(BA)® + €lga s (BA)PF + €1z ] = c(BA) + (e + ALy € ST
Furthermore, we can write

B = cS(A®F 4+ (d/c8)131531) + C€l3psais

and Lemma 5.4 implies that A®* + 115, -, € Séi_l) forallt > 1,s0B € Sg;_l), by Lemma 2.2.
This contradiction shows that d = 0, as claimed. O
We end by returning full circle to the first result we stated in the one-variable setting: the

classification of inertia preservers for matrices with positive or nonnegative entries.

Corollary 5.5. LetI := (0, p) or [0, p), where 0 < p < oo, and let k be a nonnegative integer. Given
a function f . I - R, the following are equivalent.

(1) The entrywise transform f[—]| preserves the inertia of all matrices in S®(I).
(2) The function is a positive homothety: f(x) = cx for some constant ¢ > 0.

In other words, Theorem 1.2 holds verbatim if I = (—p, p) is replaced by (0, p) or [0, p).
Proof for I = (0, p). Clearly, (2) implies (1). Conversely, if kK = 0 then the proof of Theorem 1.2
goes through in this case, using Theorem 1.6 with m = 1 in place of Schoenberg’s Theorem 1.1.

Otherwise, we have k > 1 and f[—] sends S,(qk)((o,p)) into S,(lk) for all n > k. The m = 1 case of

Theorem 4.2 with k; = | = k gives that either f(x) = d for some d € R or f(x) = cx + d, with
¢ > 0andd > 0. Now we are done by following the proof of Theorem 1.2 to out the first possibility

and using the italicized assertion in the proof of Corollary 4.4 to show that d = 0. O
5.1 | Proofs for matrices with nonnegative entries

We conclude by explaining how to modify the proofs given above to obtain Theorems 4.1 and 4.2,
together with their classification consequences in Corollaries 4.4 and 5.5, when I = [0, p). We
begin by establishing Proposition 4.6 and Corollary 4.7 in this context.

Proof of Proposition 4.6 and Corollary 4.7 for I = [0, p). Proofs of the second parts of Proposi-
tion 4.6 and Corollary 4.7 when I = (0, p) go through verbatim if I = [0, p), since the test matrices
used there have all their entries in (0, p). It remains to prove the first part of Proposition 4.6. This
follows the same reasoning as the proof of Proposition 4.6(1) for I = (—p, ), but with B(?) there
replaced by

. a(+2 (kp)
B := My 1(00) © Ot it D A7 € Sy’

for each p € [1 : m], where a, b € (0, p) with a < b and Mkp+1(a, b) is as in Lemma 5.2. O
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With these results in hand, we can now provide the final proofs.

Proof of Theorems 4.1 and 4.2, and of Corollaries 4.4 and 5.5, for I = [0, p). First, it is clear that
(1) implies (2) in Theorem 4.1. If (2) holds then f[—] sends S,(lk)((o, p)) to SO foralln > k,,,,
so the I = (0, p) part of Theorem 4.1 implies that the restriction of x — f(x) to (0, p)" is inde-
pendent of x,, ., ..., X,,. However, Proposition 4.6(1) implies that f is continuous on [0, p)",
so this independence extends to the whole domain of f and therefore (2) implies (3). Finally,
(3) = (1) by the Schur product theorem. The proof of the final part of Theorem 4.1 is identical to
the I = (—p, p) version.

For Theorem 4.2, clearly (1) = (2). If (2) holds then (3) holds for the restriction of f to (0, o)™,
and again Proposition 4.6(1) allows extension by continuity, so that (2) holds in general. The proof
that (3) implies (1) is unchanged from the I = (—p, p) case.

For both parts of Corollary 4.4, if f has the prescribed form then the entrywise transform maps

T T TN
S,(lkl’")(I) or S,(lkl'”)(l) to S,(lk) or S,(lk) when I = (—p, p), so the same holds when I = [0, p). The

converse uses the same restriction and continuity argument as before.

Finally, that (2) implies (1) in Corollary 5.5 is immediate. For the converse, note again that the
conclusion holds for the restriction of f to (0, o) and the continuity of f on I = [0, p) follows from
Theorem B and Proposition 4.6(1). [l

6 | TRANSFORMS OF COMPLEX HERMITIAN MATRICES

This section is devoted to understanding the class of entrywise negativity preservers for tuples of
Hermitian matrices with complex entries. We begin by recording the elementary observation that
entrywise conjugation preserves S,(lk)(C) for all k € [0 : n] and all n > 1, and by establishing the
following lemma.

Lemma 6.1. There exists a 2 X 2 complex Hermitian matrix A which is singular, has one positive
eigenvalue, and is such that the matrix cA + d A is positive definite for any choice of ¢, d € (0, ).

Proof. Choose any complex number ¢ of unit modulus other than 1 and —1 and let

(0

This matrix is Hermitian and has zero determinant and positive trace. If ¢, d € (0, o) then

1 — 17
dA) = ,
(cA+dA) <77 >

c+d 1

where 1 = (¢¢ + d?) /(c + d) lies in the interior of the line segment joining ¢ and E S0 is in the
open unit disc. The result follows. O

‘We are now equipped to prove the main result.

Proof of Theorem C. We first assume that (3) holds, so that the function f has the representa-
tion (1.6), and show (2), following the proof of Theorem 4.2 for I = (—p, p). Given B e 5,(1"" )(C)
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for all p € [1 : m], we have that

m
fIB] = F(O)1,, + G[By.p )]+ D, (c,BP +d,BP),

p=my+1

where G(z') = F(z') = F(0) for all 2’ := (z,,..., 2, ). Since BW, ..., Bm) g S,(IO)(C), the matrix
G[Bll:mo 11 is positive semidefinite by the Schur product theorem. Hence, by repeated applica-
tions of Lemma 2.2, which remains valid for complex Hermitian matrices, the number of negative
eigenvalues of the matrix f[B] is bounded above by the number of negative eigenvalues of

m
M :=FO)l,, + D (c,BP +d,BP).
p=my+1

As in the real case, we may use spectral decomposition and repeated applications of Lemma 2.2

to see that M € S,(IK)(C), where K := 1pg)< + Epch>0 k, + Zp:dp>0 k,. We conclude from
condition (3)(c) that M has at most [ negative eigenvalues. Hence, so does f[B].

This shows that (3) = (2), and the same working as for the real case now yields that (3) = (1).
Moreover, that (1) = (2) is trivial.

To conclude, we show that (2) = (3). The proof again follows similar steps to those proving
Proposition 4.6 and Theorem 4.2 when I = (—p, p), and also makes use of Theorem 1.8.

Step 1: Let g : C"™ — C be defined by setting ¢(z) := f(z) — f(0) for all z € C. The function g
has a power-series representation in z and z with nonnegative coefficients as seen in (1.5).

First, we note the complex Hermitian version of Lemma 2.2 implies g[—] : S](\}( )(C) - SSH)(C)
forall N > k... Forany t, € (0,0)and A4,,..., A, € S,(lo)(C), the block-diagonal matrix

. &(+2 (kp)
BP) 1= (~toldy ) @ O,k xth k) B Ap ) € S (C)

for all p € [1 : m], where N = k,,, + (I + 2)n. Our initial observation implies that the block-
diagonal matrix g[A]®(+2) can have at most [ + 1 negative eigenvalues, but this is only possible if
g[A] is positive semidefinite. We are now done, by Theorem 1.8.

Step 2: The preserver f satisfies (3)(a) and (3)(b).

This is obtained by restricting f to act on R, in which case Theorem B gives the representation

m
fx) = f(0)+ Z C«Xﬁ:moj + Z c;xp for all x € R™,
aez°\{0} p=my+1

where each coefficient c, and c; is nonnegative. On the other hand, by the previous step,

f@=f0)+ Y fux* forallx €R™, wherefy = ) 530

o’ ez!'\{0} a+f=a’

(Note that both power series are absolutely convergent on C".) Equating the two forms of f and
applying the identity theorem for several real variables, it follows that every monomial in the
series representation for f other than those occurring in (1.6) must vanish. This proves the claim.
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Step 3: The preserver f satisfies (3)(c).
Welet P, :={p€[my+1:m]:c,>0tand P, :={p€[my+1:m]:d,>0} If the set
P, UP, is empty then we take

B .= 0l XK if pe[1: myl,
_Idkpxkp @ O(kmax_kp)x(kmax_kp) ifpe [mo +1: m].

By assumption, we have that f[B] = F(0)1; .,  is Hermitian and has at most | negative
eigenvalues. This shows (3)(c).
Henceforth, we suppose P, U P, is nonempty. To see that F(0,, ) = f(0,,) is real, we let

B(P) = O(kmax+1_kp)x(kmax+1_kp) d (_Idkp) lfp S [1 . m]

Then f[B] is Hermitian, by assumption, so its (1, 1) entry f(0) is real.
With Lemma 6.1 at hand, we now proceed as in the final steps in the proof of Theorem 4.2. We
let

K = Z k, and K" := Z k,, (6.1)

pePJrr‘nl_’Jr peP+Al_3'Jr

where the symmetric difference P, AP, := (P, UP,)\ (P, NP,). We need to show that
1ry<o + 2K’ + K" < L.

IfP,. A\ ﬁ+ = @, we skip this paragraph. If not, we let {v; = 1g»,, Vs, ..., Ugr1} be an orthogo-
nal basis of RX"+! and extend the vectors v,, ..., Ugr,; to lie in RK”+2K"+1 by padding with zeros:
wesetD; :=v; @ 0y forj € [2 : K” +1]. Wefixapartition{J, : p € P, /AP, }of[2: K" +1]
such that |J | = k, for all p. Given 6 € (0, ), we let

5

A(p) =
e.p|P+ AP+|

T 1 ~ T
D O <. Z vjvj
P jel,
forallp e P, Air,whereep i=c,ifpeP, \P, ande, :=d,ifp € P, \ P,.Notethat AP) €
k —
s (C)forallp e P, /\ P,, by Lemma 2.3.

K" +2K"+1
Taking N := K" + 2K’ + kp,,,, we use the inflation operator =! from Definition 3.8 to obtain

the test matrix
Onun ifpell: mgl,
B® := =1 (AP) if p e P,AP,,
ON—ic,x(N—k,) & (=1dy ) if p € [mo +1 1 m]\ (P, UP,),
where 77 1= {{1},...,{K” + 2K'},{K” + 2K’ + 1,...,N}}.

It remains to define the test matrix BP) for p € P,.n §+ ={p; < -~ <p,}.Foreachs €[1: r],
we let
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and take

. @k
B(ps) = EI{ (O(T(”+1+2k3))><(1<”+1+2ks)) D (—A) ps OZk(sXZk(s)’

where A is given by Lemma 6.1.
k
It is easy to see that the matrix B(P) € S](Vp )(C) for all p € [1 : m], by Lemma 3.9, so f[B] €

S](\?(C). Furthermore, a direct computation shows that

fIB] = F(0) 1y, + Z_ c,BP + Z d,BP) + Z_ (c,B? +d,BP)
PEP\P, PEP\P, PEP,.NP,

= Ejr ((F(O) + 51K”>0)1(K”+2K’+1)><(K”+2K’+1))

K"+1 r
) T APk
+Z7‘L’ —lK//>O 2 vaj ®®(_CPSA_dpSA) Ps N
Jj=2 s=1

where 1gn. Zﬁ; v jva equals 0 € R! if K" = 0. By Lemma 3.9, the matrix f[B] has precisely
as many negative eigenvalues as the matrix

M = (F(O) + 51K">0)1(K”+2K'+1)><(K”+2Kf+1)

K" +1 r

+ —1K1/>0 Z UjU}W 6@(_CPSA_dPSZ)®kPS .
j=2 s=1

Lemmas 2.3 and 6.1 imply that the second term in this sum has exactly K" + 2K’ negative eigen-
values. Moreover, the vector 1 ,¢s, is not in the column space of this second term, since it is

orthogonal to each vector U; and the column spaces of the remaining block factors

— ok
Ok 4142k X (K" +1+2k,)) D (—epA—dp AT @ Oakox2les

together span Oy, @ C2X',

To conclude the proof, we consider two cases. If F(0) > 0 then Lemma 2.3 gives that M has
exactly K” + 2K’ negative eigenvalues, so K" + 2K’ < I, as desired. If, instead, we have that
F(0) < 0 then we can ensure that F(0) + d1gn < 0, shrinking & if necessary, and then M has
exactly K" + 2K’ + 1 negative eigenvalues. Again, this is at most [, which concludes the proof. []

‘We conclude by adapting Corollaries 4.4 and 5.5 to the complex setting. As conjugate maps are
involved, we re-state both results.

Corollary 6.2. Let k and m be positive integers and let f : I"™ — C.

T
(1) The entrywise transform f[—] sends S,(lkl'”)(C) to s,(j” foralln > k if and only if f(z) = CZp,
or f(z) = cafor a constant ¢ > 0 and some p, € [1 : m], oy, when k = 1, we may also have
f(z) = —c for some c > 0.
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(2) The entrywise transform f[—] sends S,(lklg“)(C) to S,(lk)forall n > kifandonlyif f(z) = czp, + d
or f(z) = cz_po+ d for some p, € [1 : m], with eitherc = 0andd € R, orc > 0andd > 0.

3) If m =1 and k' € {0, k}, the entrywise transform f[—] preserves the inertia of all matrices in
S () ifand only if f(z) = cz or f(z) = cz for some c > 0.

Proof. The proof of the first two parts are identical to the proof of the I = (—p, p) case of Corol-
lary 4.4, except that we use Theorem C instead of Theorem 4.2. To prove (3), the reverse inclusion is
immediate; conversely, Theorem C gives that either f(z) = cz + d or f(z) = ¢z + d, with ¢ > Oand
withd > 0ifc > 0. Now restricting to matrices with real entries, we are done by the corresponding
implication in Theorem 1.2. O

APPENDIX: ABSOLUTELY MONOTONE FUNCTIONS OF SEVERAL VARIABLES
The purpose of this appendix is to provide the proof of a result on absolutely monotone functions
of several variables that seems to not be readily available in the literature, but was used in previous
work [6] and is relevant to the present paper.

Given an open interval I C R and a positive integer m, let x = (xy,...,X,,) €[ and a =

(s ees @) € Z7. Set || 1= ay + -+ + ay,.
Recall that a smooth function f : I™ — R is absolutely monotone if
olel £
f(x) = ———5-(x1,..,Xp) 20 foralla € 7z} andx € I".
dx, - 9x,"
1 m

If, instead, the function f is such that
(-D*3*f(x) >0 foralle € 7V andx € I"™

then f is said to be completely monotone.

Afunction f : [0, 0)™ - R,where0 < p < o0, issaid to be absolutely monotone if the restriction
of f to (0, p)™ is absolutely monotone, as defined above, and f is continuous on [0, p)™. Step IT in
the proof of [31, Theorem 5] shows that such a function has nonnegative one-sided derivatives at
the boundary points of its domain.

Above and in previous work [6], we use the fact that absolutely monotone functions have
power-series representations with nonnegative Maclaurin coefficients. This result is used for
functions with domains of the form (0, p)"*, where 0 < p < o0 and m > 1. For m =1, this is a
special case of Bernstein’s theorem [9], and for m = 2 the power-series representation is derived
in Schoenberg’s paper [34] using completely monotone functions.

However, we were unable to find in the literature a reference for the case m > 2. WhenI = [0, p)
and p is finite, this representation theorem, for all m > 1, is found in Ressel’s work [31, Theorem 8];
the extension to the case p = oo is immediate, by the identity theorem.

To fill this gap, we state the following theorem and provide its proof.

Theorem A.1. Let I = (0,p), where 0 < p < oo, and let m be a positive integer. The smooth func-
tion f : I — R is absolutely monotone if and only if f is represented on I'"" by a power series with
nonnegative Maclaurin coefficients:

fx) = Z Co X% forallx € I, wherec, > 0 forall .

m
xeZ;
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Note that any function with such a representation extends to a real-analytic function on the
domain (—p, p)™.

Theorem A.1 was implicitly used to prove the multi-variable version of Schoenberg’s Theo-
rem 1.6 with I = (0, p)™ in our previous work [6], where it is used in turn to show this theorem
for I =[0,p)™ and I = (—p, p)™. The same result is used in the present work, to prove Proposi-
tion 4.6(1) for all three choices of I, leading to the characterization results of Theorems 4.1 and 4.2
and their corollaries.

We now turn to the proof of Theorem A.1. While it is likely that it would be possible to show this
result for m > 2 by adapting the proof for the m = 2 case given by Schoenberg [34], we proceed
differently here: we use Ressel’s theorem and a natural group operation on convex cones, well-
known in Hardy-space theory.

Proof of Theorem A.l. The reverse implication is clear. To prove the other, we note that, from the
previous remarks, we need only to show that an absolutely monotone function on (0, p)" has a
continuous extension to [0, p)" when p is finite. Moreover, by scaling, we may assume that p = 1.
We offer two different paths to show that such an extension exists.

Path 1: We note first that

g :(0,00)" = [0,00); X > f(e™™1,...,e7"m)

is completely monotone, because an inductive argument shows that
0*9)(x) = (-D*g(™)p,(e™,...,e™m)  foralla € ZT,

where p, is a polynomial with nonnegative coefficients. Hence, by [18, Corollaries 2.1 and 2.2],
the function g is real analytic on (0, c0)™. Composition with the change of coordinates

T : (0,1)™ - (0,00)™; (X1, X,) P (—lOg Xy, ..., —log x,,,)

now shows that f = goT is real analytic on (0, 1)".
Now fix € € (0,1/2) and consider the function.

h:(—l1-e" >R, x— f(x+e€l,).

It is immediate that h is absolutely monotone on [0, 1 — €)™, so it is represented there by a power
series with nonnegative Maclaurin coefficients, by [31, Theorem 8]:

fx+el,)=h(x) = ) dx* forallxe[0,1-¢)", (A1)

m
an+

whered,, > Oforalla € Z''. Moreover, this series is absolutely convergent forall x € [—¢,1 — €)™,
since € < 1/2. Thus, h admits a continuous extension to the boundary. Since f is real analytic and
agrees with the power series (A.1) on an open set, it admits a continuous extension to [0, 1), as
desired. O

Path 2: The following approach was communicated to us by Paul Ressel. Given any point x, €
[0,1)™, there exists €, > 0 such that x, + ¢,1,, € [0,1)". If

9x, - (0,60] = R; > f(x +11,,)
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then g > 0andso Ix, is convex on (0, €,]. Hence, s 9x, (o) exists, is finite and agrees with Ix, 0) =
f(x0) 1f X, € (0,1)™. We can now extend f to [0,1)" by setting

F 00,1 = R; x5 = gy (0%).

One can verify that this function satisfies the “forward difference” definition of absolute mono-
tonicity, as given on [31, pp. 259-260]. Hence, by [31, Theorem 8], f is represented by a convergent
series with nonnegative Maclaurin coefficients, and therefore so is f. O

ACKNOWLEDGMENTS

The authors hereby express their gratitude to the University of Delaware for its hospitality and
stimulating working environment, and in particular to the Virden Center in Lewes, where this
work was initiated. The authors also thank the Institute for Advanced Study, Princeton, and the
American Institute of Mathematics, Pasadena, for their hospitality while this work was contin-
ued. Apoorva Khare thanks Paul Ressel for useful discussions related to Theorem A.1. The authors
also thank the referee for helpful suggestions. Alexander Belton was partially supported by Lan-
caster University while some of this work was undertaken, and is grateful for the support of the
SPARC project Noncommutative Analysis and Probability, funded by the MHRD, Government of
India, and the hospitality of the Indian Institute of Science, Bangalore, which led to the conclud-
ing portion of this work. Dominique Guillot was partially supported by a University of Delaware
Research Foundation grant, by a Simons Foundation collaboration grant for mathematicians, by a
University of Delaware strategic initiative grant, and by NSF Award #2350067. Apoorva Khare was
partially supported by the Ramanujan Fellowship SB/S2/RJN-121/2017 and SwarnaJayanti Fellow-
ship grants SB/SJF/2019-20/14 and DST/SJF/MS/2019/3 from SERB and DST (Govt. of India), a
Shanti Swarup Bhatnagar Award from CSIR (Govt. of India), and the DST FIST program 2021
[TPN-700661]. He is also grateful for the support (via IISc) of the aforementioned SPARC project
Noncommutative Analysis and Probability, and the hospitality of the University of Plymouth, UK,
where this work was concluded. Mihai Putinar was partially supported by a Simons Foundation
collaboration grant.

JOURNAL INFORMATION

The Proceedings of the London Mathematical Society is wholly owned and managed by the London
Mathematical Society, a not-for-profit Charity registered with the UK Charity Commission.
All surplus income from its publishing programme is used to support mathematicians and
mathematics research in the form of research grants, conference grants, prizes, initiatives for
early career researchers and the promotion of mathematics.

ORCID

Alexander Belton ‘© https://orcid.org/0000-0002-4925-8294
Dominique Guillot ® https://orcid.org/0000-0002-8589-8061
Apoorva Khare @ https://orcid.org/0000-0002-1577-9171
Mihai Putinar ® https://orcid.org/0000-0003-1604-1651

REFERENCES

1. A. Atzmon and A. Pinkus, Rank restricting functions, Linear Algebra Appl. 372 (2003), 305-323.
2. T. Ya. Azizov and 1. S. Iokhvidov, Linear operators in spaces with an indefinite metric, Translated from the
Russian by E. R. Dawson, John Wiley & Sons, Ltd., Chichester, 1989.


https://orcid.org/0000-0002-4925-8294
https://orcid.org/0000-0002-4925-8294
https://orcid.org/0000-0002-8589-8061
https://orcid.org/0000-0002-8589-8061
https://orcid.org/0000-0002-1577-9171
https://orcid.org/0000-0002-1577-9171
https://orcid.org/0000-0003-1604-1651
https://orcid.org/0000-0003-1604-1651

NEGATIVITY-PRESERVING TRANSFORMS OF TUPLES OF SYMMETRIC MATRICES 45 of 46

3.

4.

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.
20.
21.
22.
23.
24.
25.
26.

27.

28.

29.

A. Belton, D. Guillot, A. Khare, and M. Putinar, Matrix positivity preservers in fixed dimension. I, Adv. Math.
298 (2016), 325-368.

A. Belton, D. Guillot, A. Khare, and M. Putinar, A panorama of positivity. Part II: fixed dimension, Complex
analysis and spectral theory, Proceedings of the CRM Workshop held at Laval University, QC, 2018 (G. Dales, D.
Khavinson, J. Mashreghi, eds.). CRM Proceedings - AMS Contemporary Mathematics, vol. 743, Amer. Math.
Soc., Providence, RI, 2020, pp. 109-150, Parts 1 and 2 (unified) available at arXiv:math.CA/1812.05482.

A. Belton, D. Guillot, A. Khare, and M. Putinar, Matrix compression along isogenic blocks, Acta Sci. Math.
(Szeged) 88 (2022), no. 1-2, 417-448, 100th anniversary special issue.

A. Belton, D. Guillot, A. Khare, and M. Putinar, Moment-sequence transforms, J. Eur. Math. Soc. 24 (2022), no.
9, 3109-3160.

A. Belton, D. Guillot, A. Khare, and M. Putinar, Totally positive kernels, Polya frequency functions, and their
transforms, J. d’Analyse Math. 150 (2023), no. 1, 83-158.

C. Berg, J. P. R. Christensen, and P. Ressel, Harmonic analysis on semigroups: theory of positive definite and
related functions, Graduate Texts in Mathematics, vol. 100, Springer, New York, 1984.

S. Bernstein, Sur les fonctions absolument monotones, Acta Math. 52 (1929), 1-66.

R. C.Bose and S. Chowla, Theorems in the additive theory of numbers, Comment. Math. Helv. 37 (1962), 141-147.
J. P.R. Christensen and P. Ressel, Functions operating on positive definite matrices and a theorem of Schoenberg,
Trans. Amer. Math. Soc. 243 (1978), 89-95.

J. P. R. Christensen and P. Ressel, Positive definite kernels on the complex Hilbert sphere, Math. Z. 180 (1982),
no. 2, 193-201.

P. Erdos and P. Turdn, On a problem of Sidon in additive number theory, and on some related problems, J. Lond.
Math. Soc. 16 (1941), no. 4, 212-215.

S. Fallat, C. R. Johnson, and A. D. Sokal, Total positivity of sums, Hadamard products and Hadamard powers:
results and counterexamples, Linear Algebra Appl. 520 (2017), 242-259.

C. H. FitzGerald, C. A. Micchelli, and A. Pinkus, Functions that preserve families of positive semidefinite
matrices, Linear Algebra Appl. 221 (1995), 83-102.

D. Guillot, A. Khare, and B. Rajaratnam, Preserving positivity for rank-constrained matrices, Trans. Amer. Math.
Soc. 369 (2017), no. 9, 6105-6145.

D. Guillot and B. Rajaratnam, Retaining positive definiteness in thresholded matrices, Linear Algebra Appl. 436
(2012), no. 11, 4143-4160.

G. M. Henkin and A. A. Shananin, Bernstein theorems and Radon transform. Application to the theory of pro-
duction functions, Translated from the Russian by S.I. Gelfand. Mathematical problems of tomography (1.
M. Gelfand and S. G. Gindikin, eds.), Translations of Mathematical Monographs, vol. 81, Amer. Math. Soc.,
Providence, RI, 1985, pp. 189-223.

C. S. Herz, Fonctions opérant sur les fonctions définies-positives, Ann. Inst. Fourier (Grenoble) 13 (1963), no. 1,
161-180.

R. A. Horn, The theory of infinitely divisible matrices and kernels, Trans. Amer. Math. Soc. 136 (1969), 269-286.
R. A. Horn and C. R. Johnson, Matrix analysis, 2nd ed., Cambridge University Press, Cambridge, 2013.

T. Jain, Hadamard powers of some positive matrices, Linear Algebra Appl. 528 (2017), 147-158.

T. Jain, Hadamard powers of rank two, doubly nonnegative matrices, Adv. Oper. Theory 5 (2020), no. 3, 839-849.
M. Keller-Ressel and S. Nargang, The hyperbolic geometry of financial networks, Scientific Reports 11 (2021),
art. #4732, 12 pp.

A. Khare, Matrix analysis and entrywise positivity preservers, London Math. Soc. Lecture Note Ser., vol. 471,
Cambridge University Press, Cambridge, 2022. Also Vol. 82, TRIM Series, Hindustan Book Agency, 2022.

A. Khare and T. Tao, On the sign patterns of entrywise positivity preservers in fixed dimension, Amer. J. Math.
143 (2021), no. 6, 1863-1929.

V. Khrulkov, L. Mirvakhabova, E. Ustinova, 1. Oseledets, and V. Lempitsky, Hyperbolic image embeddings,
IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR), Seattle, WA, USA, 2020, pp.
6417-6427.

R. Kleinberg, Geographic routing using hyperbolic space, 26th IEEE International Conference on Computer
Communications, Anchorage, AK, USA, 2007, pp. 1902-1909.

L. Molnar, A new look at local maps on algebraic structures of matrices and operators, New York J. Math. 28
(2022), 557-579.


http://arxiv.org/abs/1812.05482
http://www.hindbook.com/index.php/matrix-analysis-and-entrywise-positivity-preservers

46 of 46 BELTON ET AL.

30.
31.
32.
33.

34.

35.
36.

37.

38.

39.

40.

L. S. Pontryagin, Hermitian operators in spaces with indefinite metric, Izv. Akad. Nauk SSSR Ser. Mat. 8 (1944),
no. 6, 243-280.

P. Ressel, Higher order monotonic functions of several variables, Positivity 18 (2014), no. 2, 257-285.

W. Rudin, Positive definite sequences and absolutely monotonic functions, Duke Math. J. 26 (1959), no. 4, 617-622.
F. Sala, C. De Sa, A. Gu, and C. Ré, Representation tradeoffs for hyperbolic embeddings, Proc. Mach. Learn. Res.
80 (2018), 4460-4469.

1. J. Schoenberg, On finite-rowed systems of linear inequalities in infinitely many variables. II, Trans. Amer.
Math. Soc. 35 (1933), no. 2, 452-478.

L. J. Schoenberg, Positive definite functions on spheres, Duke Math. J. 9 (1942), no. 1, 96-108.

1. Schur, Bemerkungen zur Theorie der beschrinkten Bilinearformen mit unendlich vielen Verdnderlichen, J.
Reine Angew. Math. 140 (1911), 1-28.

J. Singer, A theorem in finite projective geometry and some applications to number theory, Trans. Amer. Math.
Soc. 43 (1938), no. 3, 377-385.

H. L. Vasudeva, Positive definite matrices and absolutely monotonic functions, Indian J. Pure Appl. Math. 10
(1979), no. 7, 854-858.

K. Verbeek and S. Suri, Metric embedding, hyperbolic space, and social networks, Comput. Geom. 59 (2016),
1-12.

P. K. Vishwakarma, Positivity preservers forbidden to operate on diagonal blocks, Trans. Amer. Math. Soc. 376
(2023), no. 8, 5261-5279.



	Negativity-preserving transforms of tuples of symmetric matrices
	Abstract
	1 | INTRODUCTION AND MAIN RESULTS
	1.1 | One-variable inertia preservers
	1.2 | Multi-variable transforms and nonbalanced domains
	1.3 | Organization of the paper
	1.4 | Notation

	2 | INERTIA PRESERVERS FOR MATRICES WITH REAL ENTRIES
	3 | ENTRYWISE PRESERVERS OF -INDEFINITE GRAM MATRICES
	3.1 | Gram matrices in Pontryagin space
	3.2 | Preservers of -indefinite Gram matrices

	4 | MULTI-VARIABLE TRANSFORMS WITH NEGATIVITY CONSTRAINTS
	4.1 | The proofs

	5 | MULTI-VARIABLE TRANSFORMS FOR MATRICES WITH POSITIVE ENTRIES
	5.1 | Proofs for matrices with nonnegative entries

	6 | TRANSFORMS OF COMPLEX HERMITIAN MATRICES
	APPENDIX: ABSOLUTELY MONOTONE FUNCTIONS OF SEVERAL VARIABLES
	ACKNOWLEDGMENTS
	JOURNAL INFORMATION
	ORCID
	REFERENCES


