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ABSTRACT

Earthquakes induced by injecting or extracting gas from underground reservoirs can pose a significant hazard to surrounding
infrastructure and populations. Safeguarding against future seismic hazards requires accurate models for the upper tail of the
earthquake magnitude distribution that are able to represent various intervention strategies. For these models, we need efficient
inference methods and reliable estimates of uncertainty. We propose a novel extreme value modelling procedure, which uses

known changes in the earthquake measurement network, to automatically select a parametric spatio-temporal extreme value

threshold which accounts for undetected earthquake values. We introduce methods to propagate the uncertainties in the extreme

value model parameters, the threshold parameters and the threshold functional formulation through to future hazard estimates.
We apply our methodology to the earthquake catalogue from the Groningen gas field in the Netherlands, delivering clear improve-
ments over existing analyses and providing the first quantification of the different sources of uncertainty in such estimates. The
procedure has the potential to be useful for a broad range of extreme value contexts to account for threshold uncertainty when

parametric threshold models are used, or where data are missing due to limitations in measurement equipment.

1 | Introduction

Extraction or injection of gases from or into underground reser-
voirs of porous rock causes poroelastic deformations in the sub-
surface, which can lead to seismic activity, known as induced
seismicity (Majer et al. 2007; Suckale 2009). Where these under-
ground reservoirs are located in populated areas, there exist sig-
nificant risks to public safety and of damage to infrastructure
(Ellsworth 2013), so accurately estimating the distribution of
induced earthquake magnitudes under future extraction or injec-
tion scenarios is of paramount importance. Such estimates can be
used to inform the construction or reinforcement of infrastruc-
ture to keep the hazard associated with induced seismic events at

an acceptable level. A key example of a region where this induced
seismicity is prevalent is the Groningen gas field in the Nether-
lands, one of the largest gas fields globally. Here, after a series
of damaging earthquakes, extraction has now stopped (despite
substantial remaining gas reserves), but earthquakes continue to
occur, with one of the largest ever recorded occurring in Novem-
ber 2025, and there is still debate on how best to determine the
funds needed to mitigate against future earthquake damage.

To aid decision-making on the future risks linked to the Gronin-
gen gas field, we must accurately estimate the distribution of
the magnitudes of seismic events, with particular interest in
the values beyond those that have already been observed. We
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focus our inferences on two particular quantities of practi-
cal interest. Firstly, the magnitude with a 90% probability of
occurrence over a 50-year span is widely used in the design of
earthquake-resistant infrastructure (Code 2005) which, if earth-
quakes were identically-distributed over time, corresponds to a
475-year return level. The second is the largest possible earth-
quake within the region, denoted M., used to address concerns
of worst case scenarios. For estimating M., there are purely sta-
tistical models (Beirlant et al. 2019), as well as a substantial body
of geophysical techniques (Galis et al. 2017; Weng et al. 2021).
Whichever approach is used, high-quality earthquake data cata-
logues are required. Unlike tectonically-driven earthquakes, the
largest induced earthquakes are small in magnitude, but they
occur at shallow depths and so they can cause significant damage
in close proximity to their locations despite their size. Catalogues
of observed events typically have small sample sizes and cover a
limited time-window 7 and spatial region X. Thus, it is vital to
make use of all the reliable, available information. For Gronin-
gen, the spatial region has been defined by geophysicists taking
into account the spatial extent of the hazard from induced earth-
quakes in the gas field.

The key challenge with induced seismicity is that small mag-
nitude events often go undetected. Induced seismic events are
located and measured by a network of geophones spread across
the region of interest. An earthquake is detected only if its mag-
nitude is large enough that its location may be identified by the
geophone network. Investment in this network over time has
resulted in much denser spatial coverage of geophones that has
improved the detection ability which, in turn, sheds light on the
occurrence rate of earthquakes which were undetected during
periods when the network was too sparse or insensitive to detect
such events. In seismicity studies, a key quantity is the magnitude
of completion, denoted by m,.(x,t), which is the smallest earth-
quake magnitude which can be detected with certainty if it occurs
atalocation x € X and time ¢ € 7. As the value of m_(x, t) relates
to the density of geophones around location x at time 7, it can only
be estimated using the observed earthquake catalogue.

To avoid bias, only detected earthquakes with magnitudes that
exceed the estimated magnitude of completion, denoted by
m,(x,t), for that earthquake’s location x and time ¢, should be
used in the subsequent analysis of seismic rate changes, static
and dynamic triggering, mapping of seismicity parameters, earth-
quake forecasting, and probabilistic seismic hazard assessment
(Mignan et al. 2011). Therefore, efficient estimation of the mag-
nitude of completion function m,(x,#) is vital. In estimating
m,(x,1), there is a bias-variance trade-off which affects design
level and M, inferences; too low an estimate incorporates a
set of observed earthquake magnitudes whose distribution devi-
ates from the distribution of true earthquakes due to some true
earthquakes being undetected (which biases inferences); while
over-estimation excludes valid data (leading to unnecessary vari-
ance).

As earthquake magnitudes are recorded on a logarithmic-scale,
they have R as a domain. Existing methods of inference focus on
modelling magnitude excesses above some constant value and,
hence, have a domain of R, . Since the very smallest magnitude
events are not of practical interest, we focus our presentation on
the distribution of true positive-magnitude earthquakes (detected

and undetected together) at any (x,?) through the choice of a
parametric distribution function Fy(y; x, ¢, 0 Fu) for y > 0 and with
0y, the vector of unknown parameters for . This choice of 0 as
the constant is arbitrary provided that m,(x,7) > 0 over X X 7,
and we will explain why it makes no difference to our end infer-
ences later in the paper. The most common assumption is that
true earthquake magnitudes are mutually independent and that
both F; and the ability to detect earthquakes are both invariant
toall (x,7) € X x T (Ogata 1988). Hence, true earthquakes have
independent and identically distributed (IID) magnitudes and
m,(x,t) = m, over X X 7. The undetected earthquakes below m,
make fitting F, to the detected data above 0 subject to substantial
bias due to the informative nature of the missing data. So under
these idealised assumptions, m, and F, are estimated as follows.
For a choice of parametric family for F;, and a candidate selection
m > 0 for m,, then the sample of earthquake magnitudes which
exceed m are realisations of IID variables with conditional distri-
bution function F,, where

Fy(m+y; 9F0) — Fy(m; OFU)
1 - Fy(m;0p)

F,(y:0F) = for y > 0.

Then, 1, is selected as the value of m for which there is deemed to
be the best fit between F ., and the observed excesses of m, whilst
accounting for the trade-off between bias and variance. Once 7,
has been obtained, ' #, together with the empirical rate per year of
magnitude exceedances of 1, are used for subsequent inferences
for risk assessments.

Even in the above idealised setting, inference for /i, and F 7, are
complicated as (i) the parametric family for F; is unknown, (ii) no
automated selection procedure exists for obtaining 71, which bal-
ances bias and variance considerations, and (iii) the inferences
of F s do not take account of the uncertainty in 77, and so will
typically lead to under-estimated uncertainty. Additionally, this
idealised formulation does not exploit the substantial investment
to the geophone network across 7, as there is a strong justifi-
cation for spatio-temporal changes in m,(x, ). Furthermore, it
does not allow for F, to change with (x, ) € X X 7 ; an identically
distributed F; is too simplistic for induced earthquake magni-
tudes where there is evidence of space-time variation in F; due to
changes in the incremental stress field (Bourne and Oates 2020;
Richter et al. 2020). Our paper addresses all of these limitations.

Of the issues raised above, first we discuss the fundamental
choice of parametric family for F;,. The typical, and essentially the
default, choice for F is an exponential distribution as motivated
by the Gutenberg-Richter law (Gutenberg and Richter 1956).
The memoryless property of the exponential implies that F,, will
also be exponentially distributed with the same rate parameter.
Natural extensions of the exponential distribution are lower-tail
bounded distributions, such as the Weibull and gamma distribu-
tions. Both of these have exponential upper tail decays so, as a
model for F,,, they do not offer much additional flexibility. Other
work has addressed concerns about the exponential distribution
being unbounded in its upper tail, which does not align with
the physical understanding that the seismic energy that can be
released in any region must have a finite upper bound and hence
M, < . Potential approaches to address this include the
truncated exponential distribution (Raschke 2015), the tapered
Gutenburg-Ritcher distribution (Vere-Jones et al. 2001), and the
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extended generalised Pareto distribution (Papastathopoulos and
Tawn 2013). None of these distributions has a mathematical or
physical justification, so even if they fit well in certain applica-
tions, there is no basis to believe that they are suitable in other
regions. Critically, unlike the exponential distribution, they do
not possess the threshold stability closure property that F,, is of
the same parametric form (with potentially different parameters)
as F, for any m > 0. Since we propose a model for F, above an
arbitrary baseline of 0 and use the excesses of the magnitude of
completion to fit this model, a lack of threshold stability substan-
tially undermines each of the above listed alternative families of
distributions as a feasible model in this instance.

The only entire family of continuous distributions which pos-
sesses the required threshold stability closure property is the
generalised Pareto distribution (GPD), with this family contain-
ing the exponential distribution as a special case (Davison and
Smith 1990; Coles 2001). This is the distribution that both Varty
et al. (2021) and Yue, Tawn, et al. (2025) used for modelling
the Groningen magnitude data (under the assumption that the
true earthquakes are IID) based on the following additional argu-
ments: (i) the GPD allows for lighter and heavier tails than the
exponential distribution in a flexible and parsimonious man-
ner including the finite upper-endpoint case which is consistent
with physical knowledge of M,,,,; (ii) there is good empirical
evidence for this choice, both for Groningen and other regions
(Shcherbakov et al. (2019)); (iii) it allows accurate estimation
of the upper tail and extrapolation beyond what has previously
been observed; and (iv) it has a strong asymptotic motivation
from extreme value methods for upper tail modelling. We adopt
the GPD for the distribution Fj, of magnitudes over the arbi-
trary level of 0, primarily due to its unique property of thresh-
old stability with the above factors being strong secondary rea-
sons. In an extension to Varty et al. (2021), we exploit the knowl-
edge from Bourne and Oates (2020) that the parameters of F,
vary over (x,t) with the changing stresses due to gas extraction
through the use of a spatio-temporal stress covariate, which has
been derived by geophysicists using a computationally-intensive
numerical model. Using this covariate, we can estimate the occur-
rence rate of earthquakes exceeding different magnitudes into the
future under various extraction scenarios.

The selection of an appropriate magnitude of completion func-
tion m,(x, t) is the next challenge. The vast majority of previous
approaches take this function to be a constant over X X 7 and
assume that earthquakes are IID with F;, being exponential (e.g.,
Mignan and Woessner (2012)). Other simplifying assumptions for
m,(x,t) have been used, for example, Hutton et al. (2010) and
Dasetal. (2012) used a piecewise-constant function with change-
points at pre-determined times and spatial regions, respectively.
These methods are likely to be inefficient as (a) knowledge of the
geophone network is not exploited, (b) the results will be sen-
sitive to the choice of the pre-determined neighbourhoods, (c)
the exponential distribution has practical limitations, and (d) the
assumption of being identically distributed may not hold. One
notable exception is Mignan et al. (2011), who focused on esti-
mating m,(x, 1) as a spatial function m,(x), and overcame inef-
ficiencies (a)-(c) above by using the surface distance from x to
the ith nearest geophone as a covariate, for i = 3 — 5 and avoiding
using an explicit model of F, through use of the non-parametric
maximum curvature method (Wyss et al. 1999).

Varty et al. (2021) proposed a range of new developments for esti-
mating m.(x,t) by taking it to be the threshold for a GPD. At
first sight, the selection of the magnitude of completion and the
GPD threshold may appear very different issues. In particular,
the magnitude of completion is the smallest level m for which
there is not a statistically significant departure of the detected
magnitude excesses of m from distribution F,, (as derived from
F,), while the GPD threshold is the smallest level u that provides
threshold-stability in the GPD fit at all higher levels than u. How-
ever, these are identical problems when F, is assumed to be a
GPD. In particular, Varty et al. (2021) proposed using an auto-
mated method for the selection of the threshold for a GPD with
a solely temporally-varying function, that is, m (x,) 1= m_(z).
They assumed that m,(f) follows a parametric sigmoid function
over time, with four parameters. This choice of parametric form
is somewhat arbitrary, but accounts for empirical evidence of a
smooth transition between time periods with constant values.
Although information about changes in the Groningen geophone
network is not used in their analysis, the estimated magnitude of
completion is consistent with periods of known investment into
the network and almost doubled the number of excesses over
m, (1) relative to using the established best constant estimate of
this function. ReferenceMurphy et al. (2025) showed that a vari-
ant of the Varty et al. (2021) threshold selection method outper-
forms the leading automated techniques for fitting a GPD in the
IID context.

Our research builds upon that of Varty et al. (2021) and Murphy
et al. (2025) to provide an automated threshold selection proce-
dure which overcomes each of the inefficiencies (a)-(d) of pre-
vious approaches. We focus on developing the first automated
method for making inference on the spatio-temporal function
m,(x,t), which accounts explicitly for the known details of the
evolving geophone network for the Groningen gas-field. We pro-
pose to estimate m_(x, f) as the threshold of a covariate-dependent
GPD. To simplify notation and align with standard terminology
for the GPD threshold, we subsequently use u(x, ) in place of
m,(x, ) for our inference, but refer to existing methods as esti-
mating m,(x, t). Within our methodology, we allow for u(x, ) to be
determined by a range of functional forms of the covariate V;(x, 1),
which is the three-dimensional distance from x to the ith near-
est geophone available at time ¢, and the choice of i for 1 <i < 4.
Hence, we use a more informative spatio-temporal set of covari-
ates than Mignan et al. (2011). We find statistical and practically
significant impact from using both V;(x, t) as a covariate for the
threshold and a gas extraction covariate in the GPD. Our fitted
model provides an excellent fit to the data with a lower threshold
than previously and the novel ability to predict earthquake risk
under different future gas extraction scenarios.

Critically this paper is novel from the perspectives of both earth-
quake modelling and extreme value methods, as we are the first
to explore the impact of the uncertainty in the estimation of the
magnitude of completion or equivalently the threshold function,
u(x, ), on the subsequent tail inferences of induced earthquake
magnitudes. In particular, we evaluate the additional uncertainty
as a result of the unknown threshold function as well as the
unknown formulation of the threshold function with covari-
ates. The paper is structured as follows. In Section 2, we present
details of the Groningen seismic data and the geophone network.
Section 3 reviews the extreme value methods that underpin the
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use of the GPD and outlines the associated threshold selection
approaches that we build on. In Section 4, we present our sta-
tistical methods for exploiting the knowledge of the geophone
network to derive estimates of both u(x,t), the distribution of
excesses over u(x,t) which varies with both x and ¢, and the
underlying intensity function of true earthquakes over X x 7.
In Section 5, we propose methods to account for the uncertainty
in the estimation of u(x, ¢) in the subsequent inferences. For the
Groningen data, we illustrate our methods for model inference
and selection, and demonstrate the improved performance rel-
ative to the widely-adopted conservative estimate of the magni-
tude of completion in Section 6. We finish with a discussion in
Section 7. A Supporting Information document provides addi-
tional information as well as a glossary of the key notation used
in this paper.

2 | Groningen Data
2.1 | Earthquake Data and Existing Estimates
of m_(t)

The Groningen earthquake catalogue covers the period, 7, from
April 1995 to January 2024 and consists of n = 1565 seismic
occurrences within the region of interest, &, which has been
determined by geophysicists. Events in this region pose a signif-
icant hazard and should be included in any analysis of the risks
associated with the gas field, G, where G C &, see Figure 1. The
catalogue includes the event hypocentre (a three-dimensional
location of surface position and depth), time, and magni-
tude denoted, respectively, by (x,,#,,y,) for k=1, ...,n. The
hypocentres x = (x;, x,, x;) are given as two-dimensional RD
coordinates (a grid-based planar projection of locations across
the Netherlands) and a corresponding depth with the majority of
depths being 3-4 km. Figure 1 shows the event magnitudes over
time and their spatial locations separately. The magnitudes are
recorded on the local magnitude (M, ) scale, a logarithmic scale
used to measure the energy released by an earthquake; hence the
few negative recorded values shown in the figure, which arise
when an earthquake has a hypocentre very close to a geophone.
As discussed in Section 1, we model F,, the distribution of true

magnitude excesses of OM;, so such negative magnitudes are
excluded from our analysis, but the majority of the Groningen
catalogue is relevant. Like Yue, Tawn, et al. (2025), we use a cat-
alogue with magnitudes reported to at least two decimal places
and the temporal precision is to a within a second of time res-
olution. Typically, catalogues report magnitudes to one decimal
place, resulting in a dataset of rounded observations, which pose
an added modelling challenge addressed by Varty et al. (2021).
There is uncertainty in the measurement of x, and y,, but not
t,, with this uncertainty potentially changing over time due to
improvements in the precision of individual geophones in the
network. We ignore these features in this analysis as geophysi-
cists anticipate that such uncertainty will be small by comparison
to the uncertainties addressed in this paper.

Figure 1 (left) shows that over time the number of recorded
earthquakes has increased as has the proportion of small earth-
quakes. We model both of these aspects in Section 4. There
are other noteworthy features, such as temporal clustering of
events, for example, just before 2010 there is a small cluster
of events which correspond to multiple aftershocks following
a large earthquake—we do not attempt to model this feature
here. Figure 1 (left) also shows the lines corresponding to two
previously-used formulations of m,(): a constant level of m, =
1.45M; (Dost and Kraaijpoel 2013) and a piece-wise constant
function with a single changepoint at 2015-12-25 (Yue, Tawn,
et al. 2025). The former is accepted as a conservative estimate of
m,, after accounting for rounding, whereas the latter is a bound-
ary case of the sigmoid function of Varty et al. (2021) as used by
Yue, Tawn, et al. (2025). The temporal panel shows that the rate of
occurrences of recorded earthquake magnitudes in the catalogue
hasincreased over 7. In fact, the rate per year has almost doubled,
from 46.33 to 81.25 before and after the changepoint in the piece-
wise constant m,(#) function. Above the conservative estimate of
m,(t) = 1.45M;, the rates per year are very similar, suggesting
the primary changes are seen in the occurrence rates of smaller
earthquakes. To help understand the nature of the change, we
calculate empirical estimates of the probabilities (and standard
errors based on asymptotic normality) of recording an earthquake
below 0.76M, (i.e., the value of m,(r) used by Varty et al. (2021)
after 2015-12-25) for ¢ before and after this changepoint; these are
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0.187 (0.013) and 0.448 (0.020) respectively. There are two poten-
tial reasons for this increase: improvements to the geophone net-
work and the impact of gas extraction. We explore each of these
aspects in Sections 2.2 and 2.3, respectively. As the changing rate
is specifically related to small magnitude events, it would appear
that the former aspect is likely the dominant factor influencing
this feature of the catalogue. The spatial panels of Figure 1 show
that there is no discernible substantial change in the locations of
earthquakes occurring before and after December 25, 2015. They
also show that most of the detected earthquakes occurring within
& are located within G and there are clear sub-regions of seismic
activity in G where the vast majority of the earthquake activity is
focused.

2.2 | The Geophone Network and the
Magnitude of Completion

The Royal Netherlands Meteorological Institute (KNMI) mea-
sures seismic activity across the Netherlands through an exten-
sive network of geophones (KNMI 2020). For this study, a geo-
phone dataset was available containing their locations (in RD
coordinates), depths and dates of operation over the Netherlands.
We use a subset of the country, denoted by R, as the plotting
domain in Figure 2, with X c R. This dataset was not avail-
able to Varty et al. (2021); they had access only to knowledge
of the time-window of the major developments across the net-
work between 2014-2017. Figure 2 illustrates the drastic change
in the network over 7 in terms of the number of geophones and
their spatial coverage in regions G, X and R. Temporally, we see
slow growth in the number of geophones prior to 2014, then
massive growth in the period 2014-2017. There have also been
some smaller changes post-2017 for G and X, and ongoing evolu-
tion in the network in R \ &. To illustrate the spatial evolution
of the network, we show the locations of the geophones which
were in operation in 2010 and 2020 separately. These snapshots
of the geophone network show that geophones are not located
uniformly across space, and that the network expands at differ-
ent rates over different regions. Specifically, geophones are placed
to achieve adequate spatial coverage with a focus on areas which
have seen a high intensity of earthquakes and extraction rates, see
Figures 1 and 3, respectively. Some geophones even exist outside

of the region X, with their locations selected to improve detection
of events occurring in X. Individual geophones can cease operat-
ing and so the total number of active geophones in a year can
decrease from previous years, for example, as can be seen from
Figure 2 with operating numbers decreasing from previous years
in 2005, 2014, 2015, and after 2020.

We exploit understanding of the spatio-temporal variation in
detection capability by measuring distances in three-dimensional
space and incorporating the operation times of individual geo-
phones, with our measure given by V;(x, t) for the distance to the
i™ nearest geophone from an earthquake at (x,7) for 1 <i <4.
The inclusion of the depth data is particularly helpful in captur-
ing differences in the distances to geophones when earthquakes
are close to a geophone in surface distance. We use V;(x, t), over
(x,1) € X X T for arange of i, as a covariate for estimating u(x, ).
Unlike Mignan et al. (2011), we use V; in our inference for a para-
metric model of the distribution of exceedances of u(x,t) via its
impact on u(x, t) itself. We also consider i = 1, 2 as these may bet-
ter reflect the spatio-temporal changes in the magnitude of com-
pletion, particularly for the early period of 7 when there were
very few geophones. Using V;(x, ) in this way opens up the first
possibility for spatio-temporal inference for u(x, ). This enables
a lowering of u(x,t) for some ¢ and x relative to previous stud-
ies at Groningen which improves the efficiency of all subsequent
inferences based on exceedances of the u(x, #) function.

2.3 | Extraction Stress Covariate

Following Bourne and Oates (2020), Smith et al. (2022) and Kaveh
et al. (2024), we use a key physical covariate in our analysis
to describe smooth changes in the distribution and occurrence
rates of large magnitude earthquakes as a result of gas extrac-
tion. The covariate, that we denote by s(x, 1), is the Kaiser stress
(KS) which, for each (x,t) € X x T, is the maximum difference
up to time ¢ of the vertically averaged stress at x from the ini-
tial stress state at the start of gas extraction in G. The KS covari-
ate is available on a 500 m x 500 m resolution spatial grid over
X (at a fixed depth of 3km) on a monthly basis over 7 U 7,
where 7 is the period from February 2024 -January 2055. These
KS values are derived from complex computationally intensive
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geophysics-based rock reservoir models which are driven by the
known spatio-temporal data on gas extraction for Groningen. The
KS values are calibrated for the period 7 by using measurements
of the time varying stress fields taken using boreholes and seis-
mic imaging. The projected values for 7, that we use are derived
under the assumption that there is no further extraction from the
gas-field, but KS for a range of other extraction scenarios can also
be derived.

Tang and Hudson (2010) and Zang et al. (2014) provided argu-
ments for KS being an informative covariate for earthquake
occurrences and their magnitudes. They point out that no seis-
mic activity can occur at a particular location until the maximum
previous stress level at that location is exceeded, since that max-
imum stress will have already caused all feasible earthquakes.
There is a limitation in that argument, as KS does not account for
local induced stresses in time and space caused by earthquakes
themselves, which can cause aftershocks. This is not of major
concern for Groningen, as only 20% of all earthquakes were clas-
sified as aftershocks using the classification method of Zaliapin
et al. (2008). We ignore such local changes in KS in our analy-
sis. A simple exploratory analysis, provided in Figure S.1 in the
Supporting Information, shows evidence that KS accounts for dif-
ferences in the distribution of the observed magnitudes of earth-
quakes, justifying its consideration in our statistical modelling in
Section 4.2.

We denote the KS field for the operation time period by S =
{s(x,1) : s(x,t) >0,x € X,t € T} and the forecast period by
Sp = {s(x,1) : s(x,1) >0,x € X,t € T}.KSisamonthly covari-
ate, presented here in units of MPa, and we take it to be constant
throughout each respective month. For each event included in
the catalogue (i.e.,fork =1, ..., n), we define s, = s(x,,t,)as the
value of the KS field s(x, ) at the grid point nearest to x,, at time
t,. Figure 3 [left] provides KS averaged over the year 2020 for a
fixed depth of 3 km, presented for all G, with some valuesin X \ G
not shown as these values are zero. A comparison of the regions

of highest KS with the spatial locations for the catalogue events
shown in Figure 2 indicates that KS is likely to be a useful covari-
ate for describing spatial variation in earthquake locations. For
each r € T U T, Figure 3 [right] shows KS at a fixed depth of 3
km averaged over the spatial region shown in Figure 3 [left] along
with KS values at three individual locations on a north-south
transect through G. The values for ¢ € 7 are obtained under the
assumption that no further extraction takes place in G. This plot
shows that, on average, the KS grows over t € 7, and continues to
grow at a slower rate for t € 7 as the stresses stabilise across the
region, with the temporal development varying over locations,
with KS constant in 7} for some locations.

3 | Underpinning Extreme Value Methods
Consider a univariate random variable Y with continuous dis-
tribution function F, upper endpoint y* :=sup{y : F(y) <1},
and threshold u < y*. Under weak assumptions on F, an asymp-
totic argument justifies the use of the generalised Pareto distribu-
tion (GPD) as a model for the conditional distribution function,
F,(»), of excesses over a high threshold u, that is, (Y — w)|(Y >
u), where F,(y) = [F(u+y) — F(w)]/[1 — Fw)] for y > 0. Specif-
ically, Pickands (1975) showed that as u — yf, if there exists a
function a(u) > 0 such that F,(a(u)y) is non-degenerate in the
limit, then F,(a(u)y) = G(y), where

G(y;0,8) =1—(1+¢&y/o) %, 6))

with y > 0, w, = max(w,0), the shape parameter £ € R deter-
mined by F, and the scale parameter ¢ € R, . This distribution
is denoted by GPD(o, &). A key property of the GPD for our mod-
elling is its distributional stability when the threshold is changed.
Suppose that for some threshold u, (Y — u)|(Y > u) ~ GPD(s,, &).
Then, for any threshold v, with u < v < yF, it follows that

(Y = 0)|(Y > v) ~ GPD(5,,&), with 6, =0, + v —u), (2)
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see Coles (2001). So, the GPD family and the shape parameter
are stable to a change in threshold, although the scale parame-
ter changes. The GPD is the only family of univariate continuous
distributions that satisfies such threshold stability, with the £ = 0
case (taken as the limit as &£ — 0) of the exponential distribution
resulting in the stronger lack of memory property.

A key challenge when employing a GPD is the selection of an
appropriate threshold, which requires a trade-off between bias
and variance: too low a threshold is likely to violate the asymp-
totic basis of the GPD, leading to bias, whilst too high a threshold
can result in very few threshold excesses to estimate parameters,
leading to unnecessary variance (Coles 2001). Even in the con-
text of IID data, this is not an easy task, and has been the focus of
much research e.g., Scarrott and MacDonald (2012), with a recent
review of the variety of methods, some automated, provided by
Belzile et al. (2023).

Applying the limit distribution G as an approximation for the
excesses over a selected threshold u, with u < y¥ being a high
quantile of F, leads to a statistical model for the tail of F, pop-
ularised by Davison and Smith (1990) and Coles (2001), given by:

Fy)=1-4[1-G,(y—-u0,7)], 3

for y > u with unknown threshold exceedance (intensity) rate,
scale and shape parameters 6, :=(4,,06,,&) € [0,1] xR, X R.
The upper tail behaviour of the GPD is determined by the value of
&: & = 0 as stated above gives the exponential distribution, & > 0
gives an unbounded distribution with power law decay, and for
£ <0, the distribution has a finite upper bound u — ¢,/&. The
(1 — p)th-quantile of Y, denoted by y,(0,), where Y has a GPD
tail, satisfies F(y,(0,)) = 1 — p. So,

-o,1- -t
y,(0,) = {“ o, [1-(p/A)7F| /€ for & #0, @

u—o,log(p/4,) for £ =0,

when p < 4,, that is, y,(8,) > u. Inference for the GPD above
threshold u is well established using likelihood (Davison and
Smith 1990) and Bayesian (Coles and Tawn 1996) approaches,
with comparisons made recently by Yue, Tawn, et al. (2025) for
incorporating a penalty function to account for experts’ knowl-
edge on the distribution of M., that is, an upper bound for
the GPD upper endpoint y¥. Specifically, Yue, Tawn, et al. (2025)
found that likelihood and Bayesian uncertainty analyses gave
very similar results provided prior knowledge was weak and that
the likelihood uncertainty in the GPD parameters was handled
via a parametric bootstrap. We adopt the latter approach for infer-
ence and uncertainty evaluation in this paper.

There are also well-established extreme value methods for
non-identically distributed variables and, in particular, when
covariates Z exist, observed as z, and affect the parameters of
the GPD above a threshold function, u(z), which can vary with
z (Kysely et al. 2010; Northrop and Jonathan 2011; Yue, Guo,
et al. 2025). Specifically, it is assumed that, for y > u(z),

y- u<z>>'“f“'-> ©

PrY >y|Z=2)=1- Au(z)<1 +&(z) pyee

+

with 4,(-),0,(-), and &(-) the respective covariate-dependent
threshold exceedance intensity rate, scale and shape parameter
functions, that is,

Y —u@E@)I(Y > u(z), Z = z) ~ GPD(0,(2), £(2)).

For a given threshold function, the typical approaches for mod-
elling the functional forms of the parameters use linear models
(Davison and Smith 1990) or variations of generalised additive
models (Chavez-Demoulin and Davison 2005; Youngman 2019),
each with suitable link functions. Usually, a log-link function for
0,(z) is used, although Eastoe and Tawn (2009) showed that for
the threshold stability property (2) to hold across covariate values,
the identity link is required. It is relatively standard to assume
that £(z) is constant, that is, £(z) = & for some unknown & for all
z. There are two core reasons for this choice (i) simplicity: the
shape parameter is difficult to estimate accurately, so typically,
there is insufficient evidence to choose a shape parameter func-
tion that is more complex than a constant, and (ii) across a range
of application areas, there appears to be evidence for a different
constant shape parameter being suitable for each different hazard
(Healy et al. 2025).

Our spatio-temporal approach for threshold selection extends the
purely temporal analysis of Varty et al. (2021). Their method was
developed specifically for the Groningen catalogue, in which the
underlying variables were assumed to be IID by a GPD, with the
missing data accounted for temporally through a time-varying
threshold. Varty et al. (2021) addressed the fact that excesses
of different candidate thresholds are not identically distributed
by using the fitted model to transform the sample excesses to
standard exponential margins and approximate the integrated
absolute error (IAE) on that scale. For model-fit assessment
of non-identically distributed GPD variables, transforming to
a common standard exponential distribution is an established
approach (Coles 2001). Furthermore, in the context of IID GPD
data, Murphy et al. (2025) proposed a novel automated selection
procedure for a constant threshold, termed the expected quan-
tile discrepancy (EQD), which selected the threshold value, by
similarly approximating the IAE, and selecting the level above
which the sample excesses are most consistent with a GPD model
out of all possible choices of level. Through an extensive sim-
ulation study, they found that the EQD approach convincingly
outperforms the leading existing automated methods for thresh-
old selection. A brief description of the EQD method is pro-
vided in Supporting Information S:3. The adjustments we make
to the EQD approach for our modelling context are discussed in
Section 4.

4 | Statistical Modelling and Inference

41 | Threshold Model

To properly account for changing data quality over time and
space, we must acknowledge the main factor in this, namely,
the evolving geophone network. The key starting point is to con-
sider geophysical evidence to suggest a structural model form for
u(x, ). The magnitude of completion varies as a function of the
Euclidean distance r > 0 from the hypocentre of an earthquake to
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a geophone. With a slight abuse of notation, we denote this rela-
tionship by m_(r). In idealised conditions, such as uniform rock
types, and with a single geophone detector, geophysicists have
identified that, for r > 0,

m(r) = ¢o + ¢, logr + ¢,r (6)

for constants (¢, ¢;,¢p,) determined by the rock properties
and the shock wave amplitude (Freudenreich et al. 2012;
Gaucher 2016). The log and linear terms are linked to shock-wave
attenuation and geometric spreading, respectively. Depending on
the conditions, simplifications of relationship (6) have been pro-
posed, with Goertz et al. (2012) and Demuth et al. (2016) setting
¢, = 0 and ¢, = 0, respectively.

Here, we choose to consider the components of relationship (6),
logr and r, individually. Additionally, we consider an interme-
diate form in /2. Combined with these choices of transforma-
tions, we take r = V;(x, ) where V;(x,t) is the spatio-temporal
covariate, introduced in Section 2.2, corresponding to the
three-dimensional Euclidean distance from x to the ith nearest
geophone in the network at time 7. Further reasoning for these
choices is given in Supporting Information S:4. Consequently, we
propose three distinct threshold function model types A, B, and
C for the functional relationship to distance, and four covariates
of distance, V;(x, ), i = 1 — 4, as input to the covariate model for
the GPD threshold u(x, t). Specifically, we consider the threshold
functions:

AL ou(x,t) =g+ o Vi(x,1);

B; i u(x,t) = ag + ay log(Vi(x,1));
C o oux,t)=ay+a;\/Vi(x,1), @)

for i =1 — 4, where (ay, @;) € R X R, with the restriction a; >
0 reflecting that threshold does not increase as the network
becomes denser.

Each of the resulting 12 (types A —C and i =1—4) thresh-
old models (7) captures the changing magnitude of completion
over time, in a broadly similar way to the sigmoid model of
Varty et al. (2021). Critically, our formulation provides a phys-
ical basis for the spatio-temporal variations in the threshold
function through covariates that capture the physical processes
of earthquake measurement. Consequently, it is more parsimo-
nious, with two parameters to estimate rather than the four of
the sigmoid of Varty et al. (2021), despite our threshold capturing
richer spatio-temporal variation and allowing for non-identically
distributed excesses. For subsequent inference, we face the dual
challenges of fitting the spatio-temporal parametric threshold
while also accounting for model choice uncertainty over the 12
different possible formulations.

4.2 | Distributional Model within the Observed
Period 7

We require a single distributional model of the magnitudes of
the true earthquakes. The term “true earthquakes” includes all
detected and undetected earthquakes. For the reasons discussed

in Section 1, we assume that the distribution of true earthquake
magnitudes above 0, that is, F;, is in the GPD parametric family
(1). This choice of 0M is made for mathematical convenience,
but in practice, any constant threshold below the minimum of
u(x, 1) over X x T will give identical inferences to our choice due
to the threshold stability property (2) of this distribution. We
use Y, (x,?) to denote the magnitude of true earthquake excesses
of 0M,, for hypocentre at (x,7) and only fit this model to data
excesses of the spatio-temporal threshold u(x, ) as it is only above
this threshold that the detected magnitudes are deemed to corre-
spond to all of the true magnitudes.

Unlike Ogata (1988), and the majority of the literature refer-
enced in Section 1, we do not assume that Y,(x,?) is identi-
cally distributed over (x,7) € X X 7. Following the discussion
in Section 2.3 of the recent use of the spatio-temporal covariate
KS and our findings from the exploratory analysis presented in
Figure 3, we propose a simple formulation for the inclusion of
s(x,t) in the GPD parameterisation. As discussed in Section 3,
we choose to keep the shape parameter constant and incorporate
the covariate-dependence into the GPD scale parameter. In line
with the view of Eastoe and Tawn (2009) on how to optimally
incorporate covariates in the GPD scale parameter to ensure the
threshold stability property holds, we make the distributional
assumption for F, that the true earthquake magnitude distribu-
tion above 0 is given by

Y,(x,1) ~ GPD(5y(x, 1), &), With o,4(x,1) = f, + f,s(x, 1),
for (x,N € XX T, (8)

where (6, f,.&) € R, X R, X R, where f;, > 0 since extraction
leads to a stochastic increase in earthquake magnitudes.

Model (8) cannot be fitted directly due to the biasing effects of
data below the unknown magnitude of completion function miss-
ing from the earthquake catalogue. However, any recorded earth-
quake (¢, x, y), with y > u(x, ) can be considered to be a reali-
sation of a variable linked directly to Y,(x, ). We focus on the
excesses of u(x, t), with this threshold function given by one of the
set of formulations (7). Exploiting the threshold stability property
(2) results in the following conditional distribution of the excesses
of the threshold u(x, 1):

(Y (x, 1) — u(x, ]| [Y (x, 1) > u(x,1)] ~ GPD(o,(x,1),£),
for (x,H) e XX T, 9

where 0,(x,1) = 0,(x, ) + Eu(x, t), with the scale and threshold
given by models (8) and (7), respectively, and o,,(x, ¢) is a function
of parameters (ay, a;, fy. f;) € R:‘r. All parameters of our model
for the threshold function and the GPD excesses of this function
are entirely identifiable, though at first sight this may not appear
to be the case. Concerns may arise given the structure of o,(x, ).
In particular, its intercept is a, + £f,. However, we have extra
information about the individual parameters (a,, £) from infer-
ences of the threshold function u(x, ) and the GPD distribution
shape parameter. Also, in terms of the regression parameters, as
Vi(x,t) and s(x,?) appear in separate components of the model
and have sample correlation of —0.5, there are no identifiability
concerns there either.
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4.3 | Intensity Model for Threshold
Exceedances

In addition to expressing parametric models for u(x, t) and F, in
terms of parameters (a,, ;) and (f,, f;, &), respectively, we need
to model the spatio-temporal rate of exceedance of earthquake
magnitudes over u(x, ), which we denote by 4,(x, t). As we know
only that u(x, r) > 0, we need both a model for the baseline inten-
sity of true earthquakes above OM, , which we denote by A,(x, 1),
and one for the rate of true earthquakes, occurring at (x, t), when
they have magnitudes exceeding u(x, ). We consider these ele-
ments of our model for A,(x, ) below, but first we give the estab-
lished approach for modelling the intensity of true earthquakes.

Bourne et al. (2018) present a parametric geophysics-based
covariate model formulation for the intensity function 4,,(x, ¢) of
true earthquakes over a constant magnitude, m. When the gas
reservoir is of constant thickness over X, which is a reasonable
first order approximation for the Groningen gas field, their model
simplifies to

os(x,t
An(X, 15 ¥0, 7)) = (at )eXp[y0+hS(x, ],
for (x,1) € X X (T U T), (10)

with parameters (y,,y;) € R?, where the temporal partial deriva-
tive term for the KS covariate s(x,?) is evaluated using finite
differencing. For a fixed hypocentre, the intensity model (10)
increases exponentially with s(x, 7) when its temporal derivative
is positive. To fit this intensity model, they avoid issues with unde-
tected earthquakes by taking m to be the conservative estimate
of the magnitude of completion, that is, m = 1.45M;, and they
estimate the parameters (y,, y;) using the subset {(t;,x;) : y, >
145,k =1, ...,n} of catalogue values, by making the assumption
that these are realisations of a Poisson process with intensity
Aqas(x, 1579, v1) over X x T . Toillustrate the implications of inten-
sity model (10), Figure 3 [right] shows how KS varies over time
for three selected locations, with KS being constant since 2021
for the southerly and centre locations. Hence, whatever values
of (m,y,,7;,) are used, the resulting intensity A,,(x,#;7,,7,) =0
at these locations since ds(x,?)/dt = 0, that is, no earthquakes
with a magnitude above OM, could occur at these locations after
2021. We model the baseline intensity A,(x,?) using formula-
tion (10) with m = 0 and if we detect an earthquake at (x,?)
with A4(x,1;7,7;) = 0, we deem that earthquake to be an after-
shock and omit it from the subsequent inference for the intensity
function.

We cannot estimate the function Ay(x,?;y,,7,) directly using
the Poisson process inference methods of Bourne et al. (2018)
because u(x,t) > 0 so any such inference would be biased due
to any undetected magnitudes in region {0 < y < u(x,1?) : (x,1) €
X X T'}. To overcome this limitation of the data, we estimate
Ao(x, 1570, 7,) using only magnitudes above u(x, ) > 0. Specifi-
cally, the intensity function of exceedances of u(x, r) reduces from
Ao(x, 1,75, 1) by the factor 1 — Fy(u(x, 1); x, 1), that is, the proba-
bility that an earthquake with a magnitude above 0, at hypocentre
(x, 1), exceeds u(x, t), Hence, our intensity model for hypocentres
and occurrence times associated with earthquakes with magni-
tudes exceeding our spatio-temporal threshold u(x, ?) is given by

A (x,1,0) = Ay(x, 15 ¥, y)I1 — Fy(u(x, 1)]

u(x, 1) A

oo(x, 1) +

= Ag(x. iy, 7)) |1+ € , (11)

where 0 = (ay, @y, fy, b1, &, 7p. 1) and the second equality is due
to our modelling of F; by the GPD model formulation (8).

4.4 | Inference and Diagnostics

Here, we detail our inferences for the parameters 0 of the com-
bined threshold-distributional model for magnitudes and for the
baseline intensity of true earthquake occurrences. For the former,
our inference procedure optimises the fit over three levels; the
GPD parameters (f,, f;, £); the threshold parameters («,, @ ); and
the threshold formulation (A — C,i = 1 — 4) and for the latter, we
optimise over parameters (y,, 7;) of the baseline intensity model
formulation (10). Given the threshold function choice, inferences
on (fy, f;,€) and (y,, ;) are orthogonal and so it is possible to
make inference on these separately.

For the combined threshold-distributional model, the inference
strategy is as follows. Firstly, we select one of the 12 specific func-
tional threshold formulations (7) and minimise the EQD metric,
of Section 3, to optimise values for (a,, a;); for each choice of
(ay, @) that is considered, the GPD parameters are optimised by
maximum likelihood estimation. This procedure is then repeated
for each threshold formulation (A — C,i = 1 — 4). Finally, once
estimates for (ay, @y, fy, f;, £) have been obtained for all 12 thresh-
old formulations, we use the EQD metric to compare between
these formulations to select the most appropriate combined dis-
tributional model and threshold function fit overall. We expand
on the details of these steps below.

For a given choice of the threshold function, its functional form
and values of («,, ,), the set of observed magnitude exceedance
indices are defined as K, ={k e {1, ...,n} : y, > u,}, where
u, .= u(x;,1,), and the vector of the associated exceedances y, =
{y, : k€ K,}. Letting 6, , := 0,(x,,1,), then for a given choice
of (&, @;), the GPD likelihood for (f,, #;,&) is

Lo by ) Y (@, 7)) = H{ ! (1+:(yk—uk>/au,k)f‘”‘f}~

kekK, uk

(12)

We denote the maximum likelihood estimates, given the thresh-
old function, by 6, = 6,(x,.1,) for k € K, and &,. Despite our
strong belief about the existence of a finite upper endpoint, and
hence £ < 0, we do not impose this constraint on the parameter
space when maximising the likelihood (12). Our reasons for this
choice are that we wanted to find the evidence in the data alone
that suggests that the upper tail is shorter than the established
exponential distribution for magnitude modelling. In Section 7,
we discuss possible ways of imposing a finite endpoint if that was
desired.

For a given choice of functional form for u(x,t), we need to
estimate the threshold parameters (a,, ;). We adapt the meth-
ods of Varty et al. (2021) and Murphy et al. (2025) to assess
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the fit of the GPD over possible values of (ay,a;). Here, we
outline our approach for evaluation of the EQD metric for the
parameter models detailed in Sections 4.1 and 4.2. For a given
(ay, a1), we define the vectors of hypocentres, times and stresses
of the earthquakes that exceed u(x,f), namely (X,.t,.s,) :=
{(xp, 1y, s(x, 1) © k € K, }. We resample with replacement the
rows of the array (y,, X,.t,,s,) to obtain bootstrapped sam-
ples (Davison and Hinkley 1997), where the b™ bootstrap is
(yu,Xb t2,s), and the k™ row of this array is denoted by
(yuk, ﬁk, k> S k) for k € K,. Using this bootstrapped sample,
we maximise the likelihood (12) to obtain parameter estimates
(ﬁo,ﬁl,f ) and hence obtain 6°, = 6 (x t”) The function o-” is
the maximum likelihood estlmate of the functlon o, def1ned by
expression (9), for the bth bootstrap sample. We transform the
vector of bootstrapped magnitudes yﬁ, via the probability inte-

gral transform, to the vector y®*, with its kth component y*’ =

K
EXP{G(yu P~ W6 " k, 5 )}, where F is the inverse distribution
function of a standard exponentlal and G is the GPD distribution
function (1). If the threshold is a good choice for the model then
yf”’ would resemble a sample from a standard exponential distri-

bution. Hence, we use the metric

B
d(ay, a)) = %Zdb(ao,al) where
b=1

_ J J
Fll——)- ;
Ex”<m+1) Q(m+1 y >

in the EQD method, where Q(j /(m + 1); yf"’) denotes the j /(m +
1) empirical quantile of y£*. This metric provides a comparable
measure of fit across different values of («,, a;), which does not
require threshold functions to be ordered in value across X x 7,
that is, the elements of the set K, need not be nested across dif-
ferent choices of (a, @;). Although not immediately obvious, the
EQD penalises candidate thresholds that are unnecessarily high
as the metric refits the GPD parameters for each bootstrapped
data sample above that threshold. When the candidate threshold
is too high, these bootstrapped parameter estimates create high
variability in the values of y ? leading to the EQD value being
larger than when a lower, more appropriate threshold is used.

dy(ag, a;) = %Z . (13)

=1

To enable the best choice of model over the different functional
forms for the threshold covariates, we separately minimise the
metric d(a,, @;) for each threshold function formulation. This
provides 12 metric values (A — C and i =1 —4) with the best
model formulation simply selected as the one achieving the min-
imum EQD. In Section 5, we detail our procedure for accounting
for the various uncertainties in this inference procedure, that is,
the uncertainty in the GPD parameter estimates, the uncertainty
in the threshold parameter estimation, and the uncertainty due
to the selection of the functional formulation of the threshold.

Using the estimated values @_, := (&, &, By, f;.&;) obtained,
we estimate the parametric intensity model for 4,(x, t; 6), given
by expression (11) using only earthquake data with magnitudes
above 7i(x, t). Specifically, letting @y = (971,, Yo, Y1) We have

-1/
A 1:0,) = Ao, 17 ) |1+ 8 2 ’)] RNGTY

Go(x,1)

where the estimated functions # and 6, are functions of (&, &;)
and (f,, #,), respectively, although this is not explicit in the
notation. To estimate (y,, y;), we follow the approach of Bourne
et al. (2018) in using the Poisson process-based likelihood includ-
ing only the exceedances of #, that is, using the likelihood

n
L(yy, 71) <Hﬂn(xk, 1 éy)l(ypzﬁﬁ)
k=1

exp<_/ / ﬂﬁ(x,t;@)dtdx>, (15)
xeX JreT

with 2,(x, #; @y) given by expression (14) and I(A) the indicator
function of event A. Then, (7,,7,) are obtained by maximising
the likelihood (15). The Poisson process is not a full descrip-
tion of the occurrences, due to aftershocks which result in local
clustering of events in space and time (Ross 2021), but, as dis-
cussed in Section 4.3, we do not incorporate aftershocks into this
likelihood.

The estimated magnitude of completion function ii(x, ¢) defines a
dataset of its exceedances with catalogue values indexed by K, as
defined in Section 4.4. To assess #i and the resulting model fit, we
explore the model performance for both the distribution of the
magnitudes of threshold excesses and the spatio-temporal den-
sity of earthquakes as these are of key importance. We use only
the subset indexed by K, of the catalogue as they are deemed the
complete and reliable data based on iI(x, 7). Given that each excess
of ti(x, t) follows a different distribution for each (x, r), we trans-
form the excesses into a common unit exponential distribution,
following Varty et al. (2021). Under the fitted model, the excesses
are assumed to be realisations of the distribution (9). We define
the transformed values by { . k € K}, where

= —log{[1 + &, — 0,)/6,0; %} for k€ K5, (16)

which will be a realisation of an approximately exponential(1)
distributed variable if the fit is adequate. Hence, we can assess
the fit of the model through standard quantile-quantile (QQ) plot
techniques. To assess the performance of A,(x, ; 0), our estimated
spatio-temporal occurrence rate of the excesses of the estimated
threshold function 71, we use two summaries of the intensity esti-
mates: A;f (T'; 0), the estimated expected yearly aggregated inten-
sity (in &) of events over @i in year T, and A, (x, T; §), the spatially
dis-aggregated version of that summary, where

Ag(T;@):/ / )tﬁ(x,t;é) drdx
xeX JteT

and Ay(x,T;0) = /

teT

Ay(x,1;0) dt. a7

We compare these expected values with the observed numbers
and locations of earthquakes in year T as a diagnostic assessment
for the intensity element of the model.

4.5 |
Events

Inference for Future Extreme Magnitude

Section 4.4 provides estimates, based on earthquakes exceeding
the threshold function 7i(x, ), of how the GPD F,, and the inten-
sity Ay(x, t) of true earthquakes above OM; vary with s(x, ) forx €
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X,t € T. We follow Beirlant et al. (2019) and Varty et al. (2021)
by focusing exclusively on future extreme magnitude events,
although geophysicists typically take the inference a step fur-
ther to develop estimates of the ground motion across the entire
region X (Bommer et al. 2017). We focus on two-types of future
extreme event summary: the largest possible earthquake magni-
tude and events that exceed magnitude v in some sub-region of
X under the scenario of no further extraction from the Gronin-
gen gas field over the period of 30 years from January 2025 until
April 2055, that s, the period 7. For this scenario, we have access
to the geophysical model-based predictions for the KS covariate
over the period 7, that is, Sy, although, as noted in Section 2.3,
this covariate ignores local time and space changes that arise
from earthquakes that induce after-shock events. We extend our
notation for oy(x, t) and A,(x, ¢) to incorporate the future covari-
ate estimates, so that conditioning on Sy, we have o, (x, t|S) and
Ao(x,t|SF), respectively.

Under an assumption of temporal stationarity and ignoring
any spatial variation, Beirlant et al. (2019) estimated the
upper-endpoint of the magnitude distribution. Under an iden-
tically distributed GPD assumption, the upper endpoint corre-
sponds to the finite value of u — 6, /& only when & < 0. Under our
GPD covariate model of Section 4.2, the upper endpoint varies
temporally and spatially into the future with form

e(x,t|Sg) 1= u(x,t) —0,(x,t|Sp)/E

= —0y(x,1|Sp) /& = =[By + Bys(x, D] /&, for & <0,
(18)

and e(x,t|Sy) = oo for £ > 0 for all (x,7) € X X T5. To provide
endpoint values which are practically useful for planning infras-
tructure maintenance and reinforcement, we consider two sum-
maries of the endpoint function (18) through its maximum

emax(Sp) and a weighted average e, (Sy). The definition of these
quantities are given in Supporting Information S:8.

It is reasonable to assume that the geophone network is designed
to a sufficient level that it will be certain to record any future
extreme events in the region. We consider earthquakes with mag-
nitudes exceeding level v in the future time period, with v >
u(x, 1) for all (x,1) € X X 7. As noted in Section 1, design stan-
dards require structures to withstand all earthquakes with a 90%
probability of occurrence over a 50-year span (Code 2005), which,
if the process was stationary, corresponds to the 475-year return
level. Here, we have S for 30 years into the future, so focus on
estimating an equivalent level of design risk such that the maxi-
mum earthquake magnitude over 7, must be less than v with a
93.87% probability.

We focus on the extreme event of the form R (X,7T;) = {x €
X,t€Tp,y€e R, : y> v}, as this enables comparisons of our
modelling approach with previous studies which ignore the spa-
tial context of the data. Under the scenario of no future extrac-
tion, the expected number of future occurrences of extreme event
R, (X, Tp) is given by

A (X, TE|SF)

/ / Ao(x,1|Sp)
xeX JreT,

-1/¢

1+ 5 dr dx. (19)

|SF)]

Letting N, (X, T;|Sy) be the number of future v-level extreme
events, then, under the assumption of a Poisson process of earth-
quakes, we have that the probability that no earthquakes with
magnitude in excess of v occur in X X T is given by

Pr(N, (X, T¢|Sp) = 0) = exp[—A (X, T |Sp)]. (20)
Hence, for a level of risk specified by Code (2005), we require
that v is such that A (X, 7| Sp) = —10g(0.9387). We estimate the
level v by solving this equation with the parameters of the statis-
tical models replaced by values estimated using the methods of
Section 4.4.

5 | Uncertainty Quantification

Similarly to Murphy et al. (2025), we use bootstrapping meth-
ods (Davison and Hinkley 1997) to quantify uncertainty in our
modelling procedure. Methods to generate confidence inter-
vals (CIs) using standard errors or profile likelihoods cannot
account for threshold uncertainty, and relying on asymptotic
arguments would not work well in our setting due to the spar-
sity of exceedances of the threshold function u(x,r). Below, we
propose three nested algorithms which capture uncertainty: (i)
in the GPD parameter estimation and the parameters of the rate
of exceedance of the threshold function, (ii) capturing the addi-
tional uncertainty from threshold parameters, and (iii) further
incorporating the threshold formulation uncertainty. The latter
two cover aleatoric and epistemic uncertainty about the magni-
tude of completion, while Murphy et al. (2025) considered aspects
(i) and (ii) in the simplified setting of IID variables. Accounting
for uncertainty in both the threshold model function formula-
tion in aspect (iii) and the inclusion of covariates are entirely
novel for extreme value analyses. Murphy et al. (2025) provided
strong evidence that the proposed extensions of the basic boot-
strap algorithm will provide useful quantifications of uncertainty.
In particular, they demonstrated a substantial improvement in
coverage probabilities of the resulting CIs for high quantiles in
several IID case studies.

Current seismic studies do not account for uncertainty in m,.
Accounting for only the uncertainty in the excess distribution
of the estimated magnitude of completion is not sufficient, as
the inference for u(x, t) relies on observed earthquakes, its value
is unknown and subsequent tail inferences can be highly sensi-
tive to its choice. Hence, we incorporate this additional source
of uncertainty to ensure that CIs for seismic hazards are not
too narrow. The algorithms detailed below provide methods for
uncertainty quantification when estimating a summary of inter-
est, which we denote by w(0), for any of the quantities discussed
in Section 4.5 or for other features of interest to geophysicists.

Algorithm 1 details the parametric bootstrapping procedure for
the uncertainty of both the GPD parameters (f,, f;,¢) and the
threshold exceedance rate through the parameters (y,, y;) of the
baseline intensity. Algorithm 1 treats the threshold function as
known, with the corresponding estimates (&,, @;) provided as
input and fixed and the remaining parameters of @ estimated as
explained in Section 4.4. For each b of the B, bootstraps, the
number of exceedances ng of the threshold function 7 is generated
along with the corresponding hypocentre for each exceedance
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ALGORITHM1 |
threshold function and covariate formulation.

Parameter uncertainty for GPD with known

Require: (&, &, Bpar, { Vs Xps 1, 5(x, 1) T k=1,...,n})
Estimate the remaining parameters of @ by fitting a GPD to
the magnitude excesses of the estimated threshold function,
defined using (&, @,), and obtaining GPD estimates (ﬁo, 1?1 R é)
and estimates (7, ;) of the parameters of the Poisson baseline
intensity function 4.
forb=1,..., By, do

. Simulate the number of exceedances ng
threshold function #, as a Poisson(Aﬁ(é)) variable, gen-
erate independently the ng hypocentres using density
Ay(x, 13 0) /Aa(é) and extract corresponding stress and

above the

threshold values s; and u;, k = 1,...,n.
« Simulate sample yf independently from a GPD with
parameters (6, = f, + By s? + &n, ) fork =1,....nt.

« Refit covariate GPD model to yZ and Poisson baseline
intensity to the hypocentre bootstrap data of exceedances
to obtain parameter estimates (42, 7, €., 7, 7?) and evalu-
ate w(6”).

end for
return A set of By, bootstrapped estimates for w().

and the respective magnitude excess values. Here, ”Z is a reali-
sation of a Poisson (Aﬁ(@)) variable, where

Ay(®) = / / A4(x,1;0) drdx (21)
xeX JteT

and A,(x, #; 0) is given by expression (14). We sample nz hypocen-
tres independently according to the density A,(x,; 0)/ /\ﬁ(é),
for (x,t) € X X T . For these simulated exceedance hypocentres,
we use the corresponding stress covariate values and the GPD
model (9) parameter estimates (f,, #,,&), to generate the para-
metric bootstrap sample of nb magnitude excesses. For each of the
bootstrapped samples, we keep (ao, @) fixed and re-estimate

par

all other parameters in 6, obtaining 9 = (G, &y, /30, /31,5 70,77

b
with which we can estimate any summary of interest, w(ea), and
construct CIs as quantiles of the sample of bootstrap estimates.

We next incorporate the uncertainty in the estimation of the
parameters (a,, a;) of the threshold function for a given func-
tional form of u(x, r) from the options (7). Algorithm 2 builds on
Algorithm 1 by using a double bootstrap procedure to account
for the uncertainty in the estimation of the threshold func-
tion parameters, (@,,;), for a particular formulation of the
threshold function. Firstly, we resample with replacement the
rows of the array {y,,x,.t;,s(x;.t,) : k=1, ...,n}, to gener-
ate By ,npar bOOtstrapped samples of the array, each with n rows.
Secondly, for each of the B, bootstrapped arrays, we obtain
point estimates of the threshold function parameters (a,,a;)
by minimising d(a,,a;) as defined in metric (13) and employ
Algorithm 1 to account for the uncertainty in the estimation
of (ﬁo, b1, &, yo,yl) For the bth bootstrapped sample, this gives

= (a), & ﬁo,ﬁl,.ff 70.7%). Finally, as above, we calculate a

b
summary of interest w(0") for each of the By, X By gy, SAMples
to construct CIs that incorporate uncertainty in the estimation of

ALGORITHM 2 |
parameters with known threshold covariate formulation.

Parameter uncertainty for GPD and threshold

Require: (anpar, Bpars Vs X 1y s(x, 1) T k=1,...,n})

forb=1,..., Byoypa do
. Sarnple n rows with replacement from array {y,, x, .,
s(xi. 1) 1 k=1,....n} to generate new array {y%, x5, s>
s(xbiby i k=1,....n}.
« Estimate values (a” Q ”) for the particular covariate formu-
lation for the threshold function u.
b

. Employ Algorithm 1 with inputs: (&(’)’, &f, Bars . xh,

s(x ck=1,...,n}).
end for
return A set of By, X By, bootstrapped estimates of w(0).

ALGORITHM 3 |
parameters with unknown threshold covariate formulation.

Parameter uncertainty for GPD and threshold

Require: (anpar, Bpars (Vi Xt s(x s 1) T k=1,...,n})

forb=1,..., Byoyps do
. Sample n rows with replacement from array {y,,x;,?.
s(xk,tk) : k=1,...,n} to generate new array {y?,x?, 1/
s(x ) k=1,...,n}.
. Apply each of the 12 formulations of the threshold func-
tion u, (A—C,i=1-4), select the most appropriate
threshold formulation by minimisation of the EQD val-
ues, and record values (ab ”’) for the selected covariate
formulation of u(X, 7).
Employ Algorithm 1 with inputs: (&g,
s(x” tb) ck=1,...,n}).
end for

return A set of By, X By, gp, boOtstrapped estimates of w(0).

b Ab

b b
Byars {y}> %y

the entire parameter vector 0, for the chosen formulation of the
threshold function.

The spatio-temporal formulation of the true threshold function
is unknown, but, as motivated in Section 4.1, we consider 12
possible threshold formulations as there is no clear geophysical
basis to select between them. Accounting for the uncertainty over
these 12 options is needed to provide reliable CIs for design of
hazard-resistant infrastructure. Algorithm 3 details a procedure
to propagate this uncertainty through to tail inference along with
the uncertainties described in Algorithms 1 and 2. It follows a
similar procedure to Algorithm 2, but additionally, allows the for-
mulation of the threshold function (as given by expressions (7))
to vary for each bootstrapped resample of the observed data.

6 | Application to Groningen Earthquakes
6.1 | Threshold Model Selection and GPD
Inference

We apply our developed model and inference methods to the
Groningen earthquakes and covariate data described in Section 2.
We use each of the 12 threshold function model formula-
tions identified in Section 4.1, which cover all combinations of
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covariates (V; : i =1, ...,4) and transformations A — C. As only
three geophones were active for the first earthquake in the cat-
alogue, we exclude that earthquake from the analyses to allow
comparisons of V; with i =1 —4 on the same data. We choose
the number of evaluation points and number of bootstraps within
the evaluation of the EQD to be (m, B) = (500, 200), based on the
sensitivity analysis of Murphy et al. (2025), with our value for B
larger than the default in that paper due to the added complexity
in our models. Rerunning the threshold selection procedure with
B = 1000 does not change the selected threshold formulation. We
optimise the EQD metric, d(«,, a;), over a fine grid of increments
of 0.02 over the range (a,, a;) € [0, 1.5] X [0, 0.8].

The EQD metric of fit for each of these 12 threshold function
formulations is given in Table 1, presented as relative values in
relation to the minimum obtained EQD metric. The best fitting
model is A,, a linear function of the distance to the second near-
est geophone, with the models B, and C, showing the best fits for
the forms B and C. The EQD values are very close suggesting that
there is little difference between the threshold function models
in terms of fit across the distribution, with no systematic bet-
ter performance for a given form A — C over covariate V; or vice
versa. A probable reason for the lack of discrimination between
the V; covariates is due to them being highly co-linear. For formu-
lations A — C, Figure 4 [right] shows that the differences in the
estimated threshold functions are small, apart from the period
1995-2000 when there were few earthquakes recorded. The esti-
mated threshold functions are generally high in early periods of
T due to the small number of geophones in operation then. How-
ever, there may be important differences between these estimated
threshold models when inferences are made far into the tail of

TABLE1 | EQD values for each threshold model formulation, A — C
and V;:i =1, ..., 4, relative to the best EQD value of 0.0321 for model A,.
The smallest EQD value for each formulation A — C is given in italics.

Model 1 2 3 4

A 1.037 1 1.084 1.019
B 1.019 1.028 1.115 1.053
C 1.034 1.025 1.128 1.065

the distribution, so accounting for the uncertainty in the thresh-
old functional form is vital for valid evaluation of the inference
uncertainty. This is investigated in Section 6.3, but for now, we
focus attention on models A,, B;, and C,.

To help understand the form of the best fitted threshold function
model A,, Figures 4 and 5 provide temporal and spatial sum-
maries, respectively. Figure 4 [left] shows the estimated threshold
function for the observed earthquakes {i(x,,7,) : k=1, ...n},
plotted as a continuous function over time (to aid visibility),
and the spatial average of the A, threshold across G for each
time, that is, /xeg i(x,1) dx over t € T. As reference points, also
included are the two previously studied conservative and change-
point thresholds, as given in Figure 1. The A, estimate, both
for the observed earthquake locations and in its average form,
has a broadly similar temporal behaviour to the changepoint
threshold, but differs in that at the start of the catalogue we esti-
mate a higher magnitude of completion for the observed earth-
quakes than the conservative threshold. Following this, our esti-
mate varies around the first constant value of the changepoint
model, before reducing in variability near the changepoint and
lying close to the subsequent level of the changepoint thresh-
old in the later period. The spatially averaged A, estimate shows
close agreement with the sigmoidal threshold model of Varty
et al. (2021). The key difference is that the A, threshold func-
tion incorporates the spatial evolution of the geophone network,
which is particularly important in early periods when the net-
work was sparse in sub-regions of X where earthquakes occurred.

Figure 4 [centre] shows the A, threshold estimate, over time, for
the three locations on a north-south transect through G, as iden-
tified in Figure 3. These curves reveal that the key differences are
early in 7, with the threshold being largest for the northern and
central locations and the southern location having values which
are close to the changepoint threshold. From 2016, the three sites’
thresholds are closely aligned.

Figure 4 [right] identifies that the fitted threshold for A, is mostly
above both B, and C,. There is variability in both threshold dif-
ferences throughout, with the differences diminishing after 2016,
particularly for C,. Despite these differences in the thresholds,
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FIGURE4 | Comparisons of fitted threshold functions. [Left] Best-performing threshold A, over time: (black) is éi(x,, 7,) for the kth earthquake in
the catalogue; (green) is the spatial average of the A, threshold across . Also on this plot is the conservative level of m, = 1.45 (red-dashed line) and

the changepoint threshold (solid blue line). [Centre] Threshold A, over time for the three locations shown in Figure 3: with the colours of the lines
matching the Figure 3 [left] location dot colours. The conservative and changepoint thresholds are shown for reference. [right] Difference between

thresholds: A, — B, (yellow) and A, — C, (red).
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the numbers of exceedances are rather similar, with A,, B, and
C, having 849, 890, and 851 exceedances, respectively, in com-
parison to the conservative threshold of 1.45M; and changepoint
thresholds having 364 and 817 exceedances, respectively. Thresh-
old model A,, which provides the best fit to the excesses accord-
ing to the EQD metric, captures similar behaviour in the magni-
tude of completion over time to the changepoint threshold, and
incorporates more exceedances than previous threshold choices,
which suggests that our estimator for the tail of the distribution of
earthquakes is preferable over previous analyses. See Section 6.3,
and Figure 9 for a discussion of the CIs of the temporal fea-
tures of these threshold estimates, with these CIs obtained using
Algorithms 2 and 3 to account for different aspects of the model
uncertainty.

Figure 5 illustrates how the A, threshold function #i(x, r) varies
over x € X relative to geophone locations and time. The esti-
mated function is plotted for 1st January in 2010 and 2020, which
span the major change in geophone density over 7. The figures
show clearly how the threshold function is lowered in the vicin-
ity of the geophones, as they are added, and that the wide cov-
erage of geophones across X in 2020 has reduced considerably
the presence of sub-regions of X where the estimated threshold
function exceeds 1M; . In the Supporting Information, Figure S.2
presents the estimated bootstrap standard errors for {#(x,7) : x €
X'} at the same two time points as in Figure 5, with the standard
errors estimated using Algorithms 2 and 3 to account for differ-
ent aspects of the model uncertainty. There is a slight increase
in standard error found when using Algorithm 3 rather than
Algorithm 2 as would be expected. The mean (max) ratios of the
spatial standard errors for the two dates are 1.12 (3.20) and 1.36
(2.17), respectively. For both algorithms, the standard errors are at
their lowest in rings surrounding the geophone locations at that
time, due to a property of prediction in regression as explained in
the Supporting Information.

The upper tail features of the fitted GPD are sensitive to the
choice of threshold function form. To illustrate this, we fit our
covariate GPD model to the excesses of A,, B, and C,, treating

230 240 250 260 270
Easting (km)

Spatial plots of model A, threshold function ii(x, r) for x € X for the dates January 01, 2010 (left) and January 01, 2020 (right). Active

the threshold as known in each case. The corresponding max-
imum likelihood estimates (and bootstrapped standard errors
obtained using Algorithm 1) for &, a key parameter for extreme
value inference, are &** = —0.154 (0.030), & = —0.158 (0.031)
and .»fcz = —0.141 (0.024). For the conservative threshold of u =
1.45 and our covariate model structure for o,, these values are
& =-0.069 (0.057). Itis reassuring that the inferences for £ are so
similar over the three selected threshold function models in terms
of both point estimates and uncertainties. Furthermore, our mod-
els almost halve the standard error relative to the conservative
threshold. The reduced standard errors show strong evidence that
£ < 0 and hence, provide evidence for the existence of a finite
upper endpoint for the distribution of magnitudes.

As most previous analyses of earthquakes treat excesses of the
threshold to be identically distributed, we also assess the signif-
icance of the KS covariate in the GPD scale parameter. Using
the same methods and summaries as for & we obtain that
fi* = 0.984 (0.375), f;" = 1.023 (0.339) and f;* = 0.951 (0.247).
In each case, g, differs from zero by approximately three stan-
dard errors and hence the GPD scale parameters vary statisti-
cally significantly with the KS covariate. In the Supporting Infor-
mation, Figure S.3 presents plots of 6,(x, ) over x € X for four
values of t € 7. These fitted values show a substantial practical
impact from incorporating the KS covariate into the scale param-
eter model, which is found to vary by a factor of up to two.

To assess the global fit of the GPD of a given threshold function,
we use standard QQ and probability-probability (PP) diagnos-
tics, each with 95% tolerance intervals which show bounds on
the stochastic variation on such plots if the data are exponen-
tial (1) or uniform samples, respectively, as is standard practice
(Coles 2001). Here, we present the more informative QQ-plots,
with the corresponding PP-plots for these three fits given in
Figure S.4 of the Supporting Information. Figure 6 compares the
QQ-plots for three different GPD threshold/covariate selection
combinations. For the conservative threshold of m, = 1.45M, , we
have two fits: under an IID assumption (left) and with the KS
covariate included in the scale parameter formulation (centre).
Lastly, the QQ-plot for our best fitting selected model is shown
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FIGURE 6 | QQ-plot assessments of various GPD model fits with excess values transformed onto standard Exponential margins: [left] IID GPD

with conservative threshold 1.45M;, [centre] GPD with KS covariate also with threshold 1.45M, , and [right] GPD with KS covariate above the threshold

function A,. Pointwise 95% tolerance intervals are in red-dashed lines.

(right), that is, with the estimated threshold function A, and GPD
model with the KS covariate. The IID fit with the conservative
threshold acts as a baseline to compare against previous mod-
elling of these data and provides a reasonable fit. Using the same
constant threshold, but with the KS covariate included, leads to
a visually similar quality of fit. For the threshold A,, collectively
the QQ- and PP-plots show an excellent fit across the whole distri-
bution. These A, threshold tolerance intervals are much tighter
than for the 1.45M, threshold, so we have majorly increased the
power for model selection. To recognise the full quality of the fit
above the A, threshold, we need to recall that the fit uses only
three parameters (f,, f;, £) to 849 data points, to capture the com-
plex spatio-temporal structure in the data, so there is no risk of
overfitting.

6.2 | Intensity Inference

Consider the fit of A,(x,1; ), the intensity model (14) for
exceedances of the A, estimated threshold function. In
Section 4.4, we outlined how we fitted model (11) using esti-
mates from the GPD above ii(x,r) together with a Poisson
likelihood fit of the parameters in the model Ay(x,?,7,,7;). As
identified in Section 2.3, when s(x, ) is constant between con-
secutive monthly values, model (10) gives a zero value, and we
choose to interpret earthquakes at those times as after-shocks.
Twenty-six such earthquakes were removed from our inference
and diagnostics for the intensity model on this basis. With the
remaining exceedances, we obtained estimates and associated
bootstrap standard errors (in parentheses) of 7, = —0.4 (0.2)
and 7, =15.6 (0.7). We can compare our method to that of
Bourne et al. (2018), which uses a threshold u = 1.45, in terms
of efficiency for estimating features of the intensity function,
by comparing estimates of y,, as this parameter captures the
important geophysical effect of KS on the intensity. With our
spatio-temporal threshold, we use 485 extra data values from the
catalogue that are omitted from the Bourne et al. (2018) analysis,
namely {y, : @(x,,t,) <y, <1.45for k =1, ...,n}. In particu-
lar, omitting 14 KS zero gradient events, with u = 1.45 (with our
covariate formulation for o,), the conservative threshold gives
7, =13.2 (1.8), which is consistent with, but 2.5 times more
uncertain than our estimate of y;.

Figures 7 [left] and 8, respectively, show temporal and spatial
intensity summaries Ag (T;0,) and Ay(x,T;0,) of Section 4.4
and the earthquakes that exceed the estimated threshold, exclud-
ing those deemed to be aftershocks. Figure 7 [left] compares
the observed and expected annual earthquake counts above the
threshold A, together with pointwise bootstrap 95% CIs for the
expected value estimates found using Algorithms 2 and 3. Both
sets of CIs are very similar, with those from Algorithm 3 slightly
wider when the intensity peaks, and both intervals contain the
observed counts throughout ¢t € 7. In particular, the fit captures
the rapid growth in earthquakes above this threshold caused by
a combination of gas extraction stresses increasing and expan-
sion in the geophone network lowering the threshold. The esti-
mates also follow closely the observed decline in excesses after
2015, despite the lowering of the threshold in this period. This
reduction comes from the KS settling to a constant for each x €
X, due to the cessation of extraction. In Figure 7 [left] the close
agreement between the observed and expected annual earth-
quake counts above estimated threshold A, suggests that A, is
at least as large as the magnitude of completion over time and
space. Figure 8 shows a similarly good fit on the intensity from the
spatial perspective. Specifically, it presents A, (x, T éa)’ the inte-
grated intensity over a year, for each grid box in & for the years
2010 and 2020. The estimated expected spatial intensity matches
closely with the locations of earthquakes exceeding threshold A,
in these years: observations are clustered around the two clear
spatial peaks in the estimated intensity and, in 2020, a few events
in the south-east of the region are centred on local intensity
maxima.

In Figure 7 [centre], we compare the observed and expected
numbers of earthquakes above OM;, both excluding earth-
quakes with zero KS temporal gradient as mentioned above. The
expected numbers shown are estimated under our model given
by A(’f (T;0,), see expression (18), with the expected value being
derived under the assumption that F, is GPD. We also provide
pointwise bootstrap 95% ClIs for these estimated expected values
found using Algorithms 2 and 3, with little practical difference
between these two types of intervals. The expected and observed
counts per year 7' show a marked difference, even after account-
ing for the CIs for the expected value estimates, with the observed
count less than the lower bound of the CI in all years because

Environmetrics, 2026

15 of 22



i 0.8
400 b

n N ;o
75 [ S

w
=3
=]

o

o

50

Number per year
Ny
o
S

Number per year
Proportion observed

I
~

25
100

.y

1995 2000 2005 2010 2015 2020 1995 2000 2005 2010 2015 2020 1995 2000 2005 2010 2015 2020

Year Year Year
FIGURE7 | Estimates of features of the occurrence properties of earthquakes for years T = 1995, ..., 2023: [left] observed and expected numbers
of exceedances of threshold #(x, t) per year based on estimated aggregated intensity /\“ﬁY (T') using model formulation A, (blue) and empirical estimate
using counts of events in the catalogue (red); [centre] as for the left panel, but for exceedances of 0M, ; and [right] annual estimate of the probability
that an earthquake above OM, is recorded, that is, the ratio of observed and expected annual earthquake counts above OM; for each T € 7. The left and
centre panels show the pointwise bootstrap 95% CI for the model formulation estimate of AHX (T) obtained using Algorithm 3 (as the shaded region) and
using Algorithm 2 (as dashed lines).

610 610

600 600
— = 1.25
€ €
3 = 1.00
2 g 0.75
£ 5% £ 5% :
5 5 0.50
z z 0.25

580 580 0.00

570 570

230 240 250 260 270 230 240 250 260 270
Easting (km) Easting (km)

FIGURES8 | Spatial plots of aggregated intensity A, (x,T) per km? for years: (left) T = 2010 and (right) T = 2020. The locations of exceedances of
the threshold A, occurring throughout each year shown as black dots.

the probability of detecting an earthquake magnitude below the relative to the temporal pattern of failure to detect earthquakes

magnitude of completion is less than one. To quantify the proba- between OM; and our estimated magnitude of completion func-
bility of recording an earthquake above OM; in each year, Figure 7 tion. This belief is based on the following: (i) the geophysical
[right] shows the ratio of the observed and expected annual earth- experts’ knowledge that earthquakes have gone undetected in

quake counts above OM; over T, again under the assumption that the Groningen region; and (ii) the increasing rate of small mag-
F, is GPD. This estimated probability rises steadily from 20% to nitude events per number of detected earthquakes over years
80% over T due to the expansion of the geophone network in this is consistent with the rate at which the geophone network was
period, with the most rapid change occurring around 2015-2016. expanded. Furthermore, the GPD for F| is supported by strong
This is consistent with the step change in the number of active empirical evidence in the earthquake modelling literature of true

geophones in X, shown in Figure 2, and it provides a novel esti- magnitudes being approximately exponential distributed based
mator for the probability of detecting an earthquake, which is of on the Gutenberg-Richter Law and our arguments in Section 1
interest to geophysicists. regarding the GPD being the unique continuous distribution

that possesses the required conditional threshold stability closure
Although our discussion and conclusions regarding Figure 7 property. In Section 7, we discuss the inference for a related, but
[centre] and [right] are subject to the statistically untestable more specific, measure of detection which accounts for the val-
assumption that F, is GPD, we believe that if there is any error ues of the detected magnitudes, rather than solely their relation
in such an assumption, the effect of this error will be secondary to the threshold.
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6.3 | Threshold Uncertainty

‘We now explore the impact of threshold uncertainty as captured
by Algorithm 3. For non-parametric bootstrap samples of the
original earthquake data, the algorithm selects from the 12 dif-
ferent threshold function model formulations, that is, A — C and
i=1,...,4 From the B, = 200 bootstrap replicated model
selections using Algorithm 3, the model forms A, B, and C (i.e.,
model form A corresponds to models A; — A, collectively) make
up the respective percentages of 55.5%,24.5% and 20% of the
selected models. The corresponding percentages of the associ-
ated 200 selections for the distance covariates V; fori = 1 — 4 (i.e.,
i = 1 corresponds to models A,, B, C,, collectively) are respec-
tively 30.5%,24%,5.5% and 40%, whereas for the best model
for each of A — C, we have A,, B, and C, occurring 10%,9.5%,
and 5%, respectively. The percentages that each of the joint
covariate-model formulations are selected are given in Table S.1
in the Supporting Information. These results show that across
the two aspects of covariate inclusion in the threshold func-
tion model, there is no overwhelming best choice and so it is
important to assess the effect of that element of uncertainty in
subsequent inference. It is somewhat surprising that the formu-
lations with i = 3 are selected so infrequently given the physi-
cal motivation that i = 3 is the minimum number of geophones
required for providing adequate location accuracy for observed
earthquakes—the reasoning used by Mignan et al. (2011) for
their choices of i, and that formulation A, is selected almost three
times as often as A,, even though the latter is the best fitting
model to the observed data.

To illustrate the uncertainty in the A, threshold function, which
was selected as the best threshold formulation, Figure 9 shows
the point estimate for A, and 200 bootstrapped summaries of the
threshold function using Algorithms 2 and 3 separately. Specifi-
cally, we show the estimated spatial average of the threshold func-
tion across G over time. Both plots also show pointwise 95% CIs
for this quantity, with the intervals from Algorithm 3 being wider,
visually most notably prior to 2000. The patterns and spread of
these bootstrapped spatial average threshold function estimates
(and the associated CIs) are very similar using each of these algo-
rithms. Both show much greater variability for the start of 7 than
after 2016, and after 2016 almost all replicated spatial average
functions are approximately constant over time. In the periods
when geophone numbers decreased, as identified from Figure 2
(left), the estimates and CI widths increase, with the most obvious
example being for 2005.

To provide further insight into the variation in the bootstrapped
threshold function estimates, we investigated how the number
of exceedances | K;»| of the estimated threshold functions ? var-
ied across the By g,,,, = 200 replicates. For Algorithms 2 and
3, the minimum, mean, maximum, and standard deviation of
the number of exceedances were, respectively, (546, 838, 1127, 93)
and (545,897,1212,143). The mean values show that using
Algorithm 3 leads to 59 more exceedances on average than
Algorithm 2, and the maxima and standard deviations for both
of these algorithms show there to be some samples with much
larger numbers of exceedances arising from Algorithm 3. So,
allowing the formulation of the threshold function to vary over
the 12 different forms leads to generally more exceedances being

used and as a result, a better quality of fit for each bootstrap
sample.

Algorithms 2 and 3 are substantially more computationally inten-
sive relative to the more standard Algorithm 1. Algorithm 2
requires By, X (B + By,,) bootstrap samples through the com-
bination of threshold parameter selection and model fitting for
each of the B, bootstrap samples of the data. With the addi-
tional element of model selection, Algorithm 3 requires B, X
(12B + By,,) for our 12-model comparison. With our choices of
(Bpars Bronpars B» m), computation time for Algorithm 3 is in the
order of 1-2 days when run in parallel (across Bj,yp,,) 0N @ com-
puting cluster with 100 cores. Computation time increases lin-
early at differing rates with each of these factors. While this com-
putation time may be prohibitive for a large-scale simulation
study, for a one-off analysis, the additional value derived from
incorporating extra sources of uncertainty outweighs the cost in
time. In particular, for this economically and politically impor-
tant application, the inclusion of the additional uncertainty is
of paramount importance and the computation time is trivial in
comparison to the numerical models which have been used to
derive the KS covariate.

6.4 | Inference and Uncertainty for Design
Parameters

We first examine the inference uncertainty for shape parameter
& since, with ¢ assumed common over time, space and covari-
ates, it underpins all aspects of our extrapolations, and recall that
we do not impose £ < 0. For the selected best threshold function
model A,, we obtained EAZ = —0.154. Now, we explore the uncer-
tainty in £ in terms of estimated 95% CIs using the bootstrapping
Algorithms 2 and 3, with the intervals given in Table 2, with
Byur = Bronpar = 200, giving 40,000 bootstrapped estimates of &.
When the threshold function is taken to have the structure of A,
with (ay, @;) unknown (i.e., Algorithm 2), the CI for £ increases in
width by 43% relative to when the threshold function structure of
A, and the resulting estimates (&, &) are treated as known (i.e.,
Algorithm 1). In comparison, the CI allowing for the uncertainty
in the threshold functional form, in Algorithm 3, reduces slightly
the width of the CI relative to Algorithm 2. At first sight, this is
a surprising finding, as it should be expected that incorporating
additional uncertainty would widen the interval, as we found for
the threshold uncertainty in Figure 9. However, by allowing the
threshold function form to vary across bootstrapped samples, we
obtain less variable shape parameter estimates, a feature we dis-
cuss below in the context of inference for e, (Sr).

TABLE2 |
Groningen: maximum likelihood estimates and associated 95% confi-
dence intervals derived using Algorithms 1-3. All values reported in rows
2-4 of the table are in units of M; .

Inference for key measures of earthquake hazard for

Parameter  Estimate Alg1 Alg2 Alg3

£ —0.154 (—0.221, —0.099) (—0.240, —0.066) (—0.236, —0.064)
enax(SF) 5.746 (4.398,8.280)  (4.064,13.832)  (4.048,13.629)
ey (Sr) 5.037 (4.017,6.901)  (3.718,11.663)  (3.721,11.370)

design-level v 3.943  (3.524,4.328)  (3.406,4.619)  (3.392,4.611)
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The 95% CIs do not reveal the occurrence rate, over the boot-
straps, of éb > 0, thatis, corresponding to estimated GPDs with no
finite upper endpoint. For Algorithms 1-3, we observed the per-
centages of samples with éb > 0 of 0%,0.26% and 0.21%, respec-
tively, which is promising as it shows our inference is strongly
consistent with geophysical knowledge about the existence of an
upper bound to the distribution. By comparison, for the conserva-
tive threshold, even when applying Algorithm 1, we find the per-
centage of samples which obtain ffb > 0 to be 7.5%. Critically, this
shows that imposing £ < 0 would not change the CI results for
our selected thresholds, in contrast to the conservative threshold.

Now consider the inference for the endpoints of magnitudes into
the future. Unlike the analyses of Beirlant et al. (2019), Varty
et al. (2021) and of Yue, Tawn, et al. (2025), which assume that
the magnitudes are identically distributed, we account for dis-
tributional changes across space and time under a scenario that
there will be no future extraction. Previous analyses focussed on
a single endpoint. We utilise the forecasted KS values S, over
X X Ty to estimate a spatio-temporal endpoint field. We sum-
marise this field through its maximum e, (S5) and a weighted
mean, ey, (Sr). The weights are given by the intensity of earth-
quakes over X X T, see Supporting Information S:8. The maxi-
mum e, (Sy) is comparable to the endpoint estimate in previ-
ous studies which ignored the spatio-temporal variation in the
endpoint.

Table 2 presents point estimates and CIs for the above two sum-
maries using Algorithms 1-3. Consider our point estimate and
95% CIs for é,,,,(Sp) using Algorithm 1. For background, Beir-
lant et al. (2019) used a constant threshold of 1.5M; with rounded
earthquake data and presented point estimates for €, (Sp) in
the range 3.61 — 3.80, with 90% upper confidence bounds vary-
ing from 3.85 — 4.50. These estimates are substantially lower in
value and uncertainty than our results which were obtained
using a lower threshold than theirs, and their endpoint esti-
mates lie exceptionally close to the largest observed earthquake.
In contrast, using the conservative threshold of 1.45M; with
unrounded data (equivalent to the threshold of 1.5M; used by

Beirlant et al. (2019)), and including the KS covariate, we find a

point estimate €, (Sr) = 8.139 and 95% CI (5.072, o), obtained
using Algorithm 1. Such a difference in findings relative to Beir-
lant et al. (2019) are substantial given that the same threshold
is used and the good quality of fit exhibited by our model with
this threshold as seen in Figure 6. Relative to the inferences for
emax(Sp) using our estimated threshold function, we see that the
conservative threshold produces a much larger point estimate
and with an unbounded CI. This suggests that there must be very
strong assumptions used in the inferences of Beirlant et al. (2019)
to achieve this level of extra precision. Such assumptions cannot
be checked as no diagnostic analyses are presented.

Neither Varty et al. (2021) nor Yue, Tawn, et al. (2025) report
endpoint estimates, but the latter provides the distribution of a
quantity of interest to geophysicists, namely the maximum possi-
ble earthquake in this region, denoted M, .. This distribution,
drawn from the report NAM (2022), provides purely geophys-
ical evidence for such values based on the fault structure and
other geophysical aspects of the gas reservoir. The distribution
has a median of 4.488M,, with lower and upper bounds of 3.75M
and 6.75M; . Our point estimate and 95% CI lower bound from
Algorithm 1 are consistent with this M, distribution, although
the upper limit of the CI appears too large. This is not surpris-
ing as, unlike the geophysical approach, there is limited statistical
information to constrain this upper limit.

For uncertainty in e, (Sy), Table 2 shows that both Algorithms
2 and 3 provide much wider CIs than Algorithm 1, with the
increased uncertainty reflected in massive increases (small reduc-
tions) in the upper (lower) limits, respectively. As we found for
&, Algorithms 2 and 3 give almost identical intervals, with the
latter slightly narrowing the interval, despite allowing for an addi-
tional source of uncertainty. Possible reasons for this slightly
counter-intuitive finding include that Algorithm 3 results in 59
more threshold exceedances and that the changing model selec-
tions offset poor fits that arise by imposing A, automatically.
Similar findings are obtained for the estimates of e, (Sy), with
all values slightly less than the e,,,.(Sy) quantities, as we would
expect by its construction. The values for é,,,(Sy) are likely to
provide more practically useful information than é_,,(Sy) as they
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more closely reflect the occurrence rates of earthquake hypocen-
tres. Figures S.5 and S.6 in the Supporting Information provide
estimates of the annual behaviour of this endpoint summary and
insight into the temporal development of the estimated endpoints
across space, respectively.

Given the potential for an unbounded GPD model, inferences
for endpoints are problematic when considering 95% CIs. We
believe it is insightful to also provide 50% CIs for the end-
points. In particular, Algorithms 2 and 3 lead to 50% CIs
for e ,(Sr) of (4.889,6.736) and (4.872,6.756), respectively.
For e,,,(Sp), the corresponding intervals are (4.339,5.778) and
(4.337,5.811). Thus, we can see that these intervals align much
more closely with the M, values reported by Yue, Tawn,
et al. (2025).

Finally, consider the inferences for the design level v, a quantity
which meets the design criteria of Code (2005). Our point esti-
mate and 95% Cls for v are given in Table 2. Of the previous analy-
ses, only Yue, Tawn, et al. (2025) (figure 6) estimates this quantity,
doing so as the 475-year return level under the assumption that
earthquake magnitudes are identically distributed into the future.
By taking the rate of exceedance as the highest observed yearly
rate of exceedance of a threshold at 1.15M;, that is, 2017, they
estimate the 475-year return level to be 4.55M; . The correspond-
ing (unreported) estimate, using the rate of exceedance in 2023,
was 4.38M; . Both values will be over-estimates as they do not take
into account the cessation of extraction. Under the scenario of no
further extraction, we obtain 0 = 3.943M; . Unlike for the end-
point summaries, the 95% CIs for v are all quite narrow and the
upper limits do not exceed the geophysicist’s upper bound esti-
mate for M., with Algorithms 2 and 3 again being very similar.
Itisinteresting to note that when estimating v using the conserva-
tive threshold, the point estimate and 95% CI, under Algorithm 1,
is 4.255(3.727,4.804). This is a larger estimate and a larger upper
limit for the CI relative to that for v obtained using our estimated
1, with uncertainty based on using Algorithm 3, which accounts
for the uncertainty in both the threshold parameters and form, in
addition to that covered by Algorithm 1.

7 | Discussion

We developed spatio-temporal extensions of the methods of Varty
et al. (2021) and Murphy et al. (2025) for extreme value thresh-
old and excess modelling, which incorporate threshold function
selection uncertainty into subsequent quantile inferences. Our
methodological developments were motivated by the continuing
need for accurate future hazard assessments in the Groningen
gas field. To accomplish these goals, we needed to incorporate
considerable contextual complexity into our statistical modelling
framework. Key to our approach is the inclusion of geophysi-
cal covariates which capture the spatio-temporal changes of both
the measurement network and of geophysical model-generated
stress fields that describe the resultant effects of gas extraction. A
range of diagnostic methods indicate that our model provides an
excellent fit to the data. The fitted model provides increased scien-
tific understanding of the form and sources of the spatio-temporal
variability of the intensity of earthquake occurrences and the
values of large magnitude earthquakes. Our analysis has led to
improved estimators of the magnitude of completion function

(the smallest magnitude which can be detected with certainty
at a given time and location), which is lower than previously
estimated. This reduction in level led to more excess data being
used for the analysis and, hence, less uncertainty in the param-
eter estimation. This also resulted in useful inferences for the
tail behaviour of earthquake magnitudes into the future, both for
design levels and upper limits, that are much more consistent
with geophysical knowledge than previous analyses. Even after
accounting for the additional threshold function uncertainty, we
have greater confidence in lower estimated design levels relative
to the results for the conservative threshold. We provided these
estimates under the scenario of no further extraction from the gas
field, but our approach allows for estimates to be drawn under any
other future scenario.

The societal importance of mitigation from earthquakes associ-
ated with gas extraction from the Groningen gas field provided
a strong motivation for the extreme value methods developed.
However, the methodology is generic and so has potential for
wide use in other cases of induced earthquakes, for example,
the rapidly growing body of research on model development and
hazard assessment for carbon capture (Bauer et al. 2019), which
involves the injection of gas into underground storage. In these
cases, earthquakes are expected, but the number of geophones
to be used per region is anticipated to be much lower than for
Groningen. Thus, efficient estimation of the magnitude of com-
pletion will be vital.

The methods developed here to quantify the effect of thresh-
old uncertainty in subsequent tail inference have the potential
for wide impact in core extreme value methodology. This paper
expands substantially on previous work which focussed on reali-
sations of IID variables (Murphy et al. 2025). Here, we proposed
effective methods to account for non-identically distributed data
and the uncertainty in the functional choice of covariates in the
threshold. The methodology also has the potential to be useful
for a range of extreme value contexts where data are missing
not-at-random due to limitations in measurement equipment.
Furthermore, our model for earthquake magnitudes contributes
to the recent and exciting evolution of work on extremes of
marked point processes, with developments in this area having
a particular focus on extreme wildfires and landslides (Turkman
et al. 2010; Koh et al. 2023; Yadav et al. 2023).

Our focus was on accurately modelling earthquake exceedances
above the magnitude of completion. However, it is also valu-
able to assess the detection ability of the geophone network. An
aspect of this is illustrated in Figure 7 [right]. However, to do
this more precisely, we would need to estimate the probability
of detection function a(x, t, y) for an earthquake of magnitude y
with hypocentre at x and occurrence time ¢ for all (x,7) € X X T .
For y > m,(x,1), a(x,t,y) = 1, but what can be determined for
y < m(x,1)? Our paper provides the framework for the first such
inference on a(x,t, y). Specifically, if A(x,t, y) is the intensity of
detected earthquakes of magnitude y at hypocentre and time
(x,1), then

~1-1/¢
a(x,1,y),

A, 1, y) = Ao(x, 1) 0'0(:6 1) [1 i 560(5;c t)]

+

for (x,1,y) e XX T XR,.
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As A(x,t,y) can be empirically estimated and all terms on the
right hand side, other than a(x, #, y) have been estimated in this
paper, it is clearly possible to now estimate the detection proba-
bility function.

In Section 6.1, we selected the threshold formulation A, to be
the best choice of the 12 threshold formulations considered.
Although in Section 6.4 we used bootstrap methods to address
the uncertainty of this threshold selection on the subsequent
confidence interval inferences, we did not use a weighted point
estimate to remove the model selection element in our point
inferences. A further line of research could be to use Bayesian
inference throughout and combine models using Bayesian model
averaging (Hoeting et al. 1999). We envisage that using Bayesian
inferences to underpin political decisions is likely to encounter
concerns about the subjectivity of the prior selections.

As discussed in Section 6.4, for the upper endpoint of the distri-
bution of earthquake magnitudes, our estimated upper 95% con-
fidence interval limit is unfeasibly high, whereas the similar limit
for the 50% interval is much more physically realistic. Rather than
simply imposing that & < —e, for some arbitrary € > 0, a more
natural approach is to impose some penalty or prior on the end-
point of the generalised Pareto distribution. An example of such
an approach is given by Yue, Tawn, et al. (2025), who exploited the
geophysicists’ derived distribution for possible values of M, for
Groningen.

Other aspects of the modelling could be developed in future
research. As mentioned in Section 4.5, we could extend the mod-
elling to a full probabilistic seismic hazard analysis by incor-
porating a spatial spreading effect of an earthquake at a point
through incorporating ground motion models. Although we have
used details about the geophone network to an unprecedented
level in our analysis, we have not attempted to incorporate infor-
mation about the varying accuracy of different geophones in
the region and how the accuracy of individual geophone tech-
nology has increased in time. Finally, when modelling earth-
quake baseline rates of occurrence, that is, in modelling 4,(x, 1),
we did not account explicitly for the clustering of events due
to the dependence between triggering main-shock earthquakes
and after-shocks. Thus, the intensity modelling could be adapted
to cover this feature through the use of the ETAS models of
Ogata (1988).
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