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Abstract This study proposes a manifold-aware triple cooperative multi-population 

differential evolution algorithm with reinforcement learning (MTCMDE) for UAV path 

planning in irregular three-dimensional environments with obstacle constraints and wind 

disturbances. The method aims to enhance both global exploration and local refinement, 

enabling more reliable identification of feasible low-cost paths in cluttered environments. 

MTCMDE adopts a three-subpopulation co-evolution framework consisting of Scout, 

Developer, and Balancer. These subgroups exchange information through elite migration, 

which helps balance exploration and exploitation during the search process. In addition, a 

manifold-aware perturbation operator is introduced to leverage local topological cues, 

reducing the risk of premature convergence and improving search efficiency in narrow 

passages. Furthermore, a reinforcement learning–driven multi-operator scheme based on a 

bandit model is employed to adaptively allocate mutation strategies, thereby improving 

convergence accuracy while maintaining population diversity. Experiments were conducted 

on six wind-affected irregular test cases, including a large-scale, ultra-high-density urban 

scenario, using a six-dimensional path cost function. The results show that MTCMDE 

achieves better path feasibility, lower cost, and faster convergence than the compared 

algorithms. Comprehensive statistical evaluations confirm the robustness and extreme 
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scalability of these improvements. Overall, MTCMDE provides an effective and scalable 

solution for UAV path planning in irregular 3D environments with wind disturbances. 

Keywords UAV Path Planning; Differential Evolution; Multi-Population Cooperative 

Optimization; Manifold-Aware Search; Reinforcement Learning; Irregular 3D Environments 

 

1. Introduction 

The deployment of unmanned aerial vehicles (UAVs) has become increasingly integral 

to applications such as military reconnaissance [1], environmental monitoring [2], disaster 

response [3], logistics delivery [4], communication [5,6], and cloud computing [7]. A critical 

prerequisite for these missions is the generation of safe and cost-effective flight paths within 

complex 3D environments [8]. This task is particularly challenging because UAVs must 

navigate irregular terrains and dynamic threats while compensating for aerodynamic 

disturbances such as wind fields. These factors create a constrained, non-convex optimization 

landscape that poses extreme difficulties for conventional path planners. 

To address this challenge, a range of heuristic and metaheuristic methods have been 

applied to UAV path planning, such as A* algorithm [9], rapidly-exploring random tree (RRT) 

[10], ant colony optimization (ACO) [11], particle swarm optimization (PSO) [12], genetic 

algorithms (GA) [13], and differential evolution (DE) [14]. In particular, DE is attractive 

owing to its concise structure, competitive global search ability, and amenability to parallel 

implementation. However, standard DE often suffers from premature convergence and limited 

adaptability to changing conditions, and its local refinement can be insufficient when dealing 

with cluttered 3D obstacles and complex terrain [15]. To alleviate these problems, recent 

studies have explored hybrid DE algorithms, adaptive parameter control, and learning-based 

strategies [16,17]. However, the scalability of these methods in real-world irregular 

environments is still insufficient, especially when UAVs need to pass through narrow gaps, 

steep terrain and turbulent airflow. 

The primary bottleneck lies in the lack of coordination between exploration and 

exploitation mechanisms. Most existing frameworks apply static mutation operators across 

the entire population, disregarding local terrain information and specific role assignments. 

Furthermore, standard path cost models often underestimate the coupling effects of energy 

consumption and wind vectoring, thereby compromising the practical feasibility of the 

generated paths. 

In summary, when performing complex low-altitude tasks, there exists a disconnect 

between the pure mathematical search behavior of standard heuristic algorithms and the 



irregular 3D physical topological constraints faced by UAVs in practice. In real flight 

environments, including rugged terrain, dense asymmetric buildings, and dynamic wind 

disturbances, normally safe flight corridors become extremely narrow and tortuous [18]. 

However, most existing DE-based algorithms treat path planning as an unconstrained 

continuous optimization problem in Euclidean space. When faced with fragmented, 

non-convex obstacle spaces with highly irregular boundaries, algorithms performing 

stochastic linear mutations become trapped in local optima with severe Euclidean blind zones. 

This spatial blindness inevitably generates numerous infeasible trajectories that traverse 

obstacles or violate UAV kinematics. This not only leads to a catastrophic waste of 

computational power for fitness evaluation but also traps the population in high-penalty 

collision zones, causing irreversible local stagnation. 

Inspired by these key bottlenecks, this research aims to reconstruct the evolutionary 

paradigm of UAV path planning in complex environments by injecting spatial geometric 

priors into the stochastic search. By introducing a manifold perception mechanism, the local 

geometric repulsion force of irregular obstacles is extracted. This enabled the UAV’s search 

trajectory to smoothly glide along a collision-free topological submanifold, thus replacing 

blind trial and error in obstructed Euclidean space. High-quality actual flight paths must 

simultaneously consider global obstacle avoidance safety and local smoothness and cost 

reduction. The homogeneous populations equipped with static operators cannot 

simultaneously handle the global penetration of irregular and narrow manifolds and the fine 

development of local dynamic safety paths at the underlying structural level. This paper 

specifically constructs a triple cooperative heterogeneous multi-population architecture and 

entrusts reinforcement learning (RL) for real-time intelligent operator scheduling, thereby 

solving this highly conflicting irregular 3D optimization task. 

To address these limitations, this paper proposes a novel algorithm named 

manifold-aware triple cooperative multi-population differential evolution with reinforcement 

learning (MTCMDE). The MTCMDE algorithm proposed in this paper is a differential 

evolution framework that integrates multi-subgroup co-evolution, memory-based adaptive 

parameter control, reinforcement learning-based policy scheduling, manifold-aware 

perturbation operators, and a multi-strategy library hybrid mechanism. The main innovations 

of this paper are as follows: 

• A three-subgroup co-evolution framework is proposed, consisting of Scout, Developer, 

and Balancer roles to coordinate global exploration and local exploitation through periodic 

interaction and elite migration. 



• A manifold-aware perturbation operator is designed to exploit local topological features, 

enhancing the ability to escape local optima and traverse narrow gaps in high-dimensional, 

irregular 3D environments. 

• A reinforcement learning-driven multi-operator adaptation mechanism is developed, 

where a Bandit-based strategy selector dynamically allocates mutation operators from a 

role-guided evolution library integrating both classic and customized DE variants. 

• A six-dimensional path cost model and a hybrid grid-based irregular obstacle modeling 

method are developed and benchmarked against eight state-of-the-art algorithms in six 

wind-affected irregular scenarios, including a large-scale, ultra-high-density urban scenario, 

demonstrating the superior performance of MTCMDE. 

The rest of this paper is organized as follows. Section 2 reviews related work on UAV 

path planning and evolutionary optimization methods. Section 3 introduces the problem 

formulation and preliminary concepts. Section 4 presents the proposed MTCMDE algorithm. 

Section 5 reports and discusses the experimental results and comparisons, including 

validations in a large-scale ultra-high-density urban scenario. Finally, Section 6 concludes the 

paper. 

2. Related work 

2.1 Path planning in irregular 3D environments 

Path planning for UAVs in irregular 3D environments has attracted extensive attention 

due to its high complexity and practical relevance. Traditional geometric and graph-based 

algorithms, such as A* and PRM, can generate feasible routes in structured maps but often 

fail to maintain efficiency and stability in unstructured or dynamic spaces [19,20]. These 

methods are sensitive to irregularities and prone to local stagnation when obstacle boundaries 

are non-convex or uncertain. 

To address these issues, swarm intelligence algorithms have been introduced for 

optimization [21]. DE, PSO, and related metaheuristics exhibit strong global search capability 

and adaptability in multi-constraint optimization problems [22,23]. However, achieving both 

convergence precision and real-time performance in high-dimensional 3D planning remains a 

challenge. 

Recent studies have further emphasized energy-intensive hybrid UAV path optimization 

frameworks. Cabreria et al. [24] proposed a grid-based energy minimization model for 

irregular regions. Choi et al. [25] developed a terrain-adaptive trajectory optimization method 

based on Gaussian modeling. These studies highlight the trend from static geometry to 

adaptive, hybrid, and intelligent driving strategies [26]. Salehi et al.[27] proposed the LAHC 



algorithm for UAV path planning in complex urban environments with irregularly shaped 

threat areas. Irregularities may also stem from dynamic disturbances, such as wind fields or 

moving threats. 

2.2 Differential evolution and variants 

DE is a simple yet powerful continuous optimization evolutionary algorithm known for 

its robustness and fast convergence. However, its performance is highly dependent on control 

parameters such as scaling factor and crossover rate. To enhance adaptability, JADE [28] 

introduces adaptive control and external archiving, while SHADE and LSHADE [29,30] 

combine success history adaptation and linear population reduction to achieve a better 

balance between exploration and exploitation. LSHADE-SPA [31] improved convergence 

stability through semi-parameter adaptation, and SaUSDE [32] integrated multiple mutation 

strategies with self-adaptive selection to balance local and global searches. 

In addition to DE variants, hybrid strategies such as the self-learning genetic algorithm 

(SLGA) [33] and comprehensive learning PSO with local search (CLPSO-LS) [34] have been 

proposed to enhance dynamic learning and multimodal search efficiency. Although these 

algorithms show superior performance on benchmark functions, their single-population 

structure limits adaptability of UAVs in complex 3D path planning tasks involving irregular 

obstacles and multi-constraint cost functions. Multi-population cooperation and adaptive 

hybridization remain key directions for advancing UAV path optimization. 

2.3 Multi-population cooperative evolution strategies 

To overcome the stagnation and diversity loss inherent in single-population evolutionary 

models, researchers have increasingly adopted multi-population cooperative evolution 

frameworks. These methods divide the population into subgroups with distinct roles or 

strategies to achieve heterogeneous co-optimization through interaction and information 

exchange. Representative approaches include the multi-island and coevolutionary frameworks 

[35], the cooperative multi-population DE variants [36,37], and hybrid tri-population or 

adaptive collaboration schemes [38,39]. This design enhances exploration capabilities by 

enabling different subgroups to pursue complementary search objectives while maintaining 

cohesion through elite migration and shared archives. 

Recent studies have shown that dynamic role assignment and adaptive collaboration can 

further enhance global search and constraint handling capabilities [40–42]. However, most 

existing frameworks still rely on static communication or fixed migration intervals, limiting 

their responsiveness to dynamic environmental changes. In complex multi-objective or 

constrained optimization tasks, integrating adaptive role coordination and feedback-driven 



policy assignment has become an emerging trend in balancing exploration and exploitation. 

2.4 Reinforcement learning in evolutionary optimization 

Recent studies have incorporated RL into evolutionary optimization to achieve adaptive 

control of operators, parameters, and resources. By framing the search process as a sequential 

decision problem, RL provides feedback-driven adaptation that improves algorithmic 

responsiveness and learning efficiency [43]. Among these, the multi-armed bandit (MAB) 

framework is notably effective at adaptive operator selection for DE and swarm-based 

algorithms owing to its simplicity and strong policy discrimination [44,45]. 

Subsequent studies have combined deep or multi-agent RL with evolutionary 

computation to achieve superior contextual awareness and decision stability. Martinez et al. 

[46] and Song et al. [47] applied RL to multitask and multi-objective settings. Choi et al. [48] 

and Arani et al. [49] demonstrated RL-driven UAV path planning and energy-efficient 

trajectory design. These works highlight the capability of RL to improve 

exploration–exploitation balance in dynamic environments. 

Most RL and evolutionary algorithm (EA) hybrids remain limited to global 

population-level adaptation, lacking fine-grained subpopulation coordination or temporal 

awareness. Future research trends point toward hierarchical, context-aware RL-evolutionary 

frameworks for more adaptive and self-organizing optimization. 

2.5 Manifold-guided search and topological awareness 

Manifold-guided optimization has recently attracted attention for its ability to exploit 

intrinsic geometric structures in high-dimensional or constrained spaces. By embedding the 

search process into Riemannian or hyperbolic manifolds, these methods can capture curvature 

and continuity information, thus guiding populations more effectively through narrow or 

rugged regions [50,51]. Topology-aware frameworks further integrate geometric projection, 

gradient guidance, and cross-sectional pattern heuristics to enhance trajectory replanning and 

motion feasibility [52,53]. Moreover, manifold-based control and vector-field analysis 

provide robust convergence guarantees for path-following tasks in dynamic environments 

[54]. Despite these advances, existing studies mainly focus on local geometry or deterministic 

control, lacking adaptive perturbation control and population-level coordination. 

Existing heuristic planners and their cutting-edge adaptive variants have made 

significant progress in the field of 3D UAV path planning. Nevertheless, they continue to 

exhibit shortcomings in their underlying mechanisms when faced with extremely complex, 

non-convex, and highly constrained real-world physical environments. To clearly define the 

innovative boundaries and technical barriers of this study, we provide an in-depth, structured 



comparison of current mainstream classical baseline algorithms and the latest cutting-edge 

frameworks with the proposed MTCMDE. Table 1 details the limitations of existing research 

and the targeted breakthroughs of MTCMDE from five core dimensions: population 

architecture, spatial search strategy, operator scheduling, environmental coupling, and trap 

escape capability. 

 
Table 1 Multi-dimensional comparison of the proposed MTCMDE framework against existing algorithms. 

No. 
Algorithmic 

Dimension 

Classical Baseline 

Algorithms 
State-of-the-Art Algorithms The Proposed MTCMDE Framework 

1 
Population 

architecture 

Single, homogeneous 

population without role 

division. 

Multi-population or external archive 

mechanisms, but mostly 

homogeneous in task execution. 

Heterogeneous triple-subpopulation 

(Scout, Developer, Balancer) with 

explicit task division and 

high-frequency elite migration. 

2 
Spatial search 

strategy 

Blind Euclidean stochastic 

perturbations. 

Adaptive Euclidean step sizes based 

on historical success, lacking spatial 

topological awareness. 

Manifold-aware topological 

perturbations. Injects geometric 

boundary priors to force trajectories to 

safely slide along narrow manifolds. 

3 
Operator 

scheduling 

Static, manually tuned 

parameters fixed for all 

environments. 

Dynamic self-adaptation of 

parameters, typically relying on 

delayed historical memory. 

RL-driven (Bandit-based) real-time 

scheduling. Selects optimal mutation 

strategies instantly from a customized 

role-guided library. 

4 
Environmental 

coupling 

Treats planning as generic 

unconstrained optimization; 

largely ignores 

aerodynamics. 

Introduces dynamic penalty 

functions, but lacks fine-grained 

geometric environment mapping. 

Deeply coupled with a hybrid 

grid-based obstacle model and a 6D 

path cost model (adding wind 

disturbance). 

5 
Trap escaping 

capability 

Weak. Extremely prone to 

irreversible stagnation in 

non-convex collision zones. 

Moderate. Escapes via random 

restarts or archived global bests, 

suffering from sluggish recovery. 

Extremely robust. Achieves 

instantaneous topological broadcasts 

via manifold-repulsion and immediate 

subpopulation migration. 

 

By combining the multidimensional benchmarking matrix in Table 1, it can be clearly 

seen that existing research is often limited by homogeneous population paradigms and blind 

Euclidean spatial perturbations. The limitations of this underlying architecture not only 

exacerbate the internal friction between algorithm exploration and development but also lead 

to catastrophic computational waste and irreversible stagnation of the population when 

crossing narrow and non-convex collision zones. In contrast, the core advantage of 

MTCMDE lies in its reconstruction of the optimization logic of traditional algorithms: it 

effectively breaks the homogenization bottleneck through the refined division of labor among 



heterogeneous subgroups. By injecting geometric boundary priors (manifold perception), we 

achieved a paradigm transition from blind trial and error to topological guidance. The deep 

coupling of operator scheduling with 6D physical cost in conjunction with RL endows the 

algorithm with extremely strong local optimal escape and global convergence capabilities in 

extremely complex terrains. This structured comparison not only clarifies the inherent pain 

points of previous work but also provides theoretical motivation for the design of 

multi-dimensional collaborative frameworks proposed in this paper. 

3. Preliminary 

3.1 Problem formulation of 3D path planning 

The core of the three-dimensional path planning problem lies in generating a feasible 

path  1 2,  ,  ...,  NP P P for a flying object from a starting point P to a destination Q, where 

each control point ³iP  . The entire path should avoid the threat area while achieving 

good performance across multiple performance metrics. This problem is typically modeled as 

a multi-objective optimization problem as follows: 

 
P 1

min ( ) ( )    s.t. P
M

i i
i

f f


       (1) 

where ( )f  represents the performance cost of the path on the -i th evaluation indicator. 

 0,1i  is the normalized weight of each indicator, satisfying 
1

1M
ii




 .  represents the 

set of threat bodies. P  indicates that the path must completely avoid obstacles. M is 

the number of evaluation indicators. 

As shown in Fig. 1, the UAV studied in this paper needs to avoid a large number of 

irregular polyhedron obstacles in 3D space and consider the dynamic impact of wind field 

interference. 

 
Fig. 1 UAV flight schematic in 2D and 3D. 

To improve search efficiency in irregular 3D environments, a new local coordinate 

system is established by aligning the straight line from the start point P to the end point Q 



with the X’-axis direction, as illustrated in Fig. 2. It represents a 2D projection perspective. 

The entire trajectory is then uniformly divided into 1D   segments, denoted by kL  where 

0,  1,  2,...,  1K D  . The coordinates of each path point are  ,  ,  k k k kx x y z , representing a 

continuous sequence of track points from the starting point 0x  to the end point 1Dx  . 

 
Fig. 2 Path planning under irregular obstacles. 

Fig. 3 provides a 3D perspective, showing the path from P to Q as it passes through 

multiple planes. Using a slice modeling approach, a hybrid grid modeling method is 

established, where each plane can be considered a level in the path optimization dimension. 

This reflects the evolution of the path in the spatial dimension, requiring it to avoid obstacles 

at different heights while adapting to wind field disturbances to achieve irregular obstacle 

avoidance. 

 
Fig. 3 Layered slice modeling. 

3.2 Differential evolution algorithm 

DE is an evolutionary optimization algorithm based on real number coding. It is widely 

used in nonlinear optimization problems due to its simple structure and strong global search 

capability. 

In the path planning task, individuals are represented by real numbers, and each 



individual is a sequence of path control points: 

  ,1 ,2 ,, ,...,g g g g
i i i i Dx x x x  (2) 

where 3D N represents N  three-dimensional control points. g is the number of iterations. 

The algorithm mainly includes the following steps: 

(1) Mutation 

For each individual g
ix  in the population, randomly select three different individual 

indices 1,  2,  3r r r  and generate a mutation vector: 

  1 2 3   g g g g
i r r rv x F x x     (3) 

where  0,2F is a scaling factor that adjusts the magnitude of the difference vector. 

(2) Crossover 

Use binary crossover strategy to generate test vector g
iu : 

 ,
,

,

,     or 
,   

g
i j j randg

i j g
i j

v if rand CR j j
u

x otherwise
   


 (4) 

where  0,1CR is the crossover probability. 

(3) Selection 

Compare the test individual with the original individual according to the fitness function 

and decide whether to replace it: 

 1 ,   if  ( ) ( )
,   

g g g
g i i i
i g

i

u f u f x
x

x otherwise
   


 (5) 

3.3 Feasibility determination of paths 

In 3D irregular environments, to ensure the feasibility and safety of UAV generated paths, 

the MTCMDE algorithm adopts a soft constraint mechanism based on minimum distance to 

handle irregular threats. This mechanism calculates the shortest distance between a waypoint 

and the surface of a threatening object and converts it into a continuous penalty term 

embedded in the integrated fitness function. This guides individuals away from obstacle areas 

during the evolutionary process. 

(1) Modeling of irregular threat bodies 

Each threat target is referred to as the -thj threat body j , which is modeled as a 3D 

cylinder formed by extending an arbitrary 2D polygonal base jD  in the vertical direction, 

which is defined as follows: 

  min max( , , ) ( , ) , ,j j j jD x y z x y D z z z      (6) 

where  2( , )jD x y  represents the irregular boundary of the threat body on the 



horizontal plane. min max,j jz z z    represents its vertical height range. 

(2) Path discretization and sampling points 

As mentioned earlier, a path consists of several control points 

 1 2 ),  p ,  p ,...,  p p ( , ,N i i i ix y z  . Any two consecutive points form a path 

segment  1p ,  pi iiL  . To approximate the spatial relationship between the path and the 

threat object, the algorithm selects representative sampling points (midpoint of the line 

segment) in each line segment: 

 1 ,   1,2,..., 1
2

i i
i

p pm i N
    (7) 

The spatial position of the sampling point im  is used to calculate its shortest distance to 

the irregular threat body. 

(3)  Distance calculation model 

For any sampling point ip , first calculate the minimum 2D distance from point  ,i ix y  

to polygon jD  in the horizontal direction: 

 2 2

( , )
(p) min ( ) ( )

j
j i iD

d x y
 

 


     (8) 

where jD is the polygonal boundary. It scans the polygon edge segments one by one, 

calculates the Euclidean distance from the point to each edge segment, and takes the 

minimum value. If  ,i ix y  is already inside the polygon, it returns 0. 

In the vertical direction, ( ) (p)Z
jd  represents the distance that the point deviates from 

the height range of the threat body in the vertical direction, defined as: 

 ( ) (p)=max(0, )
2

jZ mid
j j

h
d z z   (9) 

where  min max= + 2mid
j j jz z z , max min=j j jh z z . 

Combine the horizontal and vertical distances into a 3D minimum distance estimate to 

the threat body: 

 
22 ( )

sum

(p)= (p) (p)Z
j j jd d d        (10) 

Take the minimum value of all threat bodies to get the closest threat distance of the 

point: 

 min
sum

(p) min (p)jj
d d  (11) 

Fig. 4 shows a schematic diagram of the minimum distance from the path sampling point 

to the irregular threat body under two-dimensional projection. 



 
Fig. 4 Irregular threat distance evaluation in 2D projection. 

In the MTCMDE algorithm, to enhance the feasibility and smoothness of the UAV’s path, 

the resulting sequence of discrete path points is smoothly reconstructed using a cubic B-spline 

curve. As a parameterized curve with excellent continuity and local controllability, the cubic 

B-spline curve effectively eliminates sudden changes while preserving the overall path shape. 

It is suitable for multidimensional path optimization and reconstruction tasks in irregular 3D 

environments. A schematic diagram of the cubic B-spline curve is shown in Fig. 5. 

 
Fig. 5 Cubic B-spline curve. 

3.4 Six-dimensional fitness function 

(1) Path length cost 

Path length cost lengthf  represents the cumulative length of the entire path segment and 

is used to measure the total flight distance. The path consists of N  control points and the 

total length is defined as: 

 
1

length 1 2
1

N

i i
i

f





  p p  (12) 

where 
2

    represents the Euclidean distance. This cost represents the cumulative length of 

the entire path segment and is used to measure the total flight distance. 



(2) High deviation cost 

High deviation cost altitudef  is used to penalize flying away from the ideal altitude. 

 
1

( )
altitude

1
exp(0.02 ) 1

N
i

avg ideal
i

f z z




       (13) 

where  ( )
1 2i

avg i iz z z    represents the average altitude of the current path segment. 

idealz represents half the map height, representing the ideal flight altitude. This term is used to 

penalize flights that are far from the ideal altitude. 

(3) Energy consumption cost 

Energy consumption cost energyf  represents the energy consumption of the flight 

segment. 

 
1

2
energy 1

1

1 max(0,  )
2

N

i i i
i

f mv mg z z





      
  (14) 

where, 1i ivi p p dt  . 2m kg is the quality of the UAV. The first term is kinetic energy, 

and the second term is potential energy during the climb process. 

(4) Corner smoothness cost 

Corner smoothness cost anglef encourages path turning to smoothness. 

 
1

2
angle

2 1

2sin( 2)5 ,  
N

i
i i

i i i

f k k 

 

  
 v v

 (15) 

where i is the angle between two adjacent path segments. ik  is the discrete curvature, which 

reflects the degree of path curvature. 

(5) Safety cost 

Safety cost safetyf strongly penalizes paths that are close to or cross obstacles. When the 

sampling point is too close to the threat body (less than the safety threshold safed ), the path 

will be penalized exponentially: 

 
4 safe1

safe

1

10 1 exp( ) ,   
( ) 10

0,                   otherwis            e 

N

i

d d d d
d





          



  (16) 

 
1

safety1 min
1

( ( ))
N

i
i

f d m




   (17) 

If there is a control point on the path that actually falls into the threat body, that is, 

i jp  . Then a collision penalty term will be added: 

 5
safety2 collide10f N   (18) 

where collideN  represents the number of obstacles crossed in the path. Then the total safety 



cost is: 

 safety safety1 safety2f f f   (19) 

(6) Wind field interference cost 

This study utilizes the wind field interference cost windf  to improve the ability to resist 

wind interference. 

 
1

wind 1 seg wind 1 2 seg wind
1

max(0, ) ( )
N

i i
i

f p p 





           v v v v  (20) 

where, 1 2=0.8,  =0.1   denote wind direction coefficients. segv  is the direction vector of the 

path segment. windv  represents the wind speed vector at the midpoint. The preceding term 

represents the windward cost, while the latter term represents the crosswind cost. 

To achieve comprehensive optimization of UAV paths in 3D irregular environments, the 

MTCMDE algorithm designs a six-dimensional composite fitness function to measure the 

comprehensive performance of the path in various aspects. The objective function is defined 

as: 

 altitude energy angle safety wind1 length 2 3 4 5 6( )f f f f f f f                   (21) 

where  3,  0.5,  0.25,  1,  8,  0.5i   is the weight coefficient. After normalization, the sum 

of i is 1. 

4. Proposed MTCMDE algorithm 

4.1 Algorithm framework 

To effectively address the problem of UAV path planning in irregular 3D environments, 

this paper constructs a MTCMDE algorithm. It integrates multi-subgroup collaborative 

evolution, manifold-aware perturbation, and reinforcement learning-based policy scheduling. 

MTCMDE divides global exploration and local development tasks into three subgroups: 

Scout, Developer, and Balancer. Through periodic interactions and elite migration, it achieves 

heterogeneous collaboration, enhancing the diversity and stability of the search. In terms of 

strategy selection, it introduces a context-aware multi-armed slot machine model that divides 

the evolutionary process into multiple stages. Based on fitness feedback, it dynamically 

adjusts the invocation probability of mutation strategies to achieve stage-aware adaptive 

strategy scheduling. For high-dimensional obstacle environments, a manifold-aware 

perturbation operator is designed to integrate local topological structure and subgroup role 

information to enhance individual cross-obstacle search capabilities. The algorithm integrates 

multiple conventional and improved mutation strategies to construct a multi-strategy hybrid 

library, which can be flexibly invoked based on subgroup role, further improving overall 



convergence and adaptability. 

To facilitate the understanding of the working mechanism of MTCMDE, its flowchart is 

presented in Fig. 6 and the corresponding pseudocode is provided in Algorithm 1. 

 
Algorithm 1: The pseudo code of MTCMDE algorithm 

Input:  
    N (population size), D (dimension), MaxGen (maximum generations), gridMap (3D environment), threats 
(irregular obstacles), start and goal positions, nPoints (control points), params (algorithm parameters) 
Output: 
    BestPath (optimal path), costHistory (fitness convergence history), stats (statistical performance indicators) 
1:  Generate three role-based subpopulations:  ScoutPop, DevPop, BalPop  via intelligent initialization strategy, 

and initialize RL bandit states // Initialize roles and Q-tables 
2:  Evaluate all individuals using the path cost function and identify the global best solution bestX  
3:  for generation t = 1 to MaxGen do 
4:      for each subpopulation  Scout, Developer, BalancerS and each individual iX S do 
5:              Select DE operator _op id  via RL-based bandit mechanism // RL-driven operator selection 
6:              Generate mutant solution via the selected operator; apply manifold-aware perturbation when 

the manifold-based operator is selected // Inject manifold-aware geometric priors 
7:              Apply crossover to produce a trial solution trialX  
8:              Evaluate  trialf X  using the path cost function // 6D complex path cost evaluation 
9:           if     trial   if X f X  then 
10:                 Replace trialiX X and assign a positive reward to _op id  // Reward successful mutation 
11:             if    best  if X f X  then 
12:                 Update best iX X   // Update global optimum 
13:          end if 
14:             else 
15:                 Assign a zero reward to _op id  
16:             end if 
17:             Update the RL bandit statistics for _op id  
18:     end for 
19:     Perform elite preservation and cross-subpopulation injection // Periodic inter-population migration 
20:     if 0.2t MaxGen   then 
21:         Gradually reduce subpopulation sizes according to the population control strategy 
22:     end if 
23:     if population diversity drops below a predefined threshold then 
24:          ScoutPop, DevPop, BalPop  ← intelligent restart mechanism // Trigger local optimum escape 
25:     end if 
26:     Record the fitness value of bestX in  costHistory t  
27: end for 
28: Apply path smoothing to obtain the final path bestPath  
29: Compute statistical indicators 
Return: bestbestPath X , costHistory , stats  

 



 
Fig. 6 Flowchart of the MTCMDE algorithm. 

4.2 Multiple subgroups division of labor and collaboration 

The MTCMDE algorithm adopts a parallel collaborative framework with three 

subgroups that play different search roles. The Scout subgroup is responsible for global 

exploration in the early evolutionary stage. The Developer subgroup focuses on local 

exploitation and solution refinement in the middle and later stages. The Balancer 

subpopulation acts as an information bridge between exploration and exploitation. It 

facilitates strategy transfer and helps maintain population diversity. 

To enhance cooperation among these subgroups, a cyclical elite injection mechanism is 

employed. During each generation of evolution, elite individuals are transferred in a circular 

structure. In particular, elites from the Developer, Balancer, and Scout subgroups are injected 

into the Scout, Developer, and Balancer subgroups, respectively. This design enables 

continuous information exchange and provides effective guidance for convergence. 

During evolution, the total population size adaptively adjusts and gradually decreases to 

50% of its initial size to improve computational efficiency. The population is divided into 



three role-based subgroups: Scout, Developer, and Balancer, in a ratio of approximately 

0.4:0.4:0.2. Due to their different roles, these subgroups exhibit different search behaviors and 

operator preferences. The manifold-aware mutation operator is adaptively selected through a 

reinforcement learning-based mechanism, enabling the algorithm to adjust its search strategy 

based on evolutionary feedback. 

During elite injection, a small number of elite individuals replace selected individuals in 

the target subgroup. The fitness values of the updated individuals are then re-evaluated. This 

process supports stable knowledge transfer across subgroups and helps preserve population 

diversity. Fig. 7 illustrates the ring-based collaborative evolution framework of the Scout, 

Developer, and Balancer subgroups in MTCMDE. 

 

 
Fig. 7 Ring-based collaboration of three subgroups in MTCMDE. 

4.3 Contextual bandit-type reinforcement learning policy selection 

A multi-armed bandit model based on contextual state is introduced, dividing the 

evolutionary process into early, mid, and late stages. The optimal mutation strategy is 

dynamically selected based on the current stage. This process uses an ε-greedy strategy to 

balance exploration and exploitation, and uses normalized fitness gains as immediate rewards 

to iteratively update the strategy value function, implementing a stage-aware strategy 

scheduling mechanism. 

Using evolution stages as contextual states  1,2,3s . Early stage 0.3p  , middle stage 

0.3 0.7p  , late stage 0.7p  .The action  1,2,3,4,5a consists of five operators. An 

ε-greedy strategy is adopted for operator selection: 

  Uniform 1,...,5 ,   
argmax ( , ),   1a

a
Q s a





 


 (22) 



After applying operator a  to individual ix  , a trial solution i  is obtained and 

evaluated. The immediate reward is defined as: 

 ( ) ( )
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i i
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J x Jr
J x





 (23) 

where ( )J   denotes the composite fitness value and is a small constant to avoid numerical 

instability. 

The action-value function is updated as: 

  ( , ) ( , ) ( , )Q s a Q s a r Q s a    (24) 

where (0,1]  a is the learning rate. ( , )Q s a  is the action value function, which measures 

the expected reward obtained by performing action a  in state s . Fig. 8 illustrates the 

workflow of the contextual bandit-type reinforcement learning policy selection in MTCMDE. 

 

 
Fig. 8 Contextual bandit-based policy selection in MTCMDE 

4.4 Manifold-aware mutation 

To address the possible structure of feasible manifolds in complex, high-dimensional 

search spaces, we designed an adaptive perturbation mechanism that combines evolutionary 

stages with subgroup roles. This strategy builds on the basic DE/rand/1 operation and 

introduces a perturbation intensity parameter that varies with the number of evolutionary 

generations, allowing for differentiated designs for different subgroups. The Scout subgroup 

applies large perturbations to enhance global search capabilities. The Developer subgroup 

uses small perturbations to improve local search accuracy. The Balancer subgroup introduces 

structural perturbations in the form of sinusoidal functions to enhance the ability to traverse 

narrow channels and multi-obstacle bottlenecks. 

The core theoretical motivation of this manifold-aware operator is as follows: In a 

non-convex and height-constrained 3D environment, the feasible solution space for safe 



obstacle avoidance is not a regular Euclidean space. Instead, it manifests as an extremely 

narrow and fragmented topological manifold. Traditional differential mutation, with its blind 

random walks within Euclidean space, yields numerous invalid collision solutions. Therefore, 

this operator extracts the geometric repulsion force of irregular obstacle boundaries as a 

spatial constraint prior. This is equivalent to injecting a topological pseudo-gradient into the 

gradient-free heuristic algorithm. This mechanism forces the randomly evolving search 

trajectory to slide on the feasible manifold surface, mathematically transforming blind trial 

and error into a topologically guided directed exploration. Its mathematical principal 

expression can be derived as follows: 

Based on  0 1 2 3   r r rv x F x x    , adjust perturbations according to the evolutionary 

progress = maxt Gen  and subgroup roles: 

 explore exploit= (1 ),            (25) 

where  ,  denote the maximum exploration and exploitation intensity coefficients, with 

values of 1 and 0.5. Assign different update methods to different subgroups: 
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where   is the scaling factor, with a value of 1.5. Then, a binomial cross is used by row 

(intermediate node) while keeping the endpoints unchanged and grabbing out-of-bounds. 

Current manifold-aware operator is highly dependent on calculating the geometric 

distance from control points to static obstacle boundaries. If the environment is highly 

dynamic or changes rapidly, the topology of feasible manifolds can change drastically in real 

time. This is the relative limitation of the MTCMDE algorithm, and we objectively position it 

as a robust offline global planner operating in static or quasi-static complex environments. 

4.5 Multi-strategy library hybrid mechanism 

The algorithm integrates a diverse library of five DE strategies, including: 

(1) DE/current-to-pbest/1 with archive 

    1 2i i pbest i r rv x F x x F x x       (27) 

where ix  is the current individual. pbestx  is randomly selected from the top p% of elite 

individuals. F  is the scaling factor. 1rx  is randomly sampled from the current population. 

2rx  is selected from a historical archive that stores recently replaced individuals. 

(2) DE/current-to-pbest/1 

    1 2i i pbest i r rv x F x x F x x       (28) 



where all individuals pbestx , 1rx  and 2rx  are sampled from the current population without 

using the archive. 

(3) DE/rand/2 

    1 2 3 4 5i r r r r rv x F x x F x x      (29) 

where 1 2 3 4 5,  ,  ,  ,  r r r r rx x x x x  are five mutually distinct individuals randomly selected from the 

current population. 

(4) DE/best/2 

    1 2 3 4i best r r r rv x F x x F x x      (30) 

where bestx  is the optimal individual in the current population. 

(5) Manifold-aware mutation 

In addition to classical DE operators, a manifold-aware mutation is incorporated to better 

exploit the geometric structure of feasible paths. This operator adaptively perturbs 

intermediate control points while keeping the start and goal points fixed. The perturbation 

intensity is adjusted according to evolutionary stage and subgroup role, as described in 

Section 4.4. 

For all strategies, a dimension-wise binomial crossover is applied to intermediate control 

points of the path representation. Any out-of-bound solutions are projected back into the 

feasible search space using a clamping function, ensuring path feasibility and numerical 

stability. By combining these complementary mutation strategies under a reinforcement 

learning-driven selection mechanism, MTCMDE achieves a balanced trade-off between 

exploration and exploitation across different evolutionary stages. 

4.6 Computational complexity analysis 

The computational complexity of MTCMDE fundamentally depends on the path fitness 

evaluation process. Let G be the maximum number of iterations, P be the total population size, 

N be the number of control points for each path, M be the number of obstacles in the 

environment, and V be the average geometric complexity of each obstacle. To clearly quantify 

the additional overhead introduced by the advanced components proposed in this paper, the 

time complexity is broken down as follows: 

1. RL-based operator selection: Bandit reward calculation and Q-table update only 

involve basic scalar arithmetic operations for each individual, with an algorithmic overhead of 

only (1)O . 

2. Three-subgroup co-evolution: Periodic elite migration requires sorting the fitness 

arrays of each subpopulation, resulting in a sorting complexity of ( log )O P P . 



3. Manifold-aware mutation: Calculating the local topological repulsion vector requires 

measuring the distance from the perturbed point to the nearest obstacle boundary. The 

worst-case upper bound of this step is completely consistent with standard collision detection, 

resulting in a complexity of ( )O N M V  . 

The complexity of standard difference mutation and crossover operations is ( )O N . 

Therefore, the six-dimensional fitness evaluation constitutes the absolute computational 

bottleneck, with an operational scale of ( )O N M V  . Because this higher-order term 

completely dominates the RL policy update ( (1)O ) and elite sorting ( ( log )O P P ) in an 

asymptotic sense, the overall time complexity of MTCMDE is strictly limited to 

( )O G P N M V    . The space complexity primarily stems from the memory required to store 

the population trajectory matrix and historical archives. Because the population maintains P 

individuals, and each individual contains N control points in a 3D coordinate system, the 

overall space limit of the algorithm is strictly ( )O P N . 

The introduction of manifold sensing, multi-population cooperation, and reinforcement 

learning mechanisms did not lead to an increase in algorithm complexity. On the contrary, by 

mathematically filtering out a large number of redundant evaluations within infeasible 

collision regions, these modules effectively optimize the actual runtime. 

5. Experimental results and analysis 

5.1 Experimental setup 

To verify the performance and robustness of the proposed MTCMDE algorithm for UAV 

path planning in irregular 3D environments, this study selected eight representative 

differential evolution and swarm intelligence algorithms as comparison objects. These include: 

classical differential evolution algorithm DE , adaptive differential evolution algorithm JADE, 

adaptive differential evolution algorithm SHADE based on success history, L-SHADE 

introducing linear population reduction mechanism, L-SHADE-SPA using semi parametric 

adaptive strategy, adaptive uniform search differential evolution algorithm SaUSDE, genetic 

algorithm SLGA integrating social learning mechanism, and particle swarm optimization 

algorithm CLPSO-LS combining comprehensive learning and local search. These algorithms 

cover various representative methods such as classic evolutionary algorithms, champion 

algorithms, and the latest improved evolutionary algorithms, and can comprehensively 

evaluate the comprehensive optimization performance of MTCMDE. All algorithms are 

applied to UAV path planning tasks in 3D irregular obstacle environments under the same 

constraints. The maximum iteration number is set to 800, the population size is 200, the 

number of control points is 20, the safe distance is 30, and the ideal flight altitude is set to 200. 



Each algorithm runs independently 20 times to obtain stable statistical results. 

The experimental environment was MATLAB R2020a, and the computing platform 

configuration was: Intel(R) Core (TM) Ultra 9 285H processor (2.9 GHz), 32 GB of memory, 

and Windows 11 64-bit operating system. All algorithms used consistent boundary conditions 

and termination criteria, and the parameter configuration is detailed in Table 2. 

 
Table 2 Parameter settings of the compared algorithms. 

Algorithms Parameter Settings 

DE Mutation factor F : 0.4; Crossover rate Cr : 0.9 

JADE p-best ratio p : 0.2; Learning rate c : 0.1; Archive size: 100; Mean of F muF : 0.4; Mean of CR muCr : 0.4 

SHADE p-best ratio p : 0.2; Archive size: 100; Memory size: 5; Mean of F muF : 0.4; Mean of Cr muCr : 0.4 

LSHADE 
Minimum population: 4; Memory size: 5; Archive size: 400; Memory update c : 0.1; p-best ratio p : 0.2; 

Cauchy scale of F ScaleF : 0.1; Normal sigma of Cr SigmaCr : 0.1 

LSHADE-SPA 
Minimum population: 4; Memory size: 5; Archive size: 400; p-best ratio p : 0.2; Memory update c : 0.1; 

Fixed F fixedF : 0.5; Fixed CR fixedCr : 0.9; Cauchy scale of F ScaleF : 0.1; Normal sigma of CR SigmaCr : 0.1 

SaUSDE Mutation factor F : 0.6; Min crossover minCr : 0.4; Max crossover maxCr : 0.95 

SLGA 
Elite ratio p : 0.1; Learning rate : 0.75; Discount factor  : 0.2; Epsilon-greedy  : 0.85; States: 20; Actions 

10; Weight 1 2  : 0.35; Weight 3 : 0.3; Crossover prob cP : 0.4-0.9; Mutation prob mP : 0.01-0.21 

CLPSO-LS 
Inertia weight : 0.6; Acceleration coefficient c : 1.5; Max velocity ratio MaxRatiov : 0.2; Template refresh gap: 

7; Tournament size: 5; Local-search top-K: 8; LS Gaussian sigma: 0.05; Stagnation window : 25 

MTCMDE 
Mutation factor F : 0.6; Crossover rate Cr : 0.85; Elite ratio p : 0.1; Restart threshold: 0.05; Improvement 

threshold: 1e-5; Variance threshold: 1e-4; Late-phase ratio: 0.95; Late improvement threshold: 0.001 

5.2 Case description 

To evaluate MTCMDE under challenging 3D path planning conditions, five simulation 

cases (Cases 1-5) were designed. All cases share the same environment size of 1000×1000×

1000 to keep the comparison consistent and ensure that the results are reproducible. Each case 

combines irregular obstacles with wind-field disturbances, and the overall difficulty is 

increased progressively by making the scene more cluttered and the feasible region more 

constrained. Thus, these tests were designed to examine robustness from several viewpoints, 

including global search behavior, path feasibility, obstacle avoidance, and sensitivity to 

dynamic perturbations. 

For a fair comparison, the start and finish positions are placed in relatively open areas 

while still being constrained by surrounding threats. This setting guarantees that feasible paths 

exist while avoiding trivial solutions. The typical configuration of each case is summarized in 

Table 3. Case 1 adopts a horizontal-view scenario with a constant flight altitude, serving as a 

baseline feasibility test. Cases 2, 4, and 5 use an upward-view setting to mimic takeoff or 

climbing trajectories, whereas Case 3 adopts a downward-view setting to highlight stability 



during descent and landing. Across Cases 1-5, the number of obstacles increases from 11 to 

40, moving from low-density to high-density environments and providing a more stringent 

assessment under wind disturbance. 

The obstacle set is intentionally diverse and includes a range of complex geometries (e.g., 

cylindrical and pyramidal shapes, irregular polyhedra, bent and composite structures). The 

layouts vary from sparse to dense and from relatively regular patterns to more scattered 

distributions, which introduces strong nonlinearity and uncertainty into the search space. 

These obstacle configurations were generated to reflect practical mapping and challenging 

operating conditions, and were visualized using both 2D top-down views and 3D plots. The 

parameters are detailed in Appendix A. 

Table 3 Typical settings of test cases. 

Case Number of obstacles Start point Goal point Flight attitude 

Case 1 11 [50,50,200] [950,950,200] Horizontal view 

Case 2 17 [50,50,10] [950,950,400] Upward view 

Case 3 22 [30,30,500] [950,950,50] Downward view 

Case 4 30 [150,50,150] [950,950,500] Upward view 

Case 5 40 [50,50,100] [950,950,600] Upward view 

5.3 Convergence analysis 

Fig. 9 compares the convergence behaviors of MTCMDE with eight baseline algorithms. 

In the first 100 iterations, the fitness values of most algorithms rapidly decreased, reflecting 

their global exploration behavior in the early stages of the search. The MTCMDE algorithm 

showed faster convergence speed in all five test scenarios, quickly approaching high-quality 

areas. This rapid decline is mainly attributed to the synergistic effect of its three subgroup 

structures and adaptive operator selection mechanism, which effectively improves early 

population diversity and global search capability. 

In the mid to late stages, some comparative algorithms, such as JADE, LSHADE, and 

SLGA, experienced varying degrees of premature stagnation and slower changes in fitness. 

However, MTCMDE maintained a sustained downward trend in fitness in Cases 3 and 5, 

demonstrating its strong local exploration ability and stable search process. This indicates that 

the algorithm not only maintains a leading position in low complexity environments but also 

demonstrates strong adaptability in highly complex scenarios characterized by 

high-dimensional, non-convex, and wind disturbances. 

A closer inspection of the final iterations (zoomed inset) reveals that MTCMDE secures 

the lowest asymptotic fitness with the most compact convergence curve. This minimal 



variance underscores its superior stability and precision, enabling the identification of better 

global optima within a fixed computational budget. In comparison, SHADE and CLPSO-LS 

display noticeable oscillations, suggesting sensitivity to stochastic perturbations in the late 

search phase, whereas SaUSDE and SLGA yield suboptimal accuracy due to mid-stage 

stagnation. 

Overall, MTCMDE displays an ideal convergence profile for trajectory optimization: 

rapid initial descent, sustained mid-term refinement, and stable, high-precision termination. 

Such behavior confirms its exceptional balance between global exploration and local 

exploitation, validating its efficacy for complex, multi-constrained path planning in irregular 

3D terrains. 



 

Fig. 9 Convergence curves of MTCMDE and comparison algorithms. 

Table 4 presents the quantitative performance metrics across the five test cases. 

MTCMDE demonstrates distinct superiority regarding convergence precision, convergence 

rate, and stability. In terms of mean fitness, the proposed algorithm consistently achieves 

optimal or near-optimal rankings; this is particularly evident in Cases 2, 4, and 5, where it 

yields substantial improvements, recording values of 941.72, 1071.61, and 1128.96, 

respectively. Such results surpass the majority of comparative benchmarks, validating the 

robust global search mechanisms and adaptability of MTCMDE to problem constraints. 

Furthermore, MTCMDE achieves a steep descent in fitness within the initial 100 generations, 

marking a decisive improvement over traditional formulations like DE and JADE. The 

standard deviation of MTCMDE is the lowest or close to the lowest in all cases, indicating its 

highly stable convergence performance. Comprehensive analysis shows that MTCMDE can 

not only quickly enter the high-quality solution domain and obtain the optimal solution but 

also maintain minimal fluctuations and stable optimization results. Therefore, it is highly 

suitable for complex, multi constraint 3D path planning tasks. 
 

Table 4 Statistical results of different algorithms for five cases. 

Case Statistic DE JADE SHADE LSHADE LSHADE_SPA SaUSDE SLGA CLPSO_LS MTCMDE 

Case1 

Best 786.31 776.49 1055.21 772.37 778.16 954.05 960.85 885.29 727.91 

Avg. 816.11 804.87 1163.55 799.42 886.21 1171.00 998.32 923.18 804.07 

Sd. 19.60 20.69 86.90 12.64 103.82 64.00 153.53 24.21 43.01 

Case 2 

Best 920.59 929.81 944.60 921.02 919.86 981.88 940.97 946.84 909.75 

Avg. 1006.66 955.12 950.48 954.20 957.23 1032.04 991.16 1021.89 941.72 

Sd. 120.86 10.00 9.49 12.67 15.66 39.26 27.10 99.16 7.59 

Case 3 

Best 832.74 825.75 835.52 825.20 825.73 914.44 854.00 900.07 817.16 

Avg. 913.41 847.29 899.19 855.43 888.95 1014.08 933.69 963.71 837.23 

Sd. 63.37 23.77 39.06 33.83 30.31 72.32 57.12 53.46 20.12 



Case 4 

Best 1425.01 1214.99 1067.55 1310.72 1242.71 1430.01 1093.50 1894.81 1022.42 

Avg. 2003.03 1410.13 1105.19 1624.17 1989.66 1904.44 1526.42 2136.65 1071.61 

Sd. 417.35 111.24 87.23 158.04 598.15 449.45 567.60 256.05 43.02 

Case 5 

Best 1120.84 1128.83 1107.49 1105.00 1093.39 1235.65 1176.50 1220.14 1067.11 

Avg. 1862.23 1182.81 1159.12 1180.67 1155.65 1360.86 1235.85 1382.24 1128.96 

Sd. 1464.01 40.71 22.76 38.20 47.59 67.99 40.93 114.58 32.10 

*The optimal results are shown in bold. 

 

5.4 Path analysis in irregular cases 

Figs. 10 and 11 illustrate the 3D path diagram and its top view, respectively. In all five 

cases, MTCMDE produces feasible paths that avoid the obstacle field, and its advantage 

becomes more evident when the scene is both cluttered and affected by wind. In Case 4, 

where obstacles are densely packed and geometrically diverse, several methods (e.g., DE and 

SHADE) yield less reliable behaviors, such as excessive detours or trajectories that cut 

through narrow corridors and may lead to obstacle penetration. MTCMDE tracks the obstacle 

boundaries more carefully, avoids collisions and abnormal deviations, and remains effective 

in compact feasible regions. 

The paths generated by MTCMDE also show smaller curvature variations and fewer 

sharp turns than those produced by SaUSDE and SLGA. In Cases 4 and 5, it maintains 

smooth transitions while passing multiple adjacent non-convex obstacles, whereas 

CLPSO-LS and LSHADE-SPA often introduce abrupt heading changes that could complicate 

practical flight control. Under wind disturbances, MTCMDE preserves a stable heading trend 

and trajectory consistency, without the unstable oscillations observed in some baselines. In 

addition, its paths are generally shorter and more directionally efficient. In Cases 1 and 2, the 

planned route stays close to the lower boundary of the feasible space and reaches the goal 

with a lower overall cost. Furthermore, the top-down views obtained for MTCMDE show a 

coherent and compact navigation pattern through the multi-obstacle layout, whereas the 

algorithms used for comparison produce relatively more scattered or overly conservative 

routes. 

MTCMDE demonstrates strong feasibility, smooth geometry, wind robustness, and 

flexible obstacle avoidance in irregular 3D environments. The resulting paths achieve lower 

costs and exhibit better engineering practicality and safety for complex constrained path 

planning tasks. 

 



  

  

 
Fig. 10 3D path planning results in irregular environments under wind fields. 

 



  

  

 
Fig. 11 Top-down view of the planned paths in irregular environments. 

5.5 Runtime analysis 

The running time line chart plotted in Fig. 12 shows significant differences in the 

running times of various algorithms among the five irregular 3D path planning tasks. Overall, 

the traditional DE algorithm has the longest running time in all cases, especially Cases 3 and 

4, with running times of 1897.02 s and 1690.66 s respectively, far exceeding those of other 

algorithms, indicating lower computational efficiency. In contrast, MTCMDE maintains a 

moderate running time in all test scenarios, averaging at approximately 628.61 s, far lower 



than those of algorithms such as CLPSO-LS and SaUSDE. This is particularly evident in 

highly complex cases (Cases 3 and 4), where MTDMDE achieves running times of 673.35 s 

and 895.27 s, respectively, far lower than those of DE and SaUSDE. These findings 

demonstrate the outstanding time management capabilities of MTCMDE. 

Although LSHADE and LSHADE-SPA achieve shorter runtimes in some scenarios, their 

computational advantages are limited by their disadvantages in path accuracy and 

convergence stability. While maintaining its leading comprehensive optimization quality, 

MTCMDE’s runtime has not increased significantly, demonstrating a good balance between 

performance and efficiency. It achieved excellent runtime control, demonstrating the 

engineering practicality of its algorithm’s multi-subpopulation parallel evolution and adaptive 

operator scheduling. 

As noted in this computational complexity analysis, although the high-level components 

introduce minimal internal overhead, they fundamentally accelerate the overall search process 

by preventing subpopulations from wasting significant fitness evaluations in highly penalized 

collision zones. This theoretical mechanism closes the loop and explains the observed 

experimental results. To emphasize, MTCMDE achieves significantly shorter and more stable 

runtimes than traditional methods in highly constrained scenarios. 
 

 
Fig. 12 Runtime comparison of different algorithms. 

5.6 Statistical tests 

5.6.1 Wilcoxon rank-sum test 

To verify the scientific validity and reliability of the proposed MTCMDE algorithm, a 

Wilcoxon rank sum test was used for statistical significance analysis. This nonparametric test 

uses p-values to determine whether differences between algorithm runs are statistically 

significant [55,56]. 

The experimental results in Table 5 show that, in most irregular environments, the 

p-values between MTCMDE and the comparison algorithms were far below the conventional 

significance level of 0.05. Especially, when compared with algorithms such as SHADE and 



SaUSDE, the p-values were generally lower than powers 6 or even 8, indicating a highly 

statistically significant performance difference. This indicates that MTCMDE has significant 

advantages in path convergence quality, optimization stability, and robustness. 

Although some individual cases did not reach low significance levels, the overall 

Wilcoxon test results showed a desirable significance trend. This proves that, MTCMDE 

exhibits relatively more reliable and superior optimization capabilities in most complex and 

irregular 3D environments. These findings validate its effectiveness and superiority in UAV 

path planning. 

 

Table 5 Wilcoxon rank-sum test results between MTCMDE and comparison algorithms. 

Case MTCMDE VS  

 DE JADE SHADE LSHADE LSHADE-SPA SaUSDE SLGA CLPSO-LS 

Case1 3.50E-02 6.75E-02 6.79E-08 2.25E-02 1.95E-03 5.32E-08 1.60E-05 8.86E-05 

Case 2 1.14E-02 1.04E-06 7.90E-08 2.04E-05 1.25E-05 6.79E-08 9.74E-06 6.79E-08 

Case 3 9.75E-06 1.84E-02 1.26E-05 4.89E-02 3.07E-06 1.63E-03 4.54E-07 2.46E-04 

Case 4 6.76E-08 6.71E-08 9.61E-03 9.17E-08 9.46E-08 1.22E-03 3.97E-06 4.60E-04 

Case 5 7.11E-03 3.39E-03 3.04E-04 7.76E-02 1.63E-02 1.57E-06 3.96E-03 4.54E-06 

5.6.2 Friedman test 

To evaluate the comprehensive performance across all test cases, we employed the 

Friedman statistical test based on average fitness scores and relative rankings [57,58]. As 

detailed in Table 6, MTCMDE consistently achieved either the premier or secondary rank 

across the five scenarios. This performance underscores both its stability and competitive 

global optimization capability. While LSHADE exhibited a marginal edge over MTCMDE in 

Case 1, MTCMDE dominated the remaining four cases, evidencing superior robustness and 

broad applicability to irregular 3D path planning. In contrast, standard DE and other improved 

variants demonstrated marked volatility in performance, resulting in fluctuating rankings. 

Furthermore, algorithms such as SaUSDE and CLPSO-LS frequently occupied the lower tiers, 

signaling their limited adaptability to the specific constraints tested. Collectively, the 

Friedman statistics corroborate that MTCMDE maintains a distinct advantage in terms of both 

scoring metrics and ranking stability within complex 3D environments. 

 

Table 6 Friedman test results of different algorithms. 

Case Indicators DE JADE SHADE LSHADE LSHADE-SPA SaUSDE SLGA CLPSO-LS MTCMDE 

Case1 
Mean score 3.65 2.75 8.10 2.45 4.50 8.40 6.75 5.90 2.50 

Rank 4 3 8 1 5 9 7 6 2 

Case 2 Mean score 4.35 4.55 3.15 4.70 5.00 8.20 6.75 6.45 1.85 



Rank 4 5 2 6 7 9 8 3 1 

Case 3 
Mean score 5.25 2.90 5.15 2.70 4.80 8.55 6.40 7.45 1.80 

Rank 6 3 5 2 4 9 7 8 1 

Case 4 
Mean score 7.05 4.05 1.80 5.25 6.75 6.80 4.40 7.50 1.40 

Rank 8 4 2 5 6 7 3 9 1 

Case 5 
Mean score 6.45 4.30 3.70 4.15 2.80 8.10 5.95 7.95 1.60 

Rank 7 5 3 4 2 9 6 8 1 

5.6.3 Violin plot analysis 

Fig. 13 visualizes the fitness distributions and solution densities across the five test cases 

via violin plots [59]. MTCMDE consistently secured the lowest or near-lowest mean fitness 

values. More importantly, its distribution profile was tightly clustered with negligible 

volatility and an absence of significant outliers, characteristics that underscore its exceptional 

convergence stability and robustness. This superiority was particularly pronounced in the 

highly complex environment of Case 4, where MTCMDE outperformed competing methods 

by a substantial margin, thereby validating its global optimization capability and adaptability 

to intricate 3D constraints. In sharp contrast, traditional DE paradigms and their variants 

displayed broad dispersion ranges and unstable solution densities across multiple scenarios, 

revealing their inherent limitations when navigating irregular topologies. 
 

 

Fig. 13 Violin plots of fitness distributions for different algorithms. 

5.6.4 Radar chart analysis 

The radar chart distributions [60] plotted in Fig. 14 show that the fitness values of 

MTCMDE in the five test cases always remained within the minimum range, significantly 

outperforming other algorithms. This demonstrates its high degree of convergence and 



stability. In contrast, traditional DE and its variants fluctuated significantly in various 

dimensions, especially in Case 4, where the peak is prominent, reflecting their performance 

degradation in complex scenarios. Algorithms such as SaUSDE, SLGA, and CLPSO-LS 

showed a large radius distribution as a whole, indicating their obvious disadvantages in 

multiple scenarios. Overall, MTCMDE proved to be significantly advantageous within the 

convergence range of all dimensions, verifying its robustness and wide adaptability in 

irregular 3D path planning tasks. 

 
Fig. 14 Radar chart comparison of different algorithms’ performance. 

5.6.5 Effect Size Analysis 

To further quantify the magnitude of performance differences beyond statistical 

significance, we calculated Cohen’s effect size based on the raw fitness results from 20 

independent runs. The complete results are summarized in Table 7. 

According to statistical guidelines, an effect size of d ≈ 0.2 is considered a small effect, 

d ≈ 0.5 a moderate effect, and d ≥ 0.8 a large effect. As detailed in Table 7, in all 

scenarios, MTCMDE exhibited a significant effect relative to a majority of compared 

algorithms. In highly constrained scenarios (such as Case 4), MTCMDE achieved a relatively 

large effect compared to baseline algorithms such as DE and JADE. These findings prove its 

strong practical significance in deterministic 3D path planning. This significance stems 

directly from the extremely low variance of MTCMDE and its ability to consistently avoid 

high-penalty collision zones, while traditional algorithms often stagnate in these local optima. 

In the simpler Case 1, LSHADE slightly outperformed MTCMDE, producing a small 

negative effect (-0.15). This is entirely consistent with the Friedman ranking, objectively 

reflecting a clear algorithmic trade-off. MTCMDE prioritizes the development of complex 

nonconvex topologies over convergence speed in simple open spaces. Overall, the effect size 

confirms that MTCMDE’s advantage is significant both statistically and practically. 



Table 7 Cohen’s d effect sizes for the fitness comparison between MTCMDE and other algorithms. 

Case MTCMDE VS  

 DE JADE SHADE LSHADE LSHADE-SPA SaUSDE SLGA CLPSO-LS 

Case1 0.36 0.02 5.24 -0.15 1.03 6.73 1.72 3.41 

Case 2 0.76 1.51 1.02 1.20 1.26 3.20 2.48 1.14 

Case 3 1.62 0.46 1.99 0.65 2.01 3.33 2.25 3.13 

Case 4 3.14 4.01 0.49 4.77 2.16 2.61 1.13 5.80 

Case 5 0.71 1.47 1.08 1.47 0.66 4.36 2.91 3.01 

 

5.7 Sensitivity Analysis of Elite Migration Frequency 

In the co-evolutionary framework, migration frequency determines the trade-off between 

subpopulation diversity and information sharing. To validate the configuration of elite 

migration intervals, we conducted a sensitivity analysis using a highly constrained case (Case 

4). We evaluated algorithms with different migration intervals (intervals = 1, 5, 10, and 20) 

and compared them with an algorithm without migration. The statistical results based on 20 

independent runs are summarized in Table 8. 

The data show that the proposed high-frequency migration (interval = 1) performs best, 

achieving the lowest average path cost (1071.61) and standard deviation (43.02). The 

performance of algorithm significantly decreased with increasing interval. While classic 

unconstrained optimization typically employs delayed migration (interval = 10) to prevent 

premature convergence, the optimization environment of 3D UAV path planning has unique 

characteristics. In dense environments filled with irregular obstacles, feasible spatial 

pathways are extremely narrow and scarce. Once a specific subpopulation successfully 

discovers a collision-free manifold topology, this crucial spatial information must be shared 

immediately. Any migration delay forces other subgroups to waste significant fitness 

evaluations in infeasible collision regions, leading to severe convergence stagnation and high 

penalties. Therefore, setting the migration interval to 1 serves as an immediate topology 

broadcasting mechanism, which is theoretically sound and empirically optimal in complex 

non-convex environments. This is far more important than traditional diversity maintenance 

when solving complex 3D obstacle collision avoidance problems. 
 

Table 8 Sensitivity analysis of elite migration frequency on MTCMDE performance in Case 4. 

Migration Strategy Migration Interval Avg. Sd. 

MTCMDE (Proposed) 1 1071.61 43.02 

MTCMDE-M5 5 1145.34 82.51 

MTCMDE-M10 10 1318.72 175.85 



MTCMDE-M20 20 1624.21 245.64 

MTCMDE-NoMig - 1910.55 382.30 

 

5.8 Scalability Validation in a Large-Scale Real-World Application 

To further demonstrate the scalability and universality of the application of the proposed 

method to UAVs in real-world scenarios, a large-scale, ultra-high-density urban scenario was 

constructed (Case 6). Unlike previous test cases, this environment spans a vast 2000 m × 

2000 m × 500 m airspace and contains 80 highly irregular, non-convex obstacles. These 

obstacles are randomly distributed to realistically simulate the topological complexity of a 

modern central business district (CBD). The extreme obstacle density and intricate 

topological traps (such as deep concavities and lightning-shaped structures) severely 

compress the feasible flight manifold. This use case is specifically designed to rigorously 

evaluate whether the algorithm can maintain high robustness and successfully escape the 

Euclidean blind zone under large-scale spatial constraints.  

Due to the exponential increase in computational cost in this scenario, we selected the 

highly representative algorithm DE and the high-performance algorithms LSHADE-SPA and 

CLPSO-LS for benchmark comparison. All settings in this experiment are consistent with 

previous experiments. The start and end points were set to (50, 50, 20) and (1950, 1950, 300). 

Experimental results show a significant performance gap between the tested methods. 

The 3D trajectory and 2D top views (Fig. 15) show that the baseline DE algorithm cannot 

avoid dense obstacle clusters and will collide with building boundaries due to the inherent 

Euclidean blindness of the standard mutation operator. LSHADE-SPA and CLPSO-LS can 

bypass most obstacles, but when trapped in narrow manifolds between adjacent tall buildings, 

they exhibit significant trajectory detours and jagged flight segments. LSHADE-SPA 

performs relatively better. Nevertheless, MTCMDE outperforms all these algorithms by 

successfully identifying the optimal and smooth collision-free path. This advantage confirms 

that the manifold-aware perturbation operator can effectively utilize local geometric cues, 

enabling the UAV to glide along feasible manifold boundaries instead of getting stuck in dead 

ends. 

 



  
Fig. 15 Experimental results of 3D and 2D UAV irregular path planning in the large-scale, high-density urban 

environment (Case 6). 

 

The convergence behavior shown in Fig. 16 further highlights the scalability of the 

MTCMDE. In contrast, DE and CLPSO-LS exhibit insufficient convergence. LSHADE-SPA 

converges prematurely after approximately 500 iterations due to the rapid loss of population 

diversity in the large-scale constraint space. Whereas, MTCMDE maintains a continuous 

downward trend throughout the evolutionary process. The reinforcement learning-driven 

allocation scheme dynamically adjusts the policy pool, successfully avoiding search 

stagnation. Furthermore, as shown in Table 9, MTCMDE achieves the lowest average cost 

and smallest standard deviation in this large-scale experiment. These results demonstrate that 

the proposed framework not only possesses strong large-scale spatial scalability but also 

exhibits excellent generalizability for complex real-world path planning tasks. 

 

 
Fig. 16 Comparison of convergence curves of various evaluation algorithms in the large-scale urban scenario. 

 



Table 9 Statistical performance comparison of various algorithms in the large-scale scenario (Case 6). 

Algorithm Best Avg. Sd. 

DE 3888.94 6983.42 1418.11 

LSHADE-SPA 2616.98 3058.52 395.19 

CLPSO-LS 2666.42 3593.40 789.89 

MTCMDE 2478.34 2561.45 52.29 

 

6. Conclusion 

This paper proposes a novel DE framework (MTCMDE) for 3D UAV path planning in 

the presence of wind field disturbances and irregular obstacles. It integrates the collaboration 

of three sub-populations (Scout/Developer/Balancer), multi-operator adaptation driven by 

Bandit reinforcement learning, and manifold-aware disturbance. Moreover, it supports a 

six-dimensional path cost model and irregular obstacle grid modeling. In systematic 

experiments comparing eight representative algorithms across six complex wind-affected 

cases, including an ultra-high-density urban scenario with 80 obstacles, MTCMDE can stably 

generate feasible, shortest, and smoother 3D trajectories, showing faster early convergence 

and continuous late improvement, with lower final fitness cost and variance. Path 

visualization, violin plots, and radar plots demonstrate balanced performance across multiple 

metrics, including obstacle avoidance safety, angle and height smoothness, and wind field 

robustness. Statistical tests, including the Wilcoxon rank-sum test, the Friedman test, and 

Cohen’s d effect size evaluations, further support that the observed performance gains are 

significant and consistent. Coupled with a rigorous computational complexity analysis, while 

MTCMDE does not consistently minimize runtime metrics, it yields superior trajectory 

quality in high-complexity scenarios. This behavior reflects a pragmatic trade-off between 

computational expenditure and solution fidelity. The proposed framework is characterized by 

rapid convergence, robust search stability, and precise localization of optima. The distinct 

adaptability of MTCMDE to irregular topologies establishes it as a rigorous methodology for 

UAV path generation subject to intricate constraints. 

Future work will extend MTCMDE to multi-objective optimization, utilizing 

reinforcement learning to balance Pareto trade-offs [61–64]. To address the current limitation 

regarding the dependence on real-time topological changes of feasible manifolds in highly 

dynamic environments, this framework will be expanded to multi-UAV cooperative planning 

with dynamic collision avoidance strategies [65,66]. Furthermore, the integration of Internet 

of Things technologies[67,68] will be explored to enhance real-time situational awareness and 

distributed decision-making capabilities for UAV clusters. 
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AppendixA. Details of irregular obstacles (Cases 1-5) 
Case 1 

No. Projection coordinates and height of obstacles No. Projection coordinates and height of obstacles 
1 (100, 350), (100, 200), (250, 300) 300 2 (320, 110), (370, 260), (260, 210) 180 
3 (750, 700), (850, 700), (900, 600) 500 4 (630, 110), (760, 90), (710, 210), (610, 220) 255 
5 (300, 500), (400, 600), (500, 600), (550, 500) 470 6 (110, 420), (210, 420), (210, 530), (110, 530) 420 
7 (600, 700), (700, 700), (700, 600), (600, 500) 500 8 (420, 420), (470, 470), (530, 460), (490, 390), (440, 390) 600 
9 (730, 740), (780, 740), (840, 790), (840, 840), (780, 890), (730, 

840) 580 
10 (210, 740), (260, 710), (320, 740), (340, 790), (260, 840), (190, 

790) 400 
11 (740, 420), (790, 500), (890, 530), (860, 470), (790, 420) 550   

Case 2 
No. Projection coordinates and height of obstacles No. Projection coordinates and height of obstacles 
1 (120, 180), (180, 120), (240, 180) 350 2 (300, 140), (360, 200), (330, 260), (270, 220) 400 
3 (116.7, 424.2), (220.3, 396.9), (276.6, 516.8), (180.4, 534.1) 550 4 (480, 110), (560, 130), (540, 220), (460, 210) 450 
5 (650, 150), (720, 180), (740, 260), (680, 300), (620, 260) 500 6 (850, 110), (900, 160), (860, 220), (800, 200) 500 
7 (420, 350), (470, 410), (530, 400), (490, 330), (440, 320) 650 8 (300, 600), (380, 640), (420, 700), (340, 720), (280, 670) 550 
9 (580, 550), (660, 580), (750, 640), (640, 690), (560, 660) 600 10 (730, 450), (790, 500), (880, 520), (860, 460), (800, 430) 550 
11 (110, 730), (170, 710), (240, 740), (260, 790), (200, 820) 320 12 (310, 760), (360, 780), (430, 810), (410, 860), (340, 830) 650 
13 (510, 780), (560, 830), (630, 820), (590, 760) 700 14 (720, 760), (770, 780), (840, 830), (820, 880), (750, 850) 700 
15 (580, 500), (690, 500), (690, 400), (650, 400), (650, 350), (610, 

350), (610, 400), (580, 400) 600 
16 (360, 580), (420, 620), (450, 500), (410, 520), (400, 500), (360, 

520), (390, 550) 660 
17 (890, 720), (930, 760), (960, 810), (910, 850), (860, 800) 700   

Case 3 
No. Projection coordinates and height of obstacles No. Projection coordinates and height of obstacles 
1 (600, 400), (700, 500), (800, 400) 500 2 (320, 90), (410, 160), (440, 80), (380, 50) 600 
3 (420, 850), (670, 800), (430, 760), (500, 700), (600, 900) 700 4 (150, 350), (200, 380), (180, 420), (130, 410), (100, 390) 500 
5 (500, 200), (550, 250), (650, 200), (580, 150), (520, 130), (550, 

150) 500 
6 (700, 300), (750, 350), (800, 300), (780, 250), (730, 230), (710, 

270) 600 
7 (350, 650), (400, 700), (450, 650), (430, 600), (380, 580), (360, 

620) 500 
8 (850, 400), (900, 450), (950, 400), (930, 350), (880, 330), (890, 

380) 388 
9 (370, 270), (420, 320), (470, 270), (450, 220), (400, 200), (380, 

240) 600 
10 (150, 790), (100, 710), (300, 790) 680 

11 (80, 850), (160, 870), (210, 930), (190, 970), (120, 985), (60, 950), 
(50, 890) 600 

12 (80, 480), (160, 495), (200, 550), (150, 600), (70, 580), (55, 530), 
(65, 495) 590 

13 (620, 900), (680, 945), (740, 930), (750, 880), (710, 830), (650, 
845), (625, 870) 520 

14 (801.13, 176.55), (849.11, 199.93), (897.07, 199.93), (945.05, 
176.55), (962.02, 128.37), (945.05, 80.19), (897.07, 32.01), 
(849.11, 32.01), (801.13, 80.19), (784.16, 128.37) 480 

15 (450, 550), (500, 500), (550, 550), (600, 500), (550, 450), (450, 
450), (400, 500) 700 

16 (420, 320), (470, 370), (520, 320), (470, 270), (420, 320), (370, 
370), (320, 320), (370, 270) 600 

17 (800, 600), (850, 650), (900, 600), (850, 550), (800, 600), (750, 
650), (700, 600), (750, 550) 320 

18 (100, 100), (200, 70), (250, 200), (150, 230), (80, 150), (130, 130) 
550 

19 (800, 800), (850, 750), (950, 800), (900, 850), (830, 880), (880, 
820) 250 

20 (300, 700), (350, 730), (400, 700), (380, 650), (320, 640), (340, 
680) 560 

21 (600, 100), (650, 150), (700, 100), (680, 50), (630, 30), (610, 80) 
780 

22 (200, 600), (250, 630), (300, 600), (280, 370), (230, 360), (210, 
390) 660 

Case 4 
No. Projection coordinates and height of obstacles No. Projection coordinates and height of obstacles 
1 (426.02, 890.38), (354.61, 904.38), (343.12, 953.63), (283.33, 

944.65), (407.26, 772.30) 382 
2 (903.4, 887.3), (831.8, 927.5), (803.7, 881.4), (790.2, 886.7), 

(781.1, 861.5), (850.5, 786.6), (855.4, 767.5) 555 
3 (900.5, 230.9), (821.6, 218.6), (819.7, 59.6), (900, 101.2), (938.1, 

98.0) 557 
4 (581.9, 515.8), (510.3, 561.1), (489.4, 561.8), (443.4, 499.5), 

(439.0, 467.3), (461.0, 434.4), (469.3, 425.9), (554.6, 459.1) 778 



5 (375.8, 302.0), (371.6, 316.0), (316.1, 370.4), (308.4, 388.3), 
(240.3, 239.1), (315.7, 215.1), (351.5, 220.7), (379.3, 292.6) 575 

6 (730.9, 767.4), (639.5, 709.3), (654.6, 635.8), (656.7, 625.9), (700, 
700), (673.1, 616.8), (760.9, 681.7) 684 

7 (342.5, 739.3), (349.2, 759.4), (303.6, 771.3), (293.1, 764.7), 
(246.4, 744.8), (287.2, 644.2), (285.1, 632.6), (307.7, 620.7) 780 

8 (768.7, 334.2), (764.0, 368.9), (724.7, 397.4), (716.7, 212.9), 
(735.0, 222.5), (795.5, 288.1) 651 

9 (554.6, 230.4), (535.7, 246.1), (427.6, 176.4), (464.3, 136.3), 
(484.2, 143.4), (517.7, 143.4) 508 

10 (238.4, 822.5), (191.1, 857.5), (157.1, 866.1), (142.3, 833.9), 
(104.0, 792.4), (116.5, 775.4), (210.1, 761.6), (229.6, 793.1) 824 

11 (310.7, 160.7), (191.3, 194.3), (171.6, 148.4), (198.1, 141.2), 
(176.5, 134.0), (179.4, 129.7), (295.3, 91.7) 459 

12 (251.3, 541.9), (238.3, 553.9), (144.0, 540.3), (132.8, 486.8), 
(251.5, 476.2), (251.8, 489.8), (276.8, 487.1) 530 

13 (720, 950), (720, 850), (690, 850), (690, 920), (650, 920), (650, 
850), (620, 850), (620, 950), (720, 950) 800 

14 (700, 100), (700, 200), (770, 200), (770, 170), (730, 170), (730, 
100), (700, 100) 500 

15 (900, 300), (915, 330), (925, 360), (930, 390), (925, 420), (915, 
450), (900, 480), (885, 450), (875, 420), (870, 390), (875, 360), 
(885, 330), (900, 300) 600 

16 (764.23, 225.37), (741.26, 260.65), (699.76, 263.87), (678.89, 
235.90), (680.00, 203.01), (705.61, 185.22), (738.39, 190.45), 
(758.66, 211.51) 670.34 

17 (934.64, 783.33), (928.77, 803.59), (778.20, 660.42), (834.26, 
637.56) 852.43 

18 (707.20, 478.92), (726.41, 507.48), (719.86, 537.64), (693.20, 
552.90), (667.02, 537.16), (673.93, 503.81) 861.35 

19 (586.22, 821.62), (568.39, 837.86), (574.23, 855.92), (516.80, 
848.54), (499.75, 811.70), (488.67, 786.63), (514.71, 741.11), 
(513.48, 733.50), (528.05, 738.38), (592.24, 768.01), (596.05, 
780.73), (610.69, 782.96) 738.28 

20 (186. 26, 631. 33), (190.48, 656.66), (172.16, 668.88), (145.78, 
663.50), (124.44, 644.13), (116.64, 620.92), (127.14, 599.55), 
(150.35, 588.83), (175.72, 597.45), (186.81, 616.32) 880 

21 (618.94, 187.67), (610.14, 211.53), (573.30, 229.91), (553.86, 
217.74), (561.51, 191.78), (586.75, 176.00) 900 

22 (185, 284), (121, 367), (34, 326), (35, 241), (116, 215), (202, 346), 
(157, 397), (90, 377), (75, 312), (120, 259), (183, 284) 680 

23 (694.03, 523.45), (649.81, 545.82), (639.80, 450.08) 703.89 24 (340,560), (440,400), (280,450) 801 
25 (750, 475), (750, 575), (780, 575), (780, 535), (820, 535), (820, 

575), (850, 575), (850, 475), (820, 475), (820, 515), (780, 515), 
(780, 475), (750, 475) 790 

26 (458.19, 285.60), (481.05, 299.88), (490.63, 322.67), (486.36, 
348.69), (471.94, 366.03), (449.08, 371.67), (427.47, 360.08), 
(417.12, 337.85) 747.53 

27 (460, 660), (484.44, 651.52), (484.44, 668.48), (448.28, 688.28), 
(471.57, 699.57), (459.57, 711.57), (420, 700), (428.48, 724.44) 
(411.52, 724.44), (391.72, 688.28), (380.43, 711.57), (368.43, 
699.57), (380, 660), (355.56, 668.48), (355.56, 651.52), (391.72, 
631.72), (368.43, 620.43), (380.43, 608.43), (420, 620), (411.52, 
595.56), (428.48, 595.56), (448.28, 631.72), (459.57, 608.43), 
(471.57, 620.43), (460, 660) 620 

28 (649.27, 350.00), (622.31, 362.36), (636.86, 388.21), (607.78, 
382.36), (604.36, 411.82), (584.27, 390.00), (564.18, 411.82), 
(560.76, 382.36), (531.68, 388.21), (546.23, 362.36), (519.27, 
350.00), (546.23, 337.64), (531.68, 311.79), (560.76, 317.64), 
(564.18, 288.18), (584.27, 310.00), (604.36, 288.18), (607.78, 
317.64), (636.86, 311.79), (622.31, 337.64) 850 

29 (370, 80), (420, 100), (465, 90), (515, 105), (575, 90), (610, 75), 
(600, 50), (555, 38), (505, 42), (455, 32), (410, 46), (385, 72) 280 

30 (508.41, 897.14), (486.50, 924.52), (508.41, 951.91), (530.32, 
930.00), (552.23, 951.91), (574.14, 924.52) 550 

Case 5 
No. Projection coordinates and height of obstacles No. Projection coordinates and height of obstacles 
1 (712.65, 169.16), (712.65, 269.16), (762.65, 269.16), (762.65, 

219.16), (812.65, 219.16), (812.65, 269.16), (862.65, 269.16), 
(862.65, 169.16) 754.42 

2 (571.78, 803.96), (565.84, 830.00), (549.19, 850.87), (525.13, 
862.46), (498.43, 862.46), (474.37, 850.87), (457.72, 830.00), 
(451.78, 803.96) 448.07 

3 (276.85, 305.15), (267.31, 330.24), (246.46, 346.67), (222.13, 
351.95), (197.20, 345.17), (176.91, 327.27), (167.89, 302.31), 
(171.20, 277.22), (186.17, 257.15), (209.91, 247.09), (234.80, 
248.27), (256.90, 260.17) 552.16 

4 (173.52, 874.28), (217.85, 898.16), (267.34, 918.43),(234.12, 
846.75), (241.76, 792.61), (193.25, 812.94), (156.43, 839.67), 
(173.52, 874.28) 500 

5 (773.22, 424.33), (812.45, 468.28), (794.61, 509.13), (744.80, 
518.45), (710.73, 487.22), (715.54, 439.68) 698.74 

6 (628.77, 664.71), (661.34, 692.80), (696.23, 668.53), (684.58, 
631.40), (647.36, 625.31), (623.09, 648.85) 893.99 

7 (143.31, 692.25), (180.20, 740.59), (225.39, 775.37), (258, 
755.72), (268.42, 707.90), (240.14, 664.38), (193.64, 662.56) 
779.77 

8 (571.90, 443.52), (627.87, 455.74), (640.15, 405.23), (582.47, 
390.41) 631.66 

9 (654.73, 523.15), (619.84, 502.61), (549.52, 557.03)·612.95 10 (343.71, 166.83), (459.60, 167.39), (444.99, 49.40) 473.55 
11 (903.09, 371.99), (896.80, 391.29), (882.97, 404.89), (865.58, 

410.76), (847.60, 412.01), (826.50, 409.91), (814.64, 392.26), 
(811.24, 371.99), (820.84, 354.71), (828.90, 337.09), (845.75, 
323.86), (866.69, 328.38), (884.18, 337.58), (898.46, 351.90) 
682.13 

12 (905.58, 749.10), (903.55, 763.19), (897.64, 776.14), (888.32, 
786.89), (876.35, 794.59), (862.69, 798.60), (848.46, 798.60), 
(834.81, 794.59), (822.83, 786.89), (813.51, 776.14), (807.60, 
763.19), (805.58, 749.10) 862.37 



13 (400. 97, 564.70), (393.72, 579.85), (388.41, 595.97), (373.97, 
605.35), (357.13, 611.15), (339.90, 606.30), (328.00, 593.83), 
(313.82, 582.63), (316.24, 564.70), (318.99, 548.90), (327.53, 
535.10), (341.69, 527.42), (357.13, 524.79), (372.33,528.02), 
(388.47, 533.36), (401.91, 546.15) 508.14 

14 (514.97,214.14), (516.99, 200.06), (522.90, 187.11), (532.22, 
176.36), (544.20, 168.66), (557.85, 164.65), (572.08, 164.65), 
(585.74, 168.66), (597.71, 176.36), (607.03, 187.11), (612.94, 
200.06), (614.97, 214.14) 726.66 

15 (500, 200), (550, 250), (650, 200), (580, 150), (520, 130), (550, 
150) 500 

16 (838.55, 715.38), (886.78, 732.11), (882.36, 771.89), (834.49, 
763.22), (826.32, 739.60) 620.12 

17 (478.86, 330.25), (492.05,355.09), (462.13, 350.18), (442.07, 
371.91), (437.09, 342.10), (410.82, 329.01), (436.63, 314.04), 
(443.22, 284.55), (463.60, 306.21), (491.58, 299.31) 701.79 

18 (150.11, 437.91), (190.27, 453.71), (198.62, 415.91), (159.64, 
404.44) 604.36 

19 (745.98, 289.62), (779.37, 317.58), (765.26, 350.67), (728.13, 
350.67), (713.86, 317.74) 613.87 

20 (714.27, 138.28), (694.27, 172.93), (654.27, 172.93), (634.27, 
138.28), (654.27, 103.64), (694.27, 103.64) 823.94 

21 (666.42, 738.33), (703.45, 764.61), (691.08, 804.18), (649.10, 
804.18), (636.72, 764.61) 768.84 

22 (345.10, 754.42), (375.91, 781.32), (406.74, 754.42), (375.91, 
727.52) 559.41 

23 (201.53, 621.91), (250.89, 621.91), (270.23, 586.11), (182.20, 
586.11) 633.58 

24 (479.38, 419.71), (531.42, 452.80), (502.27, 489.17), (450.82, 
466.60) 625.84 

25 (457.57, 270.89), (330.04, 292.49), (300.21, 270.89), (300.21, 
234.89), (330.04, 213.29), (357.57, 234.89) 387.90 

26 (300, 700), (350, 730), (400, 700), (380, 650), (320, 640), (340, 
680) 700 

27 (864.84, 585.46), (900.00, 550.30), (935.16, 585.46), (970.32, 
550.30), (935.16, 515.14), (864.84, 515.14), (829.68, 550.30) 670 

28 (540.10, 145.88), (570.88, 172.76), (610.54, 160.43), (579.76, 
133.55) 644.21 

29 (503.29, 563.07), (516.69, 594.28), (524.79, 625.49), (525.89, 
656.70), (519.99, 687.91), (507.09, 719.12), (487.19, 750.33), 
(461.29, 719.12), (439.39, 687.91), (431.49, 656.70), (439.59, 
625.49), (461.69, 594.28), (503.29, 563.07) 600 

30 (804.63, 615.40), (798.52, 634.31), (784.50, 650.28), (764.39, 
660.08), (741.17, 662.49), (718.47, 656.18), (700.37, 641.52), 
(690.91, 621.34), (690.91, 599.46), (700.37, 579.27), (718.47, 
564.62), (741.17, 558.30) 659.55 

31 (913.60, 221.71), (970.08, 221.71), (955.08, 206.71), (998.56, 
206.71), (998.56, 163.23), (955, 163.23), (940.08, 148.23) 288.39 

32 (800, 900), (850, 950), (900, 900), (850, 850), (800, 900), (750, 
950), (700, 900), (750, 850) 600 

33 (550, 300), (550, 320), (580, 320), (580, 370), (550, 370), (550, 
390), (650, 390), (650, 370), (620, 370), (620, 320), (650, 320), 
(650, 300), (550, 300) 580 

34 (225.52, 507.30), (225.52, 407.30), (275.52, 407.30), (275.52, 
457.30), (325.52, 457.30), (325.52, 407.30), (375.52, 407.30), 
(375.52, 507.30) 859.16 

35 (96.19, 141.31), (131.82, 147.28), (158.10, 111.18), (208.79, 
134.24), (256.22, 104.61), (243.03, 74.61), (187.07, 89.95), 
(142.63, 104.15), (96.19, 141.31) 200 

36 (374.73, 977.35), (518.86, 966.94), (507.65, 875.66), (477.22, 
916.49), (468.42, 872.46), (444.39, 914.89), (438.79, 878.86), 
(418.77, 910.89), (401.16, 876.46) 650 

37 (51.08, 545.37), (54.12, 526.23), (62.79, 510.01), (75.77, 499.17), 
(91.08, 495.37), (106.38, 499.17), (119.36, 510.01), (128.03, 
526.23), (131.08, 545.37), (131.08, 695.37), (51.06, 695.37), 
(51.08, 545.37) 600 

38 (227.46, 199.64), (281.61, 199.64), (301.67, 184.51), (281.61, 
179.48), (301.67, 169.43), (259.58, 174.46), (254.55, 159.40), 
(248.53, 179.48) 300 

39 (109.51, 216.79), (98.55, 229.93), (87.60, 244.17), (89.79, 
262.80), (104.03, 277.04), (114.98, 282.51), (125.94, 282.51), 
(140.18, 273.75), (144.56, 258.41), (136.89, 244.17), (122.65, 
229.93), (114.98, 222.26) 400 

40 (732.19, 57.37), (732.19, 68.32), (825.30, 68.32), (836.26, 79.28), 
(876.79, 79.28), (883.36, 66.13), (876.79, 52.99), (836.26,52.99), 
(825.30, 57.37) 240 
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