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Abstract

Greenhouse gas (GHG) emissions are a primary driver of contemporary climate change,
contributing to rising global temperatures, increasing frequency of extreme weather
events, and widespread ecological disruption. FEffective mitigation depends not only
on reducing emissions but also on accurately detecting, locating and quantifying them.
Reliable source characterisation underpins national climate strategies, industrial com-

pliance, and international agreements aimed at stabilising the global climate system.

This thesis develops probabilistic inversion frameworks that integrate atmospheric trans-
port models, Bayesian inference, and machine learning to improve the estimation of gas

emission source characteristics from ground-based measurements.

First, we address limitations of the widely used Gaussian plume model, where dis-
persion parameters are often fixed via atmospheric stability classes, introducing bias
when meteorological classifications are inaccurate. We propose a gradient-based Markov
chain Monte Carlo inversion scheme that jointly infers dispersion parameters alongside
source location, emission rate, background concentration, and sensor error. Application
to both controlled-release data and simulations demonstrates improved accuracy and

uncertainty quantification compared to traditional methods.

Second, we tackle the challenge of real-time inversion in obstructed, unsteady-state flow
fields, where computational fluid dynamics (CFD) solvers are too expensive for sequen-

tial inference. We design deep-learning surrogate models trained on high-fidelity CFD
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outputs and embed them within particle filters, enabling near-instantaneous Bayesian
estimation of time-varying source parameters. Validation on the Chilbolton methane
release dataset and complex synthetic environments shows comparable accuracy to full

CFD inversion at orders-of-magnitude lower computational cost.

Finally, we synthesise these contributions, explore integration with emerging satellite-
based inversion systems, and outline pathways for scaling these methods to regional

and global monitoring networks.

Together, these contributions provide physically grounded, computationally efficient
tools for GHG monitoring. By advancing both parameter estimation accuracy and
operational feasibility, this work supports scalable, uncertainty-aware frameworks for

emissions quantification, informing policy, compliance, and mitigation strategies.
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Chapter 1

Introduction

This thesis investigates methods for estimating gas emission source location and emis-
sion rate by combining atmospheric gas measurements with Bayesian inversion methods
for uncertainty quantification. The work addresses several important challenges in this
field, focusing on specific problems where methodological advances can deliver signif-
icant improvements. Notably, we address atmospheric gas transport model misspeci-
fication and develop a framework for estimating time-varying parameters in complex
atmospheric environments. While the scope does not attempt to exhaustively resolve
all issues related to emission estimation — a task that would far exceed the capacity of
a single volume — this thesis concentrates on some key problems for which we provide

detailed and practical solutions.

In this chapter, we first motivate the importance of accurately estimating gas emission
sources (Section 1.1), then discuss the principal scientific and technical challenges in-
herent to this task (Section 1.2). Finally, we position the contributions of this thesis
within the broader research landscape, outlining how they advance current capabilities

in emission source detection, localisation, and quantification (Section 1.3).
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1.1 Motivation to atmospheric gas source estima-
tion

Throughout Earth’s history, shifts in atmospheric composition have been key drivers
of global climate transitions, which in turn have shaped biodiversity and influenced

planetary habitability (Royer et al., 2004; Lyons et al., 2014; Lee and Romero, 2023).

The scientific understanding of the greenhouse effect dates back to 1822, when Joseph
Fourier first proposed that solar radiation could be trapped by Earth’s atmosphere
(Fourier, 1822). This concept was further developed three decades later by Eunice
Newton Foote, who in her work “Circumstances affecting the heat of the Sun’s rays”
(Foote, 1856), experimentally demonstrated that carbon dioxide (COs) retains heat
more effectively than ambient air. Foote hence suggested that increasing atmospheric
COgy concentrations could lead to a warming climate — a conclusion that has proven

prescient.

More than a century later, from 1996 to 2005, the European Project for Ice Coring in
Antarctica (EPICA) extracted deep ice cores from Dome C in East Antarctica. These
cores, containing air bubbles trapped within ice layers, provided direct samples of at-
mospheric gas concentrations spanning the last 800,000 years (Augustin et al., 2004)
(See Figure 1.1.1). Analysis of these cores revealed a strong correlation between atmo-
spheric CO, levels and global climate states: during glacial periods, COs levels dropped
to around 180 parts per million (ppm), while interglacial periods saw concentrations
rise to approximately 280 ppm (Liithi et al., 2008). These data provided some of the
earliest and clearest empirical confirmation of Foote’s hypothesis, reinforcing the central

role of CO, in regulating Earth’s climate.
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CARBON DIOXIDE OVER 800,000 YEARS

450 2024 average
422.8 ppm
L]

400

350 modern data
highest previous

300 ppm
300 5

250

carbon dioxide (ppm)

200

iCe core aatq

150

100

800,000 600,000 400,000 200,000 0
years before present s

Figure 1.1.1: Atmospheric CO5 concentrations over the past 800,000 years, measured
in parts per million (ppm), are shown from ice-core records (light purple line) alongside
the 2024 value (bright magenta dot). The alternating peaks and troughs in the record
correspond to glacial periods (low CO2) and warmer interglacial periods (higher COy).
During this entire timespan, CO5 never exceeded 300 ppm (light purple dot, between
300,000 and 400,000 years ago). By contrast, the increase observed over just the past
60 years has occurred about 100 times faster than any natural rise in the record. On the
geological time scale, the jump from the end of the last ice age to today’s level of 422.8
ppm (dashed magenta line) appears almost instantaneous. Credit: NOAA Climate.gov
based on data from Liithi et al. (2008), via NOAA NCEI Palaeoclimatology Program.

In the past half-century, both atmospheric greenhouse gas (GHG) concentrations and
global surface temperatures have risen sharply (see Figure 1.1.2). According to the
latest Intergovernmental Panel on Climate Change (IPCC) report (Lee and Romero,
2023), global temperatures have increased more rapidly since the 1970s than during any
comparable 50-year period over the last two millennia. The IPCC further concludes
(with high confidence) that current atmospheric CO, levels are the highest in at least

2 million years, and methane concentrations have reached their highest levels in over
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Increases in atmospheric carbon dioxide and global temperature (1850-2024)
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Figure 1.1.2: Bar chart: Annual global temperatures from 1850-2024 shown as dif-
ferences from the twentieth-century average. Red bars indicate warmer-than-average
years, blue bars indicate cooler-than-average years. Line graph: Atmospheric carbon
dioxide concentrations from 1850 to 1958 based on Institute for Atmospheric and Cli-
mate Science (ETH Zurich) data, and from 1959 to 2023 based on NOAA Global
Monitoring Laboratory measurements. Credit: NOAA Global Monitoring Lab. NOAA
Climate.gov graph, adapted from original by Dr. Howard Diamond (NOAA ARL).

800,000 years (with very high confidence). These unprecedented levels have coincided

with an increasing frequency of environmental disruptions.

Among the most visible biological indicators of climate stress is coral bleaching, partic-
ularly on the Great Barrier Reef. Mass bleaching events, driven by elevated sea surface
temperatures, frequently lead to long-term degradation of coral ecosystems (Hughes
et al., 2017). At the same time, the incidence of extreme weather events has surged:
intense precipitation, prolonged droughts, severe heatwaves, cyclones, hurricanes, and

devastating wildfires are becoming more common and more destructive (Coumou and

Rahmstorf, 2012).

The scientific consensus now is that GHGs are a primary driver of climate change, and
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that this change is already causing widespread ecological damage. We are approaching
irreversible losses and can say (with very high confidence) that mass mortality events
are currently being observed on land and in the oceans (Lee and Romero, 2023); Section

2.1.2 paragraph 3.

While Earth’s climate has naturally fluctuated over the geological time scale, the rapid
and unprecedented increase in GHGs since the Industrial Revolution is fundamentally
different in scale and origin. Today, more than 60% of methane emissions (Saunois
et al., 2025) and roughly one-third of atmospheric COs (rising from 278 ppm in 1750 to
417 ppm in 2022 (Friedlingstein et al., 2023)) are attributed to human activity. These
trends pose a global threat, underscoring the urgent need for collective mitigation and

adaptation efforts.

In response to the escalating climate emergency, several major international frameworks
have been established to curb GHG emissions. The 2015 Paris Agreement, adopted by
196 parties under the United Nations Framework Convention on Climate Change, sets
the long-term goal of limiting global warming to below 2 °C, with efforts to restrict it
to 1.5°C. It requires each country to submit and periodically update Nationally Deter-
mined Contributions outlining their mitigation and adaptation targets, and to report
transparently on progress through an enhanced global stocktake process. Complement-
ing this broad framework, the Oil and Gas Methane Partnership (OMGP2.0, 2024),
launched by the United Nations Environment Programme, provides industry-aligned
protocols for measurement-based methane reporting and encourages adoption of best
practices for leak detection and repair. Finally, most recently, in a landmark ruling in
July 2025, the International Court of Justice affirmed that states have a legal obligation

to safeguard the environment from GHG pollution.

Given the scale and urgency of the climate crisis, it is essential to identify effective
mitigation strategies. Central to these efforts is the ability to detect, quantify, and

monitor GHG emissions with high accuracy and spatial resolution. Before emissions
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can be reduced, they must first be reliably measured and attributed to their respective
sources. This is particularly important because GHG emissions originate from a diverse
array of anthropogenic activities, including fossil fuel extraction, agriculture, waste
management, transport, and industrial processes. Without a detailed understanding of
where emissions occur and how much is being emitted, targeted policy interventions,
technological improvements, and compliance mechanisms cannot be effectively designed
or enforced. As such, robust emission detection and quantification frameworks are
foundational to both national climate strategies and international agreements aimed at

reducing global GHG levels.

1.2 Challenges in atmospheric gas source estima-
tion

Estimating atmospheric gas emission sources involves a series of interrelated scientific
and practical challenges. This section outlines the most significant of these — which are

addressed at various points throughout this thesis — and common solutions for these.

A central consideration in atmospheric gas inversion is the acquisition of measurements
that contain sufficient information to infer source location and emission rate. Because
the exact source location is initially unknown, its emission rate cannot be measured
directly. Instead, concentrations are recorded downwind (or in the relative vicinity) of
the source, and the source parameters are inferred from these observations. A funda-
mental limitation arises here: it is impossible to measure the full three-dimensional,
time-varying concentration field of the gas, as an exhaustive sensor coverage is finan-
cially and physically unrealistic. This limitation manifests differently depending on
the spatial scale of the inversion, which may range from global and regional analyses

to local, facility-scale studies. At global scales, inversions typically rely on satellite-
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based observations that provide broad spatial coverage but relatively coarse spatial
and temporal resolution. Regional inversions may combine satellite data with aircraft
campaigns or tall-tower measurements, while local inversions often depend on dense
networks of ground-based sensors that offer high temporal resolution but limited spa-
tial extent. As a result, available observations inevitably trade spatial coverage against
temporal resolution, ranging from datasets with broad spatial coverage to those with
fine temporal sampling. The suitability of a given measurement configuration depends
on the intended application, spatial scale of interest, and available resources, and these

constraints must be accounted for when interpreting inversion results.

Beyond the measurements themselves, gas inversion requires a means of relating at-
mospheric concentrations to the underlying source parameters. This relationship is
described by a “forward model”, which is most naturally expressed through the advec-
tion—diffusion equation (Stockie, 2011). This partial differential equation depends on
the three-dimensional, time-dependent wind field, which cannot be directly measured
in its entirety. In practice, wind observations are often limited to single-point mea-
surements from anemometers. Such measurements provide only a crude representation
of the full wind field, particularly over large spatial domains, and they do not fully
capture turbulent transport processes, which play a key role in atmospheric dispersion.
Consequently, forward modelling in gas inversion necessarily involves balancing physical

realism against the limitations imposed by available meteorological data.

Even with a physically consistent forward model, inferring the true source parameters
remains a significant challenge. The inversion problem is inherently probabilistic: given
a forward model, the most plausible source parameters are those that most consistently
reproduce the observed concentrations. The parameter space, which may include con-
tinuous variables such as source location and emission rate, must be explored efficiently
and without bias. Naive approaches such as grid searches are poorly suited to this

task, as they scale unfavourably with the number of parameters, introduce discretisa-
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tion bias, and provide limited information about uncertainty. Effective gas inversion
therefore requires parameter estimation strategies that can explore complex parameter

spaces while quantifying uncertainty in the inferred solutions.

These challenges — measurement limitations, forward model selection, and efficient pa-
rameter estimation — recur throughout the thesis and form the basis for the method-

ological developments presented.

1.3 Contributions and thesis outline

The focus of this thesis is to estimate gas emission sources’ location and emission
rate using Bayesian inversion methods to capture estimation uncertainty. The thesis
provides a literature review on atmospheric gas transport modelling (Chapter 2) and
Bayesian parameter estimation (Chapter 3). Contribution to the field is made through
new research (Chapter 4, 5, and 6), cross-pollinating ideas presented in the literature
review chapters. Finally, a forward-looking perspective is presented, outlining a po-
tential direction for future research and discussing the broader outlook for this field

(Chapter 6). We now provide a brief outline of each chapter:

Chapter 2: Atmospheric Transport of Gas Emissions

This chapter provides a review of existing approaches to model atmospheric gas emis-
sion transport. We discuss the fundamental equations on which the field is built and
present how these complex partial differential equations are being solved. These include:
approximate analytical solutions, numerical solutions, and deep learning surrogate so-

lutions.

Chapter 3: Bayesian Parameter Estimation

This chapter motivates and presents the Bayesian methods used later in this thesis
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(Chapter 4 and 5) to estimate emission source location and emission rate. We provide
an explanation as to why uncertainty quantification is important and why we chose
Bayesian statistics to capture it. We focus on Monte Carlo methods, which allow us to
perform Bayesian inversion when the posterior distribution is intractable. Furthermore,
we explain how temporally varying parameter values are estimated by employing state-

space models.

Chapter 4: Probabilistic Inversion Modelling of Gas Emissions: A Gradient-

Based MCMC Estimation of Gaussian Plume Parameters

This chapter is a journal contribution, published in The Annals of Applied Statistics.
Co-authors Christopher Nemeth, Matthew Jones and Philip Jonathan. Paper’s DOI:
10.1214/25-A0AS2101.

This chapter proposes to improve emission source parameter estimation by addressing
model misspecification in the Gaussian plume model. The Gaussian plume model is
the most popular approximate analytical solution to atmospheric gas transport. It is
parameterised by what are commonly known as “wind sigmas” which traditionally are
fixed based on Pasquill’s atmospheric stability class. This classification relies on local
meteorological conditions, which are often inaccurately measured and fixes wind sigmas
according to tables of values drawn from historical experiments. Our methodology re-
moves bias from atmospheric stability class-based Gaussian plumes by simultaneously
estimating wind sigmas with emission source location, rate, background gas concentra-
tion and sensor measurement error variance. The inversion is performed on a simulation

study and a real controlled release dataset using M-MALA-within-Gibbs.

Chapter 5: Deep Learning Surrogates for Real-Time Gas Emission Inversion

This chapter is a journal contribution and has been submitted for publication with co-

authors Christopher Nemeth, Matthew Jones and Philip Jonathan. This paper is avail-
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able as an arXw preprint, arXw:2506.14597.

This chapter presents a methodology to estimate time-varying emission source parame-
ters in obstructed unsteady-state flow fields. Tracking time-varying parameters requires
a fast and iterative parameter estimation method. However, obstructed and unsteady-
state flow fields cannot be measured directly and must be solved using a numerical
solver; this is computationally expensive. We propose a framework for developing neural
network-based approximations of numerical solver solutions for predefined monitoring
sites. This enables extremely fast forward model predictions, allowing online parameter
estimation using particle filters. Our approach is applied to a simulation study and a
real dataset, where we achieve a lower computational cost than the Gaussian plume

model and equivalent accuracy to the numerical solver.

Chapter 6: Conclusions and Outlook

This chapter marks the conclusion of the thesis. We begin by synthesising its core
contributions, emphasising their significance to the field of probabilistic inversion mod-
elling of gas emissions. We then outline a pathway for future research, shaped by the
insights gained throughout this work. Finally, we reflect on the broader importance of

this field, offering perspectives on its relevance and potential impact in the years ahead.



Chapter 2

Atmospheric Transport of Gas

Emissions

Atmospheric transport of gas emissions refers to the physical processes governing how
gases move and disperse within the Earth’s atmosphere. While the basic concept is easy
to grasp, the underlying dynamics are driven by a complex interplay of factors, includ-
ing wind patterns, temperature, humidity, solar radiation, local topography, physical
boundaries, gas composition, and source location and emission rate. These interactions

can lead to highly variable and sometimes unpredictable dispersion behaviours.

Accurately modelling atmospheric gas transport is essential for many real-world scenar-
ios, such as setting safety measures for accidental or intentional hazardous gas releases,
predicting pollutant dispersion for air quality management, and estimating the emis-
sion source location and rate — the latter being the focus of this thesis. At its core,
atmospheric gas transport modelling aims to capture the relationship between spatio-
temporal gas concentrations and the factors that influence them. Over the years, re-
searchers have developed a variety of modelling approaches that differ in their assump-

tions, computational demands, and level of physical realism.

11



CHAPTER 2. ATMOSPHERIC TRANSPORT OF GAS EMISSIONS 12

This chapter introduces key methods for modelling atmospheric gas transport, spanning
from computationally inexpensive, low-fidelity models to more resource-intensive, high-
fidelity simulations. Section 2.1 introduces the advection—diffusion and Navier—Stokes
equations, which provide the fundamental mathematical framework for describing atmo-
spheric gas movement. Section 2.2 discusses approximate analytical solutions, which
offer fast but simplified representations. Section 2.3 examines numerical solutions,
which can capture complex flow dynamics with high accuracy at the cost of significant
computational effort. Finally, Section 2.4 looks at emerging deep learning surrogate
models, which hold promise for delivering efficient and accurate predictions by combin-

ing data-driven approaches with physical principles.

2.1 Advection-diffusion and Navier-Stokes partial

differential equations

In the 1700s, the contributions of Bernoulli, Euler, D’Alembert, and Lagrange were
crucial milestones in the development of fluid mechanics. Bernoulli linked flow and
energy conservation in his 1738 Hydrodynamica (Bernoulli, 1738); Euler formulated the
first general equations for inviscid fluid motion (Euler, 1755); D’Alembert highlighted
the limitations of inviscid theory (D’Alembert, 1768); and Lagrange formalised particle-
based descriptions and variational methods (Lagrange, 1788). These foundational ideas
culminated in Claude-Louis Navier’s 1822 work on viscous fluids (Navier, 1823), later
refined by George Gabriel Stokes in 1845 (Stokes, 1845), resulting in the Navier—Stokes

equations — the cornerstone of modern fluid dynamics.

Meanwhile, in 1822, Fourier published Théorie analytique de la chaleur (Fourier, 1822),
introducing the famous heat equation, building on the earlier work of Euler, Bernoulli,

and Lagrange. This laid the groundwork for Adolf Fick’s 1855 formulation of Fick’s
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law of diffusion (Fick, 1855), describing molecular diffusion in fluids. By the late 19th
and early 20th centuries, Fick’s diffusion framework had been combined with Eulerian

advection to yield the advection-diffusion equation:

4V (Cv) =V (KVO) 5 (2.1.1)

Equation 2.1.1 describes the transport of a scalar quantity in a three-dimensional
space (z,y,z), where the mass concentration or temperature is given by C(z,y, z,t);
S(z,y, z,t) represents source emissions; K (x,y, z) denotes the diffusion coefficients (ac-
counting for eddy and molecular diffusion); and v(z, v, z,t) is the flow field. The diffu-
sion coefficients represent an effective diffusivity that accounts for unresolved turbulent
mixing in addition to molecular diffusion, which is negligible at the spatial and tem-
poral scales considered here. This eddy diffusivity formulation arises from Reynolds
averaging, whereby the effects of subgrid-scale turbulent fluctuations are parameterised
rather than explicitly resolved. The term “subgrid-scale” reflects that these motions
occur below the resolution of the methods used to solve or measure spatio-temporal
gas transport. Its use assumes a separation of scales between the resolved mean flow
and smaller-scale turbulence, allowing turbulent transport to be approximated as a
diffusive flux proportional to local concentration gradients. Atmospheric turbulence is
difficult to model because it spans a wide range of interacting spatial and temporal
scales that cannot be fully resolved in practical simulations. Key results from turbu-
lence theory, such as the existence of an energy cascade (Kolmogorov, 1991) from large
energy-containing eddies to smaller dissipative scales, provide the physical basis for rep-
resenting unresolved turbulence through averaged or parameterised effects. However,
these results also highlight the limitations of such approaches when scale separation is

weak or when turbulence is strongly anisotropic or intermittent.

In this thesis, the scalar quantity corresponds to a specific gas, and the flow field is the
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wind. Additionally, we focus primarily on small-scale gas transport — typically within
hundreds of metres — due to the size of the sites where emission sources are being
identified. As such, we assume constant gas density, therefore neglecting buoyancy
effects. Furthermore, because low-level atmospheric wind speeds generally have low

Mach numbers, we use the incompressible Navier—Stokes equations:

) 1
V.v=0, @—?+(U-V)v:—;Vp+VV2v+f, (2.1.2)

where, p represents a constant gas density, v the constant kinetic viscosity, p(z,y, z,t)
the pressure field and f corresponds to external forcing terms (e.g. gravity, electromag-
netism). For larger sites, a simple Boussinesq approximation can be added to capture
buoyancy effects due to density variations, without solving the fully compressible equa-

tions, which would be computationally expensive.

Together, the Navier-Stokes equations — which describe how the velocity field evolves
in a viscous fluid — and the advection—diffusion equation — which uses that velocity
field to predict how gases are transported and mixed — form the bedrock of modern

atmospheric gas transport modelling.

2.2 Approximate analytical solutions

In practical applications, one typically chooses a single forward model, selecting the
most suitable atmospheric gas emission transport model depends on the specific re-
quirements and resources of the modeller. When computational speed is prioritised
over physical realism, approximate analytical solutions are best suited. In general, the
Navier-Stokes and advection-diffusion equations cannot be solved exactly analytically.
However, under certain conditions, some closed-form solutions do exist. The most

popular closed-form solution is the Gaussian plume model (Arystanbekova, 2004; Ra-
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madan et al., 2008; Lushi and Stockie, 2010; Lotrecchiano et al., 2020). Parametrised
by a relatively low number of variables and relying on strong assumptions, this model

is extremely efficient to compute (Stockie, 2011).

Gaussian Plume Model. The Gaussian plume model provides long-term averaged
gas concentrations in three dimensions, denoted (z,y, z), from a single point source

located at (Z,7, Z), under the following assumptions:

1. The source emits at a constant rate, i.e. S(z,9,2,t) = s,

2. The wind velocity is constant and spatially uniform, i.e. v(z,vy, 2,t) = u,

8C(x,y,z,t) — O
- Y

3. The solution is steady-state, i.e. 2

S

. The ground and the atmospheric boundary layer perfectly reflect the gas,

5. There are no obstacles or boundaries in the (x,y) plane,

D

. The ground is levelled, taken as the plane, i.e. z = 0.

The spatially uniform and temporally constant wind velocity assumption defines the
flow field v, therefore not requiring a Navier-Stokes solver. From the Stockie deriva-
tions (Stockie, 2011), which are based on the advection-diffusion equation (2.1.1), the
distribution of the plume perpendicular to the wind direction has a two-dimensional
Gaussian form (see Figure 2.2.1). Meaning, the gas concentration measured at location

(x,y, z) can be written as:
o 7,7, %) 0 { 15T2—15} (2.2.1)
T,Y,20,Y,2) = —— 1 XPy 5 ) s
y P 2rul3|z 2

where p € RT is the gas density [kg/m3], the term 10%/p ensures the gas concentration

is in parts per million (a common unit in atmospheric gas measurements), u is the wind
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concentration
© profiles ™
",

Figure 2.2.1: Representation of the Gaussian plume model. Credit: Stockie (2011).

speed [m/s], and s is the source emission rate [kg/s| for a source at location (Z, 7, 2)

[m]. Additionally, & = (dy, dy), for:

Or cosy siny 0 x x
du| = | —siny cosy 0] % vyl — |yl |
Sy 0 0 1 2 z

where 7y is the wind direction [rad], and:

0 0"2/((53)

with oy and oy being parametrised as a function of downwind distance dr and rep-
resenting the standard deviation of the horizontal and vertical Gaussian distributions

(see Figure 2.2.1); these are commonly referred to as “wind sigmas”.
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A large literature exists on choosing wind sigmas and originated with Pasquill’s atmo-
spheric stability classes (ASC) (Pasquill, 1961). Pasquill’s approach first determines the
local ASC using meteorological data, then uses a dispersion scheme to fix wind sigmas
according to the ASC. Nowadays, ASC-based dispersion schemes remain popular in
practice (Kahl and Chapman, 2018), with Briggs (Briggs, 1973), Smith (Pasquill and
Smith, 1983), Pasquill-Gifford, and Chinese National Standard being common choices
(Mao et al., 2020). These power-law dispersion schemes based on downwind distances fix
the wind sigma parameters by selecting dispersion parameters from ASC-based tables.
However, atmospheric conditions are extremely complex, and by fixing the dispersion
parameters we risk misspecifying them (Finn et al., 2016). In Chapter 4, we address
this model misspecification by presenting a method to estimate the wind sigmas by

estimating the dispersion parameters without relying on the ASCs.

Equations 2.2.1 can be rewritten to explicitly highlight the wind sigma parameters:

6 2 2

p 2Tucyoy 2 \0%(0r) o0& (oR)

So far, we have only included horizontal and vertical offsets. However, we can extend
Equation 2.2.2 to account for gas reflections against surrounding boundaries, similar
work can has been done by Micallef and Micallef (2024). Assuming there are no hori-

zontal boundaries, the horizontal term remains:

o %%
AT 20%00m) [

However, the ground corresponding to z = 0 and the atmospheric boundary layer (ABL)
with height z = P (defined as the lowest part of Earth’s atmosphere), form vertical
boundaries against which the gas is assumed to reflect perfectly. Denoting the source

height by Z, the vertical reflections are captured by:
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Nrefl

D

J=1

2 0"2/(5}{)

+exp { _LCURIPE DGy + 9+ 2 H |

eXp{ 1@l +1)/2]P+ (=1 (6y + 2) — 2)2}

(2.2.3)

The first exponential term in Equation 2.2.3 corresponds to the reflection against the
ABL, and the second exponential term to the reflection against the ground. The number
of reflections against the ABL and against the ground is denoted by n..q. Adding the
vertical reflections from Equation 2.2.3 to the vertical and horizontal offsets of Equation

2.2.2, we obtain the following Gaussian plume equation:

C(x,y, 2 @ ~2)_1_06;6X _i x | ex _i
Eaiiai b p 2Tucgoy P 202 (0R) P 20%(0R)

{ LELGHD/2AP+ (16 +2) - >}
(

+ z; exp 5 2 (5n)
1(215/2]P + (=174 6y + ) + 2)?
—l—exp{—ﬁ 0‘2/(63) }])
(2.2.4)

There exists an extension of the Gaussian plume model that captures some temporal
variability in the wind field by relaxing the steady-state assumption. This extension,
known as the Gaussian puff model, represents spatio-temporal gas transport as a se-
quence of discrete puffs that are released from the source and advected and dispersed
independently according to time-varying meteorological conditions. By allowing wind
speed and direction to vary between successive puffs, Gaussian puff models can account
for non-stationary transport while retaining much of the analytical structure and com-

putational efficiency of Gaussian plume formulations (Jia et al., 2025). A widely used
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Variable Definition Units

C(z,y,2) € Rt Plume gas concentration at (x,y,2z) ppm

(z,y,2) € R*>  Three-dimensional coordinates m

(7,79,2) € R®  Source location m
peRT Modelled gas density kg/m3
seR* Source emission rate keg/s
u € RT Wind speed m/s
PeRt Height of the ABL m
j€Z\t Reflection number

Nt € Z1F Maximum number of reflections
o, oy € Rt Wind sigmas m

Table 2.2.1: Gaussian plume equation parameters’ definition.

implementation of this approach is the CALPUFF modelling system (Scire et al., 2000),
which applies Gaussian puff theory and incorporates spatially and temporally vary-
ing meteorological fields, terrain effects, and boundary-layer parameterisations. While
Gaussian puff models offer increased realism compared to steady-state plume models at
a relatively modest computational cost (Ludwig et al., 1977), their detailed formulation
and implementation are not considered further here, as they are not required for the

objectives of this thesis.

2.3 Numerical solutions

For most real-world applications in atmospheric gas transport modelling, predicting
only long-term averaged gas behaviour is insufficient. The simplifying assumptions
behind approximate analytical solutions, such as the Gaussian plume model, often
prove too restrictive. Atmospheric wind fields are inherently unsteady, terrain and

topography are rarely uniform, and complex physical boundaries are common. To
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realistically capture how gases interact with such complex and dynamic features, it
is necessary to move beyond approximate analytical solutions and directly solve the
governing partial differential equations (PDEs). Namely, the Navier-Stokes equations

(2.1.2) for wind motion and the advection-diffusion equation (2.1.1) for gas transport.

Because these equations generally do not admit exact analytical solutions except under
very idealised conditions, they must be solved numerically. This is known as computa-
tional fluid dynamics (CFD) and involves approximating the behaviour of continuous
PDEs through discretisation. Numerical approaches can be broadly divided into Eule-
rian and Lagrangian frameworks, which differ in how the gas transport is represented
and discretised. These processes transform the continuous problem into a system of
algebraic equations that can be handled computationally. The fidelity of these solu-
tions depends heavily on the resolution of the discretisation. Higher resolution typically

yields greater accuracy but also demands significantly more computational resources.

Lagrangian and Eulerian schemes differ primarily in how they represent and track gas
motion. In Lagrangian schemes, individual gas parcels or particles are followed as
they move through space, carrying properties such as velocity, density, and pressure;
advection is handled naturally through particle motion, and the spatial resolution is
defined by the particle distribution rather than a fixed mesh. Eulerian schemes, on the
other hand, use a fixed spatial grid and calculate gas properties at each grid point, with
advection treated numerically across the grid and boundary conditions applied directly
to the cells. In essence, Lagrangian methods move with the flow, while Eulerian methods

observe the flow from fixed positions in space.

While Lagrangian-based models, such as Lagrangian Particle Dispersion Models (for ex-
ample: HYSPLIT (Draxler and Rolph, 2010), NAME (Jones et al., 2007), STILT (Lin
et al., 2003), and FLEXPART (Bakels et al., 2024)), are widely used for simulating
atmospheric gas transport and offer advantages in capturing advection and dispersion

of individual parcels, the focus of this work is on Eulerian numerical solvers. Eulerian
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methods solve the governing equations on a fixed spatial grid, providing a straightfor-
ward framework for directly computing the evolution of gas concentration fields across
the whole domain. By concentrating on Eulerian solvers, we leverage their suitabil-
ity for efficiently handling complex flow fields, boundary conditions, and the coupled

interaction between advection and diffusion in atmospheric gas transport.

Over the past several decades, various Eulerian numerical methods have been developed
and refined to solve these equations efficiently and accurately. Common discretisation
approaches include the finite difference method (Ferziger and Peri¢, 2002), the finite
element method (Donea and Huerta, 2003), and the spectral method (Canuto et al.,
2006). However, for most practical CFD applications — especially those involving com-
plex geometries and the need to conserve physical quantities — the finite volume method
(FVM) has emerged as the dominant approach. This method inherently respects con-
servation laws, ensuring that mass, momentum, and energy are preserved across each
cell, and can flexibly accommodate structured or unstructured meshes (Moukalled et al.,
2016; Eymard et al., 2000). We will now demonstrate how FVMs work through a simple

example where we solve the three-dimensional advection-diffusion equation.

Finite Volume Method. The finite volume formulation begins by integrating Equa-

tion 2.1.1 over a cell’s finite volume V| yielding:

/V%d‘/%—/avC'u-ndA: aVKVC’-1r1dA+/VSdV.
Here, v = (v,,v,,v,)" is the flow field, n denotes the unit normal vector on the cell
surface dV and A is the area of a face of the cell. This formulation highlights the
physical interpretation of fluxes entering and exiting each cell. The divergence terms
in Equation 2.1.1 have been converted to surface integrals using Gauss’s divergence

theorem (Moukalled et al., 2016). According to this fundamental theorem, the total
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volume of all sources, represented by the volume integral of the divergence, is precisely

equivalent to the net flow across the boundary of the volume (Byron and Fuller, 1992).

For this example, we assume a structured Cartesian grid with uniform spacing Ax, Ay,
and Az along each axis. Let Cf,j,k represent the average value of C' in cell (i, 7, k) at
time step t. Here, the time derivative is discretised using the explicit forward Euler

method, which gives:

t t t
—F} 5+ G+ Siin)

where V = AxzAyAz is the volume of each cell, F* € R denotes the total advective flux
out of the cell, and G* € R represents the net diffusive flux at time ¢. The time step At
must be chosen with care to ensure numerical stability. For the forward Euler method,
a commonly used stability criterion is the Courant-Friedrichs-Lewy (CFL) condition
(Courant et al., 1928), which for all cells (i, j, k) in this problem reads:

1

At < min
Z‘7j7k:

ey |

v K. )
17j7k| |vz’ivj»k‘ i7j7k| j! ]iz Y }:z

ensuring that information does not travel farther than one grid cell in a single numerical

solver time step.

The advection term models transport due to bulk motion, and its discretisation must
respect the directionality of the flow to avoid unphysical oscillations. For the flux along
the z-axis, the advective term is:

Ft_ ik == AyAZ [(Ctvi)i+1/27j7k — (Ctvi)i,1/27j7k} .

Ti,j

However, since values at face centres (such as C*

i1+1/2,) ) are not directly available, we

approximate them using the upwind scheme. This method selects the upstream value of
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C' based on the sign of the velocity component "Uii > Which helps prevent non-physical

backward propagation of information. Specifically:

4
t t t
t,t Tigk 5k if Yo, = 0,
(C vp)it1/25k =
t t t
Ti 5,k Ci+1,j,k’ if Vi jon <0,
p
t t t
Lt Yy 0 Yim1,4,k0 if Vi jon > 0,
(Covp)im125 =
t t t
\,Ul'i,j,k Ci,j,k’ if Vs <0

This expression can be rewritten in the following compact and branch-free form:

t | t t

v + v
. t t Ti gk Ti,j,k t t Ti,j,k
= AyAz (Cz‘,j,k - Cz‘—l,j,k) 9 - (Cz‘+1,j,k - Ci,j,k)

2

Ti g,k

The total advective flux through all faces of the cell is computed by summing the
contributions along the z, y, and z axes, as shown by the following equation:

t ot ¢ t

Fi,j,k - in,j,k + Fyz‘,j,k + in,j,k'

Each term involves the appropriate area of the face and the corresponding velocity

component.

In contrast to advection, the diffusion term represents tracer spreading due to unre-
solved mixing processes; in atmospheric applications this term is dominated by tur-
bulent eddy diffusion rather than molecular motion. As such, it is well-approximated
by the central difference scheme (Moukalled et al., 2016). The diffusive flux along the

x-direction is given by:

t

Ciiajn —

Ti,j,

Gt =K, AyAz (

Ax?

2Cz't,j,k + Cf—l,j,k )
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with analogous terms for the y- and z-directions. The total diffusion term is the sum:

Gin=G,, +G,  +GL .
To fully specify the numerical solution, boundary conditions must be imposed at the
edges of the domain. We typically apply Dirichlet boundary conditions, in which the
scalar field C'is prescribed on the boundaries. These values are directly inserted into the
flux calculations whenever a neighbouring cell lies outside the computational domain.
For certain boundaries, such as walls or the ground, Neumann (no-flux) conditions may

be more appropriate, assuming no mass crosses the boundary.

It is important to note that the implementation described here represents just one
possible realisation of the FVM. In practice, many variations exist depending on the
nature of the grid (structured or unstructured), the treatment of fluxes (e.g., higher-
order schemes like WENO or QUICK), and the temporal discretisation (e.g., implicit
or semi-implicit schemes such as the Crank-Nicolson method (Crank and Nicolson,
1947)). The method outlined in this section focuses on a structured Cartesian grid,
explicit time integration, and first-order upwind and central difference approximations,
which together provide a transparent and pedagogically sound demonstration of FVM
principles. A more exhaustive survey of advanced FVM techniques, including adaptive
mesh refinement, flux limiters, and hybrid discretisations, is beyond the scope of this

thesis.

A range of commercial and open-source CFD solvers implement FVMs and are widely
used in both research and industry. Notable examples include ANSY'S Fluent (Matsson,
2022), a popular commercial solver known for its robustness and extensive turbulence
modelling capabilities, and OpenFOAM (Weller et al., 1998), a widely adopted open-
source CFD toolbox that provides great flexibility for customising solvers and phys-

ical models. Other examples include STAR-CCM+ (Zou et al., 2018), Phiflow (Holl
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and Thuerey, 2024), and SimScale (Murad, 2021), each offering specialised capabili-
ties depending on the application domain. Phiflow is used in Chapter 5 to simulate

atmospheric gas emission transports under obstructed unsteady-state flow fields.

Today, numerical solvers form the backbone of high-fidelity atmospheric and environ-
mental fluid low modelling. Sophisticated CFD frameworks allow researchers and prac-
titioners to study gas dispersion over complex terrains, around obstacles, and under
changing meteorological conditions with remarkable detail. However, these methods
can be computationally intensive, particularly for large domains or when high temporal
and spatial resolution is required. As a result, the field continues to push for improve-
ments in numerical algorithms, parallel computing, and hybrid approaches that balance
accuracy and efficiency. This has motivated recent and growing interest in alternative
approaches, such as data-driven and deep learning-based surrogate models, which seek

to approximate these complex dynamics more efficiently.

2.4 Deep learning surrogate models

Despite the significant advances made through numerical solvers, the high computa-
tional cost associated with solving the Navier-Stokes and advection—diffusion equations
at high resolutions and over large domains remains a major bottleneck. This limitation
has motivated a surge of interest in developing surrogate models (Kutz, 2017). These
data-driven approaches can approximate the solutions of the governing equations orders

of magnitude faster than traditional CFD methods.

Deep learning surrogate models leverage the universal function approximation capabil-
ities of neural networks to learn the complex mappings between input conditions (such
as boundary conditions, source terms, or flow parameters) and the resulting fluid flow
or scalar transport fields. Once trained, these models can generate accurate predictions

with significantly reduced computational effort, enabling applications such as real-time
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forecasting and many-query scenarios like design optimisation and inverse problems.

A range of neural network architectures has been explored for this purpose. Convolu-
tional Neural Networks (CNNs) have been employed to capture spatial correlations in
structured flow fields (Thuerey et al., 2020), while more recent approaches have used
Graph Neural Networks (GNNs) to handle unstructured meshes and irregular domains
(Pfaff et al., 2020). Physics-Informed Neural Networks (PINNs) represent another ma-
jor development. They embed the governing PDEs directly into the loss function of the
network, allowing the model to respect physical constraints even when data is limited

(Raissi et al., 2019).

Recent work has demonstrated the effectiveness of these models across a range of fluid
dynamics applications. For example, Guo et al. (2016) used a CNN to predict steady
flows around obstacles, showing excellent agreement with traditional solvers at a frac-
tion of the computational cost. Similarly, Pathak et al. (2018) introduces a framework
for the prediction of large spatio-temporally chaotic systems. More recently, Fourier
Neural Operators (Li et al., 2021) have emerged as a powerful approach for learning
solution operators for PDEs, generalising across varying input geometries and initial

conditions.

We now more formally introduce two neural network architectures, which are used
later in this thesis as CFD surrogate models, namely, the Multilayer Perceptron (used

in Chapter 5) and the Convolutional Neural Network (used in Chapter 6).

Multilayer Perceptron. An Multilayer Perceptron (MLP) (Rosenblatt, 1958) is a
type of artificial neural network widely used in machine learning for tasks such as
classification and regression. Their flexibility and simple implementation make them
widely applicable across domains. An MLP generates outputs y,, and is trained on a
dataset of input—output pairs (&, d). During training, the MLP learns to approximate

d by minimising a predefined distance metric between y,, and d for given x,,. It
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Figure 2.4.1: Visualisation of an MLP’s architecture with 3 input neurons, 3 hidden
layers with 10, 12, and 10 neurons respectively and 2 output neurons. Each circle rep-
resents a neuron and each line a connection, depicting the fully connected architecture.

contains an input layer, one or more hidden layers, and an output layer. Each layer
consists of multiple neurons, and the layers are fully connected through weights (See

Figure 2.4.1).

Each neuron in a layer computes a weighted sum of its inputs, adds a bias term, and
passes the result through an activation function. For neuron ¢ in layer j, the pre-

activation value is defined by:

Mnrn

Gij = Z W; kCr,j—1 + bi,
k=1

where weights w; i, represent the strength of the connection between the i-th neuron in
the j-th layer and the k-th neuron in the (j — 1)-th layer, n,, is the number of neuron
in the layer j — 1, and b; € R is the bias. The activation (output) of the neuron is given
by:

a; 5 = Uaf(Ci,j)?

where o, Is a non-linear activation function. Activation functions introduce non-
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linearity, enabling the MLP to model complex functions. Common activation functions

include:

e Sigmoid: g.¢(¢) = output in (0, 1),

14+e¢’
ec_e_g

ﬁ, Output in (—1, ]_),
e €

e Hyperbolic tangent (Tanh): 0.¢(¢) =

e ReLU (Rectified Linear Unit): 0,¢(¢) = max(0, ().

The forward pass computes layer-by-layer outputs from the input to the output. For a

hidden layer j, with input a¥~—Y, the pre-activation and activation vectors are:
¢O) = Wigl—D 4 p) ) = o, <C<j>> 7

where W) is the weight matrix for layer j, bY) is the bias vector, and o, is applied
element-wise. MLPs are trained using backpropagation, which adjusts weights and

biases to minimise a loss function. The process involves:

1. Forward pass: Compute network output y,, from input x,,,

2. Loss computation: Evaluate loss L(y,,,d) using vector of data d, (e.g., mean

squared error or cross-entropy),

oL oL V]

3. Backward pass: Compute gradients S 3507

4. Gradient descent update:

oL

WO — wl) —p. e
owv

I

where 7 is the learning rate.

While MLPs are powerful for learning complex mappings, they have significant limita-

tions when applied to high-dimensional inputs such as images. Each neuron in an MLP
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is fully connected to the previous layer, leading to a large number of parameters and
making the model prone to overfitting, vanishing or exploding gradients, and compu-
tational inefficiency. Moreover, MLPs do not exploit the spatial structure of data, such
as the local correlations and translation invariance present in images. To address these

challenges, Convolutional Neural Networks were developed.

Convolutional Neural Network. A Convolutional Neural Network (CNN) (LeCun
et al., 1989) is a class of neural networks specifically designed to process grid-like data
such as images (e.g., two-dimensional fluid fields). Unlike MLPs, which connect each
neuron to all inputs, CNNs learn features in a layered, hierarchical way and capture
spatially local patterns, enabling more efficient learning from high-dimensional data.
CNNs are particularly effective for tasks involving image classification, object detection,

or next image prediction.

Similar to MLPs, CNNs are trained using input-output pairs, where the model learns to
map inputs (e.g., images of gas fields) to labels, values, or another image by minimising
a loss function using backpropagation and gradient descent. However, CNNs possess a

different architecture (see Figure 2.4.2).

A typical CNN consist of the following components:

1. Feature extraction: The input data (e.g., an image) is passed through a series of

convolutional layers, each followed by non-linear activation functions.

2. Intermediate downsampling and/or upscaling : Depending on the task, interme-

diate layers may reduce and/or increase the spatial resolution.

3. Prediction head (task-specific): The extracted features are passed to a task-

dependent output module:

e For classification, this typically involves flattening or global average pooling
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Figure 2.4.2: CNN example visualisation. Let ny, X ny, X n. denote a tensor with
height ny,, width n,, and n. channels. The first block represents the input image
with dimensions 224 x 224 x 3, corresponding to an RGB image. The second block
is a convolutional layer with 64 output channels, a kernel size of 5 x 5, and output
dimensions 224 x 224 x 64, indicating that spatial resolution is preserved. The third
block applies max pooling with a 3 x 3 kernel, reducing the spatial dimensions by half
and resulting in an output of shape 112 x 112 x 96. The fourth block is a convolutional
layer with a 3 x 3 kernel, which maintains the same spatial resolution but reduces the
number of channels to 64, giving an output of 112 x 112 x 64. Finally, the fifth block
represents the output layer, which applies a up-convolution with a 3 x 3 kernel and
produces a single-channel output of dimensions 224 x 224 x 1, matching the original
input resolution.
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followed by one or more fully connected layers.

e For segmentation or image-to-image tasks, the prediction head often con-
sists of additional convolutional (and possibly up-convolutional) layers that
preserve or restore spatial resolution, producing a dense output such as a

pixel-wise label map or a generated image.

We will now provide a fuller description of these steps. Let’s assume an image is passed
as the input to a CNN. Each colour component is stored in its own matrix, commonly
referred to as a channel. For example, a grayscale image has 1 channel, while an
RGB image has 3 channels (red, green, blue). Thus, the input to a CNN has shape
np X Ny X N, where ny, is the number of pixels in each column, n, is the number of pixels
in each row, and n, is the number of channels. The input data is processed through a
convolutional layer composed of multiple filters (also referred to as kernels). Each filter,
denoted T, is a tensor of dimensions k£ x k X n., where k denotes the spatial extent
(typically 3 or 5 pixels), and n. is the number of input channels. The total number of
filters, denoted as n¢, determines the number of output channels in the resulting feature
representation. Each filter slides over the input spatially, performing an element-wise
multiplication followed by a summation at each location to produce a single scalar
output. This operation generates a two-dimensional activation map, commonly referred
to as a feature map, with spatial dimensions n; x nl. When preserving the spatial
dimension of the input is important, padding is typically applied. Padding involves
adding extra rows and columns (usually filled with zeros) around the input prior to
convolution, thereby ensuring that the output dimensions nj X n!, remain consistent
with design requirements. The collection of n¢ feature maps produced by the filters is
aggregated into a single output tensor of shape n; x nl, x ng, which serves as the input

to the subsequent layer in the network.

More formally, for a given input X € R™*™w*ne and a set of n; filters W, ... T each
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of shape k x k x n., a convolutional layer produces an output tensor Z € R™*mwxnr,
Each filter T'™, for 7 = 1,2,...,ny, is convolved over the spatial dimensions of the

input, summing across its channels:

k k
Zi7j77- = Z Z ng-},g : XZ+5_17]+f_1vg )

where Z; ; ; is the activation at spatial position (7, j) in the 7-th feature map.

To improve computational efficiency, capture more abstract features and expand the
receptive field, CNNs use pooling, stride and/or dilation. Pooling layers reduce the di-
mensions of feature maps by summarising local regions, which decreases computation.
For instance, 2 x 2 max pooling selects the maximum value from each non-overlapping
2 x 2 pixel region, effectively downscaling the number of height and width pixels (in-
cluding padding pixels) by a factor of 2. Strided convolution achieves a similar down-
sampling effect by moving the filter in steps larger than one. For example, a convolution
with stride 2 skips every other location, effectively halving the output size. Unlike pool-
ing, stride is a property of the convolution itself, part of the learned filtering, allowing
feature extraction and downsampling in a single operation without creating an addi-
tional layer. Dilation increases the receptive field of filters without reducing resolution
or increasing parameters by introducing gaps between filter elements. For example, a
3 x 3 filter with dilation rate 2 covers a 5 x 5 region of the input, enabling the network
to capture broader context while preserving spatial resolution (see Figure 2.4.3). To-
gether, these mechanisms make CNNs more efficient and expressive, allowing them to

scale to large inputs and learn complex hierarchical patterns.

After several convolutional and pooling layers, CNNs typically produce feature maps
that are passed through a task-specific prediction head. This may include flattening
and fully connected layers, global pooling, or up-convolutional layers, depending on the

architecture and objective. Importantly, the output is not always a single class label. In
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Figure 2.4.3: Effect of dilation rate on convolutional filters. (a) A 3x3 filter with
dilation rate 1 (no dilation) covers a 3x3 region of the input. (b) The same filter with
dilation rate 2 spans a 5x5 region, allowing the network to capture a wider context
without reducing spatial resolution. Credit: He et al. (2021).

many applications, such as image segmentation, super-resolution, or image translation,
the network produces another image or a dense spatial map as output, rather than a

single value or vector.

CNNs offer major improvements over MLPs for structured data like images. They
significantly reduce the number of parameters through local connectivity and weight
sharing, improve generalisation by capturing spatial features, and scale better to high-
dimensional inputs. While we have described the basic structure of convolutional neural
networks, it is worth noting that many more advanced architectures exist. Models
such as U-Nets (Ronneberger et al., 2015), ResNets (He et al., 2016), and EfficientNets
(Tan and Le, 2019) incorporate sophisticated components like skip connections, residual
blocks, and multi-scale feature extraction to enhance performance on complex tasks.
However, a detailed discussion of these architectures is beyond the scope of this thesis

and will not be addressed here.

While deep learning surrogate models like MLLPs and CNNs offer tremendous promise,

they also come with challenges. High-quality training data can be expensive to generate,
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and ensuring generalisation outside the training distribution remains an active area of
research (Mishra et al., 2025). Moreover, integrating physical constraints robustly into
deep architectures to avoid unphysical predictions continues to be an important focus

for the community (Liu et al., 2025).

Nevertheless, the rapid progress in this area suggests that data-driven surrogate mod-
elling will increasingly complement — and in some contexts, augment — conventional
numerical solvers. As computational resources grow and machine learning techniques
become more sophisticated, hybrid workflows combining high-fidelity CFD simulations
with fast and flexible surrogate models are likely to play a pivotal role in addressing

complex, real-world atmospheric and environmental modelling problems.



Chapter 3

Bayesian Parameter Estimation

The primary objective of inverse problems is to estimate an unobserved parameter or
set of parameters, denoted by 6, based on indirect measurements d. Here, unobserved
means that @ cannot be measured directly. In a probabilistic framework, this is typically
posed as determining the values of 8 that maximise the probability of observing the
data d. In other words, we ask: “Given all possible values of @, which ones best explain
the observations?”. This question is traditionally addressed using maximum likelihood

estimation.

However, maximum likelihood estimation is a frequentist method, and its uncertainty
quantification is typically based on asymptotic results such as the central limit theorem
and the Fisher information. While these approximations are valid in large-sample
settings, they can be unreliable when data are sparse, leading to potentially misleading

inference and less reliable decision-making.

An alternative framework is Bayesian inference, which characterises uncertainty through
the posterior distribution of the parameters 0. Instead of relying on point estimates
and asymptotic approximations, Bayesian methods quantify the plausibility of different

parameter values directly in terms of probability density functions (PDFs), providing

35
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a coherent way to account for uncertainty even in small-sample scenarios.

Throughout this thesis, we employ a range of algorithms and modelling frameworks for
Bayesian parameter estimation. In this chapter!, Section 3.1 motivates Monte Carlo
methods. Section 3.2 presents Markov chain Monte Carlo methods. Section 3.3 then
describes state-space models — which provide a flexible framework for representing dy-

namic systems in the Bayesian context — and introduces particle filters.

3.1 Motivating Monte Carlo methods

In a Bayesian approach, we model our uncertainty about continuous variables using the
posterior density p(@ | d), which represents the probability distribution of 6 given the
observed data d. Furthermore, the Bayesian framework shines through its ability to
incorporate prior knowledge about the parameters using a prior distribution p(@). This
enables the integration of expert opinion or prior empirical evidence about the values
of 0 into the estimation process, providing a more comprehensive basis for inference.

Bayes’ theorem formalises this relationship using the following equation:

p(d | 6)p(6)

p(0|d) = o(d)

Here, p(d | €) is the likelihood function — the same function that maximum likelihood

estimation seeks to maximise — while p(@) is the prior density. The denominator:

p(d) = / p(d | 8) p(6) d.

known as the marginal likelihood or evidence, serves to normalise the posterior.

In practice, however, the marginal likelihood is often intractable. High-dimensional pa-

!Throughout this chapter, the words “parameter” and “state” will be used interchangeably.
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rameter spaces or complex, nonlinear models can render the integral computationally
infeasible. This prohibits direct computation of the posterior density using a closed-form
solution. One common workaround is the Laplace approximation, which approximates
the posterior as a Gaussian distribution centred at its mode. Yet, this assumption of
normality is not always valid — particularly in complex applications such as gas emis-
sion inversions, where multiple interacting sources can result in multi-modal or highly
skewed posterior distributions. To address these challenges, more flexible computational

methods are required.

A key tool in this context is the family of Monte Carlo methods, which rely on sampling
to approximate quantities that are difficult or impossible to compute analytically, such
as the posterior distribution. Classical Monte Carlo techniques, such as rejection sam-
pling or importance sampling, generate independent samples from a simpler proposal
distribution and then correct for the difference between the proposal and the posterior
distribution. Sampling using these methods is extremely computationally efficient and
yields independent and identically distributed (iid) samples. However, their efficiency
in approximating distributions declines rapidly in high-dimensional or complex poste-
rior settings where the number of iid samples required to approximate the posterior

density grows exponentially.

To address this, Markov chain Monte Carlo (MCMC) methods construct a Markov
chain that has the targeted posterior distribution as its stationary distribution. Unlike
independent Monte Carlo methods, MCMC samples are inherently dependent. Each
sample is generated conditionally based on the previous sample, which allows the al-
gorithm to explore complex, high-dimensional distributions more effectively by making
local moves. However, informed dependent proposals often rely on computationally
expensive local information such as gradients or the Hessian, making MCMC sampling
less computationally efficient. Furthermore, the dependence introduces autocorrelation,

so one must run the chain long enough to ensure good mixing and disregard the burn-in
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period to approximate independent draws.

While MCMC methods are well-suited for exploring complex posterior distributions,
they operate in an offline manner and are ill-equipped for problems where data arrive
sequentially. In many real-world applications — such as online monitoring, tracking, or
environmental forecasting — new observations are continuously collected, and inference
must be updated in real-time. MCMC, requiring a full dataset and long chains for

convergence, is often impractical in such settings.

To address this, sequential Monte Carlo (SMC) methods offer a natural extension of
Monte Carlo techniques to sequential data. Rather than drawing a long Markov chain,
SMC maintains a population of weighted samples (particles) that evolve over time,
adapting to new data as it becomes available. These methods approximate the posterior
distribution recursively, making them particularly useful for online inference in dynamic

systems.

A widely used SMC variant is the particle filter, which is designed for state-space
models, where hidden variables evolve over time and are observed indirectly through
noisy measurements. Particle filters use a combination of prediction, weighting, and
resampling to estimate the posterior over latent states, making them highly effective

for real-time applications.

The following sections explore these ideas in more depth. We begin with a detailed de-
scription of MCMC methods and their role in high-dimensional posterior inference. We
then introduce state-space models and show how particle filters implement sequential

Bayesian inference in these dynamic settings.
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3.2 Markov chain Monte Carlo

When the marginal likelihood function is intractable, MCMC methods are often con-
sidered the gold standard for approximating the posterior density. In this section, we
introduce two fundamental algorithms in the MCMC literature, namely, Gibbs sampling

(Section 3.2.1) and the Metropolis-Hastings algorithm (Section 3.2.2).

3.2.1 Gibbs sampling

Gibbs sampling (Geman and Geman, 1984) is a fundamental technique in the family of
MCMC methods. It is particularly advantageous when the joint posterior distribution
p(0 | d) is complex and difficult to sample from directly, but the conditional posterior

distributions are available in closed-form.

Suppose the parameter vector is @ = (01,65, ...,6,,,.). In Gibbs sampling, we generate
a sequence of samples by iteratively drawing each parameter 6; from its conditional
posterior distribution given the current values of all other parameters and the data,

1.e.:

I+1 I+1 .
o~ p(0: 10470, d), i =1, npa,

where np,, is the number of estimated parameters, [ is the iteration number, and 6_;

denotes all parameters except 6;.

When the prior and likelihood are conjugate, these conditional posterior distributions
often have known analytical forms, making the sampling straightforward. By repeatedly
updating each component parameter in this way, the Markov chain has the target

posterior p(0 | d).
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3.2.2 Metropolis-Hastings

The Metropolis—Hastings (MH) algorithm (Metropolis et al., 1953; Hastings, 1970) is a
flexible and widely used MCMC method for sampling from a complex posterior distribu-
tion p(@ | d) when direct sampling is infeasible. Unlike Gibbs sampling, which requires
closed-form posterior conditional distributions, MH only requires that the posterior

density can be evaluated up to a normalising constant.

Given the current state 8%, a candidate value 8* is proposed from a proposal distribu-

tion ¢(0™ | 0(1)). This proposal is accepted with probability:

(6,6") = min {1 p(9" | d)q(6" | 6) }

p(0Y | d)q(6" | 6Y)

If accepted, the chain moves to o+ = 0*; otherwise, it remains at o+ = g0,
This mechanism guarantees that the Markov chain has the desired target posterior

distribution as its stationary distribution.

A common choice for the proposal distribution is a random walk proposal, such as:
q(6" 1 6V) =N(6%;0", %),

where ¥ controls the step size and direction of the proposed moves. For symmetric

proposals (i.e., ¢(0" | 0") = q(6Y | 67)), the acceptance probability simplifies to:

R AL
050 = {1’ pw“wd)}'

A powerful refinement of the basic MH algorithm is the use of proposals informed by
the local geometry of the target distribution. In the Metropolis-adjusted Langevin al-
gorithm (MALA) (Roberts and Tweedie, 1996), the proposal distribution incorporates

the gradient of the log-posterior to guide the chain toward regions of higher probabil-
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ity. Given the current state 8%, a candidate state 8* is proposed using a discretised

Langevin diffusion:
a(o" | 0(l)) B N<0*; 0 + 0'5GSSQ71(0(Z))VB(Z) logp(e(l) | d), EssQil(e(l))>a

where e is the step size and Q! is a preconditioning matrix, often chosen to be the

identity matrix I.

In MALA, the step size €4 plays a crucial role in balancing exploration and acceptance
rates. If ey is too small, the chain will move very slowly through the state space,
resulting in highly correlated samples and poor mixing. Conversely, if € is too large,
the discretised Langevin proposal may no longer approximate the continuous diffusion
well, leading to a low acceptance rate and potential bias. Optimal scaling results
(Roberts and Rosenthal, 1998) suggest that for high-dimensional targets, an acceptance
rate around 57.4% is ideal for MALA.

To further improve sampling efficiency, one can adapt the proposal covariance Q' to
match the local curvature of the posterior. A common strategy is to precondition the

proposal using an approximation to the inverse Hessian matrix of the log-posterior:

Q1(6Y) = [V log(p(8” | )] .

When Q(O(l)) is positive definite, its inverse can serve as a local approximation to
the posterior covariance. This motivates more sophisticated samplers, such as the
Riemannian manifold Langevin, also known as manifold Metropolis-adjusted Langevin
algorithm (M-MALA) — which we use in Chapter 4 — and Hamiltonian Monte Carlo
methods (Girolami and Calderhead, 2011), which use the local geometry to adjust both

the direction and scale of proposals.

Proper preconditioning allows the proposal to adapt to anisotropic or highly correlated
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posteriors, enabling larger and more efficient moves in directions of low curvature while
preventing overly large steps in directions of high curvature. This is especially im-
portant in complex Bayesian inverse problems, where the posterior may exhibit strong

correlations.

3.3 State-space models

So far, we have considered scenarios in which the parameters to be estimated are as-
sumed to remain constant for all collected data. However, in many real-world situations,
this assumption does not hold: the underlying parameter values may evolve over time
as new data are observed. This is especially common in applications involving temporal
measurements. For example, when estimating the position of a moving object, tracking
heart rate using photoplethysmography (as in wearable optical sensors), or in our case
an emission rate, the parameters of interest naturally change as time progresses. These
changes are often governed by underlying physical or physiological dynamics, which, if
appropriately modelled, can substantially improve our estimates of how the parameter
evolves. In the case of heart rate monitoring, for instance, the true heart rate may not
be measured directly at every instant but can be modelled as a function of physical

effort, allowing us to make more accurate inferences.

State-space models provide a framework for modelling such dynamical systems (Jazwin-
ski, 1970; Kitagawa, 1996; Douc and Cappé, 2005; West and Harrison, 2006). A state-
space model is defined by two key components: the state evolution equation and the

measurement equation. The state evolution equation:

0: = fstate(01-1,0: 2, . ..) + €cvor, (3.3.1)

describes how the latent (unobserved) state evolves over time ¢, where €.y, is a multi-
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variate Gaussian process noise term, while the measurement equation:

dt = fobs(gt) + €obs; ) (332)

relates this latent state to the actual observations with some measurement error €, .
Here, fsate represents the process model that maps past state values to the current

state, while f.,s specifies how the current state generates the observed data.

Bayesian methods for dynamic parameter estimation have been extensively developed
within the state-space framework. Among these, the Kalman filter (KF) (Kalman, 1960)
is one of the most widely used algorithms. The KF operates iteratively, alternating
between predicting the state based on the state evolution equation and updating this
prediction in light of new observations. Its computational efficiency arises from the
fact that it performs Bayesian updates in closed-form, using only matrix operations.
However, this efficiency comes at the cost of critical assumptions. The observation

function f,,s must be linear and the process noise must be Gaussian.

In many practical applications — such as atmospheric gas transport, which is governed by
the Navier-Stokes and advection-diffusion equations — this linearity assumption breaks
down. The resulting relationships between the observed data and the underlying states
can be highly nonlinear — this is the case when estimating an emission source location.
While extensions such as the extended Kalman filter (Jazwinski, 1970) and unscented
Kalman filter (Julier et al., 2002) relax the linearity assumption locally, they can still

fail when the system is strongly nonlinear or multimodal.

To address these challenges, more flexible algorithms have been developed for Bayesian
parameter estimation in nonlinear dynamical systems. Among these, SMC methods —
and in particular, the particle filter — provide a powerful alternative. Particle filters
(Kitagawa, 1996; Del Moral, 1997) approximate the posterior distribution by propa-

gating a set of weighted particles through time, capturing complex, nonlinear, and
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non-Gaussian dynamics that would be intractable using classical filters.

The remainder of this section introduces the particle filter algorithm, which is employed

in Chapter 5 of this thesis to estimate gas emission source parameters.

3.3.1 Particle filter

Particle filters (Kitagawa, 1996; Del Moral, 1997) are a class of SMC algorithms specifi-
cally designed to estimate time-varying parameters, such as source emission rates. They
rely on a set of np samples — commonly called particles and denoted as {H(i)}?:prf -
providing a discretised approximation of the posterior p(@ | dy;) at time ¢ for data
collected from time 1 to t. Each particle ¢ possesses a weight w,gi) indicating its relative
plausibility given the data. Particle filters track the parameters’ change through an

iterative process which updates these particles. The process consists of the following

steps:

1. Initialisation: At ¢ = 0, draw ny, particles {Bgf)} from the prior p(6y), and set

all weights w(()i) = 1/npy.

2. Prediction (Propagate): For each particle at time ¢ — 1, sample a new particle

according to the state equation (3.3.1).

3. Update (Weight): Upon receiving the observation d;, compute a likelihood weight
for each particle, based on how well that particle’s state explains the measurement

according to the measurement equation (3.3.2).

In practice, Steps 2 and 3 may be run multiple times while waiting for new observations

to be received.

Several methods exist to propagate the particles and update their weight. Sequential

importance sampling iteratively propagates a set of particles defined at initialisation
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and updates their weights. However, this often leads to progressively increasing variance
in the particles and fewer and fewer highly weighted particles. This is referred to as
particle degeneracy. To overcome it, the sequential importance resampling algorithm
was developed. This avoids degeneracy by resampling particles based on their weights.
This essentially kills off particles with unlikely parameter values while reproducing likely
ones. As the sequential importance resampling is used in Chapter 5 to estimate gas

emission location and rate, we will now describe it in more detail.

Sequential Importance Resampling. Sequential importance resampling (SIR) is
built upon the sequential importance sampling framework by adding a resampling step
to mitigate the problem of degeneracy, where most particles carry negligible weights

over time (Doucet et al., 2000; Arulampalam et al., 2002).

At each time step, the algorithm performs the following steps:

1. Initialisation:

2. Prediction (Sampling):
6;" ~ p(6,] 6;")

3. Weight Update:

) = wy - p(d, | 6)7)
4. Weight Normalisation:
o

RS )
Zi:l Wy
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5. Resampling: Resample n, particles from {0§“} with probabilities {wf)} to ob-

tain an equally-weighted new set. Reset weights:

nprt

While resampling focuses computational resources on more promising particles, it also
introduces its own challenges, such as particle impoverishment (loss of diversity). Par-
ticles will identify regions of high likelihood and lose their collective exploratory capa-
bilities. If the parameter value changes too abruptly for the state evolution equation
to predict it — such as an emission suddenly stopping — SIR particles will not be able
to keep track and successfully estimate the parameter. There exist variants such as the
auxiliary particle filter (Pitt and Shephard, 1999), resample-move methods (Berzuini
and Gilks, 2001), Rao-Blackwellised (Doucet et al., 2000), and two-layer filters (Garcia-
Fernandez et al., 2013), which attempt to mitigate these issues and improve performance

in more challenging scenarios.

Beyond the Monte Carlo, MCMC, and particle filtering approaches discussed above,
a variety of recent methods have been developed to address analytically intractable
posteriors. These include variational inference techniques, which approximate the pos-
terior through optimisation rather than sampling (Blei et al., 2017), and approximate
Bayesian computation methods for likelihood-free inference (Sisson et al., 2018). Ad-
vances in sequential Monte Carlo samplers (Chopin and Papaspiliopoulos, 2020) and
pseudo-marginal methods (Andrieu and Roberts, 2009) have also broadened the range
of models that can be efficiently handled. More recently, normalising flows (Papamakar-
ios et al., 2021) and other deep generative models have emerged as powerful tools for
flexible posterior approximation. While these methods offer promising alternatives or
complements to the techniques presented here, their detailed treatment lies beyond the

scope of this thesis.
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Plume Parameters

47



CHAPTER 4. ESTIMATION OF GAUSSIAN PLUME PARAMETERS 48

4.1 Introduction

Many inversion methods have been proposed to estimate source emission rates and loca-
tions; these can generally be grouped into optimisation (Qiu et al., 2018; Albani et al.,
2020; Wang et al., 2020) and Markov chain Monte Carlo (MCMC) (Hirst et al., 2013,
2020; Ma et al., 2021; IJzermans et al., 2024) algorithms. Forward models describing
how gas disperses in the atmosphere can be used to attempt to explain measured gas
concentrations. As described in Chapter 3, inversion methods estimate the parameters
that, given the forward model, would best describe the data collected. The most com-
monly used forward model for gas dispersion is the Gaussian plume model, motivated by
the solution of an underlying system of partial differential equations (PDEs) (Stockie,
2011). The accuracy of the inversion is therefore closely linked to the accuracy of the
forward model. The Gaussian plume model is very sensitive to the standard deviation
(cg and oy ) of its Gaussian concentration distributions; we will now refer to these as
“wind sigma” parameters. In the literature, wind sigmas are often chosen based on
the Pasquill atmospheric stability class (ASC) (Pasquill, 1961; Cui et al., 2019; Mao
et al., 2020). However, estimating the exact local ASC is often difficult in practice, and

misspecifying it can substantially bias the inversion estimation.

Conventionally, the practitioner estimates the ASC prior to inversion analysis for source
characterisation. To estimate the ASC, the practitioner must first gather field evidence
for quantities such as net solar radiation index, wind speed, etc. With this informa-
tion, the current conditions can, in principle, be allocated to a given ASC. However,
in practice, it is not straightforward to gather this evidence unambiguously. As a re-
sult, there is often uncertainty about the appropriate ASC for a given measurement.
Secondly, once an ASC is assumed, the practitioner reads the values of four dispersion
parameters, which specify “wind sigmas” for that ASC from historical tables of values

(Briggs, 1973). These tables were established many decades ago from field measure-
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ments. Therefore, there is uncertainty associated with the dispersion parameter values
adopted for a given ASC. As a result, the conventional practice of specifying the ASC
and hence specifying fixed values of the four dispersion parameters is a source of bias in
the inversion analysis of source characterisation. A more principled approach to source
characterisation accommodates uncertainty in our knowledge of wind field dispersion

parameters, and estimates them and their uncertainties as part of the inference.

Given that there is imprecise knowledge of the four dispersion parameters, one ap-
proach to inversion for source characterisation would be to examine a large number
of potential plume models, each associated with fixed combinations of dispersion pa-
rameters, and then to use some information criterion (such as DIC, BIC, WAIC) to
select the most appropriate model to retain. For example, the practitioner might per-
form the source inversion assuming in turn each of the possible ASCs, and then model
select between them. This approach forces the practitioner to adopt a single best in-
put value for the four dispersion parameters, which is not desirable, since it ignores
uncertainty in the estimation of the dispersion parameters. Moreover, it may be the
case that the set of combinations of dispersion parameters considered does not include
the specific combination of dispersion parameters most relevant for the current local
atmospheric conditions. The approach adopted in the current work is to estimate the
dispersion parameters together with source parameters in a single Bayesian inference.
This is preferable, since the uncertainty in dispersion parameters is captured naturally
alongside that of source location and emission rate. Moreover, our proposed approach
is computationally considerably more efficient than a grid search over dispersion pa-
rameter combinations corresponding to ASCs, followed by model selection. Note that
Mao et al. (2021) attempts to optimise wind sigmas using a genetic algorithm over an

ASC-based Briggs scheme parameterisation.

Another key challenge when accurately estimating sources’ location and emission rate

relies on adequately accounting for factors influencing the sensors’ measurements. Back-
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ground gas concentration and measurement error substantially influence the recorded

concentration and can introduce bias in our estimation if not correctly accounted for.

Objectives. In this chapter, we propose an MCMC inversion method jointly esti-
mating source emission rates, locations, background concentrations, measurement error
variance, and wind sigmas. We demonstrate that estimating the wind sigmas is ben-
eficial for the practising environmental modeller, in terms of improved inferences, and
demonstrate how incorrect gas characterisation can be when using ASC. Our methodol-
ogy is based on the principles of probabilistic inversion, which allows us to incorporate

uncertainties and prior knowledge effectively.

Chapter’s Layout. Section 4.2 focuses on the forward model, our framework for
simulating atmospheric gas dispersions, unsteady-state wind fields, and ground sensor
measurements. We employ the Gaussian plume model for gas dispersion (Stockie,
2011), the Ornstein-Uhlenbeck (OU) process for unsteady-state wind fields (Uhlenbeck
and Ornstein, 1930), and simulate point sensor measurements to mimic real-world data
acquisition scenarios, incorporating background concentration. Section 4.3 introduces
the core of our inference methodology. We present our parameter estimation method
using the manifold Metropolis-adjusted Langevin algorithm (M-MALA) in combination
with Gibbs sampling. Section 4.4 presents the results from our simulation case study,
where we test the robustness of our inversion method for single-source cases under
varying atmospheric, data collection, and sensor layout conditions. We also show the
importance of estimating wind sigmas when estimating sources’ location and emission
rate. In Section 4.5, we implement our inversion method on data from a real-world field
experimental campaign (see Figure 4.1.1) reported by Hirst et al. (2020). This dataset
contains wind field and methane measurements for controlled release trials. Finally,

Section 4.6 summarises the chapter and suggests potential lines of future work.
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Figure 4.1.1: Methane release set up at the Chilbolton observatory, UK. A laser dis-
persion spectrometer measures path-averaged CH, concentrations between the sensor
and each retros. “Sonic” indicates the emplacement of the three-dimensional ultrasonic

anemometer measuring the wind speed and direction. Credit: Hirst et al. (2020) Sup-
porting Information S1.
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4.2 Atmospheric gas concentration and sensor mea-

surements

In this section, we present the modelling framework of the simulation, incorporating the
Gaussian plume model for gas dispersion (Section 4.2.1 & 4.2.2); see Figure 2.2.1 for
visual representation, OU process for wind fields (Section 4.2.3), and sensor measure-
ments when accounting for background gas concentration (Section 4.2.4). By combining
these three elements, we gain a holistic perspective on air quality dynamics, enabling a

deeper understanding of pollutant transport.

The formulation of the forward model sets the stage for the subsequent exploration of
inversion modelling, where we aim to estimate sources’ location and emission rate by
leveraging the simulated sensor observations and gas dispersion patterns. We seek to

estimate point sources mixed with a spatially varying background concentration.

4.2.1 Modelling gas dispersion using the Gaussian plume model

A variety of gas dispersion models have been developed, each differing in accuracy and
complexity, with three primary categories being prominent. Gaussian plume models,
exemplified by ISC3 (Atkinson et al., 1997), AERMOD (Cimorelli et al., 2005), and
ADMS 6 (Carruthers et al., 1994), operate on the assumption of a Gaussian distribution
and are widely utilised. Gaussian puff models, such as CALPUFF (Scire et al., 2000),
conceptualise the plume as composed of discrete puffs, while high-fidelity computational
fluid dynamics (CFD) models, like Fluidyn-Panache (Libre et al., 2011), employ rigorous

numerical techniques.

In practical application, selecting the most suitable model depends on the specific re-
quirements and resources of the modeller. Gaussian plume and puff models are often

preferred due to their practicality, especially when comprehensive spatio-temporal wind
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field data required by CFD models are not readily available to set the initial condition
and boundary conditions. Typically, wind data is collected at single points in space,

limiting the applicability of CFD models.

The Gaussian plume model is noteworthy for its computational efficiency and straight-
forward implementation. It is a closed-form analytical expression that allows simulation
of the continuous emission from a single source under the assumption of unidirectional
wind flow in an unbounded space. Gaussian plume models have found widespread ap-
plication in various industries, often serving as a tool for monitoring and regulating
emissions from industrial projects. An example of their use can be seen in the work
of Lushi and Stockie (2010), who employed a Gaussian plume model to estimate the
emission rates of a large lead-zinc smelting operation in Trail, British Columbia. Simi-
larly, Ramadan et al. (2008) utilised this model to calculate the concentration of sulfur
dioxide resulting from existing power stations in Kuwait. These applications demon-
strate the practical utility of the Gaussian plume model in assessing and managing the
dispersion of pollutants, aiding in environmental impact assessments, urban planning,

and emergency responses, among other critical areas.

In this chapter, the Gaussian plume model is used to model the dispersion of methane.
We use the Gaussian plume equation described in Chapter 2 Section 2.2. For the
simulation case study (Section 4.4) and the inversion on the real-world dataset (Section

4.5), we set nn = 3, based on previous applications’ experience.

4.2.2 Parametrisation of the wind sigmas

The Gaussian plume model (2.2.4) contains atmospheric parameters that influence the
shape of the plume, such as the horizontal and vertical wind sigmas, oy, and oy. These
represent the standard deviation of the horizontal and vertical Gaussian distributions for

gas concentration, which shape the Gaussian plume model. A large literature exists on
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choosing wind sigmas and originated with Pasquill’s ASCs (Pasquill, 1961). Pasquill’s
approach first determines the local ASC using meteorological data, then uses a disper-
sion scheme to fix wind sigmas according to the ASC. Nowadays, ASC-based dispersion
schemes remain popular in practice (Kahl and Chapman, 2018), with Briggs (Briggs,
1973), Smith (Pasquill and Smith, 1983), Pasquill-Gifford, and Chinese National Stan-
dard being common choices (Mao et al., 2020). These power-law dispersion schemes
based on downwind distances fix the wind sigma parameters by selecting dispersion
parameters from ASC-based tables. However, atmospheric conditions are extremely
complex, and by fixing the dispersion parameters we risk misspecifying them (Finn
et al., 2016). In this chapter, we present a method to estimate the wind sigmas by
estimating the dispersion parameters without relying on the ASCs. We generalise the
Draxler power-law parametrisation from Hirst et al. (2013) by adding dispersion pa-
rameters ay € R™, ay € RT, by € (0,1}, and by € (0,1]. For time ¢t =1,2,--- ,ny and

fixed location (z,y, 2) :

om, = ay (Or tan(Am, )" + pr, (4.2.1)

O'Vt = ay (5R tan()\vt))bv + ,u\/,

where Ag € R and Ay € R} are the 1 minute rolling window standard deviation
of the horizontal and vertical wind direction time series for nyi, windows, dp € RT is
the downwind distance of location (z,y, z) from the source located at (z,9, 2), uy € R
and py € RT are the horizontal and vertical source’s aperture half-width. When the
measurement location is upwind from the source, we set the Gaussian plume concentra-
tion contribution to zero. This can be seen as an extension of Cartwright et al. (2019)
where where we allow the power of the wind-sigmas to be estimated. In Section 4.4, we
show the impact of misspecified wind sigmas on source parameter estimation and how

estimating dispersion parameters reduces this bias.
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4.2.3 Simulating unsteady-state wind field using Ornstein -

Uhlenbeck process

The OU process is a stochastic process often used to model the behaviour of physical
systems that tend to revert toward a mean or equilibrium state (Uhlenbeck and Orn-
stein, 1930). When simulating wind speeds and wind directions, the OU process can
be useful for generating realistic, time-varying, turbulence-free wind measurements. In
the simulation study, we model the wind speed and direction as two separate stochas-
tic processes. Their temporal evolution is modelled using an OU process with mean
set to the desired average wind speed and direction. By incorporating the OU pro-
cess into wind simulation models, it is possible to generate wind measurements that
exhibit realistic temporal and spatial variability, which is useful for many applications
such as wind energy production, air pollution dispersion modelling, and neuronal activ-
ity (Arenas-Lopez and Badaoui, 2020; Boughton et al., 1987; Ricciardi and Sacerdote,

1979).

The OU process can be numerically simulated using the Euler-Maruyama method
(Maruyama, 1955). The Euler-Maruyama scheme discretises the OU process into a
series of time steps, and the stochastic differential equation governing the process is ap-
proximated using a finite-difference equation. We can therefore simulate an OU process

numerically with standard deviation o,, € R* and correlation time © € R* using:

Ot + dt) = ¢(t) — O dt ¢(t) + 1100, V2dE O,

where v, is a random number sampled independently at every time-step dt € Rt from

a standard normal distribution (Kloeden et al., 2002).
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4.2.4 Point and beam sensor measurements

Our inversion model utilises measurements of atmospheric gas concentration. Different
types of gas sensor platforms are available, such as satellites, aeroplanes, drones, line-of-
sight /beam sensors, and point detectors (Fox et al., 2019), with each sensor type having
its advantages. Point sensors can provide very high-accuracy measurements but have
poor spatial coverage, whereas satellites can cover vast areas at the cost of measurement
precision. This chapter focuses on ground sensors (point and beam sensors) since these

are the most common techniques for continuous fence line monitoring of assets.

Ground sensors measure gas concentrations over time at fixed locations. Assuming mea-
surement error €., and Gaussian plume model concentrations As, the data collected

can be represented by the following equation:
d= As+ B+ €ps. (4.2.2)

The ne,s data points collected are denoted by a ngns X 1 vector d, while A is a cou-
pling matrix with dimensions ngps X Nge, Where ng. represent the maximum number
of sources we allow our model to detect. The elements of A are the Gaussian plume
model concentrations at the sensor locations for a unit source emission at the source
location. Here, we use a Gaussian plume model. However, more accurate spatial dis-
cretisation models of the gas dispersion equations are potential alternatives, such as a
finite volume method discretisation of the advection-diffusion (Moukalled et al., 2016;
Calhoun and LeVeque, 2000), as discussed in Chapter 2 Section 2.3. The vector s
has dimensions ng. X 1 and contains the emission rate for each source. The spatially
varying and temporally stationary — across np time points — background gas concen-
tration is represented by the ngns x 1 vector 3 = 8’ ® 1,,,., from a Gaussian field with
B’ ~ N(pg,Xg), for pgr € RT and covariance matrix g . Lastly, €.,s denotes the

iid
measurement error vector, where €ghs, ~ N(0,02,) for k =1,2,--+  ns and o2, € RT.
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4.3 Probabilistic inversion of gas emission problems

Building upon Section 4.2, we now explore the inversion model implemented to estimate
the source locations and emission rates. By leveraging the simulated sensor observations
and the knowledge of gas dispersion patterns, the inversion model offers a valuable tool

for identifying and quantifying the precise source location and emission rate.

Using ¢ = 1,2, -+ ;Nge, J = 1,2, ,ngns, and t = 1,2,--- . ny to represent sources,
sensors, and observation time points, respectively, for every pair (j,t) we have recorded
measurements d; = (d;1,d;2, -+ ,d;jn;)". Each sensor takes a measurement at time ¢
giving a neps X 1 vector of observations d = (d} ,d2, - - - ,dfm)T. Each sensor’s concen-
tration measurements are a combination of gas emitted from the sources, background
gas concentration, and measurement error variance. The sources’ contributions for unit
emission rates are denoted by the nyps X ng, matrix A(E), modelled using the Gaussian
plume equation (2.2.4), where B = {Z;, 4, Zi, P, nvent, fba, fov, agr, ay, by, by }. For exam-
ple,let k =1, - ngps, then Ay, is obtained by computing Equation 2.2.4 for a specified
source location (Z;, 9;, Z;), ABL height P, number of reflections n,q, horizontal and ver-
tical source aperture uy, py, and dispersion parameters ag, ay, by, by from Equation
4.2.1. Each source has an emission rate denoted s; used to rescale the coupling matrix
A. Each sensor’s measurements contain a different spatially varying background gas
concentration 8; = (81,82, , Bjmy)" where ;1 = Bj2 = - = Bjn, = [} giving
B=(B1.85, .8 =B @ Ly, for B = (8.8, .5,)"

We are interested in estimating emission rates s = (sq, 82, , S,...)" and corresponding
source locations (Z,9,2) = ((T1, T2, » Tna) s (T1, T2, U ) -5 (B15 225+ 5 Zne) L ).

2

sns?

These are estimated simultaneously with 3’, o2 ., and ay, ay, by, by to reduce bias. For

simplicity, we fix the sources’ height near the ground z; ~ 0.

Inversion modelling is a powerful technique in various scientific disciplines, particu-

larly geophysics and statistics, and aims to infer unknown parameters or variables from
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observed data. It involves the mathematical formulation of a forward model that sim-
ulates the observed data given a set of input parameters. Inversion modelling reverses
this process by estimating the most likely parameter values that produced the observed
data. MCMC methods are frequently employed in inversion modelling for their ability
to explore complex, high-dimensional parameter spaces that are otherwise intractable.
MCMC is particularly useful when dealing with nonlinear and non-Gaussian problems,
providing robust and probabilistic estimates of model parameters while accounting for

uncertainties in both data and model assumptions.

Let ¥ = {0,02,,0'} = {{s,&,9,an,by,ay, by}, 02,3} We can write the full pos-

sns’

terior distribution of our inversion problem as follows:

p(¥ | d) o< p(d | )p(ap).

The common set of parameters for prior distributions used during the simulation case
study (Section 4.4) and the inversion on the Chilbolton dataset (Section 4.5) are listed

in Appendix A.1.3.

4.3.1 Gibbs sampling

Gibbs sampling (Geman and Geman, 1984) is a fundamental technique in MCMC meth-
ods, particularly advantageous in scenarios where the joint distribution is difficult to
sample directly but where conditional distributions are known or can be easily calcu-
lated. When the prior and likelihood functions belong to a conjugate pair, the posterior
distribution has a known analytical form. This allows for posterior samples drawn by
sequentially sampling from the conditional posterior distributions. See Chapter 3 Sec-

tion 3.2.1 for more information regarding Gibbs sampling. The parameters o2 _ and 3’
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are estimated using Gibbs sampling with the following priors:

o2 .~ Inv-Gammal(a, b),

sns

/8, ~ N(I,LIB/7 Eﬁ'),

where a € RT, b € RT set using sensor’s manufacturer’s guidelines, and pg set using
historical average background gas concentrations and g is a diagonal matrix. The

mathematical derivations of the following conjugate posteriors are provided in Appendix

Al.1:

obs Nobs d o _ A 2
afns|'L/J\{U§HS}~IHV—Gamma<n2b +a, b+ =k (d gk (4s):) )7

B | P\{B') ~ N( (01 T+ 25,1>_1 ( 1 (d' — (As)) + Zﬁ'lﬂﬁ') ) (Ui I+ 2,@'1) _1>.

2
sns Ons sns

Note: d’ and (As)’ correspond to subsets of vectors d and As respectively where every

nr value was kept.

4.3.2 Manifold Metropolis-adjusted Langevin algorithm sam-
pling

Gibbs sampling is only possible when analytical forms of the conditional posterior
distribution are available. The emission rates, locations, and dispersion parameters have
a nonlinear relationship, making the derivation of the conditional posteriors extremely
challenging. In such cases, gradient-based MCMC methods like the Metropolis-adjusted
Langevin algorithm (MALA) offer a valuable alternative to sample from the posterior

(Grenander and Miller, 1994). Gradient-based MCMC leverages gradient information
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from the target distribution to guide proposals, leading to faster convergence and better

exploration of the probability landscape.

Considering the structure of the Gaussian plume model, we expect variables to be
correlated. Traditional MALA schemes rely on local gradient information, resulting in
inefficient sampling in this scenario. Here, M-MALA presents compelling advancements
over MALA by accounting for these interdependencies using a Riemann metric tensor to
adapt to the local curvature of our target distribution (Girolami and Calderhead, 2011;
Xifara et al., 2014). This ensures a more efficient and accurate sampling procedure,
which has been shown to work for similar problems (Karimi et al., 2023). See Chapter
3 Section 3.2.2 for more information regarding M-MALA. Under M-MALA, sampling
of @ is performed by a Metropolis-Hastings (MH) step with the following proposal

distribution:

0" ~ Ny, (0070 4 0.5 0Q (0 Vi log(p(8 ™) | d)), L Q1 (007)),

MNpar
where [ is the current MCMC iteration, np,, is the number of parameters, 8" are the
proposed parameter values, 8"V are the parameter values in the Markov Chain at
iteration [ — 1, e " is the step size at iteration { — 1, and Q8" V) = V2log(p(0" Y |

d)) is the Hessian matrix.

However, it is essential to note that M-MALA is often computationally expensive due to
the calculation of the Hessian scaling as O(n?®). To address this challenge and enhance
computational speed, our code is implemented in JAX (Bradbury et al., 2018), a li-
brary for automatic differentiation and high-performance computing, enabling efficient

sampling, gradient and Hessian computation for large-scale Bayesian inference tasks.
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4.3.3 Positively constrained manifold-MALA-within-Gibbs

Combining Gibbs sampling with MH algorithms yields a hybrid approach known as
MH-within-Gibbs (Chib and Greenberg, 1995); here we use M-MALA-within-Gibbs.
This methodology leverages the strengths of both techniques to efficiently sample from
complex posterior distributions, particularly in scenarios with correlated parameters
and nonlinear relationships. The pseudocode for our implementation of M-MALA-
within-Gibbs is presented in Appendix A.1.2, and the full code is available at the
GitHub repository provided at the end of this chapter. We employ log transformations
to enforce positivity constraints on emission rates and dispersion parameters, ensuring
physically realistic parameter values throughout the sampling process. However, we do
not enforce by, by < 1 in the MCMC scheme; exceptional values observed serve as an

indicator of model misspecification.

4.4 Simulation study

A simulation study was conducted to assess the performance of our inversion method-
ology and identify its limitations. The experiments presented in this section help to
understand how varying factors impact parameter estimation, demonstrating the ro-
bustness of our approach and highlighting the necessary conditions for it to perform
optimally. These are fundamental steps towards applying our method to real-world
data (see Section 4.5), where some factors cannot be controlled and the true parameter
values are often unknown. In this section, we demonstrate our ability to simultaneously
estimate the source emission rate, location, background gas concentration, measurement
error variance, and dispersion parameters in single-source cases. We then highlight the
importance of estimating dispersion parameters by comparing source estimations when

dispersion parameters are assumed to be known or estimated.
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In order to simulate the data for all experiments, we follow the steps in Section 4.2 and
generate realisations of point sensor temporal observations. Parameter estimation was
performed using 20,000 M-MALA-within-Gibbs iterations with initialisation values set
by a coarse grid search on the emission rate and location, followed by a Latin hypercube
on all parameters. The code is available at the GitHub repository listed below and was
run using Python version 3.10.12 on 4 cores Intel®) Xeon®) Gold 6248R and 16 GB
RAM. The algorithm uses fixed seed pseudorandom numbers for all MCMC samples to

ensure reproducibility of results and comparability between simulations.

4.4.1 Single source estimation

Simple yet realistic single-source scenarios are useful for examining the inversion capa-
bilities of our model. Our simulations showcase the model’s ability to estimate param-
eters and assess its robustness to parameter variations using the following experimental
design. The simulated parameter variations considered are the following: (a) WDC:
wind direction coverage in anticlockwise degrees [°] with 0° pointing east, (b) DPV:
dispersion parameter values, (¢) SER: source emission rate [kg/s|, (d) DTS: distance
between the source and sensors [m], (¢) OPS: number of observations per sensor, and
(f) SL: sensor layout. These variations assess the robustness of our inversion method-
ology under different atmospheric conditions (a, b), source characteristics (c, d), and
data collection conditions (e, f). For each of the six factors (a)-(f), we define low (L),
medium (M), and high (H) levels as detailed in Figure 4.4.2 and Figure 4.4.3. We then
perform a “main effects” analysis, changing each factor in turn from L to M and then
to H, holding all other factors at level M. The level M conditions correspond to an emis-
sion source positioned at coordinates (50m, 50m, 5m) within a 110m x 110m square,
emitting at a rate of 0.00039 kg/s (corresponding approximately to the Chilbolton re-
lease rates), with all plume dispersion parameters set to 1.0. A grid of 36 evenly spaced

sensors positioned downwind of the plume (see Figure 4.4.1) collects 100 measurements
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per sensor at a frequency of 1 Hz and with a measurement error standard deviation
o = le-3 ppm. In practice, sensor layouts will be informed by the local prevailing wind
conditions and the physical characteristics of the site. We believe the sensor setup
adopted here is useful to explore the role of key design parameters on the quality of
inference. An OU process simulates wind speeds with a mean of 6 m/s, and the wind
direction varies every second — high frequency comparable to the controlled release trial
data — encompassing a 140° range as depicted in the left plot of Figure 4.4.1. Results
of the analysis are shown in Figure 4.4.2 and Figure 4.4.3 in terms of box-whisker plots
summarising the marginal posterior distributions of parameters from the MCMC. In
all subplots of Figure 4.4.2 and Figure 4.4.3, the middle box-whisker plot corresponds
to level M for all factors. All MCMC chains used for the box-whisker plots in Figure

4.4.2 and Figure 4.4.3 are available in Appendix A.2.1-A.2.5.

Varying Atmospheric Conditions. In practice, the wind direction coverage is often
positively correlated to the observation period. The longer we collect data, the higher
the chances of observing a wide range of wind directions. However, a region’s prevail-
ing wind can result in narrow wind direction coverage, especially when the observation
period is small, e.g. 100 seconds in this simulation. The first column in Figure 4.4.3
demonstrates the difficulty of estimating dispersion parameters when the wind direction
coverage is too small, shown by large uncertainty when the wind direction covers only
60°. However, a full 360° coverage does not lead to optimal inference, due to sensors
spending the majority of time outside the plume. The second column contains varying
dispersion parameters and shows the model’s robustness to different atmospheric con-
ditions. In-depth studies of the impact of varying wind direction coverage are included
in Appendix A.2.1. These reveal the following atmospheric conditions for our inversion

method to perform optimally:

1. At least one sensor must be in the plume for the majority of the observation
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period. For a given source location, this is determined by the wind directions and

point sensor placements.

2. The horizontal range of wind directions must exceed the horizontal plume width.
This ensures that no point sensor is always in the plume, which makes identifica-

tion of the dispersion parameters difficult.

Varying Source Characteristics. Source location and emission rate are crucial
when monitoring for gas emissions. It is therefore interesting to understand how these
affect the inversion capability of our model. From the third column in Figure 4.4.2 and
Figure 4.4.3, it is clear that an increase in the emission rate reduces our estimation
uncertainty. This is likely due to a more pronounced distinction between the source
contribution and the atmospheric background concentration. Similarly, the fourth col-
umn indicates a positive correlation between estimation uncertainty and the distance

between the source and the sensors.

Varying Data Collection Conditions. The fifth column demonstrates the reduc-
tion in bias and estimation uncertainty as the sample size increases. The sixth column
shows that the sensor layout is a fundamental factor influencing our estimation ac-
curacy. Losing the vertical coverage in the sensor layout has significantly impacted
our ability to estimate the vertical dispersion parameters. Due to the structure of the
Gaussian plume model, there are positive and negative correlations between the emis-
sion rate and the dispersion parameters. To explain the observed gas measurements, a
trade-off exists between the dispersion parameters and the emission rate. The former
can narrow /widen the shape of the plume while the latter is decreased /increased to ex-
plain the measured concentrations. This identifiability issue is shown to be significantly
influenced by the sensor layout; we explore it in more detail in Appendix A.2.5. In the

next section, we illustrate the bias in source estimation when dispersion parameters are
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Figure 4.4.1: Simulation’s level M conditions and sensor layout. The left plot represents
the CH4 concentration measurements recorded by the sensors as a function of wind
direction. Each line corresponds to a different sensor. The middle plot illustrates the
Gaussian plume, background CHy concentration, and the location of sensors at ground
level for wind direction 0°. The right plot represents a grid of 36 evenly spaced point
Sensors.

misspecified, highlighting the importance of correctly estimating them.

Overall, the model and inversion methodology presented in Sections 4.2 and 4.3 have
demonstrated the ability to estimate all parameters simultaneously and have shown
general robustness to the changing atmospheric, source, and data collection conditions
applied. However, both wind direction coverage and sensor layout indicate potential
limitations of our approach in practice. Dispersion parameters become difficult to
estimate when wind direction coverage is small or in the absence of a vertical sensor

layout.

4.4.2 Estimating dispersion parameters

We now focus on a significant limitation of many gas inversion methods when apply-
ing them to real data: the misspecification of dispersion parameters. Similar work was
done by Cartwright et al. (2019), who tuned the wind sigmas by estimating a horizontal
and a vertical scaling parameter. The parametrisation of the wind sigmas used in their
work also uses four dispersion parameters. However, these are taken from ASC-based

tables, and the ASC was determined using a Monin—Obukh length and an effective
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Figure 4.4.2: Parameter estimation performance main effects simulation analysis. Each
column compares simulations where a single parameter was varied. The column heading
indicates the parameter being varied. WDC: wind direction coverage [degrees®], DPV:
dispersion parameter values, SER: source emission rate [kg/s|], DTS: distance between
the source and sensors [m], OPS: number of observations per sensor, and SL: sensor
layout. The rows correspond to the different parameters estimated using M-MALA-
within-Gibbs. case 1: ayg = 1.4,bg = 0.9,ay = 1.2,by = 0.95. case 2: ayg = 1.0,by =
1.0, ay = 10, bV = 1.0. case 3: ag = 09, bH = 08, ay = 07, bv = 0.85. low: 0.000195
kg/s. mid: 0.00039 kg/s. high: 0.00078 kg/s. line: 36 x 1 line of sensors. grid: 6 x 6
grid of sensors. s.line: 6 x 1 sparse line of sensors. The red dashed lines represent the
true values of the estimated parameters.
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Figure 4.4.3: Parameter estimation performance main effects simulation analysis. Each
column compares simulations where a single parameter was varied. The column heading
indicates the parameter being varied. For the meanings of acronyms in the titles, see
caption to Figure 4.4.2. The rows correspond to the different parameters estimated
using M-MALA-within-Gibbs. case 1: ag = 1.4,by = 0.9,ay = 1.2,by = 0.95. case 2:
ag = 10, bH = 10, ay = 10, bV =1.0. case 3: ay = Og,bH = 0.8,@\/ = 07, bv = 0.85.
low: 0.000195 kg/s. mid: 0.00039 kg/s. high: 0.00078 kg/s. line: 36 x 1 line of
sensors. grid: 6 x 6 grid of sensors. s.line: 6 x 1 sparse line of sensors. The red dashed
lines represent the true values of the estimated parameters.
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roughness length. This approach fixes the dispersion parameters and assumes that
rescaling the pairs {ay, by} and {ay, by} can sufficiently improve the Gaussian plume
model. We propose additional flexibility by allowing all four dispersion parameters to
be directly, individually, and jointly estimated. Therefore, removing bias introduced
by the ASC, Monin-Obukh length, and effective roughness length. To the best of our
knowledge, there is currently no method other than the one we propose in this chapter
that simultaneously estimates source location, emission rate, background concentration,
measurement error variance, and dispersion parameters. In practice, it is common for
dispersion parameters to be chosen based on the local ASC. However, as shown in Figure
4.4.4, dispersion parameter misspecification can introduce substantial bias in the source
estimation. We estimated the source location, emission rate, background concentration,
and measurement error variance for various dispersion parameter misspecifications to
quantify this bias. We misspecified each dispersion parameter at a time, ag, ay, by, by,
while fixing the remaining three to their true value. This enables us to identify the
main effect biases of each dispersion parameter. Moreover, this experimental design
reflects an optimistic reality where three of the four dispersion parameters are correctly
specified. In practice, we expect all four ASC-based dispersion parameters to be mis-
specified because the tables these come from discretise the dispersion parameters when
these are in fact continuous. Additionally, the meteorological data required to correctly
identify the local ASC is not always available. Parameter estimation based on misspec-
ified dispersion parameters is compared to “est.”: where all four dispersion parameters
are estimated simultaneously, and to “truth”: the unrealistic scenario where all four
dispersion parameters have been fixed to the truth. The true values of the dispersion
parameters in this simulation are ay = 1.0, ay = 1.0, by = 0.8, by = 0.8, and all

other conditions are set to level M.

From Figure 4.4.4, it can be observed that when ay is too small or too large, the emis-

sion rate is under- or overestimated; the same is true for ay. The estimated source
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distance to the grid of sensors is overestimated when the horizontal dispersion param-
eters are too small or the vertical dispersion parameters are too large. Similarly, the
distance is underestimated when horizontal dispersion parameters are too large and
vertical dispersion parameters are too small. However, estimation of the source loca-
tion coordinate y is robust to misspecification due to the sensors and source layout (see
Figure 4.4.1). There is no bias in its estimation, but a reduction in uncertainty when

dispersion parameters are correctly specified.

Overall, the misspecification of dispersion parameters shows a strong bias in estimating
source location and emission rate. Meanwhile, estimating the dispersion parameters
significantly reduces this bias, as shown by Figure 4.4.4 where the “est” and “truth”

box-whisker plots are almost identical.

4.5 Chilbolton real data

Site-level gas emission monitoring is an emerging field that is gaining significance as
governments and private companies increasingly prioritise emissions reporting. Given
the novelty of this research area, high-quality controlled release data remains scarce,
and open-source datasets are even more limited. The Chilbolton dataset is one such

rare resource, which we will utilise to apply our inversion methodology.

The Chilbolton dataset contains controlled methane releases made on the flat terrains
of the Chilbolton Observatory, Hampshire, UK. As these are controlled releases, the
true source locations and emission rates are known. This enables comparability of our
results against other methods applied on the same dataset (Hirst et al., 2020; Voss
et al., 2024). The data for these controlled releases were collected using a multiple
open-path laser dispersion spectrometer (LDS) and a single three-dimensional ultra-
sonic 20Hz anemometer; our inversion uses the anemometer data rather than modelling

wind using an OU process. The LDS measures path-averaged methane concentrations
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Figure 4.4.4: Quantification of dispersion parameter misspecification impact on source
estimations. The true values of the estimated parameters are represented by the red
dashed lines. The columns correspond to the dispersion parameters being misspecified,
with the x-axis indicating the value chosen when misspecifying. These are compared to
source estimations when the true dispersion parameter values are chosen, “truth”, and
when all dispersion parameters are being estimated “est.”.
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along beams between the LDS and seven fixed reflectors (see Figure 4.5.1), with contin-
uous sequential scanning of all beams taking 3 seconds to cover all reflectors. To ensure
compatibility between the coupling matrix’s spatially discetised point concentration
structure and the beam’s spatially continuous path-averaged measurements, coupling
matrix concentrations were averaged over 40cm spaced point locations were created
along the beams. The Chilbolton experiments contain three controlled releases, two
with single sources (Source 1 and Source 2), and one with two sources (Source 3 and
Source 4), which we tackle using an extended two-source methodology. Each release
event includes multiple sub-releases to increase wind direction coverage in the dataset.
Sources were created by 2mx2m aluminium frames laid on the ground, evenly perfo-
rated with lecm spaced holes. The Gaussian plume model is a representation of the
long-term time-averaged concentration under steady-state wind conditions. Thus, over
short time scales, it can be a poor representation of the observed data. Averaging
the data over longer periods can improve the correspondence between the model and
the (averaged) data. Consequently, measurements from each beam, taken every 3 sec-
onds, were aggregated within 1-minute intervals before estimating the parameters. See

Appendix A.3.1 for details regarding data processing.

4.5.1 Deficiencies in pre-specifying atmospheric stability classes

for inversion

Using the inversion procedure presented in Section 4.3, we considered each of the four
parametric descriptions of the variation of wind sigma with downwind distance and
compared their estimation accuracy. In turn, these: 1) assume fixed ASC-based dis-
persion parameters using the Briggs scheme, 2) assume fixed ASC-based dispersion pa-
rameters using the Smith scheme, 3) estimate dispersion parameters using an ASC-free

Smith scheme, and 4) estimate dispersion parameters using ASC-free Equation 4.2.1.
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From now on, we refer to 3) and 4) as “estimated Smith” and “estimated Draxler”,

respectively.

As with all real-world datasets, the Chilbolton dataset lacks the necessary meteorolog-
ical data to reliably determine the local ASC. The only available information consists
of the recorded wind speeds and a photograph of the Chilbolton site taken during the
releases. Based on Table A.3.3 in Appendix A.3.4, the observed wind speeds and the
overcast sky possibly suggest an ASC B or C. Clearly, this remains an approximation
and is insufficient to identify a single local ASC confidently, as required for ASC-based

wind sigma parameterisations.

To address the absence of definitive meteorological evidence, we conducted an ex-
ploratory data analysis, which involved comparing Smith- and Briggs-based model pre-
dictions of spatial gas concentration measurements to the real data. The details of this
analysis are provided in Appendix A.3.4. The results revealed significant differences
between ASC-based model predictions for different classes, yet no single model consis-
tently provided the best approximation of the observed data. For a given Chilbolton
experiment (for a specific source location, monitored over multiple days), the most ac-
curate predictions were equally distributed among the Smith B, Smith C, Briggs A,
and Briggs B schemes. This lack of a clear preference is problematic, as it prevents the
reliable selection of a specific ASC. In practice, this uncertainty undermines trust in

ASC-based inference.

The risk of introducing bias through incorrect ASC specification presents a major chal-
lenge in gas emission estimation, highlighting the advantage of estimating dispersion
parameters directly from data as part of the inversion. Further details on the Smith and

Briggs schemes, as well as ASC determination, can be found in Appendix A.3.2—-A.3.3.
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4.5.2 Results

For each model, we ran 10,000 and 5,000 iterations of the M-MALA-within-Gibbs for
Sources 1 and Source 2, respectively, with a 4,000 and 1,000 burn-in, which took on
average 27 and 30 minutes for ASC-based models (estimating 11 parameters, 3 with M-
MALA) and 48 and 54 minutes for estimated Smith and Draxler approaches (estimating
15 parameters, 7 with M-MALA). MCMC convergence was evaluated by investigating
traceplots of estimated parameters; these are available in Appendices A.3.5 and A.3.6.
Based on equivalent diagnostics, we found that the MCMC of the multiple source sce-
nario (Source 3 and Source 4) failed to converge after 50,000 iterations, taking 1631
minutes. While brief investigations suggest this is likely due to insufficient wind di-
rection coverage in the real data, for now, this stands as a limitation of the method.
Figure 4.5.2 compares the models’ estimation of Source 1 and Source 2 emission rate
and location. As expected from the exploratory data analysis, we observe a significant
difference between the estimation of ASC-based models. For both Sources 1 and Source
2, estimation accuracy decreases as ASC moves away from ASC A. However, both esti-
mated Smith’s and estimated Draxler’s estimations are close to the truth, comparable
to ASC B-based models, and outperform ASC C, D, E, and F-based models. Figure
4.5.3 provides a visual representation of the estimated source locations relative to the
true source positions and beams. Figures 4.5.2 and 4.5.3 collectively illustrate that our
ASC-free estimation method outperforms ASC-based models with incorrect ASC spec-
ification. Therefore, alleviating the risk of model misspecification associated with using
ASC-based methods. While the “estimated Smith” and “estimated Draxler” inversions
each took approximately 50 minutes to run, executing all ASC-based Briggs and Smith

schemes required 168 and 84 minutes, respectively.

We now compare estimated models using the Bayesian information criterion (BIC)

(Schwarz, 1978), and assess model goodness of fit using methane concentration root
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Briggs Smith Estimated
A B C D E F B C D | Smith Draxler
BIC |2048 2189 2450 2667 3181 3502 2014 2021 2167 | 2025 2058
RMSE | 0.63 0.68 0.76 0.87 1.12 1.29 0.62 0.66 0.90 | 0.61 0.62
BIC |4386 4537 5212 5707 6323 6543 4541 4343 4412 | 4223 3539
RMSE | 0.58 0.60 0.69 0.76 0.86 0.90 0.60 0.61 0.67| 0.55 0.48

Source 1

Source 2

Table 4.5.1: Comparing models’ inversion performances for Source 1 and Source 2
using BIC and methane concentrations RMSE. The best performing model for each
performance measure is given in bold. “Estimated Smith” and “Estimated Draxler”
estimate the dispersion parameters instead of using ASC-based tables.

mean square error (RMSE). Table 4.5.1 gives values of BIC and RMSE for each model
considered. In terms of RMSE, Source 1 was best estimated using estimated Smith
inference, but Smith B inference was preferred when penalising for model complexity
using BIC. For Source 2, estimated Draxler inference produced the lowest RMSE and
BIC, markedly better than all competitors. Overall, ASC-free models consistently yield
the lowest RMSE inversions and, when accounting for model complexity, achieve the

lowest BIC for Source 2 and a close second for Source 1.

We conclude from the Chilbolton field study that estimating dispersion parameters as
part of the inversion inference avoids the problematic selection of a single ASC, whilst

providing accurate and computationally efficient source characterisation.

4.6 Discussions

We consider a Gaussian plume forward model for atmospheric gas dispersion, parame-
terised inter alia by dispersion parameters known colloquially as “wind sigmas”, related
to atmospheric stability classes (ASCs). We propose an MCMC inversion scheme to
estimate the gas source emission rate, location, gas background concentration, mea-
surement error variance, as well as dispersion parameters. When the ASC is known a

priori, our results show that ASC-based inference (assuming known ASC) and ASC-free
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Figure 4.5.1: Sensor, beam, and source positions for the Chilbolton experiment. Each
colored line corresponds to a different sensor-reflector path. The straight blue line and
dashed red line boxes correspond respectively to the plotting area of Source 1 and
Source 2 in Figure 4.5.3.
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Figure 4.5.2: Source 1 and Source 2 emission rate and location estimations for all ASC-
based models tested, estimated Smith, and estimated Draxler. The red dashed line
represents the true sources’ location and rate.
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Figure 4.5.3: Source 1 (left) and Source 2 (right) location estimation density contours
from all ASC-based models tested, estimated Smith, and estimated Draxler. Note:
different scales for the x and y axes.

inference (estimating dispersion parameters) are of similar quality. However, determin-
ing the ASC accurately in practical applications is challenging. As a result, ASC-based
models are prone to bias and high computational costs. In contrast, estimating dis-
persion parameters as part of inversion inference reduces bias and offers more reliable

source characterisation.

Whenever possible, plume dispersion parameters should therefore be estimated rather
than fixed a priori, whilst also exploiting any prior information about possible relevant
ASCs, obtained from meteorological and other information from the measurement cam-
paign. The simulation study in Section 4.4 shows that this is only feasible when data
are recorded using an appropriate sensor layout and sufficient wind direction coverage.
A large literature exists demonstrating the importance of appropriate sensor layouts in
inverse problems (Liu et al., 2022; Liu and Li, 2022; Dia et al., 2024). These conditions
ensure optimal inversion estimation and should therefore serve as guidelines when in-
stalling ground sensors and collecting data for monitoring purposes. Additionally, the
simulation study demonstrated the robustness of our inversion methodology to a wide

range of atmospheric, source, and data collection conditions. In Section 4.5, we proved
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the effectiveness of our method in practice by applying it to real data.

A number of relatively straightforward extensions of the model are possible. The ob-
servation Equation 4.2.2 can be adapted so that the background gas concentration,
the sensor measurement errors, and gas dispersion are represented in a more physically
realistic way. For example, background gas concentration 3 could be modelled using
a spatio-temporal Gaussian process or Gaussian Markov random field, potentially ac-
counting for wind field-induced dependence. Under this assumption, it is important
to jointly estimate 3 and the measurement error variance o2 . Additionally, the as-
sumption that sensor measurement errors are independently and identically normally
distributed may be relaxed to include serially correlated errors and modelling sporadic
error spikes. In the current work, the source is assumed to be located near the ground
Z =~ 0, appropriate for many applications. This assumption can, of course, be re-
laxed to include estimation of source elevation. Source horizontal and vertical aperture

half-widths {pg, v} can be estimated similarly. We could also consider non-spherical

sources.

Furthermore, the coupling matrix A could be computed using a more physically realis-
tic forward model. Kennedy and O’Hagan (2001) consider emulation of a plume model
for atmospheric dispersion of radionuclides, in their application of Bayesian calibration
of computer models. In the application, the forward model, assumed to be a Gaus-
sian plume, is characterised by a Gaussian process, required to predict the outputs of
the computer model, namely remote concentrations of radionuclides for given inputs,
namely source strength, wind speed, direction, and plume “wind sigmas” for an assumed
known source location. This approach could be extended to account for unknown source
locations. Kennedy and O’Hagan (2001) also consider a discrepancy model to correct
the output of their Gaussian process emulated to observations, thereby accommodating
a degree of flexibility within the statistical model to a misspecified Gaussian plume. We

also note literature on non-Bayesian calibration methods, such as Ls-based frequentist



CHAPTER 4. ESTIMATION OF GAUSSIAN PLUME PARAMETERS 78

approaches. Here, calibration parameters are estimated by minimising the squared dif-
ference between model outputs and observations. This is often achieved by estimating
discrepancy nonparametrically and then optimising parameters via least squares (Wong
et al., 2017; Tuo, 2019; Plumlee, 2019). These methods provide computationally effi-
cient point estimates with strong asymptotic guarantees, without requiring priors, but
rely on bootstrap or asymptotic approximations for uncertainty quantification. We
could go a step further and account for obstacles in the flow field. Traditional numer-
ical methods discussed in Chapter 2 Section 2.3 have been extensively studied for this

purpose.

A grid-based version of our method was originally considered, with the centre of the grid
cell serving as a potential source location. In practice, the number of sources is expected
to be small compared to the number of cells; our methodology, therefore, incorporated
a spike and slab prior on the emission rates to constrain the number of cells corre-
sponding to sources. However, this method was abandoned due to its computational
cost. Assuming cell-centred sources introduces bias in the parameter estimation, which
can be reduced by increasing the grid’s resolution. Unfortunately, using a fine grid
creates a high-dimensional inversion problem with strong correlations between parame-
ters. Nonetheless, we believe it would be interesting to use the gridded approach, with
a computationally cheaper non-Hessian-based MCMC method, to identify the number
of sources and their emission rates. These estimates could then be used as starting
solutions for our inversion method. See, for example, Van de Kerkhof et al. (2024) and

Hirst et al. (2013).

Finally, for practical online source monitoring applications, it is critical to accommodate
temporal variations in source, background, and dispersion parameter characteristics,
due to effects of e.g. weather conditions, human activities, and seasonality. To account
for these temporal variations, we believe extending our work to state-space models

whilst enforcing source sparsity would be an exciting area of research. Voss et al.
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(2024) has presented promising results for such approaches on the Chilbolton dataset.

4.7 Data and code availability

4.7.1 Data availability statement

The raw Chilbolton data that support the findings of this chapter are openly available
at the following: https://edata.stfc.ac.uk/items/5c88d121-0e19-4840-a26b-4

99dba49419a.

4.7.2 Code availability statement

To further promote accessibility and reproducibility, we released a Python package on
PyPI (https://pypi.org/project/sourceinversion/) and made the documented
code openly available on GitHub (https://github.com/NewmanTHP/Probabilistic

-Inversion-Modeling-of-Gas-Emissions).
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5.1 Introduction

The inversion methodologies discussed so far assume that the source emission rate
and location are spatio-temporally constant within the monitored domain. In many
practical settings, however, multiple emission sources may be present — for example at
landfill sites (Scheutz et al., 2011) — and individual sources may vary in time. In such
cases, inversion techniques capable of resolving fully spatio-temporal emission patterns

are required.

In this chapter, we focus on ground-level sensor networks delivering high-frequency,
spatially sparse measurements. A Bayesian inversion framework, traditionally relying
on MCMC (Brooks et al., 2011; Robert et al., 1999; Fearnhead et al., 2024), quan-
tifies uncertainty robustly but suffers from poor scalability and slow convergence in
multimodal, time-varying settings. Real-time inference necessitates an alternative that

balances accuracy and efficiency.

Objectives. We embed a CFD surrogate within a Bayesian state-space model and
perform sequential inference using an SIR particle filter (Gordon et al., 1993); see Chap-
ter 3 Section 3.3 for more information regarding SIR. Our surrogate employs an MLP
trained to emulate high-fidelity CFD solvers, providing near-instantaneous predictions
of sensor concentrations for any candidate source configuration; see Chapter 2 Section
2.4 for more information regarding MLP. This approach retains the physical realism
of numerical solvers while reducing per-evaluation cost to milliseconds. In this chap-
ter, we apply our inversion methodology to the Chilbolton controlled-release dataset
(Hirst et al., 2018, 2020; Voss et al., 2024; Newman et al., 2025), demonstrating that
our surrogate-based SIR filter achieves comparable accuracy to full CFD and Gaussian
plume models at a fraction of the computational cost. We further validate robustness

under simulated obstructed flow fields and temporally varying emission rates, highlight-
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ing the scalability of our framework.

Chapter’s Layout. Section 5.2 presents the SIR-based inversion algorithm. Sec-
tion 5.3 details the MLP surrogate construction. Section 5.4 evaluates performance on

Chilbolton data, and Section 5.5 extends the approach to complex, obstructed scenarios.

5.2 Spatio-temporal gas source inversion using par-

ticle filters

We cast the gas source inversion problem in a Bayesian state-space framework, which is
commonly used in a range of areas, including econometrics (Aoki and Havenner, 1991;
Hamilton, 1994), target tracking (Arulampalam et al., 2002; Nemeth et al., 2012; Stone
et al., 2013) and epidemiology (Prashad, 2025; Hooker et al., 2011). Let the latent
state at time t be 6;, which encodes the unknown source parameters — notably the
possibly time-varying source coordinates (Z,7, Z); and emission rate s;. We specify a
prior distribution p(6y) over the initial state (for example, a uniform prior over the site
for the source location and a broad prior for the emission rate) to capture our initial
uncertainty. The state-space model is then defined by two components: a measurement
model, which relates the state to the observed gas concentrations, and a state evolution

model describing how the latent state changes over time.

Measurement Model (Observation Equation). At any time ¢, we receive sensor
measurements d; (e.g. gas concentration readings at fixed sensor locations). We model
these observations as noisy functions of the current source parameters. In particular,

we assume the observation equation:
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dy = C(&, 9,2 | (2,9, 2)x)t X St + By + €obse (5.2.1)
where (&, 7, ) are the known coordinates of the sensor location(s). C(&,9, 2 | (Z,Y, Z)xt)t
is the gas concentration function (derived from a CFD model or its surrogate) that
predicts the concentration at time ¢ at the sensors given a history of source location
(Z,9, 2)xt and s, denotes the history of the source’s emission rate. ¢t — k up to t, rep-
resent the fact that in a local/regional settings gas concentration at time ¢ can depend
on emission rate and location in the recent past (within a window of length k). 3, is
the ambient background gas concentration at the sensor (e.g. baseline methane levels)
at time t. The final term €,s, represents measurement noise (sensor error), which we
typically model as independent zero-mean Gaussian noise. If multiple sensors are de-
ployed, d; is a vector of all sensor readings at time ¢, and we assume the components of
€obs, are independent (i.e., each sensor has independent noise). For simplicity, we also
assume the source’s influence on the flow field is negligible (i.e. the wind field is not
altered by the emission), so that the dispersion of gas is linearly related to the emission
rate. This means C' can be computed for a unit emission and then scaled by s, as

reflected in (5.2.1).

State Evolution Model (Dynamic Equation). We allow the source parameters
to evolve in time according to a latent dynamics model. In general, the source location
might be static (or moving slowly), and the emission rate s, could potentially vary over
time. We capture any uncertainty or evolution in these parameters with a stochastic

dynamic equation. A simple choice (which we adopt here) is a random-walk model:

Ot = Ot—l + €cvoy s (522)

where €y, ~ N(0, W) is a multivariate Gaussian process noise term with covariance
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W. This model assumes that from one time step to the next, the source location and
emission rate do not change dramatically, only undergoing small random perturbations.
In practice, if the true source is stationary (constant location and emission), the random
walk (with a small covariance W) serves to maintain diversity in our particle filter
(preventing all particles from collapsing to a single point). If the source emission rate
genuinely varies over time, W can be tuned to account for those changes. We assume
the state process 8, is Markovian (i.e. given 8;_;, the next state 6, is independent of
earlier times) and that process noise €.y, is independent across time steps. We also
assume observations are conditionally independent given the corresponding state (with
the caveat that d; may depend on a short history of emissions rates s,.; and locations
(Z,Y, Z)xt, which can be incorporated by extending the state to include recent emissions
up to k). Under these assumptions, the model is a state-space model amenable to

Bayesian filtering techniques to recover the latent process 6.

Bayesian Filtering. Our goal is to infer the posterior distribution of the source
parameters given the sequence of measurements up to time ¢, denoted p(0; | di.).
Using Bayes’ rule and the state-space model assumptions, the posterior can be updated
sequentially: starting from a prior p(€y), we incorporate new observations as they arrive.

As seen in Chapter 3 Section 3.3, the update from time ¢t — 1 to ¢ is given by:

e Prediction: p(@t | dl:t—l) = fp(@t | Ht_l)p(et_l | dlzt_l)det_l,

e Bayes Update: p(0, | di;) x p(d; | 0,)p(0; | d1.4—1)-

Here, p(d; | 6,) is the likelihood of the new observation given state 6;, which from

(5.2.1) (assuming Gaussian sensor noise) can be written as, for example, p(d; | 6;) =

2

sns*

N(dt‘C’(x', U, 2 | (2,9, 2)kt)t X St + By agns) for some noise variance oZ .. In general,
these integrals and proportionality are intractable to solve in closed form due to the

nonlinearity of C' and the high dimensionality of the state. We therefore resort to a
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Monte Carlo approximation, specifically, the SIR particle filter (Gordon et al., 1993),

to perform the Bayesian update numerically.

In a SIR particle filter, we maintain a set of ny random samples (particles) {9?)}?:”{
that provides a discrete approximation of the posterior p(6; | d1.). Each particle O(i) =
{:E,El ,gjfl ,Zt ) Sy )} is a possible source location and emission rate. We also associate a
weight wtl with each particle, indicating its relative plausibility given the data. The
particle filter sequentially propagates and updates these weighted samples as new data

" evolves to track the posterior

arrive. Over time, the particle ensemble {Bt ,wtl)}
distribution p(0; | di.;). In effect, the particle filter provides a numerical approximation
of the Bayesian solution for the gas source inversion problem. This approach is well-
suited to our setting as it can handle nonlinear and non-Gaussian relationships (unlike,
e.g., a Kalman filter (Kalman, 1960)) and it naturally accommodates the sequential
arrival of data in a dynamic environment. By using a sufficiently large number of
particles, the SIR filter can approximate the true posterior to any desired accuracy,

enabling robust spatio-temporal estimation of the source location and emission rate

even under complex, unsteady flow conditions.

5.3 Multilayer perceptron surrogate modelling of
atmospheric gas measurements in unsteady-state

flow fields

The particle filter outlined in Section 5.2 requires repeated evaluations of the likelihood
p(dy | 8;) for each particle {eﬁ“}?:pff, which in the case of the gas concentration model,
requires computing the concentration function C(z, 9, 2 | (£, 9, 2),‘2% at each potential
source location. High-fidelity CFD models exist to compute C, but they are often

too slow to run for each particle 7 and time step ¢ in real-time. We can overcome
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this bottleneck by utilising a deep learning surrogate model for the CFD simulation.
Specifically, we train a MLP to approximate the mapping from the source parameters
to the sensor measurements, effectively serving as a fast emulator of the physical gas

dispersion model.

5.3.1 High-fidelity gas dispersion simulation training data

To generate training data for the surrogate, we first require a ground-truth model of
how gas disperses in an unsteady flow field. We use a CFD solver (Holl and Thuerey,
2024) that captures the physics of air flow and gas transport in our monitored site €. In
particular, we solve the time-dependent Navier-Stokes equations (2.1.2) (which govern
fluid flow) to obtain the wind velocity field, and then solve the advection-diffusion
equation (2.1.1) (which governs the transport and diffusion of the gas) to obtain gas
concentrations. These equations are discretised and integrated over time to simulate the
evolution of wind and gas in the domain. Denoting by f, the Navier-Stokes solver and f.
the advection-diffusion solver, we can formalise the process as follows: given a history of
wind boundary conditions (e.g. measured wind speed and direction over time) wu,.; and
corresponding pressure field p,..,, and given any fixed obstacles or terrain features w over
the spatial domain 2, the CFD model produces a flow field f,(wy., P+, w, ) describing
the wind velocities in 2 over time. Using the flow field, the gas transport solver f,
computes the resulting gas concentration field for a source at location history (&, ¥, 2) .-
We then evaluate this concentration field at the sensor coordinates (&,7, 2). Let Cig
denote the concentration output of the full Navier-Stokes-based numerical solver. We

can express the solver’s prediction as:

Cos(, 9,2 | (2,9, 2)wt) = [e((&, 9, Z)its foWet, Py 0, Q)| (5.3.1)

z7y7z
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which represents the gas concentration at time ¢ at the sensor location due to a source
at (&,y, 2)x¢ under the given unsteady wind conditions. In other words, we use the
CFD solver to simulate the propagation of gas from a candidate source through the
evolving wind field, and we record what concentration would be measured at the sensor.
Equation 5.3.1 is essentially the model behind the concentration function C' in (5.2.1).
This high-fidelity simulation accounts for complex effects, such as turbulent eddies
and time-varying wind direction, providing accurate ground truth concentrations for
given source parameters. Additional information regarding the numerical solver-based

atmospheric gas transport simulation is provided in Appendix B.1.

However, running such a CFD simulation for every candidate source is computationally
expensive. For example, solving the Navier-Stokes and advection-diffusion equations
even once (for a given source configuration) might take seconds to hours, which is pro-
hibitively expensive when deployed within a particle filter that could require thousands
of evaluations. Therefore, we will use (5.3.1) offline to generate training datasets, and

then train a fast MLP surrogate to mimic its output.

To construct the training data, we sample a large number ng,, of hypothetical source
scenarios and simulate each with the CFD model. In our study, we assume source
locations to be fix over the simulation period and drew locations uniformly from the
area of interest {2 (each location (Z, 7, Z) corresponds to a different training sample). For
each source location, we assume a fixed emission rate (e.g. a unit emission for simplicity)
and run the CFD solver to obtain Cys(Z,9,% | Z,9,2) via (5.3.1). All simulations
use the same physical environment and flow conditions representative of the scenario
we care about. In particular, we leverage data from the Chilbolton experiment (see
Section 5.4): a time series of wind measurements (from an anemometer) provides the
unsteady wind boundary conditions wu,.; for the solver, and the site is relatively flat and
unobstructed (no w features), which allows us to simplify the simulation. Because the

vertical variation in this experiment was minimal, we performed the CFD simulations in
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two dimensions (assuming all sources and sensors lie in the same horizontal plane). This
two-dimensional approximation greatly reduces computational cost while introducing
only small errors for a flat site. We use the recorded time-varying wind profile uniformly
across the domain (spatially uniform but temporally varying wind) when solving the
Navier—Stokes equations, given the small size of the site. In summary, our dataset
consists of many pairs {(:E(k),g](k)),dgk)} for k = 1, Ngm, where (20, §0) is a
sampled source location and dﬁ’“) = Cps(, 5 | 2®,g*), is the corresponding sensor
reading at time ¢ produced by the CFD simulation (for a given wind sequence and unit
emission). These synthetic data samples form the ground truth that our MLP will learn

to emulate.

5.3.2 MLP surrogate model: architecture and training

We design an MLP to serve as a surrogate for the CFD-based concentration function.
The MLP is a fully-connected feed-forward neural network that takes the source loca-
tion as input and outputs the predicted gas concentration at the sensor. In our case,
the input vector to the MLP is (Z,7) (the two-dimensional coordinates of a potential
source). The output is the predicted sensor measurement d; at time ¢ (or a vector
of concentrations if multiple sensors are present; one output per sensor). Because the
relationship from source location to sensor concentration can be quite complex (highly
nonlinear due to the physics of dispersion), we choose a sufficiently expressive network
architecture. For the real data surrogate modelling in Section 5.4, we employ an MLP
with four hidden layers and 100 neurons per hidden layer. In the case study involving
obstacles in the flow field in Section 5.5, the mapping from source location to sensor
measurements is more complex, a deeper architecture is used, consisting of five hidden
layers with 500 neurons per hidden layer. We employ SeLU activations (Klambauer
et al., 2017) at the hidden layers (SeLU: Scaled Exponential Linear Unit, designed

to self-normalise the neural network while avoiding exploding/vanishing gradients and
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dying neurons), and a linear activation at the output layer (since we are performing
a regression to predict a continuous concentration value). We initialise the network
weights using standard Xavier initialisation (Glorot and Bengio, 2010) and train them
to minimise the error between the MLP’s predictions and the true concentrations from

the CFD simulations.

Training. We use a supervised learning approach to train the MLP on the dataset
of simulated source scenarios. We define a loss function £ as the Mean Squared Error
(MSE) between the MLP’s prediction Cyrp and the ground-truth solver output Cy
over all training samples. Formally, if the training set is {(z* ,?](k),dgk))}Zirf (with

d,gk) = Cps(, 5 | 2™, 5*)),, as above), the loss is:

1 Msim 2

L(®) = Carr (2®, §; ©) — "

Y

Msim 3 =7
where © denotes the learnable weights of the network. We minimise this loss using
stochastic gradient descent. The training is run for enough epochs until the error
plateaus without overfitting, which in our experiments was on the order of a few tens
of thousands of epochs. After training, we obtain an approximate functional mapping
Chyrp that is a fast proxy for the CFD solver’s output Cls, meaning the MLP’s prediction
of sensor measurements for a given source is nearly the same as the high-fidelity CFD
prediction (5.3.1), but can be computed instantaneously. Once this surrogate is trained,
it can be plugged into the particle filter. Whenever we need to evaluate the likelihood
of a particle (i.e. compute the expected sensor reading for a potential source), we use

the MLP instead of running a CFD simulation.

Practical Considerations. The flow conditions are time-varying, so the mapping
from source location to sensor reading could drift over long periods as winds change.

To handle the temporal non-stationarity, we adopt a sliding time-window approach in
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training the surrogate. Instead of training a single MLP on the entire duration of data
(which might force it to average over different wind regimes), we train separate MLP
models for consecutive time-windows of the data. For example, we can segment the
simulation (and real data) into shorter intervals (each spanning a few minutes), and
train one MLP on data from each interval. By keeping the time-window short — on the
order of the gas transport time across the site — we ensure each MLP sees a relatively
homogeneous wind condition, allowing it to more accurately learn the input-output
mapping for that period. In effect, the surrogate model is updated periodically to
account for changes in the flow. In our case, the window length can be chosen based on
the maximum travel time for gas to reach the farthest sensor (which depends on wind
speed and domain size). When deploying the inversion in real-time, the particle filter
can then switch to the appropriate MLP corresponding to the current time-window of
data. This sequential MLP training strategy enables the surrogate to capture transient
behaviours and temporal evolution of the gas plume that a single global model might

miss.

Post-Training Assessment. We evaluate the MLP surrogate on held-out test cases
(source locations not seen during training) to ensure it generalises well. We use met-
rics such as the mean absolute percentage error (MAPE) between Cyrp and C,s on
these test simulations, and we also compare the surrogate’s outputs against real sen-
sor measurements when available (e.g. from the Chilbolton release trial). The MLP
consistently achieves low prediction error, indicating that it captures the physical rela-
tionship between source and sensor effectively. Furthermore, the surrogate is extremely
fast: evaluating the MLP for a given input takes on the order of milliseconds or less,
which is orders of magnitude faster than running a full CFD simulation for the same
scenario. In fact, our learned model is even faster than the simplified Gaussian plume

equations (2.2.4) (which are themselves a closed-form approximation) while retaining
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the accuracy of the CFD approach. This balance of physical fidelity and computational
efficiency is what enables our overall inversion framework to operate in near-real-time.
In the next section, we demonstrate that using the MLP surrogate within the particle
filter yields accurate and rapid source inversion results, effectively combining rigorous

Bayesian estimation with a fast learned physics model.

5.4 Real data: Chilbolton gas emission inversion

We now assess the performance of our inversion framework on real data from the
Chilbolton Observatory, where controlled methane releases were conducted under vary-
ing atmospheric conditions. The known ground truth for source locations and emission

rates provides a basis for quantitative validation.

The dataset includes path-averaged methane concentration measurements collected us-
ing a laser dispersion spectrometer, which scanned seven retroreflectors every 3 seconds.
Wind measurements were obtained via a three-dimensional ultrasonic anemometer, and
the sources consisted of perforated 2m x 2m ground frames; see Figure 4.1.1 for site
layout. The flat topography and high-frequency measurements make this dataset well-

suited for evaluating spatio-temporal inversion methods.

5.4.1 Sensor measurements prediction

We first evaluate the predictive performance of the MLP surrogate model against two
baselines: a atmospheric stability class-based Gaussian plume model and the high-
fidelity numerical solver used for training data generation. Predictions from our three
models were made minute-by-minute and evaluated against the last 20-second aver-
aged sensor measurements. Predicting the last 20 seconds is consistent with the time-

averaging Gaussian plume model assumption and ensures the numerical solver’s simu-
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lated gas reaches the sensors from anywhere on the Chilbolton site. For each minute
interval, the Gaussian plume model used the averaged wind inputs, while the numer-
ical solver simulated transport using the full minute of wind data and averaged the
last 20 seconds. Additional information regarding how the numerical solver simulation

duration and the time-window length were chosen is included in Appendix B.2.

The MLP was trained to predict the numerical solver’s 20-second averaged sensor mea-
surements using 484 simulations with distinct source locations, all under the same
wind boundary conditions obtained by our anemometer. The true source location was
withheld to assess interpolation performance. All models were then given true source
locations and evaluated on two test cases: 10 minutes of data from Source 1 (release 2)
and 15 minutes from Source 2 (release 5); these reflect periods of ideal wind conditions,

where sensors were exposed to the gas plumes.

Table 5.4.1 reports the MAPE for each model. The numerical solver achieved the
lowest MAPE but required approximately 21 minutes of computational time for all
predictions. The Gaussian plume model was much faster (1.2 seconds) but substantially
less accurate. The MLP surrogate achieved accuracy close to the numerical solver,
outperforming the plume model, while requiring only milliseconds per prediction; faster
than even the plume model. It took 6 minutes to generate the data used to train each
MLP and 2 minutes for model training using 90 CPUs and 250 GB of memory, though
this can be reduced with GPU acceleration. Each MLP comprises 4 hidden layers with
100 neurons per layer. These results confirm that the MLP surrogate delivers both high

accuracy and real-time prediction capability in unsteady flow conditions.

5.4.2 Gas source inversion

We next evaluate the inversion framework by estimating source location using the MLP

surrogate within the SIR particle filter. As a baseline, we compare to an inversion using
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Gaussian Plume Numerical Solver MLP

Source 1 17.25% 13.28% 13.38%
Source 2 10.63% 9.19% 9.57%
Time (s) 1.20 1220.53 0.25

Table 5.4.1: Gaussian plume model, numerical solver and surrogate model predictions’
MAPE for 10 minutes of Source 1 release 2 and 15 minutes of Source 2 release 5 given
true source locations. Computational times highlight the extreme efficiency of the
surrogate.

MLP Gaussian Plume

Distance (m) 5.82  11.09
Source 1

Time (min)  83.3 173.6

Table 5.4.2: Gaussian plume model and surrogate model-based SIR particles’ mean
estimation of Source 1’s location. The mean is computed by averaging the distance
from all particles to the true source location at the SIR’s last iteration. Computational
times highlight the efficiency of the surrogate — the MLP computational time includes
training data generation, training, and SIR inversion.

an atmospheric stability class-free Gaussian plume model (identical to those described in
Chapter 4), reducing model misspecification introduced by traditional Gaussian plume
models. To ensure informative updates, we used 4-minute sliding time-windows of data
over the 10 minutes of Source 1 measurements; therefore, using four MLPs and one

Gaussian plume model per window.

Figure 7?7 shows the posterior distribution of estimated source locations for Source 1
using both the MLP and plume-based filters. The MLP-based inversion yields a tighter
and more accurate posterior. Table 5.4.2 quantifies this, reporting the mean distance
across all particles to the source location for the last SIR iteration. The MLP-based
inversion reduced mean localisation error by nearly half compared to the plume model
(5.82m vs. 11.09m) and required only half of the computation time (83.3 min vs.
173.6 min), including surrogate training and particle filtering. Together, these results

demonstrate that our surrogate-based framework achieves high inversion accuracy with
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substantially reduced computational cost, enabling real-time spatio-temporal inference
with quantified uncertainty in real-world scenarios. Appendix B.3 contains additional

information regarding the Chilbolton source inversion.

5.5 Case-study: source inversion in obstructed unsteady-

state flow fields

We now demonstrate the scalability and robustness of our proposed inversion method-
ology in synthetically generated, more complex monitoring environments. Specifically,
those featuring obstacles, time-varying emissions, and fixed source locations, for which
no real datasets are currently available. We simulate three distinct 10-minute methane
emission events with temporally fluctuating emission rates, each within a spatial domain
populated by obstructions. Detailed simulation parameters and setup are provided in

the Appendix B.4.

To emulate real-world operational constraints, we implement a sequential inversion
protocol in which sensor data are processed minute-by-minute, and a 3-minute sliding
time-window of the data is used for the likelihood evaluation. A new MLP surrogate
is trained each minute on data from the most recent flow conditions, and the SIR
particle filter is subsequently updated by sliding the data window, refining the posterior
over source parameters. Specifically, 499 CFD-based training simulations are used to
train each MLP, with training performed in parallel across 90 CPU cores, consuming
approximately 250 GB of memory. The inversion itself — including 100 iterations of
particle filtering between each minute with 1,000 particles — is executed on a modest
workstation with only 4 CPU cores and 15 GB of memory. Each MLP comprises four
hidden layers with 500 neurons per layer; architectural and training details are further

elaborated in the Appendix B.4.
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Figure 5.5.1: Case study results for surrogate-based SIR filter source location estimation
in unsteady and obstructed flow fields. Data is collected using a line of 20 point-sensors.
The three location posterior densities show location estimation at the end of the 10
minutes of gas release.

Figure 5.5.1 visualises the posterior over source locations after the full 10-minute ob-
servation window, clearly demonstrating the model’s ability to accurately infer fixed
source positions even when occluded by structural obstacles. Figure 5.5.2 further high-
lights the framework’s capability to track dynamically varying emission rates: all three
sources exhibit time-varying emission profiles, and our particle-based posterior adapts
accordingly, accurately reconstructing the temporal evolution of each source’s emission
intensity. However, the delayed adjustment in estimating Source 2’s emission rate fol-
lowing a sharp drop at minute 5 reveals a limitation of the SIR filter: abrupt changes
in emission behaviour may require more responsive approaches, such as an interacting

multiple model filter (Blom and Bar-Shalom, 2002).
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Figure 5.5.2: Case study results for temporally varying emission rate estimation and
fix source location. The surrogate-based SIR successfully tracks increasing, decreasing
and fluctuating emission rates. The delayed adjustment after Source 2’s emission rate
shape drop at minute 5 highlights a limitation — such scenarios may require a more
responsive two-layered SIR filter.

5.6 Conclusion

We have introduced a real-time Bayesian inversion framework for estimating gas emis-
sion source location and emission rate in unsteady atmospheric flow fields. By embed-
ding an MLP surrogate for high-fidelity CFD within an SIR particle filter, we enable
accurate and computationally efficient inference in complex environments. This com-
bination allows for rapid, data-driven updates as new observations arrive, making the

method suitable for time-critical spatio-temporal environmental monitoring tasks.

Our experiments demonstrate that the MLP surrogate achieves accuracy comparable
to full numerical solvers while requiring orders of magnitude less computation. On the
Chilbolton dataset, our method outperforms the Gaussian plume model. We further
show that the framework generalises to more challenging, obstructed flow scenarios,

accurately recovering hidden sources and tracking temporally varying emission rates.

Limitations and Future Directions. While our two-dimensional surrogate assump-
tion is appropriate for flat sites with near-sensor level sources, vertical source-sensor

offsets could degrade accuracy in more complex terrains. A lightweight extension using
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vertical Gaussian plume corrections is proposed in Appendix B.5. Furthermore, the in-
ference involves the specification of several tuning parameters — e.g. the number of SIR
particles and iterations; and length of the time-window of the data — appropriate choices
for which are likely to be application-dependent. This is also true in how the surrogate
model’s training data was simulated. Some obstacle shapes may obstruct and delay the
gas flow, requiring CFD runs considerably longer than 1 minute. Additionally, retrain-
ing a separate MLP per time-window introduces overhead, which could be alleviated
via online or transfer learning approaches (Weiss et al., 2016). Finally, robustness to
real-world uncertainties — e.g., sensor dropout, wind misestimation, and multi-source
interference — remains an open avenue for future work. This study underscores the
promise of combining physics-informed machine learning with Bayesian inference for

scalable, accurate, and fast environmental monitoring in dynamic conditions.

5.7 Data and code availability

5.7.1 Data availability statement

The raw Chilbolton data that support the findings of this chapter are openly available
at the following: https://edata.stfc.ac.uk/items/5c88d121-0e19-4840-a26b-4

99dba49419a

5.7.2 Code availability statement

The documented code is openly available on GitHub (https://github.com/NewmanT

HP/Deep-Learning-Surrogates-for-Real-Time-Gas-Emission-Inversion).


https://edata.stfc.ac.uk/items/5c88d121-0e19-4840-a26b-499dba49419a
https://edata.stfc.ac.uk/items/5c88d121-0e19-4840-a26b-499dba49419a
https://github.com/NewmanTHP/Deep-Learning-Surrogates-for-Real-Time-Gas-Emission-Inversion
https://github.com/NewmanTHP/Deep-Learning-Surrogates-for-Real-Time-Gas-Emission-Inversion

Chapter 6

Conclusions and Outlook

Having established the importance of probabilistic inversion modelling for gas emissions
(Chapter 1), reviewed the fundamental tools for estimating source parameters (Chap-
ters 2 and 3), and introduced new methodological frameworks that advance the field
(Chapters 4 and 5), the core of this thesis is now complete. This final chapter serves
both as a conclusion and a bridge forward: first, by recapping the key contributions of
this work (Section 6.1); then, by outlining a promising avenue for the extension of this
thesis (Section 6.2); and finally, by reflecting on the broader implications and future

trajectory of atmospheric probabilistic inversion modelling (Section 6.3).

6.1 Summary of contributions

Detecting, locating, and quantifying emission sources is a complex challenge that draws
on physics (Chapter 2), statistics (Chapter 3), and computer science (the software in-
frastructure required to implement methods from Chapters 2 and 3). Source charac-
terisation begins with atmospheric gas measurements, which must be linked to source
properties through atmospheric transport models. This thesis has concentrated on

ground-based measurements rather than observations collected from satellites.

98
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In Chapter 2, we reviewed the range of transport models available for this task, high-
lighting their respective advantages. Traditionally, approximate analytical solutions
(Section 2.2) and numerical solvers (Section 2.3) defined the modelling spectrum. Re-
cent advances in computational power and machine learning, however, have enabled the
rise of surrogate models (Section 2.4), which combine the physical fidelity of numerical
solvers with the computational efficiency of analytical formulations. This development,
in turn, has made it possible to implement better-suited Bayesian inversion methods
for estimating source parameters — capabilities that were previously computationally

infeasible.

Chapter 3 then addressed the statistical machinery required for such inference. We
examined Monte Carlo methods (Section 3.1), Markov chain Monte Carlo algorithms
(Section 3.2), and state-space models (Section 3.3), providing a spectrum of parameter
estimation techniques. The choice of method depends on the type of data available,
the parameters of interest, and computational constraints, but together they establish

a toolkit for probabilistic inversion.

Building on this foundation, the thesis makes two original contributions to the field:

First contribution (Chapter 4). We developed a methodology to estimate the
Gaussian plume model’s dispersion parameters. By inferring dispersion parameters
from data rather than fixing them via atmospheric stability classes, we demonstrated
achieving improved accuracy and reliability. Given the widespread use of the Gaussian
plume model in practice, this contribution has the potential for broad adoption. To
further promote accessibility and reproducibility, we released a Python package on PyPI
(https://pypi.org/project/sourceinversion/) and made the documented code
openly available on GitHub (https://github.com/NewmanTHP/Probabilistic-Inv

ersion-Modeling-of-Gas-Emissions).


https://pypi.org/project/sourceinversion/
https://github.com/NewmanTHP/Probabilistic-Inversion-Modeling-of-Gas-Emissions
https://github.com/NewmanTHP/Probabilistic-Inversion-Modeling-of-Gas-Emissions
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Second contribution (Chapter 5). We introduced a framework for estimating
source parameters in real time under complex fluid flow conditions. Specifically, we com-
bined state-space modelling with deep learning surrogate models of Navier—Stokes—based
advection—diffusion equations to capture temporally varying source location and emis-
sion rate in obstructed, unsteady environments. To our knowledge, this is the first
attempt to perform real-time probabilistic inversion of time-varying emission parame-
ters in such physically realistic settings. This work therefore represents a major step
toward meeting the monitoring and reporting standards set by initiatives such as OGMP
2.0. Beyond its immediate application, it also provides a proof-of-concept for the full
pipeline: from computational fluid dynamics surrogate model development to deploy-
ment within a probabilistic inference framework. The documented code is openly avail-
able on GitHub (https://github.com/NewmanTHP/Deep-Learning-Surrogates-for

-Real-Time-Gas-Emission-Inversion).

Together, we believe these contributions mark significant progress in probabilistic inver-
sion modelling of gas emissions. While much work remains, this thesis establishes both
methodological advances and practical tools that we hope will serve as a foundation for

future research in this rapidly evolving field.

6.2 Towards improved satellite inversion modelling

We consider the extension of this thesis towards satellite-based source characterisation
to be both a natural and an essential next step to achieving global GHG emission mon-
itoring. Although ground-based sensors still provide superior measurement accuracy
(defined as the closeness of the observation to the true gas concentration) compared to
satellites (Lorente et al., 2022; Dowd et al., 2024), the performance gap is steadily nar-
rowing, and satellite observations bring several unique advantages. First, most satellite

datasets are openly available through platforms such as the Copernicus Data Space


https://github.com/NewmanTHP/Deep-Learning-Surrogates-for-Real-Time-Gas-Emission-Inversion
https://github.com/NewmanTHP/Deep-Learning-Surrogates-for-Real-Time-Gas-Emission-Inversion
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Ecosystem, requiring only free registration, which makes them highly suitable for re-
search, transparency, and collaborative efforts. Second, satellite observations enable
global monitoring!, thereby reducing dependence on private companies to deploy lo-
cal monitoring infrastructure and providing a means to independently verify reported
emissions. Third, satellites offer vastly greater spatial coverage than ground-based net-
works, with instruments such as TROPOMI (Veefkind et al., 2012) and GOSAT (Yokota
et al., 2009) already providing global methane observations. Finally, while temporal
resolution has historically been a limitation (e.g. TROPOMI’s once-daily revisit), this
constraint is diminishing as satellite constellations expand. Sub-daily monitoring of in-
dividual sites is now feasible, either through high-frequency revisits of a single satellite
(Sanchez-Garcia et al., 2021) or through synergistic use of multiple satellites (De Jong
et al., 2025).

Given these developments, this section focuses on satellite-based inversion with par-
ticular emphasis on methane emission sources. We propose a research direction that
extends the core ideas of this thesis: the development of a surrogate model for at-
mospheric methane transport tailored to satellite inversion. Such a framework would
combine the efficiency of CFD surrogates with probabilistic parameter estimation, scal-
ing and complementing the ideas developed in this thesis for local in-situ applications

to global monitoring.

The remainder of this section is structured as follows: we first review the current liter-
ature on satellite-based methane source parameter estimation (Section 6.2.1). We then
explain our decision to focus on satellites with large spatial coverage, highlighting the
limitations of current inversion methods for these instruments (Section 6.2.2). Finally,
we examine the state of surrogate modelling for atmospheric gas transport, discuss why
existing approaches are insufficient for our purposes, and present potential strategies

to address these challenges (Section 6.2.3).

!Subject to meteorological (e.g. cloud cover) and surface-related (e.g. high albedo) conditions.
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6.2.1 Literature review on satellite inversion

Satellite instruments designed to observe atmospheric methane concentrations are gen-
erally divided into two categories: area flux mappers (AFMs) and point source imagers
(PSIs) (see Figure 6.2.1). The primary distinction lies in their spatial resolution and
coverage. PSls, such as GHGsat (Jervis et al., 2021) and WorldView-3 (Sédnchez-Garcia
et al., 2021), achieve very high spatial resolution, typically with pixels smaller than
60m?2. In contrast, AFMs, such as TROPOMI and GOSAT, operate at much coarser
resolution, with pixel sizes often exceeding 3 km?, but provide much broader coverage.
This reflects a fundamental trade-off: while both AFMs and PSIs are capable of daily
revisits, AFMs offer near-global coverage, whereas PSIs concentrate on specific regions
or targeted facilities. Figure 6.2.2 illustrates this contrast by comparing TROPOMI
and GHGsat observations of a methane plume over Casablanca, Morocco. The litera-
ture on satellite-based methane source characterisation reflects these differences, with
distinct approaches developed for detection, localisation, and quantification depending
on the satellite type. We now briefly review these methods for AFMs and PSIs before

outlining potential directions for future contributions.

Detection. Detection is predominantly carried out with AFMs, as they continuously
scan wide areas without targeting specific areas, unlike PSIs. The objective is to identify
the presence of methane plumes and, by extension, the existence of emission sources.
However, because AFMs generally have high concentration detection thresholds, only
relatively large emitters can be reliably detected (Jacob et al., 2022). A variety of detec-
tion approaches have been explored: for instance, Maasakkers et al. (2022) used visual
inspection of global maps created from one year of aggregated methane observations,
while more recent work by Schuit et al. (2023) introduced a two-stage machine learning
framework. Their method applies a CNN to assign a plume probability to 32 x 32

pixel image patches issued from a single observation, followed by a support vector ma-
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Figure 6.2.1: Satellite instruments observing methane in the shortwave infrared
(SWIR). Area flux mappers are designed to quantify total emissions at regional to
global scales, while point source imagers target individual facilities by observing atmo-
spheric plumes. Credit: Jacob et al. (2022).
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Figure 6.2.2: Methane plumes detected near Casablanca, Morocco, on two different
days, shown with TROPOMI and GHGSat data. Credit: Schuit et al. (2023).
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chine classifier to distinguish real plumes from artefacts. This progression highlights the
methodological spectrum, ranging from visual diagnostics to fully automated detection

pipelines.

Localisation. For PSIs, source localisation is often performed visually, aided by the
instruments’ fine spatial resolution and relatively narrow observation swaths, which
allow potential emission points to be identified directly. For AFMs, localisation is
considerably more challenging: individual sources typically cannot be identified visually
unless a single candidate is found upwind (e.g. oil and gas extraction sites, coal mines,
etc.) (Schuit et al., 2023). When no obvious candidate is found, source locations are
typically indirectly estimated by estimating emission rates over a grid (Maasakkers
et al., 2022). In this framework, each grid cell is treated as a potential emitter, with
estimated emission rates constrained to be positive if a source is present and zero

otherwise.

Quantification. Estimating emission rates is arguably the most challenging task, as
true source strengths are rarely known and cannot be verified visually. When the full
plume is observed at high resolution, such as with PSIs, the integrated mass enhance-
ment (IME) method is widely used. This approach has been shown to outperform
plume-based forward-model inversion, which struggles with small-scale turbulence and
wind variability (Varon et al., 2018). In contrast, the IME method becomes less reli-
able when applied to AFM data since the plume’s shape and concentration are often
not sufficiently determined. For such cases, grid-based inversion using atmospheric
transport models (e.g. GEOS-Chem, WRF-Chem, and NAME) is more commonly em-
ployed (Maasakkers et al., 2019, 2022; Western et al., 2021). A major limitation of these
forward-model approaches is their computational cost, which cannot keep up with the

large volume of data collected. For example, TROPOMI records approximately seven
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million pixel measurements per day (Butz et al., 2012); likely to be an underestimation
since the pixel size upgrade of August 2019. To address this, it is standard practice
to assume that the emission rate does not influence atmospheric transport, effectively
treating it as a simple scaling factor. Moreover, since simulations for each grid cell dif-
fer only by source location (i.e. assume identical wind fields and boundary conditions),
the computation of transport can be amortised into a Jacobian matrix (Brasseur and
Jacob, 2017); this acts as the coupling matrix A in Chapter 4. This matrix maps any
cell-centred source to its resulting concentration field at a given time, thereby greatly
reducing computational demands. With the additional assumption that both emission
rates and observational errors follow Gaussian distributions, Bayesian inversion can
then be carried out using analytical solutions (Brasseur and Jacob, 2017). Recently,
machine learning has also been introduced as a direct quantification tool: Roberts et al.
(2024) demonstrated the use of CNNs to infer emission rates from TROPOMI obser-
vations, while related work has applied similar methods to airborne and drone data,

training models on large-eddy simulations (Jongaramrungruang et al., 2022).

Based on this brief review and considering the scope of this thesis, we conclude that the
most significant advances can be achieved by improving localisation and quantification
methods for AFMs. This priority is justified by their extensive spatial coverage and by
the common practice of PSIs leveraging AFM results to guide more targeted follow-up

investigations.

6.2.2 Limitations in current area flux mapper-based inversions

Current approaches for estimating emission rates and source locations from AFM data
can broadly be grouped into two categories: grid-based inversion methods (Maasakkers
et al., 2019, 2022; Western et al., 2021; Nesser et al., 2024) and machine learning-based

direct estimation (Jongaramrungruang et al., 2022; Schuit et al., 2023; Roberts et al.,
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2024).

Grid-based inversions rely on numerical forward models, such as chemical transport
models or simplified atmospheric dispersion models, to infer emission patterns. These
methods offer a principled, physics-based framework for parameter estimation, often us-
ing Jacobian-based approaches to relate emissions to observed concentrations. However,
the high computational cost of running such models at relevant spatial and temporal
resolutions imposes strict constraints on model complexity. In practice, this often neces-
sitates strong simplifying assumptions. For example, fixing the set of potential source
locations to a predefined grid and selecting a subset of the wind field during which the
emission rate is assumed constant. These assumptions reduce flexibility and may intro-
duce structural biases, particularly in regions where emission sources are intermittent

or poorly aligned with the chosen grid resolution.

The machine learning approaches referenced above, by contrast, bypass the forward-
modelling step and directly estimate emissions from observational data. Their primary
strengths lie in computational efficiency and scalability: once trained, they can rapidly
produce emission estimates over large domains. However, most current implementa-
tions are purely data-driven and thus limited in two important respects. First, they
generally lack mechanisms for rigorous uncertainty quantification, producing point es-
timates without probabilistic confidence intervals. Second, they provide limited means
of incorporating physical constraints or prior knowledge, such as atmospheric trans-
port physics, emission plausibility bounds, or known relationships with meteorological
drivers, in a principled way. This can lead to solutions that fit the data statistically
but lack physical interpretability or robustness, particularly in regions with sparse or

noisy satellite coverage.

These challenges are not unique to AFM-based inversion. In the broader atmospheric
inversion literature, several approaches have sought to alleviate the computational bot-

tleneck of inversion while preserving uncertainty quantification by introducing surro-
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gates for backward Lagrangian particle dispersion models (LPDMs). For instance,
Cartwright et al. (2023) developed a convolutional variational autoencoder-Gaussian
process hybrid to emulate LPDM footprints? using reference runs at selected sites for
interpolation. Similarly, Fillola et al. (2023) trained a gradient-boosted regression tree
surrogate parameterised solely by meteorological inputs, eliminating the need for post-
training LPDM simulations. Comparable approaches include graph neural networks
and hybrid Gaussian plume models (Kocijan et al., 2023; Fillola et al., 2025; He et al.,

2025; Dadheech et al., 2025).

While successful for sparse sensor networks, these LPDM-based surrogates do not scale
well to satellite data, where effectively every pixel acts as a sensor. Generating sufficient
particle-based training data to cover the diversity of AFM retrievals would likely be com-
putationally prohibitive. Moreover, incorporating atmospheric chemistry into LPDM
frameworks remains challenging, yet chemical transformations can be non-negligible

when modelling large-scale plumes.

By contrast, Eulerian models (described in Chapter 2 Section 2.3) solve atmospheric
transport equations on structured three-dimensional grids, making them inherently bet-
ter suited to satellite inversion. They naturally produce vertically resolved concentra-
tion fields consistent with AFM retrievals and can incorporate atmospheric chemistry

in a physically consistent manner.

We therefore propose the development of a spatio-temporal surrogate model of atmo-
spheric methane transport. Such a surrogate would emulate the outputs of numerical
forward models while retaining the computational efficiency characteristic of machine
learning. When embedded within a Bayesian inversion framework, this approach would
combine the speed of machine learning surrogates with the rigorous uncertainty quan-
tification of probabilistic inference. The surrogate could serve as a continuous analogue

to the Jacobian matrix: emission sources would no longer be confined to discrete grid

2Footprints are sensitivity maps showing how emissions at a location affect a sensor’s measurements.
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cells but could instead be placed anywhere within the inversion domain. Moreover, by
conditioning directly on meteorological inputs, the surrogate would rapidly accommo-
date inversions under varying weather conditions, eliminating the need to recompute
Jacobians or rerun expensive transport models for each new scenario. This combination
of flexibility, physical consistency, and computational efficiency would address several of

the most persistent challenges currently limiting AFM-based inversion methodologies.

6.2.3 Efficient probabilistic inversion of area flux mapper data

We envision a surrogate model parameterised by meteorological and geological inputs
that directly outputs spatio-temporal methane concentration fields, enabling direct
comparison with AFM retrievals. Incorporating time-dependence is essential, as satel-
lite observations may capture plumes at any stage of their evolution, and the surrogate
must be capable of representing this dynamical behaviour. The computational efficiency
gained through such a model would make a range of inversion methods feasible that

are currently impractical due to the prohibitive cost of traditional forward modelling.

The broader CFD and climate modelling communities provide encouraging evidence
that deep learning surrogates can accurately emulate Eulerian systems at scale. For ex-
ample, Kim et al. (2019) developed two- and three-dimensional CNN-based surrogates
for high-resolution continuous fluid simulations, demonstrating accurate temporal in-
terpolation capabilities. Rasp and Thuerey (2021) employed residual neural networks
(ResNets) to emulate global weather fields from Eulerian models, comparing fixed-
lead-time predictions with a continuous lead-time framework. Their models, trained
on climate simulations and reanalysis data, produced five-day forecasts of geopotential,
temperature, and precipitation with accuracy comparable to low-resolution physical
models. More recently, Benson et al. (2025) investigated UNets, graph neural net-

works, spherical Fourier neural operators, and vision transformers as surrogates for
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atmospheric CO, transport. All four architectures generated stable, physically consis-
tent global CO, fields over monthly timescales, underscoring their potential for rapid
carbon-cycle monitoring and inversion. Collectively, these advances demonstrate that
deep neural networks can now capture the spatio-temporal dynamics of complex Eule-

rian systems with a fidelity that was previously unattainable.

These developments highlight a clear opportunity: the construction of a realistic,
Eulerian-based (e.g. GEOS-Chem) high-resolution spatio-temporal surrogate model
of atmospheric methane transport, specifically designed to produce outputs directly
comparable to AFM column-integrated retrievals (e.g. from TROPOMI) after coarse-
gridding. Running simulations at high resolution would resolve fine-scale transport and
chemical processes that influence the larger-scale signals observed by satellites. Coarse-
gridding this output to the satellite resolution would ensure that inversion comparisons
reflect both unresolved sub-grid variability and the actual observational resolution, im-

proving both consistency and accuracy.

One promising architecture for such a surrogate model is the convolutional long short-
term memory network (ConvLSTM), which simultaneously models spatial and tempo-
ral dependencies in sequential image-like data. Unlike fully connected LSTM layers,
ConvLSTM layers apply convolution operations in both the input-to-state and state-
to-state transitions, enabling them to capture local spatial correlations while preserving
temporal dynamics. ConvLSTM networks have already proven successful in forecasting
precipitation (Shi et al., 2015; Moishin et al., 2021), tropical cyclones (Tong et al., 2022),
aurora evolution (Jiang et al., 2023), and marine water levels (Yang et al., 2024). A sim-
ilar framework could be adapted for atmospheric methane transport, offering a balance

of physical interpretability, spatio-temporal fidelity, and computational efficiency.

Training such a surrogate would require a large set of high-resolution Eulerian simula-
tions, encompassing a wide variety of meteorological conditions, emission magnitudes,

and spatial configurations to adequately sample the relevant state space. This is non-
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trivial; the parameter space of atmospheric transport is inherently high-dimensional,
and neural networks trained on insufficiently diverse conditions are prone to distri-
bution shift and hallucinated dynamics when deployed in previously unseen scenarios
(Dueben and Bauer, 2018; Quinonero-Candela et al., 2022). Ensuring generalisation
across regions and timescales would therefore necessitate carefully designed sampling
strategies, domain adaptation methods, or hybrid training schemes that incorporate

physical constraints (Karniadakis et al., 2021).

A practical strategy might be to begin with regional prototypes — domains where both
high-quality AFM and independent validation data are available — and progressively
expand to continental and ultimately global scales. However, even this staged ap-
proach introduces complexity. The coupling between atmospheric dynamics, sub-grid
turbulence, and chemical loss processes varies across climates and emission regimes.
Moreover, integrating atmospheric chemistry during training is essential for capturing
methane oxidation, hydroxyl variability, and interactions with other reactive species
over longer transport timescales. However, this would significantly increase both data
and computational requirements, as it effectively multiplies the state variables. Without
such integration, the surrogate risks systematically misrepresenting methane lifetime

and plume dissipation, particularly in regions with strong chemical reactions.

Collectively, these challenges underscore that while recent advances in deep learning
surrogates provide a compelling proof of concept, translating those advances into a
methane-specific inversion-ready model would require a carefully planned research ef-
fort. Success would depend not only on architecture selection but also on training data

design, physics-informed regularisation, and robust validation frameworks.

Equally critical is the design of the inversion framework itself. Embedding the sur-
rogate within a Bayesian inference context would enable the simultaneous estimation
of emissions and their associated uncertainties, while retaining full flexibility in spec-

ifying prior information (e.g., inventories, sectoral activity data, or expert-informed
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constraints). The dramatic computational efficiency of a neural-network-based surro-
gate could reduce posterior sampling runtimes by orders of magnitude compared with
traditional chemical transport models, where a single high-resolution inversion often
requires multiple days of computation even on large-scale clusters. For instance, Ben-
son et al. (2025) achieved a 75% reduction in runtime using a UNet-based surrogate for
atmospheric CO, forecasting, while Chandra et al. (2020) demonstrated that employing
an MLP surrogate for their landscape evolution forward model cut parallel tempering

MCMC sampling costs by more than 50%.

The research pathway described here is motivated by both the current state of the
field and the findings of this thesis. It is intended to provide a foundation of ideas for
future investigations, offering a promising route toward fast, flexible, and probabilistic
inversion of AFM data at a global scale — a step toward routinely producing robust,
policy-relevant methane emission estimates with the speed and resolution that modern

climate mitigation efforts demand.

6.3 Broader implications and future perspectives

The ability to transform raw atmospheric observations into meaningful, actionable
knowledge is at the heart of modern climate science. Probabilistic inversion modelling
provides a powerful framework where physical models, prior knowledge and expert judg-
ment can coalesce to deliver uncertainty-aware diagnostics of the atmosphere. Enabled
by advances in computational power, machine learning, and deep neural networks, these
Bayesian approaches now harness unprecedented flexibility and efficiency, opening the
door to a new generation of tools capable of tracing greenhouse gas emissions with great

speed, resolution and insight drawn from vast datasets.

Such tools will not only quantify emissions — they will contextualise them. In the near

future, a methane leak in a remote region could be detected, localised, and quantified
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in near-real time, not as an isolated data point but as part of a dynamic, probabilistic
understanding of gas emissions across the globe. This shift holds profound implications
for climate policy, industry accountability, and international cooperation. Instead of
relying on coarse inventories and delayed reporting cycles, nations and organisations
could negotiate based on shared, continuously updated evidence of who emits what,

where, and when.

Beyond gases, the same principles apply to a broader spectrum of atmospheric con-
stituents (e.g. volcanic ash, airborne pathogens, pollen). The architecture of proba-
bilistic inversion models is not gas emission-specific; it is a general strategy which can be
used to learn from the atmosphere. Combining satellite data, ground-based networks,
airborne campaigns, and even unconventional sensors (from ships, drones, or low-cost
citizen-science devices) within a unified probabilistic framework would transform the
atmosphere from a challenging measurement domain into a well-mapped, continuously

monitored system.

The implications are not confined to Earth. As humanity extends its reach into the Solar
System and beyond, the same inversion methodologies that decode our planet’s methane
emissions could help reveal the dynamics of extraterrestrial atmospheres. Whether
probing the methane haze of Titan, the tenuous exospheres of icy moons, or a future
terraformed world, probabilistic inversion techniques could act as the lens through
which we translate sparse, remote measurements into an evolving understanding of
other planetary environments. In this sense, the tools developed for Earth’s climate
challenge may ultimately become instruments of planetary exploration, offering insight

into the formation, evolution, and habitability of worlds far beyond our own.

This evolution also carries intellectual and societal opportunities. For researchers, it
pushes the boundary of what is computationally and conceptually tractable. It in-
vites interdisciplinary collaboration between atmospheric scientists, computer scientists,

statisticians, planetary scientists, and policymakers. For society, it promises trans-
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parency. A shared, evidence-based understanding of the invisible forces shaping our
climate. In a future where trust in atmospheric data underpins not only international
agreements but also planetary missions, the credibility and accessibility of probabilistic,

uncertainty-aware modelling may prove as important as the measurements themselves.

Looking further ahead, inversion models may evolve beyond diagnostic applications to
encompass predictive capabilities. By integrating with economic, agricultural, energy,
and planetary system models, such frameworks could simulate the impacts of both
human activities and natural variability in real time. These integrated systems could
function as early-warning networks as well as decision-support platforms, providing
actionable insights for strategies ranging from local infrastructure planning to global

mission design.

What began as a methodological challenge — how to infer emissions from sparse, noisy,
and indirect measurements — thus becomes an enabling technology for a more transpar-
ent, responsive, and ultimately effective climate response, while also laying the ground-
work for decoding the atmospheres of distant worlds. Probabilistic inversion modelling
of atmospheric gas emissions stands at this intersection of science, technology, and pol-
icy, not as an end in itself, but as a foundation for a future in which our collective

atmospheric impact is visible, traceable, and, crucially, actionable.

“There 1s no real ending. It’s just

the place where you stop the story.”

— Frank Herbert
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Appendix A

Supplementary Material for

Chapter 4

This appendix contains all the supplementary materials supporting Chapter 4.

A.1 Supplementary material: mathematical theo-

ries and derivations

Context: In the Chapter 4, we performed parameter estimation using M-MALA-

within-Gibbs. This section provides additional details regarding the MCMC algorithm.

Content: Section A.1.1 contains the derivations of conditional posteriors used for
Gibbs sampling. Section A.1.2 contains the pseudocode of the M-MALA-within-Gibbs.

Section A.1.3 contains the prior distributions.
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A.1.1 MCMC posterior derivations

Conditional posterior p(c2|d, s,3)

2

sns’

The conditional posterior distribution for the variance of the measurement error, o

can be written as:

D02 |d.s.8) = — D558 00)p(&pBr(oh,)
/ p(dls, B, 0%)p(s)p(B)p(0,,)do?,,
p(d|87 167 0-82ns>p(0-52ns>

/ p(d)s, B, 0%, )p(02%,)do,

sns sns?

To make it clearer lets denote R = /p(d|s,,8,as2ns)p(02 )do2 ., i.e. the normalising

constant.

1
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We can now absorb the terms that do not depend on o2 into R. We obtain:
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This corresponds to the Inverse-Gamma distribution

Nobs _ - 2
sns‘d S~ InV—Gamma(n;’S +a , b+ Z (d 2/8 AS) >

Conditional posterior p(3'|d, s, o

sns)

The conditional posterior distribution for the background concentration 3" where 3 =
B ® 1,, can be written as:

2) p(d|s, B, 02 p(s)p(B)p(oZ) |
/ p(dls, 8,02, )p(s)p(8)p(02,)AB

p(d|s, B, 05,)p(B)

p(d|s, B’ 02 )p(B')dB'

To make it clearer lets denote R = / (d|s,3,02.)p(B)d3, ie. the normalising
constant.
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This is the kernel of a multivariate Gaussian distribution, therefore
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B |9\ (B} ~ N( (3 ﬂ+2w)_1 (o= )+ 3w ) n+zﬂ,—1)_l>.

sns USHS sns

Note: d’ and (As)’ correspond to subsets of vectors d and As respectively where every

nr value was kept.

A.1.2 M-MALA-within-Gibbs pseudocode

Note: The pseudocode allows either to keep the step-size ey fixed throughout the
MCMC or to tune it during burn-in to achieve an optimal acceptance rate of 70%

(Girolami and Calderhead, 2011) then fixing it at the end of the burn-in period.

Additionally, using Table A.1.1 in Appendix A.1.3 we define X, = o2l 3, = [02, o2]L,

7y

3, = 02l and 3 = o1

T
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Algorithm 1: M-MALA-within-Gibbs
Input: Number of iterations: L; initialise variables: 00 = [$,Z,7,am,ay, by, by];
o2 ; B data: d; log-likelihood: log(p(0|d)); step size: el
Output: Samples for: 6; o2 _; 3'; log-likelihoods; acceptance rates.
for [ =1,2,...,L do
// M-MALA step
Evaluate log(p(8'~V|d)), V log(p(8'V|d)), V?log(p(8'~V|d)), and A~V
Propose: 8" ~ N, (8070 + 0.5l Q7 V1og(p(6' ")), &,V Q ")
Evaluate log(p(0*|d)), V1og(p(0*|d)), V*1og(p(6*|d)), and A*
Compute acceptance probability:
acc-prob = log(p(6°|d)) — log(p(0“~"|d)) + ¢(6"~"|6") — q(6"|6" ")
Draw u ~ Uniform(0, 1)
if log(u) < acc-prob then
0" =0
A = A
sum-accept + =1
else
oW — g-1)
AD — A1)
end
acceptance-rate®) = 0.01x acceptance-rate!= 4 0.99 x w
Update step size: eéls) using acceptance-rate(®)
// Gibbs step
Sample:
obs Tlobs d_ (1*1) _ A(l) (l) 2
0521(12 ~ InV—Gamma(nzb +a, b+ 2izi(d= P 5 )
1 N\l 1 _ 1 0\ L
. N<<mﬂ+%}> (o (@~ (AYs")) 455 g ). (1455 )
return 89 62" 3"V acceptance-rate®, log(p(6"|d)).
end
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A.1.3 Prior specification

In this section, we present the common set of priors used during our simulation case
study and the inversion on the Chilbolton dataset. Parameters estimated using M-
MALA-within-Gibbs {log(s), &, y,log(an),log(ay),log(bx),log(by)} follow a normal
distribution (Girolami and Calderhead, 2011). The prior for log(s) reflects emission
ranges observed in previous facilities leaks, priors for & and 9y represent the center of the
site with enough variance to fully cover it, and priors for log(ag ), log(ay ), log(by ), log(by)
cover physically realistic values. We chose an inverse gamma prior for the sensor mea-
surement error variance as it is a conjugate prior and ensures that o2 > 0. Finally, we
expect gas background concentrations to be normally distributed, therefore, a normal

prior is a sensible choice allowing efficient Gibbs sampling.

Distribution Prior | Value | Unit
s -7.5
log(s) ~ anrc (’“LS? O-?Hnsrc) kg/s
o? 1.5
" 50.0
i ~ anrc (l”’w7 O—g]lnsrc> ILL m
o2 25.0
- 0 50.0
y ~ anrc (l’l'y’ O—z]lnsrc) ? m
OZ 25.0
Ig log(0.6)
log(aw),log(av) ~ N(pa, 07) m
o2 0.5?
Ly log(0.6)
log(bxr), log(by) ~ N(up, 07) m
of 0.2?
a le-11
o2 ~ Inv-Gamma(a, b) PPM
b le-8
, 2.0
ﬁ/ ~ N(ug/,Eﬁ,) “B PPM
DINY 0.121

Table A.1.1: Prior specification.
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A.2 Supplementary material for Chapter 4 Section

4.4: simulation study MCMC results

Context: In the Chapter 4 Section 4.4, we performed parameter estimation on simu-
lated scenarios using M-MALA-within-Gibbs. This section provides plots of the MCMC

chains.

Content: Section A.2.1 displays the chains for different wind coverages. Section A.2.2
displays the chains for different dispersion parameter values. Section A.2.3 displays
the chains for different emission rates. Section A.2.4 displays the chains for different
sensor-source distances. Finally, Section A.2.5 displays the chains for different sensor

layouts.
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A.2.1 Chains for different wind direction coverage
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Figure A.2.1: Source location estimation chains for varying wind direction
coverage.
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Figure A.2.5: Background concentration estimation chains for varying wind
direction coverage.
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In-depth simulation: Here we estimated the parameters for a range of different
wind direction coverage. The sharp increase in estimation accuracy and reduction in
estimation uncertainty corresponds to the change from a wind direction coverage that
is smaller than the plume’s width to a larger one. This is illustrated in Figure A.2.9.
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Figure A.2.7: Dispersion parameters estimation for varying sensor layout.



APPENDIX A. SUPPLEMENTARY MATERIAL FOR CHAPTER 4 127
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Figure A.2.8: Source emission rate, location, and sensor measurement error variance
estimation for varying wind sensor layout.



APPENDIX A. SUPPLEMENTARY MATERIAL FOR CHAPTER 4 128

" gaussian plume, background and sensors

5 degrees

99.0 10 degrees

20 degrees

88.0 40 degrees
70 degrees —
77.0 100 degrees | s =
130 degrees &
160 degrees ~
. 6610 190 degrees g
360 degrees F24. =
E 55.0 .irBl
—_
> =
44.0 -23 @
c
33.0 o
Q

2.2
22.0 |
11.0 51
0.0
0.0 11.0 22.0 33.0 440 550 660 77.0 88.0 99.0 110.0
m 2.0
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A.2.2 Chains for different dispersion parameters’ value
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Figure A.2.10: Source location estimation chains for varying dispersion param-
eter values.
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Figure A.2.11: Source location estimation densities for varying dispersion pa-
rameter values.
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Figure A.2.12: Source emission rate location estimation chains for varying
dispersion parameter values.
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Figure A.2.13: Sensor measurement error variance estimation chains for vary-
ing dispersion parameter values.
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Figure A.2.14: Background concentration estimation chains for varying disper-
sion parameter values.
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A.2.3 Chains for different source emission rate
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Figure A.2.16: Source location estimation chains for varying source emission
rate.
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Figure A.2.17: Source location estimation densities for varying source emission
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Figure A.2.20: Background concentration estimation chains for varying source
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A.2.4 Chains for different source to sensor distance
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Figure A.2.22: Source location estimation chains for varying distance between
source and sensors.
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A.2.5 Chains for different sensor layout

E 50.5 4
C
S
T 50.0 1Pl b i il e P Ll g
9]
o
X 49.5 4
0 2500 5000 7500 10000 12500 15000 17500 20000
Iterations
20000
50.2 -
17500
50.1 - 15000
—_ 12500
E 50.0
5
S £ 10000
© 49.9 + k3
3 2
N 7500
49.8 -
5000 -
49.7 -
2500 -
49.6 - 04
494 496 498 500 50.2 504 50.6 50.8 29 QN
. DO
x: location (m) YN

y: location (m)

Figure A.2.28: Source location estimation chains for varying the sensor layout.
line: a line of 36x1 sensors, grid: a 6x6 grid of sensors, and s.line: a line of
6x1 sensors.
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Figure A.2.32: Background concentration estimation chains for varying the
sensor layout. line: a line of 36x1 sensors, grid: a 6x6 grid of sensors, and
s.line: a line of 6x1 sensors.
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Figure A.2.33: Diffusion parameter estimation chains for varying the sensor
layout. line: a line of 36x1 sensors, grid: a 6x6 grid of sensors, and s.line: a
line of 6x1 sensors.
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In-depth simulation: Here we estimated the parameters for a range of sensor layouts
and different numbers of sensors: 4, 9, 16, and 36. We have grid formations: 2 x 2,3 X
3,4 x4 and 6 x 6 and line formations: 4 x 1,9x 1,16 x 1 and 36 x 1. The loss of vertical
coverage in the line formations (equally spaced sensors at fixed height impacts the
ability to accurately estimate the vertical dispersion parameters correctly and impacts
the emission rate estimation. To explain the data, this increases the measurement error
variance. However, grid formations show greater robustness even with a low number of

Sensors.
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Figure A.2.34: Dispersion parameters estimation for varying the sensor layout. We are
comparing line layouts and grid layouts for different number of sensors.
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Figure A.2.35: Source emission rate, location, and sensor measurement error variance
estimation for varying the sensor layout. We are comparing line layouts and grid layouts
for different number of sensors.
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A.3 Supplementary material for Chapter 4 Section

4.5: Chilbolton

Context: In the Chapter 4 Section 4.5, we performed parameter estimation on real-
data using M-MALA-within-Gibbs. This section provides additional information re-

garding how this was performed.

Content: Section A.3.1 provides additional information regarding the data processing.
Sections A.3.2 and A.3.3 introduce the SMITH and Briggs schemes and corresponding
atmospheric stability class-based dispersion parameters tables. Section A.3.4 presents
Pasquill’s atmospheric stability class and presents our attempt at estimating the class
during the Chilbolton releases. Finally, Sections A.3.5 and A.3.6 contain the MCMC

chains for Source 1 and Source 2 parameter estimation.

A.3.1 Data processing

The GitHub repository available at https://github.com/NewmanTHP/Probabilistic
-Inversion-Modeling-of-Gas-Emissions/tree/master/Code/Chilbolton_Case_
Study%20 (Section205%20%2B%20SM.B%,202) /Data’20Processing’20 (SM.B%202.1)

contains Jupyter notebooks detailing how the raw data was processed.

A.3.2 SMITH scheme

The SMITH scheme used to fix the wind sigma parameters in the Gaussian plume

model has the following parametric form:

O = aH(S%H,


https://github.com/NewmanTHP/Probabilistic-Inversion-Modeling-of-Gas-Emissions/tree/master/Code/Chilbolton_Case_Study%20(Section%205%20%2B%20SM.B%202)/Data%20Processing%20(SM.B%202.1)
https://github.com/NewmanTHP/Probabilistic-Inversion-Modeling-of-Gas-Emissions/tree/master/Code/Chilbolton_Case_Study%20(Section%205%20%2B%20SM.B%202)/Data%20Processing%20(SM.B%202.1)
https://github.com/NewmanTHP/Probabilistic-Inversion-Modeling-of-Gas-Emissions/tree/master/Code/Chilbolton_Case_Study%20(Section%205%20%2B%20SM.B%202)/Data%20Processing%20(SM.B%202.1)
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by
oy = CLV{SR s

where 0p € R* is the downwind distance. The dispersion parameters ag, by, ay, by are
chosen based on the local atmospheric stability class (ASC) at the time the data was
collected. Once the ASC is determined, the dispersion parameters can be chosen using

Table A.3.1 from Hanna et al. (1982).

ASC am bH ay bV

B 04 091 041 091
C 0.36 0.86 0.33 0.86
D 0.32 0.78 0.22 0.78

Table A.3.1: Briggs ASC-based dispersion parameter table

A.3.3 Briggs scheme

The Briggs scheme used to fix the wind sigma parameters in the Gaussian plume model

has the following parametric form:

og = aéR(l + 0.0001(53)_0'5,

bor if ASCis A or B

oy =

bér(1 + cép)? if ASCis C, D, E or, F.
where dr € R is the downwind distance. The dispersion parameters a, b, ¢, d are chosen
based on the local atmospheric stability class (ASC) at the time the data was collected.

Once the ASC is determined, the dispersion parameters can be chosen using Table A.3.2

from Hanna et al. (1982).
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ASC «a b c d
A 0.22  0.20 0 0
B 0.16 0.12 0 0
C 0.11 0.08 0.0002 -0.5
D 0.08 0.06 0.0015 -0.5
E 0.06 0.03 0.0003 -1
F 0.04 0.016 0.0003 -1

Table A.3.2: Briggs ASC-based dispersion parameter table for open country conditions

A.3.4 Atmospheric stability class determination

Pasquill’s ASC system is determined by wind speed and net solar radiation index. The

following classification table, Table A.3.3, is drawn.

Wind Speed (m/s) | Daytime incoming solar radiation
Strong | Moderate Slight

<2 A A-B B

2-3 A-B B C

3-5 B B-C C

5-6 C C-D D

>6 C D D

Table A.3.3: Pasquill ASC table

In Table A.3.3, strong > 700Wm?, moderate 350-700Wm?, and slight < 350Wm? (Sein-
feld and Pandis, 2016). During the Chilbolton experiments, wind speeds were between
1 and 5 m/s. There is no other measured information about the weather conditions
at the time of the release. Furthermore, the UK Met Office data for the closest mete-
orological observation stations do not cover the period of interest. The only available
information regarding the radiation index is a picture of the release site taken during

the experiments. A light grey sky is visible, from which we assumed the radiation
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index was moderate. Therefore, using table A.3.3, we would expect the Chilbolton

experiments to have taken place under ASC B.

To overcome the lack of evidence needed to confidently determine the ASC, we per-
formed an exploratory data analysis to identify the ASC. Instead of selecting a single
ASC using the poor meteorological data available, we compared Smith and Briggs-
based model predictions of spatial gas concentration measurements to the real data.
This was done by computing the average CH, measurements observed by each beam
for a carefully chosen subset of data points, which we call a slice. This was computed
using a discretised integration along each beam path. The subset is chosen as to con-
tain observations where the wind direction always intersects some of the beams. This
ensures that for some beams, the average CH; measurement is calculated using only
observations where the plume is crossing their path. Then, for each Smith and Briggs
ASC wind sigma parametrisation, we predicted the corresponding averaged CH4 beam
measurements, which is possible because we know the true source location and emission
rate. Finally, we plot the CH; measurements against the downwind distance for the
intersection points between the beams and the averaged wind direction line starting
from the source location (as illustrated in Figure A.3.1, A.3.3, A.3.5, A.3.7, A.3.9, and
A.3.11). Figure A.3.2, A.3.4, A.3.6, A.3.8, A.3.10, and A.3.12, shows the results for
both Source 1 and Source 2, the local ASC could not be determined as the equally
most accurate predictions came from the Smith B, Smith C, Briggs A, and Briggs B
schemes. This means that we cannot select a unique ASC for our inversion. Predictions
made from est. Smith and est. Draxler’s maximum a posteriori estimations of source
emission rate and dispersion parameters were also added for comparaison. These are

represented by the dotted lines in Figure A.3.2, A.3.4, A.3.6, A.3.8, A.3.10, and A.3.12.
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Figure A.3.1: The dashed red lines represent the range of wind directions in slice 1 of
Source 1 data and the straight red line is the average wind direction.
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Figure A.3.2: This plot shows the CH, measurements as a function of downwind dis-
tance and corresponding model predictions for slice 1 of Source 1 data.
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Source 1 data and the straight red line is the average wind direction.
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Figure A.3.4: This plot shows the CH, measurements as a function of downwind dis-
tance and corresponding model predictions for slice 2 of Source 1 data.
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Figure A.3.5: The dashed red lines represent the range of wind directions in slice 3 of
Source 1 data and the straight red line is the average wind direction.
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Figure A.3.6: This plot shows the CH, measurements as a function of downwind dis-
tance and corresponding model predictions for slice 3 of Source 1 data.
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Figure A.3.7: The dashed red lines represent the range of wind directions in slice 1 of

Source 2 data and the straight red line is the average wind direction.
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Figure A.3.8: This plot shows the CH, measurements as a function of downwind dis-
tance and corresponding model predictions for slice 1 of Source 2.
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Figure A.3.9: The dashed red lines represent the range of wind directions in slice 2 of
Source 2 and the straight red line is the average wind direction.
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Figure A.3.10: This plot shows the CH; measurements as a function of downwind
distance and corresponding model predictions slice 2 of Source 2.
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Figure A.3.11: The dashed red lines represent the range of wind directions in slice 3 of
Source 2 and the straight red line is the average wind direction.

Average CH4 measurements per beam vs mean downwind distance to beam

Beam 1
Beam 2
Beam 3
Beam 4
Beam 5
Beam 6
Beam 7
—— Briggs A
Briggs B
Briggs C
Briggs D
Briggs E
Briggs F
—— SMITH B
.—— SMITH C
f—— SMITHD
[ Est. Smith
Est. Draxler

o
HKAXXXX

v
L

w
s

Average CH4 concentration (PPM)
Sy

N
n

0 5 1‘0 1‘5 2‘0 2‘5
Downwind distance (m)

Figure A.3.12: This plot shows the CH; measurements as a function of downwind
distance and corresponding model predictions slice 3 of Source 2.
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A.3.5 Source 1 MCMC chains
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Figure A.3.13: Source 1 location chains.
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Figure A.3.16: Source 1 measurement error variance.
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A.3.6 Source 2 MCMC chains
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Figure A.3.19: Source 2 location chains.
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Appendix B

Supplementary Material for

Chapter 5

This appendix contains all the supplementary materials supporting Chapter 5.

B.1 Supplementary material: numerical solver

Context: In the Chapter 5, we conduct surrogate-based inversion modelling of gas
emissions. This supplementary material explains how atmospheric gas transport simu-
lations were generated using Phiflow (Holl and Thuerey, 2024) to train our surrogate

model.

Content: Section B.1.1 provides an introduction to the Phiflow Python package and
its application context. Section B.1.2 outlines the meshes and boundary conditions
employed in the numerical solver. Section B.1.3 examines the numerical stability of

Phiflow.

165
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B.1.1 About Phiflow

Physically realistic atmospheric gas transports are modelled using partial differential
equations and used to train our deep neural network surrogate model. We use Phiflow
(Holl and Thuerey, 2024), an open-source computational fluid dynamics simulation
software available on PyPI, to simulate atmospheric gas transport. It integrates seam-
lessly with JAX, leveraging its just-in-time compilation for performance optimisation.
Phiflow includes two advection solvers - semi_lagrangian and mac_cormack - as well
as an incompressible solver, make_incompressible. In this work, diffusion is neglected

since gas transport is predominantly influenced by wind conditions.

The semi _lagrangian(v, v) function is used for first-order approximation of flow
field v advection with itself, based on the method described in Stam (1999). The
make_incompressible(v) function computes pressure corrections to ensure incom-
pressibility, adhering to the boundary conditions of the domain MacCormack (2002).
Finally, mac_cormack(c, v) applies the MacCormack scheme to approximate the ad-

vected gas field ¢, following the approaches outlined in Chorin (1968); Temam (1968).

B.1.2 Numerical solver meshes and boundary conditions

The numerical solvers use two different mesh structures, both with Dirichlet boundary
conditions, one for each of the flow and gas fields. Boundary extrapolation is applied
to the gas mesh, a technique that pads the field and enhances computational efficiency
compared to conventional boundary conditions. Temporally varying wind speeds are
set as the boundary conditions when solving for the flow field. In practical scenar-
ios, the complete wind field is typically unobservable; instead, a single high-frequency
anemometer placed within the domain is often used to measure wind speeds. The wind
field is then modelled as spatially uniform but temporally varying. For our simulations,

two-dimensional wind speed data are modelled using Ornstein-Uhlenbeck processes.
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This mean-reverting stochastic process is characterised by a mean value, a reversion
rate, and a standard deviation. For our parameterisation, the mean wind speed is set
to 3.3 m/s, reflecting realistic conditions observed in the Chilbolton dataset. The re-
version rate is set to 0.6, representing a low lag-1 autocorrelation, and the standard

deviation is 0.8, also derived from the Chilbolton data.

B.1.3 Testing Phiflow

The temporal discretisation step size At significantly affects the accuracy of the numer-
ical solver’s approximation to the advection-diffusion and Navier-Stokes equations in
Phiflow simulations. While reducing the step size improves accuracy, it increases com-
putational cost. To balance accuracy and efficiency, we select a step size that ensures
numerical stability without being excessively small using the Courant-Friedrichs-Lewy
(CFL) condition (Courant et al., 1928). For example, in our simulation case study, we
use wind fields with a mean speed of 3.3 m/s, and the lowest mesh resolution to spatial
coverage ratio is given by a high-resolution mesh (200 x 200) on a 100m x 100m domain,

the CFL condition sets the following upper limit for At:

100,200

At <
- 33

Based on this, we choose At = 0.1 s. To demonstrate the impact of step size, we
compared two gas transport simulations where only the step size varies: one with
At = 1.0 s and the other with At = 0.1 s. To account for the numerical solver temporal

step size, the wind speeds were linearly interpolated; as illustrated in Figure B.1.1.
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B.2 Supplementary material: temporal window se-

lection and clearing periods for online inversion

Context: In Chapter 5, we develop a real-time inversion framework for estimating gas
source parameters using deep neural network surrogates trained on CFD simulations.
This supplementary material explains how the temporal duration of these simulations
is selected to ensure independence from unknown initial conditions, which is critical for

accurate and timely parameter estimation in online settings.

Content: Section B.2.1 introduces the need for defining a clearing period based on
atmospheric transport dynamics and site geometry. Section B.2.2 discusses how the
clearing period was determined for the Chilbolton dataset based on wind speed and do-
main size. Section B.2.3 briefly addresses challenges and open questions when extending

this analysis to obstructed environments.

B.2.1 Clearing period

To enable online parameter estimation, it is desirable to begin inference using the
shortest possible window of recent data. The appropriate temporal window length
depends both on the practitioner’s desired granularity for tracking parameter changes
(e.g., per minute, hourly, or daily) and on the interaction between site layout and

atmospheric conditions.

Practitioners must first determine the temporal resolution at which they wish to mon-
itor emission parameters. For example, estimating minute-by-minute changes requires
that data be processed at most every minute. Simultaneously, the underlying physical
environment constrains how soon accurate predictions can be made from simulations:
specifically, the numerical solver must simulate gas transport long enough for predic-

tions to become independent of unknown initial gas and flow field conditions. This is
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critical, as true initial conditions are not directly measurable in practice. We refer to

the duration required to reach this independence as the “clearing period”.

The clearing period varies with wind speed and site complexity. For instance, faster
wind speeds reduce the time required for the gas to cross the longest path across the

site, while obstacles may trap gas and necessitate longer simulations.

B.2.2 Chilbolton experiment

In the Chilbolton dataset, the site spans 40m x 100m, and the average wind speed is
3.3m/s with no significant obstacles. The maximum gas travel distance is roughly 108
meters, yielding a clearing period of approximately 33 seconds. To account for wind
variability, we conservatively extend this to 40 seconds. To reduce model misspecifica-
tion and stabilise the inversion likelihood surface, we use time-averaged predictions —
an assumption required for the Gaussian plume model (Stockie, 2011). Accordingly, for
each minute of real sensor measurement, we simulate 1 minute of gas transport using
the numerical solver, discard the first 40 seconds (clearing period), and average the

predicted sensor concentrations over the final 20 seconds.

B.2.3 Obstructed environments

While identifying an appropriate clearing period is straightforward in open, unob-
structed sites, it becomes substantially more complex in the presence of obstacles that
may disrupt flow patterns or delay mixing. Developing reliable methods to estimate

clearing periods in such obstructed environments is left as future research.



APPENDIX B. SUPPLEMENTARY MATERIAL FOR CHAPTER 5 171

B.3 Supplementary material for Chapter 5 Section

4: Chilbolton

Context: In Chapter 5, we conduct surrogate-based inversion modelling of gas emis-
sions. This supplementary material provides additional details regarding the Chilbolton

dataset and its sources’ parameter estimation.

Content: Section B.3.1 provides information regarding the data processing performed
before the parameter estimation. Section B.3.2 gives additional details about the source

inversion methodology covered in the paper.

B.3.1 Data

The Chilbolton dataset contains controlled methane releases made on the flat terrains of
the Chilbolton Observatory, Hampshire, UK. As these are controlled releases, the true
source locations and emission rates are known. The site layout is presented in Figure
4.1.1. The raw data required preprocessing before implementing our source inversion
methodology. The processing code can be found in the Jupiter notebooks in the folder:

Code / Chilbolton / Data / Processing .

B.3.2 Source inversion

MLP Training. We trained the MLPs on the Chilbolton site using simulated gas
transport from different source locations; this is shown in Figure 4.1.1 alongside a
visualisation of the site layout. We used MLPs with four hidden layers, and each
hidden layer has 100 neurons. We employ SeLU activations (Klambauer et al., 2017) at
the hidden layers, and a linear activation at the output layer (since we are performing

a regression to predict a continuous concentration value). We initialise the network
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Figure B.3.1: These visualise the Chilbolton setup: sensor, Source 1 and lasers’ loca-
tions, and the MLP training setup: training data source location, and site dimension.

weights using standard Xavier initialisation (Glorot and Bengio, 2010) and train them
to minimise the error between the MLP’s predictions and the true concentrations from
the CFD simulations using stochastic gradient descent. Corresponding code can be

found in the folder: Code / Chilbolton / MLP_training.

Measurement Predictions. True sensor measurements were predicted using: a
Gaussian plume model, a two-dimensional numerical solver, and its surrogate model.
Predictions were made using 10 minutes (from 2017-05-09 11:27:00 to 2017-05-09 11:37:00)
and 15 minutes (from 2017-05-10 10:30:00 to 2017-05-10 10:45:00) of Source 1 and
Source 2 measurements, respectively. These time intervals were chosen as they corre-
spond to times when the wind blew the gas towards the sensors; this ensures appropriate

data to assess our models’ performance. Model comparison can be found in the following
Jupyter notebooks: Code / Chilbolton / Predictions / Source_l_predictions.ipynb,
and the predictions were made in the following Python scripts: Code / Chilbolton /

MLP_training / Source_1 /
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Figure B.3.2: Gaussian plume model and surrogate model-based SIR particles as a
function of iterations and minutes. The surrogate-based particle values for the source
location are closer to the true source location, providing more accurate parameter esti-
mation.

Source_1_release 2 mlp_training.py.

Parameter Estimation. Source 1’s location and emission rate were estimated us-
ing both the Gaussian plume-based and surrogate-based SIR particle filters and 4-
minute sliding windows of data. Figure B.3.2 displays the source location estima-
tion as a function of iterations and time, and Figure B.3.3 shows the estimation rela-
tive to the Chilbolton setup. The Python scripts for the particle filter inversion and
Jupyter notebooks containing the visualisation can be found in: Code / Chilbolton

/ Particle_filter / Source_1 .
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Figure B.3.3: Gaussian plume model and surrogate model-based SIR particles’ posterior
density of Source 1’s location using 700 iterations and 1,000 particles. The posterior
density closer to the true source location represents the surrogate-based inversion, pro-
viding more accurate parameter estimation.
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B.4 Supplementary material for Chapter 5 Section

5: case study

Context: In Chapter 5, we conduct surrogate-based inversion modelling of gas emis-
sions. This supplementary material provides additional details regarding the case study

dataset and its sources’ parameter estimation.

Content: Section B.4.1 provides information regarding the simulated emission sources.
Section B.4.2 gives additional details about the source inversion methodology covered

in the paper.

B.4.1 Data

To our knowledge, there are no publicly available datasets containing atmospheric gas
concentration measurements from known emission sources in obstructed, unsteady-state
flow fields. To address this gap, we simulated three 10-minute emission events within a
100m x 100m domain containing a single structural obstacle, as shown in Figure B.4.1.

Source releases were simulated one at a time.

The wind boundary conditions used in the numerical solver were spatially uniform but
temporally varying, modelled as an OU process. The process parameters — mean wind
speed, standard deviation, and mean-reversion rate — were derived from Chilbolton
anemometer data to ensure realism. Figure B.4.2 illustrates the flow and gas con-
centration fields at a representative time point, demonstrating the solver’s ability to
capture obstacle-induced turbulence. To capture obstruction-induced turbulence, we
have embedded a second high-resolution mesh within the flow field mesh and around

the obstacle (see Figure B.4.2).

Sensor measurements were generated by sampling the simulated gas concentration at

sensor locations indicated in Figure B.4.1. These values were time-averaged following
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Figure B.4.1: Case study domain containing one obstacle, 20 sensors, and three sources.
Source releases were simulated one at a time.

the procedure described in Appendix B.2. The resulting time-averaged measurements

are shown in Figures B.4.3 and B.4.4.

B.4.2 Source inversion

MLP Training. We trained the MLPs on the case study site using simulated gas
transport from different source locations; this is shown in Figure B.4.5. We used MLPs
with five hidden layers, and each hidden layer has 500 neurons. We employ SeLLU activa-
tions and a linear activation at the output layer. We initialise the network weights using
standard Xavier initialisation and train them to minimise the error between the MLP’s
predictions and the true concentrations from the CFD simulations using stochastic gra-
dient descent. Corresponding code can be found in the folder: Code / Case_study /

MLP_training .
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Figure B.4.2: Flow and gas fields at a fixed point in time during Source 1 simulation.
The smallest blue square at the centre of the site represents the obstacle, the square
around it represents the high-resolution (200 x 200) flow mesh embedded within the
site’s flow mesh.
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Figure B.4.3: Sensor measurements for all three case study simulated sources. The
plot shows 20-second averaged sensor measurements (measurements after the clearing
period) from the first minute of each source simulation. The sensors correspond to
those in Figure B.4.1.
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plot shows 20-second averaged sensor measurements (measurements after the clearing
period) from the 10 minutes of each source simulation. Each minute shows the corre-
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Parameter Estimation.

Sources’ location and emission rate were estimated using

the MLP-based SIR particle filter and 3-minute sliding windows of data. The source

location and emission rate temporal estimations are displayed in Figure B.4.6 and

Figure B.4.7, respectively. The Python scripts for the particle filter inversion and

Jupyter notebooks containing the visualisation can be found in: Code / Case_study

/ Particle_filter.
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Figure B.4.6: Case study results for source location estimation. The surrogate-based
SIR successfully tracks fixed source locations in obstructed flow fields. The delayed
adjustment for Source 2 is likely due to the strong fluctuations in its emission rate.
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Figure B.4.7: Case study results for temporally varying emission rate estimation. The
surrogate-based SIR successfully tracks increasing, decreasing and fluctuating emission
rates. The delayed adjustment after Source 2’s emission rate shape drop at minute 5

highlights a limitation — such scenarios may require a more responsive two-layered SIR
filter.
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B.5 Supplementary material: addressing model mis-
specification using vertical Gaussian plume cor-

rection

Context: In Chapter 5, the surrogate models used in our inversion framework are
trained on two-dimensional gas transport simulations, which assume that sources, sen-
sors, and obstacles lie on the same horizontal plane. While this approximation is reason-
able for flat environments like the Chilbolton site, it introduces model misspecification
in scenarios with significant vertical offsets between sources and sensors. This sec-
tion outlines a computationally efficient method to address this issue using a vertical

Gaussian plume correction.

Content: Section B.5.1 introduces the motivation for applying a vertical Gaussian
plume correction to mitigate model misspecification in two-dimensional simulations.
Section B.5.2 details how the correction is applied to numerical solver outputs and
evaluates its impact on prediction accuracy. Section B.5.3 outlines how the correc-
tion can be incorporated into the MLP surrogate model for future integration into the

inversion framework.

B.5.1 Motivation and method overview

Our current approach assumes a two-dimensional simulation domain, ignoring vertical
transport. Extending the numerical solver to three dimensions would eliminate this as-
sumption but would drastically increase computational cost. For instance, transitioning
from a two-dimensional mesh of size 200 x 200 (i.e., 40,000 cells) to a three-dimensional
mesh of size 200 x 200 x 200 (i.e., 8 million cells) increases simulation cost. Depending
on the solver’s linear or quadratic scaling, this transforms a 3-minute simulation into

one taking any time between 10 hours and 83 days.



APPENDIX B. SUPPLEMENTARY MATERIAL FOR CHAPTER 5 182

We propose applying a vertical Gaussian plume correction to the two-dimensional nu-
merical solver solution. This works by taking our current two-dimensional simulated
gas transport denoted Cys(#, 9y | Z,7) and vertically expanding it using the following

vertical Gaussian plume correction:

o 1 Ji
Cvgp(JV | z,Y, Z) = \/%CTV X (eXp {_20_‘2/}
exp{ LG+ V2P (1P +2) - >}

>

— 2 o2
+exp{ SICHLIECHR RS LS }D

The vertical Gaussian plume correction comes directly from the Gaussian plume equa-

tion (2.2.4). This leads to the following corrected numerical solution:

C(ms-l-vgp(jf'aya'é | jag>27UV) - Cns(jay | jag) X Cngp(O-V | jvgag) (B51)

For any prediction using this correction, the following assumptions apply:

1. Steady-state vertical wind: A reasonable assumption over short temporal windows

(e.g., 1-2 minutes).

2. Vertically infinite obstacles: The gas is assumed not to flow over or under obsta-

cles. This confines applicability to scenarios where vertical bypass is negligible.

Equation B.5.1 is parametrised by the vertical wind sigma oy — representing the stan-
dard deviation of the vertical Gaussian distribution forming part of the Gaussian plume
model — which itself is typically parametrised using power-law distributions (Pasquill,

1961; Briggs, 1973; Hirst et al., 2013). We generalise the power-law parametrisation
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from Hirst et al. (2013) by adding dispersion parameters ay € R™, and by € (0,1] as

follows:

oy = ay (g tan(yw )" + h, (B.5.2)

where 4y € RT is the 1 minute standard deviation of the vertical wind direction,
dr € RT is the downwind distance of location (z,y,z) from the source located at
(Z,7,2), and h € RT the source aperture’s half-height. When the measurement location
is upwind from the source, we set the Gaussian plume concentration contribution to

Zero.

B.5.2 Numerical solver 4+ vertical Gaussian plume correction

Equation B.5.1 is parametrised by the vertical wind sigma oy, which itself is parametrised
by the following dispersion parameters: ay and by. These parameters directly control
the shape of the vertical Gaussian plume correction and must therefore be estimated

to best explain the sensor measurements.

To assess the benefit of the correction, we predicted Source 1 sensor measurements using
the two-dimensional numerical solver and its vertical Gaussian plume corrected version.
Figure B.5.1 shows the Gaussian correction applied to a single sensor measurement
prediction; in practice, we truncate any values for negative vertical heights (i.e. below
ground level). Figure B.5.2 shows the resulting time-averaged predictions, computed

using the method in Appendix B.2.

Corrected predictions are closer to the true sensor measurements, leading to a 4%
reduction in mean absolute percentage error (12.55% vs 13.02%). These results are
reproducible via the Jupyter notebook included in the folder: Code / Further_work /

vertical_Gaussian_plume_correction
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B.5.3 Integrating correction into MLP surrogates

This vertical correction can be incorporated directly into our surrogate-based inversion
pipeline. We extend the input to the MLP surrogate to include the vertical dispersion
parameters ay and by, resulting in an input vector (Z,9,ay,by), while keeping the

output as the predicted sensor measurement.

The corrected training data is generated by applying the vertical correction to our
original two-dimensional numerical solver simulations for various plausible combinations
of ay and by. This approach adds minimal overhead and enables the surrogate to learn

mappings consistent with vertically corrected physics.

While this modified surrogate was not used in the main inversion experiments, it pro-
vides a natural extension to our framework. The vertical dispersion parameters can be
estimated jointly with other source parameters via the SIR particle filter, allowing fully

corrected inference with minimal added computational cost.
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