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Abstract—The co-design problem of dual event-triggered
(DET) mechanism and polynomial dynamic output-feedback
(PDOF) controller is investigated for positive polynomial fuzzy
systems (PPFSs) with uncertainty and disturbance constraints.
Specifically, a 1-norm DET mechanism compatible with the pos-
itivity of PPFSs is proposed to asynchronously update measure-
ment outputs and PDOF control signals. However, synthesizing
this DET-PDOF controller proves challenging due to the coupling
of multiple unknown PDOF controller gain matrices within the
positivity and stability conditions, which results in complex non-
convex terms. By introducing auxiliary variables and constraints,
sufficient conditions for DET-PDOF controller solution are given
to ensure both the [-gain performance and strict positivity
of PPFSs with uncertainty and disturbance. Moreover, existing
stability analysis results that ignore membership functions (MFs)
tend to be conservative, implying that the obtained DET-PDOF
controller is effective only within a limited triggered threshold
range, leading to worse transmission performance. Therefore, a
multivariate optimization method based on an improved genetic
algorithm (IGA), which accounts for the system states and PDOF
controller variables, is developed to substantially expand the
admissible DET threshold range while effectively suppressing
dual-triggering frequencies. Finally, a numerical example and a
two-linked tank system with parameter uncertainty are provided
to validate the feasibility of the proposed scheme.

Index Terms—Positive polynomial fuzzy systems, polynomial
dynamic output-feedback (PDOF) control, dual event-triggered
(DET), improved genetic algorithm (IGA).

I. INTRODUCTION

OSITIVE systems are dynamical systems whose state and
output variables are restricted to the nonnegative quad-
rant [1], [2]. The inherent positivity can more appropriately
describe practical applications in industrial engineering and
biomedical fields, such as pharmacokinetics and biomedicine
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[3]-[5]. The analysis and control of positive systems are
more challenging due to their dynamics being constrained to
the nonnegative quadrant, which makes many conventional
methods for analyzing general systems less effective. Metzler
matrix theory and linear copositive Lyapunov function (LCLF)
in [6] provide effective tools for the stability analysis and
control synthesis of positive systems, and have been extended
to broader fields, including positive singular systems [7],
positive Markov jump systems [8], and positive switched
systems [9].

Considering the widespread nonlinearity and positivity, the
T-S fuzzy model is broadly used in the control synthesis of
nonlinear systems due to its approximation ability [10], [11].
Recently, the polynomial fuzzy model (PFM) has emerged
as a powerful alternative to conventional T-S fuzzy models,
circumventing their restriction to local positive nonlinear sys-
tem (PNS) representation and complex modeling rules [12],
[13]. Although extensive PFM results exist in the literature
for PNS, such as state estimation and stabilization [14],
[15], the majority of PFMs are constructed using type-1
fuzzy sets, whose deterministic grades of membership lack
the adaptability to handle the varying parameter uncertainties
inherent in practical systems. To address this limitation, a new
class of Interval Type-2 (IT2) fuzzy sets is introduced [16],
where the primary membership grades form a footprint of
uncertainty (FOU) to capture parameter uncertainties, and the
secondary membership grades are invariably one [17], [18].
Recent research has focused on the design of IT2 polynomial
state-feedback controller and IT2 polynomial static output-
feedback controller in PPFSs [19].

In practice, not all state information of PPFSs can be ac-
curately measured, output-feedback control proves to be more
effective than state-feedback control [20]-[23]. While static
output-feedback frameworks for PPFSs have been established
in [24], [25], dynamic output-feedback (DOF) control can
achieve enhanced performance due to its superior capability in
handling complex dynamics through internal state compensa-
tion. Given this, some DOF results with research difficulty and
practical value have been applied in PNS, such as [26], [27].
It can be found that the proposed DOF controller needs to re-
ceive output information continuously, ignoring the excessive
occupation of limited communication resources by informa-
tion transmission. In [28]-[30], an event-triggered scheme is
designed for the communication channel from the sensor to the
DOF controller to reduce communication energy consumption.
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In particular, a novel separation design framework is developed
in [31] for dynamic event-triggered output feedback control,
which employs dual-channel triggering mechanisms to address
limited network resources in networked control systems. A
critical limitation of the above works is that the standard 2-
norm event-triggered mechanism [32]-[34] are incompatible
with the analysis framework of positive systems, which typi-
cally relies on LCLF. Although [8] initiated the exploration of
the DET-DOF control problem for positive linear systems via a
1-norm scheme suitable for positivity analysis, extending this
result to PPFSs is challenging due to the complex polynomial
structures in the fuzzy subsystems. Furthermore, the different
gain parameters in the PDOF control law affect the system’s
positivity and stability, introducing more nonconvex terms and
inevitably increasing the difficulty of solving the convexity
problem. To the best of the author’s knowledge, the DET-
PDOF control for PNS under nonconvex constraints remains
unsolved, which inspires the current study.

Most existing studies on event-triggered control for fuzzy
systems rely on the membership-function-independent (MFI)
method, which accommodates MFs of arbitrary shapes and
yields conservative results. This conservative results often
restrict the event-triggered threshold to a small range to ensure
system stability. However, such a small threshold leads to fre-
quent communications, undermining the primary advantage of
event-triggered control. In [19], the IT2 membership-function-
dependent (MFD) method is employed to incorporate MF
information into stability conditions, thereby enhancing the L
performance index of fuzzy event-triggered filter. An event-
triggered fault-tolerant control strategy based on the MFD
method is developed in [35] to derive less conservative stability
conditions and address the mismatched premise variables
induced by the event-triggered mechanism. Nevertheless, the
potential of utilizing MF information to expand the allowable
triggering threshold range and enhance triggering performance
have not been deeply explored. Moreover, the considered MFs
in these works depend strictly on single variables. In contrast,
multivariable MFD methods offer a mechanism to coordinate
the asynchronous state variables between the system and
PDOF controller, which is the pivotal mechanism for achieving
superior control performance. Consequently, it is crucial to
develop novel multivariable MFD techniques that fully utilize
IT2-MF information to provide a broader threshold selection
domain and enhance event-triggered control performance.

To address these challenges, the combined DET and PDOF
control strategy is explored for PPFSs containing uncertain-
ties to improve control performance under the IGA-MFD
approach. The main contributions are as follows:

1) In this paper, the PDOF control problem under a DET
mechanism is investigated for PPFSs with parameter un-
certainties. Unlike the single-channel triggering strategy
[19], a more comprehensive DET mechanism is designed
to update both measurement output and PDOF con-
troller signals. Crucially, standard 2-norm event-triggered
schemes [32]-[34] are not applicable in the positive
system framework, as the resulting quadratic terms are
incompatible with the linear structure required for LCLF.
Therefore, a 1-norm DET mechanism is proposed that

naturally aligns with the inherent positivity of PPFSs.

2) To overcome the challenging nonconvexity arising from
the coupling of polynomial controller gains, a convexifi-
cation approach is proposed. In contrast to the existing
method in linear systems that achieves solvability via
matrix decomposition and linear programming [8], this
paper introduces auxiliary matrices and establishes a
crucial linear relationship among them to successfully
eliminate the coupling of polynomial terms. Thereby,
convex conditions guaranteeing system positivity and
stability are derived for the PPFSs.

3) The design flexibility of the DET mechanism regarding
trigger frequency and threshold selection is explored from
the perspective of MFs. In contrast to univariate MFD
[19], [36] or MFI [28] methods, the proposed IGA-MFD
method employs multivariate IT2-MFs approximation
to handle the asynchronous premise variables between
the coupled system dynamics and the PDOF controller.
Consequently, it provides a significantly larger upper
bound for the triggering threshold interval and achieves
a lower triggering frequency compared to conventional
approaches.

This paper is structured as follows. The preliminaries are
presented in Section II. In Section III, the positivity and
Lq-gain performance stability analysis are shown. The less
conservative results based on IGA-MFD method are shown
in Section IV. The simulation and comparison results are
provided in Section V, followed by a summary of the paper
in Section VL.

Notation: A polynomial m (x) is an SOS if it satisfies
m(x) = Y7, n,;(x)%, where p is a nonnegative integer.
A8 s the fth row, sth column element of A. For a
function w (¢) that belongs to L [0,00) with its L;-norm
lw @1, = [ lw @], < oo. The 1-norm [x], and oc-
norm ||x|| are defined as |x||; = > ,_; |zx| and ||[x[| =
max{|x1|, ..., |xn|} with x € R", respectively. 1,5 is an
s X s dimensional matrix which has elements of 1. Define
1, = (1,..,1)T € ®* and 1{ = (0,...,0,1,0,...,0)7 € R°,
which 1 is the f** element of 17. i represents 1,2, ..., 1.

II. PRELIMINARIES
A. IT2 Positive Polynomial Fuzzy System

A PNS with disturbance and uncertainty described by the
following IT2 positive PFM with n,, plant rules.

Rule i : If f1(x(t)) is M; and---and fy(x(t)) is Mi,, then
X(t) = Aq(x(t))x(t) + Bi(x(t))a(ty)
+Bui(x(t)w(t) € [ty ty]
y(t) = Ci(x(t))x(t)
z(t) = Di(x(t))x(t) + Eui(x(t))w(t),

in which x(t) € R", a(t4) € R™, w(t) € R}, y(t) € ®
and z(t) € N7 are the system state, the last transmitted value
of the control input u(¢), disturpance input, measurement and
control output, respectively; M7 is an IT2 fuzzy set based
on the premise variable f,(x(t)) of rule i, i = 1,...,n,,
a=1,...,¥, ¥ is a positive integer; A;(x(t)) € R**",
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Block diagram of the dual event-triggered control.

Fig. 1.

B;(x(t)) € R™™, B,,(x(t)) € R**", C;(x(t)) € R*",
D;(x(t)) € R?*™ and E,;(x(t)) € RI*" are matrices with
appropriate dimension. The firing strength of the i*" rule is
given by the following expression:

v

Wix(0) = [ TL_, s, G TL, g (o)
(). T ()] (h

where w;(x(t)) and w;(x(t)) denote the lower and upper
grades of membership governed by the upper and lower
MEs py. (fa(x(1)) = 0 and iy (fa(x(t))) = 0, re-
spectlvely Furthermore, it exhibits the property that 0 <
g (fa(x(0)) < figy, (falx(1))) < 1. which leads to
0 < w;(x(t)) < wy(x(t)) < 1 for all i. Then, the dynamics
of IT2-PFM is described by

np

X(t) =32 wi(x(8)) (Ai(x(t))x(t) + Bi(x(t))a(ty)

+Bui(x(t)w(t)) t € [ty th]

3
>0, Vi, “)

g;(x(t)) € [0,1] and &;(x(t)) € [0,1] are nonlinear type
reduction functions not necessarily be known but exist, for all
i, owning the properties ¢, (x(t)) + &;(x(¢))= 1.

Definition 1 ( [8]): If all states and outputs of the system
are kept = (t) > 0,y (t) > 0 for any non-negative initial
conditions, inputs and external disturbances, the system is
positive.

Lemma 1 ( [8]): If A;(z(t)) is the Metzler matrix and
D;(z(t)) > 0, Byi(z(t)) > 0 and E;(x(t)) > 0, then the

system
{ i (t) = Ay(@(£)x(t) + Bui((t) Jw(t)
2(t) = Di(x()x () + Euwi(x(t))w(t)

is positive.

B. Dual-event-based IT2
Output-feedback Controller

Positive  Polynomial Dynamic

The block diagram of the DET control is depicted in
Fig. 1. event-triggered mechanism 1 (ETMI1) governs the
transmission of output data for the sensor-to-controller (S-
C) channel, while ETM2 handles the latest input data sent

iy (relt3) =TT 5 050560,

to the controller, operating asynchronously with ETM1. The
triggering sequences of ETM1 and ETM2 are denoted by {t},
p € Z and {ty}, ¢ € Z. A DET-PDOF controller is designed
based on the IPM concept [37] as follows:

Rule j : If gi(yc(th)) is N{ AND---AND ggo(y.(t)) is N7,
then

te[ty.ily]

in which x.(t), y.(t) and y(t%) € R' are the controller state,
controller output and the last transmitted value of the output
measurement y(t), respectively. N % is an IT2 fuzzy set based
on the premise variable gs(y.(ty)) of rule j, j = 1,...,n.,
B =1,.., Auj(x:(t) € R™", Bj(x.(t)) € R"*! and
K.j(x.(t)) € R™*". The firing strength of the j'" rule is
given as follows:

I1,, sy (o 12))
= [m; (ye(t2)), m;(ye(ts))] , ®)

where m;(y.(ty)) and m;(y.(ty)) denote the lower and
upper grades of membership governed by the upper and
lower MFs 1,5, (95(ve(tg))) = 0 and fig, (95(ye(g))) = 0,
respectively. Furthermore, it exhibits the property that 0 <
Ly (9 (ve(tq)) < figy(95(ve(tg)) < 1, which leads to
0 < m, i(ye(tt)) < my(ye(t)) < 1 for all j. Then the IT2
PDOF controller is described by

%(t) = 3 Z Wi (x(8))11 (ye(tg)) (Acij (Xc (1))

xo(®) 1 By (xe ()5 (#2)), £ € [11, 80,

w(t) = 3% i (Ve t) Kes (xe(0)ye(0), (©)
ye(t) = : 1 (ye (1)) Coxe (8),
y(t3) =vy(ty),
() = (i),
where
my (ye (i) =
B, (5 (1)), (velt) + s e ()M elty)
S (1 (ye(t) g, (ye(8) + A (y <g>>mk<y0< u))’
S i (ye(tt)) = L (ye(ts) >0, V5, @®)

(7) is the type reduction. x,;(y.(t;)) and &;(y.(t;)) are prede-
fined functions, for all j, have properties of 0 < r;(y.(ty)) <
L0 <R;j(ye(tg)) <1 and £;(ye(ty)) + &;(ye(ty))= 1.

Remark 1: It should be noted that this paper employs the
IT2 fuzzy MFs to handle the uncertainties and nonlinear issues
present in the system (2). Unlike type-1 fuzzy sets, IT2 fuzzy
sets effectively capture parameter uncertainties through their
upper and lower MFs (3).

Remark 2: In contrast to traditional static output-feedback
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control law, this work establishes a more flexible PDOF
control law by introducing an internal controller state x..
Crucially, unlike most existing T-S fuzzy controllers [28§]
whose gains are restricted to linear variations, the proposed
PDOF controller gains vary nonlinearly and smoothly with
the controller state x.. This dynamic adaptability makes it
especially suitable for practical applications such as the pop-
ulation model in biomedicine [3], lipoprotein metabolism and
potassium ion transfer model in pharmacokinetics [4].

Then, for generating the S-C channel and controller-to-
actuator (C-A) channel data transmission instants {tJ} and
{ty} the following DET schemes are designed.

In the S-C channel, the 1-norm ETMI1 applicable to PPFS
is introduced, described as

y(&) =y (&), Vie[t i)
tv = inf {t > 4] ley ()], > kylly(t
where e, (t) =y (t4) —y (t) is triggering error.

In the C-A channel, the 1-norm ETM?2 applicable to PPFS

is introduced, described as
a(ty) =u(ty),  Vte [ty ti)
tgr1 = inf { ¢ > t“| lew(t)]]; > kullult)

)

O}
where e, (t) = a(ty) - u(t) =
22521 (ye(ty)) Ko (xe(£)) Ce(xe(ty) — Xc(t)) is triggering
error. ky, k, € [0,1) are constant thresholds to be designed.
The PDOF controller gains can be synthesized via matrix
decomposition into non-negative and non-positive matrices

(10)

K.;(xc(t) = ij(xc(t)) + K_;(xc(t)). Then, we can obtain
from event-triggered condition (9) and (10) that
—kylay(t ) <ey(t) < kylpay(), (11)
mxranJ yc K+ (Xo(t))
_ch (Xc(t))) YC(t) < eu( ) < kulpxm
E}myc K (xe(1)) = K (xe(1))) ye(t). (12)

C. Dual-event-based Augmented Closed-Loop System

In the following, x (t), % (t) and y. (%) are represented
by x, x. and y. to enhance readability. Denote € = x — X,
as the state error, we obtain the augmented PPFSs formed by
IT2-PFM (2) and IT2-PDOF controllers (6) as follows:

X = X 3 () (5
X (A (%, %) + By (%, %0)é + Buig (x)w) -, (13)
2= 0 3 W00 (3) (Do (%, %)X + Ewi(6)w)
where X= [XT, éT] T, ée= [eg, e;-‘T] T, e, =
doieym(ye(ty))ey, and then
[ AL (%) A (%, %)
A’ij(x’ XC) - 271( 7Xc) A272( ) ’

Bij(x,%x.) =
Dij(x, %) = [Di(x

=)
)
g
®
|
&=
g
5

with
AL (x,x.) =Ai(x) + Bi(x)K.; (x.)Ce,
A (x, %) = — Bi(x)Ke; (%) C,
AT (%, %) =A4(x) + Bi(x >ch<xc>cc
— Acij(xc) — Bgj(x:)C(x),
Azzjz(xvxc) =A.j(xc) — Bi(x)Kj(x)Ce.

III. DUAL-EVENT-BASED POLYNOMIAL Fuzzy DYNAMIC
OUTPUT-FEEDBACK CONTROL FOR IT2 POSITIVE
POLYNOMIAL Fuzzy SYSTEMS

Lemma 2: The system (2) is said to be stable with L;-gain
performance if the following conditions hold.
1) The PPFS is positive and asymptotically stable; specifi-
cally, for w (t) =0, [, [lx (t)]|;dt < oo holds.
2) The followmg inequality satisfies

/nwmwm/nmww
t=0 t=0

for w (t) € L1 [0,00) and a positive prescribed perfor-
mance .

A. Li-Gain Performance Stability for Dual-Event-based Aug-
mented Closed-Loop System

For w(t) = 0, a LCLF candidate for PPFSs is constructed
to ensure asymptotic stability at L;-gain performance level for
dual-event-based augmented closed-loop systems (13).

V(x,xo) = €"x,

where ¢7 = [&,7 &"], &,& ~ 0 are constant vectors.
According to (11), (12) and B.;(x.) > 0, then

V(x,x.) =€&"x

Mp  Nnc

DIIIE

SH> wi(x)mﬂyc){ (&7 &) [ﬁig
X [ }(_; } + &7 Bej(xc)ky 11, Ci (x)x

(& + & )Bi(x) kL (K (%) — K (%)) Coxe |

(14)

5e) (€7 Ay (. x0)x + €7 Bij(x,x.)8)

sy toms]

i (ye)[ B (x.xe) (x,xc)]{’(_j. (15)

Remark 3: Due to the nonnegativity of the system states,
the 1-norm used in (9) and (10) is equivalent to the sum of
the state variables, such as the size of biological populations,
the liquid level and the density of matter in physics, which the
2-norm [32], [33] fails to capture intuitively. From (15), the
principal advantage of the 1-norm event-triggered condition
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is its linearity [8], and this linearity perfectly aligns with the
LCLF framework, significantly facilitating the scaling of state
variables.

When w(t) = 0 is applied to the system (13), we get

m;(¥e)Dij (X, X)X, (16)

it holds that D;;(x,x.) > 0 because of the positive constraint.
So, V(x,%.) < 0 can be guaranteed by follows

[ =} S (x,%c)

- [ &l
=ij
Define o11;x, < C, < 031;xn, 02 > o1 > 0, it follows
from (17) that
2L(x,x) < (67 + &) A(x) — &7 Aj(xc)
+ (ng + €2T)Bmax02 (I + kulmxm)Ki_] (Xc)llxn
+ (€1T + EQT) (Bmingll - Bmaxk1LU21mxm,)Kc_j (Xc)llxn
— & Bej(x) (I — ky1ix;) Ci(x) + 1§D¢(X)7 (18)
’L2] (X Xc) < 52 cij (XC)
- (51 + & ) min01 (I + kulmxm)K; (Xc)llxn

- (ng + €2T) (BrrlaxUZI - BminkualI’rnX'rn)ch (Xc)llxn;
(19)

Ef (x,%¢) ] + lg’Dij (x,x%,)

(ox) Bh(xx) | <0 a7

where Biax = [bfs,maz] € R™™ is a matrix whose element
in the f-th row and s-th column is by, = max {bpsi X)}, f =
L.on,s = 1,...mi = 1,...np. Buin = [brsminls
similarly. Next, the polynomial terms formed by multiplying
&7 +&" by Kh(xc) or K(x.) in (18) and (19) are
nonconvex terms that cannot be resolved by the Matlab
SOSTOOLS, so we construct the following auxiliary matrices
to replace the nonconvex terms.

0410:;- (Xc) S (élT + SQT)BminK;Z‘ (Xc)

S (€1T + £2T)BmaxK;;‘ (Xc) - O;; (Xc)7 (20)
Oc] (XC) - (£1T + €2T)BmaxK7' (X )

>~ (EIT + £2 )BmmK (xc) < 0420 ( c) (21)
& Auy(xe) = Y mi (xo), (22)
&"Bo(x) =Y nf(x). 23)

where 0 < a; < 1,0 < ay < 1.

Then, taking (20), (21), (22) and (23) into (18) and (19),
we can summarize as follows

Tp  Ne

x x( < ZZwZ

=1 j=1

(x,%xc) = (€1T + SZT)

X Lpsn + O (%e)o2 (T4 mku11x)) Lisn — 3 m§7 (x.)
f=1

Ve [~1j (x,%)

Ai(x) + O (xc) (20

égj (X7 Xc) } X

=1

E,j — mkuag)

n

- an]( (I -

F=1

= kyl0) Ci(x)+ 1] Dy(x) <—¢1,,, (24)

g mC” (xc) —

ch( C) (02 - mkua201)1lX7z S

O (xc)aro1 (T+ mky11.)

X Lixp — —€l,, (29

from (24) and (25), there is a positive constant € satisfying
V(x,%.) < —¢||x||,, it is easily obtained that f;oto lIx|l;dt <
oo. Then, the stability of PPFS (13) can be confirmed.
Remark 4: Compared with a commonly used quadratic
Lyapunov function, the LCLF fully captures the inherent
positivity of positive systems, naturally matches positive state
trajectories, and typically yields less conservative results.
Furthermore, the 1-norm DET conditions are highly consistent
with this type of LCLF, which facilitates the stability analysis
of positive systems and the design of triggering controllers.

Next, for the system With w( ) # 0, consider the perfor-
mance index defined as J(x,x.) = [~ (||z]; — v|lwl|,)dt
Then, we have

Jex) = [ (Vi) + fal, =wl, )t = Vi)

=303 a0 () (€7 Ay 0 3x0) + 1Dy, x0)) x
i=1 j=1
+ (gTBwij (X) + 158101()() - ’le)W + éTBij (X7 Xc)é}
—V(x,x.)
_Zi:wl i (Ve (_.” &, x)x+;( )W)»V(x7 Xo). (26)
i=1j=1

The stability and L;-gain performance of the PPEFS (13)
are guaranteed if W;(x) < 0, which leads to the L;-gain per-
formance condition J(x,x.) < 0. Then, the PDOF controller
design forms in (20), (21), (22) and (23) are provided such
that the augmented system (13) is asymptotically stable and
satisfies the L;-gain performance.

Next, the SOS-based conditions are derived as follows.

Theorem 1: For given positive scalars €, v, 0 < k < 1,
0<k.<1,0<a;<1,0<as <1, vectors &1,& = 0, the
dual-event-based PPFS (13) is asymptotically stable with L,
performance such that

,E.l,(l,s) i
- ("-‘ij (x,%xc) +e+v(x, XC)) is SOS,
Z'enp’je@,SEE
=2,(1,) i
< g xxe) tetr(x, Xc)> is SOS,
1 S &7] € &’ s€ n
~(¥" ) +v(x)) is SOS,i € nyys e
—(07(x) + v (x.) ) is SOS,j € nes €1
07" (x.) — v (x,) is SOS,j € ne,s €1
NG () v (x.) is SOS.j € e, f € ms €1

where v(x) > 0, v(x.) > 0 and v(x,x;) > 0
are  predefined scalar  polynomials. EZ’;’(LS)(X,XC),
m € {1,2}, ") (x) are defined in (24), (25) and (26).
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& = 611,612, )T > 0, &2 = [€a1,602, .., on]T -

O (xc) = 07 (x¢) 092 (%) ony 07 ( ]
Of’(178)(XC) - T 03-] * (%e); M.;; (Xo) =
Pn?J(XC), rn?J( Cﬂ = @n?g(xcn c RmX1 and

Nej(xc) = [nl (x C),...,n;j (xc)r = (nij(Xc)) e prxi,

N£§7S) (xc) <

=nf, (Xc), Vi € np, j € ne.

B. The Positivity for Dual-event-based Augmented Closed-
Loop System
According to DET errors (11), (12) and (13), we can get

Mp Ne

Xz) > wix)

=1 j=1

(’A'LJ(X Xc)X‘i'wa( ) )a (27)

where

211
Aij (Xa Xc) :Ai(x) + Bi(x) (UII - k'uo-Q]-mX'rn)K—Z‘ (Xc)llxn

+ BZ'(X)O'Q (I + kulme)Kq(Xc)lan,
~12
Aij (X7 XC) = BZ(X) (021 - kuallmxm)K(J-r] (xc)llxn
= Bi(x)01 (T+ kuLinxm) Kz (%e) Lixn,
~21
A, (x,%.) =A;(x) + Bi(x) (011 — kuoalimsxm) Kj} (Xe)lixn o
+ Bi(X)UQ (I + kulmxm)ch (Xc)lan
- Acij(Xc) - Bcj(xc) (I + kyllxl)C‘( )
~22
- B;(x)o1 (I+ kulme)KcJ (%¢)1ixn-

Form (20), (21), (22) and (23), the DET-PDOF controller
gains are given as below:

lmOjj(xc)

(ng + £2T) Bmax]-m
lmO;j(xc)

(SlT + 5 T) Bmaxlm

cij (Xc)

_my Xe)
&)

K (x.) = (28)

(29)

(30)

€29

Combining ﬂl (slT + €2T)Bmax1m S €2T1$zf)

B2 (& + €7) Bunax L, it holds that

Aij(x7 XC) > A’ij(xﬁ XC>7

AzlJl (X’ XC) 2> (ElT +€2T)Bmax1mAi(X)
+ B;(x)02 (I + ky 1m><m)1 (O (xc)Lixn
+B7;(X)(0'11 —k 021m><m)1 O (Xc)llxna

A (%, %) = =Bi(x)o1 (T4 kuLimxm) LnO; (xe) Lixn
- B(X) (U2I - kuallmxm)lmo (Xc)llxna (33)

1A (x) = nf (x) (T+ Ky L) Ci(x)

<

(32)

=21

Az] (x,%x.) > &1

o ctj
m;

Aij (X7 Xc) :Acij(xc) - Bz(x) (0'2]: - kuo'llmxm)ch (Xc)llXB(f s) (

-‘rﬁgB( )0’2(1+k 1m><m)1 O (Xc)llxru (34)
~22

AZJ (X Xc)> B ( )(62021 - ﬁlk Ullmxm)l O;;(Xc)llxn

— £1Bi(x)o1 (I + kulpxm)1m O, (%,%e) Lixn + m”] (x¢) -
(35)

Therefore, the augmented system (13) is proved to be
positive if conditions A;;(x,x.) are Metzler, Bi;(x) >
0,D;;(x,%x.) > 0,E,(x) > 0 are fulfilled. The SOS-based
positivity sufficiency conditions for the augmented system (13)
can be derived in follow Theorem.

Theorem 2: For given positive scalars €, v, 0 < k < 1,
0<k:<1,0<Z 81 < B, 0< 01 <oy, vectors §1,&2 = 0,
the dual-event-based PPFS (13) is positive such that

~11 (f:9) %

%

v

? C

X, X,) is SOS,i €np,jEne, f #s€n
~12(f,)

(
(x,%c) — v (X,Xc) is SOS,i €np,jEne, f=s€n
~21 (f’S)(

X

%

? C

v (X, X.)

) —v(
) —v(
) —v(x,%Xc) is SOS,i €np,jEne, f=s€n
A?? 2 (%, %) = v/ ( is SOS,i € ny,j €Ene, f#£s€n

]
f)fﬂl(él +£2 ) max m,*’/(x) is SOS?fEE

&1
/82(51 + &2 ) max Lm — €2T1$Lf) —v(x)is SOS, fen

s — CY®) —1is SOS,j€n., fel,sen
CY®) — g, —vis SOS,j €ng, fEl,s€n
C( )(x) —v(x) isSOS,i€n,, fElseEn
X) —
(x) -
where v > 0 is predefined scalar. C, = (c;s) € Rixn,
CEf’S) = 5, Bi(x) = (bwi( )) e prxr, B

we ( )
bze”i(xzfax)ld E,i(x) = (e%) € R0, BV (x) = e¥i(x).
AT (%, %), myn € {1,2) are defined in (32), (33), (34)

and (35). The PDOF controller gains are defined in (28), (29),
(30) and (31).

Remark 5: Due to the introduction of new state vari-
ables, the order of the dual-event-based augmented systems
(13) increases, and the nonconvex conditions become more
complex. To handle the nonconvex terms introduced by the
coupled PDOF gains A ;;(x.), B¢j(xc), Cc and K;(x.), we
design a novel convexification strategy by establishing specific
bounds on C. and constructing auxiliary variables (20)-(23)
to replace the nonconvex terms in the stability conditions. In
the positivity analysis, the inconsistent denominators among
the control gains in (28)-(31) are resolved by imposing a
bounding constraint [ (£1T +£2T)Bmaxlm < £2T1£Lf) <
Ba (€1T + £2T)Bmaxlm. This critical step successfully trans-
forms the intractable nonconvex positivity constraints into
convex SOS-based conditions, thereby ensuring the solvability
of the proposed scheme via SOSTOOLS.

Remark 6: A positive system is defined by the non-
negativity of its closed-loop state response, rather than by
non-negative control inputs. Even if the input is negative,
the system can still maintain positivity provided that the

v(x) is SOS,iG@,fEQ,s€£
E(fvs)

we

v(x) is SOS,i € np, f € g, s €T

(xc) + Bi(x) (51011 — Boky, 0'21m><m)1 O (xc)llxn system matrix A;(z) is Metzler and the input matrix satisfies
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IV. IT2 MFD CONTROL FOR IT2 DUAL-EVENT-BASED
AUGMENTED CLOSED-LOOP SYSTEM

A. Multivariable Chebyshev Embedded Type-1 Membership
Functions Based on IGA

Inspired by [38], multivariable Chebyshev MFs with mini-
mum approximation error are used as the polynomial function
with the best approximation degree to deal with the embedded
type-1 MFs hy; (x,9.) = w; (x) 17 (§.). It takes the follow-
ing form

e (Glxe) = 30 aljgso (%)
= hij (x,9c) — ||ARg;, (¢l xxe)| ., (36)

||AhZ]L (C;;’X, XC)HOO
_ inf max |k (%, ¥e) — hii (Gil x,x0)|, (37
(e ey [P G Fe) = hug (Gl xe)[ GT)
where H = span{ss (x,Xc),Ss—1 (X, Xc) 551 (X, Xe) , 1},

X is a predefined compact subset of Banach space.

However, how to obtain more accurate multivariable Cheby-
shev MFs by optimizing the Chebyshev error is the critical
issue. The process of multivariable Chebyshev MFs optimiza-
tion is represented by the following Algorithm.

P: min max ij (X7 yc) — }ALU (C’ij| X, Xc)
X,X.EX
subject to X = {(z1,...,2,)| —00 < x5 < 00,5 € [1,n]}.

Remark 7: As shown in (36) and (37), the Chebyshev MFs
ﬁfj ( 2*]‘ X, xc) constitute the optimal solution in a given finite
dimensional linear subspace 7/ [38]. Note that the solution to
the optimization problem P (finding the minimal multivariate
polynomial error) involves a multi-dimensional space spanned
by the state x and x.. Therefore, we propose an IGA to solve
this multidimensional function extremum problem, which is
suitable for the optimization process of problem P, and can
quickly find more accurate multivariate Chebyshev MFs.

Remark 8: The innovation of IGA is embodied in two
aspects. One is Step 9 of the IGA, which selects the n = mp-P
elite individuals to be retained before the selection operation,
so as to avoid the elite individuals being accidentally elim-
inated in the subsequent operation. The second is Step 11
of the algorithm, in the crossover operation, the population
after the crossover and the population before the crossover
are combined. The combined population is sorted by the
Chebyshev error and the optimal individuals are selected
to form a new population, which will provide an excellent
population base for the subsequent operations.

B. Multivariable IT2-MFD Analysis for Dual-event-based
Augmented Closed-Loop System

Now, the relaxed IT2 stability conditions can be obtained by
introducing multivariable embedded type-1 MFs and cheby-
shev error calculated by the IGA. Define slack matrices

Algorithm: Multivariable Chebyshev MFs Optimization

Based on IGA

1: Initialize the number of population, chromo-
some Ichrom and maximum generation as:
P + popsize, I < Ichrom and G ¢ generation

2: OLDPOP < generateRandomPopulation (P, I)

3: for gen=1:maxgen

4: aj; € [al”7 ufj] < applyTaylor (h;;)

5: for:=1:P

6: Calculates the state quantity in the interval that
maximizes the error |Ah;; ((;5]x,Xc)| as:
[xi,,xL,,] < solveMax (a;;)

7: The maximum error is defined as:
Fit(i) = |hij (X Xin) — haj (G X%Xim)’

8: Rank the Fitness from largest to smallest and find
the MaxFitness and its a7;

9: EPOP < retainEliteIndividuals (OLDPOP, mp- P)

10: TEMP < applySelect (OLDPOP)

11: if rand < pcross then

cTEMP < applyCrossover (TEMP, Pcross)

end

12: if rand < Pmuta then

OLDPOP < applyMutation (cTEMP, Pmuta)

end

13: OLDPOP < retainEliteIndividuals (EPOP, mp- P)

14:  end

15: end

16: (BestGEN, BestFIT)e getBest (OLDPOP)
17: Output: HAh*

*
0 (Gl %) | o @l and Goess

< Yi(x,x.) € R satisfy Y0 9, Y (x,%xc) —
x

i (x,%.) > 0. Combining (36) and (37),

Np ne
V(va(:) S ZZ h’l] (X7 y(’)Elj (X7 XC)X
i=1j=1
Np ne

S ZZ (i)‘:] Zﬂ

€
) Eij (X7 Xc) + Z 19L
i=1j=1 =1

x|| ARy, ( W|xx0)y|wyiﬂ(x,x0)) x. (38)

(11 =

In addition, by introducing the boundary information of
the operating domain, we restrict the stability conditions to
the local subspaces defined by x, € [z41,242] and zj; €
(261, 255], g = 1,2,...,n, thereby reducing the conservatism
of the stability analysis. For this reason, we have the following
constgaints:

3o
+ Z gu Ty,

g — Tg1.) (Tg2, — )

— xé))Ngb(x, x.) > 0. (39
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where define slack matrices Ny, (x,x.) € R'X", satisfy
N,.(x,x.) > 0. From (39),

Np  Ne

V(x,x.) <ZQ9 22( Ciju
i=1j
znyxc +(2n:

+ (A, (Gl xxe) [ Y
g=1

+Z 1) (w52, — 5) Ny (x.:)) x.. (40)

Besides, define slack matrices 0 < Z; (x,x.) € R!*7,
satisfy Y-, 9,2Z;,(x,%x.) — ¥;(x,%.) > 0. Combining (26),

)é](x Xe)

- 17g1L

m(]?b -

Theorem 3: For given positive scalars €, v, 0 < k < 1,
0<k:.<1,0<a3<1,0<ay <1, vectors &1,& > 0,
the dual-event-based PPFS (13) is asymptotically stable with
L1-gain performance such that

Mp  Ne

Zﬂ ZZ( G (Chulxxe) 2

=1 j=1

zij(x’ XC)

n

+ HAh’L]L (CZJL )H YL;L(X XC) + (Z (Qfg - xgh)

n
>< ngL—xg + E
g=1

(36) and (37), +v (x,x%.)) is SOS,i € Np, J € Ne, fEn (45)
Np  Nne Np ne
(%, %) < Zﬁ ZZ( (¢l %, %0) Wi(x) 219 ZZ( (G % xe) W (%)
=1 i=1j=1 i=1 j=1
+HAh’L]L (CZJL )|| Z’LL X XC (Zl -rglb ngL - xg) + HAh”L (CZJL )H X Xc (Z xglb
g= g=1
+Z o) (T~ Na eV GD s, — )+ >~ i) (e ) Nzxx”“))
Remark 9: Since Theorem 1 ignores the IT2-MFs, the +v (x,x.)) is SOS iE€ENY,jEN, fEN (46)
tabilit diti tive. F 38), the IT2-MF
%al (1; yACOII_IEF)nS ar~e‘coAnserva ive. From ( : ), the -MFs YZ;L(X %g)— fﬂ(x x.) is SOS,i € Ny € ne fen (@7
ii (X,¥c) = W; (x) m; (¥.) are transformed into approximat-
ing embedded type-1 MFs and their bounded approximation  Z; T (x,x0) — W) (x) is SOS,i € Np,j €Ene, f €N (43)
eCrrors, leading tf) the rel.axatlon of the st?blhty c.ondltlons. Y; gb(x x.)is SOS,i € ny,j € ne, f €1 (49)
onsequently, this relaxation allows for a wider feasible range ; _ —
of event-triggered threshold selection, enhancing the design  Zj,(X,Xc) is SOS,i €n,, f €n (50)
flexibility. NJ,(x,x.) is SOS,i € ny,j Ene, f €N (51)

Remark 10: A major challenge arises from the mismatched
premise variables, where w;(x) depend on x and m;(y.)
depend on ¥y ., complicating the MFD analysis. We combine
the DET mechanism (10) and output dynamics to address the
issue of asynchronous premise variables in the PDOF control
process. The method is divided into the following two steps:
Step 1. Estimate y. (t%) by y.(t): According to the event-
triggered condition (10), (12) couples y.(t;) and y.(t), and
depends on the polynomial matrices K.;(x.). We introduce
a linear constraint on the possible range of values for y.(t;),
which can be defined as

V() = ye(t)| € Winax [Ye(t)] + pmaxli (42)

where wpax and ppax are positive constants.
Step 2. Output dynamics: Combining o11;x, < C, <
091;%n, (42) can be rewritten as

chc(t) - wmaxccxc(t) - ,Omax]-l S YC(tZ)

< Ccmc(t) + Wmaxccxc(t) + Pmax1i. (43)

Then, the relationship between the asynchronous premise
variables is as follows:

(01 - wmaxJZ) ]-l><an(t) - pmax]-l S YC(tZ;)
S (1 + Wmax)021lxnxc(t) + pmax1l~ (44)

Next, the SOS-based conditions are derived as follows.

where élfjb(x,xc), \I/{L(x), Yla(x XC) Z{;(x,xc) and

NgfL(X,XC) are the f"* element of vector £, (x,x.), ¥, (x),

Y (x,%c), Zij(%,%Xc) and N, (x,X.).

C. Analysis of Zeno Behavior

The following proof is used to exclude the Zeno behavior
in the DET mechanisms (9) and (10).

Part I: The derivative of error e, (t) on [ty, tg +1) is

Np  Ne

ZZh” X, ¥e) Zws

=1 j=1
% (£) + By (%) K. (%) Coxe (£2) + B (x)w (t) ) (52)

Then, one obtains

Cs( (Ai (x)

D* Jley (t)] < Ziﬁij (x,9c) (IIAi(x)I lley (2]l
i=1 j=1
i Wy (x)Cs(x) Ay (x) || | x (¢2)]|
s=1
3 i (3)C. (B (Ko (x| [ (2]
s=1
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Cs(%)Bui(x) (53)

wiol).

which meansNthat Dt e, (t)|| < a1 |ley ()] + a2 with a1 =
PSPPI ( Vo) ||Ai(x)|| and as is the upper bound of

i 2“1 (. 9e) (12521 s () Cs () As ()| [ (83|
+ 2 1ws ) s (0)Bi () Ko, (x.)Cc ||Xc(t3;)||+

X
132521 @s (%) Cs(x)Bui(x)|| [[w (t)])). We denote w (t)
that is essentially bounded and belongs to L;[0,00)

with its Li-norm |[w ()|, = [ lw(t), < oo. The
boundedness of x(¢) and x.(t) can be ensured in the
stability analysis of the paper. Then, by integrating both sides
of D% |le, (t)|| < a1 [ley (t)|| +az from ¢} to ¢, we can obtain

j (eal(t—tg) _ 1) 7

a
ley ()] < 22

from event-triggered condition (9), the next data transmission
instant 7, | satisfies

k(5 @1, = lley () l,) < llew (#2011,

(54)

(55)

Moreover, based on the relationship between the 1-norm
and 2-norm, it further indicates

Hey (t‘z+1)||1 < ﬁlley (tg+1)|| )

Then, combining with (54), (55) and (56), we obtain

ky|[9 ()1l
Vn(1+ky,)

finally, noting e, (%) = 0, the triggered interval is

p a1

as f (1 —I— ky)
Part II: The derivative of error e, (t) on [t¥ ¢, ) is
Np nc

D flew (0] < DD hij (x.9¢) (IIAcij ()| llew @)

(56)

a
<2

)= < ley (th40)]| < (eal(tg“_t” - 1) , (57)

ai

Y
bt

) 27550, (58)

i=1 j=1

F{D D e (x)g (§e) Kep(xe) CeBej(x0) Ca(x)| [|x (£2) |
s=1 f=1

+ me YC cf Xc)C ij Xc ||Xc( )H) (59)

which means that DTt Heu( W < bifle (O] + be
with by = Z?:pl Lhij (%, 9¢) ||Acu (XC)H and
b the upper bound of ij’l J:1 hij i (%, 9c)
(HZf 1My (YC) K(’f(XC)C AM]( g (tZ)H +szil

X 2o s (x)ring (Fe) Keg (xe)Ce Bcj(xc)C
Then, it follows that at ¢ € [t¥,t%,),

b% (ebl(tftf;) _ 1) ,

lew ()] < 7

is

(60)

from event-triggered condition (10), the next data transmission

6| < E)1)-

9
instant ¢, satisfies
Ru((la ()1, = flew (el _ [lew (t:0)]] "
q 1\/5 at) ) \}%—1 1§||eu((2_1~_)1)||

finally, noting e, (t};) = 0, the triggered interval is

buku[@ ()1,
< T v+ k)

Consequently, for the DET schemes (9) and (10) in the S-C
and C-A channels, the Zeno behavior is excluded.

Theorem 4: For any data transmission instants {¢} and
{ty}. there exist two positive constants T}, and 7}; such that
tg_,_l t9 > Ty, ty,, —ty > Ty, then the Zeno behavior is
ehmmated in the designed DET schemes (9) and (10).

t —t“>—1
q+ by

) STr >0, (62)

V. ILLUSTRATIVE EXAMPLES

Example 1. The matrices of the PPFSs with a 3-rule PFM

are presented as follows for the x(t) = [z(¢) z2(¢)]T and
Xc(t) = [wer () zea(t)]

_[-0.6—0.012; 050 _[~0.70 0.60
Al(x)*{ 0.50 —0.40}‘“2(")*{0.40+0.01x1 —0.60}

_ [ —0.60 0.50 +0.01z;
Asx) = [ 050  —0.54 —0.01z, } ’

0.02 +0.01z; 0.10 _[012 0.10
Bax) = [ 020 0.0 ] Ba(x) = [ 0.20 0.10 }
0.10 0.10

Bs(x) = [ 0.20 — 0.01z; +0.001zF 0.10 }
Ci(x)=[ 011-001z1 0.10 | ,Cs(x)=[ 0.11 0.10 ],
Cz(x)=[ 0.11 0.1—0.0221 +0.001z7 |,
D; (x) = [ 0.15+0.01z; +0.00227 0.15 ],
Dy (x) =] 0.10 0.13 |,Ds(x)=[ 0.10 0.12 ],
B2 (x) = [ 0.02 0.02 ],Byus(x)=[ 001 002 ],
By (x) = [ 0.01 = 0.001z7 0.02 |,Eu2(x) =] 0.02 ],
Ey,1 (x) = [ 0.02—0.001z7 |, Eys(x) =[ 0.01 ],

where the IT2-MFs of PFM are chosen as w; (x) =
1-1/(1+e (=) w _1/(1+e—<11 6)) w, (x) =
1-1/(1+e (=73), w3 =1/(1+e @=7) W, (x) =
1—wdw—wﬂ)wﬂ@—l—wM)—wﬂ)Tm
embedded type-1 MF is denoted as w;(x) = g;(x)w;(x) +
Z;(x)w;(x), the nonlinear type reduction functions are
&1(x) (sin(2x1) +2)/3,e5(x) (cos(2z1) +2)/3.
wo(x) can obtained by wa(x) 1 — w(x) —
ws(x). The PDOF controller IT2-MFs with 2 fuzzy
rules is selected as iy (yo(t%)) = e Wea(t)=5)7/12
my (ye(ts)) e” W) =010,y (ye(t)) 1 -
my (ye(ty)) ,my (ye(ty)) = 1 — M (ye(ty)). Similarly, the
type reduction functions are k(y.(t%)) = EKo(yc(tY))
0.5. To intuitively demonstrate the effectiveness of the IGA-
MFD method in approximating multivariable MFs, we set
the parameters as population size P 30, I 10,
maximum generations Gpax = 1000, crossover probability
Pcross = 0.6, mutation probability Pmuta = 0.01 and
protection probability mp = 0.1. Based on these settings,
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the corresponding polynomial approximations of the MFs and
their approximation errors are obtained.

To verify the effectiveness of the proposed IGA-MFD
method (Theorem 3), we present a comparison between the
IT2-MFD methods based on the staircase MFs [36](case 2)
and the piecewise linear MFs [19] (case 3) in Table I. The
two methods are the most representative in the recent IT2-
MFD methods. In addition, the PDOF control law based on the
MFI method [28] (case 1) is also selected as a control reference
for comparison. The controller parameters O;(x.), Mci; (xc),
N¢;(x.) and the slacked matrices N, (x, X.) are set to order
2. The slacked matrices Yj,(x,X.) and Z;;,(x,X.) are set to
order 4.

First, we compare the ranges of event-triggered thresholds
that different cases could guarantee the stability of the system.
The DET parameters are defined as k, = 0.1+0.1a and k,, =
0.1 4 0.1b for the S-C and C-A channels. It should be noted
that the settings of the matrix parameters and the threshold
parameters are identical to ensure a fair comparison. The stable
regions with respect to the event-triggered parameters over the
ranges a = [—1,4.5],b = [—1, 3] are depicted in Fig. 2. As
shown in Fig. 2, the proposed IGA-MFD method significantly
outperforms the existing MFI in [28] and IT2-MFD in [36]
and [19] methods by yielding a larger stable region. This
indicates that the IGA-MFD method effectively introduces
more information about the IT2-MFs into the stability analysis.
Consequently, it significantly extends the allowable set of the
DET threshold parameters &, and k, to a wider subset of the
feasible parameter space, thereby enhancing design flexibility.

I Stable region in [28]

..... Stable region in Theo. 3

Fig. 2. Comparison of the influence of different cases on the stable region
of the DET threshold.

TABLE I
COMPARISON RESULTS OF DIFFERENT CASES
Case Method N, N,
[28] 1 MFI 72 75
[36] 2 staircase IT2-MFs 67 71
[19] 3 piecewise linear IT2-MFs 61 67
Theo. 3 4 IGA-MFD 60 65

Next, to improve the reliability of the results, we select the
points ¢ = 3 and b = 0.48 at the boundary of the stable region
of Theorem 3 in Fig. 2 for verification with the parameters set
as a3 = ag = 0.99, g7 = 0.001, By = 0.5, 01 = 0.18,

za(t)
(b)

Fig. 3. The simulation results of points a = 3 and b = 0.48. (a) Phase plots
of the state variables x(¢). (b) Phase plots of the state variables x.(t).

o(t) and ()

t t
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Fig. 4. The simulation results of points a = 3 and b = 0.48. (a) The
trajectories of output y(t) and §(t%). (b) The trajectories of input u(t) and
ﬁ(t};). (c) Interevent times of output transmissions. (d) Interevent times of
control updates.

o2 = 0.25, Wmax = 1 and pmax = 0.1. The PDOF controller
gain parameters are shown in Table II. The phase plots under
different initial conditions of the state variables x(t), PDOF
controller state variables x.(t) under case 4 are shown in Fig.
3 (a)-(b). The trajectories of the PPFS output measurement
y(t) and the last transmitted value of the output 7(t), PDOF
control input u(t) and the last transmitted value of the output
i(ty), the release intervals of y(¢) and w(t) under case 4 are
shown in Fig. 4 (a)-(d). The results show that the DET-PDOF
controller can stabilize the PPFSs and effectively reduce the
frequency of information transmission.

To further demonstrate the effect of the presented IGA-
MED approach on DET performance, we compare the number
of triggering events N, and N, for the dual channels in
different cases as shown in Fig. 5 and Fig. 6. The thresholds
k, € (0,1) and k, € (0,1) are selected at intervals of 0.05,
with all other settings kept identical. Table I summarizes the
obtained triggering times of N, and NN, under different cases
where the trigger threshold is k, = 0.1 and k£, = 0.1. It
is observed that existing methods [28], [36] and [19] fail to
yield feasible solutions as the threshold increases and IGA-
MFD method proposed in our paper maintains stability over a
wider range. Furthermore, the IGA-MFD method can stabilize
the PPFSs with fewer event-triggered times under the same
thresholds. This performance advantage stems from the IGA-
MFD method’s ability to utilize IT2-MFs information, leading
to fewer data transmissions and optimized network resource
utilization compared to existing approaches.

In addition, we conduct a comparative analysis between our
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TABLE II
DUAL-EVENT-BASED POLYNOMIAL DYNAMIC OUTPUT-FEEDBACK CONTROL PARAMETERS

PDOF
controller matrices

Event-based PDOF controller parameters

A1y (xc) = [-0.001022, — 0.0082x.; — 0.8529, —0.000022; — 0.0118z1 + 0.2642;
0.0004x2, — 0.0140z,; + 0.2760, —0.0002x%, — 0.0096z.1 + 0.5991];

Ao (%) = [-0.000922; — 0.00092,, — 0.9828, —0.0000x2; — 0.0099z, + 0.3417;
—0.000222; — 0.00672¢1 + 0.1856, —0.001222, — 0.00372.1 — 0.8098];

Az (x0) = [-0.000122; — 0.00852, — 0.8473,0.000222, — 0.0072x0; + 0.1653;

PDOF controller
system gains A;; (X.)

—0.000122, — 0.0084z¢; + 0.2884, —0.002122 — 0.0031z¢; — 0.8857);
Az (x¢) = [<0.0011z2 — 0.0066z¢, — 0.8396, —0.000422, — 0.0076z,; + 0.2618;

—0.000122, — 00111 + 0.2920, —0.000622, — 0.0064z0; — 0.5979];

A (%) = [~0.001522, + 0.00232,1 — 0.9745, —0.000722, — 0.0062z; + 0.3638;
~0.000522, — 0.0043z1 + 0.1945, —0.001922, — 0.0008z; — 0.7970];

A 32 (x¢) = [-0.000622, — 0.00352¢, — 0.8506,0.00012%, — 0.00202:¢; + 0.1520;
—0.000522, — 0.0048z; + 0.2896, —0.00252:2, — 0.003220; — 0.9470].

PDOF controller
output gains B,; (x.) and C,

B (%) = [0.001322; 4+ 0.0289x.; + 1.1821;0.0011x2, + 0.0254z.; + 0.9027];
B.s (x.) = [0.005222, — 0.0082x.;, + 1.2072;0.004322; — 0.00152.; + 0.8988].

C. = [0.2150; 0.2150].

PDOF controller
gains K; (x,x.)

Kor (%) = [(—0.008522, — 0.211920; — 5.5070)/M];
Ko (%) = [(—0.0108z% — 0.19452,; — 5.4805)/M].

' M = (¢ + ¢2)Bmax1m. where ¢F = [18.2864 22.4810] and ¢ = [2.5300 3.1878].

PDOF control law and the existing T-S fuzzy DOF controller
presented in [39]. Fig. 7 shows the evolution of the PDOF
controller gains K.;(x.) and T-S fuzzy DOF controller gains
K.;. In contrast to the fixed gains in [39], the proposed
PDOF gains vary with time, demonstrating higher flexibility.
As shown in Figs. 5 and 6, the PDOF scheme achieves fewer
triggering times (NN, N,) and superior performance under
identical thresholds, validating its efficiency.

o . . . . . .
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time(s)

Fig. 5. Comparison of different cases on the triggering times N, of S-C
trigger scheme.

Example 2. A system of two-linked tank is borrowed from
[40] to illustrate the applicability of the derived results.

i1(t) = up(t) — Ry/z1(t)
—Riay/[z1(t) — z2(t)[sign(z1(t) — 22(t))
i‘g(t) = Ug(t) — RQ\/$1(t)

+Riov/|x1(t) — z2(t)[sign(z1 () — 22(t))

where wu;(t) represents the flow of the i-th pump, measured
in liter/min. x;(t) holds for the level of i-th tank, i € 1,2.
Ry = m51v2g, Ry = 7152v/2g, R12 = 71251v29, Yis Vij
and g are physical constants, S; is the tank section. It is
assumed that the flow loss coefficient of each water tank is
easily affected by various uncertainties, such as manufacturing
errors or long-term deformation of parameters like the cross-

» (63)

in [39
N, in Theo. 3

0.05 0.1 0.15 0.2 0.25 03
Time(s)

Fig. 6. Comparison of different cases on the triggering times N, of C-A
trigger scheme.

Ko (x.) in Theo. 3
Ke(x.) in Theo. 3|
——— K, in [39)
——— K, in [39]

40 50 60 70 80 90 100

Fig. 7. The evolution of the PFOD controller gains K;(xc) and T-S fuzzy
dynamic output-feedback controller gains K;.

sectional area and height of the water tank. Meanwhile, some
nonlinear behaviors in this system can be represented by
partial polynomial terms, such as valve opening degree and
flow loss coefficient. Therefore, the system parameters in this
paper are given by R;(x) = Ry(x) = @ (0.95 + 0.01z()),
Ry = 0.52 and w € [w, ] = [0.92,1.05]. Considering the
uncertainty parameters in the modeling process, we set 7);(t) =
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wxfl/Q(t) with n;(t) € [wu;, ;] = [, vi], by the sector
nonlinearity technique, we have n;(t) = ;1 (x)p; + Wiz (X)v;,
where wil(x) = %;M and ’uNJiQ(X) =1- ’(I}il(X), V; and
1; represent the maximum and minimum values of n:(t),
respectively. Then, the lower and upper MFs are defined

. (E/,/xi(t)) — i (z/\/ﬂ?i(t)) — i
as wil(x) T Mil(x) Sy T—
Win(x) =1 — w;;(x) and w,o(x) = 1 — Wy (X).

Next, the dynamics of the two-linked tank system with
parameter uncertainties is described by a 4-rule IT2-PFM with

[~ Ralx Y o Rygpp
Ay (x)= : )u; |12 —pa?| |H127“2R2|
i B i
[—Rqi(x _ _Rippivy  Rygmiva
Az (x)= ! )P: |12 =022 W
e I A e 1
[~ R — b _Rigvips
|1}122,1522| —Ra(x)p2 — ﬁ
[—Ry(x)y, — —Fazare Ryguive
2_ 2 — -
Aalx)= Rl2l’1l'2|ul va?| |va ”231‘214 vo |
—Ra(x)v2 —

1 0
B1:B2:B3:B4:01:C2:C3:C4:{0 1},

where D;(x), Byi(x) and E,;(x) are illustrated in Ex-
ample 1. The upper and lower MFs of two-linked tank
system with 4 fuzzy rules are 611(x) = W1 (X)Wa1(x) =

(#/v/e10) 1 (F/y/22(0)) —pa b (x
vi—p Vo — 2 > =11
(=/Vor®)-m (=/v/e0)-r 5 (x
Vi—H1 Vo — 2 » V21
n—(F/Var ) (F/y/w2(8)) —p2 (
vi—H1 V2 —p2 ’
n-(=/vVa®) (=2/va®)-n2 4
P S B =
015(x) = Wy, (x)W22(x), O22(x) = W1 (x)W22(x), Oy (x) =
Woy (X)Wos(X). R1(x) = Ra(x) = 0.95 + 0.01z1(t), uy =
0.22,us = 0.26,v1 = 0.45,v2 = 0.41. The selection of IT2-
MFs and type reduction functions of the PDOF controller with

2 fuzzy rules for stabilizing the two-linked tank system is the
same as in Example 1.

)
)

X) = w

The initial conditions are set to x(0) = [20,16] and
x.(0) = [10,8], aiming to track the reference liquid levels
Xpef = [13,13]. ky and k,, are chosen as 0.2 and 0.01. Under
the control of the PDOF controller, the trajectories of states
x; and controller states x.;, the interevent times of y(t) and
u(t) are shown in Fig. 8 (a), (b), (¢), and (d), respectively. Fig.
9 (a), (b), (c) and (d) present the trajectories of measurement
output y;(t) and the last transmitted value of output ;(t}), the
trajectories of control input w;(t) and the last transmitted value
of input @;(t;), respectively. The results demonstrate that the
proposed PDOF controller ensures the stable operation of the
two-linked tank system (63), maintaining the liquid levels of
the two tanks at their setpoints. The triggering times N, and
N, are 998 and 44, respectively. This significant reduction
in communication effectively reduces system (63) loss and
prolongs the equipment’s service life.

20 10
1 h
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K
61
& 16 W
K \
41 Ny
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s 3 0.05,
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& E 29 205 0 T
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Time(s) Time(s)
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Fig. 8. The simulation results of two-linked tank system. (a) The trajectories
of state variables x(t). (b) The trajectories of state variables x.(t). (c)
Interevent times of output transmissions. (d) Interevent times of control
updates.
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Fig. 9. The simulation results of two-linked tank system. (a)-(b) The
trajectories of output y(t) and §(t3). (c)-(d) The trajectories of control input
u(t) and a(ty).

VI. CONCLUSION

This paper presents a design framework for DET-PDOF
control of PPFSs under resource constraints. Firstly, a new
asynchronous 1-norm DET mechanism is designed for PPFSs
to update the system output and PDOF control input, thereby
reducing the network burden on the S-C and C-A channels.
Then, by utilizing a novel convexification approach and linear
copositive Lyapunov analysis, sufficient conditions ensuring
system positivity, stability, and L;-gain performance are de-
rived to address the nonconvex problems dependent on polyno-
mial terms. Subsequently, the Chebyshev MFs obtained via the
IGA are incorporated into the stability conditions, significantly
expanding stable region of DET thresholds and enhancing
triggering performance. Finally, numerical and two-linked tank
system simulations have verified the effectiveness. In future
work, the design of the fuzzy-rule-dependent event-triggered
schemes, online MF optimization policies, the application of
observer-based feedback and tracking controllers in PNS will
be addressed.
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