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1 Introduction

Cosmic inflation [1–4] explains the observed large-scale homogeneity of the Universe, as well
as the small inhomogeneities of quantum origin that get imprinted on the cosmic microwave
background (CMB) radiation [5, 6] and grow to form the structures we see around us. On
short scales, the inhomogeneities could be strong, leading to an early formation of primordial
black holes (PBHs) [7, 8]. Black hole forming inflationary models are interesting since the
PBHs may, e.g, be the dark matter, seed the supermassive black holes observed in the centers
of galaxies, and form binaries that emit gravitational waves [9, 10].
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The large perturbations that form PBHs can also lead to eternal inflation. Inflation is
typically driven by a scalar field called the inflaton, which rolls towards its end-of-inflation
value, followed by reheating. Perturbations add a stochastic quantum noise to the classical
rolling. In rare patches of space, the noise can oppose the classical drift, so that reheating is
delayed. Inflating patches expand fast (faster than reheated ones), so that, if the patches
are not too rare and the delay is long enough, the inflating volume can remain non-zero
even at late times (in these cases, it typically grows without limit and dominates over the
reheated volume). This is called eternal inflation [11–19]. Eternally inflating spacetimes can
have a complicated fractal structure [20–22], and making cosmological predictions in them
can be difficult due to the measure problem [23–25], the difficulty of attaching probabilities
to reheated patches in the infinite fractal.

In this paper, we study eternal inflation and its implications in single-field inflection
point models of inflation. We consider models where, near the end of inflation, the inflaton
potential has a local minimum followed by a local maximum; as the inflaton rolls over this
feature, its velocity decreases and the perturbations grow, which can lead to copious PBH
production [26]. The perturbations’ probability distribution is described by the Fokker-Planck
equation. At late times, it exhibits an exponential tail [27–29], with an index λ1 equal to
the leading eigenvalue of the Fokker-Planck operator. We show rigorously that λ1 ≤ 3 is a
sufficient condition for eternal inflation, also in a case where we restrict our attention only to
the vicinity of the above-mentioned feature in the potential. We approximate the potential
in this vicinity with linear and quadratic forms, allowing us to solve λ1 analytically.

We then apply our solutions to example inflection point models from the literature and
show that they all undergo eternal inflation. We argue this is a general result in such models,
and discuss the implications for the models’ CMB predictions in light of the eternally inflating
fractal. It turns out that typical reheated patches are highly inhomogeneous at large scales,
incompatible with the CMB observations.1 This challenges the viability of inflection point
PBH models and, more generally, the viability of all eternally inflating PBH models.

Throughout the paper, we assume canonical single-field inflation and use the following
notations for the slow-roll parameters,

ϵV ≡ M2
Pl

2

(
V ′(ϕ)
V (ϕ)

)2
, ηV ≡ M2

Pl
V ′′(ϕ)
V (ϕ) , (1.1)

where V (ϕ) is the potential of the inflaton field ϕ, MPl is the reduced Planck mass, a prime
denotes a derivative with respect to the argument ϕ, and

ϵH ≡ ϕ̇2

2H2M2
Pl

= − Ḣ

H2 , ηH ≡ − ϕ̈

Hϕ̇
, (1.2)

where a dot denotes a derivative with respect to the cosmic time t and H is the Hubble
parameter. In slow roll, when all the parameters are small, we have ϵV ≈ ϵH , ηV ≈ ηH + ϵH .
To make comparisons with the literature easier, let us also give an alternate common form
of the second slow-roll parameter:

ϵ2 ≡ ϵ̇H
HϵH

= 2(ϵH − ηH) , (1.3)

where the last equality holds beyond the slow-roll approximation.
1The crucial word here is ‘typical’, by which we assume volume weighting of probabilities.
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The paper is organized as follows. In section 2, we develop the stochastic inflation
formalism needed to quantify eternal inflation. In section 3, we find our analytical solutions
for simple potentials, and in section 4 we apply them to example PBH potentials. We
discuss the consequences of eternal inflation in section 5 and compare our findings to previous
literature in section 6, finally concluding in section 7.

2 Fokker-Planck equation and eternal inflation

Let us study the stochastic dynamics of the inflaton field ϕ, using the number of e-folds of
expansion N as the time variable2 (dN = Hdt). The field’s probability distribution P (ϕ,N)
follows the Fokker-Planck equation (see, e.g., [32, 33])

∂NP (ϕ,N) = ∂ϕ

[
∂ϕ

(1
2σ

2(ϕ)P (ϕ,N)
)

+ V ′(ϕ)P (ϕ,N)
]

︸ ︷︷ ︸
≡LFP,ϕP (ϕ,N)

, (2.1)

where we introduced the Fokker-Planck operator LFP,ϕ. Here V is the ‘effective potential’
(not to be confused with the inflaton potential V ) that gives the deterministic drift through
∂Nϕ = −V ′(ϕ) when stochastic effects are disregarded, and σ is the diffusion strength
that controls the field’s variance through ∂N

〈
ϕ2〉 =

〈
σ2(ϕ)

〉
when the drift is disregarded.

Equation (2.1) applies if the field evolution is Markovian, that is, if the stochastic noise only
depends on the current field value ϕ. This is true, in particular, during slow-roll inflation, where

σ(ϕ) = H(ϕ)
2π =

√
V (ϕ)

2
√

3πMPl
, V ′(ϕ) = V ′(ϕ)M2

Pl
V (ϕ) . (2.2)

See, e.g., [34] for deriving the Fokker-Planck equation from first principles. Below, we will
go beyond slow roll by considering a constant-roll approximation, which modifies (2.2); for
now, we stick with the generic form (2.1).

To solve the Fokker-Planck equation (2.1), we need to set boundary conditions. In the
applications below, when a stochastic path hits a boundary ϕb, we want to remove it from
the computation. This can be achieved with an absorbing boundary: P (ϕb, N) = 0 for all
N .3 For stochastic motion between two absorbing boundaries at ϕb1 and ϕb2 (one of which
may be taken to ±∞), we define the survival probability

S(N) =
∫ ϕb2

ϕϕb1

P (N,ϕ)dϕ , (2.3)

which is the fraction of spatial patches still within the interval at time N . As N increases,
more and more patches exit the interval, and S(N) approaches zero.

In the next sections (until 2.3), we take ϕb1 and ϕb2 to mark end-of-inflation surfaces:
once inflation stops, stochastic motion ceases, and the field can’t return to the inflating
region. Then S(N) gives the fraction of space still inflating at N , useful for considerations
about eternal inflation.

2For motivation to use N as the time variable in stochastic inflation, see [30, 31].
3Physically, this corresponds to increasing the drift −V ′ to (plus or minus) infinity beyond the boundary,

so that paths venturing there are immediately swept away at an infinite velocity, regardless of the diffusion.
When the velocity increases, P (ϕ, N) must decrease to zero to keep the flux finite.
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2.1 Eternal inflation

Eternal inflation means that some portion of the Universe undergoes inflation at any given
time, even in the far future. However, it is not clear what ‘some portion of the Universe’ or
a ‘given time’ mean in this statement. To make progress, one has to choose a foliation of
space-time (to fix a time coordinate) and a measure of spatial regions within this foliation.4

We choose a foliation with the number of e-folds N as the time coordinate. Starting from
a finite inflating patch, we say that eternal inflation happens if the expected physical volume
of inflating space within the patch does not vanish as N → ∞ (see, e.g., [21, 35, 38, 39]
for similar takes). The volume grows with N as e3N , and the expectation value can be
computed as an integral over P (ϕ,N), so we get

eternal inflation ⇐⇒ lim
N→∞

⟨V ⟩N ≡ lim
N→∞

∫ ϕb2

ϕb1
e3NP (ϕ,N)dϕ > 0 . (2.4)

Note that e3N does not depend on ϕ, so the integral is proportional to the survival probability
S(N), the fraction of space still inflating; eternal inflation takes place if S(N) — and thus,
P (ϕ,N) — does not decrease faster than e−3N in the large-N limit.

It was shown in [21, 37] that foliations with other time coordinates produce equivalent
conclusions about eternal inflation, as long as the change of coordinates depends only on the
field ϕ. In a more general foliation, the situation becomes more complicated. In appendix A,
we introduce an alternative way to describe eternal inflation, based on the expected volume
of the reheating surface, and thus free of such complications [40, 41]. In appendix B, we
show this description is equivalent to (2.4).

2.2 Late-time behaviour

To solve the Fokker-Planck equation (2.1), we seek the spectrum of the Fokker-Planck operator
LFP,ϕ, that is, eigenvalues λ and the corresponding eigenfunctions u(ϕ) that satisfy5

LFP,ϕu(ϕ) = −λu(ϕ) . (2.5)

The eigenvalues are described by Strum-Liouville theory. With absorbing boundary conditions,
they are all positive. The eigenenvectors un(ϕ) form a complete, orthogonal basis, and let
us write P (ϕ,N) as

P (ϕ,N) =
∑
n

an(N)un(ϕ) , (2.6)

so that, by the Fokker-Planck equation (2.1),

∂NP (ϕ,N) =
∑
n

a′
n(N)un(ϕ)

=
∑
n

an(N)LFP,ϕun(ϕ) =
∑
n

−λnan(N)un(ϕ)

=⇒ an(N) = cne
−λnN ,

(2.7)

4The arbitrariness of these choices has been discussed in, e.g., [21, 35–37], and it is related to the measure
problem, which we will return to in section 5.

5The minus sign in (2.5) is a typical convention for Sturm-Liouville problems.
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where cn are constants that depend on the initial conditions. We discuss the details of
this construction in appendix B.

At late times, the lowest eigenvalue λ1 dominates over the others, so P (ϕ,N) →
c1u1(ϕ)e−λ1N . The eternal inflation condition (2.4) then becomes

eternal inflation ⇐⇒ λ1 ≤ 3 . (2.8)

This is not sensitive to the initial conditions; it only depends on the inflaton potential.

2.3 Studying a subsection of the potential

Many inflationary potentials support eternal inflation at extreme field values [42]. Indeed,
the CMB observations reveal a red-tilted power spectrum [5, 6], implying the primordial
perturbations grow at long distances; if there is no stop to this growth, one eventually hits
an eternally inflating regime. Instead of such long-distance properties of a model, we are
interested in eternal inflation close to the potential’s PBH-forming feature. We also note
that solving the minimal eigenvalue λ1 is not easy for a full, general potential: there may be
many model parameters to scan over, and a numerical solution may be difficult if the feature
is much narrower than the full field range, as we will discuss in more detail in section 4.
However, it may be possible to find a solution for a restricted subsection of the field space
around the feature, if the potential can be approximated there by some simple function.

For these reasons, let us next study stochastic dynamics restricted to field range ϕ ∈
[ϕb̃1, ϕb̃2], a subsection of the full inflating range [ϕb1, ϕb2]. We solve the Fokker-Planck
equation in this subsection, with absorbing boundary conditions at both ends, and call the
lowest eigenvalue λ̃1. If λ̃1 ≤ 3, we have eternal inflation in the subsection.6

Physically, when solving for λ̃1, we’re restricting our attention to stochastic paths that
stay in the interval [ϕb1, ϕb2] for a long time. Consider the survival probabilities

S(N) =
∫ ϕb2

ϕb1
P (N,ϕ)dϕ ∼ e−λ1N , S̃(N) =

∫ ϕb̃2

ϕb̃1

P̃ (N,ϕ)dϕ ∼ e−λ̃1N , (2.9)

where P is computed with the [ϕb1, ϕb2] boundaries and P̃ with the [ϕb̃1, ϕb̃2] boundaries, and
we have indicated the large-N behaviours. Starting with the initial field within [ϕb̃1, ϕb̃2],
we must have

S(N) > S̃(N) for any N =⇒ λ1 ≤ λ̃1 , (2.10)

since each path must first pass out of the inner boundaries [ϕb̃1, ϕb̃2] before passing out of
the outer boundaries [ϕb1, ϕb2]. Using (2.10), we see that λ̃1 ≤ 3 is a sufficient condition for
eternal inflation in the full potential, as per (2.8). This eternal inflation happens within the
restricted field range [ϕb̃1, ϕb̃2]: the expected volume of all paths that stay within this range
for a long time stays non-zero as N → ∞. This obviously guarantees the same is true for
the full set of paths, yielding eternal inflation as defined in (2.4). The logic does not depend
on the exact long-time behaviour; for completeness, in appendix C we prove that eternal

6Concentrating on sub-potentials in eternal inflation was brought up in [40]; here we develop the idea
further.
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inflation in a sub-potential guarantees eternal inflation in the full potential without assuming
S(N) ∝ e−λ1N and with initial conditions outside [ϕb̃1, ϕb̃2].

Let us next consider a number of different ‘sub-potentials’ with restricted field ranges
and solve λ1 for them (for simplicity, we drop the tildes from the subsection quantities
from now on). We will use these results to give sufficient conditions for eternal inflation
in typical single-field PBH models.

3 Analytical solutions for sub-potentials

3.1 Constant drift

Let us start with a simple case with

σ = const. , V ′ = α = const. (3.1)

Let us set absorbing boundaries at 0 and 2ϕb (due to shift symmetry, this is equal to placing
symmetric boundaries at ±ϕb). Now, the Fokker-Planck eigenvalue equation LFP,ϕu(ϕ) =
−λu(ϕ) has the general solution

u(ϕ) = e− αϕ

σ2

[
c1 sin

(√
2σ2λ− α2ϕ

σ2

)
+ c2 cos

(√
2σ2λ− α2ϕ

σ2

)]
. (3.2)

The first boundary condition u(0) = 0 sets the integration constant c2 = 0. The second
boundary condition sets

√
2σ2λn − α2

σ2 × 2ϕb = πn =⇒ λn = n2π2 σ
2

8ϕ2
b

+ α2

2σ2 , n = 1, 2, . . . (3.3)

where we indeed found a numerable set of eigenvalues λn. A similar result was obtained in,
e.g., [28]. The first term in (3.3) describes the effects of the finite width 2ϕb. When 2ϕb is
taken to infinity, we find the absolute minimum for the lowest eigenvalue, the second term,
λ0 ≡ α2/(2σ2).7 As ϕb → ∞, all the eigenvalues approach λ0, transforming the discrete
spectrum into a continuous one (in this limit, the Sturm-Liouville problem is no longer
regular, see appendix B).

Slow roll. The constant drift (3.1) corresponds to slow-roll inflation with the potential

V = V0

(
1 +

√
2ϵV ϕ
MPl

)
(3.4)

for constant V0 and ϵV (the potential and first potential slow-roll parameter at ϕ = 0).8
Matching with (3.1) and (2.2), we get ϵV = α2/(2M2

Pl). We demand
√

2ϵV ϕ/MPl ≪ 1 for
0 < ϕ < 2ϕb, so that the height of the potential is approximately constant for the purposes of

7Note that λ > α2/(2σ2) is required, since otherwise, the trigonometric functions in (3.2) turn into
hyperbolic ones, which don’t have the required two zeros for real arguments.

8In the context of constant drift, we use ϵV to refer to the value at the origin, even though the first slow-roll
parameter slightly varies around this point.

– 6 –



J
C
A
P
0
1
(
2
0
2
6
)
0
3
3

computing the diffusion coefficient σ = H/(2π) =
√
V0/(2

√
3πMPl); this sets ϕb ≪ MPl/

√
8ϵV .

We also demand ϵV ≪ 1 so that the slow-roll approximation applies.
The leading eigenvalue becomes

λ1 = H2

32ϕ2
b

+ 4π2M2
PlϵV

H2 . (3.5)

In the slow-roll approximation, the curvature power spectrum PR = H2/(8π2M2
PlϵV ) =

σ2/α2 = 1/(2λ0). In the wide field-range limit, λ1 = λ0 ≤ 3 then gives:

ϕb ≫ H , ϵV ≪ 1 , PR ≥ 1/6 =⇒ eternal inflation in a linear potential . (3.6)

This agrees with the heuristic, approximate condition PR ≳ 1 for eternal inflation [19, 40].
When ϕb becomes small, the true lowest eigenvalue λ1 becomes larger than λ0, suppressing
eternal inflation even for large PR.

3.2 Linear drift

Let us next consider the case with a linear drift,

σ = const. , V ′ = βϕ . (3.7)

Let us also set symmetric absorbing boundary conditions at ±ϕb. We will first discuss the
general problem in terms of the constants σ, β, and ±ϕb; later, we will connect these to
inflationary potentials, where β is connected to the second slow-roll parameter, so that β < 0
corresponds to a quadratic maximum and β > 0 to a quadratic minimum.

For convenience, instead of the Fokker-Planck operator LFP,ϕ, we work with its adjoint,
finding the solutions of L†

FP,ϕū(ϕ) = −λū(ϕ) (see appendix A and equation (A.8)). As
adjoints, LFP,ϕ and L†

FP,ϕ share eigenvalues. With the change of variables φ = βϕ2/σ2, the
L†

FP,ϕ eigenvalue equation takes the form of Kummer’s equation

φ∂2
φū(φ) +

(1
2 − φ

)
∂φū+ λ

2β ū(φ) = 0 , (3.8)

solved by confluent hypergeometric functions 1F1(a; b; z). The full solution is

ū(ϕ) = c1 1F1

(
− λ

2β ; 1
2 ; ϕ

2

σ2β

)
+ c2 ϕ 1F1

(
− λ

2β + 1
2; 3

2; ϕ
2

σ2β

)
. (3.9)

The first branch is even in ϕ, and the second branch is odd. The boundary conditions
ū(±ϕb) = 0 dictate that both branches must vanish individually, by setting either the ci
coefficient or the corresponding 1F1 function to zero. In practice then, the two branches
produce independent eigensolutions with independent λ values. Sturm-Liouville theory tells
us that the lowest solution should have no zeroes in the interval ] − ϕb, ϕb[ (see appendix B),
in other words, it must come from the even branch instead of the odd one. (The number
of zeroes increases by one for each subsequent solution, so the solutions alternate between
the branches.) We thus seek the lowest λ for which

1F1

(
− λ

2β ; 1
2 ; ϕ

2
b

σ2β

)
= 0 . (3.10)

– 7 –



J
C
A
P
0
1
(
2
0
2
6
)
0
3
3

The confluent hypergeometric functions have the series representation

1F1(a; b; z) =
∞∑
n=0

a(n)zn

b(n)n!
, (3.11)

where the rising factorial x(n) is defined as

x(0) ≡ 1 , x(n) ≡ x(x+ 1)(x+ 2) . . . (x+ n− 1) for a positive integer n. (3.12)

The functions obey Kummer’s transformation,9

1F1(a; b; z) = ez1F1(b− a; b; −z) , (3.13)

so (3.10) can be written in the equivalent form

1F1

(
1
2 + λ

2β ; 1
2 ; −ϕ2

b

σ2β

)
= 0 . (3.14)

Negative β. The solution of (3.10) and (3.14) depends on the sign of β. Let us first consider
the case β < 0, that is, repulsive drift away from ϕ = 0, corresponding to a hilltop potential.
If also λ ≤ 0, then all the arguments in (3.14) are positive, as clearly is the sum (3.11).
Thus, solutions only exist for λ > 0, in accordance with the absorbing boundaries — to
be more precise, for λ > −β. For these values, the first argument in (3.14) is negative,
so different terms in the series (3.11) have different signs, and the sum may yield zero for
many discrete values of λ.

Instead of (3.14), let us turn our attention to the form (3.10) and write it schematically as

1F1

(
g(x); 1

2; −x
)

= 0 (3.15)

where g(x) is the lowest solution which satisfies the equation for a given x > 0, and the
lowest eigenvalue takes the form

λ1 = 2|β|g
(
ϕ2
b

σ2 |β|
)

for β < 0 . (3.16)

We argued above that λ1 > 0, so g(x) > 0, that is, g is a function from non-negative real
numbers to non-negative real numbers. It can be solved numerically from (3.15); the solution
it is depicted in figure 1.

In appendix D we show that, asymptotically,

g(x) x→0+
−−−−→ π2

16x , g(x) x→∞−−−→ 1
2 . (3.17)

The second limit is approached roughly exponentially. For λ1, these imply

λ1

ϕ2
b

σ2 |β|→0+

−−−−−−→ π2σ2

8ϕ2
b

, λ1

ϕ2
b

σ2 |β|→∞
−−−−−−→ |β| for β < 0 . (3.18)

9In our context, Kummer’s transformation is related to transforming between eigenfunctions of the adjoint
and usual Fokker-Planck equations, see (B.4) and (B.8), as the exponential factor suggests.
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g(x)

π2/(16x)

1/2

0 2 4 6 8 10
0.0

0.5

1.0

1.5

2.0

2.5

3.0

x

Figure 1. The function g defined in (3.15), with the asymptotic limits (3.17).

The first limit in (3.18) diverges in a way that does not depend on β. It corresponds to a
flat potential: either |β| ≪ 1 so that the potential’s curvature vanishes, or ϕb ≪ σ so that
the field range under consideration is much narrower than the typical field variations given
by the diffusion strength σ. This agrees with the flat potential α → 0 limit of constant
drift, see (3.3). The second limit in (3.18) does not depend on ϕb or σ. It corresponds either
to |β| ≫ 1 or ϕb ≫ σ; in either case, the field gets to explore essentially the full curve of
the potential, not feeling the boundaries.

Positive β. Let us then consider the case β > 0, that is, attractive drift towards ϕ = 0, the
bottom of a potential well. Our argument proceeds as in the β < 0 case, but with the roles of
the two forms (3.10) and (3.14) reversed. Now the form (3.10) has all positive arguments for
λ < 0, showing that solutions can only exist for λ ≥ 0. For λ > 0, (3.14) has a form analogous
to (3.15) (that is, a positive first argument and a negative last argument), and we get

λ1 = β

[
2g
(
ϕ2
b

σ2β

)
− 1

]
for β > 0 (3.19)

with g(x) the same function as above. This time, the limits (3.17) give

λ1

ϕ2
b

σ2 β→0+

−−−−−−→ π2σ2

8ϕ2
b

− β , λ1

ϕ2
b

σ2 β→∞
−−−−−→ 0 for β > 0 . (3.20)

The first limit again diverges and agrees with the flat case for β → 0. The second limit again
corresponds to the field exploring the full potential; this time, the probability distribution
settles to a static equilibrium around the potential minimum and evolves no more, so λ1 = 0.
For a finite ϕ2

b
σ2β, λ1 is always somewhat above zero: some probability continuously leaks out

of the bounds, but this process may be arbitrarily slow.

Example distribution. To demonstrate the late-time behaviour of the probability distri-
bution, let us consider the following example:

P (ϕ,N) = 1√
π[e−2βN + sgn(β)]σ2/|β|

exp
(

− |β|ϕ2

[e−2βN + sgn(β)]σ2

)
. (3.21)
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This satisfies the Fokker-Planck equation (2.1) in the wide limit where ϕb → ∞. For β < 0,
the distribution starts sharply peaked around ϕ = 0 at N = 0, and spreads from there,
approaching

P (ϕ,N) N→∞−−−−→ 1√
πσ2/|β|

exp
(

−|β|ϕ2

σ2 e−2|β|N − |β|N
)
. (3.22)

From here, we can read off both the leading eigenfunction u1(ϕ) (a constant) and the leading
eigenvalue λ1 = |β|, which matches (3.18). For the leading behaviour to be reached, the
‘exponent in the exponent’ must decay away; in other words, we need N ≫ 1/(2|β|). For
β > 0, the distribution starts with an infinite width at N → −∞; at late times, it settles
to the equilibrium distribution

P (ϕ,N) N→∞−−−−→ 1√
πσ2/β

exp
(

−βϕ2

σ2

)
, (3.23)

giving the lowest (Gaussian) eigenfunction u1(ϕ). The corresponding eigenvalue, λ1 = 0,
again matches (3.20). The approach is again controlled by β: the equilibrium is reached
when N ≫ 1/(2β).

In appendix D, we discuss the other values of the function g(x) which satisfy equa-
tion (3.15); these can be used to compute the second eigenvalue λ2. In the wide limit, for
either sign of β, we find λ2 − λ1 = 2|β|. This reinforces the intuition from the previous
paragraph: the second mode has decayed away compared to the first when (λ2 − λ1)N ≫ 1,
that is, when N ≫ 1/(2|β|).

Eternal inflation. Let us now turn our attention to eternal inflation, which happens for
λ1 ≤ 3, as per (2.8). From (3.16), (3.19), this is equivalent to

− 3

2g
(
ϕ2

b
σ2 |β|

) < β <
3

2g
(
ϕ2

b
σ2 |β|

)
− 1

(eternal inflation) . (3.24)

The region is depicted in figure 2 in the (ϕ
2
b
σ2 , β) plane. When ϕ2

b
σ2 ≪ 1, the eternally inflating

region is limited to very large β. At the boundary, to compensate the large β, g approaches
1/2 in accordance with the second limit in (3.17), so that λ1 from (3.19) stays small. In
practice, the boundary’s behaviour has to be solved numerically. At ϕ2

b
σ2 = π2

24 , the boundary
of the eternal inflation region crosses β = 0 — this is the flat-potential limit, see first limits
in (3.18), (3.20). For ϕ2

b
σ2 ≫ 1, eternal inflation happens for all β > −3, in accordance with

the second limit in (3.18).
Let us next connect β and σ to an inflationary potential to see if eternal inflation is

expected in typical models.

Small β: slow roll. Let us first consider slow-roll inflation in the following potential:

V (ϕ) = V0

(
1 + ηV ϕ

2

2M2
Pl

)
(3.25)
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Figure 2. Parameter region for eternal inflation, λ1 ≤ 3, in the case of linear drift.

for constant V0 and ηV (the potential and second potential slow-roll parameter at ϕ = 0).10

This is a local quadratic minimum for ηV > 0 and a hilltop for ηV < 0. Analogously to
the constant drift case, we require

ϕb ≪
√

2MPl
|ηV |

=⇒ ∆V
V0

= |ηV |ϕ2

2M2
Pl

≪ 1 for all |ϕ| < ϕb , (3.26)

ensuring that the potential changes only little in the region under consideration, leading to
an approximately constant Hubble parameter. The slow-roll diffusion and drift (2.2) are then
of the linear form (3.7), with the parameter values (2.2)

σ = H

2π =
√
V0

2
√

3πMPl
, β = ηV . (3.27)

For the slow-roll approximation to apply, we require |ηV | ≪ 1 and ϵV ≈ η2
V ϕ

2/(2M2
Pl) ≪ 1.

The second condition follows automatically from the first and (3.26), and (3.26) follows from
|ηV | ≪ 1 unless field excursions are vastly super-Planckian. In practice, when approximating
a full potential with the quadratic form (3.25), we want to choose ϕb to be as large as possible,
while respecting (3.26) and ensuring the parabolic approximation is good for the whole region.
This maximizes the chances to find an eternally inflating region, see figure 2. Combined with
|β| = |ηV | ≪ 1, the figure shows that eternal inflation happens for ϕ2

b/σ
2 > π2

24 , that is, for
ϕb > H/(4

√
6). For single-field models where the CMB is generated in slow roll, combining

the observed strength of scalar perturbations As = 2.1 × 10−9 [5] with the tensor-to-scalar
ratio limit r < 0.036 [43] gives the limit H = π

√
Asr/2MPl ≲ 2 × 10−5MPl, so eternal

inflation is achievable even for quite small ϕb. Indeed, the field is typically measured in units
of MPl during inflation, so we generically expect ϕb ∼ MPl ≫ σ ∼ H.

10In the context of linear drift, we use ηV to refer to the value at the origin, even though the second slow-roll
parameter slightly varies around this point.
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Large β: constant roll. Starting from the potential (3.25), it is actually possible to relax
the slow-roll condition |ηV | ≪ 1. This leads to constant roll (CR) near ϕ = 0, a phase
where the second slow-roll parameter ηH is a constant (but can be large), assuming that the
condition (3.26) still holds, so that H is approximately a constant and ϵH ≪ 1. Constant roll
was originally considered in [44]. In our setup, the constant ηH is related to the potential as [26]

ηH = 3
2

(
1 −

√
1 − 4

3ηV
)
. (3.28)

In this setup, the diffusion and drift (2.2) still take the form (3.7), but with the corrected
parameter values

σ = H

2π ×
Γ
(

3
2 − ηH

)
Γ
(

3
2

) ×
( 2
σc

)−ηH

, β = ηH . (3.29)

Here σc < 1 is a (constant) coarse-graining parameter (not to be confused with the drift
σ), giving the physical size of the stochastically evolving super-Hubble patch of space by
∼ (σcH)−1. We derive (3.29) in appendix E starting from the previous works [26, 29]. Note
that when |ηV | is small, (3.29) reverts to (3.27).

Since β can now be large, we can explore the full parameter space in figure 2. Eternal
inflation always requires β = ηH ≥ −3, or ηV ≥ −6, but is generic there if ϕb/σ ≫ 1. By the
same arguments as for the slow-roll case, ϕb/σ ≫ 1 in typical models, and the requirement
ηV ≥ −6 only discards the sharpest of hilltops. If ϕb/σ ≲ 1, the parameter region is more
limited and eternal inflation has to be checked case by case. One should be particularly
careful when σc ≪ 1 or |ηH | ≫ 1, since σ can grow larger than H there, possibly driving
ϕb/σ to these small values. Barring such special cases, eternal inflation seems to be a generic
outcome in PBH potentials. Our most important result is then:

ϕb ≫ H , ηV ≥ −6 =⇒ eternal inflation in a quadratic potential . (3.30)

Let us comment in more detail the above-mentioned ηH → 3/2 limit. Note that in (3.28),
we need ηV ≤ 3/4 or the expression gives an unphysical, complex ηH . For ηV < 3/4, the
inflaton’s classical equation of motion has a growing and a decaying solution; we have assumed
above motion along the growing attractor solution, as explained in appendix E. However,
for ηV > 3/4, the attractor behaviour vanishes and the field starts to oscillate around the
minimum. Strictly speaking, our constant roll analysis is not valid in this region, setting
the upper limit of validity β = ηH < 3/2. Still, a steep minimum seems more likely to
trap the field into eternal inflation than a mild one, so if eternal inflation took place for
ηV close to 3/4 (β and ηH close to 3/2), we expect eternal inflation also for ηV ≥ 3/4, if
other parameter values are kept fixed.11

The stochastic constant-roll system is equivalent to that studied earlier in [29]. How-
ever, [29] concentrated on stochastic motion on one side of the origin point ϕ = 0 with a
hilltop ηV < 0, since it was later glued to classical evolution that had to end on the right
side of the hilltop, and didn’t consider boundaries. Here, we have absorbing boundaries on both

11Naively, the diffusion strength in (3.29) seems to diverge in this limit, but this is simply a failure of the
approximations used to derive (3.29). See appendix E for details and a more accurate result.
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sides, and we’re not particular about the end value of the field, so we may let the field
explore both positive and negative ϕ. We also let ηV to be either positive or negative. As
discussed in appendix E, the stochastic equations of [29] automatically also cover this case.
In [29], the evolution was ended at a fixed N , and the dependence on the coarse-graining
parameter σc was cancelled out by varying this final N correspondingly. Since we consider
N → ∞, this does not happen, and σc can play a role: smaller σc corresponds to a larger
patch, experiencing stronger stochastic kicks. However, in the wide limit ϕb ≫ σ, σc does not
affect conclusions about eternal inflation, which only depends on β = ηH . This limit agrees
with the (no-boundary) result of [29], which found the probability distribution to decay as
e−ϵ2N/2 ∼ eηHN for ηH < 0, matching our discussion below (3.18).

3.3 Higher-order drift?

In the spirit of the previous sections, we might want to study eternal inflation in a model
where the drift includes terms up to order ϕ2, corresponding to a cubic potential. In fact,
such a potential can describe a typical PBH model combining a local minimum with a local
maximum, see figure 3. The eigenvalue equation (2.5) becomes one step more complicated.
One solution is provided by the triconfluent Heun function, but to the authors’ knowledge,
the second solution doesn’t correspond to a known special function. Both solutions are
needed to fix the absorbing boundaries. Making progress requires a full numerical analysis,
but numerics quickly run into problems with disparate time scales and stiffness, as we will
discuss in the next section. We don’t pursue an analysis of ϕ2 drift (or higher) in this paper.
Fortunately, as discussed in the next section, the linear drift results from section 3.2 are
enough to establish results about eternal inflation in typical PBH models.

4 Example PBH potentials

Next, we will study eternal inflation in example models. We use the three models analysed
in [26], drawn from earlier literature; for more similar models, see references within [26]. All
of our potentials feature a flat plateau at large field values, where the CMB perturbations
are generated; all models approximately fit the CMB observations. At lower field values,
the potentials have a feature consisting of a local minimum followed by a local maximum.
The feature produces an enhanced power spectrum that can trigger PBH production in the
asteroid mass window. We give the inflationary potentials below and depict them in figure 3;
for more details of their cosmological observables, we refer the reader to [26] and the original
papers [45–49]. We note that in all models, the changes in the potential near the feature
are very small compared to the potential’s absolute value, justifying the constant-diffusion
approximation of section 3.

Model I. The first potential, ‘Model I’ from [26],12 is based on a polynomial Jordan frame
potential, coupled non-minimally to gravity [45, 46, 49]. The canonical potential reads

V (ϕ) =
m2ψ2(ϕ) + γψ3(ϕ) + 1

4ζψ
4(ϕ)(

1 + ξψ2(ϕ)/M2
Pl
)2 , (4.1)

12There is a typo in [26]: in their equation (A.2), there shouldn’t be factors 1/2 and 1/3 in front of the σ2

and σ3 terms. The potential is reproduced correctly in the current paper. We thank the authors of [26] for
clarifying this.
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Figure 3. The potentials (4.1), (4.5), and (4.8). The right-hand panels are zoomed into the feature
and also depict quadratic approximations around the maximum and minimum (dashed lines).

where the function ψ(ϕ) must be solved numerically by integrating and inverting

dψ
dϕ = 1 + ξψ2/M2

Pl√
1 + ψ2

M2
Pl

(ξ + 6ξ2)
. (4.2)
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We use the parameter values

m2 = 7.7334 × 10−8M2
Pl , γ = −1.054 42 × 10−6MPl , ζ = 2.10 × 10−5 , ξ = 80.0118 .

(4.3)
The potential’s local maximum, local minimum, and the CMB pivot scale correspond to
field values

ϕmax = 0.516MPl , ϕmin = 0.575MPl , ϕCMB = 6.78MPl . (4.4)

Model II. The second potential, ‘Model II’ from [26], is based on an α-attractor, a model
with a non-canonical kinetic term [47]. In terms of canonical variables, the potential is

V (ϕ) = V0

[
tanh

(
ϕ√

6MPl

)
+A sin

( 1
fσ

tanh
(

ϕ√
6MPl

))]2
. (4.5)

We use the parameter values

V0 = 1.89 × 10−10M4
Pl , A = 0.130 383 , fσ = 0.129 576 . (4.6)

The potential’s local maximum, local minimum, and the CMB pivot scale correspond to
field values

ϕmax = 1.02MPl , ϕmin = 1.10MPl , ϕCMB = 5.85MPl . (4.7)

Model III. The third potential, ‘Model III’ from [26], is a string theory based KKLT
construction, with a little ‘bump’ added to it [48]. The potential is

V (ϕ) = V0
ϕ2

M2
Pl/4 + ϕ2

[
1 +A exp

(
−(ϕ− ϕ0)2

2∆2

)]
. (4.8)

We use the parameter values

V0 = 7.03 × 10−11M4
Pl , A = 1.17 × 10−3 , ϕ0 = 2.188MPl , ∆ = 1.59 × 10−2 . (4.9)

The potential’s local maximum, local minimum, and the CMB pivot scale correspond to
field values

ϕmax = 2.2031MPl , ϕmin = 2.2051MPl , ϕCMB = 3.08MPl . (4.10)

Eternal inflation. We expand the potentials around their local maximum and minimum as

V (ϕ) = V (ϕi) + 1
2V

′′(ϕi)(ϕ− ϕi)2 + 1
6V

′′′(ϕi)(ϕ− ϕi)3 + . . . (4.11)

where ‘i’ stands for ‘max’ or ‘min.’ Close enough to ϕi, the quadratic term dominates. We
set the boundary ϕb so that when |ϕ − ϕi| < ϕb, then the cubic term is less than one per
cent of the quadratic term, giving13

ϕb = 0.01
∣∣∣∣3V ′′(ϕi)
V ′′′(ϕi)

∣∣∣∣ . (4.12)

13We have also checked that the higher-order terms in (4.11) are subdominant in this regime, each smaller
than the previous one.
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Model I Model II Model III
H 4.98 × 10−6MPl 3.23 × 10−6MPl 4.72 × 10−6MPl
Max
ϕmax 0.516MPl 1.02MPl 2.2031MPl
ϕb 8.0 × 10−4MPl 1.2 × 10−3MPl 3.0 × 10−5MPl
ηV −0.470 −0.505 −0.365
ηH −0.413 −0.441 −0.329
SR: ϕ2

b/σ
2 1.01 × 106 5.53 × 106 1550

λ1 0.470 0.505 0.365
CR: ϕ2

b/σ
2 1.07 × 104 4.28 × 104 42.3

λ1 0.413 0.441 0.329
Min
ϕmin 0.575MPl 1.10MPl 2.2051MPl
ϕb 0.97 × 10−3MPl 1.4 × 10−3MPl 3.2 × 10−5MPl
ηV 0.426 0.478 0.349
ηH 0.514 0.596 0.403
SR: ϕ2

b/σ
2 1.51 × 106 6.94 × 106 1850

λ1 ∼ 0 ∼ 0 ∼ 0
CR: ϕ2

b/σ
2 2.70 × 108 2.66 × 109 1.15 × 105

λ1 ∼ 0 ∼ 0 ∼ 0
Slope
ϕb = ϕmin−ϕmax

2 0.029MPl 0.042MPl 0.0010MPl
ϵV 0.95 × 10−5 2.41 × 10−5 7.45 × 10−9

SR: ϕ2
b/σ

2 1.36 × 109 6.78 × 109 1.86 × 106

λ1 1.52 × 107 9.11 × 107 1.32 × 104

Table 1. Model parameters and the lowest eigenvalues λ1 in our three example models. The CR
eigenvalues (the more accurate ones) are highlighted for the maximum and the minimum; the SR
eigenvalue is highlighted for the intermediary slope.

Then we compute the lowest eigenvalue λ1 using the results of section 3.2. The relevant
model parameters are listed in table 1, together with the final λ1 values computed with
both the slow-roll and the (more accurate) constant-roll approximations. We note that
for all models, the values of ηV are moderate, so the SR and CR cases are close to each
other. In addition, the ηV values are close to each other in the minimum and the maximum,
apart from the sign difference.

We also made another estimate of λ1 by approximating the potential as a straight line
with a fixed slope between the local maximum and the local minimum. This corresponds
to the constant drift case of section 3.1 with

α ≈ |V (ϕmax) − V (ϕmin)|
|ϕmax − ϕmin|V (ϕmax) (4.13)

in the slow-roll approximation. Apart from the extrema, this is the flattest section of the
potential (ignoring very large field values ϕ ≲ ϕCMB) and thus the most prone to eternal
inflation.

– 16 –



J
C
A
P
0
1
(
2
0
2
6
)
0
3
3

The results of table 1 show that all of the models inflate eternally with λ1 < 3. Both the
extrema and the constant slope are in the wide-range limit of ϕ2

b/σ
2 ≫ 1. As a consequence,

the λ1 values at the minima are exponentially small, guaranteeing eternal inflation, but
the maxima also inflate eternally with λ1 = |ηH | < 3. Interestingly, the constant slopes
have large λ1 values with no eternal inflation. Even though the ϵV values on the slopes are
small, they are not small enough compared to the diffusion σ2 ∼ H2, see the discussion in
section 3.1. This shows that the parabolic potential analysis of section 3.2 is crucial for
establishing eternal inflation in typical PBH models.

Thus far, we have concentrated on short subsections of our potentials. This turned out to
be enough to establish eternal inflation, but it would be interesting to compare these results
to numerical solutions of the Fokker-Planck equation over the full field span, say, from the
end of inflation ϕend to the CMB scale ϕCMB.14 In principle, this is straightforward: we solve
the eigenfunction equation (2.5) numerically with the initial condition u(ϕend) = 0, and vary
λ1 until we find the lowest value that satisfies the other boundary condition u(ϕCMB) = 0. In
the beginning, u tends to grow in a way regulated by the drift term. Since the coefficients in
the Fokker-Planck equation change only slowly outside of the feature, this growth can be
quasi-exponential. When ϕ hits the feature, the drift becomes small, and the conservative
λ term takes over. It pulls u back towards zero, changing its direction. The drift dictates
the later behaviour until the zero-crossing at ϕCMB.

In practice, finding the numerical solutions is highly non-trivial, since the differential
equation is stiff and unstable. This is mainly due to the smallness of σ, which makes the
rate of change of u large. The ϕ-scales related to u’s growth (for most field values) and
turn-around behaviour (near the feature) are much smaller than the full ϕ span from ϕend
to ϕCMB. It is difficult to keep track of u accurately over the whole span, and numerics
fail. In fact, we already find numerical instability when trying to solve the system over the
field range depicted on the right-hand panels of figure 3 near the feature, not to mention
the full potential of the left-hand panels.

As an alternative to solving the eigenfunction equation, one could numerically generate a
large number of stochastic field evolutions, employing the system’s Langevin equation (see,
e.g., [50, 51]) and collecting the distribution of first passage times as discussed in appendix A.
However, to find the distribution’s leading behaviour e−λ1N , the distribution must be resolved
so far into the tail that the subleading contributions have decayed away. In section 3.2 we
showed this corresponds to N ≫ 1/(2|β|) in the wide limit, where 1/(2|β|) = 1/(2|ηH |) ≈ 1 in
the example models. In the full potentials, N here is best understood as the deviation from
the mean number of e-folds. For realistic potentials such as those studied here, the probability
distribution is extremely suppressed at such large N ; otherwise, PBHs would be overproduced.
Probing this range would require an enormous number of stochastic realisations, making the
Langevin approach unfeasible. In a similar semi-analytical computation with explicit time
evolution from [29], the leading behaviour is reached at N ≳ 25, corresponding to P ≲ 10−90.15

14We still want to restrict the field range from above to exclude extremely large field values where eternal
inflation is guaranteed in typical plateau models.

15The exponential tail of this model behaves as e−0.4N and thus undergoes eternal inflation. The same
model was considered earlier in [50, 51], where the behaviour e−32.7N was reported; this corresponded to
smaller N values around N ∼ 1 when the distribution had not yet settled to the leading large-N behaviour.
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The trouble with numerics shows the usefulness of the sub-potential method and the
results of section 3. In fact, we expect the λ1-values obtained from the extrema to be close
to the full-potential λ1, since the extrema dominate the turn-around behaviour of u. (In
practical terms, of course, the minima already saturate λ1 ∼ 0; the full-potential result
can’t go below this.)

Based on these results, we claim that eternal inflation is difficult to avoid in inflection
point PBH models. Indeed, one may ask if it is possible to build an inflection point model
that produces significant PBHs but doesn’t inflate eternally. To stop eternal inflation near
the maximum, one could increase |ηV | there. The value of ηV at the feature tends to depend
on the PBH mass scale, so that higher |ηV | correspond to lower PBH masses, see, e.g., [26].
All three models considered here give PBHs of masses 1017–1018 grams (explaining the similar
values of ηV ); PBHs with considerably lower masses and thus higher |ηV | values will evaporate
by Hawking radiation by today. Eternal inflation near the maximum may not happen for
sufficiently low-mass models, but the minimum is still likely to inflate eternally, unless the
feature’s field range becomes very small so that ϕ2

b/σ
2 ≲ 1, see figure 2. The authors don’t

know if such models exist in the literature.

5 Consequences of eternal inflation

We have shown that eternal inflation is hard to avoid in typical inflection point models.
Let us discuss its consequences.

5.1 Global structure of the universe

Typical PBH-forming inflection point models evolve as follows:

• At early times, the field follows a slow-roll attractor trajectory. Perturbations are small,
matching the CMB observations.

• The field encounters the inflection point. Slow roll is broken, overtaken by dual constant-
roll phases (the first of which is also called ultra-slow roll) [26]. The background field
has enough energy to pass over the inflection point, but perturbations grow.

• The field returns to an attractor with small perturbations. It rolls to the end of inflation,
and the universe reheats.

Typical perturbations around the background trajectory are small, so the resulting universe is
almost homogeneous and isotropic. Large perturbations are rare; they collapse into primordial
black holes when they re-enter the Hubble radius [8, 10, 52, 53]. The PBH abundance is
significant at the inflection point scales, thanks to the enhanced perturbations. The scale
determines the PBH mass and formation time. We call the reheated universe outside of
the black holes U1.

Eternal inflation arises from extremely large perturbations, which significantly alter the
trajectory of the local inflaton field. The new trajectories spend a long time around the
inflection point, leading to extra inflationary expansion compared to the typical trajectories.
These trajectories are rare, but when weighted by volume, they take over, so that most of
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the universe inflates at any given time, as discussed in section 2. However, when looked from
points in the reheated universe U1, these perturbations are simply more extreme versions of
primordial black holes; the extra volume is hidden inside, behind an event horizon [20, 54–58].
Due to the large inside volume, the black hole metric’s areal radius must be a non-monotonic
function of the radial coordinate, corresponding to type II perturbations [59–67].16 On
the inside, space continues to inflate; we call the inside region E (for eternal inflation).
Presumably, the barrier between E and U1 looks like a black hole also from E’s side, forming
a non-traversable wormhole [59, 60, 69]: observers entering from either side end up in an
intermediary singularity. E is a ‘baby universe’ causally disconnected from U1.

While most of the volume of E continues to inflate, individual patches eventually escape
the inflection point.17 The escape direction can be either up or down the potential, towards
the original CMB regime or towards reheating. Escaping down is favoured by the classical
drift and hence more likely, and leads to a reheated universe we call U2; escaping up is more
difficult, and leads to eventual reheating into a universe we call U3.

The U2 universe is very inhomogeneous on large scales. Just after the field has exited the
inflection point, it is easy to diffuse back in, leading to a high abundance of PBHs. At the
largest scales, the PBH-forming regions blend together into a complicated non-perturbative
structure at the edge of U2 and E.18 The scales an observer in U2 might associate with
the CMB, 50–60 e-folds before reheating, are not on the original CMB plateau. Instead,
these scales are either in the edge region and fully non-perturbative, or arise from a classical
trajectory near the hilltop but with a lower field velocity than the original classical trajectory
had, and hence higher curvature perturbations. Since the original trajectory was tuned
to produce a peak of 10−2 in the curvature power spectrum, the spectrum measured in
U2 is guaranteed to exceed the observed amplitude of 10−9.19 U2 does not resemble our
observed universe; in fact, it likely collapses quickly due to the abundant PBHs and other
inhomogeneities.

In U3, after the initial kick backwards, the field turns around and returns to the original
attractor trajectory. Typical patches of space follow the trajectory and reheat into a universe
that resembles U1, with U1’s curvature power spectrum, except for a transition to non-
perturbativity at scales larger than the turnaround point (the edge of the E region). The
turnaround point sets a ‘maximal distance of homogeneity’ that varies between different U3
universes. If this distance is pushed outside the observable universe (the field is kicked beyond

16To be more precise, the perturbations are type II; the black holes are better categorized by the characteristics
of trapping horizons [63, 68].

17If eternal inflation happens in a local minimum of the potential, the ‘classical’ field evolution keeps it
trapped, and the escaping patches are rare and isolated, in a complete reversal of the behaviour in U1. However,
as discussed above, eternal inflation can also happen on a slope that declines towards reheating; classical
evolution then drives the field to reheat, and only the volume effect keeps inflation going. The structure of
the inflating and reheating domains is then more messy than in the minimum case, but the general picture
remains the same. Different phases of eternally inflating spacetimes are discussed in [70].

18This is an extreme version of bubble collisions leaving an imprint on the CMB [71–75].
19In practice, such a classical trajectory is in constant roll near the hilltop [26], with a power spectrum

scaling as k2ηH , where the second slow-roll parameter ηH from (3.28) is typically of order −1 . . . − 0.1. The
original curvature power spectrum exhibits the same behaviour after its peak; to obtain the U2 power spectrum,
one can simply extrapolate this slope to larger scales and higher spectrum values.
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U1

U3
U2

E

Figure 4. A sketch of the eternal inflation fractal. The grey regions (E) are inflating, the blue regions
(U1, U2, U3) have reheated. The circles inside the blue regions are black holes; eternal inflation takes
place inside some of them. The arrows indicate the ‘zoom-in direction’ inside the fractal. See main
text for further explanation.

the original CMB scale), the reheated universe is functionally identical to U1.20 However,
larger distances are less likely, since they require larger perturbations during the exit from
E. Most U3 universes are small and, again, incompatible with observations.

As suggested above, the U2 and U3 universes contain inner regions that return to E and
look like black holes from the outside. These new E regions spawn new U2 and U3 regions in
an endless cycle, as shown in figure 4. An eternally inflating spacetime is a fractal [20–22]:
zooming in yields more such regions, and a trajectory can pass through any number of phases
before eventually hitting reheating. In fact, the separation into E, U2, and U3 is somewhat
artificial: the regions blend at the edges in potentially complicated patterns. The separation
serves to clarify the discussion and highlight central features of the fractal structure. The
blending of the different phases is discussed in [70].

In the literature, two basic types of eternal inflation are considered: the ‘random-walk
type,’ where most of the universe rolls down a potential slope but rare patches diffuse up,
and ‘tunneling type,’ where most of the universe is stuck in a local minimum but rare patches
diffuse out [24, 58, 76]. The former type is present in typical single-field models at high field
values, while the latter is popular in discussions of the string theory landscape [77]. Our
inflection point models start as random-walk type, with rare patches leaving the classical
trajectory, but transitions into the tunneling type if these patches get stuck in a minimum.
The models may showcase further eternal inflation (of either type) at scales beyond the CMB
region. Extremely large perturbations may even kick the field from the inflection point region
back to this ‘primordial’ eternal inflation, which contributes to the same fractal structure as
‘higher branches.’ However, going this far back is rare and doesn’t affect our conclusions.

20We take here the point of view of an observer like us, 13 billion years after reheating; the non-perturbative
scales may eventually enter the observable universe, unless dark energy takes over first.
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In this paper, we primarily discuss single-field inflection point models of inflation. However,
the qualitative discussion here applies to all models with a region capable of eternal inflation
between the CMB scales and reheating, including models with multiple fields and more
complicated features.

5.2 Measure problem

Above, we demonstrated the existence of two new types of reheated universes, U2 and U3,
in addition to the conventional U1. Which of these should we expect to find ourselves
in? To answer this question, we need to place a probability measure on different reheated
environments. In the spirit of eternal inflation, we want to weight the different regions by
their volume — specifically, volume which can support life and observers like us. However,
complications arise in an infinite universe with a fractal structure. This is the measure
problem [23–25]. The problem is often discussed in the context of string theory vacua when
predicting the constants of nature, see, e.g., [78]; we are interested in predictions for the
CMB and large-scale structure (these observables were considered earlier in [79]).

The measure problem has not been fully solved, but most approaches lead to similar
conclusions [24]. We have not computed the probabilities in detail for our models,21 but it
seems clear22 that the universe U1 has a small probability compared to U2 and U3, since a
large but finite patch of U1 contains an infinite number and volume of inner U2 and U3 patches
(replicated by the eternal E region), but U2 and U3 do not contain U1. Furthermore, U2 is
more probable than U3, since it is more likely to exit the E region down the potential than up.
However, as discussed above, the U2 universes are probably short-lived, unable to produce
galaxies and life, so we can exclude them from our considerations by anthropic reasoning.

We are left with U3. We argued above that small U3’s are more likely than large ones. We
conclude that the most likely place for life like us to occur is in a U3 universe that is as small as
possible while still supporting the evolution of an Earth-like planet. It seems clear that large-
scale isotropy and homogeneity is not required for this — a more localized smoothness should
be enough. This points to a (probably controversial) conclusion: eternally inflating PBH
models predict highly inhomogeneous large-scale structure, incompatible with observations.23

Does this rule out such models (including typical inflection point models)? This depends
on one’s stance on the measure problem. We want to emphasize that the eternally inflating
spacetime still contains the U1 region, which produces the conventional predictions for the
CMB amplitude and PBH abundance. Since we only observe one universe, one may argue
the statistical properties of spacetime as a whole have no bearing on our observations, or
that we shouldn’t consider ourselves random observers in a simple volume-weighted sense.

At the same time, one of the original motivations for inflation was to explain the
homogeneity and isotropy of the observed universe without fine-tuning, from rather generic

21For quantitative studies of eternally inflating models, see [20, 22, 35, 40, 70].
22In our model, all patches end up in the same vacuum, so the measure problem is not as severe as in

models with several disconnected vacua [24]. The infinite volume of space still has to be regulated, leading to
potential ambiguities, but these shouldn’t spoil the picture presented in the text.

23This is somewhat reminiscent of the youngness paradox [17, 23], where young, small universes dominate
when probabilities are defined using an equal-time cutoff. However, our conclusion applies even with a proper
cutoff [24].
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initial conditions; this motivation is lost, or at least weakened, if homogeneity only applies
to rare reheated patches. In addition, eternal inflation shows that inflation itself is generic,
since even extremely rare inflating regions eventually take over the volume [14]. If one rejects
the statistical relevance of the U2 and U3 universes, one must also reject eternal inflation
as a statistical explanation for the onset of inflation.

6 Discussion

Our results for the eternal inflation conditions (section 3) largely agree with those of [39],
where the author derived necessary conditions for the potential derivatives for eternal slow-roll
inflation. We have extended the analysis to the constant-roll case and carefully considered
bounded field intervals.

Around the local maximum, the possibility of eternal inflation was emphasized already
in the seminal hilltop inflation paper [80]. In [81], the authors estimated which ηV lead to
eternal inflation near a hilltop using a top-hat approximation for the potential. We have
improved the analysis by considering a smooth quadratic hilltop, and our ηV limits differ
from those of [81] by an order one factor.

Around the local minimum, the decay rate Γ — analogous to our λ1 — can also be
computed as quantum tunneling from the Euclidean action. The seminal paper of Hawking
and Moss [82] found a rate Γ ∼ e24π2M4

Pl[1/V (ϕmax)−1/V (ϕmin)], where ϕmax is a local maximum
and ϕmin a local minimum of the potential. In [83], the authors obtained a compatible result
from slow-roll stochastic inflation. Our computation in section 3.2 is somewhat different,
concentrating around the minimum only and using a constant-roll-improved noise. Still,
we can use the potential (3.25) and V (ϕmin) → V0, V (ϕmax) → V (ϕb) to get the estimate
Γ ∼ e−4π2ϕ2

bηV /H
2 . In the wide limit ϕb ≫ H relevant for typical models, Γ is exponentially

small signalling eternal inflation, in line with our computation.
When it comes to PBH models, the exponential (and other ‘heavy’) tails of inflationary

probability distributions have garnered a lot of attention recently [27–29, 33, 50, 51, 84–105].
The focus has mostly been on moderate-sized perturbations, which (in an inflection point
model) probe the local maximum of the potential; [61, 106–108] considered cases where the
local minimum becomes important.

Eternal inflation was briefly considered in [103], where the authors used volume weighting
for perturbation statistics [109]. This led to diverging integrals in eternally inflating models.
The authors considered quantum-well toy models and excluded eternally inflating cases. Our
analysis clarifies the issue: patches with large volumes end up inside black holes, hidden
behind an event horizon. An observer in the reheated universe can’t see such patches and
should exclude them when computing observables. All observers should restrict their attention
to their own reheating volume. In practice, this can be achieved with a cutoff in N when
computing expectation values.24 See also [114] for a recent discussion on regulating the
infinite volumes related to eternal inflation in a plateau potential.

One may ask why eternal inflation has not been considered in detail in PBH models
before. One reason may lie in the required e-fold range. Most PBHs form in patches that

24Strictly speaking, PBH formation does not depend directly on N , but rather on the compaction func-
tion [110–112], which may be only weakly correlated with N [113]. A cutoff in N is a simplification.
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deviate from the average by a few e-folds at most, while eternal inflation arises from the
N → ∞ regime, which is insignificant for PBH statistics (at least in the U1 universe).
Computing the N → ∞ tail reliably is also tricky, if the field is allowed to probe any field
value; we have sidestepped this issue by concentrating on paths near the extrema of the
potential. In addition, eternal inflation is often associated with a curvature power spectrum
of order unity, and PBH models keep the spectrum lower, typically at ∼ 10−2. This heuristic
reasoning applies in slow-roll inflation, as discussed in section 3.1, but fails in inflection point
models that break slow roll, in particular, near the local minimum and maximum of the
potential. In these models, the possibility of eternal inflation is not apparent from the classical
trajectory (though it is obvious from the potential with flat sections); a large deviation from
this trajectory is needed to reach the eternally inflating regime. In other words, quantum
diffusion doesn’t need to dominate on the classical trajectory for eternal inflation to take
place — it is enough for rare perturbations off the classical trajectory to grow strongly in a
separate diffusion-dominated regime. Indeed, diffusion domination on the original trajectory
typically leads to an overproduction of PBHs [115], which is not required for eternal inflation.

7 Conclusions

We have shown that typical PBH-producing inflection point models inflate eternally, that
is, the lowest eigenvalue of their Fokker-Planck equation satisfies λ1 ≤ 3. We studied three
example models from the literature, all of which exhibit wide features, where eternal inflation
around the potential’s local maximum only requires ηV ≥ 6, and eternal inflation around
the local minimum is guaranteed. The eternal behaviour is not obvious from the field’s
classical average motion, which crosses the inflection point in a finite time, or from typical
PBH-forming fluctuations, which represent small deviations from the classical trajectory.
However, stronger quantum kicks can push the field off of the classical trajectory, onto a
long-lasting attractor near the maximum or into the minimum where it gets stuck. Even
though such strong fluctuations are rare, they eventually come to dominate by volume,
leading to eternal inflation.

Eternally inflating regions form ‘baby universes,’ type II perturbations separated from
surrounding reheated regions by black hole horizons. Inflation goes on inside these extreme
primordial black holes. Reheated baby universes dominate the total reheated volume, but
they are highly inhomogeneous at large scales, where the marks of the eternally inflating
era are visible. If we weight the models’ predictions in reheated patches by volume, this
makes eternally inflating PBH models incompatible with the CMB and large-scale structure
observations.

It is unclear to the authors how serious a threat eternal inflation is for inflection point
PBH models. On one hand, CMB-compatible regions still exist in the eternally inflating
universe — they are simply not common if one uses volume weighting. On the other hand,
abandoning volume-weighted predictions seems unsatisfactory, since it is needed to argue for
the genericity of inflation as an initial condition for cosmic evolution.

If eternal inflation is a problem, this sets limits on model building. Whether a non-eternal
inflection point model can produce a high abundance of PBHs is an open question. In this
paper, we have provided tools to check for eternal inflation in such models by giving λ1 as
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a function of the potential parameters in a fixed-width region, where the potential can be
approximated as linear or parabolic. These tools can be used in future studies to search
for viable non-eternal inflection point models. One should also check for eternal inflation in
other PBH-producing models, such as single-field models with different types of features and
multi-field setups. This paper’s results can serve as a starting point for such checks as well.

It would be interesting to study the fractal structure of the eternally inflating PBH
models in more detail. Which fraction of PBHs contains a baby universe, and what is the
detailed space-time structure at the interface between the baby universe and the surrounding
reheated region? We leave such questions for future study.
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A First passage times

In this appendix, we will define eternal inflation in an alternate way, based on the time the
field passes outside of the inflating region.

We start by defining the flux

j(ϕ,N) ≡ −∂ϕ
(1

2σ
2(ϕ)P (ϕ,N)

)
− V ′(ϕ)P (ϕ,N) . (A.1)

To interpret j, let us consider the time derivative of the survival probability S(N) from (2.3).
Using (2.1), we get

∂NS(N) = ∂N

∫ ϕb2

ϕb1
dϕP (ϕ,N) = −

∫ ϕb2

ϕb1
dϕ∂ϕj(ϕ,N) = j(ϕb1, N) − j(ϕb2, N) . (A.2)

The flux gives the flow of probability through a surface at field value ϕ (from small field
values to large field values), and (A.2) is the fraction of stochastic paths exiting the bounds
[ϕb1, ϕb2] per unit N interval.

In general, P (ϕ,N) in (A.2) includes stochastic paths that have passed through the
boundaries ϕb1, ϕb2 multiple times by time N . However, if we set the absorbing boundary
conditions P (ϕb1, N) = P (ϕb2, N) = 0, we exclude such paths, including only the first passage
of each path into the flux. Each path passes to the boundary sooner or later, and the flux
equals the probability density of this first passage time, PFPT(N). We can write it explicitly as

PFPT(N) = −∂NS(N) = j(ϕb2, N) − j(ϕb1, N)

= 1
2
[
σ2(ϕb1)∂ϕP (ϕb1, N) − σ2(ϕb2)∂ϕP (ϕb2, N)

]
,

(A.3)

where we emphasize that P (ϕ,N) has been solved with the absorbing boundary conditions,
which simplifies the expression for j(ϕbi, N). With absorbing boundaries at the end of inflation,
PFPT(N) is the probability density for the length of inflation, useful for considerations about
eternal inflation.
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A.1 Eternal inflation from first passage times

Instead of the uniform-N foliation of section 2.1, we may consider a foliation where the
end-of-inflation (or reheating) points form an equal-time hypersurface. Starting from a
finite inflating patch, we say that eternal inflation takes place if the physical volume of this
hypersurface diverges [40, 41]. Volume is again proportional to e3N , and the probability
density of N at the end of inflation is given by PFPT(N), so we get

eternal inflation ⇐⇒ ⟨V ⟩end ≡
∫ ∞

0
e3NPFPT(N)dN = ∞ . (A.4)

Eternal inflation happens if PFPT(N) does not decrease faster than e−3N as N → ∞.
Since the end-of-inflation surface is well-defined, this description does not suffer from

complications related to different time variables, and it is directly linked to the end-of-inflation
properties of the Universe, relevant for our existence. We show in appendix B that our
original condition (2.4) and (A.4) lead to identical conclusions about eternal inflation. For
this, we need to first study the time evolution of PFPT(N).

A.2 Adjoint Fokker-Planck equation

In the main text, we didn’t pay close attention to the initial conditions for the field distribution
P (ϕ,N). Let us remedy this and consider stochastic evolutions that start from fixed ϕ = ϕ0 at
time N = N0, and denote the probability distribution of ϕ at a later time N by P (ϕ,N |ϕ0, N0).
This quantity follows the Fokker-Planck equation w.r.t. the primary arguments ϕ,N — but
what about the secondary arguments ϕ0, N0?

By the completeness of probabilities, we must have [33]

P (ϕ2, N2 |ϕ0, N0) =
∫

dϕ1P (ϕ2, N2 |ϕ1, N1)P (ϕ1, N1 |ϕ0, N0) (A.5)

where N0 < N1 < N2 — that is, each path from ϕ0 to ϕ2 must pass through some field
value ϕ1 at an intermediary time N1. Taking a derivative with respect to N1, using the
Fokker-Planck equation (2.1), and integrating by parts, we get25

0 =
∫

dϕ1∂N1P (ϕ2, N2 |ϕ1, N1) × P (ϕ1, N1 |ϕ0, N0)

+ P (ϕ2, N2 |ϕ1, N1) × ∂N1P (ϕ1, N1 |ϕ0, N0)

=
∫

dϕ1∂N1P (ϕ2, N2 |ϕ1, N1) × P (ϕ1, N1 |ϕ0, N0)

+ P (ϕ2, N2 |ϕ1, N1) × ∂ϕ1

[
∂ϕ1

(1
2σ

2(ϕ1)P (ϕ1, N1 |ϕ0, N0)
)

+ V ′(ϕ1)P (ϕ1, N1 |ϕ0, N0)
]

=
∫

dϕ1

[
∂N1P (ϕ2, N2 |ϕ1, N1) + 1

2σ
2(ϕ1)∂2

ϕ1P (ϕ2, N2 |ϕ1, N1)−V ′(ϕ1)∂ϕ1P (ϕ2, N2 |ϕ1, N1)
]

× P (ϕ1, N1 |ϕ0, N0) ,
(A.6)

25In partial integration, we assume that the boundary terms vanish. If the boundary is at infinity, this
applies for all reasonable probability distributions. Otherwise, this determines the boundary conditions of
P (ϕ, N |ϕ0, N0) with respect to ϕ0 in terms of boundary conditions with respect to ϕ. For absorbing boundary
conditions P (ϕb, N |ϕ0, N0) = 0, the relationship is easy: the boundary terms vanish if (and only if) also
P (ϕ, N |ϕb, N0) = 0, for all N and N0 (in other words, the field can’t escape from the absorbing boundary).
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so we conclude

∂N1P (ϕ2, N2 |ϕ1, N1) = −1
2σ

2(ϕ1)∂2
ϕ1P (ϕ2, N2 |ϕ1, N1) + V ′(ϕ1)∂ϕ1P (ϕ2, N2 |ϕ1, N1) . (A.7)

Let us recall the Fokker-Planck operator from (2.1) and define its adjoint26

LFP,ϕ = 1
2∂

2
ϕσ

2(ϕ) + ∂ϕV ′(ϕ) , L†
FP,ϕ = 1

2σ
2(ϕ)∂2

ϕ − V ′(ϕ)∂ϕ , (A.8)

where the adjoint is taken with respect to the inner product f · g =
∫

dϕf(ϕ)g(ϕ) — that
is, f · Lg =

∫
dϕf(ϕ)Lg(ϕ) =

∫
dϕ
[
L†f(ϕ)

]
g(ϕ) = L†f · g. Then

∂NP (ϕ,N |ϕ0, N0) = LFP,ϕP (ϕ,N |ϕ0, N0) ,
∂N0P (ϕ,N |ϕ0, N0) = −L†

FP,ϕ0
P (ϕ,N |ϕ0, N0) . (A.9)

Finally, since there is no explicit time dependence in the system, P (ϕ,N |ϕ0, N0) can only
depend on the difference N − N0. As a consequence,

∂NP (ϕ,N |ϕ0, N0) = −∂N0P (ϕ,N |ϕ0, N0)
=⇒ LFP,ϕP (ϕ,N |ϕ0, N0) = L†

FP,ϕ0
P (ϕ,N |ϕ0, N0) . (A.10)

Equipped with these results, we can say something more about the first passage time
distribution PFPT. Let us expand PFPT to a function of not only N but also of ϕ, which now
denotes the initial field value from which the stochastic evolution starts. With equation (A.3),
we obtain27

∂NPFPT(N,ϕ) = −∂2
N

∫
P (ϕ̃, N |ϕ,N0)dϕ̃ = −∂N

∫
LFP,ϕ̃P (ϕ̃, N |ϕ,N0)dϕ̃

= −∂N
∫

L†
FP,ϕP (ϕ̃, N |ϕ,N0)dϕ̃ = L†

FP,ϕPFPT(N,ϕ) .
(A.11)

This is the adjoint Fokker-Planck equation [27, 28, 31], a partial differential equation for
PFPT(N,ϕ) similar to (2.1).28 Let us write it down explicitly:

∂NPFPT(N,ϕ) = 1
2σ

2(ϕ1)∂2
ϕPFPT(N,ϕ) − V ′(ϕ)∂ϕPFPT(N,ϕ) . (A.12)

The late-time behaviour of PFPT can then be analysed similarly to that of the original
distribution P , through an eigenfunction expansion, as we discuss in detail in appendix B.

26When L and operates on a function, multiplication with the right hand factors in the terms takes place
before differentiation.

27We omit the integration bounds for generality; they don’t affect the argument.
28Instead of a single initial field value, we may wish to consider a distribution P (ϕ, N0) in initial

ϕ for a first passage time problem. The full PFPT(N) can then be obtained as the weighted integral∫
dϕPFPT(N, ϕ)P (ϕ, N0). Importantly, this does not change the considerations related to the eigenvalues

below.
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B Sturm-Liouville theory

In a Sturm-Liouville problem (see, e.g., [116, 117]), one seeks values λ and functions y(x)
that solve the differential equation

d
dx

[
p(x) d

dxy(x)
]

+ q(x)y(x) = −λw(x)y(x) , x ∈ [x1, x2] . (B.1)

The problem is called regular if p(x), q(x), and w(x) are sufficiently well-behaved real
functions, p(x) > 0 and w(x) > 0, the interval [x1, x2] is finite, and the boundary conditions

α1y(x1) + β1y
′(x1) = 0 , α2y(x2) + β2y

′(x2) = 0 (B.2)

apply for some α1, α2, β1, and β2, where at least one of αi and βi is non-zero. A regular Sturm-
Liouville problem has a discrete, numerable set of real solutions yn(x), with corresponding
real λn, so that n ∈ Z+ = 1, 2, 3, . . . and

• λ1 < λ2 < · · · → ∞,

• yn(x) has exactly n− 1 zeroes in the interval ]x1, x2[,

• the functions yn(x) form a complete basis for all (sufficiently regular) functions of
x ∈ [x1, x2] that obey the boundary conditions (B.2), and the basis is orthonormal with
respect to the inner product f w◦ g =

∫ x2
x1

dxf(x)g(x)w(x).

To compare the Sturm-Liouville problem to our Fokker-Planck equation, let us define
the Sturm-Liouville operator

LSL,x = d
dxp(x) d

dx + q(x) =⇒ LSL,xy(x) = −λw(x)y(x) . (B.3)

Note that LSL,x is self-adjoint, that is, LSL,x = L†
SL,x in the sense discussed below (A.8).

Let us switch the variable from x to ϕ and choose

w(ϕ) = σ2(ϕ) exp
(∫ ϕ

ϕb1

2V ′(ϕ̃)
σ2(ϕ̃)

dϕ̃
)
,

p(ϕ) = 1
2σ

2(ϕ)w(ϕ) , q(ϕ) = 1
2w(ϕ)∂2

ϕ

[
σ2(ϕ)

]
+ w(ϕ)V ′′(ϕ) .

(B.4)

With these choices, we have

LSL,ϕ = w(ϕ)LFP,ϕ , (B.5)

and the two operators share eigenvalues and functions:

LSL,ϕu(ϕ) = −λw(ϕ)u(ϕ) ⇐⇒ LFP,ϕu(ϕ) = −λu(ϕ) . (B.6)

Furthermore, since LSL,ϕ is self-adjoint, we have29

w(ϕ)LFP,ϕ = [w(ϕ)LFP,ϕ]† = L†
FP,ϕw(ϕ) =⇒ L†

FP,ϕ = w(ϕ)LFP,ϕ[w(ϕ)]−1 . (B.7)
29As an operator, w(ϕ) simply multiplies the target function and is thus self-adjoint; its inverse is just

multiplication with 1/w(ϕ).
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This lets us write30

LFP,ϕu(ϕ) = −λu(ϕ) ⇐⇒ L†
FP,ϕū(ϕ) = −λū(ϕ) , ū(ϕ) = w(ϕ)u(ϕ) . (B.8)

In other words, LFP,ϕ and L†
FP,ϕ share eigenvalues, and their eigenfunctions are related by a

factor of w(ϕ). Furthermore, the orthogonality statement of the Sutrm-Liouville solutions
becomes an orthogonality statement for the two sets of eigenfunctions:

u1
w◦ u2 = 0 ⇐⇒ 0 =

∫
dϕu1(ϕ)u2(ϕ)w(ϕ) =

∫
dϕ ū1(ϕ)u2(ϕ) = ū1 · u2 . (B.9)

The fact that adjoint operators share eigenvalues with eigenvectors that are orthogonal is not
surprising — it follows from the general theory of Hilbert spaces [117] — but Sturm-Liouville
theory helps us say more about the eigenvalues, if the regularity conditions are satisfied.
In particular, the theory guarantees the existence of a lowest eigenvalue λ1. The theory
also identifies the corresponding eigenfunction with the unique function that satisfies the
Sturm-Liouville equation and the boundary conditions and has no zeroes inside the domain.
In principle, this can be searched for numerically using a shooting method.

The eigenvalue decomposition of equations (2.6) and (2.7) also applies for PFPT(N,ϕ),
when we replace LFP,ϕ by L†

FP,ϕ and un(ϕ) by ūn(ϕ). The eternal inflation condi-
tions (2.4), (A.4) are then equal, as claimed above, both yielding equation (2.8), λ1 ≤ 3. Let us
emphasize that λ1 may be solved from either the Fokker-Planck or the adjoint Fokker-Planck
equation, since these share eigenvalues.

Let us comment on the possible values of λ1. In general, we don’t expect the integral
over P (ϕ,N) to increase in time — this would correspond to probability flowing in from the
outside, and is forbidden by any reasonable boundary conditions. This sets the restriction
λ1 ≥ 0.31 If the boundary conditions are set to infinity and the potential is bounded from
below, or if we have reflecting boundaries (flux j zero at the boundary), then there is a
stationary configuration, corresponding to the limiting case λ1 = 0. It is easy to see that
the corresponding eigenfunction of L†

FP,ϕ from (A.8) is simply a constant (note that L†
FP,ϕ

doesn’t represent a first passage process with these boundary conditions); the corresponding
eigenfunction of LFP,ϕ is then proportional to [w(ϕ)]−1. This gives us a physical interpretation
for [w(ϕ)]−1: it is the time-independent equilibrium distribution (indeed, one can find the
functional form (B.4) also from the requirement j(ϕ,N) = 0 with P (ϕ,N) = [w(ϕ)]−1).
In all cases with absorbing boundaries, some probability is always flowing out of bounds,
implying λ1 > 0.

The lowest eigenfunction u1(ϕ) can also be interpreted as a stationary solution for the
eternally inflating universe [35, 36, 38, 120, 121]: it gives the asymptotic field distribution
in the eternal regime. The lowest eigenvalue λ1 is related to the fractal dimension of the
eternally inflating universe [20, 21]: d = 3 − λ1.

30From here, one can also figure out the relationship between the boundary conditions of the functions
operated on by LFP,ϕ and L†

FP,ϕ. For absorbing boundary conditions, all the functions must vanish at the
boundary, see also footnote 25.

31This limit can also be derived explicitly by making a slightly different transformation to both P and ϕ,
see [118, 119].
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C Eternal inflation from a sub-potential

In section 2.3, we showed that eternal inflation in a subsection of the potential leads to
eternal inflation in the full potential, if we start within the sub-interval and if the lowest
eigenvalues exist for both intervals. The last assumption is true if both intervals are finite,
so that the Sturm-Liouville problem is regular. In this appendix, we prove the same result
more generally, with arbitrary initial conditions and for a semi-infinite field range, without
referring to the eigenvalues.

Volume at a fixed time. Let us first consider the expectation value of an inflating volume
at a fixed time N (see (2.4) and (2.3)):

⟨V ⟩N = e3N
∫ ϕb2

ϕb1
P (ϕ,N)dϕ = e3NS(N) . (C.1)

Like above, we assume inflation takes place within the interval ]ϕb1, ϕb2[ and solve P (ϕ,N)
from the Fokker-Planck equation with the desired initial condition at N = 0 and absorbing
boundary conditions at the edges. One of the edges may be infinitely far away, but at least
one is finite, so that probability keeps leaking out, and S(N1) > S(N2) for N1 < N2. We
may say that eternal inflation takes place if the leakage is not fast enough to overcome
the e3N growth factor.

We can discuss the leaking probability in terms of individual stochastic paths. Each path
carries equal probability weight; when a path hits a boundary, it is absorbed and removed
from the field interval ]ϕb1, ϕb2[. The integral (C.1) sums over the remaining paths, giving
the fraction of paths still within the interval. We can find a lower bound for the integral by
considering only a subset of the surviving paths. In particular, let us consider the subset that
is within a more restricted interval ]ϕb̃1, ϕb̃2[ at some finite time ∆Na and stays within the
interval until time N . For N > ∆Na, these paths have a probability distribution P̃ (N,ϕ),
solved from Fokker-Planck with absorbing boundaries at ϕb̃1 and ϕb̃2 to remove paths that
would venture outside the interval, and with the initial condition P̃ (ϕ,∆Na) = P (ϕ,∆Na)
for ϕ ∈ ]ϕb̃1, ϕb̃2[. Since these are a subset of all paths, we get

P (ϕ,N) > P̃ (ϕ,N) , ϕ ∈ ]ϕb̃1, ϕb̃2[ , N > ∆Na

=⇒ e3N
∫ ϕb2

ϕb1
P (ϕ,N)dϕ︸ ︷︷ ︸

=⟨V ⟩N

> e3N
∫ ϕb̃2

ϕb̃1

P̃ (ϕ,N)dϕ︸ ︷︷ ︸
≡⟨Ṽ ⟩N

for large N , (C.2)

where we also used ]ϕb̃1, ϕb̃2[ ⊂ ]ϕb1, ϕb2[ and the positivity of probability densities to restrict
the domain of integration. If we define eternal inflation as the divergence (or at least non-
vanishing) of ⟨V ⟩N at late times, we see that eternal inflation in the sub-potential implies
eternal inflation in the full potential: ⟨Ṽ ⟩N → ∞ =⇒ ⟨V ⟩N → ∞ as N → ∞ (similarly,
⟨Ṽ ⟩N > 0 =⇒ ⟨V ⟩N > 0).

Volume at the end of inflation. Let us then consider the expectation value of the volume
at the end-of-inflation hypersurface, where the paths get absorbed. Using the first passage
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time distribution of appendix A, we have (see (A.4))

⟨V ⟩end =
∫ ∞

0
e3NPFPT(N)dN , (C.3)

where PFPT(N) is solved from the adjoint Fokker-Planck equation with the appropriate initial
conditions and absorbing boundaries at ϕb1 and ϕb2. The value PFPT(N)dN gives the fraction
of paths for which inflation ends in a bin of width dN around N . We can again find a lower
bound for this by only considering a subset of such paths.

This time, our subset consists of paths that are within the interval ]ϕb̃1, ϕb̃2[ at time ∆Na

(as above), stay there until they hit either ϕb̃1 or ϕb̃2 in an interval dN around time N − ∆Nb,
and then drift to one of the outer boundaries ϕb1 or ϕb2, hitting it within interval dN of time
N . Let P̃FPT(N) denote the FPT distribution from ]ϕb̃1, ϕb̃2[ to either ϕb̃1 or ϕb̃2, assuming
an initial distribution at time ∆Na set by the full stochastic process (see footnote 28 on how
to solve this from the adjoint Fokker-Planck equation). We then get

PFPT(N) > P̃FPT,b̃1(N − ∆Nb)dN × PFPT
(
∆Nb, ϕb̃1

)
+ P̃FPT,b̃2(N − ∆Nb)dN × PFPT

(
∆Nb, ϕb̃2

)
,

(C.4)

where P̃FPT,b̃i is the FPT probability through the inner boundary ϕb̃i, i = 1, 2, so
that the full P̃FPT = P̃FPT,b̃1 + P̃FPT,b̃2; PFPT

(
∆Nb, ϕb̃i

)
is the FPT probability in the

full potential after ∆Nb e-folds, starting from ϕb̃i, as per our usual notation. Writing
m(∆Nb) ≡ min[PFPT

(
∆Nb, ϕb̃1

)
, PFPT

(
∆Nb, ϕb̃2

)
], we further get

PFPT(N) > m(∆Nb)P̃FPT(N − ∆Nb) , N > ∆Na

=⇒
∫ ∞

0
e3NPFPT(N)dN︸ ︷︷ ︸

=⟨V ⟩N

> m(Nb)
∫ ∞

∆Na

e3N P̃FPT(N − ∆Nb)dN︸ ︷︷ ︸
≡⟨Ṽ ⟩end

, (C.5)

and we again used the positivity of the probabilities to limit the integration range. We note that
the finite quantities ∆Na and ∆Nb make no difference for the finiteness of the last integral. If
we define eternal inflation as the divergence of ⟨V ⟩end, then, once again, eternal inflation in the
sub-potential implies eternal inflation in the full potential: ⟨Ṽ ⟩end → ∞ =⇒ ⟨V ⟩end → ∞
as N → ∞.

Note that both our P̃ and P̃FPT had non-trivial initial conditions, arising from the
stochastic evolution until the time ∆Na. If the functions can be decomposed into sums of the
form (2.6) with (2.7), the initial conditions don’t matter: at late times, the leading exponent
λ̃1 dominates, and λ̃1 ≤ 3 is a sufficient condition for eternal inflation also in the full potential.

D Properties of the g function

Let us study the properties of the function g(x), defined in (3.15). We first generalize the
function to gn(x), where n ∈ Z+ = 1, 2, 3, . . . enumerates the various solutions of (3.15)
in order,

1F1

(
gn(x); 1

2; −x
)

= 0 , k < l ⇐⇒ gk(x) < gl(x) . (D.1)
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The g(x) of the main text is the lowest solution, g(x) ≡ g1(x). The higher gn(x) give the
higher eigenvalues λn with the replacement g(x) → gn(x) in (3.16), (3.19).

Let us first consider small (positive) values of x. We first write (D.1) in terms of the
series representation (3.11):

∞∑
k=0

gn(x)(k)(−x)k
(1/2)(k)k!

= 0 . (D.2)

In the series, we only need to keep the leading order contributions in the small x. However,
even though x is small, g(x) may be large, and its largeness may cancel out the smallness of
x in some terms. To ensure we keep all relevant terms, we’ll re-arrange the series into powers
of gn(x), and for each power of g(x), we’ll only keep the leading x contribution. The power
gn(x)k appears in (D.2) in all terms starting from the kth; in this kth term, it is accompanied
by the smallest power of x, that is, xk. Only keeping these terms, (D.2) simplifies to

∞∑
k=0

[−gn(x)x]k

(1/2)(k)k!
≡ 0F1

(
; 1
2 ; −gn(x)x

)
= cos

(√
4gn(x)x

)
= 0

=⇒ gn(x) = π2

4x

(
n− 1

2

)2
, n ∈ Z+ , 0 < x ≪ 1 .

(D.3)

Here 0F1 is defined analogously to 1F1, but with no rising factorial in the numerator. Its
simplification into a cosine can be verified term by term in the series expansion. Choosing
the lowest solution, we get

g(x) = π2

16x , 0 < x ≪ 1 , (D.4)

as we claimed above in (3.17). We note that g(x) indeed diverges for small x, as we
anticipated earlier.

What about large x? Let us study the alternate form of (D.2) given by Kummer’s
transformation (3.13):

e−x
∞∑
k=0

[
1
2 − gn(x)

](k)
xk

(1/2)(k)k!
= 0 . (D.5)

The exponential prefactor brings the left-hand side to zero for x → ∞ if the sum doesn’t
grow too fast. This is guaranteed if

gn(x) x→∞−−−→ n− 1
2 , n ∈ Z+ , (D.6)

since then the rising factorials in the numerator contain a factor 0 starting from k = n, killing
all higher-order terms and turning the sum into a polynomial of order n− 1. A numerical
check confirms this is indeed the full set of asymptotic solutions. In particular, the lowest
solution g(x) = g1(x) → 1/2, matching (3.17), and the left-hand side of (D.5) reduces simply
to e−x (this is also clear from (D.2), where the rising factorials cancel).
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Figure 5. Asymptotic behaviour of the g function and its apporximations.

To study the manner in which g(x) approaches 1/2, let us write g(x) = 1/2 + ϵ, where
ϵ > 0 is small. Then, (D.5) gives (after dividing by the now-finite e−x)

∞∑
n=0

(−ϵ)(n)xn

(1/2)(n)n!
≈ 1 − ϵ

∞∑
n=1

xn

n(1/2)(n) = 0 , (D.7)

where we kept only the leading ϵ contribution. The series can be written in terms of
hypergeometric functions as

∞∑
n=1

xn

n(1/2)(n) = 2x
∞∑
n=0

1(n)1(n)xn

(3/2)(n)2(n)n!
≡ 2F2

(
1, 1; 3

2 , 2;x
)

∼ ex . (D.8)

The equality is non-trivial, but can be shown to hold by a term-by-term comparison. The
last approximation applies only roughly, but it indicates that the 2F2 function grows fast
(quasi-exponentially) in x. Thus,

g(x) = 1
2 + 1

2x 2F2
(
1, 1; 3

2 , 2;x
) , x ≫ 1 (D.9)

approaches 1/2 fast.
Figure 5 compares the asymptotic forms (D.4) and (D.9) to the numerically solved g(x).

The match is excellent in the asymptotic regions.

E Drift and diffusion during constant roll

Let us discuss the evolution of the inflaton and its perturbations for the parabolic poten-
tial (3.25). We assume the Hubble parameter H is approximately a constant and follow [26].

In potential (3.25), in terms of e-folds N , the background inflaton follows the equation
of motion

∂2
Nϕ+ 3∂Nϕ+ 3ηV ϕ = 0 (E.1)
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with the solution32

ϕ = c−e
(− 3

2 −ν)N︸ ︷︷ ︸
≡ϕ−

+ c+e
(− 3

2 +ν)N︸ ︷︷ ︸
≡ϕ+

, ν = 3
2

√
1 − 4

3ηV , (E.2)

where c− and c+ are constants set by boundary conditions. One of the solutions (ϕ−)
dominates at early times, and the other (ϕ+) dominates at late times becoming an attractor,
as long as ηV < 3/4 so that ν is real and positive. The exponents correspond to values of the
second slow-roll parameter when the solution dominates (up to a minus sign):

ηH
N→−∞−−−−−→ ηH− = 3

2 + ν , ηH
N→+∞−−−−−→ ηH+ = 3

2 − ν . (E.3)

During the stochastic evolution, we assume the field moves back and forth along the attractor
ϕ+, with the constant ηH = ηH+. This is a good approximation due to the attractor behaviour
and the squeezing of the perturbations that contribute the stochastic noise [92]. Even if
stochastic kicks moved the field outside of the attractor, it would quickly return there as
the second solution ϕ− decayed. With ϕ = ϕ+, we can then write down the simplified
classical equation of motion

∂Nϕ = −ηH+ϕ . (E.4)

This is the drift −V ′ used in (3.29), where we dropped the index ‘+’ for simplicity. There is
one subtlety: the attractor trajectory is restricted to either positive or negative ϕ (depending
on the sign of c+) and does not extend over ϕ = 0. If the stochastic motion takes the
field over ϕ = 0, we assume the field quickly settles on the mirrored attractor on the other
side, so that (E.4) is justified also for such trajectories. For more details of the stochastic
process, see [29].

If η > 3/4, corresponding to a potential with a steep minimum, the ν in (E.2) develops
an imaginary part, corresponding to oscillating solutions. In the oscillating regime, the simple
attractor behaviour is lost, and the analysis here becomes invalid. In this case, one needs
to keep track of both the field and its momentum separately and apply stochastic kicks to
both, using the full equation of motion (E.1) instead of the simpler attractor (E.4), as was
done numerically in [50, 51]. We don’t pursue such a computation in this paper.

The field perturbations δϕ in the spatially flat gauge can be written in terms of the
Sasaki-Mukhanov variable u as u = aδϕ. In Fourier space, to linear order, u follows the
equation of motion

u′′
k +

(
k2 − z′′

z

)
uk = 0 , z ≡ a∂Nϕ . (E.5)

Here prime denotes a derivative with respect to the conformal time τ = −1/(aH), where
a ∼ eN is the scale factor (note that τ → −∞ at early times, and τ → 0 at late times).
In the background (E.2), we have

z′′

z
=
(
ν2 − 1

4

) 1
τ2 . (E.6)

32The constant ν was denoted by λ in [26]; we changed the notation to avoid confusion with the Fokker-Planck
eigenvalues.
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Remarkably, this is a constant, independent of time and also of c− and c+. In fact, (E.6)
does not depend on the stochasticity of the background in any way, since the only time
dependence is in τ ∼ e−N and N is a non-stochastic clock variable (for a general discussion
of the effects of the background stochasticity on the mode equations, see [34]). Thus, (E.5)
can be solved self-consistently even in a stochastic background to yield

uk(τ) =
√

−τπ
2 Hν(−kτ) , (E.7)

where Hν is the Hankel function of the first kind (not to be confused with the Hubble
parameter H). The solution was chosen to satisfy the Bunch-Davies initial conditions [122]
in the sub-Hubble limit −kτ ≫ 1. At late times, in the super-Hubble limit −kτ ≪ 1, it
gives (up to an irrelevant phase)

δϕk = uk
a

−kτ→0−−−−−→
√

−τ
2
√
πa

(−kτ
2

)−ν
Γ(ν) . (E.8)

For the purposes of stochastic inflation, the diffusion strength σ2 in (2.1) is given by the
power spectrum of δϕ evaluated at the coarse-graining scale k = kσ = σcaH [34]. Here σc < 1
is a constant that sets the coarse-graining scale slightly above the Hubble radius, so that the
coarse-grained field approximately follows the background equation (E.1), plus stochastic
corrections. Assuming the limit (E.8) applies at coarse-graining, we get33

σ2(τ) = Pϕ(kσ, τ) = k3
σ

2π2 |δϕkσ (τ)|2 = H2

4π2

[ Γ(ν)
Γ(3/2)

]2( 4
σ2
c

)ν−3/2
, (E.9)

the result quoted in (3.29) in terms of ηH+. Generally, the power spectrum depends on τ

and k and thus on σc, unless we take the de Sitter limit ηV → 0, ν → 3/2 where it freezes to
the well-known constant H2/(4π2).34,35 For moderate ν around this, the result (E.9) is of
order H. However, if ν → 0, that is, ηH+ → 3/2, the problematic oscillating limit from above,
σ2 seems to diverge, as Γ(ν) → ∞. This is only an illusion: as ν decreases, the asymptotic
behaviour (E.8) is reached later and later, and it may not apply at coarse-graining. Instead
of (E.9), one should use the full result

σ2(τ) = H2

4π2
σ3
cπ

2 |Hν(σc)|2 . (E.10)

33This result applies for modes that spend their whole ‘lifetime’ from sub-Hubble to super-Hubble while the
field is in the parabolic potential (3.25). If the parabolic section is only a part of a full potential, as is the case
in PBH formation, then there is a transition period when the field enters the section, and modes that exit the
Hubble radius around this period have a more complicated evolution. These transitionary modes form the
peak of the curvature power spectrum and are important for PBH formation; they are not important for the
long-time limit of eternal inflation, where (E.8) is sufficient.

34In contrast, the curvature perturbation R ∼ δϕ/
√

ϵ1 always (as long as the inflaton is on an attractor)
freezes to a time-independent value at super-Hubble scales but may, of course, still depend on k.

35The de Sitter limit is often used for the noise in stochastic inflation, see, e.g., [32, 33]. Since we’re going
beyond the slow-roll approximation, we need to use the improved result (E.9). This result is compatible with
the constant-roll study of [29], although in [29] the spectrum was presented through the frozen curvature
perturbations.

– 34 –



J
C
A
P
0
1
(
2
0
2
6
)
0
3
3

This is perfectly regular in the ν → 0 limit: for example, for σc = 0.01, we have |Hν(σc)|2 ≈
10.0. Indeed, due to the σ3

c suppression, the diffusion strength can become extremely small
in this limit compared to the de Sitter result.

Let us comment more on the σc dependence of σ. The dependence may seem surprising,
since σc is chosen by hand and ideally should not affect the results — yet it does. This is
an inevitable consequence of perturbations whose spectrum is not scale invariant, and the
effect may be important far from slow-roll. Physically, different choices of σc correspond
to background patches of different sizes, and in principle, the size may affect the patch’s
averaged evolution. A small σc may also be required to allow the quantum fluctuations
enough time to decohere into classical stochastic variables, an effect studied in the context
of eternal inflation in [123]. However, the choice of σc is also related to the goodness of the
stochastic approximation; if the dependence on σc is strong, one may question the validity of
the approximations made. See [34] for a discussion about the choice of the coarse-graining
scale in stochastic inflation.
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