COMPACTNESS OF COMPOSITIONS OF
STRICTLY SINGULAR OPERATORS ON DIRECT SUMS OF
BAERNSTEIN, SCHREIER AND /,-SPACES

NIELS JAKOB LAUSTSEN AND HENRIK WIRZENIUS

ABsTRACT. Let X be the direct sum of finitely many Banach spaces chosen from the following
three families: (i) the Baernstein spaces B, for 1 < p < oo; (ii) the p-convexified Schreier
spaces Sp for 1 < p < oo; (iii) the sequence spaces ¢, for 1 < p < oo (and ¢p). We show that
the quotient algebra of strictly singular by compact operators on X is nilpotent; that is, there
is a natural number k, dependent only on the collections of direct summands from each of the
three families, such that:

e every composition of k 4+ 1 strictly singular operators on X is compact;

e there are k strictly singular operators on X whose composition is not compact.
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1. INTRODUCTION

Ever since Kato [6] introduced the class of strictly singular operators nearly 70 years ago as a
larger ideal that can play the same role as the ideal of compact operators in the perturbation
theory of Fredholm operators, it has been an important task to describe the precise relationship
between the strictly singular and compact operators on a given Banach space.

The simplest scenario is that these two ideals are equal; this happens for instance for the
classical sequence spaces £,, 1 < p < 00, and ¢y, the quasi-reflexive James spaces J,, 1 < p < o0,
and the Tsirelson space T', but is quite rare.

A more common phenomenon is that every composition of two strictly singular operators is
compact; Banach spaces with this property include the Lebesgue spaces L,[0, 1] for 1 < p < oo,
the continuous functions C'(K) on a compact Hausdorff space K, the direct sums ¢, ¢, and £, D¢
for 1 < p < ¢ < oo, and—very importantly for us—the p** Baernstein space B, for1 <p< oo
and the p-convexified Schreier space S, for 1 < p < oo (see [8, Theorem 1.1]; we refer to Section
for the precise definitions of the spaces B, and Sp).

There is nothing special about the number 2 here, of course; for any k € N, there are examples
of Banach spaces X with the property that every composition of k + 1 strictly singular operators
on X is compact, but there are k strictly singular operators whose composition is not compact. In
algebraic parlance, this means that the quotient algebra of strictly singular by compact operators
on X is nilpotent of index k + 1. A recent example where this occurs is the Schreier space X |[Sy]
induced by the k" Schreier family Sj (see [5, Theorem 7.6(3)—(4)]; note that this theorem also
applies to the Schreier space X[8¢] induced by the Schreier family 8¢ for a countably infinite
ordinal £, but the value of the index of nilpotency is harder to state explicitly in those cases).
Many other examples exist, including Tarbard’s variant X, of the Argyros—-Haydon space [13]
and the Tsirelson-like space %’5’1 constructed by Argyros, Beanland and Motakis [I].

Our main result builds on several of the above results, as we consider nilpotency of the quotient
algebra of strictly singular by compact operators on Banach spaces that are finite direct sums of
Baernstein spaces, £,-spaces and p-convexified Schreier spaces. The precise statement is as follows.
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Theorem 1.1. Let L C (1,00) and M, N C [1,00) be finite sets, not all empty, and define

)L+ LuM|-1  ifN=0
| |L| + |LUM| + |N| otherwise.
Then the Banach space
X = (EB Bp) ® (EB eq) ® (EB Sr> (1.2)
peL qeEM reN
satisfies:
(i) every composition of k + 1 strictly singular operators on X is compact;
(ii) there are k strictly singular operators on X whose composition is not compact.

Hence, the quotient algebra .7 (X)/# (X) of strictly singular by compact operators on X is nilpo-
tent of index k + 1.

Remark 1.2. (i) The statement of Theorem does not specify which norm we put on the
(finite) direct sum defining the Banach space X because the conclusions depend only
on the isomorphism class of X. For definiteness, we may choose the norm ||(z;)7_; o =
maxig <n|lzjl|, where n = |L| + |M| + |N|, but emphasize that the theorem is true for
any equivalent norm such as ||(x;)}_;[l, = (Z?:lﬂxj”p)l/p for 1 < p < oo.

(ii) Important special cases of Theoremoccur when two of the three index sets L, M and N
are empty. This result is well-known for X = @;”:1 Ly, where 1 < pp <pa < < pp <00
(see [I4, Theorem 4.7] for details), but the other two cases appear to be new for m > 2,
so we state them explicitly for future reference:

e Let X = @]m:prj for some m € Nand 1 < p; < ps < --- < py, < o0. Then the
quotient algebra . (X)/J# (X) is nilpotent of index 2m.
o Let X =@'",S,, for some m € Nand 1 < p; < p2 < -++ < pp, < 0o. Then the

Jj=1
quotient algebra . (X)/# (X) is nilpotent of index m + 1.
(As already mentioned, [8, Theorem 1.1] contains these results for m = 1; see also

Lemma [3.2| below.)
(iii) The reason that the cardinality of the set L U M appears in the formula (1.1)) for & is that

on the one hand, B, contains a complemented copy of ¢, for 1 < p < 0o, so X contains a
complemented copy of ¢, for every p € L UM, and on the other, £, ® ¢, = {,,, so those p
that belong to L N M contribute only one copy of ¢, to the collection of complemented
subspaces of X.

Building on these arguments, we see that since B, = W @& {,, for some Banach space W,
we have B, ®{, = W © 4, ®{, =W @ {, = B,, and therefore X = X @ ¢, for p € L.
Consequently, we can replace the index set M in the definition of X with M\ L
or LU M, or any set between them, without affecting the isomorphism class of X.

(iv) As indicated in the abstract, there is a variant of Theorem that includes c¢g in the
direct sum. To state it concisely, set Y = X @ ¢y, where X is the Banach space defined
by . Then:

e Y is isomorphic to X if N # (), so the conclusions of Theorem apply verbatim
to Y in this case.

e Otherwise Y = (@pGL B,) ® (@qu ly) ® co for some finite sets L C (1,00) and
M C [1,00), and we have: Every composition of |L| + |L U M| + 1 strictly singular
operators on Y is compact, but there are |L| + |L U M| strictly singular operators
on Y whose composition is not compact.

We refer to Remark [3.8] for a detailed justification of these two claims.

2. PRELIMINARIES

All vector spaces (in particular Banach spaces) are over the same scalar field K, which is either R
or C. We use function notation for sequences, thus writing x(n) for the n'® coordinate of a
sequence z € KY. As usual, cog denotes the subspace of finitely supported elements of KY, and
(en)nen is the unit vector basis given by e,(m) =1 if m = n and e,(m) = 0 otherwise.
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By an operator, we mean a bounded linear map between Banach spaces, and write Z(X,Y)
for the set of operators from a Banach space X to a Banach space Y, abbreviated Z(X) when
X =Y; Ix denotes the identity operator on X. An operator T' € Z(X,Y) is strictly singular
if no restriction of T to an infinite-dimensional subspace of X is an isomorphic embedding. We
write .7(X,Y) and ¢ (X,Y) for the sets of strictly singular and compact operators from X to Y,
respectively, abbreviated . (X) and J#(X) when X =Y. They are closed operator ideals in the
sense of Pietsch, and £ (X,Y) C .(X,Y) for any Banach spaces X and Y.

Before we can introduce our main objects of interest—the Schreier and Baernstein spaces—we
require the following notion, originating in [IT]: A Schreier set is a finite subset F' of the natural
numbers N = {1,2,3,...} such that either ' = §) or |F| < min F’, where |F| denotes the cardinality
of F. As usual, we write &1 for the family of Schreier sets. Following [3, Section 3|, for 1 < p < o0
and z € KV, we define

0 if F=0,
[2]ls, = sup{py(z, F) : F € $1} € [0,00],  where  py(z, F) = (Z|x(n)\1’)l/p otherwise.
nekF

Then p,(-, F) is a seminorm on K, and Z, = {z € K" : |[z|s, < oo} is a subspace of KN on
which |- ||s, defines a complete norm. However, the Banach space Z, fails to be separable (see
[3, Corollary 5.6]), so we define the p-convezified Schreier space, denoted S, as the closure of ¢
in Z,. The unit vector basis (e,)nen is a l-unconditional, shrinking, normalized basis for S, by
[3L Propositions 3.5 and 3.10 and Corollary 3.12].

The analogous definition of the Baernstein spaces involves the notion of a Schreier chain,
which is a non-empty, finite collection C of non-empty, consecutive Schreier sets; that is, C =
{F1,...,F,} for some m € N and Fi,..., F, € 81 \ {0} with max F; < min F; 4, for 1 < j < m.
Writing SC for the collection of all Schreier chains, for 1 < p < oo and x € KV, we can define

p\ 1/P
llz|| B, = sup{Bp(z,C) : C € SC} € [0,00], where p,(z,C) = <Z <Z|z(n)|> ) :
FEC neF
As before, B,(-,C) is a seminorm on K", and B, = {z € K" : |z||p, < oo} is a subspace
of KN on which | -]/, defines a complete norm. In contrast to the Schreier spaces, cg is dense
in B, which is the p*™™ Baernstein space. It is reflexive, and the unit vector basis is a 1-uncon-
ditional, normalized basis for it. Baernstein [2] originally defined By, while Seifert [12] observed
that Baernstein’s definition works for general p > 1.

We conclude this preliminary section with a standard piece of terminology from algebra that
we already used in the statement of Theorem A ring & is nilpotent if, for some k € N, we
have aias---ar = 0 whenever aq,...,a; € o/; the smallest value of k£ for which this identity is
satisfied is called the index of nilpotency of <.

3. THE PROOF OF THEOREM [L.1]

We present the proofs of the two parts of the theorem separately, beginning with the first. It
relies on the matrix representation of operators on a finite direct sum of Banach spaces, defined
as follows.

Definition 3.1. Let X = @?:1 X, for some Banach spaces X1,...,X,. The matriz associated
with an operator 7' € #(X) is the operator-valued (n x n)-matrix ()7 ,_; given by

Tk =Q;TJx € B(Xi, X;) (G k€{1,...,n}),

where Q;: X — X; and Ji: Xz — X denote the j* coordinate projection and k'"' coordinate
embedding, respectively.

It is easy to see that composition of operators corresponds to matrix multiplication:

(TU)jm = TinUsm  (T,U € B(X), jym € {1,...,n}). (3.1)
k=1



4 N.J. LAUSTSEN AND H. WIRZENIUS

Furthermore, the identity 1" = Z?,k=1 J;T; 1 Qr implies that, for any operator ideal .#, we have
TeS(X) <<= TjreI(Xy X,)forevery j ke {l,...,n}. (3.2)
We shall also require the following result, most of which is known.

Lemma 3.2. (1) Every strictly singular operator on £, is compact for 1 < p < co.
(ii) Every composition of two strictly singular operators on By, is compact for 1 < p < co.
(i) The composite operator TU is compact whenever U: S, — S, and T': S, =Y are strictly
singular, where 1 < p < oo and Y can be any Banach space.

Proof. Part is well known; we refer to the sentence after the proof of [9, Proposition 2.c.3]
for details. Part is due to Laustsen and Smith [8, Theorem 1.1]; so is part but only for
Y = S,. However, invoking a theorem of Rosenthal, we can easily extend their proof to the general
case. Indeed, suppose that U € .#(S,) and T € #(S,,Y") are operators whose composition TU is
not compact. Our aim is to prove that T is not strictly singular. Using the elementary observation
stated in [8, Lemma 3.4], we can find a normalized block basic sequence (uy, )nen of the unit vector
basis for S, such that inf,cn|TUuy[ly > 0. Then also inf,en||Uuy||s, > 0, and (u,)nen is weakly
null because the unit vector basis for S, is shrinking, so [8, Lemma 3.3(ii)] implies that (un)nen
admits a subsequence (uy;)jen such that (Uu,, ) en is equivalent to the unit vector basis (d;) en
for co; let V' € %(co, Sp) be the operator given by Vd; = Uu,, for j € N. Since

inf |7V d,|ly = inf | TUuy, ||y > 0,
inf|TVd;lly = if[TUun, [y >

a famous result of Rosenthal, originally stated as the first remark following [I0, Theorem 3.4],
implies that N contains an infinite subset N for which the restriction of TV to the closed span of
{d; : j € N} is an isomorphic embedding. Hence T is not strictly singular. O

Proof of Theorem [L.1(i)| In view of Remark we may suppose that the sets L and M are dis-
joint. Our aim is to prove that the composition of k+1 strictly singular operators R™), ... R+
on X is compact, so by , we must show that the (§,m)'" entry of the matrix of the composite
operator RFTVRK) ... R is compact for every j,m € {1,...,n}, where n = |L| + |M| + |N]|.
Applying the identity repeatedly, we obtain

n

(REFDR® ... RW), = S~ REFR®. R

Jrik T,k —1 i1,m"
iyeeyip=1

We shall now complete the proof by showing that each of the n* terms on the right-hand side
of this equation is compact. Simplifying the notation, we see that this amounts to verifying that
the composite operator T' := T 11T} ---T1 is compact whenever T;: X; — X, is a strictly
singular operator for every 1 < j < k + 1 and the Banach spaces Xi,..., X2 belong to the
family {B, :p€ L} U{l,: q€ M}U{S, :r € N}.

For integers 1 <i < j < k+2, set

Ix, if i = j,
T =0 1 T (X X i
i1 T Ty € S (X;, Xj)  otherwise.

This notation will allow us to justify the following three observations concisely:

(i) Suppose that X; = X; = X; = B, for some p € L and integers 1 < h < i < j < k+2.
Then Ty, T(i—j) € -7 (Bp), so their composition is compact by Lemma and
therefore T' = T(;_x12)T(i—4)T(h—i)T(1—n) is compact.

(ii) Suppose that X; = X; = ¢, for some ¢ € M and integers 1 < ¢ < j < k+ 2. Then
T(ij) € S (4y) is compact by Lemma s0 T'= T(jk+2)T(i—5)T(1-i) is compact.

(ili) Suppose that X; = X; = S, for some r € N and integers 1 < i < j < k+ 1. Then
Timy) € Z(Sr) and T(jyppa) € L (Sr, Xip2) because j < k + 2, so Lemma
implies that their composition is compact. Hence T' = T(; x42)T(i— ) T(1-4) 1S compact.
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If N =0, then k = 2|L| + |M| — 1 because L N M = {). Therefore, choosing k + 2 spaces
X1,..., Xpqo from the family {B, : p € L} U{{, : ¢ € M}, we are either in case[(i)] or so T is
compact.

Otherwise N # ), and we have k = 2|L| 4+ |M| + |N|. If we are not in cases [(i)| or then
at least |[N| 4 2 of the spaces X1, ..., Xiio come from the family {S, : r € N}, so we must be in
case hence T is compact. O

In order to streamline the presentation of the proof of the second part of Theorem we
require a few preparations.

Lemma 3.3. Let X be a Banach space, and % and 7 operator ideals. Suppose that, for some
k € N, X contains k + 1 complemented subspaces X1, ..., Xg41 for which there are k operators
Ry € 7(X1,X9),...,Rx € F (X, Xpt1) whose composition RyRy_1---R1 does not belong to
(X1, Xk41). Then there are operators Ty, ..., T, € #(X) whose composition TTy_1 - --Th does
not belong to I (X).

Proof. For each 1 < j < k + 1, we can take operators U; € #(X,X;) and V; € #(X;,X) such
that U;V; = Ix, because X; is complemented in X. Set T; = V;; 1 R;U; € #Z(X) for 1 < j < k.
Then we have

U1 (T T - - T1)Vi = (Up1 Vier 1) R (Ui Vi ) Rie—1 (U =1 Vie—1) - - - (U2V2) R1 (UL V1)
= RiRi—1-- R ¢ I (X1, Xi11),
$0 TypTy—1-+-T1 ¢ F(X) because .# is an operator ideal. O

“Formal inclusion maps” are at the heart of our proof of Theorem SO our next step is
to make this notion precise; we use a definition specifically tailored to the context at hand, where
inclusion between Banach spaces is unambiguous because all the Banach spaces we consider consist
of scalar sequences, equipped with the coordinatewise vector space operations inherited from K.

Definition 3.4. Let Y and Z be vector subspaces of K, equipped with norms || - ||y and || - ||z,
respectively. We say that the pair (Y, Z) admits a formal inclusion map if Y C Z and there is a
constant Cy,z > 0 such that

lyllz < Cyvizlyly  (yeY). (3-3)

Obviously, the significance of this definition is that when (Y, Z) admits a formal inclusion map,
the restriction of the identity operator on KN defines a bounded linear map from Y to Z with
norm at most Cy, z; we denote this map Ry z: Y — Z and call it the formal inclusion map from Y’
to Z, and remark that Ry z is simply the identity operator on Y if Y = Z.

Lemma 3.5. Let Y and Z be vector subspaces of KN, equipped with complete norms ||- ||y
and || - || z, respectively, and suppose that the unit vector basis (€, )nen 18 a Schauder basis for both Y
and Z. Then (Y,Z) admits a formal inclusion map if (and only if) there is a constant Cy,z > 0
such that

[zllz < Cyvizlzlly (2 € coo). (34)
Proof. To prove the non-trivial implication, suppose that (3.4) is satisfied, and take y € Y. The

fact that (e,)nen is a basis for Y means that ||y — Pylly — 0 as n — oo, where P,: Y — coo
denotes the n'" basis projection given by P,y = Z;’:l y(j)e; for n € N. In particular, (P,y)nen is

a Cauchy sequence in cgg with respect to the norm || - ||y and therefore also with respect to || - ||z
by (3.4)), so (P,y)nen converges to some z € Z. Coordinatewise inspection shows that z = y, so
y € Z, and the inequality (3.3) follows from (3.4)) and continuity of the norms. O

The final ingredient we need before we can present the proof of Theorem is a relation <
defined on the family

BSp={Bp:1<p<oo}U{l,:1<p<oo}U{S,:1<p<oo}U{co}

of Banach spaces. Its definition is as follows.
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Definition 3.6. Let Y, Z € BSp. Then Y < Z if and only if one of the following five mutually
exclusive conditions is satisfied:

e Y =/, and Z € BSp is arbitrary;

e Y = B, for some 1 < p < oo and

Ze{By:p<g<ootU{ly:1<g<ooU{S;:1<g<oo}U{col;

oY =/{,forsomel<p<ooand Z € {{;:p<g<oo}U{S;:p<g<oo}U{co};

e Y =5, forsomel<p<ooand Z e {{;:p<qg<oo}U{S;:p<g<oo}U{co};

e Y =cyand Z = ¢.
In line with standard practice, we write Y < Z when Y < Z and Y # Z.

It is easy to see that < is a linear order, whose definition we can summarize as follows:
U1 < By =By <81 <l =S, <Ly <Sq<co (1<p<q<oo). (3.5)
The next lemma explains its relevance for our purposes.

Lemma 3.7. Let Y,Z € BSp with Y < Z. Then the pair (Y,Z) admits a formal inclusion map
Ry,z:Y — Z which is strictly singular.

Proof. Admitting a formal inclusion map is clearly a transitive relation in the sense that if the
pairs (X,Y) and (Y, Z) both admit formal inclusion maps, then so does the pair (X, Z), and in
this case Rx z = Ry,zRx y, which implies that Rx z is strictly singular whenever at least one of
the formal inclusion maps Rx y and Ry, z is.

Hence, in view of , it suffices to show that each of the following pairs admits a formal
inclusion map which is strictly singular:

(1) (41,Bp) for 1 < p < oo

i) (Bp,By) for 1 < p < ¢ < o0;
(iii) (Bp,S1) for 1 < p < o0;
(iv) (Sp,¥q) for 1 < p < g < o0;

) (£, Sp) for 1 < p < o0;

)

We begin by explaining why these pairs admit formal inclusion maps. By Lemma [3.5] we must
show that there is a constant Cy,z > 0 such that ||z||z < Cy z||z||y for every x € ¢oo. This is
only non-trivial in case so we leave it last. In the five other cases, we can easily verify that
Cy,z = 1 works:

(1) This is simply subadditivity of the B,-norm together with the fact that the unit vector
basis for B), is normalized.

(ii) This is a consequence of the inequality B4(z,C) < B,(x,C) for every Schreier chain C,
which in turn follows from the well-known fact that the pair (¢, ;) admits a formal
inclusion map with constant Cgp’zq =1.

(iii) This is immediate from the fact that i (x, F) = B,(x, {F'}) for every F € 8.

(v) This is clear because ju,(z, F') < ||z, for every F € 8.

(vi) This follows from the fact that the coordinate functionals (e} )nen on S, have norm 1.

We address case by modifying an argument originally due to Graham Jameson for p = 1,
presented in the first part of the proof of |7, Theorem A.1], and include the details here for
the convenience of the reader. Since the Sp- and ¢;,-norms depend only on the moduli of the
coordinates of x € ¢pp, we may suppose that z(n) > 0 for every n € N. We can find a permutation
o: N — N such that z o o is decreasing because z has finite support, and [7, Lemma A.2| implies
that ||z o ofls, < ||z[|s,, while |z oo, = |z|l,. Hence, by replacing x with the decreasing
sequence x o o, we may suppose that x is decreasing. Furthermore, by homogeneity, we may
suppose that [[z[/s, = 1.

Take n € Np, and set F,, = [2",2""1) NN € &;. Then z(2") > z(j) > z(2"*!) for j € F,
because z is decreasing. The lower of these bounds implies that

L= 2lh, > (e, F)P = 3 2G> [Fal - 2(2")P = 20a(2" P,
JEFR
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so x(2"*1) < 27/P. Consequently we have

po(, Frpr)' = > 2(j)?= > x(j)" Pz(j)’

JEFn+1 jEFn11
—n(a—p) _
< ’JJ(?"’H*l)Q*p Z IE(])p < 2#ﬂp($,Fn+l)p < (2%)71’
jEFn+1
and therefore
- - 1 25 — 1
P—4d\n —_
”xnzq:x(l)q+ZNQ(x’Fn+1)q<1+Z(2 i ) =1+ p—a  _4-p :
n=0 n=0 1—-27 27 —1
This proves that the inequality (3.4) is satisfied for some positive constant Cg, ¢, < (2(31%1_1) 1/ ¢

thus completing the proof in case
To justify that the formal inclusion maps are strictly singular in each of the six cases above, we
require two standard notions concerning a pair of infinite-dimensional Banach spaces Y and Z:

e Y and Z are totally incomparable if no infinite-dimensional Banach space embeds isomor-
phically in both Y and Z.

e Y is saturated with copies of Z if every closed, infinite-dimensional subspace of Y contains
a subspace which is isomorphic to Z.

Trivially, every operator between a pair of totally incomparable Banach spaces is strictly singular,
and the following three facts imply that each of the first five pairs in the list above are totally
incomparable:

e Any pair of distinct spaces from the family {¢, : 1 < p < co} U {co} are totally incompa-
rable, and every space belonging to this family is saturated with copies of itself (see [9]
Proposition 2.a.2, the remark following it, and page 75]).

e B, is saturated with copies of ¢, for 1 < p < oo (see [12, Theorem II.3.3|, [4, Theo-
rem 0.15(e)] or [7, Theorem 2.4]).

o S, is saturated with copies of ¢g for 1 < p < oo (see [3, Corollary 5.4] or [7, Theorem 2.4]).

Hence, the formal inclusion map Ry z: Y — Z is strictly singular in cases
This argument does not work for the formal inclusion map Rg, ,: S, — co, but [7, Propo-
sition 6.6] shows that it is strictly singular; alternatively, we can easily deduce this result from

casebecause Rs, co = Ry coRs, 0, for 1 <p < g <oo. O
Proof of Theorem |1.1(ii). The family
5 {B,:pe L}U{l,:qe LUM} if N =0, (3.6)
S {ByipeL}U{ly:qe LUMYU{S, 7€ N}U{c} otherwise '

consists of complemented subspaces of the Banach space X defined by because B, contains a

complemented copy of £, for 1 < p < oo and S, contains a complemented copy of ¢y for 1 < r < oo.
Comparing the definitions and , we see that 3 has cardinality k4 1. Since ¥ C BSp,

we can use the linear order < from Definition [3.6] to enumerate its members in increasing order:

X1 < Xo <o < Xgqa.

Lemma Fsl?l implies that we have a strictly singular formal inclusion map Rx; x,,,: X; = X; 1
for each 1 < j < k. Their composition
Rx, x Rx, x Rx, x
X1 1,32 5 2,3 3 . Xk k k+1 Xk+1

is simply the formal inclusion map Rx, x,_.,: X1 — Xp11, which is not compact because it maps
the unit vector basis for X; onto the unit vector basis for Xy;1. Now the conclusion follows from
Lemma [3.3] O

Remark 3.8. The aim of this remark is to justify the two statements made in Remark |1.2(iv)]
We recall that Y = X @ ¢y, where X is given by (L.2)).
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e Suppose that N # ), and take r € N. Arguing as in Remark[1.2(iii), we write S, = W &cq
for some Banach space W, which in combination with the fact that co ® ¢y = ¢y implies
that S, @ cog ZW Beg @ g EZW B eg = S,, 50 Y = X in this case.

e Now suppose that N = (), so that Y = (@peL B,) ® (@qu lq) @ co for some finite sets
L c (1,00) and M C [1,00), and set k = |L| + |L U M|. The proof of Theorem [1.1{i)
that we gave above in the case N = () carries over almost verbatim because Lemma [3.2(i)
applies to c¢g, too; that is, every strictly singular operator on ¢y is compact.

It is also easy to modify the above proof of Theorem to the present context:
Simply define ¥ ={B,:pe L} U{l,: g€ LUM} U{co} and argue as before.

According to Pitt’s Theorem [9, Proposition 2.c.3|, every operator from ¢, to ¢, is compact
for 1 < ¢ < p < oco. Seifert claimed in his dissertation [12, Corollary I1.3.4] that the analogous
result is true for the Baernstein spaces, that is, every operator from B, to B, is compact for
1 < g < p < oo. However, using Lemma [3.7] we can easily show that Seifert’s claim is false. The
origin of this error appears to be [12, Lemma I1.3.2]; although Seifert does not explicitly cite this
lemma in his proof of [12, Corollary I1.3.4], he uses it implicitly. We refer to [7, the paragraph
below Theorem 2.4] for a corrected version of [12, Lemma I1.3.2].

Unfortunately, Seifert’s incorrect claim has gained much wider publicity than one would usually
expect for a result contained in an unpublished PhD thesis because it was reproduced (without
proof) in the lecture notes [4, Theorem 0.15(f)]. Hence, we shall state our correction formally.

Corollary 3.9. There are strictly singular, non-compact operators from B, to B, for every pair
p:q € (1,00).

Proof. Definition shows that B, < {4, so by Lemma we have a formal inclusion map
Rp, ¢, By — £y which is strictly singular. It is not compact because it maps the unit vector
basis for B, onto the unit vector basis for ¢,. Since B, contains a complemented subspace that
is isomorphic to £,, we can find operators U: B, — £, and V': {; — B, such that I, = UV. It
follows that V Rp, ¢, : By — By is a strictly singular, non-compact operator. O

The realization that there are non-compact operators from B, to B, for 1 < ¢ < p < oo raises
the question whether some, possibly very rapidly increasing, subsequence of the unit vector basis
for B, dominates a subsequence of the unit vector basis for B;. We conclude by showing that this
is impossible.

Proposition 3.10. Let p,q € (1,00). Then the unit vector basis for B, admits a subsequence
which dominates a subsequence of the unit vector basis for By if and only if p < q.

Proof. For clarity, we denote the unit vector bases for B, and B, by (eF),en and (e2),en, respec-
tively.

The implication <« is clear because, for 1 < p < ¢ < oo, the formal inclusion map B, — By is
bounded, which means that (e?),cny dominates (€),en.

Conversely, suppose that (el,’nj )jen dominates (e%j )jen for some integers 1 < m; < mg < ---
and 1 <n; <ng <---. Then

261 2k 1
! 1
Tk = S Z em, € By and Yk = i Z er. € By (k e N)
j:2k—1 j:2k71

are unit vectors because their supports {m; : 2*71 < j < 2} and {n; : 27! < j < 2F}
are Schreier sets. By hypothesis, the block basic sequence (xj)reny dominates (yg)ren. Since
lzk]loo = 1/2871 — 0 as k — oo, [T, Proposition 2.14] implies that (7 )ren admits a subsequence
(7x;)jen which is dominated by the unit vector basis for £,. Furthermore, being a normalized
block basic sequence of the unit vector basis for By, (yx;)jen dominates the unit vector basis
for £4 by |7, Lemma 2.10]. In conclusion, it follows that the unit vector basis for £, dominates the
unit vector basis for £,, which is possible only if p < g. O

Acknowledgements. The bulk of the research on which this paper is based was carried out
during a research retreat at the Isaac Newton Institute (INI) in Cambridge, UK, in May 2025.



COMPACT COMPOSITIONS OF STRICTLY SINGULAR OPERATORS 9

We are grateful to the INI for their kind hospitality and financial support that made this visit
possible. Wirzenius is supported by project 1L.100192451 of the Czech Academy of Sciences. His
visit to the UK received additional financial support from a grant of the Ruth and Nils-Erik
Stenbéck Foundation. He acknowledges these sources of funding with thanks.

For the purpose of open access, the authors have applied a Creative Commons Attribution
(CC-BY) licence to any Author Accepted Manuscript version arising.

REFERENCES

[1] S.A. Argyros, K. Beanland and P. Motakis, Strictly singular operators in Tsirelson like spaces, Illinois
J. Math. 57 (2013), 1173-1217.
[2] A. Baernstein II, On reflexivity and summability, Studia Math. 42 (1972), 91-94.
[3] A. Bird and N.J. Laustsen, An amalgamation of the Banach spaces associated with James and Schreier, Part I:
Banach-space structure, in Proceedings of the 19" International Conference on Banach Algebras (ed. R.J. Loy,
V. Runde and A. Sottysiak), Banach Center Publications 91 (2010), 45-76.
[4] P.G. Casazza and T.J. Shura, Tsirelson’s space. Springer Lecture Notes in Mathematics 1363, Springer-Verlag,
Berlin, 1989.
[5] R.M. Causey and A. Pelczar-Barwacz, Equivalence of block sequences in Schreier spaces and their duals,
J. Funct. Anal. 288 (2025), 110674.
[6] T. Kato, Perturbation theory for nullity deficiency and other quantities of linear operators, J. Analyse Math. 6
(1958), 273-322.
[7] N.J. Laustsen and J. Smith, Closed ideals of operators on the Baernstein and Schreier spaces, J. Math. Anal.
Appl. 546 (2025), 129235.
[8] N.J. Laustsen and J. Smith, Strictly singular operators on the Baernstein and Schreier spaces, preprint available
at https://doi.org/10.48550/arXiv.2509.08796
[9] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces 1. Springer-Verlag, Berlin, 1977.
[10] H.P. Rosenthal, On relatively disjoint families of measures, with some applications to Banach space theory,
Studia Math. 37 (1970), 13-36.
[11] J. Schreier, Ein Gegenbeispiel zur Theorie der schwachen Konvergenz, Studia Math. 2 (1930), 58-62.
[12] C.J. Seifert, Averaging in Banach spaces. Kent State University Graduate School Dissertations, 1977.
[13] M. Tarbard, Hereditarily indecomposable, separable .4, Banach spaces with ¢; dual having few but not very
few operators, J. London Math. Soc. 85 (2012), 737-764.
[14] H.-O. Tylli and H. Wirzenius, Structure of closed subideals of £'(X), preprint available at https://doi.org/
10.48550/arXiv.2510.17310

(N.J. LAUSTSEN) SCHOOL OF MATHEMATICAL SCIENCES, FYLDE COLLEGE, LANCASTER UNIVERSITY, LAN-
cASTER LA1 4YF, UniTEp KINGDOM
Email address: n.laustsen@lancaster.ac.uk

(H. WirzeNius) INSTITUTE OF MATHEMATICS, CZECH ACADEMY OF SCIENCES, ZITNA 25, 115 67 PrAHA 1,
CzeEcH REPUBLIC
Email address: wirzenius@math.cas.cz, henrik.wirzenius@gmail.com


https://doi.org/10.48550/arXiv.2509.08796
https://doi.org/10.48550/arXiv.2510.17310
https://doi.org/10.48550/arXiv.2510.17310

	1. Introduction
	2. Preliminaries
	3. The proof of Theorem ??
	References

