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Abstract. We give a characterization of the operators on the
injective tensor product E⊗̂εX for any separable Banach space E
and any (non-separable) Banach space X with few operators, in
the sense that any operator T : X → X takes the form T = λI +S
for a scalar λ ∈ K and an operator S with separable range. This
is used to give a classification of the complemented subspaces and
closed operator ideals of spaces of the form C0(ω ×KA), where KA
is a locally compact Hausdorff space induced by an almost disjoint
family A such that C0(KA) has few operators.

1. Introduction

A common characteristic of many Banach spaces is the rich structure
of their spaces of operators. This has, in turn, led to the question of
how simple the space of operators between two Banach spaces can be.
Efforts to explore this question have spurred a rich vein of research,
culminating in the construction of several exotic Banach spaces.

Among the most notable examples are the space constructed by Gow-
ers and Maurey [9], that does not contain any unconditional basic se-
quence, and the space built by Argyros and Haydon, which solved the
scalar-plus-compact problem [1].

In the non-separable setting, a similar question has been explored,
focusing on spaces X where every operator is a separable perturbation
of a scalar multiple of the identity; that is, T = λI + S, where S is
an operator with separable range. Such spaces, which we will refer
to as spaces with few operators, were first constructed by Shelah [19]
under the assumption of the diamond axiom, which was later removed
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2 A. ACUAVIVA

by Shelah and Steprāns [20]. Another space of this form, realized as a
dual space, was constructed by Argyros and Tolias [2], while a reflexive
example was built by Wark [21] (note that this implies that its dual
also has few operators).

This question has recently attracted significant interest in the context
of spaces of continuous functions, leading to the construction of many
exotic locally compact spaces. In this vein, Koszmider constructed, un-
der the Continuum Hypothesis or Martin’s Axiom, a scattered, locally
compact Hausdorff space L such that C0(L) admits few operators [12].
These set-theoretic assumptions were later removed by Koszmider and
Laustsen [13]. Additionally, under the assumption of Ostaszewski’s ♣-
principle, Koszmider and Zieliński [14] constructed a different example
of a C0(L) spaces with few operators. This construction was further
developed in work of Candido [6] and [7].

Given the simple structure of the operators on these spaces, a natural
question arises: can they be used to construct new spaces that still
retain easily characterizable operators? We show that this is the case
when considering the injective tensor product with a separable Banach
space E. This result becomes particularly interesting when X = C0(L)
and E = C(M), where M is a compact metric space and L is a locally
compact Hausdorff space since in this case C(M)⊗̂εC0(L) ∼= C0(M×L).

We present our main result in slightly more general terms, as this
does not complicate the proof. In the following theorem, ⊗̂α denotes
any tensor completion for a uniform crossnorm α(·), see Definition 2.4.
Theorem 1.1. Let E,F be separable Banach spaces and X a non-
separable Banach space with few operators. Then any operator T :
E⊗̂αX → F ⊗̂εX can be uniquely expressed as T = U⊗̂I + S, where
U : E → F and S has separable range.

The essence of the previous theorem is as follows: when we take
the injective tensor product of a separable Banach space with a space
with few operators, we obtain, up to separable elements, the original
space we started with. In particular, when taking the injective tensor
product of separable Banach spaces with spaces with few operators,
the result is an injective operation, in the following sense.
Corollary 1.2. Let E,F be separable Banach spaces and X be a non-
separable Banach space with few operators. Then

E⊗̂εX ∼ F ⊗̂εX ⇐⇒ E ∼ F.

As previously mentioned, we are particularly interested in the case
of spaces of continuous functions. Theorem 1.1 becomes especially



OPERATORS ON INJECTIVE TENSOR PRODUCTS 3

relevant when we take E = C(M1), F = C(M2), ⊗̂α = ⊗̂ε the injective
tensor product and X = C0(L) for some locally compact Hausdorff
space L. This gives information about operators on spaces of the form
C0(M × L).

Corollary 1.3. Let L be a non-metrizable locally compact Hausdorff
space such that C0(L) admits few operators, and M1,M2 be compact
metric spaces. Then any operator T : C0(M1 × L) → C0(M2 × L) can
be uniquely expressed as

T = U⊗̂I + S,

where U : C(M1) → C(M2) and S has separable range.

The previous corollary generalizes Candido’s result [6, Theorem 1.1],
proved under the assumption of Ostaszewski’s ♣-principle. It extends
the result to also include the case M = [0, 1] and demonstrates that the
key property is that C0(L) has few operators. For example, it applies
to the space built by Koszmider and Laustsen, whose construction does
not require additional set-theoretic assumptions.

As an application of Theorem 1.1, we expand the list of spaces of
continuous functions with completely understood complemented sub-
spaces, obtaining the following.

Theorem 1.4. Let KA be a locally compact Hausdorff space induced
by an almost disjoint family A ⊆ [N]ω of cardinality the continuum
such that C0(KA) admits few operators. Then any infinite-dimensional
complemented subspace of C0(ω ×KA) is isomorphic to exactly one of
the following: c0, C0(KA)n for some n ∈ N, or C0(ω ×KA).

Remark 1.5. Note that, if C(L) is a Grothendieck space such that its
complemented subspaces are classified, then we also obtain a classifi-
cation of the complemented subspaces of C0((ω×KA) ⊔L) ∼= C0((ω×
KA)) ⊕ C(L), see [10]. For example, we get a classification of the
complemented subspaces of ℓc

∞(Γ) ⊕ C(ω ×KA) for any set Γ.

We believe that it is possible to extend the previous classification of
complemented subspaces to C0(ωω ×KA), by using arguments similar
to those of Benyamini’s classification of the complemented subspaces
of C(ωω) [4]. However, the proof becomes significantly technical and
involved, and we are not aware of any immediate applications. We
conjecture that it may even be possible to extend the classification
to C0(M × KA) for M a compact metric space, in terms of the com-
plemented subspaces of C(M), as in [6, Theorem 1.3], though we are
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unable to determine a general approach to achieve this.

Finally, we can fully describe the lattice of closed operator ideals of
B(C0(ω × KA)). Throughout, by an ideal we mean a two-sided ideal
in the operator algebra.

For a Banach space Y , we denote by K (Y ) the ideal of compact
operators, X (Y ) denotes the ideal of operators with separable range,
and if Z is another Banach space, we define the ideal GZ(Y ) by

GZ(Y ) = span{ST : T ∈ B(Y, Z), S ∈ B(Z, Y )},
where B(Y, Z) and B(Z, Y ) denote the space of all operators from Y
to Z and Z to Y respectively.

Theorem 1.6. Let KA be a locally compact Hausdorff space induced by
an almost disjoint family A ⊆ [N]ω of cardinality the continuum such
that C0(KA) admits few operators. Then the lattice of closed ideals of
B(C0(ω ×KA)) is given by

{0} ⊊ K (C0(ω ×KA)) ⊊ Gc0(C0(ω ×KA)) = X (C0(ω ×KA))
⊊ G C0(KA)(C0(ω ×KA)) ⊊ B(C0(ω ×KA)).

Remark 1.7. It is worth noting that even more can be deduced from
this result. Since the operators on c0 are particularly well-behaved,
the same holds for the operators on C0(ω × KA). Specifically, from
Theorem 1.1, the Banach algebras

B(C0(ω ×KA))/X (C0(ω ×KA)) and B(c0)
are isometrically isomorphic. This allows us to conclude that many
properties of operators on c0 also hold for those on C0(ω × KA). For
example, it follows that the quotient

B(C0(ω ×KA))/I
has a unique algebra norm for every closed ideal I of B(C0(ω×KA)),
in the spirit studied in [3].

Remark 1.8. Note that C0(ω × KA) ∼= C0(KB) where KB is a locally
compact Hausdorff space induced by the almost disjoint family B, ob-
tained by breaking up N into countably many copies of itself and using
the order isomorphism to create a copy of A in each of these copies of
N. Thus, the previous argument shows that the unital Banach algebra
B(c0) can be realized as a quotient B(C0(KB))/X (C0(KB)), address-
ing a question of Koszmider and Laustsen [13, Question 46 (iii)].
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2. Organization and notation

All normed spaces and algebras are over the scalar field K, either
the real or complex numbers, and we adhere to standard notational
conventions. The term operator will refer to a bounded linear map
between normed spaces. For two Banach spaces X and Y , we write
X ∼= Y to mean that X and Y are isometrically isomorphic, and write
X ∼ Y to mean that they are isomorphic. We denote by BX the unit
ball of a Banach space X.

More specialized notation will be introduced as and when needed.

We give a brief layout of the structure of this paper. In subsection
2.1, we introduce notation regarding tensor products as well as basic
results that will be necessary for the proof of Theorem 1.1.

In Section 3, we present the proof of Theorem 1.1. First, we prove
the result in the case F = C(M). For this, the key is to construct
the operator U : E → C(M) and then verify that T − U⊗̂I has sepa-
rable range. The general case when F is any separable Banach space
will readily follow using the universality of C[0, 1] for separable Ba-
nach spaces, together with the fact that the injective tensor product
preserves subspaces. We also provide a proof of Corollary 1.2.

In Section 4, we explore some applications of our theorem in the con-
text of Banach spaces induced by an almost disjoint family, including
the proofs of Theorems 1.4 and 1.6.

2.1. Overview of Tensor Products. We briefly review some stan-
dard facts about tensor products of Banach spaces in general, and the
injective tensor product in particular, mainly following [18]. We as-
sume familiarity with the algebraic tensor product X⊗Y of two vector
spaces X and Y , and refer to [18, Chapter 1] for the basic definitions.
Recall that if E, F , X, and Y are vector spaces and U : E → F ,
R : X → Y are linear maps, then we can define the tensor product
linear map U ⊗R : E ⊗X → F ⊗ Y which satisfies

(U ⊗R)(e⊗ x) = (Ue) ⊗ (Rx)
for every e ∈ E and x ∈ X.

Given two Banach spaces X and Y , their algebraic tensor product
X⊗Y is a vector space that can be equipped with various norms. The
theory of tensor products of Banach spaces studies how to define such
norms and the properties of the resulting Banach spaces obtained by
completing with respect to these norms.

If α(·) is a norm on the algebraic tensor product X⊗Y , then X⊗̂αY
is defined as the completion of X ⊗ Y under the norm α. Among the
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most important norms are the projective norm π(·) (see [18, Chapter 2])
and the injective norm ε(·) (see [18, Chapter 3]). We recall that for an
element u = ∑n

i=1 xi ⊗ yi ∈ X ⊗ Y , we have

ε(u) = sup
{∣∣∣∣∣

n∑
i=1

φ(xi)ψ(yi)
∣∣∣∣∣ : φ ∈ BX∗ , ψ ∈ BY ∗

}
,

and that this norm is well-defined and independent of the represen-
tation we have chosen for u. We also have the following elementary
property: ε(x ⊗ y) = ∥x∥∥y∥ for every x ∈ X and y ∈ Y (see [18,
Proposition 3.1]). An important fact that we will use is that the injec-
tive tensor product preserves subspaces. We also have the following,
see [18, Proposition 3.2].

Proposition 2.1. Let U : E → F and R : X → Y be operators.
Then there exists a unique operator U⊗̂R : E⊗̂εX → F ⊗̂εY such that
(U⊗̂R)(e⊗x) = (Ue)⊗ (Rx) for every e ∈ E and x ∈ X. Furthermore
∥U⊗̂R∥ = ∥U∥∥R∥.

We note that, in the previous proposition, the operator U⊗̂R is
obtained as the continuous extension of the linear map U⊗R : E⊗X →
F ⊗ Y . We also recall the following well-known result, see [18, Section
3.2].

Proposition 2.2. Let K and L be compact Hausdorff spaces and X
be a Banach space. Then

C(K)⊗̂εX ∼= C(K,X),
where the identification for elementary tensors is given by

(f ⊗ x)(k) = f(k)x for all f ∈ C(K), x ∈ X, and k ∈ K.

Similarly,
C(K)⊗̂εC(L) ∼= C(K × L).

We have seen that for the injective tensor product, given operators
U : E → F and R : X → Y , we can define an operator

U⊗̂R : E⊗̂εX → F ⊗̂εY,

by extending the linear map U ⊗ R. For our purposes, it is important
to ask for which norms α(·) on the algebraic tensor product the linear
map U ⊗R extends to an operator

U⊗̂R : E⊗̂αX → F ⊗̂εY,

where we emphasize that we are mapping into the injective tensor prod-
uct F ⊗̂εY from the α-tensor product E⊗̂αX.



OPERATORS ON INJECTIVE TENSOR PRODUCTS 7

In this paper, we restrict our attention to a particular well-behaved
family of norms (see [18, Section 6.1]), which in particular guarantees
the existence of such extensions.

Definition 2.3. Let X and Y be Banach spaces. A norm α(·) on
X ⊗ Y is a reasonable crossnorm if it has the following properties:

(a) α(x⊗ y) ≤ ∥x∥∥y∥ for every x ∈ X, y ∈ Y .
(b) For every φ ∈ X∗ and ψ ∈ Y ∗, the linear functional φ ⊗ ψ on

X ⊗ Y is bounded, and ∥φ⊗ ψ∥ ≤ ∥φ∥∥ψ∥.

Definition 2.4. A uniform crossnorm is an assignment to each pair
of Banach spaces (E,X) of a reasonable crossnorm α(·) on E⊗X such
that, for all operators U : E → F and R : X → Y , we have

∥U ⊗R∥ ≤ ∥U∥ ∥R∥,

where the operator norm on the left is computed with respect to the
corresponding crossnorm assignments.

It is well-known that α(·) is a reasonable crossnorm if and only if
ε(u) ≤ α(u) ≤ π(u) for every u ∈ X ⊗ Y , see [18, Proposition 6.1].
It follows that if α(·) is a uniform crossnorm and U : E → F and
R : X → Y are operators, we can define the product operator

U⊗̂R : E⊗̂αX → F ⊗̂εY,

so that ∥U⊗̂R∥ ≤ ∥U∥∥R∥ and (U⊗̂R)(e ⊗ x) = (U ⊗ R)(e ⊗ x) =
(Ue) ⊗ (Rx) for every e ∈ E and x ∈ X. Lastly, we note that the
injective norm ε(·) is a uniform cross norm. This is everything we will
need from the theory of tensor products in Banach spaces.

3. Proof of Theorem 1.1

Throughout this section, X will always denote a non-separable Ba-
nach space with few operators, meaning that every operator T : X →
X can be expressed as T = λI + S, where λ ∈ K and S is an oper-
ator with separable range. Meanwhile, E and F will always refer to
separable Banach spaces, while M will be a metrizable compact space.

The strategy for the proof is to exploit the simple structure of oper-
ators on X. We first assume that F = C(M) and we need to transform
an operator T : E⊗̂αX → C(M,X) into a collection of operators from
X to X, which encapsulate all the information of the original operator.
We will need the following definition.
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Definition 3.1. For each k ∈ M , define the evaluation operator

πk : C(M,X) → X, g 7→ g(k).

For each e ∈ E, define the inclusion operator

ιe : X → E⊗̂αX, x 7→ e⊗ x.

Note that ∥ιe∥ ≤ ∥e∥ and ∥πk∥ = 1.

Using the evaluation and inclusion operators, it is easy to obtain
operators from X to X using our original operator T . We will then use
these operators to build U : E → C(M).

Definition 3.2. Let e ∈ E, k ∈ M and T : E⊗̂αX → C(M,X) be an
operator. Then the (e, k)−coordinate of T is given by

Te,k = πkTιe : X → X,

so that in particular there is a unique decomposition Te,k = λe,kI+Se,k

where λe,k ∈ K and Se,k : X → X is an operator with separable range.

From now on, fix a countable dense subset M0 ⊆ M . We emphasise
that this set will be employed repeatedly throughout this section.

Definition 3.3. Let E0 be a countable subset of E. We denote by YE0

the (separable) subspace

YE0 := span
⋃

{Se,k[X] : e ∈ E0, k ∈ M0}.

We have the following elementary observation.

Lemma 3.4. Let E0 ⊆ E be a countable subset and YE0 be as in
Definition 3.3. Then there exist x ∈ BX and φ ∈ BX∗ such that
φ(x) ≥ 1/2 and φ(YE0) = 0.

In particular, for any finite collection of vectors e1, . . . , en ∈ E, there
exists x ∈ BX such that∣∣∣∣∣

n∑
i=1

ciλei,ki

∣∣∣∣∣ ≤ 2
∥∥∥∥∥

n∑
i=1

ciπki
T (ei ⊗ x)

∥∥∥∥∥
for any choice k1, . . . , kn ∈ M0 and scalars c1, . . . , cn ∈ K.

Proof. Note that YE0 ⊊ X, since the latter is non-separable. Thus an
application of the Hahn-Banach theorem gives the first part.

For the second part, take E0 = {e1, . . . , en}. There exists x ∈ BX

and φ ∈ BX∗ such that φ(YE0) = 0 and φ(x) ≥ 1/2. It follows that for
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any k1, . . . , kn ∈ M0 and c1, . . . , cn ∈ K, we have∣∣∣∣∣
n∑

i=1
ciλei,ki

∣∣∣∣∣ ≤ 2|φ(x)|
∣∣∣∣∣

n∑
i=1

ciλei,ki

∣∣∣∣∣ = 2
∣∣∣∣∣φ
(

n∑
i=1

ciλei,ki
x+ ciSei,ki

x

)∣∣∣∣∣
≤ 2∥

n∑
i=1

ci(λei,ki
x+ Sei,ki

x)∥ = 2∥
n∑

i=1
ciπki

T (ei ⊗ x)∥. □

We can now build the operator U : E → C(M), using (λe,k)e∈E,k∈M0

together with an extension via density.

Lemma 3.5. For each e ∈ E the function U0e : M0 → K defined
by U0e(k) = λe,k is uniformly continuous and thus admits a unique
continuous extension to M , which we denote by Ue ∈ C(M).

Proof. Let e ∈ E be fixed, applying the second part of Lemma 3.4 for
any k1, k2 ∈ M0 we have
|U0e(k1) − U0e(k2)| = |λe,k1 − λe,k2| ≤ 2∥πk1T (e⊗ x) − πk2T (e⊗ x)∥

= 2∥(T (e⊗ x))(k1) − (T (e⊗ x))(k2)∥,

and since T (e ⊗ x) ∈ C(M,X) is uniformly continuous by the Heine-
Cantor theorem, so is U0e. □

Lemma 3.6. The map U : E → C(M), e 7→ Ue, where Ue is given as
in Lemma 3.5, defines an operator of norm at most 2∥T∥.

Proof. We start by showing that U is bounded, by arguing as in the
proof of Lemma 3.5. For a fixed e ∈ E, an application of Lemma 3.4
gives

∥Ue∥ = sup
k∈M0

∥U0e(k)∥ = sup
k∈M0

|λe,k| ≤ sup
k∈M0

∥πkT (e⊗ x)∥ ≤ 2∥T∥∥e∥.

To show linearity, let e1, e2 ∈ E and c ∈ K. An application of
Lemma 3.4, together with the linearity of T and the tensor product,
gives |(λe1,k + cλe2,k) − λe1+ce2,k| = 0 for each k ∈ M0. Therefore, the
continuous function (Ue1 + cUe2) − U(e1 + ce2) vanishes on the dense
set M0, and thus it is the null function. This proves the linearity of
U . □

Once we have found the operator U : E → C(M), we simply need
to check that it gives the desired representation, that is, we need to
check that the operator S = T − U⊗̂I has separable range. For that,
we need the following lemma.

Lemma 3.7. Let Y be a subspace of C(M,X). Then Y is separable if
and only if πk[Y ] is separable for each k ∈ M0.
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Proof. If Y is separable, clearly πk[Y ] is separable, so we focus on the
reverse implication. Let Z = span⋃k∈M0 πk[Y ] which is separable, since
by assumption each πk[Y ] is. We naturally view C(M,Z) as a closed
subspace of C(M,X). Observe that C(M,Z) is also separable, since
C(M,Z) ∼= C(M)⊗̂εZ and the tensor product of separable spaces is
itself separable. Therefore, it is enough to show that Y ⊆ C(M,Z),

For this, we need to show that every y ∈ Y takes values in Z. For any
k ∈ M , take kn ∈ M0, kn → k. By continuity of y, πkn(y) → πk(y).
Since πkn(y) ∈ Z for every n ∈ N and Z is a closed subspace, then
πk(y) ∈ Z, finishing the proof. □

We are ready to prove Theorem 1.1 in the case F = C(M).

Proof of Theorem 1.1, for F = C(M). Let U : E → C(M) be the op-
erator given by Lemma 3.6. We claim that the operator S = T −U⊗̂I
has separable range. The uniqueness of the representation is clear, once
its existence has been shown.

Thus, we only need to prove that S has separable range. Let E0
be a countable dense set of E and recall that YE0 , denotes the closed
linear span of ⋃{Se,k[X] : e ∈ E0, k ∈ M0}. By Lemma 3.7, we need to
show that πkS[E⊗̂αX] is separable for each k ∈ M0, and for this, it is
enough to show πkS[E⊗̂αX] ⊆ YE0 .

Since E0 is dense in E, span{e ⊗ x : e ∈ E0, x ∈ X} is dense in
E⊗̂αX. Therefore, by continuity and linearity, it is enough to show
that πkS(e⊗ x) ∈ YE0 for each e ∈ E0 and x ∈ X. We have

πkS(e⊗ x) = πk(T − U⊗̂I)(e⊗ x) = πkT (e⊗ x) − πk((Ue) ⊗ x)
= (λe,kx+ Se,kx) − λe,kx = Se,kx ∈ YE0 ,

as required. □

Proof of Theorem 1.1, general case. Take M = [0, 1] and let j : F ↪→
C(M) be an isometric embedding. Since the injective tensor product
preserves subspaces, we can identify F ⊗̂εX with a closed subspace of
C(M,X) ∼= C(M)⊗̂εX, specifically j⊗̂I : F ⊗̂εX ↪→ C(M)⊗̂εX is an
isometric embedding.

Let T : E⊗̂αX → F ⊗̂εX be an operator. By the previous case
applied to (j⊗̂I) ◦ T , there exists U : E → C(M) and an operator S
with separable range such that

(j⊗̂I) ◦ T = U⊗̂I + S.

Assume we have shown that U [E] ⊆ j[F ] ⊆ C(M), so that U = j ◦ V
for some V : E → F . Therefore

U⊗̂I = (j ◦ V )⊗̂I = (j⊗̂I) ◦ (V ⊗̂I),
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which combined with the previous equation gives
(j⊗̂I) ◦ (T − V ⊗̂I) = S.

Since j⊗̂I is an isometry, we obtain that T −V ⊗̂I has separable range,
and the result follows. To finish, we only need to show that U [E] ⊆
j[F ].

Since j[F ] is closed, it is enough to show that for any ε > 0 and
e ∈ E we have d(Ue, j[F ]) < ε. From now on, fix ε > 0 and e ∈ E.
Apply the first part of Lemma 3.4 to E0 = {e}, to obtain x ∈ BX and
φ ∈ BX∗ such that φ(x) ≥ 1/2 and φ(YE0) = 0.

Since span {f ⊗ x : f ∈ F, x ∈ X} is dense in F ⊗̂εX we can choose
f1, . . . , fn ∈ F , x1, . . . , xn ∈ X such that

∥T (e⊗ x) −
n∑

i=1
fi ⊗ xi∥ < ε/2.

On the other hand, since j⊗̂I is an isometry and M0 is a dense set in
M = [0, 1], we can compute this norm as

sup
k∈M0

∥πk((j⊗̂I)T )(e⊗ x) −
n∑

i=1
j(fi)(k)xi∥

= sup
k∈M0

∥(λe,kx+ Se,kx) −
n∑

i=1
j(fi)(k)xi∥

≥ sup
k∈M0

|φ((λe,kx+ Se,kx) −
n∑

i=1
j(fi)(k)xi)|

= sup
k∈M0

|φ(x)λe,k −
n∑

i=1
φ(xi)j(fi)(k)|

≥ 1
2 sup

k∈M0

|λe,k −
n∑

i=1

φ(xi)
φ(x) j(fi)(k)|

≥ 1
2d(Ue, j(F )),

where the last inequality follows again since M0 is a dense subset of
M = [0, 1]. It follows that d(Ue, j(F )) < ε, as desired. □

Finally, we deduce Corollary 1.2.

Proof of Corollary 1.2. Clearly, E ∼ F implies E⊗̂εX ∼ F ⊗̂εX, so we
focus on the reverse implication.

Let T : E⊗̂εX → F ⊗̂εX be an isomorphism. Using Theorem 1.1 we
can express T = U⊗̂I+S where U : E → F and S has separable range.
We claim that U is an isomorphism, which will finish the proof. To
establish this, we will show that U is bounded below and that its range
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U [E] is dense in F . These two properties suffice because a bounded
below operator is injective with closed range, and if its range is also
dense, then U is surjective.

We start by showing that U is bounded below, so fix e ∈ E with
∥e∥ = 1. Since X is non-separable, by transfinite induction we can
find (xα)α<ω1 ⊆ BX such that ∥xα − xβ∥ > 1/2 whenever α ̸= β. Let
yα = e⊗ xα. Observe that ∥yα − yβ∥ > 1/2 whenever α ̸= β and that

∥(U⊗̂I)(yα − yβ)∥ = ∥(Ue) ⊗ (xα − xβ)∥ = ∥Ue∥∥xα − xβ∥ ≤ 2∥Ue∥.

Since S has separable range, we can find α < β < ω1 such that ∥Syα −
Syβ∥ < 1/(4∥T−1∥). We have that

1/(2∥T−1∥) ≤ ∥T (yα − yβ)∥ = ∥(U⊗̂I)(yα − yβ) + S(yα − yβ)∥
≤ ∥(U⊗̂I)(yα − yβ)∥ + ∥S(yα − yβ)∥ ≤ 2∥Ue∥ + 1/(4∥T−1∥),

in other words ∥Ue∥ ≥ 1/(8∥T−1∥), so that U is bounded below.
We show now that U [E] is dense in F . Thus, fix f ∈ F and ε > 0,

we will show that d(f, U [E]) < ε.
As in the proof of Theorem 1.1 we can isometrically embed F ⊗̂εX

into C([0, 1], X). Let E0 be a countable dense set in E and apply the
first part of Lemma 3.4 to obtain x ∈ BX and φ ∈ BX∗ , where we
identify S with (j⊗̂I) ◦ S whenever appropriate.

Since T is an isomorphism andE0 is dense in E, we can find e1, . . . , en ∈
E0 and x1, . . . , xn ∈ X such that

∥(f ⊗ x) − T

(
n∑

i=1
ei ⊗ xi

)
∥ < ε/2.

Since j⊗̂I is an isometry and M0 is dense, this norm can be computed
as

sup
k∈M0

∥πk

(
(j⊗̂I)(f ⊗ x) − (j⊗̂I) ◦ T

(
n∑

i=1
(ei ⊗ xi)

))
∥

= sup
k∈M0

∥j(f)(k)x−
n∑

i=1
j(Uei)(k)xi + πk ◦ (j⊗̂I) ◦ S((ei ⊗ xi))∥

≥ 1
2 sup

k∈M0

|j(f)(k) −
n∑

i=1

φ(xi)
φ(x) j(Uei)(k)|

≥ 1
2d(j(f), j(U [E])) = 1

2d(f, U [E]),

which finishes the proof. □
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4. Applications

We denote by [N]<ω and [N]ω the family of all finite and infinite
subsets of N, respectively. A family A ⊆ [N]ω is called almost disjoint
if for any distinct A,B ∈ A then A ∩ B ∈ [N]<ω. In this section,
we adopt the notation from [13] and write KA for the locally compact
Hausdorff space associated to the almost disjoint family A ⊆ [N]ω, as
defined in [13, Definition 3]. For convenience, we recall this definition
below.

Definition 4.1. Let A ⊆ [N]ω be an almost disjoint family. Then KA
denotes the topological space consisting of distinct points {xn : n ∈
N} ∪ {yA : A ∈ A}, where xn is isolated for every n ∈ N, and the sets

U(A,G) = {xn : n ∈ A \G} ∪ {yA}

for G ∈ [N]<ω form a neighbourhood basis at each point yA for A ∈ A.
We write U(A) for U(A, ∅).

We begin by summarizing some fundamental properties of these
spaces (see [13, Lemma 4]) and extending certain results from Sec-
tion 3.2 of the same paper for C0(KA) to their natural counterparts
in the context of C0(M × KA), where we recall that M is a compact
metric space.

Lemma 4.2. Let A ⊆ [N]ω be an almost disjoint family. Then:
• KA is a locally compact, scattered Hausdorff space.
• KA is compact if and only if A and N \ ⋃A are both finite.
• {xn : n ∈ N} is the set of isolated points of KA; it is dense in
KA, and so KA is separable. Hence KA is metrizable if and only
if it is second countable, if and only if A is countable.

• The subspace KA \ {xn : n ∈ N} = {yA : A ∈ A} is closed and
discrete.

• The sequence (xn)n∈A converges to yA in KA for every A ∈ A.

Definition 4.3. Let A ⊆ [N]ω be an almost disjoint family. For f ∈
C0(M ×KA) and X ⊆ C0(M ×KA), we define

s(f) = {A ∈ A : ∃k ∈ M, f(k, yA) ̸= 0}, s(X ) =
⋃

{s(f) : f ∈ X }.

Lemma 4.4. The set s(f) is countable for every f ∈ C0(M ×KA).

Proof. Let M0 ⊆ M be a countable dense set. We claim that

s(f) = {A ∈ A : ∃k ∈ M0, f(k, yA) ̸= 0} =
⋃

k∈M0

{A ∈ A : f(k, yA) ̸= 0}.
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Indeed, if A ∈ s(f), then there exists k ∈ M such that f(k, yA) ̸= 0,
and taking (kn) ⊆ M0, kn → k we have f(kn, yA) → f(k, yA). So
f(kN , yA) ̸= 0 for some N ∈ N

Thus, it is enough to show that for each k ∈ M0 the set {A ∈ A :
f(k, yA) ̸= 0} is countable. Fix k ∈ M0, and note that only finite
subsets of the discrete closed set {(k, yA) : A ∈ A} are compact, while
for each ε > 0, the set {(k, yA) ∈ M ×KA : |f(k, yA)| ≥ ε} is compact.
The result follows. □

Lemma 4.5. Let A ⊆ [N]ω be an almost disjoint family. A closed
subspace X of C0(M×KA) is separable if and only if s(X ) is countable.
Proof. Suppose that X is separable and let X0 be a countable dense
subset of X , then by Lemma 4.4 s(X0) is countable. It is easy to see
that s(X ) = s(X0), which proves the claim.

On the other hand, if s(X ) is countable, then X is isomorphic to a
subspace of

C0(M ×Ks(X )) ∼= C(M)⊗̂εC0(Ks(X )),
and by Lemma 4.2, C0(Ks(X )) is separable and thus so is C0(M ×
Ks(X )). □

As usual, K ′ denotes the Cantor–Bendixson derivative of a topologi-
cal space K, that is, the set of accumulation points of K equipped with
the subspace topology. For any ordinal α, we define

K(α+1) =
(
K(α)

)′
, and if α is a limit ordinal, K(α) =

⋂
β<α

K(β).

The Cantor–Bendixson index of K is the smallest ordinal α such that
K(α) = ∅; if no such ordinal exists, we say that the Cantor–Bendixson
index is ∞. We observe that KA has finite Cantor–Bendixson index
for any almost disjoint family A ⊆ [N]ω.
Lemma 4.6. Suppose that A ⊆ [N]ω is an almost disjoint family and
X ⊆ C0(M × KA) is separable. Then there is a closed subspace Y of
C0(M ×KA) such that X ⊆ Y and Y ∼ C0(M ×ω). Specifically, when
M is infinite, Y ∼ C(M), while for finite M , Y ∼ c0.
Proof. This follows by examining the second part of the proof of Lemma 4.5
and observing that, since Ks(X ) has finite Cantor–Bendixson index, the
classical classification of continuous functions on countable compact
Hausdorff spaces [5] implies that C0(Ks(X )) ∼ C0(ω), or, if s(X ) is
finite, C0(Ks(X )) ∼ K|s(X )| ⊆ C0(ω). □

Our next lemma is a reformulation of [6, Proposition 3.11] in the
context of spaces of the form C0(M×KA). Since the proof is essentially
identical, we omit it here.
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Lemma 4.7. Let P : C0(M × KA) → C0(M × KA) be a projection
and suppose P = Q⊗̂I +S for an operator Q : C(M) → C(M) and an
operator S with separable range. Then Q is also a projection.

Lastly, we will need the following well-known result, see for example
[15, Lemma 3.6 (ii)]. Recall that an operator P : X → X is said to
factor through Y if there exist operators Q : X → Y and R : Y → X
such that P = RQ.
Lemma 4.8. Let X ,Y be Banach spaces and P : X → X be a pro-
jection. Suppose P factors through Y, then P [X ] is isomorphic to a
complemented subspace of Y.
Proposition 4.9. Let n ∈ N and suppose that C0(KA) has few op-
erators. Then every infinite-dimensional complemented subspace of
C0(KA)n is isomorphic to either c0 or C0(KA)m for some m ≤ n.
Proof. We proceed by induction, the case n = 1 follows by [12, Lemma
4]. Thus, assume the result is true for m < n, and we will show it holds
for n.

Let P : C0(KA)n → C0(KA)n be a projection with infinite-dimensional
image, and write P = Q⊗̂I−S using Corollary 1.3, where S has separa-
ble range. By Lemma 4.7, the operatorQ : ℓn

∞ → ℓn
∞ is also a projection

and let d = dimQ[ℓn
∞]. Since S factors through c0 by Lemma 4.6, it

follows that P factors through (Q[ℓn
∞]⊗̂εC0(KA)) ⊕ c0 ∼ C0(KA)d ⊕ c0.

We distinguish three cases: d = 0, 0 < d < n or d = n.
In the first case, Q = 0, so P = S which factors through c0, so that

P [C0(KA)n] is isomorphic to a complemented subspace of c0 and thus
isomorphic to c0 [17, Theorem 1].

If 0 < d < n, P factors through C0(KA)d ⊕ c0 ∼ C0(KA)d, so that
an application of the induction hypothesis, together with Lemma 4.8,
gives the result.

In the case d = n then Q = I, so that P = I − S. Observe that
I −P = S, implying that S is a projection that factors through c0. By
Lemma 4.8, the space S[C0(KA)n] is isomorphic to a complemented
subspace of c0 and thus either finite-dimensional or isomorphic to c0.

Since P [C0(KA)n] is an infinite-dimensional complemented subspace
of a space of continuous functions over a scattered locally compact
space, it contains a complemented copy of c0 [16]. Therefore

C0(KA)n ∼ P [C0(KA)n] ⊕ S[C0(KA)n] ∼ P [C0(KA)n],
which completes the proof. □

We are ready to provide the classification of the complemented sub-
spaces of C0(ω ×KA).
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Proof of Theorem 1.4. Let P : C0(ω × KA) → C0(ω × KA) be a pro-
jection and express P = Q⊗̂I − S according to Corollary 1.3, so that
by Lemma 4.7 Q is also a projection. If Q[C0(ω)] is finite dimensional,
then P factors through C0(KA)dim Q[C0(ω)]+1, and the result follows from
Lemma 4.8 and Proposition 4.9.

Otherwise, Q[C0(ω)] ∼ C0(ω), so after conjugation if necessary, we
can assume Q = I, which gives P = I − S. Arguing as in the proof of
Proposition 4.9 gives P [C0(ω ×KA)] ∼ C0(ω ×KA). □

Finally, we can classify the closed ideals of B(C0(ω ×KA)).

Proof of Theorem 1.6. Observe that C0(ω ×KA) has the bounded ap-
proximation property, being a L∞-space, and thus K (C0(ω×KA)) is
the minimal non-zero closed ideal. By Lemma 4.6, operators with sep-
arable range factor through c0, so that Gc0(C0(ω ×KA)) = X (C0(ω ×
KA)). In particular Gc0(C0(ω ×KA)) is a closed operator ideal.

Since ω × KA is scattered, it is well-known that non-compact oper-
ators in C0(ω ×KA) factor the identity of c0 [11, Proposition 5.4 (ii)],
so that any ideal I which is not contained in the ideal of compact
operators, also contains the ideal of separable operators. Therefore for
any closed ideal I of B(C0(ω×KA)), I ̸= K (C0(ω×KA)), we have

{0} ⊊ K (C0(ω ×KA)) ⊊ X (C0(ω ×KA)) ⊆ I .

Since φ : B(C0(ω ×KA)) → B(c0), defined by φ(T ) = φ(U⊗̂I + S) =
U , is a surjective algebra homomorphism with kerφ = X ((C0(ω ×
KA)), it follows that there is a one-to-one correspondence between the
closed ideals of B(c0) and the closed ideals of B(C0(ω × KA)) which
contain the ideal X (C0(ω ×KA)). The only closed operator ideals on
c0 are {0} ⊊ K (c0) ⊊ B(c0) [8]; we obtain the rest of the ideals of
B(C0(ω×KA)) as the preimages of those. The only non-trivial case is

φ−1(K (c0)) = {Q⊗̂I + S : Q ∈ K (c0), S ∈ X (C0(ω ×KA))}
= G C0(KA)(C0(ω ×KA)),

which follows since finite rank operators uniformly approximate every
compact operator in c0, while separable range operators on C0(ω×KA)
factor through c0, and thus through C0(KA). □

Note added in proof. After presenting our results in a seminar at
Lancaster University, Dr. Matthew Daws extended Theorem 1.1 to op-
erators T : E⊗̂αX → F ⊗̂αX, where α(·) is any uniform crossnorm and
F has the bounded approximation property. The core of the argument
involves replacing the evaluation and inclusion operators πk and ιe with



OPERATORS ON INJECTIVE TENSOR PRODUCTS 17

slice maps, and employing the principle of local reflexivity to obtain an
analogue of Lemma 3.6.
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