TORSION PAIRS, T-STRUCTURES, AND CO-T-STRUCTURES FOR
COMPLETIONS OF DISCRETE CLUSTER CATEGORIES

SOFIA FRANCHINI

ABSTRACT. We give a classification of torsion pairs, t-structures, and co-t-structures in the
Paquette—Yildirim completion of the Igusa—Todorov discrete cluster category. We prove that the
aisles of t-structures and co-t-structures are in bijection with non-crossing partitions enriched
with some additional data. We also observe that recollements exist in the completion and we
classify them.
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1. INTRODUCTION

Given a positive integer m and a field K, Igusa and Todorov defined in [IT] a cluster category C,,
which generalises the classical cluster category C(A4,) of type A, introduced by Buan, Marsh,
Reineke, Reiten, and Todorov in [BMRRT] for finite-dimensional hereditary algebras. The
category C(A,) has a nice geometric model in terms of an (n + 3)-gon, introduced by Caldero,
Chapoton, and Schiffler in [CCS]. When m = 1 or m = 2, the category C,, can be regarded as the
orbit category of the infinite quiver A, or A, respectively, studied by Liu and Paquette in [LP],
in analogy with the finite-rank case. When m = 1, the category C,, is equivalent to the Holm—
Jorgensen category defined in [HJ] as the finite derived category of K[T] viewed as a graded
algebra, or can be obtained by stabilising a certain subcategory of a Grassmannian category of
infinite rank, see [ACFGS]. When m = 1, C,, is also the unique algebraic triangulated category
generated by a 2-spherical object, up to triangle equivalence. In particular, these categories
come up in many different contexts.

The category C,, has many nice properties, for instance it is a Hom-finite, K-linear, Krull-

Schmidt triangulated category, and has a geometric model which allows us to use combinatorial

tools to classify some important classes of subcategories. The indecomposable objects of C,,
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can be regarded as the arcs of an oco-gon, Z,,, having m two-sided accumulation points. The
Hom-spaces are at most one-dimensional and can be understood in terms of crossings of arcs.
Moreover, C,, is 2-Calabi-Yau, i.e. Ext!(a,b) = D Ext!(b,a) for each pair of objects a and b.
The cluster-tilting subcategories of C,, were classified in [GHJ], and in [HJ] and [LP] for m = 1
and m = 2, as certain triangulations of the infinity-gon Z,,.

We can also be interested in studying a completion C,, of C,,. Cummings and Gratz studied
in [CG] the Neeman’s completion of C,,. We work with the Paquette—Yildirim completion of
Cm, defined in [PY], which was obtained by taking the Verdier quotient of Cs,, with respect
to a specific thick subcategory. In this article, by completion we mean the Paquette—Yildirim
completion of C,,. This was first defined by Fisher in [F] for the case m = 1, by closing the
category C1 under certain homotopy colimits. August, Cheung, Faber, Gratz, and Schroll proved
in [ACFGS] that the category C; is also equivalent to a stable Grassmannian category of infinite
rank. The completion inherits many properties from C,,, for instance, C,, is still a Hom-finite,
K-linear, Krull-Schmidt triangulated category and has also a geometric model similar to the
one for C,,. The indecomposable objects of C,, are in bijection with arcs, or limits of arcs,
of Z,,, and the Hom-spaces are still at most one-dimensional. Moreover, C,, also has cluster-
tilting subcategories which are in correspondence with some triangulations of the co-gon Z,,.
Canakci, Kalck, and Pressland endowed C,, with an extriangulated structure E and classified
the cluster-tilting subcategories with respect to E in terms of a larger class of triangulations of
the oo-gon Z,,, see [CKP].

Despite C,,, and C,, having many similarities, these two categories also have relevant differences.
One remarkable difference is that C,, is not 2-Calabi-Yau, although it is “weakly 2-Calabi—Yau”
with respect to the extriangulated structure of [CKP]. Therefore, classifying subcategories in C,,
is a way to develop intuition for a more general setting, which is not necessarely 2-Calabi—Yau.

The geometric models of C,,, and C,, allow one to classify some important classes of subcate-
gories using arc combinatorics. Torsion pairs of a triangulated category play an important role
in representation theory, as they provide a decomposition of the category into smaller subcat-
egories. By a result of Iyama and Yoshino in [IY], the torsion pairs in a “small” triangulated
category are completely determined by their torsion classes, which are characterised as extesion-
closed precovering subcategories. In order to classify torsion pairs, we classify the precovering
subcategories and the extension-closed subcategories of C,,. We keep those properties separate
and independent from each other.

Theorem A (Theorem 5.4). Let X be an additive full subcategory of C,. Then X is a precov-
ering subcategory of C,, if and only if the set of arcs corresponding to the indecomposable objects
of X satisfies the completed precovering condition, i.e. it is closed under certain configurations
of converging sequences of arcs of X.

Theorem B (Proposition 6.7). Let X be an additive full subcategory of Cp,. Then X is an
extension-closed subcategory of Cp, if and only if the set of arcs corresponding to the indecom-
posable objects of X satisfies the completed Ptolemy condition, i.e. it is closed under taking
Ptolemy arcs for each pair of crossing arcs of X.

The torsion pairs in C,, were classified by Gratz, Holm and Jgrgensen in [GHJ] generalising
the classifications of Ng in [N] and of Chang, Zhou, and Zhu in [CZZ] for the cases m = 1 and
m = 2 respectively. By combining the two results above, we classify the torsion pairs in Cy,.

Theorem C (Theorem 7.1). Let X be an additive full subcategory of C,. Then X is a torsion
class in C,, if and only if the set of arcs corresponding to the indecomposable objects of X
satisfies the completed precovering condition and the completed Ptolemy condition.

Particular kinds of torsion pairs are t-structures and co-t-structures, which are similar concepts

but have important differences. For instance, t-structures are related to a notion of homology,

and the heart of a t-structure is abelian, while the co-heart of a co-t-structure is presilting.
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The t-structures in C,,, were first classified for m = 1 or m = 2 in [N] and [CZZ]. Gratz and
Zvonareva classified the t-structures for m > 1 using decorated non-crossing partitions. These
consist of a non-crossing partition of the finite set {1,..., m} together with some additional data
consisting of elements of the closure of the co-gon Z,,,. In [GZ] the authors also proved that the
t-structures in C,, form a lattice under inclusions of aisles. This reflects the fact that the non-
crossing partitions form a lattice under refinement. In this paper we classify the t-structures of
C,, using similar combinatorial objects.

Theorem D (Theorem 8.5, Theorem 10.3). There is a bijection between the aisles of t-structures
in Cp, and the half-decorated non-crossing partitions of {1,...,2m}. Moreover, the t-structures
in Cpy form a lattice under inclusion of aisles.

We also classify the co-t-structures in C,, using related combinatorial objects. In C,, the only
co-t-structures are the trivial ones (0,C,,) and (Cy,, 0). This marks a further difference with the
completion, where non-trivial co-t-structures exist.

Theorem E (?heorem 9.2, Theorem 10.3). There is a bijection between the aisles of the co-
t-structures in Cm,_and the alternating non-crossing partitions of {1,...,2m}. Moreover, the
co-t-structures in Cp, form a lattice under inclusion of aisles.

Another interesting aspect of triangulated categories are their recollements. These can be
thought as exact sequences of triangulated categories. Recollements are in bijection with torsion-
torsion free triples, i.e. triples (X,),Z) where (X,)) and (), Z) are t-structures, see for
instance [NS]. In our context, where the triangulated categories are Hom-finite, K-linear, and
Krull-Schmidt, recollements are also in bijection with the functorially finite thick subcategories.
Gratz and Zvonareva classified the thick subcategories of Cy, in [GZ], and Murphy classified the
thick subcategories of Cy, in [M]. The category C,, can be thought as “triangulated simple”,
as its only functorially finite thick subcategories are 0 and C,,. The completion has different
behaviour, indeed in C,,, more functorially finite thick subcategories exist. We have the following
classification of the functorially finite thick subcategories.

Theorem F (Corollary 9.26, Corollary 10.6). There is a bijection between the functorially
finite thick subcategories of Cp, and certain alternating non-crossing partitions of {1,...,2m}.
Moreover, the functorially finite thick subcategories of Cp, form a lattice under inclusion.

Acknowledgments. The author thanks her supervisor David Pauksztello for useful conver-
sation and suggestions and for carefully reading previous versions of this paper, and Raquel
Coelho Simoes for useful technical support and advice. The author thanks the referee for care-
fully reading this paper and for the useful comments. The author acknowledges support by the
EPSRC through a mathematical sciences studentship and the grant EP/V050524/1.

2. BACKGROUND

Throughout this section 7 will be a Hom-finite, K-linear, Krull-Schmidt triangulated cate-
gory with shift functor ¥: 7 — 7T, unless otherwise stated. We denote by ind T the class of
indecomposable objects of T.

Any subcategory X of T is assumed to be full, and we sometimes write X C 7. We say that
X is an additive subcategory if X is closed under direct sums, isomorphisms, direct summands,
and contains the zero object. Given X and ) subcategories of T, we write

X x Y = {t € T| there exists a triangle z — t — y — Xz for some x € X and y € )V} .
A subcategory X of T is called
e extension-closed if X * X = X;

e suspended if it is extension-closed, additive, and XX C X;
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o co-suspended if it is extension-closed, additive, and 71X C X
e thick if it is suspended and co-suspended.

Given X and ) additive subcategories of T, we write Hom(X,)) = 0 if Hom(z, y) = 0 for each
xz € X and y € ). We denote

X+ ={te T |Homp(X,t) =0} and X ={tc T |Homp(t,X)=0}.

Let X be an additive subcategory of T and let t € 7. We say that a morphism f: xz — ¢ is
an X-precover of t if x € X and any ¢g: 2/ — t with 2’ € X factors through f. We say that an
X-precover f: x — t is an X-cover if additionally it is right minimal, i.e. for any ¢g: x — x if
fg = f then g is an isomorphism. Covers are unique up to isomorphism, while precovers are
not. We say X is precovering if any t € T admits an X-precover. The notions of preenvelope,
envelope, and preenveloping subcategory are dual. If X is precovering and preenveloping, we say
that X is functorially finite.

Remark 2.1. In our context being precovering can be checked at the level of the indecomposable
objects. More precisely, X is a precovering subcategory of 7 if and only if for any ¢t € ind 7T
there exist x € X and f: o — t such that any g: 2’ — ¢ with 2’ € ind X factors through f, cf.
[AS, p. 81].

2.1. Torsion pairs. Let X and ) be additive subcategories of 7. The pair (X,)) is called

e torsion pair if Hom(X,Y) =0and 7 = X x Y, see [IY];

e {-structure if it is a torsion pair and XX C X, see [BBDG];

e co-t-structure if it is a torsion pair and X~!X C X, see [P] and [B] where they are called
weight structures.

Let (X,)) be a torsion pair, then X is called torsion class and ) is called torsion-free class. If
(X,)) is a t-structure or a co-t-structure, X is called aisle and ) is called co-aisle. The heart
of a t-structure (X,)) is X N XY. The co-heart of a co-t-structure (X,)) is X N T ~1Y. Let
(X,Y) be a t-structure or a co-t-structure, we say that (X,)) is

o left bounded, or right bounded, if T = |, ez X" X, or T = J,,c7 X"Y respectively;

e bounded if it is left bounded and right bounded;

e left non-degenerate, or right non-degenerate, if [, ., X"X = 0, or (,cz E"Y = 0 re-
spectively;

e non-degenerate if it is left non-degenerate and right non-degenerate.

It is straightforward to check that if (X', )) is left bounded then it is right non-degenerate, and
if it is right bounded then it is left non-degenerate.

Proposition 2.2 ([IY, Proposition 2.3]). Let X, Y be additive subcategories of T. Then (X,))
is a torsion pair if and only if X is extension-closed and precovering, and Y = X+.

We recall the following notion from [B]. Let (X,)) be a co-t-structure.

e If X is functorially finite, then (*X, X) is called its left-adjacent t-structure.
e If ) is functorially finite, then (Y, Y1) is called its right-adjacent t-structure.

2.2. Decomposition of triangles. In this section we provide a decomposition of certain trian-
gles of T (Proposition 2.5) and we characterise the extension-closed subcategories of T (Proposi-
tion 2.5), under the assumption that 7 has at most one dimensional Hom-spaces. These results
will be useful in Section 6 for describing the extension-closed subcategories in the Igusa—Todorov
discrete cluster categories. We need the following definition and lemma.

Definition 2.3 ([CP, Definition 4.2]). The morphisms fi: 1 — y and fa: 2 — y are factor-
ization free if there is no g: 1 — 9 such that f; = fog, and there is no h: xo — x1 such that

fo = fih.
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Lemma 2.4. Let x1,...,xn,y € indT and f = (f1,..., fn): Bi,xi — y be a morphism of
T. If f is right minimal then f1,..., fn are pairwise factorization free.

Proof. Assume that there exists a morphism ¢: x; — x; such that f; = f;¢ for some i # j. We
define the morphism v = (v)s:: @i, i — P;_, z; as

1 ifs=t#i,
)0 ifs=t=1,
(Vs = p ifs=jandt=r,
0 otherwise.
It is straightforward to check that fy = f. Since 7 is not an isomorphism, we have a contradic-
tion with the fact that f is right minimal. We conclude that fi,..., f, are pairwise factorization
free. O

Proposition 2.5. Assume that the Hom-spaces of T are at most one dimensional. Let a —
e—sb-"% 54 be a triangle in T with a,by,...,by € ind T, b= @], b, and h = (h1,...,hy).
Then there exist by, ..., b € indT and a morphism h' = (h},... h}): b/ = @le b, — Xa such
that V' is a direct summand of b, hy,..., hj are pairwise factorization free, and there is the
following isomorphism of triangles.

el — Vo L 5

ol

e > b ", S

Proof. Without loss of generality, we can assume that hi,...,h, # 0, see [CP, Lemma 3.1].
Since the Hom-spaces are at most one dimensional, it is straightforward to check that h: b — Ya
is an add{b}-precover of Xa. Thus, by [J, Lemma 4.1] there exists v',b” € add{b} and an
isomorphism a: b @ b” — b such that the composition

/ ((1)) / /o« h

b —=bab —b— Ya
is an add{b}-cover of Ya, which we denote by h': i — Xa. We denote ha = (h',h"): ¥ &b —
Ya. Since h': b — Xa is an add{b}-cover of Xa, there exists 3: " — b’ such that h'S = h”,

and then
(1 0) <(1) f>_(hf W) = ha

As a consequence, we obtain the isomorphism of triangles in the claim. Since A/ is right minimal,
by Lemma 2.4 , h),..., hl are pairwise factorization free. O

Remark 2.6. Keeping the notation of Lemma 2.5, since hf, ..., k!, are pairwise factorization
free, we have that b; % Ya, h; # 0, and b; 2 V; for each i # j.

The following proposition provides a sufficient condition for checking that a subcategory is
extension-closed.

Proposition 2.7. Assume that the Hom-spaces of T are at most one dimensional, and let
U be an additive subcategory of T. Assume that U is closed under extensions of the form
a4 — e — b Na with b = D, bi, a,br,....,b, €indT, h = (hi,...,hy), and hy,..., hy
pairwise factorization free. Then U is closed under extensions.

Proof. We divide the proof into claims.

Claim 1. The subcategory U is closed under extensions of the form a — ¢ — b — Ya with
a €indU and b € U.
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Consider a triangle a — e — b — Ya with a € indi/ and b € Y. This is isomorphic to a
)

triangle of the form @ — &' @b" —» ¥ @b" Y S where b = (], ..., h.): ¥ = @®F_ i — Sa

is as in Proposition 2.5. The triangle a — ¢/ — b/ My Sa satisfies the assumptions of our

statement and therefore ¢’ € Y. Moreover, since e = ¢/ @ b” and b” is a direct summand of b,

we have that e € U.
Claim 2. The subcategory U is closed under extensions.

Consider a non-split extension a — ¢ — b — Ya in C,, with @le a;, b= @?:1 b;, and
a;,b; € indU for each i € {1,...,k} and j € {1,...,n}. We proceed by induction on k. If
k = 1 then we have the statement by Claim 1. Assume that & > 2, and consider the following
Octahedral Axiom diagram.

ag —1> ak
-1p a p b
1J i {
51— Pl x b
0 |

Eak —1> Zak

Consider the triangle @;:11 a; — r — b — @f;ll Ya;. By the induction hypothesis we

obtain that x € U. Now consider the triangle a, — ¢ — x — Yag. Since a; € indU and
x € U, by Claim 1 we conclude that e € U. O

2.3. Verdier quotients. Let D be a thick subcategory of T, we recall how to obtain the Verdier
quotient 7 /D. We refer to [Kra, Section 4] for a detailed description.

We consider S the class of morphisms f: t; — to of 7 which extend to triangles of the form
t1 i> to —> d — ¥t; with d € D. The category 7 /D has

e as objects exactly the same objects of T

e as morphisms the equivalence classes of left fractions, see [Kra, Section 3.1];

e the quotient functor @: 7 — T /D which acts as the identity on objects and makes the
morphisms in S invertible, and is universal with this property.

The category 7 /D has a triangulated structure which consists of

e the shift functor ¥: 7/D — T /D induced by the shift functor X: T — T;
e triangles given by isomorphic copies of the images of the triangles of T after Q.

With this triangulated structure, the quotient functor @) is a triangulated functor, i.e. it is an
additive functor commuting with ¥ and sending triangles of T to triangles of T /D, see [Kra,
Lemma 4.3.1]. From [Kra, Proposition 4.6.2] we recall that

e a morphism f:t; — t3 in T is such that Q(f) = 0 in 7 /D if and only if f = hg for
some g: t1 — d and h: d — t2 with d € D;
e an object ¢t € T is such that Q(¢) = 0 in 7 /U if and only if t € D.

Let U C T and X C T/D. The essential image of U after @), and the preimage of X after @,
are respectively

QU)={zeT/D|z=Q(u)in T/D for some u € U} and
QM X)={teT|Q@t) =z in T/D for some z € X}.
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We have the following generalisation of [V, Proposition 2.3.1].

Proposition 2.8. Let T be a triangulated category and D be a thick subcategory. The following
1 an inclusion preserving bijection.

Eztension-closed additive subcategories PN Extension-closed additive
UCT such that D CU subcategories of T /D

Ur— QU)
QNX) «—x

The argument in [V] is in part not applicable with our assumptions when checking that the
maps are well defined. Therefore, we provide an argument for this statement. Before doing so,
we have the following lemma, which is included in the argument of [V, Proposition 2.3.1]. Our
assumptions are more general than those of [V], but the argument still applies.

Lemma 2.9. Let D be a thick subcategory of T andU be an extension-closed additive subcategory
of T containing D. Ift € T and uw € U are such that Q(t) = Q(u) in T /D, then u € U.

Proof of Proposition 2.8. We check that the maps are well defined. To show that the two maps
are mutually inverse we can proceed as in the argument of [V, Proposition 2.3.1]. Let U be an
extension-closed additive subcategory of 7 containing D. It is straightforward to see that Q(U)
is closed under isomorphism, 0 € Q(U), and that Q(U) is closed under direct sums. Moreover,
by Lemma 2.9, it is straightforward to check that Q(U) is closed under direct summands.

Now we show that Q(U) is extension-closed. Consider a triangle in 7 /D
(T) 21—y — z2 — Xy

with z1, 29 € Q(U). Then there is a triangle a — e — b — Ya in T whose image under Q
is isomorphic to the triangle (T) in 7 /D, see the proof of [Kra, Lemma 4.3.1]. Thus, in 7 /D
we have the isomorphisms Q(a) = x1, Q(b) = x5 and Q(e) = y. Since x1,x2 € Q(U), we have
that there exist uj,ue € U such that z1 = Q(u1) and z92 = Q(u2). Then, by Lemma 2.9, we
have that a,b € U. Since U is extension-closed, we obtain that e € U/ and as a consequence
y = Q(e) € Q). Thus, the map U — Q(U) is well defined.

Let X be an extension-closed additive subcategory of 7/D. We check that Q~1(X) is an
additive subcategory of 7. It is straightforward to see that 0 € Q~1(X), Q1 (X) is closed under
isomorphisms, direct sums, direct summands, and that D C Q7! (X). Now we show that Q1 (X)
is extension-closed. Consider a triangle a — ¢ — b — Ya in T with a,b € Q~(X). Then its
image under @ is a triangle Q(a) — Q(e) — Q(b) — XQ(a) in T /D with Q(a),Q(b) € X.
Since X is extension-closed, then Q(e) € X. As a consequence e € Q~!(X). Hence, the map
V= Q1Y) is well defined.

Finally, from the definitions of Q(U) and Q1 (X), it is straightforward to check that the maps
U QU) and X — Q~1(X) preserve inclusion. O

2.4. Non-crossing partitions. Let k be a positive integer. Consider the unit circle S' with
anticlockwise orientation, and a finite set of elements of S!, which we label as {1,...,k} = [k],
with the cyclic order 1 <2 < --- <k < 1.

A non-crossing partition of [k] is a partition P of [k] such that for any i1, 492, j1,j2 € [k] which
are in cyclic order i1 < j1 < @9 < jo < i1, if 41,40 € B and ji,jo € C for some B,C € P, then
B = C. If P is a non-crossing partition, its elements are called blocks.

The Kreweras complement, P¢, of a non-crossing partition P of [k] is obtained as follows, see
Figure 1 for an illustration.

(1) Double the elements of [k] to get the set [k¢]U[k°] = {1¢,1°,..., k®, k°} with cyclic order

18 <19< - < kE < K® < 1°.
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(2) Define P€ as the non-crossing partition of [k¢] which consists on P.

(3) Complete P€ to a serrée (dense) non-crossing partition P¢ U P? of [k¢] U [k°], see [Kre,
p. 338).

(4) Define P¢ as P° and relabel the elements of [k°] as 1,..., k.

FIGURE 1. On the left P = {{1,3,4},{2},{5,7,8},{6}} is a non-crossing parti-
tion of [8], and P¢ = {{1,2},{3},{4,8},{5,6},{7}} on the right is its Kreweras

complement.

There is a partial order on the set of non-crossing partitions of [k] given as follows: P < P’ if for
each block B of P there exists a block B’ of P’ such that B C B’. The non-crossing partitions
of [k] form a lattice: each pair of non-crossing partitions has a least upper bound PV P’, called
join, and a greatest lower bound P A P’ called meet. We refer to [Kre, Section 2] for more
details.

Remark 2.10. Let P and P’ be non-crossing partitions of [k]. Then (P V P')¢ = P A P
Indeed, it is straightforward to check that P < P’ if and only if P’¢ < P¢. Therefore, the
Kreweras complement of the least upper bound of P and P’ is equal to the greatest lower
bound of the Kreweras complements of P and P’.

3. THE CATEGORIES C,,, AND C,,

In this section we recall the Igusa—Todorov discrete cluster category Cy,, introduced in [IT], the
Paquette—Yildirim completion C,,, introduced in [PY], and their geometric models.

3.1. The oco-gons Z,,, Zom, and Z,,. We consider the unit circle S' with anticlockwise
orientation, endowed with the usual topology. Given a positive integer m, the oco-gon Z,, is
an infinite discrete subset of S! consisting of m copies of Z embedded in S' with m two-sided
accumulation points, see Figure 2. We denote the accumulation points of Z,, by {1,...,m} =
[m]. Given p € [m], we denote by Z®) all the elements of 2, which belong to the p-th copy of
Z. The accumulation points are in cyclic order 1 < --- <m < 1. If p € [m] is an accumulation
point, we denote the successor and the predecessor of p with respect to the cyclic order by p™
and p~. We also regard [m] as a totally ordered set 1 < --- < m. This total order induces a
total order < on Z,, U [m].

We can define intervals in Z,,. Given z,y € Z,, U [m]| we denote

2,y) {z€Z, |z <z<y} if x <y, and
xz, = .
{z€Z,|z<zorz>y} otherwise.

Similarly, we can define the intervals (z,y], (z,y), and [z, y]. Since the set Z,, is discrete, for
each z € Z,, there exists a predecessor z — 1 and a successor z + 1.

Definition 3.1. A pair x = (1, 22) of elements of Z,, is called arc if x93 > 1 + 2, and in
that case x; and zo are called endpoints or coordinates of x. Given two arcs x = (x1,z2) and
8



y = (y1,y2) of Z,,, we say that z and y cross if 21 < y1 < x2 < y2 or y1 < x1 < Y2 < z3. Given
p,q € [m] with p < ¢, we define

79 = {(:L“l,xg) is an arc of Z,, | 71 € ZP and 5 € Z(Q)} )

From Z,,, we define another co-gon Z,,,. To this end, we take an intermediate step by considering
the co-gon Zs,,. We re-label the accumulation points of Z5,, as 1’,1,...,m’,m, see Figure 2.
The set of accumulation points [m'] U [m] has cyclic order I’ <1 < --- <m/ <m <1 and a
total order 1’ < 1 < -+ < m/ < m, which induces a total order on Zs5,,. The notions of interval,
successor, predecessor, arc, are the same as for the set Z,,.

On Z,,, we define an equivalence relation ~ as follows. For each z,y € Zs,,, we have that
@~y if and only if z = y or z,y € ZP for some p € [m'].

Consider x© € Z,,, we sometimes denote the equivalence class of z by Z. If € Z®) for some
p € [m'], we identify T = p with an abuse of notation. We define the set Z,, = Z5,,/ ~ and we
observe that Z,, can be regarded as the set Z,,, U [m’]. The total order on Zs,, induces a total
order on Z,,.

Given a point z € Z,, = Z,,, U[m’], we define the successor z + 1 of z as

1 the successor of z in Z,, if z € Z,,,
i =
z if z € [m/].

We can define z — 1 analogously. The notions of arc of Z,,, and of crossing arcs are the same as
those for Z,,. Given p,q € [m/] U [m] we define the following sets

7@  if _

P = 1 pe [m],, and CP9) = {(xl,:rg) is an arc of Z,, | 1 € C?) and 25 € C(q)}.
{p} ifpem]

The following notation will be useful later. Given z and y both elements of Z,,, or both elements

of Z,,, with zo > x1 + 2 or &1 > =5 + 2, we denote

(1, 7| = (w1,22) if 21 < @9,
' (xo,21) if 29 < 1.

OO C

FIGURE 2. On the left the co-gon Zs, in the centre Z4, and on the right Zs.
The white circles denote the accumulation points of Z; and Z4, the black circles
denote the accumulation points of 2.

3.2. Geometric models. Given the co-gon Z,, and a field K, the category C,, was defined in
[IT]. This is a K-linear, Hom-finite, Krull-Schmidt triangulated category. We denote its shift
functor by ¥: C, — Cpm. Moreover, G, is 2-Calabi-Yau, i.e. Y2 is a Serre functor. We recall
some properties of Cpy,.
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e There is a bijection between the isoclasses of indecomposable objects of C,,, and the arcs
of Z,,. We regard the indecomposable objects of C,, as arcs of Z,,, see [IT, Section
2.4.1].

e Given x = (21, x2) € indC,, we have that ¥z = (x; — 1,22 — 1) by [IT, Lemma 2.4.3].

e Given z,y € indCy,, by [IT, Lemma 2.4.4] we have that

K if 2 and ¥~y cross,

Home, (x,y) =
¢ (@,9) {0 otherwise.

The completion Cy, of C,, was defined in [PY], we recall its construction. Consider the set Za,
defined in Section 3.1 and the associated category Cay,. Define D as

D=add{ | z®?

pe[m’]

The category D is a thick subcategory of Ca,, and C,, is defined as the Verdier quotient Ca,,/D.
This is a K-linear, Hom-finite, Krull-Schmidt triangulated category. We denote the quotient
functor as m: Cop, — Cop /D = C,n and its shift functor by X: C,, — Cy, as for C,,. We recall
the following properties.

e The isoclasses of indecomposable objects of C,, are in bijection with the arcs of Z,,, see
[PY, Corollary 3.11].

e For any # = (x1,72) € indCay, \ ind D the object 7z € C,, is indecomposable by [PY,
Proposition 3.10] and can be regarded as the arc (T1,T2) of Z,.

e Let o € indC,,, then there exists 2’ € ind Cay, such that 72’ = 2. Indeed, if z = (21, z2)
with z1, 29 € Z,,, we can take 2,7} € Zo,, such that T} = 1 and T = x9, we define
x' = (2, 2) € ind Cop,.

e Given r = (z1,72) € indC,, we have that Yz = (v1 — 1,29 — 1).

e The Hom-spaces of C,, between indecomposable objects are at most one-dimensional.
More precisely, we have the following proposition.

Proposition 3.2 ([PY, Proposition 3.14]). Let 2,y € indCp,. Then Homg (z,3y) =K if and
only if one of the following statements holds.

o The arcs x and y cross.

e The arcs x and y share ezactly one endpoint z € [m'], and we can reach y by rotating x
in the anticlockwise direction about z.

e The arcs x and y share both endpoints z1,zy € [m/].

Otherwise Homg (z,%y) = 0.

Remark 3.3. For both categories Cy,, and Cpm, we identify the indecomposable objects with
arcs of Z,, or Z,,, and the full additive subcategories with sets of arcs.

From now on any subcategory of C,, or C,, is assumed to be additive and full.

4. THE AR QUIVER OF C,,

In this section we describe the AR quiver of C,,. It is well known that C,, does not have a
Serre functor, and therefore no almost split triangles in general. In this setting, by AR quiver
we mean the quiver having as vertices the isoclasses of indecomposable objects of C,, and as
arrows the irreducible morphisms between them.
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4.1. The coordinate system. Recall from [IT, Theorem 2.4.13] that the AR quiver of C,,
consists of

e m components of type ZA, corresponding to the arcs of Z®P) for p e [m],
e (") components of type ZAZ, corresponding to the arcs of 7P for p,q € [m] with

o0
pF#q.

For the category C,,, we can arrange the isoclasses of the indecomposable objects of C,, into a
coordinate system having

e m components of type ZA., corresponding to the arcs of C®?) for p € [m],

(Tg) components of type ZAX, corresponding to the arcs of C®% for p,q € [m] with
p#4q,

(y) components of type A, corresponding to the arcs of C (:9) for p, q € [m'] with p # ¢,

e m? components of type A%, corresponding to the arcs of C®% for p, q € [m']U[m] such
that either p € [m’] and ¢ € [m], or p € [m] and ¢ € [m/].

Figure 3 illustrates this coordinate system. In Proposition 4.11 we describe the irreducible
morphisms of C,, and thus show that the above describes the AR quiver of C,,.

C(l’.2)
7(1:2) A o) o2

C(I'Al) 0(1,2’) 22

N .
YACE) AN . . 4 7,(2.2) oD 2.2

FIGURE 3. On the left the AR quiver of Cs, on the right the AR quiver of C».

4.2. Hom-hammocks. Before describing the Hom-hammocks of C,,, we extend the definition
of Hom-hammocks of C,, see [HJ, Definition 2.1], from m =1 to the general case m > 1.

Definition 4.1. Let a = (a1, a2) € indC,,,. We define

H'(a) = {(z1,22) €indCp, | a1 <71 < az —2 and z2 > as} and

H™ (a) ={(z1,22) € indCp, | 1 < a1 and a1 + 2 < 9 < as}.
Remark 4.2. For a,b € indC,,, by [IT, Lemma 2.4.2] it follows that Home,, (a,b) = K if and
only if b € H(a) U H~(X2a), or equivalently, a € H(X72b) U H (b).

We define the Hom-hammocks for the category C,, analogously to C,; Figure 5 provides an
illustration.

Definition 4.3. Let a = (a1, as) € indCy,, and let p,q € [m’]U [m] be such that a € CP9. We
define the Hom-hammocks F+(a) and H (a) as follows.

FJr( {{(1'1,1'2) €indCp, | a1 <1 <ay—2and o3 > as} if ¢ € [m],
a) =

{(x1,72) €indCpp, | a1 < 21 < a2 and x3 > as} if ¢ € [m/].
{(x1,72) €indC,p, | 1" <21 <aj and a; +2 < 29 < ap} if p,q € [m],
T (a) {(z1,22) €indCp, | 1" <21 <@y and a1 +2 < z9 < a2} if p € [m] and ¢ € [m/],
a) = _
{(z1,22) € indCp, | I <21 < a1 and a; < 29 < ag} if p € [m/] and ¢ € [m],
{(z1,22) €indCpy | " <21 < ay and a1 < 22 < as} if p,q € [m/].

We can reformulate Proposition 3.2 as follows.
11



Proposition 4.4. Let a,b € indC,,. Then Homg (a,b) = K if and only if b € F+(a) U
H (X%a).

Since Cyp, is not 2-Calabi-Yau, for a,b € ind Cyy, in general b € H (a)UH (X2a) is not equivalent
toa € F—F(Z*Qb) U H (b). Therefore, we also define the reverse Hom-hammocks T and I,
for which b € H (a) UH (£2a) if and only if a € T (S726) UT  (b).

Definition 4.5. Let a € indC,,, and let p,q € [m'] U [m] be such that a € CP9. We define
the reverse Hom-hammocks T+(a) and I (a) as follows.

{(x1,72) €indCp, | a1 < 21 < az —2 and 2 > ax}  if p,q € [m],
{(x1,72) €indCp, | a1 < 71 < az and x5 > as} if p € [m] and ¢ € [m/],

I
I (a) = (
{

( )
(v1,72) €indCpy | a1 < 21 < ag —2 and 29 > as} if p € [m/] and ¢ € [m],
(r1,22) € ndCpp, | a1 < 21 < ag and x9 > as} if p,q € [m/].

T (a) = {(x1,m2) €indCpy | 1! <21 <ayand a; +2 < 29 < ap} if p € [m],
N {(z1,22) €indCppy | " <21 < a3 and a1 < 22 < ag} if p € [m/].

Note that in general F+(a) # T+(a) and H (a) #1 (a). We can reformulate Proposition 3.2
as follows.

Proposition 4.6. Leta,b € indC,,. Then Homg (a,b) = K if and only ifa € T*(E—%)uf(b).

4.3. Factorization properties. Here we study the factorization properties of the morphisms
of C,,. First we recall the factorization properties of C,, which will be useful later. We say that
a morphism f: a — b in C,, factors through an object ¢ € ind C,, if there exist g: a — ¢ and
h:d — ¢ such that f = hg. We say that a morphism f: a — b in C,, factors through D if it
factors through some d € ind D.

Lemma 4.7 ([IT, Lemma 2.4.2]). Let a,b,c € indC,,. Assume that one of the following state-
ments holds.

(1) be H"(a) and c € HY(a) N H*(b).
(2) b€ H"(a) and c € H=(3%a) N H~(X2b).
(3) b€ H-(X%a) and c € H~(X%a) N HT(b).

Then any morphism a — ¢ in Cp, factors through b.

The following lemma will be useful for proving Proposition 4.10.

Lemma 4.8. Let a,b € indC,,, be such that Homgm(a, b) 2K, and let a’ € indC,, be such that
wa' = a. The following statements hold.

(1) If b € ﬁ+(a), then there exists i/ € ind Capy, such that b/ =2 b, v/ € H'(d'), and any
non-zero morphism a’ — b in Cop, does not factor through D.

(2) If b € H (X%a), then there exists b/ € ind Cay, such that 7t/ =2 b, V € H=(X2%d), and
any non-zero morphism f': a’ — V' in Cop, does not factor through D.

Proof. We show statement (1), statement (2) is analogous. Assume that a = (ay,as) € C®9
with p € [m] and ¢ € [m/], the other cases are similar. We write o’ = (a},d}) € Z®9. Since

b= (b1,b2) € F+(a), we have that a1 < b1 < as and by > ao, see Figure 4.

It is straightforward to check that there exists b} such that b; = by and a, < b} < ¢, and there

exists b, such that by = by and by, > al. Therefore, ¥ € H*(a') and, since b, ¢ Z@, any

non-zero morphism a’ — b’ does not factor through D, see Figure 5. O
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1/

c®

Zm ZQm

FIGURE 4. The element by € Z,, is such that a; < b; < ag and the element
by is such that by > as. We can find b) € Z,, such that b) = by and a} < b,.
Similarly for b} in Zay,.

The following lemma is dual to the lemma above, and will be useful for proving Lemma 5.5.

Lemma 4.9. Let a,b € indC,,, be such that Homg (b,a) 2K, and let a' € indC,, be such that
ma' = a. The following statements hold.

(1) If b € T (a), then there exists b' € ind Cay, such that 7t = b, ¥/ € H™(d'), and any
non-zero morphism b — a’ in Cay, does not factor through D.

(2) If b € T"(22a), then there exists b € ind Cap such that b/ = b, ¥ € HY(%2d/), and
any non-zero morphism f': V' — a’ in Copy, does not factor through D.

Now we have the factorization properties of C,,.
Proposition 4.10. Let a,b,c € indC,,. Assume that one of the following statements holds.
(1) be H' (a) and c € H' (o) N H ' (b).

(2) be H (a) andce H (Z2a)NH (X2b).
(3) be H (X2a) and c€ H (X2a) N H ' (b).

— —

Then any morphism a — ¢ in C,, factors through b.

Proof. We prove statement (1), statements (2) and (3) are analogous. Fix @’ € ind Ca, such
that ma’ 2 a. Since b € FJr(a), by Lemma 4.8 there exists &’ € ind Cay, such that 7b" = b,
b € H*(da’), and any non-zero morphism a’ — b’ does not factor through D. Fix such ¥, since
ce F+(b), then there exists ¢ € indCayy, such that ¢’ = ¢, ¢ € HT(V'), and any non-zero
morphism o' — ¢ does not factor through D. We show that ¢ € Ht(a’) N HT (V).

We denote a = (a1,a2), ' = (a},d}), ¢ = (¢1,¢2), and ¢ = (¢, ). Assume that ¢ ¢ H'(d'),
then ¢ > af) — 1. Tt is straightforward to check that as a consequence ¢; > ag — 1. Then
cé F+(a) and we have a contradiction. Therefore ¢ € H*(a’) N HT(b'). Now, if there exists
a non-zero morphism f’: a’ — ¢ which factors through D, then a}, ¢} € Z@, see Figure 5.
This implies that ¢; = ¢ = ag, and then ¢ ¢ ﬁ+(a) giving a contradiction. Then any non-zero
morphism f': a’ — ¢ does not factor through D.

Since b’ € H* (a') and ¢ € H*(a/)NH™ ('), by Lemma 4.7 there exist h’: @’ — V' and ¢': V/ — ¢/
such that f' = ¢’h’/, and then 7 f" = 7(¢’)m(h'). Since f’ does not factor through D, we have

that 7f # 0. Now consider a non-zero morphism f: a — ¢ in C,,. Since Homg (a,c) 2 K,
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a € P9 a € CPa) a e CPa) a e P

’ l !
p,q € [m] p € [m'],q € [m] plm], q € [m'] p,q €[]
4 N 4 N 4 N 4 N
4! N ry N 4’ N 4’ N
N N N N
pu— 3 3 3 3
\ N N N
H (a) EY N 3’ N EY N EY P N
2 N 2 N 2 N 2 N
, N , Y N , a N , N
2 a 21 2 N 2 N
1 N 1 N 1 N 1 N
N N N N
11 2 2 8 3 4 4 o1 2 2 3 3 4 4 1 20 2 3 3 4l a4 1 2 2 3 3 4 4
PN FIN 4 A 4 A
R R PN PN
48 S0 4,8 0 LA NN AN
3 A >\ N 3 A >\ N 3 A >\ N 3 A >\ N
H¥(d AU AU 5 VoM RS A 3 NN
a . NN N N TN N TN . NN
AN N AN s 2N N AN ZN DN s 2N NN
S N N, RGN N RGN S NEAN
PR A U N PR U T N ot K ¥ A xa VA K ¥ A X VA
o Ns salNs NN N4 V2 VN s N7 s\ NN s Ns VARV IEN
L AN A NN NI A AN AN N LN 0N NN AN s LA NN YNNI
4 TN AT YA YT v TN AT YDA P NI AN NN S NI AR
1 7
A R U NS NS U N NS U <N NS UON <N
o1 2 2 3 3 4 4 11 2 2 3 3 4 a o1 2 2 3 3 4 a o1 22 2 3 3 4

2 N 2 N 2 2 N 2 N
P ¥“a,
N 2 N N N
o =23 o 520 o o
1 N 1 N 1 N 1 N
N N N N
1 12 2 3 3 4 a4 v 12 2 3 3 4 a4 Vo1 2 2 3 4 a4 Vo1 2 2 3 4 4
4 A 4 A 4 A 4 A
R <~ R PN
N N N N EVENIAN N
BN >\ N BN >\ N 3ALA A 3 A }\ N
H- (224 37 < K LN 3 < K K~ EY MO YN 3 < MO LN
a AN AN AN WASN NN A AN
2N ZANEAN ARERAN 2N ) 2,0 AN 2N ZANIEA VAN 2N 7 AN 2NN
of > '/ < \/\ PP @ \/\ ~ 2! > 4 X 5%a of > A x x ~
R YOI L H NN LN N N N LN N N N LN N N N
NN ARANGN AN AN AN NEAN AN S N NP ANIPAN AN N N NN
1A 2 YooA 2 1A N Ox T A 2 1A NoOX IO A A 1A Y. YOOA A~
N, N LD DA 4 N N, NN N N O N N
o1 2 2 8" 3 4 4 o1 2 2 g 3 4" 4 o1 2 2 g 3 4" 4 o1 2 2 s 3 4 4

FIGURE 5. Illustration of Lemma 4.8. The darker areain H*(a') or in H*(X2a'),
if present, denotes the objects ¥’ € H*(a’) U H~(X2%a’) such that any non-zero
morphism o' — ¥’ factors through D. Whenever the darker area is not present
there are no such objects in H*(a') U H~(X2d').

we have that f = Arf for some A € K*, and then f = Arf’ = An(¢')m(h’). This concludes the
argument. O

4.4. Irreducible morphisms. In this section we describe the irreducible morphisms of Cm.-
From Section 4.1 we already know that the isoclasses of indecomposable objects of C, are in
bijection with the arcs of Z,, and that they can be arranged in a coordinate system.

We recall that, from [IT, Lemma 2.4.11], for an object (a1,a2) € indCay, the irreducible
morphisms of C,, are exactly the non-zero morphisms of the form (aj,as) — (a1,a2 + 1) or
(a1,a2) — (a1 + 1,a9), provided that (a3 + 1,a9) is still an arc, i.e. ag > aj + 3.

Proposition 4.11. Let a = (a1, a3),b = (by,by) € indC,,. Assume that a,b € CPD for some
p,q € [m'| U [m] and that one of the following conditions holds.

(1) p € [m'], g € [m] and (b1,b2) = (a1,a2 + 1).
(2) pe[m], g € [m] and (b1,b2) = (a1 + 1,a2).
(3) p.q € [m] and (by,b2) = (a1,az + 1) or (b, b2) = (a1 + 1,a2).

Then any non-zero morphism a — b is irreducible. Moreover, there are mo other irreducible
morphisms in Cy, between indecomposable objects.

Proof. First we show that if any of the conditions (1), (2) and (3) holds, then any non-zero
morphism f: a — b is irreducible. Assume that condition (1) holds, for the other cases we can
proceed analogously. Consider a non-zero morphism f: a — b and note that, since (a1, a2+1) 2
(a1, az2), f is not a split monomorphism nor a split epimorphism. Assume that f = hg for some

g:a —c, h:c—b,and ¢ € Cp,. Since the Hom-spaces are one dimensional, we can assume
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that ¢ € indC,,. We show that g is a split monomorphism or h is a split epimorphism. Note
that

ce <H+(a) uﬁf(z%)) n (T(b) UT+(E*2b)) .

Assume that ¢ 2 a and ¢ 2 b, then g: a — ¢ factors as g = [ f with [: b — ¢, see Figure 6. Since
0 # f = hg = hlf, it follows that hl: b — b is non-zero and hl = A1 for some \ € K*. This
implies that b = ¢, which gives a contradiction with our assumption. We conclude that ¢ = a
or ¢ 2 b, ie. f:a— bisirreducible.

FIGURE 6. The object ¢ belongs to the grey area.

Now, consider a = (a1,az),b = (b1,b2) € indC,, and a non-zero morphism f: a — b. We show
that if f is irreducible then it has to be of the form listed in the statement. Let p,q € [m/]U[m)]
be such that a € CP9. Assume that p € [m/] and ¢ € [m], the other cases are analogous.
Note that if by # as then, from Proposition 4.10, f factors through the irreducible morphism
a — (a1,az + 1), and then f is not irreducible unless (b1, b2) = (a1,a2 + 1). If be = ag, then
consider the object ¢ = (by — 1, a2) and the non-zero morphisms g: a — ¢ and h: ¢ — b. From
Proposition 4.10 we have that f = hg, and then f is not irreducible. We can conclude that if
f is irreducible then (b1, b2) = (a1,as + 1). O

From Proposition 4.11 we obtain that C,, does not have a Serre functor. This is a well known
fact, but we could not find an argument in the literature. We provide the argument below for
the convenience of the reader.

Corollary 4.12. The category C,, does not have a Serre functor.

Proof. By [RV, Proposition 1.2.3], it is equivalent to show that C,, does not always have almost
split triangles. Let a = (ay,a2) € indC,, with aj,as € [m']. By Proposition 4.11, there are no
irreducible morphisms from and to a, and therefore there are no almost split triangles of the
form a — ¢ — 77 'a — Ya and Ta — ¢ — a — YTa. U

5. PRECOVERING AND PREENVELOPING SUBCATEGORIES

In this section we classify the precovering and preenveloping subcategories of @@ using arc
combinatorics. We also relate the precovering or preenveloping subcategories in Cyp, to their
preimages in Ca,, under the localisation functor 7: Cop — Cpy.

In [PY] the authors classified the functorially finite weak cluster-tilting subcategories of C,,,
i.e. the cluster-tilting subcategories, in terms of certain triangulations of the co-gon Z,,,. This
classification generalises [F] for the case m = 1. After endowing C,,, with a specific extriangulated
structure, the cluster-tilting subcategories were also classified in [CKP] in terms of a larger class
of triangulations of Z,,. Here we classify subcategories of C,, which are just precovering or
preenveloping.
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5.1. Precovering subcategories of C,,. We start by recalling the classification of the pre-
covering subcategories of C,, from [GHJ].

The following definition corresponds to [GHJ, Definition 0.7], but we use a different formulation
which is more convenient for our purposes. For the notation |z1,x2| we refer to Section 3.1.

Definition 5.1. Let U be a subcategory of C,,,. We say that U satisfies the precovering condi-
tions (PC conditions for short) if it satisfies the following combinatorial conditions.

(PC 1) If there exists a sequence {(z7,23)}, C U NZPD for some p,q € [m] such that p # ¢
and the sequences {z7}, and {z3}, are strictly increasing, then there exist strictly
decreasing sequences {y}'}, € Z®") and {y5}, C Z@") such that {|y?, 35|}, C U.

(PC2) If there exists a sequence {(z7,25)}, €U NZP9 for some p,q € [m] such that p # ¢+
and the sequences {z7}, and {z3}, are respectively strictly decreasing and strictly
increasing, then there exist strictly decreasing sequences {y}}, € Z® and {y3}, C VA
such that {|y7, v5|}n CU.

(PC2') If there exists a sequence {(27,23)}, €U NZPD for some p, q € [m] such that ¢ # p*,
p # ¢, and the sequences {z7}, and {z7}, are respectively strictly increasing and
strictly decreasing, then there exist strictly decreasing sequences {y}'}, C Z®") and
{y5}n € Z19 such that {(y7. y5)}n CU.

(PC3) If there exists a sequence {(x1,2})}, € U NZPD for some p,q € [m] such that the
sequence {zh}, is strictly increasing, then there exists a strictly decreasing sequence
{y5}n C Z'9") such that {|z1,y%|}n C U.

(PC3') If there exists a sequence {(z},z2)}, € UNZPD for some p, q € [m] such that p # ¢ and
the sequence {z'},, is strictly increasing, then there exists a strictly decreasing sequence

{y7}n C Z®") such that {(y},z2)}n C U.

The conditions (PC1), (PC3), and (PC3’) correspond to condition (PC1) in [GHJ, Definition
0.7], and conditions (PC2), (PC2"), (PC3), (PC3) correspond to (PC2) in [GHJ, Definition
0.7]. A subcategory of C,, is precovering if and only if it satisfies the PC conditions, see [GHJ,
Theorem 3.1]. This characterization generalises [N] for the case m = 1.

5.2. Precovering subcategories of C,,. Now we classify the precovering subcategories of
Cm. Our approach is to relate the precovering subcategories of C,, to some subcategories of
Copm which are “almost precovering”. To do so, we need to introduce an auxiliary subcategory
of Cop. Fix 2° € Z. For each p € [m/] we denote by zg € Zym the copy of 29 belonging to Z®).

Definition 5.2. We define the subcategory A of Co,, as

A =add < (a1,a2) € indCopp|ay, a2 € U (p, zg+]

p€E[m]

Figure 7 illustrates the subcategory A.

Now we define the completed versions of the PC conditions.

Definition 5.3. Let X" be a subcategory of C,n. We say that X satisfies the completed precover-
ing conditions (the PC conditions for short) if it satisfies the following combinatorial conditions.

PC1) If there exists a sequence {(z7,z%)}, € X N C®9 for some p,q € [m] such that p # ¢
1,23
~ and the sequences {7}, and {z}}, are strictly increasing, then |p*,¢*| € X.
(PC2) If there exists a sequence {(z7,25)}, € X NCP9 for some p,q € [m] and the sequences
{21}, and {zh}, are respectively strictly decreasing and strictly increasing, then there

exists a strictly decreasing sequence {y}},, € C?) such that {|y},q¢" |}, C X.
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FicURE 7. The category A.

(PC2') If there exists a sequence {(z7,2%)}, C X N CP9) for some p,q € [m] such that p # q,
and the sequences {z7}, and {23}, are respectively strictly increasing and strictly
decreasing, then there exists a strictly decreasing sequence {y3}, C C@ such that

N ) c

(PC3) If there exists a sequence {(x1,2%)}, € X N CP9 for some p € [m'] U [m] and q € [m)]
such that p # ¢ and the sequence {z%},, is strictly increasing, then |z1,¢"| € X.

(PC3') If there exists a sequence {(z7,29)}, € X N CP9 for some p € [m] and ¢ € [m/] U [m)]
such that p # ¢, ¢ # p™, and the sequence {7 },, is strictly increasing, then (p*, z3) € X.

Figure 8 illustrates some of the PC conditions.

FIGURE 8. On the left (PC1), in the middle (PC2), and on the right (PC3).

The main result of this section is the following.
Theorem 5.4. Let X be a subcategory of C,,. The following statements are equivalent.

(1) X is precovering in Cp,.
(2) Tt NA s precovering in Cop,.
(3) X satisfies the PC conditions.

The following lemmas will be useful to prove the theorem above.
Lemma 5.5. The following statements hold.

(1) The category A is the aisle of a t-structure in Cop,.
(2) If x € indCoy, and x ¢ D, then there exists an A-cover a — x of x such that ma = wx
and a is indecomposable.

Proof. We prove statement (1). From Proposition 2.2 it is enough to check that A is suspended

and precovering. It is straightforward to check that A satisfies the PC conditions, therefore by

[GHJ, Theorem 3.1] it is precovering. For showing that XA C A, consider a = (a1, a2) € ind A,

then, by Definition 5.2, a1 — 1,a0 — 1 € Upe[m} (p, zg+ —-1] C Upe[m] (p, z2+]. As a consequence,
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Ya = (a1—1,a2—1) € ind A. Now we prove that A is extension-closed. Leta — e — b — Xa
be a triangle of Csy;, with a,b € A. Then all the endpoints of the indecomposable summands of
a and b belong to the set Upe[m] (p, 22+]. Therefore, by [GZ, Lemma 3.4], all the endpoints of
the indecomposable summands of e belong to the same set, and it follows that e € A.

Now we prove statement (2). Let = (x1,22) € ind Cay, by [J, Lemma 4.1] = has an A-cover
a — x. We show that a € ind A and that 7a = 7. Let p,q € [m/]U[m] be such that z € ZP9),
and assume that p € [m'] and ¢ € [m], the other cases are analogous. If z1 € (p, )] then
x € indA and 1,: x — x is an A-cover of x. If x1 ¢ (p, zg] then let @’ = (zg,xg) € ind Cap,.
We have that @’ € ind A. There exists a non-zero morphism a’ — x and it is straightforward
to check that it is an A-precover. Moreover a’ — x is right-mimimal and therefore an A-
cover. Since covers are unique up to isomorphism, we have that a = a/. We also have that
ma = wa' = (20, T2) = (T1,T2) = ma. This concludes the argument. O
Consider a,b € indC,, such that Homgm(b, a) =2 K. We recall, from Lemma 4.9, that we can
fix @’ € ind Coyy, such that 7(a’) = a, and then there exists & € ind Ca,,, which depends on the
choice of a’, such that 7(b') = b, Homg,, (b',a’) = K, and any non-zero morphism & — a’ does
not factor through D.

Lemma 5.6. Let a,b € indC,, be such that Homg (b,a) = K, and let a’ € indCayy, be such
that w(a') = a. Let b’ € indCop, be such that w(V') = b, Home,, (V',d') = K, and any non-
zero morphism ' — a' does not factor through D. Let b — V' be the A-cover of V/. Then
Homg,  (b",ad") 2 K and any non-zero morphism b — a’ does not factor through D.

Proof. By Lemma 4.9 such V' exists. If ¥ € A then b” = ¥ and we have the statement.
Assume that ' ¢ A and let p,q € [m/] U[m] be such that &' = (¥,b,) € Z®9). Consider
the case p € [m/] and ¢ € [m], the other cases are analogous. Since b’ ¢ A we have that
vy ¢ (p, 2], ie. by € [2)+1,p"). From the argument of Lemma 5.5, b” = (2),b5). We have
that o’ € HY (V') U H~(X?V), we show that o' € HT(¥") U H~(X%V").

If ' € HT(V') then b] < af < by —2 and aj > by. Since by > zJ), then o’ € H*(b"). Now,
if ' € H™(Z?V) then af < b} —2 and ) < ay < by — 2. Assume that af £ z) — 2, then
by —2<d] < zg — 1. In particular, ¢} € Z® and any non-zero morphism &' — a’ factors
through D giving a contradiction, see Figure 5. Therefore a} < 22 — 2. Moreover, since b} > ZS,
from b} < af < by — 2 we also have that z) < a5 < by — 2 and obtain that o’ € H~(X?b"). We
can conclude that Home,, (b”,a’) =K.

We show that any non-zero morphism 0" — a’ does not factor through D. If this is not the case,
then o/ € H~(X20") and o} € Z®). As a consequence, Homg (b,a) = 0 giving a contradiction.
We obtain that any non-zero morphism b” — a’ does not factor through D, and this concludes
the argument. O

Lemma 5.7. Let X be a subcategory of C,,. The subcategory X satisfies the PC conditions if
and only if 71X N A satisfies the PC conditions.

Proof. We show that X satisfies (PC1) if and only if 7:[)( N A satisfies (PC1), we refer to
Figure 9 for an illustration. Assume that X satisfies (PC1) and that there exists a sequence
{(a%,28)}, € Z?PD N (772X N A) for some p,q € [m'] U [m] such that p # ¢ with {z]}, and
{3}, strictly increasing sequences. Note that p,q ¢ [m/], otherwise for n big enough we have
{(z},2%)}n € A. For each n we define m2" = y™ = (y7, y5), note that {y}'},, and {y3}, are still
strictly increasing sequences, and consider the sequence {y"}, C X N C®9). Since X satisfies
(PC1), then |p*,¢T| € X and 7' X contains any arc of Ca,, having one endpoint in Z®") and
the other in Z@"). In particular, there exist strictly decreasing sequences {27}, C 7®") and
{28}, C 2" such that {|27, 22|}, C 71X N A. This proves that 7~ !X N A satisfies (PC1).
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Now assume that 772X N A satisfies (PC1) and that there exists a sequence {(x7,2%)}, C
X N P9 for some p,q € [m] such that p # ¢, and {27}, and {23}, are strictly increasing
sequences. For each n there exists y” = (y7,y%) € ind7'X N A such that my" = z". Thus,
there exists a sequence {|y7, y%|}, C (771X N.A) NCPD such that {y7}, and {y}}, are stricly
increasing sequences. Since 7 !X N A satisfies (PC1), then there exist strictly decreasing
sequences {27}, C Z®") and {22}, C Z@") such that {|2}, 25|}, C 7 1XNA. As a consequence
we have that |p*,¢"| € X. This proves that X satisfies (PC1).

It is straightforward to check that X satisfies (PC3) and (PC3') if and only if 71X N A satisfies
(PC3) and (PC3'). Moreover, if X satisfies (PC2), (PC2'), (PC3), and (PC3’) then 771X N A
satisfies (PC2) and (PC2'). Finally, if 771X N A satisfies (PC2) and (PC2') then X satisfies

(PC2) and (PC2’). We can conclude that X satisfies the PC conditions if and only if 771X N.A
satisfies the PC conditions. U

FicUure 9. Illustration of the argument of Lemma 5.7.

Proposition 5.8. Let X be a subcategory ojém. If m='X N A is a precovering subcategory of
Com then X is a precovering subcategory of Cp,.

Proof. From Remark 2.1 it is enough to check that X is precovering at the level of the inde-
composable objects. Consider a € indC,,, then there exists a’ € indCa,, such that 7ma’ = a,
and there exists f: x — a’ a 71X N A-precover of a’. Consider 7f: 72 — a, we show that 7 f
satisfies the condition of Remark 2.1. First assume that f does not factor through D. Consider
b€indX and g: b — a in C,,. Without loss of generality we can assume that g # 0. From
Lemma 5.5 and Lemma 5.6, there exists b’ € ind 7~'X N A such that 7b’ 22 b and there exists a
non-zero morphism ¢': o' — a’ in Cs,,, which does not factor through D. Since the Hom-spaces
in C,,, are at most one dimensional, we have that g = Arg’ for some A € K*. Since f: z — d
is a 771X N A-precover of o, there exists h: ¥ — z in Cop, such that fh = ¢g’. We obtain that

A(f)m(h) = Am(fh) = g in Cyp,. This proves that wf: 7z — a is an X-precover of a.

Now we consider the case where f factors through D. We show that Homg (b,a) = 0 for all

b € ind X. Assume that there exists a non-zero morphism g: b — a in C,, for some b € ind X,

then as above there exists b’ € ind7 !X N A such that 70’ = b and there exists a non-zero

morphism ¢': ¥ — @ in Ca,, which does not factor through D. Since f: x — o’ is a 771X N A-

precover of a’, there exists h: b — x in Cay, such that fh = ¢’. Since f factors through D,
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we have that ¢’ factors through D, giving a contradiction. We can conclude that if f factors
through D then Homg (b,a) =0 for all b € ind X. As a consequence, 7f = 0 is an X-precover
of a. O

The following proposition is the analogue of [GHJ, Proposition 3.7] in C,,, and its proof is similar.

Proposition 5.9. Let X be a subcategory of Cm. If X is a precovering subcategory then it
satisfies the PC conditions.

Proof. Assume that X is a precovering subcategory of C,,, we show that is satisfies (PC1).
Assume that there is a sequence {z" = (27, 2%)}, C ind X NCP9 for some p, g € [m] with p # ¢
such that {2}, and {24}, are strictly increasing sequences. We show that a = |p™, ¢*| € ind X.
Consider (f1,...,fx): y1 ® -+ D yr — a an X-precover of a with y,...,y, € ind X. Note that
Homg (2",a) = K for each n. Fix n and consider a non-zero morphism ¢": 2™ — a. Then
there exists h" = (h7,...,h)T: 2" — y1 & - - - B yy such that fh™ = g". Then, for each n there
exists [ € {1,...,k} such that g" factors through f;.

There exists [ € {1,...,k} such that ¢g" factors through f; for infinitely many n € Z. Indeed,
if for each [ only finitely many of the g™ factor through f;, then there are only finitely many
¢"’s and this contradicts the fact that the sequence {z"},, is infinite. Now fix an [ such that ¢g”
factors through f; for infinitely many n € Z. Without loss of generality we can assume that for
each n € Z the morphism g™ factors through f;. Indeed, if this is not the case, we can extract an
infinite subsequence of {z"},, such that all ¢": =™ — a satisfy that property. From now on we
denote the object y; as y, the morphism f;: y; — a as f: y — a, and we denote by A': 2" — y
the morphism such that fh"™ = g".

Since Homg (y,a) = K and Homg (2",y) = K for all n € Z, we have that

y € (ﬂ H (2 UH_(E2x")> N <7_(a) UT+(E_2(1)> :
nez
We refer to Figure 10 for an illustration.

9/

1 1 2 2 3 3 4 4 1 1 2 2 3 3 4’ 4

FIGURE 10. On the left the argument for (PC1), on the right for (PC2). The
object y belongs to the grey areas.

We show that y = a. Assume that y 22 a, from Proposition 4.10 there exists a non-zero
morphism f’: a — y such that h™ = f’¢" for each n € Z. Since fh"™ = ¢g" # 0, then ff'g" # 0
and ff': a — ais non-zero. Thus, ff' = M, for some A\ € K* and a = y, which contradicts our
assumption. We obtain that a = y € X, and we conclude that X satisfies (PC1).

Now we show that X satisfies (PC2). Assume that there is a sequence {(z7, 23)} C ind XnC®9)
for some p, ¢ € [m] such that {z'},, is strictly decreasing and {z%}, is strictly increasing. We
show that there is a strictly decreasing sequence {y?}, € C® such that {|y?,¢"|}, C X.

Consider an object a = |ay, ¢ ™| with a; € Z®) such that 1:% < a; < x3—2. Then for each n there
exists a non-zero morphism ¢": " — a. Consider an X-precover (fi,...,fx): y1®- - Dyr — a
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of a. With the same argument as above there exists [ € {1,...,k} such that ¢": 2™ — a factors
through f;: y; — a for all n (up to taking subsequences). Let y = y;, proceeding similarly as
above we obtain that y € {\z, qﬂ’x% <z< a%}, see Figure 10. We define z' = y, which is the
first element of our desired sequence. Now we consider a’ = |a},¢"| with 2] < a} < 23. By
repeating the same argument there exists 22 € {|z,¢"||a} < 2 < a1} which is an object of X.
With this procedure we obtain our desired sequence {2"},.. This proves that X satisfies (PC2).

The argument of (PC2') is similar to the argument of (PC2), the arguments of (PC3) and (PC3’)

are similar to the argument of (PC1). We can conclude that X satisfies the PC conditions. [
We now have our classification of the precovering subcategories of C,,.

Proof of Theorem 5.4. The claim follows directly from Lemma 5.7, Proposition 5.8, Proposition
5.9, and [GHJ, Theorem 3.1]. O

5.3. Preenveloping subcategories of C,,. Here we discuss a characterization of the preen-
veloping subcategories of C,, dual to Theorem 5.4. First we define an auxiliary subcategory B,
which is the dual version of A. We recall that in Section 5.2 we fixed an integer z° € Z, now we
define w® = 2 — 1. For each p € [m/] we denote by wg € Zy,, the copy of w® belonging to Z®).

Definition 5.10. We define the subcategory B of Co, as

B =add{ (b1, by) € indCom |b1,b2 € | ) [wh,p™)

pE[m/]

Figure 11 illustrates the subcategory B.

FiGURE 11. The category B.

For convenience of the reader, we record the duals of Definition 5.3 and Theorem 5.4.

Definition 5.11. Let X be a subcategory of Cpn. We say that X satisfies the completed preen-
veloping conditions (PE for short) if it satisfies the following combinatorial conditions.

(PE1) If there exists a sequence {(z7},z%)}, € X N C®9) for some p, q € [m] such that p # ¢
and the sequences {27}, and {23}, are strictly decreasing, then (p~,¢") € X.

(PE2) If there exists a sequence {(z7,2%)}, C X' N CP9) for some p,q € [m] such that p # ¢
and the sequences {z7}, and {z§}, are respectively strictly increasing and strictly
decreasing, then there exists a strictly increasing sequence {y}}, € C® such that
{(1,a ) C X

(PE2') If there exists a sequence {(z7,23)}, € X N C®9 for some p,q € [m] such that the
sequences {z7},, and {z1}, are respectively strictly decreasing and strictly increasing,
then there exists a strictly increasing sequence {5}, € C(@ such that {(p~,y5)}n C X.

(PE3) If there exists a sequence {(z1,25)}, € X N C®9 for some p € [m’] U [m] and q € [m]

such that p # ¢, p # ¢~ and the sequence {x4 },, is strictly decreasing, then (z1,q7) € X.
21



(PE3') If there exists a sequence {(z7},22)}, € X N C®P9 for some p € [m] and ¢ € [m/] U [m)]
such that the sequence {z]}, is strictly decreasing, then (p—,x2) € X.

Theorem 5.12. Let X be a subcategory of Cp,. The following statements are equivalent.

(1) X is preenveloping in Cp,.
(2) 771X N B is preenveloping in Cop,.
(3) X satisfies the PE conditions.

The following lemma will be useful in Section 8.2 for computing the heart of a t-structure.
Lemma 5.13. The following statements hold.

(1) The category B is the co-aisle of a t-structure in Cop,.
(2) If x € indCoy, and x ¢ D, then there exists ¥’ € ind AN Y ~1B C ind AN BB such that

' =2 x.

Proof. Statement (1) is the dual of statement (1) of Lemma 5.5. For statement (2), consider
the A-cover ' — x of = as in statement (2) of Lemma 5.5. We have that 7(2’) = z, and it
is straightforward to check that «/ € ©~!B. Moreover, since X"'B C B C ¥, we have that
2’ € ¥B. This concludes the proof. O

6. EXTENSION-CLOSED SUBCATEGORIES

In this section we classify the extension-closed subcategories of C,,. To do so, we first show
that the extension-closed subcategories of C,, are precisely those closed under extensions having
indecomposable outer terms.

6.1. Extension-closed subcategories of C,,. The extension-closed subcategories of C,,, were
classified in [CP, Theorem 7.2] for the case m = 1. The precovering extension-closed subcate-
gories of Cy,, i.e. the torsion classes, were classified in [GHJ, Theorem 4.7]. Here we classify the
subcategories of C,, which are just extension-closed for all m > 1.

We recall that we identify the indecomposable objects of C,, with the arcs of Z,,.

Definition 6.1. Let a,b € ind C,, be crossing arcs. The arcs of indC,, \ {a, b} which connect
the endpoints of a and b are called Ptolemy arcs. We say that a subcategory U of C,, satisfies
the Ptolemy condition, PT condition for short, if it is closed under taking Ptolemy arcs.

Figure 12 provides an illustration of Ptolemy arcs.

FIGURE 12. The dotted arcs are the Ptolemy arcs of a and b.

Consider a non-split triangle of the form ¢ — e — b — Ya with a,b € indC,, and b % Xa.
The middle term e is determined by the Ptolemy arcs of a and b. More precisely

e if a1 < by < az < by then e = e @ ey with e; = (ag,b2) and ez = (b1, az), and
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o if by < a; < by < ay then e X €| @ e}, with €] = (b1,a1) and €}, = (b, ag).

In the first case, if ag = by + 1 we interpret (b1, az2) as the zero object. In the second case, if
a1 = by + 1 we interpret (b1,a1) as the zero object, and if ag = by + 1 we interpret (be, as) as
the zero object.

Now consider a triangle of the form ¢ — e — b Iy Sa with a,bi,...,b, € indC,,,
such that the objects b1, ...,b, are non-isomorphic to Xa and pairwise Hom-orthogonal, i.e.
Homg,, (b;,bj) = 0 for each ¢ # j, and all the entries of h = (h1, ..., hy) are non-zero, cf. [GZ,
Lemma 3.2]. The middle term e of such a triangle was computed in [GZ, Lemma 4.16]. Their
result generalises [CP, Proposition 4.12] for the case m = 1. Now we show that computing the
middle term of a triangle of that form is enough to obtain the middle term of a triangle of the
form a — e — b — Ya with a € indC,,. This follows from Proposition 2.5, which holds in
a more general framework.

Remark 6.2. Let fi: 1 — y and fs: 9 — y be non-zero morphisms in Cp, with x1,zs,y €
indC,,. By applying the same argument of [CP, Lemma 4.6], we obtain that f; and fy are
factorization free if and only if x1 and xo are Hom-orthogonal. We observe that the “if”
implication holds in the setting of additive categories, while the “only if” implication is specific
to the category C,,.

Corollary 6.3 (of Proposition 2.5). Let a — e — b Py Ya be a triangle in Cp, with
a,bi,...,b, € indCpy, b=@; b, and h = (h1,...,hy). Then there exist by,..., b} € indC,y,
and a morphism h' = (k] ... h}): V' = BF_ v, — Sa such that V' is a direct summand of b,
T,..., b} are non-isomorphic to Ya and are pairwise Hom-orthogonal, all the entries of ' are
non-zero, and there is the following isomorphism of triangles.

6/ @ b// bl @ b/l (h/’o) E

T

> e > b LIy

Proof. By Proposition 2.5 there exists b},...,b) € indC,, such that b’ = Eszl b is a direct
summand of b, all the entries of A’ = (R],...,h}): V' — Xa are pairwise factorization free, and
there exists an isomorphism of triangles as in the statement. By Remark 2.6 and Remark 6.2

we conclude that b} 2 Ya and hj # 0 for each i, and b}, .., b} are pairwise Hom-orthogonal. [

From [CP, Theorem 4.1] we know that the middle terms of arbitrary triangles of C,, can be
computed iteratively when m = 1. It is straightforward to check that the same holds for m > 2.

Let U be a subcategory of C,,, and consider a triangle a — e — b — Ya in C,, with
a,b € U. From [GZ, Lemma 3.4] the coordinates of the indecomposable summands of e belong
to the set of coordinates of the indecomposable summands of a and b. Note that in general this
does not imply that e € . Now we discuss a necessary and sufficient condition for U to be
extension-closed. First, we need the following lemma.

Lemma 6.4. Let U be a subcategory of Cp,. Assume that U is closed under extensions of
the form a — e — b — Ya with a,b € indU. Then U 1is closed under extensions of the

forma — e — b % Ya with a € indC,,, b = @?:1 b; where by,...,b, € indC,, are non-
isomorphic to Ya and pairwise Hom-orthogonal, and all the entries of h = (hi,...,hy) are
non-zero.

Proof. Consider a trianglea — e — b My Sla with a € ind Crm, b= ., b; where by,..., b,

[l m

ind C,,, are non-isomorphic to >a and pairwise Hom-orthogonal, and all the entries of h

(h1,...,hy) are non-zero. We prove that e € U. We proceed by induction on n. If n =1 then

e € U by assumption. Now assume that n > 2. For each i € {1,...,n} we have that b; and
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a cross, i.e. by € HY (X ta) U H™(Za). We have the following possibilities: b; € H~(Xa) for
each i, or there exists i such that b; € H*(X !a). In the first case, we rename by,...,b, in
such a way that the first coordinate of b,, is the minimum of the first coordinates of b1, ..., by,.
In the second case, we rename by, ...,b, in such a way that the first coordinate of b, is the
maximum of the first coordinates of by,...,b,. We refer to Figure 13 for an illustration. We

FIGURE 13. On the left when b; € H™(3a) for each ¢ € {1,...,n}, on the right
when there exists i € {1,...,n} such that b, € H" (X ta). The dotted arcs
represent the indecomposable direct summands of x.

write b = V' @ b, where b/ = @?;11 b;. Consider the following Octahedral Axiom diagram.

Vo —— v

()

¢ VDb s B e
{ (01) % 1l
e >l;; 9 >£$ > e
[

 —L s>

S
Vv

/

Consider the triangle a — = — ¥/ Ll> Ya, and note that all the entries of ' are non-zero.
Thus, by induction hypothesis we have that x € U. By [GZ, Lemma 4.16] we can compute the
indecomposable direct summands of . Moreover, there is precisely one indecomposable direct
summand of z, denoted by 2/, such that Home,, (b, z") # 0, see Figure 13. We write x = 2’ 2"
and g = (%’) : by — X2’ @ Xa”. Since x € U, we have that 2/, 2” € U. Consider the triangle

¥ —s ¢ —s b, 23 Y2’ and note that ¢ € U because 2/, b, € indld. We have the following

isomorphism of triangles.
(%)
@z s e by, s Yo' @ X

i { 3 (4) 1

o — dpar —— b, BTN D Yk

Therefore, we conclude that e = e’ ® 2" € U. O
Proposition 6.5. Let U be a subcategory of Cp,. Then the following statements are equivalent.

(1) The subcategory U satisfies the PT condition.
(2) The subcategory U is closed under extensions of the form a — e — b — Xa where
a,b € indC,,.
(3) The subcategory U is closed under extensions.
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Proof. The equivalence of statements (1) and (2) follows from the computation of the middle
term of an extension having indecomposable outer terms. We prove that (2) implies (3), the
other implication is trivial. Since U is closed under extensions having indecomposable outer
terms, by Lemma 6.4 U is closed under extensions of the form ¢ — e — b — Ya with

a € indCp,, b = @, b; where by,...,b, € indCp,, are non-isomorphic to Xa and are pairwise
Hom-orthogonal, and all the entries of h = (hy,...,h,) are non-zero. By Remark 6.2, in
particular hq, ..., h, are pairwise factorization free. Then, by Proposition 2.7, I is closed under
extensions. O

6.2. Extension-closed subcategories of C,,. Here we characterise the extension-closed sub-
categories of Cp,. First we introduce the completed version of the PT condition. We refer to
Proposition 3.2 for the computation of the Hom-spaces of C,,.

Recall that we identify the indecomposable objects of C,, with the arcs of Z,,.

Definition 6.6. Let x,y € indC,, be such that Homg (z,%y) = K. The arcs of indCp, \ {z,y}
which connect the endpoints of x and y are called Ptolemy arcs of x and y. We say that a
subcategory X of C,, satisfies the completed Ptolemy condition, PT condition for short, if it is
closed under taking Ptolemy arcs.

Figure 14 provides an illustration of the Ptolemy arcs in C,,.

FiGURE 14. The dotted arcs are the Ptolemy arcs of x and y. On the left z and
y cross, on the right they share one endpoint which is an accumulation point.

The middle term of a non-split extension in C,, having indecomposable outer terms was com-
puted in [PY, Section 3].

Proposition 6.7. Let X be a subcategory of C,,. The following statements are equivalent.

(1) The subcategory X satisfies the PT condition.

(2) The subcategory X is closed under extensions of the form x; — ¢ — x9 — X1 with
T1,To € indC,,.

(3) The subcategory X is closed under extensions.

Proof. The proof of the equivalence of (1) and (2) is straightforward and follows from [PY,
Section 3]. The fact that (3) implies (2) is trivial. We prove that (2) implies (3). To this end,
first we show that 71X is closed under extensions, and then that X is closed under extensions.

Assume that X is closed under extensions with indecomposable outer terms. Consider the
preimage 7' X in Cy,,. It is straightforward to check that 7~!X is an additive subcategory
of Cay,. We show that 7~'X is closed under extensions having indecomposable outer terms.
Consider a triangle a — e — b — Xa in Co,, with a,b € ind7~'X. Then ma — e —
b — 7¥a is a triangle in C,,, see [Kra, Lemma 4.3.1]. Moreover, from [PY, Proposition 3.10]
it follows that ma and 7b are either indecomposable objects or zero. From (2) we obtain that
me € X, i.e. e € 7' X. This proves that 71X is closed under extensions having indecomposable
outer terms. By Lemma 6.4 we obtain that 77'X is closed under extensions.
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Now we show that X is closed under extensions. Consider a triangle x1 — ¢ — z9 — Y1
in C,, with 21,29 € X. Then there exists a triangle a — ¢ — b — Ya in Ca,, whose image
after 7 is isomorhic in C,,, to 1 — ¢ — x93 — Yx;. Thus 7ma, 7b € X, i.e. a,b € 7~ 'X. Since
71X is closed under extensions, we have e € 77 !X and then ¢ = e € X. This completes the
proof. O

7. TORSION PAIRS

Torsion pairs in C,, were classified in [GHJ, Section 4], we classify the torsion pairs in C,. We
recall from Proposition 2.2 that a torsion pair (X', )) is uniquely determined by its torsion class
X, and therefore it is enough to classify the torsion classes.

Theorem 7.1. Let X' be a subcategory of Cm. Then X is a torsion class in Cp, if and only if
X satisfies the PC conditions and the PT condition. Moreover, there is an inclusion preserving
bijection.

{ Torsi ; neC. ) {E:I;tensz’on—closed subcategories U C Cop, such}
orston-classes in C,, 1 <

that D CU and U N A is precovering
X X
U +— U

Proof. The first statement follows directly from Proposition 2.2, Theorem 5.4, and Proposition
6.7. The bijection follows from Proposition 2.8 and Theorem 5.4. U

We have the following corollaries of Theorem 7.1 and which will be useful in Section 8 and
Section 9 for classifying t-structures and co-t-structures.

Corollary 7.2. Let X be a subcategory of émlhen X is the aisle of a t-structure in C,, if

and only if X satisfies the PC conditions, the PT condition, and X is closed under clockwise
rotations. Moreover, there is an inclusion preserving bijection.

{ Aisles of t-structures in Gy, } +— { Suspended subcategories U C Copy, such that }

D CU and U N A is precovering
Xr— 1 lX
U +— U

Corollary 7.3. Let X' be a subcategory of 5m.7Then X is the aisle of a co-t-structure in C,, if
and only if X satisfies the PC conditions, the PT condition, and X is closed under anticlockwise
rotations. Moreover, there is an inclusion preserving bijection.

{ Aisles of co-t-structures in Cy, } { Co-suspended subcategories U C Copy, such }
T m ¢ 7

that D CU and U N A is precovering
X— 7 tX

U +— U

8. T-STRUCTURES

The t-structures in C,, were classified in [GZ] for m > 1, and in [N] and [CZZ] for the cases m = 1
and m = 2. Here we classify the t-structures in C,,. We start by classifying the aisles, then
we compute the co-aisles and the hearts. Finally, we classify the bounded and non-degenerate
t-structures.
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8.1. Aisles of t-structures. We recall the classification of the aisles of the t-structures in C,,
from [GZ, Section 4] in terms of decorated non-crossing partitions.

Definition 8.1 ([GZ, Definition 4.5]). A decorated non-crossing partition of [m] is a pair (P, X)
given by a non-crossing partition P of [m] and an m-tuple X = (z}),¢[mn Where for each p € [m]

p,p*) if {p} € P,
zp € < (p,pt] if p,p™ € B for some block B € P,
(p,p™) otherwise.

The following theorem gives a classification of the aisles of the t-structures in C,,.

Theorem 8.2 ([GZ, Theorem 4.6]). There is a bijection between the decorated non-crossing
partitions of [m] and the aisles of t-structures in C,.

In order to classify the aisles of the t-structures in C,, we need to adapt Definition 8.1 in our
setting.

Definition 8.3. A half-decorated non-crossing partition of [m’|U[m] is a pair (P, X) given by a
non-crossing partition P of [m/] U [m] and an m-tuple X = (x}),¢[m such that for each p € [m]

p.p") if {p} P,
zp € < (p,pt] if p,p™ € B for some block B € P,
(p,pT) otherwise.

Note that a decorated non-crossing partition (P, X) of [m/] U [m] is not a half-decorated non-
crossing partition of [m/] U [m] because X is a 2m-tuple, not an m-tuple. Figure 15 gives
examples of a half-decorated non-crossing partition and a decorated non-crossing partition of
[m/] U [m].

Remark 8.4. Given a half-decorated non-crossing partition of [m’] U [m], we can obtain a
decorated non-crossing partition by adding the decoration zg for each p € [m']. Conversely,
given such a decorated non-crossing partition we obtain a half-decorated non-crossing partition
by removing the decorations z;, for each p € [m/]. These assignments are mutually inverse.
Therefore, we have a bijection between the half-decorated non-crossing partitions of [m'] U [m)]
and the decorated non-crossing partitions of [m']U[m] of the form (P, X) with X = (})pepmupm]
such that z;, = 2 for each p € [m/].

(P, X)

FIGURE 15. On the left (P,X) is a half-decorated non-crossing partition of
[4']U[4], and on the right (P,Y) is a decorated non-crossing partition of [4'] U[4],
where P = {{1',1,2/,3'},{2},{3,4’,4}}. Note that (P,Y’) does not correspond
to (P, X) according to Remark 8.4.

The main result of this section is the following analogue of Theorem 8.2. The notation employed
in the statement will be defined in Definition 8.7 and Definition 8.10.
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Theorem 8.5. The following is a bijection.

Half-decorated non-crossing
partitions of [m'] U [m]

(P, X) — WU('P,X)
(,Pﬂ’*le walX) — X

} < { Aisles of t-structures in Cp, }

From Remark 8.4 and Theorem 8.5 it follows that the aisles of the t-structures in C,, are in
bijection with certain aisles of t-structures in Ca,,, (namely those corresponding to the decorated
non-crossing partitions (P, X) of [m/] U [m] with X = (2p)pem/upm) such that z, = 2) for each
p € [m]).

To prove Theorem 8.5 we take an intermediate step through Cs,,. From Corollary 7.2 the aisles
of t-structures in C,,, are in bijection with the suspended subcategories U of Ca,, such that D C U
and U N A is precovering. These can be regarded as “almost aisles” of t-structures in Co,;, and
are classified in terms of half-decorated non-crossing partitions of [m’] U [m], see Proposition
8.6. The aisles of the t-structures in C,, are then obtained by localising the “almost aisles” in
Com. Figure 16 illustrates this process.

O
3/
(P, X) u X _
half-decorated non-crossing suspended subcategory of Cg aisle of t-structure in Cy4
partition of [4'] U [4] such that ¢/ N A is precovering

FIGURE 16. Illustration of how to obtain the aisle of a t-structure of C,,, from a
half-decorated non-crossing partition of [m'] U [m)].

The following proposition classifies the “almost aisles” of t-structures in Cay,.

Proposition 8.6. The following is a bijection.

Half-decorated non-crossing Suspended subcategories U C Cop, such that
partitions of [m'] U [m] D CU and U N A is precovering

a: (P,X) HU(p,X)
(Pu,Xu) +—U: ,3

The rest of this section is devoted to prove Proposition 8.6. We start by defining the assignments
of the maps « and S.

Definition 8.7. Let (P, X) be a half-decorated non-crossing partition of [m/] U [m]. We define

Up,x) = add |_| (u1,u2) € ind Copy |u, ug € U (p,xp] | U U 7@ ,
BeP pEBN[m] pEBN[M/]

where we use the following convention: for p € [m], if z, = p then (p,z,] = @, and if 2, = p*
then (p, z,] = Z®).

We check that the map « is well defined.
28



Proposition 8.8. Let (P,X) be a half-decorated non-crossing partition of [m'| U [m|. Then
Uip.x) is a suspended subcategory of Com such that D C Up xy and Up x) N .A is precovering.

Proof. We show that D C Up, x)- Consider d = (dy,ds) € ind D, then dy,ds € Z®P) for some

p € [m']. Since p € B for some block B € P, then Z®P) C indU(p, x), and then d € Up x)-
Moreover, it is straightforward to check that XUp x) C Up x). For showing that Up x) is
extension-closed, we can proceed as in the argument of [GZ, Proposition 4.8].

Now we show that Up x) N .A is precovering. Let X be the 2m-tuple X = (Tp)pem’|um) Where
for each p € [m/] U [m]

0 .
7, — z, ifpe[m],
zp ifpem].

By Remark 8.4 (P, X) is a decorated non-crossing partition of [m/] U [m] and we can associate
to it the aisle of a t-structure U’ in Cayy,, see Theorem 8.2. By [GZ, p. 986] we have that

U = add |_| (u1,u2) € ind Copp |u,ug € U (p, Tp)

BeP pEB
It is straightforward to check that U’ = Up x)NA. Thus, Uip,x)NAis the aisle of a t-structure
in Copy, and in particular it is precovering. This concludes the argument. U

Now we define the map . To this end, given an “almost aisle” in Co,,, we define an equivalence
relation ~z; on the set [m/] U [m] in the same way as in [GZ, Section 4.1]. The same argument
of [GZ, Lemma 4.10] shows that ~, is an equivalence relation.

Definition 8.9. Let U be a suspended subcategory of Co,, such that D C U and U N A is
precovering. The relation ~z; on the set [m/] U [m] is defined as follows: for any p,q € [m/] U [m)]
we have that p ~y ¢ if and only if p = ¢ or there exists an arc of & with an endpoint in Z®
and the other in Z(@.

Definition 8.10. Keeping the assumptions and notation of Definition 8.9, we define Py, to be
the partition of [m’] U [m] given by the equivalence classes of ~y;. For each p € [m| we define

x, = sup{z € Z® | there exists an arc of & with an endpoint equal to z}.

We denote by Xy the m-tuple Xy = (zp)pem)-

With Proposition 8.14 we will show that (P, Xz/) is a half-decorated non-crossing partition of
[m/] U [m]. The following remark and lemmas are useful for that purpose.

Remark 8.11. Consider a suspended subategory U of Cyp, such that D C U and U N A
is precovering. We observe that & N A is the aisle of a t-structure in Co,,. We denote by
(Puna, Xuna) the decorated non-crossing partition associated to U N A, as defined in [GZ,
Definition 4.11]. The following lemmas relate (Pyna, Xuna), defined in [GZ], and (Py, Xy),
defined above. We recall that Pyna is the set of equivalence classes of [m/] U [m] under the
equivalence relation ~yn.4.

Lemma 8.12. Let U be a suspended subcategory of Copm, such that D C U and U N A is pre-
covering. Let (Pyna, Xuna) be the decorated non-crossing partition associated to U N A. Then
Pu = Puna-

Proof. We show that for any p, ¢ € [m’] U [m] we have that p ~; ¢ if and only if p ~yn4 ¢. It is

straightforward to check that if p ~yn4 g then p ~y ¢q. Assume that p ~y ¢q. If p = ¢ then the

claim is trivial. If p # ¢ then there exists u € ind{ having one endpoint in Z® and the other

endpoint in Z(@. Note that there exists n > 0 such that ¥"u € A and then, since 2"U C U, we

obtain that u € 4 N A. Then we have that p ~yn4 ¢. This concludes the argument. U
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Lemma 8.13. Let U be a subcategory of Cop, as in Lemma 8.12, (Pyna, Xuna) be the decorated
non-crossing partition associated to U N A. Denote Xy = (zp)peim) and Xuna = (Zp)peim/|ufm]-
Then for each p € [m/] U [m] we have that

~ 2y if p e [m],
T, = )
xp ifp e [m].

Proof. Let p € [m'] U [m]. We recall that by construction, see [GZ, Section 4.1], we have that
Z, = sup{z € Z® | there exists an arc of N A with an endpoint equal to z}.

If p € [m/], there exists an arc of U NA with an endpoint equal to zg. Let z € Z®) be such that
z > 22 . There is no arc of A, and therefore no arc of & N A, with an endpoint equal to z. Thus,
I = zy. Now consider p € [m], we show that Z), = ;. We divide the argument into claims.

Claim 1. Let z € ZP)_ If there exists an arc of & with an endpoint equal to z, then there exists
an arc of U N A with an endpoint equal to z.

Assume that there exists u € indY/ having an endpoint equal to z. If u € Y N A, then we have
the claim. Now assume that u € U and u ¢ A. We denote u = (u1,u2). We assume that u; = z,
the other case is analogous. Since u ¢ A, we have that uy € Z@ for some ¢ € [m/] and ug > 2.
Then we are in the situation of Figure 17.

F1cUre 17. Illustration of the argument of Claim 1.

Consider d = (dy,ds) € 749 with dy < zg < ug < do. Since d € D C U, u and d are crossing,
and U is extension-closed, we obtain that (z,d;) = (u1,d;) € U. Moreover, (z,d;1) € A. This
concludes the argument of Claim 1.

Claim 2. If z, = p then z, = p.

Assume that 7, = p, i.e. thereisno z € Z®) such that there is an arc of 4 N.A with an endpoint
equal to z. By Claim 1 we have that there is no z € Z® such that there is an arc of U with an
endpoint equal to z, i.e. x, = p. This concludes the argument of Claim 2.

Claim 3. If &, = p™ then x, = p™.

The proof is straightforward.

Claim 4. T, = xp.

If 7, = p or T = p then the claim follows from Claim 2 and Claim 3. Assume that there exists
z € 7P such that Zp, = z. As a consequence, there is an arc of &/ N A with an endpoint equal
to z, and then there is an arc of & with an endpoint equal to z. Moreover, for any 2z’ € Z®
such that 2z’ > z there is no arc of 4 N A with an endpoint equal to 2z’. Then, by Claim 1, for
any 2’ € Z(®) such that 2z’ > z there is no arc of ¢ with an endpoint equal to 2’. Thus, z, = 2.
This concludes the argument of Claim 4.

We can conclude that Z, = z) for each p € [m)’, and Z, = x,, for each p € [m]. O
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Now we can prove that the map 8 of Proposition 8.6 is well defined.

Proposition 8.14. Let U be a suspended subcategory of Cop such that D C U and U N A is
precovering. Then (Py, Xy) is a half-decorated non-crossing partition.

Proof. We check that (P, Xy) satisfies the conditions of Definition 8.3. Consider & N.A, which
is the aisle of a t-structure, and its associated decorated non-crossing partition (Pryna, Xuna),
as defined in [GZ]. We recall that Py is a partition of [m/] U [m] and that, from Lemma 8.12,
Puna = Py. As a consequence, Py is a non-crossing partition of [m'] U [m]. Now, we denote
the decorations by Xy = (2p)pe[m) and Xuna = (Tp)pejm/ujm]- By Lemma 8.13 we have that
xp = T, for each p € [m]|. We conclude that (P, Xy/) is a half-decorated non-crossing partition
of [m/] U [m]. O

Given U a suspended subcategory of Co,, such that D C U and UN.A is precovering, the following
lemma shows that any shift of &/ has the same properties of &. This fact will be useful in the
proof of Proposition 8.6.

Lemma 8.15. Let U be a suspended subcategory of Copm, such that D C U and U N A is pre-
covering. Consider the associated half-decorated non-crossing partition (Py, Xy) with Xy =
(7p)pefm)- The following statements hold.

(1) For any n € Z the subcategory X"U of Cop, is suspended, D C X"U, and X"U N A is
precovering.
(2) Consider (Psny, Xsny). Then Psny = Py and Xsny = (p — 1) pe[m)-

Proof. First we prove statement (1), statement (2) follows by construction, see Definition 8.7. It
is straightforward to check that X" is extension-closed and contains D, we show that 3" N.A
is precovering. By Proposition 2.8 we have that 7—'7f/ = U, and, since 7~ 'alU N A=UN A is
precovering, by Theorem 5.4 we have that 7i{ is precovering in C,,. Now fix n € Z. Since 7lf
is precovering, then X"7l{ is precovering in C,,. As a consequence, again by Theorem 5.4, we
have that 7= 'X"7l N A is precovering. Since 77 !Xt N A = 717X U N A = XU N A, we
obtain that ¥"U N A is precovering. O

Finally, we can prove Proposition 8.6.

Proof of Proposition 8.6. By Proposition 8.8 and Proposition 8.14 the maps « and g are well
defined, we prove that they are mutually inverse. We divide the proof into steps.

Step 1. The map S is injective.

Let U and U’ be suspended subcategories of Ca,, such that D C U, D C U', with U N A and
U' N A precovering. Assume that (Py, Xyy) = (Pyr, Xyr), we show that U = U'.

First we show that X"/ N A = X"U’' N A for each n € Z. By Lemma 8.12 and Lemma 8.13
and Lemma 8.15, (Psnyna, Xsruna) = (Penwnas Xsnwna). By Theorem 8.2 we obtain that
S"UNA=3"UNA

Now we show that I/ C U’, the other inclusion can be obtained in the same way. Consider u €
ind U, we have that X"u € A for some n > 0. Then X"u € X"UNA. Since X"UNA = X"U'NA,
we have that X"u € XU’ N A and then u € U’. We obtain that ¢ = U’ and this concludes the
argument of Step 1.

Step 2. We show that fa = id.

Let (P, X) be a half-decorated non-crossing partition of [m/]U[m]. Let Up x) be the associated
subcategory of Cay,, which we denoted by U. Let (Py, Xy) be the half-decorated non-crossing
partition associated to U. We show that (P, X) = (P, Xu).
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Showing the equality P = Py, is equivalent to show that for any p,q € [m'] U [m] we have that
p ~y q if and only if p,q € B for some block B € P. This follows directly from Definition 8.7
and Definition 8.9. Now we show that X = Xz;. We denote X = (p)peim) and Xy = (¥p)pe[m)-
By construction, see Definition 8.7 and Definition 8.10, we have the following equalities for each
p € [m].

yp = sup{z € VAL | there exists an arc of U = Up x) with an endpoint equal to 2} = z,
Therefore we have that (P, X) = (Py, Xy). This concludes the argument of Step 2.

We can conclude that the maps a and 8 are mutually inverse. O

8.2. Co-aisles of t-structures. From Theorem 8.5 we have a classification of the aisles of
the t-structures in C,,, now we compute the corresponding co-aisles in terms of non-crossing
partitions. As before, we take an intermediate step through Cs,,. Given a half-decorated non-
crossing partition (P, X) of [m’] U [m], we consider its complement (P, X)¢ = (Q,Y), where
Q = P¢ is the Kreweras complement of P, see Section 2.4. With a computation similar to [GZ,
Section 4.2], (Q,Y") corresponds to a subcategory V of Cay,. This is a co-suspended subcategory
of Co,,, such that D C V and V N B is preenveloping, therefore V can be thought as an “almost
co-aisle” in Cap,. From such V we obtain the corresponding co-aisle in C,, after localising. Figure
18 illustrates this process.

1

3

(QY)=(P.X) v y -
Kreweras complement co-suspended subcategory of Cg co-aisle of t-structure in Cy
such that V N B is preenveloping

Ficure 18. Illustration of how to obtain the co-aisle of the aisle of Figure 16.

Definition 8.16. Let (P, X) be a half-decorated non-crossing partition of [m/] U [m] with
X = (p)pefm)- We define the complement, (P, X)¢, of (P, X) to be the pair (Q,Y) where
Q = P¢ is the Kreweras complement of P, and Y is the m-tuple Y = X — 1 = (2, — 1) ¢y for
each p € [m].

We describe how to obtain an “almost co-aisle” of t-structure in Co,, from the complement of a
half-decorated non-crossing partition of [m’] U [m].

Definition 8.17. Let (P, X) be a half-decorated non-crossing partition of [m'] U [m] and let
(Q,Y) = (P, X)¢. We define

V(Q7y) = add |_| (’01,’02) € ind Coy, V1, V2 € U [yp,p+) U U Z(p)
BeQ pEBN[m)] pEBN[mM/]

Consider the complement (Q,Y) of a half-decorated non-crossing partition of [m/] U [m]. The
following lemmas and remark establish some properties of the subcategory Vg y) of Cap,. The
first is analogous to Proposition 8.8.

Lemma 8.18. Let (P,X) be a half-decorated non-crossing partition of [m'] U [m] and let

(Q,Y) = (P,X)¢. Then Vg is co-suspended and contains D.
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Proof. The proof is analogous to the argument of Proposition 8.8. O

Lemma 8.19. Let (P,X) be a half-decorated non-crossing partition of [m'] U [m] and let
(Q,Y) = (P,X)°. Then Vgy)NB = (Up.x)NA)".

Proof. For each p € [m'] U [m] we define

~ )y ifpem],
Yp = 0 if /
w, if p € [m/]

where we recall from Section 5.3 that wg = zg — 1. Tt is straightforward to check that

V(Q7y) N B = add |_| (v1,v2) € ind Cop, |v1,v2 € U [y~p,p+)
BeQ pEB

Moreover, from [GZ, Corollary 4.14] the right hand side is equal to (Z/{(p x) N A)J‘. O

Remark 8.20. Let Up x) and V(g y) be as in Lemma 8.19. Since Up x) N A is precovering
and suspended, by Proposition 2.2 (U(’[),X) NAVo,y)N B) is a t-structure in Coy,.

The following lemma and proposition show that an “almost co-aisle” in Cop, is, after localising,
the co-aisle of a t-structure in C,,.

Lemma 8.21. Let X be the aisle of a t-structure in Cp,, let (P, X) be the half decorated non-
crossing partition associated to X, and let (Q,Y) = (P, X)¢. Then Vg y) C X'

Proof. Assume that there exist « € ind X and y € ind Vg y) such that Homg (z,y) 2 K. Note
that there exists ¥’ € ind B such that 7(y') =2 y. Then ¢’ € 7T_17TV(Q7y) and, by Proposition
2.8 and Lemma 8.18, we have that 3/ € ind Vio,y)y N B. We define U = 771X, we have that
U = Up x)- Now, by Lemma 5.5 and Lemma 5.6 we have that there exists 2’ € ind A such
that m(2’) = z, and then 2’ € indU N A, and Home,, (2/,y") = K. Since x € indd N A and
Yy € ind Vio,y) N B, this gives a contradiction with Lemma 8.19. Then we can conclude that
HOIIl@m (X, WV(va)) =0. O

Proposition 8.22. Let (X,)) be a t-structure in Cp,, U = 71X, (P,X) be its associated
half-decorated non-crossing partition, and (Q,Y) = (P, X)¢. Then

Y=mVioy)=7Vey) NB)=n ((U a A)L) :

Proof. First we show that mVigy) = 7 (V(gy) N B). The inclusion (V(gy) N B) C ™Vay)
is straightforward. We show the other inclusion. Consider y € ind 7V (g y), then there exists
y' € ind B such that 7(y') = y. Since y € 7V (gy), we have that y' € 7T*17rV(Q7y). By
Proposition 2.8 and Lemma 8.18 we have that 7T_17TV(Q’y) = V(o). Thus, 3’ € indVgy)NB
and theny 2 7(y') e (V(Q’y) N B). By Lemma 8.19 we also have the equality 7 (V(va) N B) =

T ((L{ N A)L) . It remains to show the equality Y = 7V, gy, to do so we check that (X, 7rV(97y))

is a torsion pair.

By Lemma 8.21 we have that 7Vg y) C X+, we show that XxmV(gy) = Cm. Since X = m(UNA)
and TV gy) =7 (U N A)L), it is equivalent to show that m (U NA) * 7 (U N A)F) = Cpn.

Let a € Cpy, there exists a’ € Cap such that 7(a’) = a. Since (U NA) % U N A)" = Copn, there

exists a triangle u — o/ — v — Sa in Cop with u € YN A and v € (UNA) . After localising

we obtain the triangle 7(u) — a — 7(v) — X7 (u) in C,,. Note that 7(u) € (U N A) and

m(v) € m (U NA)L), thus we have that a € m (U NA) =7 (UNA)T). We can conclude that

(X, WV(Qy)) is a torsion pair, and as a consequence Y = wV(gy). O
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8.3. Hearts. With Theorem 8.5 we classified the aisles of t-sturctures in C,,, and with Propo-
sition 8.22 we computed the corresponding co-aisles. Now we can compute the heart of a
t-structure (X,Y) in C,,. We first consider the preimage of (X,)) under 7, which we denote
by (U,V). Note that (U, V) is not a t-structure of Coyy,, but (U N.A,V N B) is. We can compute
the heart of (U N A,V NB) as in [GZ, Corollary 4.15], and then obtain the heart of (X',)) by
localising. Figure 19 illustrates this process.

FIGURE 19. The heart of the t-structure (X,)) of Figure 16 and Figure 18.

Corollary 8.23. Let (X,)) be a t-structure in Cy,. Consider its associated decorated non-
crossing partition (P, X) of [m'|U[m] with X = (xp)pem]- Then the heart H = X NXY is given
by

H =add{(zp — 2,2p) | p € [m] and z, € Z,}.

Proof. Let = 7' X, V=7V, U/ =UNA, and V' = VN B. By Lemma 8.19, the pair
(U, V") is a t-structure in Cayy,. Consider the heart H' = U’ NXV’, we show that 7H’ = H. Then
the claim follows directly from [GZ, Corollary 4.15].

First we show the inclusion 7H’ C H. Consider ' € ind H'. Since b’ € U’ C U, we have that
wh! € nld and from Proposition 2.8 we have that 7t/ = X. Similarly, since A’ € XV’ C XV, we
obtain that 7h’ € 71XV = XnV = X). Thus, 7h/ € X NXY = H.

Now we show the inclusion H C 7H’. Let h € ind H, by Lemma 5.13 there exists i’ € ind ANXB
such that wh’/ = h. Since h € X, b’ € 771X = U. Moreover, since h € £, then b’ € 7713XY =
YV. Thus, ¥ e UN A and b’ € XV N XB. We obtain that ' € U' N XV = H', and then
h=nh' € mH'. We can conclude that H = 7H’. O

8.4. Boundedness. The bounded t-structures in C,, were classified in [GZ, Section 4.4]. In
Cr, there exist bounded t-structures only if m = 1, see [GZ, Remark 4.20, Corollary 4.22]. Here
we classify the bounded t-structures in C,,, and we obtain that for each m > 1 there are no
bounded t-structures in C,,.

Proposition 8.24. Let (X,)) be a t-structure in Cp,, let (P, X) be its associated half-decorated
non-crossing partition of [m'| U [m], U = 771X and V = 771Y. The following statements are
equivalent.

(1) The t-structure (X,Y) is left bounded in Cp,.
(2) The t-structure (U N A,V N B) is left bounded in Coyy,.
(3) The non-crossing partition P has as unique block {1',1,...,m/',m}.

Proof. We prove the equivalence of statements (1) and (2), for the equivalence between (2) and

(3) we refer to [GZ, Proposition 4.21]. Assume that (1) holds, we check the inclusion Ca,, C

Unez X" (U N A), the other inclusion is trivial. Consider a € indCap,. Note that there exists
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k € Z such that a € ¥ A. Moreover, since m(a) € C,,, there exists | € Z such that 7(a) € XX,
and then a € 772! = Y. Thus, we have that a € U N XFA. Let n = min{k, [}, then
aeX"UNA).

Now we assume that (2) holds, we check the inclusion Cp, C |,z "X, the other inclusion is
trivial. Consider a € indC,,, then there exists a’ € ind Cay, such that 7(a’) = a. Then there
exists n € Z such that «' € ¥"(U N A) C ¥"U, and then a = 7w(a’) € 7¥"U = ¥"X. This
concludes the proof. O

Dually, we have the following proposition.

Proposition 8.25. Keeping the assumptions and notation of Proposition 8.24, the following
statements are equivalent.

(1) The t-structure (X,)) is right bounded in Cp,.
(2) The t-structure (U N A,V N B) is right bounded in Cap, .
(3) The non-crossing partition P has as blocks {1'}, {1}, ..., {m'}, {m}.

We have the following corollary of Proposition 8.24 and Proposition 8.25.

Corollary 8.26. For each m > 1 there are no bounded t-structures in Cp,.

8.5. Non-degeneracy. We classify the non-degenerate t-structures in C,,. We refer to [GZ,
Corollary 4.19] for the classification of the non-degenerate t-structures in Cy,.

Proposition 8.27. Let (X,)) be a t-structure in Cp,, let (P, X) be its associated half-decorated
non-crossing partition with X = (l‘p)pe[m], and U = ©'X. The following statements are
equivalent.

(1) The t-structure (X,Y) is left non-degenerate in Cy,.

(2) We have that [,z X"U = D.

(3) For each p € [m] we have that x, # p*, and for each p,q € [m'] if p,q € B for some
block B € P, then p =gq.

Proof. First we show the equivalence between the statements (1) and (2). Assume that (X', ))
is left non-degenerate, i.e. [),c;X"X = 0. The inclusion D C (), ., X"U is straightforward,
we show the other inclusion. Consider u € indCs,, such that v € X™U for all n € Z, then
m(u) € 7X"U = X" X for all n € Z. As a consequence, 7(u) = 0 and then u € D. Now assume
that (e 2"U = D, we show that (1,5 X"X = 0. Assume that there exists z € indCy,
such that z € ¥"X for all n € Z. Then there exists 2’ € ind Cay, such that w(2’) = z, and
' € 7 H¥"X) = XU for all n € Z. Then 2’ € D and x = 7(2’) = 0, contradicting the fact
that = € indC,,. This proves the equivalence between (1) and (2).

Now we prove the equivalence between statements (2) and (3). Assume that (., X¥"U = D
and that there exists p € [m] such that z, = p*, then Z®P) C indUd. Let u € ZPP) then
x € ¥"U for each n € Z. As a consequence x € D, and this contradicts the fact that p € [m].
This proves that z, # p™. Now consider p,q € [m'] such that p,q € B for some block B € P,
then U contains all arcs having one endpoint in Z®) and the other in Z@. Consider such u,
then u € ¥"U for each n € Z. As a consequence, u € D and then p = ¢. This proves that (2)
implies (3).

Now assume that statement (3) holds, we show that (1, .,
nez X"U is straightforward, we prove the other inclusion. Let u € ind ()

X"U = D. The inclusion D C
nez 2 U, we show
that « € D. Assume that u has an endpoint z € Z®) for some p € [m]. Since u € indU, then
z € (p,zp|. Moreover, since x, # pT, there exists n € Z such that X"u ¢ U, and this contradicts
the fact that v € (,c, X"U. Thus, u € 7P for some p,q € [m']. Then p,q € B for some

B € P and as a consequence p = q, i.e. u € D. This concludes the argument. U
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Dually, we have the following proposition.

Proposition 8.28. Keeping the assumptions and notation of Proposition 8.27, let (Q,Y) =
(P,X)¢ and V = = 1Y. The following statements are equivalent.

(1) The t-structure (X,Y) is right non-degenerate.

(2) We have that [,z X"V =D.

(3) For each p € [m] we have that z, # p, and for each p,q € [m'] if p,q € C for some block
CeQ, thenp=gq.

Combining Proposition 8.27 and Proposition 8.28 we obtain the following corollary.

Corollary 8.29. Keeping the assumptions and notation of Proposition 8.27 and Proposition
8.28, the following statements are equivalent.

(1) The t-structure (X,Y) is non-degenerate.

(2) We have that (), X"U =D = (),,cz X" V.

(3) For each p € [m] we have that x, € ZP) | and for each p,q € [m'] if p,q € B for some
block B € P, or p,q € C for some block C € Q, then p = q.

With the following example we show that there exist half-decorated non-crossing partitions of
[m/] U [m] satisfying condition (3) of Corollary 8.29.

Example 8.30. Let P be the non-crossing partition {{1’,1},{2,2},...,{m’,m}} of [m/]U[m],
and let X = (zp)pem) With z;, € Z®) for each p € [m]. Then (P, X) is a half-decorated non-
crossing partition of [m/] U [m] and P¢ = {{1'},{2'},...,{m/},{1,2,...,m}}, see Section 2.4.
Note that (P, X) satisfies condition (3) of Corollary 8.29.

As a consequence, we have the following corollary.

Corollary 8.31. Non-degenerate t-structures in C,, exist for each m > 1.

9. CO-T-STRUCTURES

From [ZZ, Proposition 4.6] we know that in the category C,, the only co-t-structures are (Cy,, 0)
and (0,Cp,). In C,, this is not the case, Figure 20 gives an example of a non-trivial co-t-
structure in C,,,. In this section we classify the aisles of the co-t-structures, we compute the
co-aisles and co-hearts. We also classify the bounded and non-degenerate co-t-structures, and
the co-t-structures having a left or right adjacent t-structure. Moreover, from the classification
of the co-t-structures, we can easily obtain the classification of the recollements of C,,.

1
2 4!
3/

FIGURE 20. The subcategory add{z} of C4 is the aisle of a co-t-structure.
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9.1. Aisles of co-t-structures. Here we classify the aisles of the co-t-structures in C,, in a
way similar to the classification of the aisles of the t-structures in Section 8.1. The definition
below is the analogue of Definition 8.3.

Definition 9.1. An alternating non-crossing partition of [m’| U [m] is a pair (P, X) given by a
non-crossing partition P of [m/] and an m-tuple X = (zp)pec[m such that z; € [p, p*] for each
p € [m].

The main result of this section is the following analogue of Theorem 8.5. The notation employed
in the statement will be defined in Definition 9.4 and Definition 9.6.

Theorem 9.2. The following is a bijection.

partitions of [m'] U [m]
(P, X) — 7['[/[(7)7_)()
(7371-71‘)(, Xﬂfl‘)() <— X

Alternating non-crossin —
{ 9 g } «— { Aisles of co-t-structures in Cp, }

To prove this result, we proceed as in Section 8.1 by taking an intermediate step through Cap,.
From Corollary 7.3 the aisles of co-t-structures in C,, are in bijection with certain subcategories
of Cop,, which can be regared as “almost aisles” of co-t-structures. These are co-suspended sub-
categories U of Co,, such that D C U and U N A is precovering, and are classified in Proposition
9.3 in terms of alternating non-crossing partitions of [m/] U [m]. The aisles of co-t-structures in
C,n are then obtained after localising the “almost aisles” of co-t-sturctures in Ca,,. Figure 21
illustrates this process.

(P, X) u X B
alternating non-crossing co-suspended subcategory of Cg aisle of co-t-structure in Cy4
partition of [4'] U [4] such that ¢/ N A is precovering

FIcure 21. Illustration of how to obtain the aisle of a co-t-structure in C,,, from
an alternating non-crossing partition of [m'] U [m].

The rest of this section is devoted to prove the following proposition. The assignments of the
maps « and 8 will be defined in Definition 9.4 and Definition 9.6.

Proposition 9.3. The following is a bijection.

Alternating non-crossing partitions Co-suspended subcategories U C D such that
of [m'] U [m)] D CU and U N A is precovering

[o'R (P,X) — U('p’X)
(Purxu)é—ﬂZI:ﬁ

The following definition and lemma define the map « and show that it is well defined.

Definition 9.4. Let (P, X) be an alternating non-crossing partition of [m'] U [m]. We define

Uep,x) = add |_| (u1,uz) € ind Cop, |uy, ug € U [:Epf,p—"_) ,
BeP peEB
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where we use the following convention: if z,- = p~ then [z,~,p") = Z@e)UZ®) | and if Ty =D
then [z,-,pT) = AN

Proposition 9.5. Let (P, X) be an alternating non-crossing partition of [m'lU[m]. ThenUp x)
is co-suspended subcategory of Com such that D CU and U N A is precovering.

Proof. In order to show that U x) is extension-closed, contains D, and is closed under »1
we can proceed similarly to the argument of Proposition 8.8. We show that Up x) N A is
precovering. From [GHJ, Theorem 3.1] we know that this is equivalent to show that Up x)
satisfies the PC conditions, see Definition 5.1.

We check that Up x satisfies (PC1), the other conditions are analogous. Assume that there
exists a sequence { (@7, 2%)}n C Up x) NANZP9 for some p,q € [m']U[m] such that p # q and
the sequences {z]}, and {zh}, are strictly increasing. Then p,q € [m]. By Definition 9.4 we
have that p™,¢q" € B for some block B € P. As a consequence, there exist strictly decreasing
sequences {y'}, C Z®") and {y5}, C Z4") such that {|y?, 45|}, C Uip,xy N A. This proves
that (PC1) holds and concludes the argument. O

With the following definition and proposition we define the map 8 of Proposition 9.3 and we
check that it is well defined. Given a co-suspended subcategory U of Cy), such that D C U and
U N A is precovering, we define the equivalence relation ~;; on the set [m/] as in Definition 8.9.

Definition 9.6. Let U be a co-suspended subcategory of Cs, such that D C U and U N A is
precovering. We define Py to be the partition of [m'] given by the equivalence classes of ~y,.
For each p € [m] we define

zp = inf{z € ZP) | there exists u € U with an endpoint equal to z}.
We denote by Xy the m-tuple Xy = () pejm)-

Proposition 9.7. Keeping the notation of Definition 9.6, the pair (Py, Xy) is an alternating
non-crossing partition of [m'] U [m].

Proof. We already know that P is a partition of [m'], we only need to check that P non-
crossing. To this end, we can apply the same argument of [GZ, Lemma 4.12]. O

The following lemma is useful for the argument of Proposition 9.3.

Lemma 9.8. Let U be a co-suspended subcategory of Copm such that D C U and U N A is
precovering. Consider the alternating non-crossing partition (Py, Xy) with Xy = (Zp)pejm)-
Let p,q € [m/] be such that p,q € B for some block B € Py. Then any arc of Cay having one
endpoint in [z,-,pt) and the other in [x,~,q") is an arc of U.

Proof. In order to simplify the notation we assume that ¢ # 1/, if ¢ = 1’ we can proceed
analogously. We denote by [z,-,pT) X [z,-,¢") the set of arcs a = (a1, a2) € ind Capy, such that
a1 € [xp)-,pT) and ag € [x,-,q"). We show that [z,-,pT) X [z,~,¢T) C indUd. We have the
equality

@y 0%) X g q) = 2P U ([, ,p) % Z9) U (20 x [o-,0)) U (fm,-.1) % [24-,0)) -

We assume that z,- # p and x,- # ¢, the other cases are analogous. We divide the proof into
steps.

Step 1. We show that Z®9 C ind /.

If p = ¢ we have the claim from the fact that D C /. Now assume that p # ¢. Since p,q € B for

some block B € Py, there exists u € indf such that u € Z®9. We show that X"u € ind i/ for

each n € Z, then, using the fact that U is extension-closed, it is straightforward to check that

U contains any arc of Z®9 . Since XU C U, we already know that X"u € U for each n < 0,
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it remains to check that X"u € U for each n > 1. Consider the arcs a = (u; —1,u; +1) € ZP:p)
and b = (ug — L,ug + 1) € 749, The arcs u and a are crossing, and then, since U satisfies
the PT condition, v = (u; — 1,u3) € U. Moreover, the arcs v’ and b are crossing and u” =
(up — 1,ug — 1) = Yu € U. Repeating this argument we obtain that ¥"u € U for each n > 1.
This concludes the argument of Step 1.

Step 2. We show that [z,-,p) x 79 C indU.

Let a = (a1, a2) € ind Cap, with a1 € [2,-,p) and a3 € Z'9 | we show that a € Y. First we show
that there exists an arc of & with an endpoint equal to a;. If there is not such arc, then there
is no arc u € ind with an endpoint in [z,-, a1], otherwise X"u € U has an endpoint equal to
aq for some n < 0. Since

z,- = inf{z € ZP") | there exists an arc of ¢ with an endpoint equal to z}

p

this gives a contradiction, and therefore there exists an arc of i with an endpoint equal to a;.
Let ' be such arc, then X"’ € U for each n < 0. Moreover, since U satisfies the PT condition,
we obtain that (a1, a; +2), (a1,a1 +3),--- € U. Note that these arcs are also in A because they
belong to ZP~). Therefore, we have a sequence {(a1,a; + 2 + n)}n>0 C indU N A such that
{ag2 + 2+ n},>0 is strictly increasing. Since U N A is precovering and satisfies condition (PC3),
it follows that there exists an arc v = (aq,v2) € 7P~ P) N Y such that vy < a9. Consider an arc
of the form z = (z1,a2) € 7ZP:9) with p < z1 < vg. Since the arcs v and z cross and ZWwa) C U,
then a = (a1, a2) € U. This concludes the argument of Step 2.

Step 3. Analogously as in Step 2 we have that Z®) x [T,-,q) CindU.
Step 4. We show that [z,-,p) x [z,-,q) C indU.

Let a = (a1,a2) € [r,-,p) X [24-,q), we show that a € U. If p = ¢, consider the sequence
{(a1,a1 +24n)}n>0 CU N A of Step 2. Since (a1,a2) = (a1,a1 +2 +n) € Y for some n > 0,
we have that a € U. Now assume that p # q. We consider the arc v = (a1,v2) € ZP7p) of
Step 2, and an arc z = (z1,a3) € ZP47) with p < z; < ve. Since the arcs v and z cross and
z e ZW x [x,-,q) CU, by Step 3 a = (a1,a2) € U. This concludes the argument of Step 4.

We can conclude that [z,-,p") x [z,~,¢") C indU. O
Finally, we can prove Proposition 9.3.

Proof of Proposition 9.3. From Definition 9.4 and Proposition 9.5 we have that the maps are
well defined, we prove that they are mutually inverse. We divide the proof into steps.

Step 1. The map « is injective.

Let (P, X) and (Q,Y’) be two alternating non-crossing partitions of [m/JU[m] such that Up x) =
Ug,yy, we show that (P, X) = (Q,Y). Assume that P # Q. Then there exist p,q € [m'] with
p # q such that p and ¢ belong to the same block of P and to distinct blocks of Q, or vice versa
p and g belong to the same block of @ and to distinct blocks of P. In the first case, there exists
an arc of Up x) with an endpoint in Z®) and the other in Z(@, while there is no such arc in
Uo,y)- As a consequence Up x) # Uigy), giving a contradiction. In the second case the role
of P and Q exchange and we obtain the same contradiction. Thus we have that P = Q.

Now we show that X =Y. We denote X = (7p),cm] and Y = (yp)pe[m), and we assume that
X #Y. Let p € [m] be such that =, # y,, then either z, < y, or 4 < y,. Assume that z, < y,,
the other case is analogous. Since p < x;, < yp, there is an arc of U gy with an endpoint
greater that x,, while there is no such arc in Up x). We obtain that Up x) # Ugy), giving a
contradiction. This concludes the argument of Step 1.

Step 2. We show that af = id.
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Consider U a co-suspended subcategory of Coy, such that D C U and U N A is precovering. We
show that U = Up, x,,). First we show the inclusion U(p,, x,,) € U. Consider u = (u1,u2) €
indUp,, x,,), then there exist a block B € Py and p,q € B such that u; € [mpf,pﬂ and
up € [14-,q"), where Xy = (2p)pejm)- Then u € indU by Lemma 9.8.

Now we show the inclusion U C Z/{(’])L“ Xu)- Consider v = (uj,uz) € indU, then there exist
p,q € [m/] such that u; € [x,-,p") and ug € [z,~,¢") where

z,~ = inf{z € ZP") | there exists an arc of ¢/ with an endpoint equal to z}

p

and z,- is defined similarly. We show that p,q € B for some block B € Py, i.e. that there
exists an arc of U with an endpoint in Z® and the other in Z(9. Then we can conclude that
U1, Ug € UpeB[xpf,er), and then u € Up, x,,)- If p = ¢ the claim is straightforward, we assume
that p # ¢. We can write [z,-,pt) = [z,-,p) U ZP) and [24-a") = [z~ q) U 7D, 1f uy € 7P)
and us € Z@ then the claim follows directly. We assume that u; ¢ Z®) or us ¢ 79,

Assume that u; € [z,-,p) and ug € [z,-,q). We consider the sequence {37 "u = (u1 + n,uz +
n)}n>o C indU. This sequence is also in A because it is contained in Z(® ¢ ). Since U N A is
precovering and satisfies condition (PC 1), there exists an arc of & with an endpoint in ZP) and
the other in Z(®). This gives the claim.

Now assume that u; € Z® and uy € [7,-,q). We consider the sequence {¥7"u = (u1 +n,uz +

n)}n>o0 € indU. The sequence {(ug, ug+2+n)} n>0 C Z 7 ) is obtained from the crossings of
the sequence {X™"u},>0. We have that {(ug,u2+2+n)},>0 C indUd N.A because this sequence
is contained in Z( -9) and U satisfies the PT condition. Since U/ NA is precovering and satisfies
condition (PC 3), there exists an arc = € indY with an endpoint equal to uy and the other in
Z9. The arcs ¥ 'u and z cross, and from this crossing we obtain an arc v/ € ind¥/ with an
endpoint in Z® and the other endpoint in Z(@. The case where u; € [z,-,p) and uz € 79 is
analogous, therefore we have the claim. This concludes the argument of Step 2.

We can conclude that the two maps of the claim are mutually inverse. O

9.2. Co-aisles of co-t-structures. We compute the co-aisles of co-t-structures in C,, using a
method similar to Section 8.2. From an alternating non-crossing partition (P, X) of [m/] U [m],
we consider its complement (P, X)¢ obtained from the Kreweras complement P¢ of P, see
Section 2.4. This corresponds to a subcategory V of Cs,,, which can be thought as an “almost
co-aisle” of a co-t-structure in Co,,. This is a suspended subcategory V of Co,, such that D CV
and V N B is preenveloping. The subcategory V gives a co-aisle of a co-t-structure in C,, after
localising. Figure 22 illustrates this process.

(va): (’PX)C —
Kreweras complement suspended subcategory of Cg co-aisle of a co-t-structure in Cy4
such that V' N B is preenveloping

FiGURE 22. Ilustration of how to obtain the co-aisle of the aisle of Figure 21
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Definition 9.9. Let (P, X) be an alternating non-crossing partition of [m’] U [m] with X =
(Tp)pejm)- We define the complement (P, X)¢ of (P, X) to be the pair (Q,Y) where Q = P¢
is the Kreweras complement of P, and Y is the m-tuple Y = X —1 = (2, — 1) for each
p € [m].

pE(m]

From the complement of an alternating non-crossing partition of [m/]U[m] we obtain an “almost
co-aisle” of co-t-structure in Cay,. The following definition is similar to Definition 8.17.

Definition 9.10. Let (P, X) be an alternating non-crossing partition of [m’] U [m] and let
(Q,Y) = (P, X)°. We define

V(gy) = add I_l (1)1, 1)2) € ind Copy V1,12 € U (p, prr]
BeQ pEB

The proof of the following lemma is analogous to the proof of Proposition 8.8.

Lemma 9.11. Let (P, X) be an alternating non-crossing partition of [m'|U[m] and let (Q,Y) =
(P, X)¢. Then V(q,y) is suspended and contains D.

Consider the complement (Q,Y’) of an alternating non-crossing partition of [m'] U [m]. The
following lemmas and remark describe some properties of the subcategory Vg y).

Lemma 9.12. Let (P, X) be an alternating non-crossing partition of [m'|U[m] and let (Q,Y) =
(7), X)C Then V(Q’y) NB= (Z/{('Rx) N ./4)L

Proof. Tt is straightforward to check that

V(gy) N B = add |_| (1)1, 1)2) € ind Coyp V1,02 € U [wg, yp+]
BeQ pEB
where we recall from Section 5.2 that wg = zg — 1 for each p € [m’]. We denote the right hand
side of the equality by W. Proceeding analogously as in the argument of [GZ, Corollary 4.14],
it is straightforward to check that ='W consists precisely of all the arcs of Ca,, which do not
cross U NA. As a consequence Vg y) N B = (UN A)L. O

Remark 9.13. Let Up x) and V(g y) be as in Lemma 9.12. Since Up x) N A is precovering
and extension-closed, by Proposition 2.2 (Z/l(p x)NA, Viey)N B) is a torsion pair. It is not a

t-structure nor a co-t-structure because in general Up x) N A is not closed under ¥ or YL cf.
Remark 8.20.

Let (Q,Y) be the complement of an alternating non-crossing partition of [m’] U [m]. With the
following proposition we prove that by localising V(g y) we obtain the co-aisle of a co-t-structure

in C,,. The argument is the same of Proposition 8.22.

Proposition 9.14. Let (X,)) be a co-t-structure in Cp,, U = 71X, (P, X) be its associated
alternating non-crossing partition, and (Q,Y) = (P, X)¢. Then

Y= 7TV(Q7y) =T (V(Qy) N B) =T ((Z/[ N A)L) .

9.3. Co-hearts. We classified the aisles of co-t-structures in C,, in Theorem 9.2, and we com-
puted the co-aisle of a co-t-structure in Proposition 9.14. Here we compute the co-heart of a
co-t-structure in C,,.

First we introduce some notation. Let (P, X) be an alternating non-crossing partition of [m’] U

m|. Consider p,q € |m'| U |m|, we write ¢ = p™ B 1
Consider p,q € [m/ ite ¢ = p* 2 if

e p,q € [m], and
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e p,q € B for some block B € P, and
e ¢ is the next element of [m/] N B we meet while moving from p along S* in the anti-
clockwise direction.

If B = {p}, then by convention p*& = p.

Now let (X,)) be a co-t-structure in C,,. We consider the preimage (71X, 77 1Y) of (X,)),
which we denote by (U, V). The pair (4, V) is not a torsion pair, but (UN.A,VNB) is. Moreover,
(U N A,V NB) is not a co-t-structure, but we can still compute S’ = (U N .A) NI~V N B)
similarly. The co-heart of (X,)) is obtained by localising S’. Figure 23 illustrates this process.

3/ Zg;

UnA
-1 (VN B)

H=XNXY

F1GURE 23. Illustration of how to obtain the co-heart of the co-t-structure of
Figure 21 and Figure 22.

In the proposition below we recall that \zg, r,-| is equal to (zg, z,-) if p < ¢~ and is equal to

(a:q_,zg) if ¢~ < p, see Section 3.1.

Proposition 9.15. Let (X,)) be a co-t-structure in Cp,, (P, X) be its associated alternating
non-crossing partition of [m'l U [m] with X = (zp)pefm), U = 71X, and V = n71Y. Then

UNANE (VNB) = add { |25, 7, |

p,q € [m’], q :p+B for some B € P, and Ty~ € Z(q_)} '

Proof. First we show that arcs of the form a = |zg , T4 |, where ¢ = p* 2 for some block B € P
and z,- € Z14), belong to (U N.A) NE~H(V N B). From Definition 5.2 and Definition 9.4
we have that a € indU N A, we check that a € indX~1(V N B). From Lemma 9.12 this is
equivalent to check that a does not cross any arc v € ind N .A. Note that zg € [zg,:np+] and
Ty € [zg,,,:vq_]. Moreover, since ¢ = p*& for some block B € P, we have that p,q~ € C for
some block C' € P¢, see Section 2.4. From Definition 5.10 and Definition 9.10 this implies that
a=|z),z,-| €ind SV NB.

Now we show that any arc a € ind(U N.A) N X~ (V N B), provided that it exists, is of the form
a = |z2,xq7] with p,q € [m’] such that ¢ = p*# for some block B € P, and z,- € Z(4 ). We

divide the argument into steps.

q

Step 1. Let z be an endpoint of a. We show that z = z{] for some p € [m/], or z = z,- for some

p € [m'] such that z,- € Z?").
Since a € indUd N A, then z € [a:pf,zg] for some p € [m/], and since a € indV N B, then
z € [z, x4+] for some q € [m']. If z € (p, z)] then ¢ = p and z = 2. If z € [z,-,p) then ¢ = p~~

and z = T Therefore we have the claim.

p— O zg, and the other

- or zg. We show that a 2 \zg,z2| and a & [z,-, 2z, |.
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endpoint is of the form z,



If a = |2), 20| then a and Ya are crossing and, since Ya = |2) — 1,20 — 1| € indU N A, this gives
a contradiction. Similarly, if a & |z,-,z,-| then a is crossed by ¥~ 'a = |z,- + 1,z,- + 1| €
indUd N A and we obtain again a contradiction.

Step 3. We know that a = |zg, .- | for some p, ¢ € [m'] such that p,q € B for some block B € P
and z,- € Z97). We show that ¢ = pt5.

Assume that ¢ # p™8. Then B # {p}, otherwise p = ¢ and ¢ = p™2. If p = ¢ consider
r € B\ {p}. Then there exists an arc in ind// N A with an endpoint in (p, z)] and the other
endpoint in (7, 2] which crosses a, and this gives a contradiction. Now assume that p # ¢, then
there exists r € B\ {p, ¢} such that p,r,q are in cyclic order. The arc |z{, 23| € U N A crosses
a, and this gives a contradiction. This concludes the argument. (]

The following corollary can be proved with the same argument of Corollary 8.23.

Corollary 9.16. Let (X,)) be a co-t-structure in Cp,. Consider (P, X) its associated alternat-
ing non-crossing partition of [m'] U [m] with X = (xp)pepm. Then the co-heart S = X NX71Y
s given by

S =add {]p,a:q—\

p,q € [m’]’ q :p+B for some B € P, and T, € Z(q’)} )

9.4. Boundedness. We study the bounded co-t-structures in C,,. We find that for m > 2
there are no bounded co-t-structures.

Proposition 9.17. Let (X,Y) be a co-t-structure in Cp,, (P, X) be its associated alternating
non-crossing partition with X = (xp)pe[m], and U = 7 'X. The following statements are
equivalent.

(1) The co-t-structure (X,)) is left bounded in Cyy,.

(2) We have that |, cq X"U = Copm.

(3) The non-crossing partition P has as unique block {1',...,m'} and x, # p* for each
p € [m].

Proof. The equivalence between the statements (1) and (2) is straightforward, we show the
equivalence between (2) and (3). Assume that P = {{1/,...,m'}} and z, # p* for each
p € [m]. Let a = (a1, az2) € ind Cyyy,, we check that a € XU for some n € Z. There exists n > 0
such that ay +n € [z,-,p") and az +n € [z,~,¢T) for some p, ¢ € [m/]. Since p and ¢ belong
to the same block of P, we have that ¥""a = (a1 + n,as +n) € U, and then a € X"U.

Now assume that |J,c;, X2"U = Cop, we check that (3) holds. Let p,q € [m’], and consider
a € ind Cyyy, with an endpoint in Z®) and the other in Z(@. By assumption there exists n € Z

such that @ € ", and then ¥ "a € U. Since the endpoints of ¥ "a still belong to Z® and
79 we have that p,q € B for some block B € P. This means that any two elements of [m/]

belong to the same block of P, i.e. P = {{1,...,m'}}. Now, assume that z, = p™ for some
p € [m]. Consider an arc a € ZPP), we observe that X"a ¢ U for each n € Z, and this gives a
contradiction. This concludes the argument. U

Dually, we have the following proposition.

Proposition 9.18. Let (X,Y) be a co-t-structure in Cp,, let (P, X) be its associated alternating
non-crossing partition with X = (xp)pem), and V = 77 X. The following statements are
equivalent.

(1) The co-t-structure (X,)) is right bounded in Cp,.
(2) We have that | J,,c; X"V = Com.
(3) The non-crossing partition P has as blocks {1'}, ..., {m'}, and z, # p for each p € [m].

Corollary 9.19. For each m > 2 there are no bounded co-t-structures in Con.
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Proof. Assume that m > 2. If there exists a bounded co-t-structure in C,,, then, by Proposition
9.17 and Proposition 9.18, its associated alternating non-crossing partition (P, X) of [m/] U [m]
is such that P = {1/,...,m'} = {{l'},...,{m'}}, giving a contradiction. Therefore, there are
no bounded co-t-structures in C,, if m > 2. O

9.5. Non-degeneracy. We classify the non-degenerate co-t-structures in C,,. We find that for
m > 2 there are no non-degenerate co-t-structures. In general it is straightforward to check
that left or right bounded co-t-structures are also right or left non-degenerate respectively. We
will see that also the converse holds in C,y,.

Proposition 9.20. Let (X,Y) be a co-t-structure in Cp,, (P, X) be its associated alternating
non-crossing partition with X = (xp)pemm), and U = 7YX, The following statements are
equivalent.

(1) The co-t-structure (X,)) is left non-degenerate.
(2) We have that [, X"U = D.
(3) The non-crossing partition P has blocks {1'}, ..., {m'}, and x, # p for each p € [m].

Proof. For the equivalence between the statements (1) and (2) we can use the same argument of
Proposition 8.27. We prove the equivalence between (2) and (3). Assume that (1, o, X"U = D
and that there exist p,q € [m/] such that p,q € B for some B € P. Then U contains any arc
having one endpoint in Z®) and the other endpoint in Z(@. Consider such arc u, then X"u € U
for each n € Z, i.e. u € [,z X"U. Then v € D and p = q. Now assume that there exists
p € [m] such that x, = p, then U contains any arc u € 7). Thus, u € Npez X"U = D, and
then u € Z(%9 for some ¢ € [m’] and this contradicts the fact that p € [m]. This proves that
(3) holds.

Now assume that statement (3) holds, we check that (1, ., X" C D, the other inclusion is
straightforward. Let u € ind (), X", then v € U and there exist p,q € [m'] such that u
has one endpoint in [z,-,p") and the other endpoint in [z,~,¢"). Then p,q € B for some
block B € P, and as a consequence p = ¢ and u has both endpoints in [z, pt). Assume that
u has an endpoint in [a:pf p), then, since z, # p, there exists n € Z such that X"u ¢ U, i.e.
u ¢ (Npez 2"U. Then u € ZPP) and as a consequence u € D. This concludes the argument. [

Dually, we have the following proposition.

Proposition 9.21. Let (X,Y) be a co-t-structure of Cp,, (P, X) be its associated alternating
non-crossing partition with X = (xp)pem), and V = 7YX, The following statements are
equivalent.

(1) The co-t-structure (X,)) is right non-degenerate.

(2) We have that (), X"V =D.

(3) The non-crossing partition P has as unique block {1',...,m'} and xz, # p* for each
p € [m].

Corollary 9.22. For each m > 2 there are no non-degenerate co-t-structures in Cy,.

We also have the following corollary, which combines these results with those in Section 9.4.

Corollary 9.23. Let (X,)) be a co-t-structure in Cp,. Then (X,)) is left bounded if and only
if it is right non-degenerate, and (X,Y) is right-bounded if and only if it is left non-degenerate.

9.6. Adjacent triples. We classify the co-t-structures in C,, having a left adjacent or right
adjacent t-structure.

Theorem 9.24. Let (X)) be a co-t-structure in C,, and (P, X) be its associated alternating

non-crossing partition with X = (xp)pe[m]. The following statements hold.
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(1) The co-t-structure (X,)) has a right adjacent t-structure if and only if for each p € [m)]
if xp, =pT then {pT} € P.

(2) The co-t-structure (X,)) has a left adjacent t-structure if and only if for each p € [m)]
if ©p, = p then p~,p™ € B for some block B € P.

Proof. We prove statement (1), statement (2) is dual. Let V = 771Y and (Q,Y) = (P, X)¢
with Y = (yp)peim)- If (X, V) has a right adjacent t-structure, then ) is precovering and VN A
satisfies the PC conditions, see Theorem 5.4. Let p € [m] be such that z, = p™, then y, = p™.
We show that p~,p™ € C for some block C' € Q. Since y, = p*, VN A contains all the arcs
having one endpoints in (p~, zg,] and the other in Z), see Definition 5.2 and Definition 9.10.

By (PC3) or (PC3') there exists an arc of V with an endpoint in Z®) and the other in Z®"),
Thus, p~,pt € C for some block C € Q. Since Q = P¢, this is equivalent to {p*} € P.

Now assume that (2) holds, i.e. if y, = p™ then p~, p™ € C for some block C' € Q. We show that
Y is precovering, i.e. that VN A is precovering. We check that ¥V N A satisfies (PC1) the other
conditions are analogous. Assume that there exists a sequence {(v},v%)}, € VN ANZPD for
some p, g € [m']U[m] such that p # ¢ with {v}'},, and {v3},, strictly increasing. Then p,q € [m]
and, since there exist arcs of V in Z®9 p= ¢~ € C for some C € Q. Moreover, yp = pT and
yg = ¢", and then by assumption p~,p*,q7,¢" € C. Then, VN A contains any arc having
one endpoint in (pT, zg+] and the other endpoint in (¢*, zg+]. In particular, there exist strictly

decreasing sequences {w!}, C Z®") and {w?}, C Z@") such that {|w}, w?|}, €V N .A. This
concludes the argument. O

9.7. Recollements. We recall that in a triangulated category recollements are in bijection with
TTF triples, which are triples (X,), Z) such that (X,)) and (), Z) are t-structures, we refer
to [NS, Section 2.2] for more details. Since C,, is Hom-finite and Krull-Schmidt, by Proposition
2.2, TTF triples are in bijection with functorially finite thick subcategories, which we classify
here. Thick subcategories of C,, and C,, were classified in [GZ] and [M] respectively. By [ZZ,
Proposition 4.6], Cp, and 0 are the only precovering or preenveloping thick subcategories of Cy,,
but this is no longer the case in C,,, see Figure 20 for an example.

The following theorem follows directly from Theorem 9.2.

Theorem 9.25. Let (X,)) be a co-t-structure of Cy, and (P, X) be its associated alternating
non-crossing partition with X = (xp)pe[m]. The following statements are equivalent.

(1) X is a precovering thick subcategory.
(2) Y is a preenveloping thick subcategory.
(3) For each p € [m] either x, =p or x, =pt.

The following corollary combines Theorem 9.24 and Theorem 9.25.
Corollary 9.26. Let X be a subcategory of Cp,. The following statements are equivalent.

(1) X is a functorially finite thick subcategory.

(2) The alternating non-crossing partition of [m'] U [m] associated to the co-t-structure
(X, X1, which we denote by (P, X) with X = (Tp)peim); satisfies the following con-
dition: for each p € [m] either x, = p or x, = p*, and if x, = p then p~,p™ € B for
some block B € P.

10. LATTICE STRUCTURES

The t-structures and co-t-structures in a triangulated category form a partially ordered sets

under inclusion of aisles. In this section we prove that both t-structures and co-t-structures

in Cp, form a lattice similarly as the t-structures in C,,, see [GZ, Section 5]. In Section 8
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and Section 9 we proved that the t-structures and the co-t-structures in C,, are in bijection
with, respectively, the half-decorated non-crossing partitions and the alternating non-crossing
partitions of [m/] U [m]. We prove that these sets have lattice structures. We recall that the
non-crossing partitions forms a lattice under refinement, see Section 2.4.

/

We introduce some notation. Given m-tuples X = (x,)pejm and X' = (z,

X < X' if z, <y, for each p € [m]. We write

)pelm], We write

min{X, X'} = (min{xy, 7, })pepm) and max{X, X'} = (max{z,, £),})pem]

For (P, X) and (P’, X’) half-decorated non-crossing partitions of [m'] U [m], we define (P, X) <
(P, X") it P <P and X < X', as in [GZ, Section 5]. If (P, X) and (P’, X’) are alternating
non-crossing partitions of [m’] U [m], then we define (P, X) < (P, X’) if P < P' and X’ < X.

Lemma 10.1. The following statements hold.

(1) The half-decorated non-crossing partitions of [m’] U [m] form a lattice where, for each

(P,X) and (P', X'), we have that

(P, X)A (P, X") = (P AP, min{X, X'}) and
(P,X)V (P, X")=(PVP, max{X, X'}).

(2) The alternating non-crossing partitions of [m'|U[m] form a lattice where, for each (P, X)
and (P', X"), we have that

(P, X)A (P, X")=(PAP max{X, X'}) and
(P, X)V (P, X")=(PVP min{X, X'}).

Proof. We prove statement (1). Let (P, X) and (P, X’) be half-decorated non-crossing par-
titions of [m'] U [m]. Tt is straightforward to check that (P A P/ min{X,X’}) and (P Vv
P’ max{X, X'}) are respectively the greater lower bound and the least upper bound of (P, X)
and (P, X’), provided that they are well defined. We check that they both are half-decorated
non-crossing partitions of [m'] U [m].

Let (P, X) and (P, X’) be the decorated non-crossing partitions of [m/] U [m] obtained respec-
tively from (P, X) and (P’, X’) by adding the decoration zg for each p € [m/], see Remark 8.4.
The set of decorated non-crossing partitions has a partial order defined in [GZ, Section 5]. By
[GZ, Theorem 5.2] the meet and join of (P, X) and (P, X’) are respectively (PAP, mm{X X’})
and (P V P',max{X, X'}). Note that (P AP’ min{X, X'}) and (P V P’,max{X, X'}) have 2

as decoration for each p € [m/]. Thus, (P A P/, min{X, X'}) and (P vV P/, max{X, X'}) are
their correspondent half-decorated non-crossing partitions under the bijection of Remark 8.4.
Therefore, (P A P',min{X, X'}) and (P V P/,max{X, X'}) are well defined.

Now we prove (2). Let (P, X) and (P’, X’) be alternating non-crossing partitions of [m’] U [m].
Since P A P’ and P V P’ are non-crossing partitions of [m/], then, by Definition 9.1, (P A
P/ max{X, X'}) and (P VP, min{X, X'}) are alternating non-crossing partitions of [m'] U [m].
Moreover, it is straightforward to check that these are respectively the greater lower bound and
the least upper bound of (P, X) and (P’, X’). O

The following lemma is the analogue of [GZ, Proposition 5.3]. We recall that a co-aisle of a
t-structure or of a co-t-structure is related to the Kreweras complement of the corresponding
non-crossing partition, see Section 8.2 and Section 9.2. The complements of half-decorated
non-crossing partitions and of alternating non-crossing partitions are defined in Definition 8.16
and Definition 9.9.

Lemma 10.2. The following statements hold.
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(1) Let (X,Y) and (X', Y') be t-structures in Cp,, (P, X) and (P', X") be their correspondent
half-decorated non-crossing partitions of [m’|U[m], and (Q,Y) = (P, X)¢ and (Q',Y') =
(P, X')¢ be their complements. Then

X NX' = 7Uppnp mingx,x1}) and YN Y = TV(OAQ max{y,y"})-

(2) Let (X,Y) and (X',Y') be co-t-structures in Cp, (P, X) and (P',X') be their corre-
spondent alternating non-crossing partitions of [m'| U [m], and (Q,Y) = (P, X)¢ and
(Q,Y") = (P!, X")¢ be their complements. Then

XNX' = Tru(P/\P’,max{X,X’}) and Y NY = WV(Q/\Q/,min{Y,Y’})-

Proof. We prove (1), statement (2) is analogous. We check that X N X" = 7Upap min{x,X7})>
for the equality Y N Y = TV(QrQ/ max{Y,y’}) We can proceed analogously. By Theorem 8.5,
X = mlp x) and X = mUpr x1y. We denote U = Up x) and u = Upr xn. By applying a
similar argument to the one of [GZ, Proposition 5.3], we obtain that U NU" = Uppp minfx,x7})-
We prove that #ld N7’ = ©#(U NU').

Let « € 7Ud N 7', then x = w(u) and = = 7(u’) for some u € Y and v € U'. Thus,
m(u) = 7(v') and, by Lemma 2.9, u,u’ € U NU'. Then, z € 7(Ud NU"). This implies that
rUNTU" C 7(UNU’), the other inclusion in straightforward. It follows that XYNX' = 7#(UNU') =
TUP AP min{X,X'})- g

We can now describe the lattice structures of the t-structures and co-t-structures in C,,. We
refer to [GZ, Theorem 5.2, Proposition 5.3] for the non-completed case.

Theorem 10.3. The t-structures and the co-t-structures in C,, have lattice structures under
inclusion of aisles. For each pair of t-structures, or of co-t-structures, (X,Y) and (X',Y’), we
have that

(X, V)N XY)=(xnX (XnA)Y) and
(X, V)V (XY = (F@nY),ynd).

Proof. We prove the statement for the t-structures in C,,. For the co-t-structures we can proceed
similarly. We divide the proof into steps.

Step 1. We prove that the t-structures form a lattice under inclusion of aisles.

By Corollary 7.2 there is an inclusion preserving bijection between the aisles of t-structures
in C,, and the suspended subcategories U of Ca,, such that D C I/ and U N A is precovering.
Moreover, by Proposition 8.6 this set of subcategories of Coy, is in bijection with the set of
half-decorated non-crossing partitions of [m’] U [m], which is a lattice by Lemma 10.1. We prove
that the latter bijection is order preserving. Let U and U’ be suspended subcategories of Ca,, as
above, and let (P, X) and (P, X’) be their associated half-decorated non-crossing partitions.
We prove that & C U’ if and only if (P, X) < (P', X').

Assume that & C U’ and consider p,q € [m'] U [m] such that p,q € B for some block B of
P. We prove that p and ¢ belong to the same block of P’. There is an arc u € indY with an
endpoint in Z® and the other in Z@. Since u € U’, we obtain that p,q € B’ for some block
B’ of P'. Thus, P < P'. Moreover, since z;, > 2’ for each 2’ € Z®) which is an endpoint of
an arc of U’, then x; > 2 for each z € Z®) which is an endpoint of an arc of U. Therefore,
xp < a:;, because x, is the least upper bound of the set of such elements z € 7P). We obtain
that (P, X) < (P, X").

Now assume that (P, X) < (P, X’) and consider u € indU, we show that u € indU’. There
exists a block B of P such that each endpoint of u belongs to (p, x,] for some p € B N [m], or

to Z®) for some p € BN [m']. Since B C B’ and (p,z,] C (p, ] for p € [m], each endpoint of u
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belongs to (p, x;,] for some p € B'N[m], or to Z(P) for some p € B'N[m’]. Therefore, u’' € indUA’.
We conclude that & C U’ if and only if (P, X) < (P, X').

Step 2. We compute the meet of two t-structures.

Consider (X,Y) and (X’,)’) t-structures in C,, and their corresponding half decorated non-
crossing partitions (P, X) and (P’, X’). The meet of (X,)) and (X’,)’) corresponds to the
meet of (P,X) and (P’, X’), which is equal to (P A P/,min{X, X'}) by Lemma 10.1. Thus,
the aisle of (X,)) A (X',)') is equal to TUpAP/ min{x,x’})- By Lemma 10.2 we obtain that
(X, V)N (XY= (XX (X Nnx)h).

Step 3. We compute the join of two t-structures.

The join of (X,)) and (X’,)’) corresponds to the join of (P, X) and (P’, X’), which is equal
to (P VP max{X, X'}) by Lemma 10.1. We denote (Q,Y) = (P, X)¢, (Q,Y') = (P, X",
and (R, Z) (P Vv P max{X, X'})¢. By Remark 2.10, R = (P V P')* = QA Q', and then
(R,Z) = (Q A Q@ ,max{Y,Y’}). Since the co-aisle of (X V)V (X,)) is equal to 7V z), by
Lemma 10.2 we have that Vg z) =Y NY". O

The lattice structures described above restrict to certain classes of t-structures and of co-t-
structures in C,,. We recall that a sublattice of a lattice is a subposet which contains the join
and meet of any pair of elements.

Corollary 10.4. The following statements hold.

(1) The left bounded and the right bounded t-structures form sublattices of the lattice of
t-structures in C,y,

(2) The left bounded, the right bounded, the left non-degenerate, and the right non-degenerate
co-t-structures form sublattices of the lattice of co-t-structures in Cp,

(3) The co-t-structures having a left adjacent t-structure, and the co-t-structures having a
right adjacent t-structure form sublattices of the lattice of co-t-structures in Cp,

Proof. The statements (1) and (2) are straightforward and follow directly from the combina-
torial descriptions of Proposition 8.24, Proposition 8.25, Proposition 9.17, Proposition 9.18,
Proposition 9.20, and Proposition 9.21. We prove (3).

Let (X,Y) and (X’,)') be co-t-structures in C,, admitting left adjacent t-structures, we check
that their join and meet admit left adjacent t-structures. If (X,)) and (X’,)’) admit right
adjacent t-structures the proof is similar. Let (P, X) and (P’, X’) be the corresponding alter-
nating non-crossing partitions of [m'] U [m] with X = (})pem) and X' = (2},)pe[m)- By Lemma
10.1, (P, X) A (P, X") = (P AP/ max{X, X'}) and (P,X)V (P, X') = (P VP ,min{X, X'}).
Therefore, by Theorem 9.24 it is enough to prove that: for each p € [m], if max{x,,z,} = p
then p—,p* € C for some block C of P AP/, and if min{z,, z;,} = p then p—,pT € C for some
block C of PV P'.

Let p € [m]. If max{xy,2;,} = p then x, =z}, = p. Thus, p~,p* € B for some block B of P,
and p~—,pT € B’ for some block B’ of P’. Therefore, p~,pt € BN B’ which is a block of P AP’.
Now assume that min{z,, a:;} = p, and assume that x,, = p, for the case a:; = p we can proceed
in the same way. We have that p~,p™ € B for some block B of P. Since P < PV P’, there
exists a block C' of PV P’ such that B C C and then p—,p*t € C. We conclude that the join
and meet of (X,)) and (X’,)’) admit left adjacent t-structures. O

We observe that the non-degererate t-structures in C,, do not form a sublattice, below we have
a counterexample. The same holds for the left non-degenerate and the right non-degenerate
t-structures.

Example 10.5. Let P = {{1’,1},{2',2}} and P’ = {{1'},{2'}, {1, 2}} be non-crossing parti-

tions of [2] U [2]. Let X = (x)pcg) and X' = (},),¢[2) be such that x,, 2, € ZP) for each
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p € [2]. Then (P, X) and (P, X’) are half-decorated non-crossing partitions of [2/] U [2] such
that their corresponding t-structures are non-degenerate, see Corollary 8.29. Note that P Vv P’
has as unique block {1’,1,2’,2} and then the t-structures associated to (P, X) V (P’, X’) is not
left non-degenerate. Moreover, P AP’ has as blocks {1'}, {1}, {2}, {2} and then the t-structure
associated to (P, X) A (P’, X') is not right non-degenerate.

We know from [GZ, Theorem 3.7] and [M, Theorem 4.9] that the thick subcategories of C,, and
of C,, form lattice structures. We observe that the functorially finite thick subcategories of C,,
also form a lattice.

Corollary 10.6. The functorially finite thick subcategories of C,, form a lattice under inclusion.

Proof. A functorially finite thick subcategory X of C,, can be regarded as the aisle of the co-
t-structure (X, X1) which admits a left adjacent t-structure and is such that X C X. By
the combinatorial description of Theorem 9.25 and Corollary 10.4, both these classes of co-t-
structures are closed under taking finite joins and meets. We conclude that the lattice structure
of the co-t-structures in C,, restricts to the functorially finite thick subcategories. O
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