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Abstract

The combined effect of unitary quantum dynamics and quantum measurement
backaction leads to the emergence of unique phenomena, like the Quantum
Zeno effect. Long limited to the case of single particles and few-body systems,
the study of measurement-induced dynamics has recently come under much
scrutiny for quantum-measured many-body systems, leading to the discovery of
measurement-induced phase transitions (MiPTs). As a newly discovered out-of-
equilibrium phase transition, it has drawn broad cross-disciplinary works, ranging
from condensed matter physics and statistical mechanics to quantum information,
quantum computation, and error correction, with several studies characterising its
features in different models and scenarios. In this thesis, we address a general
yet subtle feature of MiPTs: how does partial information, an incomplete set
of measurement outcomes, affect the behaviours of these phase transitions? We
address various facets of incomplete observer’s information. We first consider
the case of imperfect detection via a model of inefficient measurement, in which
part of the information is lost, resulting in a density-matrix description of the
system’s state of knowledge. Inefficiency introduces different phase transitions
characterised by entanglement or operator correlations. We move on to the case
where the observer selects the information, introducing a novel continuous stochastic
Schrodinger equation for partial post-selected (PPS) monitoring. We find that for
a free fermion model, the degree of PPS introduces a new phase separation, with
the phases of the post-selected dynamics remaining robust to a finite degree of PPS.
Finally, we take advantage of the analytical tractability of non-Hermitian models
to address the effect of initial conditions in a fully post-selected monitored free-
fermionic model. The results in this thesis introduce new findings in MiPTs, along
with new methods and techniques to overcome the hurdles in the field, both in the

theoretical modelling and toward viable experimental protocols.
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Nomenclature

Notation

O(a™) order of a™

{...} aset

H Hilbert space

pa € L[H] un-normalised density matrix of region A
pa € L[H] normalised density matrix of region A
[) € H a ket in H

L[H] set of linear operators in H

O € L[H] a linear operator O

I € L[H] Identity operator

[0} = y/|(¥l¥)| Norm of |4)

(...) Expectation value with respect to some density matrix
[A, B] commutator of A and A, AB — BA.

{A, B} anticommutator of A and A, AB + BA.

\ for all

Sign(z) the sign of x
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Tr[...] trace over entire Hilbert space

Tr[...], partial trace over subsystem A

Abbrevaition

w.r.t. with repeat to

Glossary

monitored system quantum system under continuous quantum measurement

quantum trajectory a sequence of quantum measurement outcomes

CFT Conformal field theory
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Chapter 1

Introduction

A system under unitaryﬂ dynamics evolves coherently in the superposition of
the Hamiltonian’s eigenstates. In comparison, upon performing a projective
measurement, according to the fundamental postulation of quantum mechanics, the
state collapses into one of the eigenstates of the measurement operator. Suppose
a measurement is compatible with the Hamiltonian (i.e. they commute and share
the same eigenbasis), and we punctuate a unitary evolution by the Hamiltonian
with a projective measurement. In that case, the post-measurement collapsed state
is preserved in time and does not transition to other states; a second repeated
projective measurement will yield the same outcome. However, if the measurement
is incompatible with the Hamiltonian, the Hamiltonian does not maintain the post-
measurement state and builds up over time finite amplitudes on other measurement
eigenstates; a second repeated projective measurement can yield a different outcome.
This simple thought scenario raises an intriguing question: what happens if the two
incompatible dynamics coexist continuously, e.g. unitary Hamiltonian evolution
punctuated by repeated measurement at repeated time intervals? Indeed, this
question was addressed early on in research on quantum measurement, which led to

the discovery of quantum Zeno effect |1, 2]: unlike in unitary dynamics where

IThroughout this thesis, the adjective ‘unitary’, if used alone, will be understood as the

abbreviation of ‘unitary operator’, or ‘unitary evolution/dynamics’ depending on its context!



Chapter 1. Introduction

a system can explore the Hilbert space spanned by the Hamiltonian’s eigenstates,
under frequent measurements, the system’s dynamics are mostly frozen in one of
the measurement eigenstates. These hybrid unitary-measurement protocols hosting
unique measurement-induced quantum effect have sparked much interest in the
crossover between coherent evolution and quantum Zeno effect [3-26], and suggests
novel ways to control quantum systems |14-21, 27-33]. The mainstream research on
the quantum Zeno effect has generally been concerned with single/few-body systems.
Recently, however, a new research direction emerged from the interplay of quantum

Zeno effect and many-body quantum dynamics.

Out-of-equilibrium many-body systems emerge as a promising arena for exploring
unique collective phenomena far from equilibrium, ranging from novel quantum
phases and transitions, many-body localisation and thermalisation, to many-body
chaos and entanglement dynamics [34-63]. Among many protocols, sitting at the
intersection of condensed matter physics and quantum information, hybrid unitary-
measurement dynamics has become an active field of research [64-116]. In particular,
given the increasingly substantial role of many-body entanglement in characterising
many-body quantum phases of matter during the past few decades [117, |11§], it
is of no surprise that the entanglement dynamics in these system is of tremendous
interest. On the one hand, many-body unitary dynamics can spread information
and build up entanglement, creating highly entangled dynamics |43} |44} [117H122];
in contrast, local measurement disentangles and localises information like the
Zeno effect, lowering the many-body’s entanglement. Putting together these
two competing effects leads to measurement-induced phase transitions (MiPTs)
between phases with different many-body entanglement properties, resembling
in some way the entanglement transition in equilibrium system [117]: system-
size-dependent entanglement for weak measurement influence and system-size-

independent entanglement for strong measurement influence.

MiPTs were originally discovered in random quantum circuits [64-67], and

were viewed as a many-body extension of the crossover between coherent unitary



dynamics and frozen quantum Zeno regime. Therein, random unitary gates
are punctuated by probabilistic measurement in spacetime, and increasing the
probability (equivalent to more frequent measurements) suppresses the many-body
entanglement, resulting in a MiPT. Even deeper, in Ref. [64], it was shown
that the MiPT was connected to statistical mechanical models via a quantum-
classical mapping. Fueled by these initial findings, the field has since established
many novel connections with condensed matter physics, statistical mechanics, and
quantum information [36], and correspondingly, initial extensions to non-projective
measurements lead to new discoveries of MiPTs in a broader range of protocols [67,
123], creating both experimental and theoretical excitement. Since then, other
dynamics with random Clifford gates have been analysed [99, 124-134], as well as
replacing random unitary gates with Hamiltonians [71-94} 103, |104], revealing highly
intricate MiPTs. Even more, a different kind of MiPT emerged from a unique setup:
measurement-only dynamics. Here, the dynamics do not consist of any unitary
operation, and the system is solely driven by the measurements. Notably, when
there exist sets of non-commuting local measurement operations, they compete and
contend to stabilise their respective eigenstates, resulting in a measurement-only
MiPT from one short-range entanglement phase to another [75, [108-H116]. Given
MiPT’s high-profile theoretical exposure, it is to no surprise that initial evidence of

MiPTs were reported in recent experiments [68}/70]]

Analogues to (quantum) phase transitions characterised by (quantum) fluctuation-
averaged thermodynamics observables, MiPTs are phase transitions in measurement-
outcome-averaged observables. There is, however, a subtlety: linear average
dynamics washes away measurement-induced effect, leaving in general a trivial
steady state dynamics [135-138], and only non-linear averages can characterise
MiPTs. Thus, this implies that in a MiPT, an observer needs vast knowledge of the
density matrix to extract such non-linear averages. An immediate experimentally

relevant consequence follows: to gain knowledge of the density matrix, one needs to

I Albeit with great experimental difficulties! One of them is discussed later.



Chapter 1. Introduction

prepare the same density matrix multiple times and perform various operations to
characterise its matrix element. Yet, under many quantum measurements, as in the
case of MiPT, the probability of obtaining a copy of the same density matrix, i.e.
an identical sequence of outcomes, is exponentially small, making the preparation
of multiple identical density matrices practically impossible. This monumental
experimental challenge is known as the ‘post-selection problem’; a driving reason
for the limited experimental realisations, and has been explored both theoretically

and experimentally [69, 70, 139-145].

Moreover, other than experimental challenges, MiPTs raise new unanswered
theoretical questions. To demonstrate one, contrary to conventional quantum phase
transitions, where the quantum fluctuation is inaccessible to an observer, MiPT is a
phase transition in the outcome-average dynamics. Since the outcomes are registered
and known by the observer, does it imply that each outcome sequence contributes
to a phase transition with features from distinct universality classes, and MiPT is
an average of these phase transitions? Another closely related question concerns
that MiPTs require the observer to have absolute knowledge of the outcomes;
what happens when the observer has incomplete knowledge of the outcomes and
introduces bias or classical uncertainty in the state of knowledge of the system?
Furthermore, due to the complexity of the outcome-averaging scheme in MiPT, much
literature has turned to studying the dynamics of MiPT in restricted deterministic
measurement outcomes dynamics [75, |146H159]; yet, a connection between this
dynamics and the fully random dynamics has not been seen. These emerging open
theoretical questions pose significant challenges to the understanding of MiPT's, and

a few works have addressed them very recently |73, |75} 87, 88, (159, |160].

The central theme of this thesis involves exploring some of the aforementioned
unanswered questions in MiPTs through the lens of non-ideal detectors. A non-
ideal detector’s faults generally fall into two groups. In one case, the fault is
associated with classical uncertainty, introducing a classical statistical mixture in

the system [27]. In turn, the density matrix becomes mixed, potentially shadowing

4



some features in MiPT. In the second case, the detector has an intrinsic quantum
mechanical fault that handicaps the registration of a subset of measurement
outcomes. This corresponds to retaining experiments for a subset of outcomes
and is akin to outcome sequence selection; the fate of MiPT in this reduced
measurement outcome subspace is unknown and is highly relevant to unveiling the
role of measurement outcomes in MiPTs. Crucially, it has been shown that these
faults can drastically alter the MiPTs’ characteristics, whether it be the universality

or the critical point 75| 88, 146, (159].

The thesis is organised as follows. Ch. 2| first introduces much of the background
theory employed in this thesis. This section is intended to be self-contained with

references for more extensive in-depth treatments.

Ch. |3 explores the effect of incomplete measurement readouts, also known
as inefficient measurements, in MiPT. We study a model under the evolution
of a nearest-neighbour hopping Hamiltonian, random local white noise and local
continuous measurement. To elucidate the results, we first examine the effect
of inefficiency in a simplified 2-qubit model and find that inefficiency can induce
different effects that distinguish entanglement and operator correlation in the
system. Motivated by this finding, we examine the spatially extended model and
conclude that inefficiency can induce different MiPT in entanglement and operator

correlation.

Ch. {4 explores the effect of selecting detectors’ readout. We first develop a
new microscopic theory interpolating between deterministic dissipative/enhancing
non-Hermitian dynamics and fault-free continuous measurement dynamics. The
two dynamics are related to a broadened class of stochastic dynamics, with a
parameter controlling the degree of stochasticity. Next, we write down a new
evolution equation, the partially post-selected stochastic Schrodinger equation for
the time continuum description of this class of dynamics. After that, motivated
by the numerical findings in Ref. [75], we consider this new class of dynamics in

a model of measurement-only free fermion whose MiPT has been shown to display
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different universality in the non-Hermitian and continuously measurement limit.
Here, we find the surprising robustness of the non-Hermitian universality against
finite stochasticity from measurement. Furthermore, the universality changes as a
function of stochasticity. Finally, with the incorporation of unitary dynamics, we
find that the suppression of measurement stochasticity suppresses the establishment
of long-range entanglement and gives way to a new phase with different entanglement
scaling properties from the continuously measured phase.

Ch. 5| further explores an emergent non-Hermitian Hamiltonian from an extreme
selection of measurement readouts to a single quantum trajectory. More specifically,
we study a particular non-Hermitian Su—Schrieffer—Heeger (SSH) model, which sup-
ports real eigenvalues despite the non-Hermiticity (PT-symmetric). To our surprise,
the entanglement dynamics and scaling are initial-state-dependent, contrary to
generic non-Hermitian dynamics, which ‘forget’ about the initial state over time.
We find that the initial state can change the system from short-range entanglement
to long-range entanglement. To gain more insight into this novel phenomenon, we
combined analytics from large Toeplitz matrices and a field theoretical approach.
We argue that an underlying CFT is responsible for this initial-state-dependent

behaviour.



Chapter 2

Background theory

This section provides a self-contained overview of the various techniques and

concepts employed in the thesis.

2.1 Quantum measurements

We consider the measurement process of a generic quantum system described by a

density matrix.

Definition 2.1.1. density matrix— a density matrix p is a classical statistical

mixture of different quantum states

p="> vk [)l. (2.1)

k

Here, py is the classical probability for the system to be in a state |¢y), and
Tr[p] = 1. A density matrix with only one p; is called a pure state, and
a density matrix proportional to an identity is called a totally mixed state,

an infinite temperature state.

As a warm-up, let’s start with the simplest case of quantum measurement:
projective measurement, also known as von Neumann measurements [27]. For a

quantum system with an N-dimensional Hilbert space, consider a measurement

7



Chapter 2. Background theory

operator O of
N-1
0= A M)Al =D ALy, (2.2)
m=0 m

where A,,’s are the possible measurement outcomes (eigenvalues) of O which,
for simplicity, we assume to be non-degenerate for each eigenket, and their
corresponding eigenkets are |\,,)’s. We represent the projector [y Y Am| = . By
definition, a measurement operator is Hermitian, its span is complete > I, = I,

and we can express a state |¢) in the eigenbasis of O

) = Zcm|)‘m>' (2.3)

m

When performing a projective measurement of O on the state |1), the outcome is

probabilistic: let p,, be the probability of outcome \,,
P = lem|? = T | T [ )| L. (2.4)

The updated state after a projective measurement with outcome )\, is collapsed

measuremen ﬂm
|¢> with outcome; |/\m> e |w> ’ (25)
" {19
The above discussion for the case of pure state (i.e. p = [)¢]) can readily be

extended to mixed state: given a density matrix pg, the probability and the updated

density matrix are

A ~
~
measurement N Hm,OOHm

m [~  ~ 7 (26)
T | Tl ol

).
Pm ' mPoLm |5 o with outcome A,
where p,, is the resultant density matrix after the measurement. From this, we
note that projective measurements are highly disruptive; any superposition in the
measurement eigenbasis is collapsed onto a definite eigenstate of the measurement

operator.



2.1. Quantum measurements

2.1.1 Generalised quantum measurement

Projective measurement does not provide an exhaustive framework for all measure-
ment processes in the current quantum architectures [27, 161, 162]. Also, from a
theoretical standpoint, protocols, where a detector is coupled to a system, are not
projective measurements but lead to generalised quantum measurements in which
one measures the system indirectly [27]. To elucidate this, consider a separable joint

quantum state of the detector and system

ijoint = ﬁA X ﬁs, (27)
where pa (ps) denotes the detector (system) density matrix. For conventional
reasons, we shall refer to the detector degree of freedom as ancilla. Without loss
of generality and for simplicity, let’s assume the ancilla is prepared in a definite
eigenstate of an operator O, i.e. pa = |0)X0|. Suppose there is a time (unitary)

evolution on the joint system represented by the operator Ujoim, which we can express

as

lyjoint = Z un,Sj,n’,s;- n><n/‘ ® |Sj><52‘|7 (28)

where {|n)}, n = 0...N — 1 is the cigenbasis of O (complete) and {|s;)} is some

complete basis we choose to represent the system. To further clarify the procedure,

let’s rewrite Eq.(2.8) as

Ujomt = Z |n><n'| ® f(n,n/, where f{n,n’ = Z un,sj,n/7s;|sj)(s;-|, (2.9)

/ /
n,n 85,5}

and the operator K, acts on the system only: suppose {|s;)}, dim({|s;)}) = ¢ is

finite-dimensional, in matrix-form we have

Ko, Kox ... Kon-a
N Ky Ky ... Kyna
Uloint = _ . _ : (2.10)
Kyn_1o Kyn-1g .. Ky_inv—
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where K 1.m are matrices of dimension ¢ x ¢. As we prepared py = |0)(0|, only the first
sub-block column is involved, the set of {K;}. Using the unitarity of th)intUjoint =1,

the set of {K, 1,0} satisfy the following property

N-1

> K Ko =T (2.11)

n=1
Note that the identity acts on the system.

If the ancilla is now projectively measured in the operator O after an evolution,
given an outcome \,, corresponding to the eigenstate |m), the resultant un-

normalised joint density matrix is (cf Eq.({2.5)))

pr = (Im)m| @ D)Ujoms (|0X0] © ps) Ul (Im)m| @ 1) = [m)m| @ Ko ops Ko
(2.12)

The final state is simply p; = p1/ Tr[p1]. Analogously, the probability of such an

outcome is
P = Tt |[m¥m| Km,opskjmo} —Tv [Km,oﬁsf%;,o} , (2.13)

and can be checked that ) p,, = 1 using Eq.. In the second equality, we
used the fact that the trace of a tensor product is the product of individual traces.
The above procedures can readily be generalised to an inseparable initial joint state,
mixed initial ancilla states or degenerate measurement operators by summing over

the indices of K o:

Pm = Z Tr[|jm><jm\ ® ij,zﬁs,kf(;ml ; (2.14)

ook

where j,, is the index of degenerate eigenket, [ is the contribution from a mixed

ancilla state, and k is the contribution from an inseparable state. Without loss of

generality, a separable initial joint state is always assumed for the rest of the thesis.
We now have a full description of generalised/indirect quantum measurement

through an ancilla-system interaction, which is entirely characterised by Eq.—

(2.13). The system is updated via backaction from the ancilla. Moreover, any set

10



2.1. Quantum measurements

of operators {K;} with their sum satisfying the restriction Eq automatically
describes a valid indirect measurement process: one can write down a joint unitary
with the first sub-block column made out of { K;}, and the remaining columns can be
filled using Gram—Schmidt process to ensure unitarity. With this, we can formulate

a mathematical description of quantum measurements in the following.

Quantum measurements — a quantum measurement is a set of outcomes {\,, }
and an associated set of linear maps {¢,,} (also known as quantum channels) with

the following properties.

Property 2.1.1. The probability p,, of an outcome A, is

P = Tr[en(p)], where en(p) = > K, 10K],
j’mvl
and the associated set of operators {K; ;} are called Kraus operator. &,,(p) is
the un-normalised post-measurement state, and the indices {j,,} and {i} account

for the degeneracy of the outcomes and mixedness of the initial ancilla state.

Property 2.1.2. The set of {e,,(p)}, equivalently the set of Kraus operators
{K;, .}, satisfies the condition

Z Tr[en(p)] =1 Z Z f(jm,lf(jm,l =1

m  Jm,l
Property 2.1.3. The set of {e,,(p)} are completely positive: the set of Kraus
operators {K;, ;} must be derivable from a joint unitary (cf Eq.(2.8)) of arbi-

trary ancilla dimension. In other words, they define positive-operator valued

measure(POVMY [27, [161].

I A measure is a map associating any subset of a set with a number. The term ‘positive-operator’

embodies the fact that any subset of the operators K;m K, 1 are ‘positive’: the resultant density
matrix Y, &m(p) of any subset of outcome M C {An,} is always positive with Tr[> "\ em(p)] =
pyw > 0. Thus, POVM represents the measure induced by the set of Kraus operators, where a

number ‘probability’ is associated with any subset of {K]Tm,zf(jm,l}v m € M.

11



Chapter 2. Background theory

It can be checked that the conventional projective measurements automat-
ically satisfy these properties. More importantly, one can define a quantum
measurement process that interacts with the system minimally: this is known as

continuous measurement]!] which will be the subject in the following section.

2.1.2 Stochastic measurement-induced quantum evolution

With the formalism above, we are in a position to describe continuous measurement.
There are two approaches to writing down the Kraus operators, and they can
produce the same time-continuum evolution. I call the first approach ‘one-
dimensional pointer’ and the second approach ‘two-level ancilla’. Without loss of
generality and unless specified, I consider only quantum measurements of a specific
subset of two-level operators, which I term as Gaussian-preserving measurement

operators.

Definition 2.1.2. Gaussian-preserving measurement operators—A measure-

ment operator O is said to be Gaussian-preserving if it has the property
0? x I,
which implies O oc I, — II_, where II, (II_) is the projector to +1 (—1) subspac.

I also refer to a sequence of measurement outcomes as quantum trajectory, and

sometimes will be shorthanded as trajectory.

2.1.2.1 One dimensional pointer

n literature, it is sometimes called ‘weak measurement’, but we reserve the term ‘weak’ for

later purposes.

2This is because 02 = A2l implies its eigenvalues must be +A, with each eigenvalue
corresponding to a different projector in the spectral decomposition. It also means that there
exists an operator O’ = (I — O/A)/2 that squares to itself, and is considered to be Gaussian-

preserving as well.

12



2.1. Quantum measurements

Consider the following set of Kraus operators {K(z;)} associated with the

measurement of a Gaussian-preserving measurement operator O; = II; y —II; _

Kj(x;) o< \/G(z; — N4 4+ 1/G(z; + VI = \/G(z; — XOy), (2.15)

where z; € {—00, +00} is the measurement outcome, and A\ quantifies the strength
of the measurement backaction from the ancilla. G(y) is a Gaussian distribution
Gy) = ! 67%. (2.16)
V2rA?

The role of the index j will become clear later, but it can be ignored for now, i.e.

assume j = 1 only. It can be checked that Eq.(2.15) satisfies the properties

2.1.3| (integrate over all x;), and thus represents a physical quantum measurement
process; it represents a measurement operator coupled to a Gaussianly distributed
one-dimensional particle (with coupling strength proportional to \) whose position
is projectively measured [27], see Fig. for a schematic illustration.

Given a pure density matrix p = |¢)v|, the probability distribution of the

continuous outcome x; is
P(x;) = (| K] (2;) K () |) = Glz; — N(IL1) + Gz + A1), (2.17)

and (...) represents the expectation value w.r.t. |[¢), see Fig[2.2] for a display. The

update conditional to the outcome z; follows
play) = Kj(a;) [)u| K (x;). (2.18)

We will stay within the framework of pure state for now and consider only the
update of the ket.

Two limits can be identified from Eq. and :

1. A\/A > 1— This is the projective limit, and the Kraus operator is effectively
a projective measurement: the variance is sufficiently small (compared to the mean)
such that most of the probability density concentrates at £A. There is little to no

overlap between the two Gaussians, and the outcomes are practically binary

z; o {H A, =AY, with poy ~ (I1;4). (2.19)

13



Chapter 2. Background theory

Kj(z;)|)

O;

Figure 2.1: Schematic sketch for the physical setup of Kj (x) in Eq.(2.15). First, the

one-dimensional pointer is projectively measured (camera), yielding a measurement result
xj, which is distributed according to a Gaussian distribution. Then, the system-ancilla
Hamiltonian with strength A (curly line) induces a change in the system. Upon tracing
out the ancilla degree of freedom, the resultant measurement backaction on the system is

described by Kj(z;).

14



2.1.  Quantum measurements

Sam— N N N N

0 -2 —A AO) A 2 T

Figure 2.2: Probability distribution of continuous Gaussian measurement readouts
Eq.(2.17). The readout distribution P(z;) (dashed purple) results from the sum of two
overlapping Gaussians (brown and orange shaded), centred at positions A and —\ with
different heights (II; _) and (II; ;) respectively. The green curve shows the approximation
of P(x;) by Eq., which becomes exact in the limit of continuous measurements
A/A — 0 — cf. inset. Inset: Accuracy of the approximation in Eq. quantified
via a two-sample Kolmogorov-Smirnov test . The accuracy (p-value) increases with
decreasing A and becomes exact in the case of continuous measurement \/A ~ v/dt — 0.

The parameters are set as A = 0.8, A =1, (Il; 1) = 0.4 and (II; _) = 0.6.
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Chapter 2. Background theory

This is equivalent to the action of a projective measurement of the operator Oj =
f[j,Jr — f[j,, (see the beginning of . The conditional update by the Kraus operator
is virtually a projection.

2. MA <« 1— In this limit, the system-ancilla coupling is weak, and
the two Gaussian distributions in the probability density P(z;) increasingly
overlap. The measurements become continuous. Noting that the average of z;
is f P(x;)dz; = A(Oj> and the variance is A2, the two overlapping Gaussians

may be approxnnated by a single Gaussian with the same average and variance

e e, (2.20)

This becomes statistically indistinguishable in the limit A\/A — 0, as shown by the
two-sample statistical test in Fig. 2.2l This approximation scheme is displayed in
Fig.[2.2]

Hence, the Kraus operator & ;(z;) interpolates between projective and continuous
measurements as a function of A/A. T will discuss only the continuous limit in the

current topic of interest. In this limit, let’s assign the following scaling to A

A = 2A\/~dt, (2.21)

where dt is an infinitesimal time increment — we measure the system via K ()
with infinitesimal duration. -~ is the time-continuum measurement strength: the
backaction A and the duration dt simultaneously approaches to 0 but their ratio is

fixed. Next, we define a new random variable &, related to z; by

& = # = mean(&;) = 0 and var(¢;) = 1. (2.22)

Substituting ; into Eq.(2.20)), the action of k(xj) on the |¢) is

1 (Ag+7(0;)-20,)?

Kj(a)ly) = (A 12 ¥)
— 1 SJA(OJ — <OJ>) )‘2(03 <O]>)2
TR N 4N )

= 5 “P[GVAHO, — () a0, — O] lw), (223)



2.1. Quantum measurements

and N is the normalisation. In the second equality, we absorb any operator-
independent terms into N. §&; is a Gaussian random variable with mean 0 and

variance 1; we can recast this backaction as a Wiener process dVV; = &/ydt with

property
AW!AW! = ~dtdy . (2.24)

The superscript t keeps track of different time steps, and we will generally drop it.
Thus, the evolution of |¢)) under continuous measurement is a stochastic differential
equation

N 1 A A N A

Rj(a)l) = ) = 5 exp [ dW5(0; = (03)) = 1dt(0; = (0)] )

j
~ ~ "}/ A~ A~
(i) = [1+ dW;(0; = (05)) = 5dt(0; = {0;))* + O(dr*)][v),
(2.25)

and the equation has been normalised. Anticipating unitary dynamics in the system,

the combined evolution is
dl) = —iHdt) +dW;(0; = (O;)|e) — 3dt(0; — (Ol (2:26)

where H is the Hamiltonian generating the unitary component. Eq.({2.26]) can readily
be generalised to multiple simultaneous continuous measurements: upon measuring

{Oj}’s simultaneously, the joint action on the ket is given by the product
[T 55)1e).
J

Each jth Kraus operator is uncorrelated with each other, giving rise to independent
Wiener processes. We have as the final result
. A . v A .
dly) = —iHdt|p) + > dW;(0; — (O)]¢) — St > (0 = (0))1e),  (2.27)
J J
where dW;dW,; = 6, yvdt and the expectation value (O) is evaluated at time ¢
w.r.t. [1(t)). This is known as the quantum state diffusion equation, a stochastic

Schrodinger equation. I will return to this stochastic differential equation later 0nE|.

1See Ref. [164] for more on stochastic differential equations, also known as Itd calculus.
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Chapter 2. Background theory

2.1.2.2 Two-level ancilla

In this protocol, we restrict to systems of two-level local degrees, e.g. qubits. The
ancilla is a two-level systemﬂ that can perform any continuous Gaussian-preserving
measurements.  Furthermore, beside Eq.7 a new stochastic Schrodinger
equation, named quantum jump equation, emerges if the joint unitary is altered.
We include the explicit form of the joint unitary corresponding to each set of Kraus
operators in Appendix [A]s subsections. Without loss of generality, we consider

continuous measurement of the operator 7 = [1)(1] in the system of interest]

Quantum state diffusion equation — consider the following set of Kraus

operators on a two-level system obtained from the joint unitary Eq.(A.1))

K= \/%IOXOI + %Jr e|1)(1],
K. .= \/g|0><0| + % —e|1X1]. (2.28)

Their respective probabilities of happening follow from property € quantifies
the backaction strength from the ancilla, similar to A in Eq..

An arbitrary state of the system is of the form [¢) = «|0) + S|1), |a|* + |B]? =
1. When acted upon by the Kraus operators, the possible resultant state |¢') is
binomially distributed

o (<181 + 318/¢%) [0)
oy o] HB(AP =D+ 5L 20P 311 ) 1)
a (8% + 3181 [0)

+8 (e(1 = 18 + $(~1 =28 +3]8)) 1)

with weight p,

with weight p_

\

(2.29)

where py = 1/2 4 |3|%¢ are the respective probabilities. We have expanded in € and

only retain terms up to O(e?). This probabilistic update can be recast into a single

INot to be confused with the actual system of interest!
20ne can always rotate the basis to measure other Gaussian-preserving measurement operators.
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2.1. Quantum measurements

stochastic differential equation by introducing the probabilistic binomial variable
d¢ = Fe, rewriting |3]* = (), and the measurement operator 7 = |1)(1]

62

V) = [v) = dv) = [23((@2 =2 () ) + dE(h — (1) — S (7 — (ﬁ>)2] [¥). (2.30)

To further simplify this expression, we centre the random variable by defining dIWW =
dé — d€, where d€ = 2|3|%¢ = 2 () €? is the average of d¢. Under this centering, the
variance (and the standard deviation) is unchanged: e — %2 — 2 =W —aw .
In terms of the variable dW, Eq. becomes

) = [dwm (i)~ G- <ﬁ>>2] 9 (231)

By assigning the scaling € = v/ydt, we recognise that the binomial random variable
dW , over a large sample, is simply a Gaussian random variable in time with mean
0 and variance ~vdt. This is a Wiener process, and we recover Eq. where
O = 7 = |1X1] and upon including the system’s unitary. Extending to a system

with multiple sites readily follows and gives Eq.(2.27) (It6 calculus applies).

Quantum jumps — now consider a different set of Kraus operators obtained

from a different joint unitary Eq.(A.5))
N 1
Ko = [0)(0] + cos e [1)X1] = [0)X0] + (1 — 5€*) [1X1] + O(€”)
Ky =sine|1)1] = e|[1X1] + O(e%). (2.32)

Only terms up to O(e?) are considered. Given a state |[¢)) = «|0) + 3]0) and
measurement operator 1. = |1)(1|, the possible resultant states are

€2

=518 1) = [1= S~ @) 1) with prob po
") = . (2.33)

1) = iw ) with prob p;

with probabilities py = 1 — |3]?¢2 = 1 — (n) € and p; = |B|*¢2 = (n) € respectively.
In a single stochastic differential equation, we have
2

i) = |5 (h— (3)) + 6N <¢%—1) %), (2.34)
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Chapter 2. Background theory

where 0N is a Poisson process, 6N € {0, 1} with probability py and p; respectively.
Note the mean and variance are both (f) €2, as for a Poisson process. With the same
time scaling assignment €2 = vdt and including the effect of the system’s unitary,

we arrive at

~

Vi)

which is known as quantum jumps, a different kind of stochastic Schrodinger

dl) = | —idt{H — z%(ﬁ — (A))} + 6N (

— 1) [), (2.35)

equation. The generalisation to multiple sites is straightforward, with each Poisson
process being independent.

The stochastic Schrédinger equations, Eq. and , have been studied
extensively [27, 161, [165]. Experimentally, they correspond to different protocols:
prime examples include photon homodyne detection for quantum state diffusion,
and photon counting for quantum jump. They can be implemented in cold atom
systems [166], which has seen tremendous advances in recent years [167169].
Indeed, experimental realisation of quantum jump has been achieved with excellent

controllability [162].

2.1.3 Post-selection and non-Hermitian dynamics

An important observation with quantum jumps is that although the effect of
ON = 1 is substantial and projects the system to |1), the probability of JN = 1
is infinitesimally small with p; = (n)~dt. It is, therefore, natural to consider
the quantum trajectory of (6N) = (0,0,0,...) such that all the outcomes are 0.
This trajectory is called the no-click limit, and the ancilla’s backaction is now
deterministic, leading to a non-Hermitian Hamiltonian; under the no-click limit, the

system evolves according to an effective non-Hermitian Hamiltonian
. Y A
Hg=H—-i)_ 205 (2.36)
J

where O;’s are the measurement operators.
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2.1. Quantum measurements

Similarly, in the quantum state diffusion equation Eq., recall that the
measurement outcome appearing in the Kraus operator is z;/A = dW, + 27dt<éj)
(cf Eq.(2.22) and (2.27). The equivalent ‘no-click limit’ would be fixing z;’s to be
some values such that the backaction from the ancilla is purely non-Hermitian. More
precisely, post-selecting z; = v/2A~vdt or z; = 0 Vj, the Kraus operators conditional

to this trajectory are

[Tt = Hexp [29dt((1 £1)/2 = (0:))(0; = (03)) = 7d(0; = (0?4

x Hexp [294t((141)/2 = (0,))0; = dt(0; — 2(0;))] I

J

= H X exp [j:fydtOAj] V), (2.37)

where + (—) corresponds to z; = 2Avdt (z; = 0). Together with the system

Hamiltonian H, the dynamics follow the effective Hamiltonian

Hg=H=+ivy» Oy, (2.38)

J

which is a non-Hermitian Hamiltonian, equivalent to Eq.(2.36)). A vital point:
arbitrary post-selection of z; results in a non-linear evolution in state and does

not correspond to any non-Hermitian Hamiltonian.

This shows that continuous measurement and non-Hermitian dynamics are
strongly interlinked; a substantial part of this thesis is devoted to studying this
connection. From now on, I will mostly suppress the hat above the operator
for notational convenience. I will also use the term ‘monitoring’ for continuous
quantum measurement; the two words are interchangeable. To fix some notation,
throughout this thesis, I shall use the terms ‘post-selected’ and ‘monitored’ to
indicate respectively the fully post-selected measurement dynamics and the fully

stochastic continuous measurement where all readouts are retained.
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Chapter 2. Background theory

2.1.4 Inefficient measurement

In Ch. we outlined how quantum measurements influence a system, and we
arrive at Eq. and describing the dynamics of the system. In deriving
the dynamics, an underlying assumption implicitly used is that the observer has
perfect knowledge of all measurement outcomes: the outcome from the microscopic
part (ancilla) translates perfectly and correctly to the detector’s readout. However,
real physical processes/experiments are often imperfect, and a faulty detector fails
to output correctly despite the underlying quantum process registering the correct
outcome. When such imperfections happen, the quantum measurement is inefficient.
The uncertainty that arises from inefficient measurement is purely classical, which
introduces classical statistical mixedness in the system’s dynamics. Below, we derive
the dynamics of inefficient measurement in the context of the quantum state diffusion
equation. Similar procedures apply to the quantum jump.

From the microscopic perspective, there are two scenarios in which a measure-
ment is considered inefficient: 1. the detector only records a fraction of the readout,
and 2. the readouts by the detector can be wrong. Case 1 arises naturally in a
photon counting detector, and case 2 is a fault in the experimental apparatus |27,
165]. In both cases, a description based on the density matrix should be used in
favour of a ket for the ease of introducing classical uncertainty. For clarity, the

evolution of the density matrix by a quantum state diffusion equation reads
R . R Y ~
Op = —idt[H, p] + Z dW;(0; —(0;)) — o5t Z[Oj’ [0, 1], (2.39)
J J

where Ito calculus, dW;dW; = ~dtd, ;:, applies.

Consider case 1, where one can view the actual physical detector as two imaginary
sub-detectors: the first sub-detector with measurement strength ~; is a perfect
detector where all readouts from the actual detector are recorded by it solely. In
contrast, the second sub-detector with measurement strength -5 is ignorant of all
its readouts, and the observer only has access to the average dynamics induced by

it. To begin with, let’s write down the evolution of the density matrix, assuming
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2.1. Quantum measurements

both detectors are efficient
~
dpt Z{O pt}dwltj Z ldt Ja [Ojvpt”

+Z{0 )y pydWE — Z%dt 0,,105,p1]] (2.40)

where dec,deé:l = Y 0q,80k,dt; . In reality, since we are ignorant of the outcome

of detector 2, we only have access to its average

dpt Z{O pt}dwlj Z n dt ]7 japt Z f}/th ]7 J>pt]:|

—Z{O Pt} - +72

= Z{O Pt}\/—th Z dt 7o J:PtH . (2.41)

At — Z " + 2.4t [0,,105. p4]]

We have defined a new Itd process dedW]ﬁ' = (71 + 72)dtos 40, and v1 + Yo is
the true measurement strength of the actual detector. n = /(71 + 72) is the
efficiency of the measurement with n = 1 for efficient measurement and n = 0
for inefficient measurement. This shows that inefficiency can be associated with
incomplete knowledge.

We now demonstrate how case 2, wrong outputs by the detector, generate
inefficiency. To proceed, we remind ourselves that continuous measurements are
simply backactions from the projectively measured ancillae and appear as a quantum
channel upon tracing out the ancillae’s degree of freedom. With a slight modification
of Eq., the channel for quantum state diffusion equation can equivalently be

represented by the following Kraus’ operators:

(\ﬂ FelIX1 + VI —¢ |o><oy)
<\/1 eI+ VIte |0><0|) , (2.42)

1
K,=—
V2

1
Ky=—
NG}

and they satisfy the condition KK, + K;Kd = [. € is a small parameter, and we
need only terms up to O(e?). The two Kraus’ operators in Eq.([2.42) correspond to
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Chapter 2. Background theory

the two possible readouts from the ancilla, and they update the state in the following

way: given a readout r € {u,d}, the state after a measurement event is

K.pK]
Plu) = Jfr=wu
KapK)
pay = —L24 ifr =, (2.43)
Pa

with respective probability p, = Tr [KupKﬂ and pg = Tr [deK;]. pu and pg
represents the post-measurement state corresponding to readout u and d. Eq.
assumes perfect detector: let A € (0,1) be the conditional probability of a detector
readout to be u given that the actual readout is u, A = p(r = u|u) = 1 is unity for
perfect measurement (respectively for d). Consider now systematic errors so that

A = p(r = u|u) < 1 can be less than 1. The effect of this error on the density matrix

modifies Eq.(2.43)) to be

AK pK! 4+ (1 = A)KpK)
P(w)
AKgpK)+ (1 = A) K, pK}

Plr=did) = e . (2.44)

Ple=ulu) =

pw = Tr|AKpK] + (1 - A)deK;] (and similarly p)) now holds. A = 0.5
corresponds to a completely inefficient detector whose readout is completely random,
and A < 0.5 is equivalent to exchanging u <> d and a ‘flipped’ conditional probability
A" =1—A (a detector with A = 0 has its readouts ‘flipped’, but working just fine).
Expanding Eq. up to O(e?), we can combine both equations into a single

differential equation:

ap="S-A - D)o}~ S [0 0% ]
G A=
—aw (s - Do) - P2 o) o o)
+ (2A — 1)22p(0*)2. (2.45)

dp represents the change in p after a measurement event (dp = pu=ip) — p, k €

{u, d}), and we introduce a binomial variable dW = =+¢ with probability distribution
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Figure 2.3: A spin-1/2 under the evolution of Eq.(2.47)), and the figures show the
probability of a spin-1/2 being in [1) in spin-z basis. The initial state was chosen to be
1/v2(|1) +14)) so that the components stay real at all times, lowering the numerical cost.
(a): plot for v = 0.1. (b): plot for v = 10

p(de) = 1/2(1 £ (2A — 1)e(0?)) and dW = €2(2A — 1){c*). Constructing a new
binomial variable d¢ = dW — dW (overline corresponds to average), the mean is

now centred at zero dé = 0 and the variance dé2 = €* + O(e*) = dW? is unchanged

up O(€?). Eq.(2.45) now becomes

dp = 520 = Dfo™ = (0%),p} = < [07,[07, p]] - (2.46)
Setting the scaling € = 2y/vdt, d is equivalent to a Wiener process (central limit
theorem giving Gaussian distribution) with mean 0 and variance 4vydt in the time

continuum limit. With this, we recover Eq.([2.41]) with n = [2A—1|? (and appropriate

rescaling).

2.1.5 Quantum Zeno effect

As demonstrated in previous sessions, quantum measurement tends to bring the
system to one of the measurement operator’s eigenstates. Combined with an
‘incompatible’ Hamiltonian, the two dynamics compete. It is natural to question
what happens to the dynamics under the strong influence of measurement, i.e.,
frequent projective or strong continuous measurement. In this setting, the system’s
state is mostly frozen in one of the measurement operator’s eigenstates, with

occasional jumps between them induced by the unitary. This is known as the
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Chapter 2. Background theory

quantum Zeno effect [1, 2]. As an example, consider a single spin-1/2 model
with the Hamiltonian H = o, and measurement operator O = o,. Consider
continuous measurement in the context of quantum state diffusion protocol; the

spin-1/2 evolution follows
dly) = |=ioydt + dW (0. = (0.)) = Zdt(o. — (0))?| [¥)
N |1/]t+dt> _ e—iﬁydt+dW(Uz—(Uz>)—’Ydt(Uz—(UZ>)2|¢>7 (247)

and since [0y, 0.] # 0, there is a competition between the two. By numerically
simulating the dynamics at a trajectory leve]EL we can calculate the probability of
the state |¢)) being in one of the eigenstates of the measurement (o, basis). The
results are shown in Fig. for two different measurement strengths, v = 0.1 in
Fig.[2.3(a) and v = 10 in Fig. .3|b). For weak measurement influence v = 0.1, the
system mostly follows a coherent evolution, displaying oscillations between |1) and
|4). For strong measurement, the system does not oscillate and instead is mostly
pinned at [1) or |]) with occasional jumps between them; this is the quantum Zeno
regime.

Since the initial theoretical proposal of quantum Zeno effect in the context
of projective measurements [1], |2, many theoretical analyses have been done [6),
170H174], along with crucial experimental observations |23, |175-178]. Furthermore,
theoretical analysis on continuous measurement has shown enriched dynamics in

Zeno effect [10, 179-181], with promising experimental platform to test on [162].

Measurement-induced phase transition In simple terms, MiPT is a many-
body phenomenon which arises when a many-body system is subject to incompatible
quantum measurements. Unlike conventional quantum phase transition driven by
quantum fluctuation, MiPT is a quantum phase transition driven by quantum

measurement. In essence, when the measurement is weak, the system can build up

!The evolution is trotterized into a product of unitary and measurement parts, with the
measurement part update given by the Kraus operator Eq.(2.25)); in a finite time interval, Eq.(2.25)

accounts all higher order expansion of the finite random Wiener process 6W accurately.
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2.2. Methods for (1+1)d fermionic systems

long-range correlation induced by the coherent evolution of the unitary dynamics;
when the measurement is strong, a many-body version of the quantum Zeno effect
sets in, and the system is pinned in one of the eigenstates of the measurement, with
short-range correlation. Remarkably, at the many-body level, the quantum Zeno
effect becomes a phase transition [36, 64-67], and a critical measurement strength
appears, separating these two distinct regimes; conventional scaling exponents apply,
characterising the universality of the phase transition. In Ch. [2.4] T discuss various

subtle non-trivial aspects in characterising MiPTs.

2.2 Methods for (141)d fermionic systems

All of the many-body quantum systems studied in this thesis are spatially and
temporally one-dimensional: (1+1)d. This chapter provides most of the relevant

techniques in 1D quantum systems for this thesid]

2.2.1 Bosonisation

Bosonisation is a powerful technique for analysing 1D fermionic many-body systems.
At its core, it maps a fermionic system to a bosonic system. Other related systems,
such as spin chain and hard-core bosons, can be analysed using bosonisation as WQHEI.
This chapter follows Ref. [182] loosely.

To begin with, consider an infinitely large periodic fermionic 1D system with the

following linear spectrum Hamiltonian in momentum space

o0

H = Z UF(ETI{? — k:F)CL’er;,m {CLJ,, Cklﬂal} = 5k,k’6r,r’7 (248)
=y
where eg = 1 and ¢, = —1, and from now we will abbreviate it by r. The quantities

vr and kg are the Fermi velocity and Fermi wavevector, respectively. A schematic

drawing of H and its ground state is shown in Fig.[2.4(b); H describes a 1D system

I'We reserve upper case ‘D’ for spatial dimension and lower case ‘d’ for spacetime dimension
2In combination with Jordan-Wigner transformation
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with infinitely many positive and negative energy states indexed by k, and its ground

state has states filled up to vpkg:

1GS) o< [ clacte.rl0), (2.49)

k<kp

where ¢;,|0) = 0V k,r. The presence of infinitely many negative states might
appear arbitrary, but it is one of the prerequisites of bosonisation [183]. ¢, (positive
slope) represents the right-moving fermions and ¢ (negative slope) represents the
left-moving fermions. To proceed, let’s introduce the following momentum density

operator associated with the Fourier component of the real space density operator

pi(Q) = Z clt—&—q,rckﬂ"
k

]' —iqx 1 —iqx
pr(@) = G (@)er(@) = 7= 3 Chygotire™™ = 7= 3 o (@)™, (2.50)
q:k q

where Lg is the length of the system and is taken to be infinite. As usual, p,(q) =
pl(q). Since there are infinitely many occupied states, matrix elements of p can be
infinite, i.e. the ground/vacuum statdl] expectation value of pf(z) (and pf(q = 0))
is, in fact, infinite. To avoid infinity, normal ordering must be introduced to keep

all operators well-defined.

Definition 2.2.1. Fermionic normal ordering— The fermionic normal ordering

of two operators, A and B, w.r.t to a ground/vacuum state is defined as
: AB := AB — (0|AB|0), (2.51)

where |0) is the ground/vacuum state. This is the same as ordering all the excitation
creation (annihilation) operators on the left (right), w.r.t. the vacuum, such that
: AB : |0) = 0 annihilate the vacuum state. For occupied states, the creation

(annihilation) operator is placed on the right (left) to destroy the vacuum state.

With the aid of normal ordering, consider the commutator between pl(g) and

'We will call it the vacuum state as well, and the two terms are interchangeable for now.
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2.2. Methods for (1+1)d fermionic systems

(—q)
[p:r"’ <_q/)7 pi(q)] = Z [C]-l;;z—q/77’lck2,7'/7 Czl+q7rrck1,r]

k1,k2

_ E T T
- 57‘,7’/ _5k1’k27q/ck1+q,7‘ck‘27r/ + 6k1+q7k2 Ck‘z—q’,?"/cklﬂl
k1,ko

_ T T
= Opgv 2 :Ckz—q’ﬂ“’ckT‘I’T T Chy—q/+q,rChayr’

ko
=0 'Z Lol c ) o+ +{0]c] c 0) — (0]¢! Chyr|0)
rr * Cko—q' ' Ch2—qor - * Cko—q'+q,r T2 ko—q' ' Ck2—q,r ko—q'+q,r“k2,1’
ko
Lon
= Oy 0q.q' Z<0|022—q,r'0qu,r’0> - (01022,r6k2,r'!0> = 0 p10q,g'Tq = OpprOg g7 20 .
ko
(2.52)

The change of variable in the 4th line is allowed as it is performed in normal ordering.
<0|CL’T,C;€/7T|O> = 1 only if £ = k' and the state is occupied, i.e. k < kg for right
movers and k > —kp for left movers. Periodic boundary condition is assumed,
and the momentum index ¢ = 2mn,/Ly can be labelled by an integer n,. Most
notably, Eq. are bosonic commutation relations up to a normalisation. Thus,

this prompts us to define the following bosonic operators

2m(n
bh = % > Oo(rq)pi(q)

2min
b= 20 S eutrael(-a), (2.59

where Og(x > 0) = 1 and Og(x < 0) = 0, similar to a Heaviside function. Note
that b,—o is not defined, and the commutator Eq. vanishes. These operators
are genuine bosonic creation/annihilation operators since the (fermionic) vacuum
state has no bosonic excitation b(¢q)|0) = 0, Vq. Crucially, they are quadratic in
fermion operators; quartic fermion terms may now be quadratic boson terms, which
are straightforward to diagonalise.

With these bosonic operators, one can show that

[bg, H] = vr|q|b, which implies H ~ vp > |q|blb,. (2.54)
q#0
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Chapter 2. Background theory

Furthermore, the following commutator between the real space fermion operator

¥.(x) and bosonic operator pl(p)
[p1(p), ¥ (2)] = \/_ Z el Chrs Chy €17 =~ (1), (2.55)

commutes with ¢,(z) itself. Thus, 1, (z) must be of the forn{]

2rr
~ iz i (— . 2.56
exp Ze 70 (2.56)

We now appear to be able to bosonise a fermion operator! However, t,(x) is
a fermion operator which must follow the usual anticommutation rules, whereas
pl(p) follows (up to normalisation) bosonic commutation rules, and it preserves the
number of fermion quasi-excitations. An extra fermionic operator must be present
to account for the fermion creation/annihilation and implement the necessary
anticommutation rules. Such an operator is known as the Klein factor U, [182], which
satisfies the above requirements. The final bosonised expression for the fermion

operator is

Uy (z) = U, exp Zem Hep) (2T (2.57)

Lonq

Here, U,, r = R, L has no spatial dependence and commutes with all boson operators
while following the usual anticommutation rules for fermiong?] Thus far, L has been
considered finite, introducing tedious finite-size contributions. Fortunately, universal
behaviours are captured in the thermodynamic limit L — oo, greatly simplifying

the analytics as the finite-size term vanishes. In the thermodynamic limit L — oo,

Note [4, /(B)] = [4, BIf'(B) if [[A, B], B] = 0.
2The explicit form of U, is [182]

1 [ . e .
Ul = — dz e'rkree=itn(@) gt (x)ef“br(z)
v ﬁ/o r ,

where ¢,.(x) = —0(x) + r¢(x) with ¢(z) and 0(x) defined in Eq.(2.58)). The spatial dependence z
is integrated out. It can be shown that U! commutes with the boson operators, as well as adding

a left /right fermion (r = R/L) to a fermionic state of given fermion number.
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2.2. Methods for (1+1)d fermionic systems

it is more convenient to introduce the following bosonic fields

Lon
¢(x) = —(Nr + Ni) —O - —Z\/ 207rq e~ l/2 T (] 4 b_y),

Lon —a —1iqx
0(z) = (NR—NL Z ;Tqm lelal>=iae (bl — b_), (2.58)

where « is the cutoff of the theoryE| and N, is the normally ordered total number
operator
N, =: chck : (2.59)
k
corresponding to the ¢ — 0 limit of the boson operator. Using these fields and
accounting properly the ¢ = 0 contribution [183], the linear Hamiltonian H and the

fermion operator have the following exact expression

H=Y"velalbib, + ”FW ZN2

q7#0

1
() = U, lim
¢() aﬁ\om

a, the ultraviolet cutoff, regularises the theory and prevents momentum from getting

too large (a finite bandwidth)P] The boson fields ¢(x) and 6(z) obey the following

pir(kp—m/L)z ,—i(ré(z)—6(x)) (2.60)

relations
[9(x), 0(a")] = iZSign(a’ — )
[p(x), D,0(x")] = ind(x — '), (2.61)
and thus, ¢(z) and II(z) = 0.0(z2') are the conjugate density and momentum

respectively. Eq.(2.60) and (2.61]) are the core of bosonisation of 1D fermion systems
with a linear spectrum.
Although our discussion so far applies only to a linear spectrum and might

appear restricted, it is a potent tool for analysing the low-energy physics of 1D

LAt the end of the day, we are dealing with a lattice system.
2Formally, a — 0 should be taken for the expression to be exact, which can lead to divergences.

However, this problematic limit can be side-stepped for interaction with finite range [182].
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<7E =0
~~ : '
Y —kF kF
fermion sea 1
kp fermion sea

Figure 2.4: Schematic display of the linearising procedure in Eq.. (a): a quadratic
momentum spectrum, typical of the free kinetic part of a many-body Hamiltonian. Its
ground state is a fermion sea below E = 0, for momentum |k| < kg (b): linear spectrum
by linearising the left spectrum around the Fermi point +kpr. This necessarily introduces
left /right-moving fermions and spectrum, and the fermion sea of the ground state extends

indefinitely to —oo (along with normal ordering for well-defined behaviour).

systems. More precisely, a typical many-body Hamiltonian’s two-body kinetic part
is quadratic in momentum space

K — k2

H free — m

, (2.62)

where m is the effective mass. Its ground state is a fermion sea occupying states
below |k| < kg. If we consider quasiparticle excitation close to the Fermi points -k,
Hpeo can be linearised around the Fermi pointsﬂ This procedure is schematically
shown in Fig. [2.4] and the linearised version of Hy., is

k=00

Hfree ~ Up Z (Tk - kF>C};’rck,r, (263)
k=—o0
r=R,L
where vgp = kg/m. In doing so, this forces us to necessarily introduce two species of

fermions, the left (CL ;) and right (CL ) movers, and extend the spectrum to include

infinitely many negative states (and hence the ground state). Hpee is now the same

LA non-trivial property of Hy.e is that its quasiparticle excitation has well-defined momentum
q. Moreover, the quasiparticle dispersion approaches 0 faster than its average energy, implying

that they can be treated as well-defined particles \|
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2.2. Methods for (1+1)d fermionic systems

as the linear spectrum Hamiltonian in Eq. and bosonisation readily follows.
Note that in the current setting, bosonisation is only meaningful, provided that the
excitation of interest is close to the Fermi point and the curvature of the band can
be ignored. However, combined with renormalisation group analysis outlined below,

much more can be obtained.

2.2.2 Renormalisation group

Renormalisaiton group (RG) is one of the most successful tools in modern physics.
Since its interpretation and first application by Wilson in condensed matter
physics [184], it has proven to be a powerful formalism in analysing (quantum)
phase transitions |182, |185-187]. This section gives a brief outline of this formalism
and its core spirit. More in-depth details about the mathematical implementation
can be found in many texts [186188] (see also Appendix [B.7} a calculation relevant
to later chapter).

One of the significant experimental findings leading to RG is scale-invariance at
the critical point: the characteristic length scale of the system diverges. To explain
this concept, we first note, and later in Ch. that the (two-point) correlation
generally decays exponentially ~ exp(—r /5), where 7 is the distance between the
two regions in space, and £ is the correlation length reflecting the characteristic
length in the system. As we approach the critical point, ¢ diverges to infinity; at
the critical point, correlation decays with a power-law |r|~® insteadﬂ. Suppose we
now rescale the length of the system by a factor b > 1, hence £ — £/b. Away
from the critical point, £ decreases by a factor of 1/b. In contrast, since £ diverges
at the critical point, any rescaling leaves £ unchanged. When this length-rescaling
procedure is repeatedly applied, one finds that finite ¢ is connected to & = 0 and the
point & — oo is left unchanged. This leads to the conclusion that £ finite belongs to

one phase and ¢ — oo is a fixed point itself. This length-rescaling is the principal

T An argument for that is € is now much larger than the system size; hence there is literally not

enough room for exponential decay.
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S oy XPUH ({05 1)] =Xy explH/({A,})]

spin {0} spin {A,}

ot === it

Oj-1 05 Oj41

J+1
Figure 2.5: The spin blocking RG procedure. The original spin set {o;} is replaced
by a new set {A;}, formed by grouping two neighbouring spins. This grouping effectively
rescales the system by a factor of b = 2. The Hamiltonian, and consequently the partition
function, are expressed in {A;}, and the partition function in {A;} must be identical to
that in {o;}, as there are no external changes to the system. This forces the Hamiltonian
to change from H — H', meaning that the couplings in the Hamiltonian would change
along the RG procedure. This coupling change is known as the RG flow, where one can

analyse the phase transition.

idea of RG, allowing one to identify the system’s critical point. More precisely, it is
implemented mathematically by integrating/decimating/blocking the smaller-scale
degrees of freedom, grouping them into a new degree and expressing the system in
this new degree. A famous example is the Kadanoff blocking in the Ising model,
in which, during one iteration, the original set of spin degrees {o;} is replaced
by a new set of spin degrees {A;} constructed by grouping two neighbouring spin
degrees together . This corresponds to changing the summation in the partition

function and the Hamiltonian

RG
-
{o; {4}

}
H({o;}) = H'({A;}), (2.64)

while keeping the partition function identical. The next RG iteration follows by
grouping the {A;}. This RG procedure is schematically displayed in Fig 2.5

Moreover, by noting that smaller length scales correspond to shorter wavelengths
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2.3. Entanglement and correlations in 1D systems

of higher energy degrees of freedom, the RG integration/decimation/blocking
procedure in real space can be extended further and applied equivalently with
other quantities, e.g. momentum in Wilson RG approach [184, [190], as long as
the higher energy degrees are repeatedly integrated out during each RG iteration.
In this case, the RG goes from the ultraviolet (UV) limit of higher energy to the
infrared (IR) limit of lower energy. By analysing the system under RG going from
the UV to the IR, many universal properties of a critical point can be computed and
characterised, despite the divergence of various thermodynamic statistical quantities.

To further demonstrate, consider a (141)d massless/gapless Gaussian model with

the following action

S[6] = —g / drdr (2 + 02)0, (2.65)

where ¢ is the coupling of the theory and 7 is the imaginary time. The field ¢ is
bounded over an (infinite) interval. Rescaling x = 2’/b and 7 = 7//b by a factor b,

the rescaled action is

da'dr’
S[6) = —g | S0t + 82)0 = —g [ du'dro(@ + 2)6 =Slol. (260
Assuming the integration is over an infinite interval, i.e. infinite system size, 8[¢] is
identical under RG transformation. Therefore, this model only has one phase which

is massless/gapless.

2.3 Entanglement and correlations in 1D systems

In this chapter, I discuss the role of entanglement and correlation in characterising
1D systems. I will dedicate a part to discussing entanglement entropy, as it is
relevant to much of this thesis. Other entanglement monotones are used in this
thesis, but they will not be discussed here; they will be addressed in the appropriate
chapter.

2.3.1 Entanglement entropy
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Chapter 2. Background theory

To begin with, it is necessary to introduce the Von Neumann entropy of a density

matrix Syn(p). It is defined as
— Trlplog p] = Z)\ log A;,

which extends the Gibbs entropy to quantum information and captures the entropy
associated with the observer’s incomplete knowledge. The entropy captured
can be classical and quantum-mechanical, disqualifying it from being a genuine
entanglement quantifier.

Nevertheless, restricting Syn(p) to the set of reduced density matrices of a pure
state leads to the characterisation of entanglement via entanglement entropy, which
is an entanglement monotone. This means that no classical operation in the system

can alter its value, and it only captures quantum mechanical entropy.

Definition 2.3.1. Entanglement entropy—Consider a system partitioned into
region A and its complement A. Given that the joint density matrix p, 4 is pure,

so that Tr [,0?4 ’A/} = 1, the entanglement entropy S, between A and its complement
Ais

Sa = —Tr[palog pa] = — Tr[pslog pAl, (2.67)

where p4 = Tr [p A A /A/is the reduced density matrix of the subsystem A (similarly for
px). Note that the entanglement entropy calculated for a non-pure system state is no

longer an entanglement monotone, and is contaminated with classical contributions.

Unlike some entanglement monotones, entanglement entropy has a nice and
intuitive interpretation. To see this, consider the state |14 4) of a system as a joint
state of A and A, which can be decomposed as a linear combination of product

states

Q.

1!
Va0 = Z i Vi) W), (2.68)



2.3. Entanglement and correlations in 1D systems

where du (dy) is the dimension of A (A). {|Wa4,)} and {|W;)} are the sets of
orthonormal bases in A and A. Each individual basis can be carefully chosen to give

a Schmidt decomposition [117]:

|¢A,A/ Z\/_|<PAz |90,4/z (2-69)

where n < min(da, d4), A\;’s are known as the Schmidt values with > . \; = 1E|, and
{lva,i)|exi)} is a complete orthonormal set. Written in Schmidt decomposition, the

reduced density matrix of A is

pa = TY[WA,A/ <¢A,A/}] Z Xiloai)(pal- (2.70)

From this, the entanglement entropy of A can be viewed as follows: suppose there
is an observer in A who has full knowledge of 4, i.e. of its current state, but has no
knowledge of A. From A’s observer perspective, A is a statistical mixture of states
equivalent to its reduced density matrix. The Von Neumann (Gibbs) entropy A’s
observer associated with A is the entanglement entropy between A and A; in other
words, the quantum information A’s observer has on A.

As an additional note, analogously to mutual information in classical information
theory, one can define the quantum mutual information of two subsystems A and B

to be
I(AIB)ZSA—l-SB—SAB. (2.71)

I(A : B) indicates the amount of quantum information one can learn from A (B)
by observing B (A). For example, if A and B are in product state |14)[15), the
mutual information

I(A:B)=0;
learning A’s state tells us nothing about B’s state and vice versa. In contrast, if A
and B are maximally entangled, e.g., a Bell pair in a two-qubit system

I(A: B) =2log?2;

A’s information alone is enough to characterise B (or the reverse).

Tt can be shown that Schmidt decomposition is equivalent to singular value decomposition.

37



Chapter 2. Background theory

(a) (b)

HECAN
A B D C A B
y— T T\
\_/\L/\_/
Figure 2.6: The partition of a system for the computation of Srgp. (a):

The partitioning of a 1D system; open boundary applies. Note that B and C are not
connected. (b): The partitioning of a 2D system; picture from Ref. [117]. Unlike 1D, the
boundary can be periodic. Note that in 2D, there are other equally valid partitions; see

Ref. [117].

Topological entanglement entropy — An interesting extension to entangle-
ment entropy is the topological entanglement entropy (Srgg). In the most simplified
terms, Srgpg is related to an underlying long-range entanglement across a many-
body quantum systemﬂ [117], and is instrumental to distinguishing different phases

of matter. This is discussed further in the next section.

For 1D systems, to compute Srpg, one first sets open boundary condition on
the system and partitions the system into four parts (A, B, C, and D) as shown in

Fig. 2.6(a) [195]. Then, Srgg is computed via
Strer = Sap + Spc — Sp — Sapc, (2.72)

where S| is the entanglement entropy of region [...]. The computation in higher

dimensions follows a similar procedure; an example is shown in Fig. [2.6(b).

'In more technical terms, S7pr measures the topological or symmetry-breaking orders in the

system [1914195].
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2.3. Entanglement and correlations in 1D systems

2.3.2 Scaling and phases of matter in 1D

Quantum phase transitions are characterised by a quantum critical point separating
distinct quantum phases as one varies some parameters in the Hamiltonian. These
different phases are distinguished by an order parameter, w.r.t. the ground state,
which behaves differently in each of the phases; for example, spin-spin correlation in
an Ising model that scales with power law decay at the critical point and exponential
decay in the (anti-)ferromagnetic phase. Nonetheless, in the past decade, it became
apparent that there are phases of matter that do not fit within this paradigm;
for example, topological phases of matter [117, |191} [192], and their transition in
out-of-equilibrium systems [75, 108, |109]. Motivated by the need to characterise
these new phases, novel approaches relevant to this thesis are emerging: the use
of entanglement entropy (and related quantities discussed above) as a quantum
information-theoretical order parameter [117, (191} 192} 196].

The relevant concept in this quantum information-theoretical approach is the
scaling of entanglement entropy against the subsystem’s size: Sx = f(]A|), where
|A| is A’s region size. In 1D static steady-state, there are generally three different

scalings:
volume law S; ~ [, area law S; ~ constant, and critical scaling S; ~ log .

Volume law scalings are observed in the unitary evolution of a many-body
wavefunction by quantum gates or Hamiltonians, without local constraints, to a
steady-state of higher entanglement [43, 44} 64, 120, 121} 197-200]. These are out-of-
equilibrium dynamical evolutions where the resultant steady-state entanglement in
the long time limit is unbounded, only constrained by the system sizd] In contrast,
an area law entanglement steady-state is a noticeable signature of the ground state
of a gapped Hamiltonian, indicating a suppression in entanglement spreading [117,

201}, 202]ﬂ Finally, steady-state critical scaling is indicative of a critical quantum

IDynamically, the entanglement spreads ballistically, forming a spacetime light cone.
2The terms volume (area) indicate that the entanglement entropy scales with the volume/size

(boundary size) of the subsystem, i.e. in 1D, the boundary size is fixed.
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Chapter 2. Background theory

phase, e.g. the critical point of a transverse-field Ising model, corresponding to a
bounded entanglement spread dictated by the underlying conformal field theory [203),
204]. Given these distinct features, one can distinguish different phases by their
entanglement scaling behaviour, gaining more insight from a quantum information
perspective.

A subtlety in area law is that a universal constant can exist that distinguishes
different area law phases [117], 191}, /192]. In 1D, this universal constant (which does
not depend on the specifics of the system) is hidden inside the constant term of the
area law scaling, which contains some non-universal parts [117, 194, [195] 205]. The
universal contribution is given by Srgg, and the addition/subtraction of various
terms in Eq. cancel exactly the non-universal contribution. This non-trivial
constant Srpp indicates an underlying long-range entanglement arising from the
(topological) degeneracy of the state. The simplest example is a p-wave Kitaev
chain in the gapped phase with two 0-energy boundary states, where Srgg is 1 in
log, base (indicating one qubit of information between the two boundary states) |75,
108}, |206].

Another scaling feature closely related to entanglement scaling is the scaling of
correlation: suppose there are two local operators O; and O, which act locally in
two different regions of space and are separated by a distance r. The (connected)

correlation between the two operators w.r.t. to a state is
C(r) = (0102) = (01) (Oy) , (2.73)

and the subtraction takes away the disconnected part. Generally, C(r) decays w.r.t.
r, and its form strongly depends on the entanglement scaling. For the ground
state of a gapped Hamiltonian with area law entanglement, correlation decays

exponentially [207-211]

where £ is the correlation length. The relation with area law is intuitive in the

following sense. Due to the exponential decay, only sites of distance ~ £ from the
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subsystem boundary are entangled with the outside; hence, entanglement can, at
most, scale with the size of the boundary. For the ground state of a gapless system

with critical scaling entanglement, C'(r) follows a power law decay [117} 182]

C(T) ~ T_a’
where the exponent « is a universal Valueﬂ The power-law decay indicates long-
range correlations, hence the subsystem-size dependent entanglementﬂ Similarly,
for volume law steady-state, long-range correlations exist, and C(r) decays with a

power law.

2.4 More on MiPTs

As mentioned briefly towards the end of Chf2.1.5, the hallmark of MiPT (a quantum
phase transition) is the drastic change in the system’s intrinsic correlation, from
extensive to quantum Zeno-like. Combining with the knowledge from Ch. 2.3 we

can deduce that entanglement/correlation will play a significant role in MiPTs.

However, since the dynamics under quantum measurement are stochastic, the
system never truly reaches a stationary state: even in the regime of the quantum
Zeno effect, there is occasional stochasticity in time. As is typical for stochastic
processes, the quantity that reaches a stationary state is the state’s probability
distribution. This prompts the idea of analysing the moments of the stochastic
quantum trajectories. Indeed, in this distribution picture, MiPT emerges in the
steady-state probability distribution. This chapter first deals with some of the
subtleties in the averaging procedures and then introduces a powerful tool for dealing

with quantum trajectory averaging.

Tt depends on the universality of the critical point [186]
2The logarithmic dependence is a direct consequence of the power-law decay, which appears

explicitly in the underlying conformal field theory calculation [203] 204].
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2.4.1 Observables and entanglement in MiPT

Generally, to access information on an observable M, we may compute its
expectation value Tr[pM], which involves the density matrix. If we wish to compute

the trajectory-averaged expectation value

Te[pM] = Tr [ZM] ,
where — indicates average over quantum trajectories/outcomes.The averaging is
entirely captured by p. Consequently, we need to average Eq.(2.39) over all outcomes
to obtain a steady state solution for p. Averaging Eq.(2.39)

0up = —idt[H, 7] = Zdt Y_[0;,10,]. 7, (2.74)
J

we arrive at the Lindblad master equation for the set of Hermitian operators {O; }E|
We have used dW; = 0 as they have a mean of 0. For [0, H| # 0V j, this Lindblad

master equation is known to support the following steady state solution
p(t — o0) o< I,

a totally mixed state corresponding to an infinite temperature systemﬂ This is an
unpleasant issue: regardless of ~’s value, provided it is non-zero, p always heats
up indefinitely to the identity. Indeed, any quantities linear in density matrix are
insensitive to the measurement strength in the average dynamics. Consequently,
there is no MiPT in the steady state of p .

To account for measurement effects non-trivially, one must consider observables
non-linear in the density matrix, i.e. Tr[pM]*, k > 2 or S4 = Tr[palogpa]. The

average must be performed at a trajectory level, i.e.

TG - 50 (W)Y

!Generalisation to non-Hermitian operators exists using POVM [27, 161} [212].
2There can exist other solutions depending on H and {O;}.
31t has been recently suggested that the early evolution of p can reveal properties of MiPT [137,

138].
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The fundamental objects of interest are now the average higher moment density
matrix @, k > 2. Indeed, the steady state solution to 6&@ is no longer a totally

mixed state, and it carries information about MiPTs.

In particular, the averaged entanglement entropy is a crucial indicator for
most MiPTs and displays scaling behaviour similar to the ones observed in
conventional phase transitions. For example, in Ref. [64], one of the first few works
studying MiPT, increasing the probability of projective measurements (equivalent
to increasing the strength of continuous measurement) changes the scaling of
entanglement entropy on subsystem-size from volume law to area law, separated
by a critical point with critical scaling. Moreover, in some cases, MiPTs can be
identified from topological entanglement entropy, indicating a topological transition
from quantum measurements [75, (108} [109]. It should be stressed again that all
of these conclusions are in the average entanglement dynamics; the implication of

MiPT for a single trajectory is still unclear.

Although the discussion above is set in the context of quantum state diffusion
equation, it is also true for quantum jump and probabilistic projective measure-
ments [64) 65, 76, 108, |109, [213]. Hence, the characterisation of MiPT boils down

to studying the object W, and we will further elaborate on this in later sections.

The post-selection problem — Despite bearing desirable information about
MiPT, measuring experimentally non-linear observables has been proven to be a
tall task and poses a significant unresolved problem in modern physics, known as
the post-selection problem. To elucidate this problem, consider characterising a
MiPT via the entanglement entropy. It is required to first calculate the entanglement
entropy along each trajectory, then average all the results. For such computation,
complete knowledge of the density matrix, i.e. all the matrix elements, along each
trajectory is needed. However, the only accessible information about each trajectory
from quantum measurements is the measurement outcomes, which are insufficient to

characterise the density matrix fully. To gain further knowledge, we must perform
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multiple different operations on an identical trajectory to characterise the matrix
elements. This is where a fundamental experimental problem appears: when the
space of possible outcomes is large, i.e. many local measurements or measurements
over a long time, the probability of any trajectory becomes exponentially small;
hence, it is experimentally unlikely to obtain the same trajectory more than once.
However, we need many identical trajectories to characterise the density matrix and
calculate the entanglement entropy. This significant experimental obstacle is the

post-selection problem. Numerous proposals have been to resolve this problem

[139H141] 214, P15]

2.4.2 Replica trick

As pointed out in the last section, MiPTs appear in non-linear averages involving
pF. In this chapter, I outline a powerful mathematical approach to deal with
these averages: the replica trick. The replica trick was originally developed in
Hermitian disorder systems [182, 216, |217] but has since been extended to non-
unitary systems [71} 77, |80} 92, 218-220].

For simplicity, let’s omit the unitary process. To begin with, consider a system
subject to quantum measurements represented by the set of Kraus operators { K, },
where z; is the outcome of a single measurement. The resultant normalised density
matrix along a quantum trajectory with a certain set of measurement outcomes,

{z:}, at discrete times ¢t € [1...M] is (we are suppressing the hat)

Ky Ky poKY K. K] s the the un-normalised density

T

where gy = Ky,
matrix along the trajectory, and pg is the initial normalised density matrixﬂ The
probability of this trajectory, labelled by {z:}, is P({x:}) = Tr[pgz,y]-

As mentioned in Ch. to capture MiPTs, we must examine non-linear

'From here onward, we will specify an un-normalised density matrix by a caron above: p =

p/ Tr[p].
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observables. The replica trick lies in the fact that there is an ingenious way to

relate all non-linear observables to a single entity

(O)F = >~ (TrOpran])" P({x:}) = D TO™ k] (Tr[pan]) '~

{:} {w}
= lim > Tv {(O‘@k ® H®"—k) p?g}} = lim Tr {(0@)’“ ® ]I®”"“> W} . (2.76)
xt}

From Eq.(2.76), the fundamental object encoding all measurement averaging
information is the trajectories averaged n-replicated un-normalised density matrix
lim,,_,; p®*, with the replica limit n — 1. The replica limit n — 1 is an analytical

continuation for k& > 11

2.4.2.1 Replica trick and entanglement

The calculation of entanglement entropy can be incorporated into the replica trick.
To illustrate better, let’s rewrite entanglement entropy Sa = — Tr[palog pa] as the

following limit

Sa=—Tr[palogpal = hm log Tr [pfj,} = lim —0; Tr [pﬁ}, (2.77)
k—1

—k

where the quantity

1% log Tr [PZ} = Saks fra=Tr [PZ}

is the kth Renyi entropy and kth purity of subsystem A. Importantly, through
the limit, the entanglement entropy is related to the traced matrix multiplication
Tr [p’jJ . This traced matrix multiplication may be represented by a unitary operator

in the k-replicated Hilbert space H®*

Tr [pg} - [Ckﬂp@k], Coa= > (%;AMAPH\. (2.78)

{Al}"“»{Ak} p=1

INotice that the replica limit n — 1 is different from the replica limit for disordered systems

n — 0 [182] [216] 217).
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|A,) (p mod k) is a complete set of (orthonormal) basis in region A of replica
index p E|, and the sum indicates summation over all of |A,)’s, the complete basis
in A. p is the normalised system’s density matrix. Cj 4 acts as an identity outside
of A while cyclically permuting kets across the replicas in region A by one replica
indexf

Written in Eq.7 the computation of the average entanglement entropy in
replica trick appears as

Sax = lim =0, Tr [ek,AW] = lim lim —0, Tr {(GIQA ® ]1®"—k> W} 7
k—1

k—1n—1

and the replica limit should be taken before the entanglement entropy limit.

INot to be confused with its position in the tensor product. In a less formal wording, |A,)(A,1]
means taking an identity in A across all replicas and bringing the p + 1 bra from replica p + 1 to

p replica.
2There is an implicit ®|A4},)(A,| after the product
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Chapter 3

Measurement-induced transitions
in inefficiently monitored noisy

systems

In this chapter, we explore the classical effects of inefficient quantum measurements

on MiPTs. This chapter is based on the findings in Ref. [221].

3.1 Overview

The interplay between information-scrambling Hamiltonians and local monitoring
hosts an ideal platform for exotic MiPTs in out-of-equilibrium steady states. At
their heart, these systems feature a competition between quantum measurements
by an active observer and coherent unitary dynamics [27, [161]. The simplest
implementation of this competition is the quantum Zeno effect (c.f Ch. in
which sufficiently strong monitoring freezes the unitary dynamics, locking the system
mostly in an eigenstate of the measured observable [1], |2, 8]. In this chapter,
we address this interplay in stochastic Lindblad dynamics, from purity-preserving
monitored systems to fully averaged deterministic Lindblad dynamics. We study

specifically the dynamics of a spin-1/2 XX chain with nearest-neighbour interactions
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and additional incompatible stochastic contributions from (i) local continuous
quantum measurement and (ii) random local unitary. We first address the dynamics
in the simplest case of two qubits, revealing a non-trivial, non-monotonic behaviour
in the entanglement and operator correlation dependence on the local unitary noise.
With the introduction of inefficiency, this non-monotonicity in the entanglement
disappears below a threshold efficiency value. On the contrary, it persists in
the operator correlations (for any finite efficiency), indicating a breakdown in the
correspondence between entanglement scaling and a quantum Zeno phase signalled
by correlations. We explore the implication of this breakdown for MiPTs by
extending the protocol to a finite-length chain. The system size dependence of
both entanglement and operator correlations indicates that the correspondence
between the two, valid for fully efficient measurement, is broken with the inclusion
of inefficiency. This breakdown suggests a difference between the measurement-
induced quantum Zeno phase and area-law entanglement phase, with different phase

diagrams obtained from entanglement and operator correlations.

The rest of the chapter is structured as follows. In Ch. we present the
model of interest. In Ch. [3.3] we first outline the various entanglement monotone
and operator correlation quantities relevant to this chapter. After discussing
them, we numerically analyse the simplest version of the model, a 2-qubit system.
We demonstrate here how operator correlations in this system are insensitive
to measurement inefficiency contrary to the behaviour shown in entanglement
monotone. In Ch. we extend our analysis to a spin-1/2 XX chain, demonstrating
that operator correlations and entanglement can lead to different measurement-

induced phase transitions. We summarise our results and possible implications of

our work in Ch. 3.6
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alakakalalalatalala

Figure 3.1: Sketch of the model under consideration. A spin 1/2 chain (red arrows)
with nearest neighbour spin-flip is subjected to local continuous measurement of o (yellow
detectors). The spins are subject to random local magnetic fields in y-direction (blue

arrow). The two stochastic dynamics are incompatible.

3.2 Model

We study an XX spin-1/2 chain of length L subject to local continuous measurements
of the z-component of the spin and under the influence of a local random transverse
magnetic field in the y direction. A sketch of the model is presented in Fig. [3.1 We
model the local random magnetic field as local white noises statistically independent
at different sites and the measurement backaction via quantum state diffusion
equations (c.f Eq.). A density matrix description is used instead of a ket, as
we are incorporating measurement inefficiency in the dynamics (which introduces
classical uncertainty). The term ‘white noise’ refers to a random Gaussian/Wiener

process in time: formally, the unitary evolution with a set of white noise operators

{M;} is

j=L L L
r
U =expl —iHdt —i § dgMY b =1—iHdt —i § dgiMY — Edt § (MY)? + 0(dt*?)
Jj=1 j=1 j=1

(3.1)

where H is the deterministic part of the Hamiltonian and d¢;’s are independent

Weiner processes satisfying d£§d§§i = O;¢0; yI'dt. T' is the strength of the white
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noise. In the current model, the overall dynamics is written as [27]

) ) T
dpe = —idt[H,p) =i Y [0, pldgt = St > |o¥. [o%, ol

j=1,L j=1,L
£ 3 (o~ (o) pd/mawW; — Sat 3 [o3.[o7 0] (3.2
j=1,L J=1L
where
H=> iocfo;,, + hc. (3.3)

J

In the current chapter, we set the notation so that we denote o}, a € {z,y,2,+,—}
as the o Pauli operator at site 7 and + represents the raising and lowering ladder
operatorsﬂ. 0 < n <1 quantifies the efficiency of the measurements and A is the
measurement strength. dVVjt is another It6 process independent of dé‘;, with the
property dW/}dW'}/ = Adtd;40;. The strength of the Hamiltonian can be fixed as
it merely appears as an overall energy scale that we set to be 1 hereafter.

The efficiency of the quantum diffusion process is controlled by 7, which vanishes
for completely inefficient measurements. The measurement contribution in Eq.
reduces to a Lindbladian master equation, and there is no stochasticity from
measurement. As noted in Ch. 2.1.4] inefficient measurement arises from the
observer’s inability to register all measurement readouts — a common uncontrollable
error in experiments [27, 161}, [165]. This necessarily introduces statistical mixedness
in the density matrix, which complicates the quantification of entanglement.

We denote the averages over all trajectories (all measurement outcomes and
noise realisations) by an overline. It is important to stress again that detecting non-
trivial Zeno regimes or capturing the entanglement dynamics requires computing
the averages of non-linear observables of all quantum trajectories. The analysis of
linear observables, e.g. Tr [Jj pt] =Tr [ajﬁt} , reduces to the study of p, which has a
trivial steady state solution p,_,, ~ I (see Ch.[2.4.1). Instead, averages of non-linear

!The state’s labelling follows the usual convention with |0) for spin-down states and |1) for
spin-up states, e.g. |01) represents a state with spin-down on the first site and spin-up on the

second site.
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2
observables, e.g. Tr [aj.pt] , contain non-trivial statistical correlation terms leading
to a non-trivial steady state value; this is analogous to deep thermalisation which
is only detected by a higher moment of the density matrix along each quantum

trajectory [222].

3.3 Two qubits

To elucidate our motivation and results, we begin by presenting the simplest scenario
of the model: a 2-qubit system (c.f Eq.(3.2) with j € {1,2}). We use this system to
introduce quantifiers for entanglement and operator correlations, as well as proxies
for them, which will be used later in the extensive system. We are particularly
interested in the case of inefficient measurements in which the state is generically
non-pure, and entanglement quantifiers for pure states, like entanglement entropy,

are no longer applicable.

3.3.1 Entanglement and operator correlation measures

Concurrence — There are several proposed estimators of entanglement in an
overall mixed state; for two qubits, a natural choice is the Concurrence €, which
is a genuine entanglement monotone and remains valid for mixed states [223].
It is defined as follows: let p; be the instantaneous 2-qubits density matrix at
time ¢; define p; = 0¥ ® 0¥p;o? @ oY and and introduce the non-Hermitian matrix

pept- The associated Concurrence € is

(?zmax(O,\/)\_l—\/)\_g—\/)\—g)—\/)\_z;), (3.4)

where \; ...\, are the the eigenvalues of the matrix p;p; in descending order. € = 0
corresponds to no entanglement e.g. product states, while € = 1 represents maximal

entanglement e.g. Bell pairs.

Entanglement negativity — As € only applies to a 2-qubit system, other

entanglement monotones should be considered for later extension to a chain.
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A good candidate is the subsystem logarithmic negativity (an entanglement
monotone [224]), which can readily be applied to larger systems. The subsystem

logarithmic negativity is defined as:

ea = log|[p"]], (3.5)

where p’4 denotes the partial transposition of the density matrix p concerning region
A (transposing matrix element only for sites in A), and |[p?4]| = Tr [\/ pTa TpTA] is

the sum of the singular values of p’4.

subsystem parity variance — Operator correlations are quantities closely
related to entanglement [117], as detailed in Ch. , but they capture both classical
and quantum correlations in the system. We are interested in operator correlations
that signal a quantum Zeno regime in which the system is frozen in an eigenstate of
the measured observable.

There are several candidates to be considered. Here, we choose the half-system
parity variance, which quantifies how close a state is to a polarised spin up/down

state [135], 144|, 225]. It is defined as

L/2
Pyp = (][ o5)% (3.6)
j=1
and for a two qubits system, it is merely
Pyjy = Tr[o?p,]”. (3.7)

This measure serves as an indicator for the quantum Zeno effect: under frequent
measurements (spin-z in our model), spin excitations are localised, becoming closer
to a product state of spin-up/spin-down states. Therefore, a high half-system parity

variance indicates a quantum Zeno regime.

subsystem purity — For completeness, we also compute the half-system purity.

The half systems purity is defined as
pay2 =1Tr [P?/Q]» (3.8)
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where p; /5 is the reduced density matrix of one part of the system.
fi1/2 is related to the quantum Zeno effect in the following way: if spin excitation
is localised, the half-system reduced density matrix is highly pure with little

correlation with the rest of the system and vice versa.

3.3.2 Results — efficient measurements

We compute the entanglement monotones and operator correlation functions
introduced in Ch. for the two-site model by numerical simulation of Eq. ,
following the procedures in Ref. [226]. We set dt = min(0.05,0.05/X,0.05/T") across
all simulations, which guarantees that the continuous limit is reached (tests with
smaller time steps leave the results unaffected). For numerical convenience, we also

restrict the initial state to be of the form
|4) = «|00) + B|01) + ~+|10) + §|11), (3.9)

with «, 8,7, € R. This guarantees that the dynamics remain real at all times.

Before proceeding to the results, we shall discuss briefly some of the effects of
various contributions. In a 2-qubit system, H with j € {1,2} is the usual hopping
term coupling the two qubits. In the absence of any randomness, starting from an
initial state |¢)) = «|00) + B|01) 4+ v|10) + 6|11), the system displays periodicity in
entanglement reflecting the unitarity of HE| With the addition of white noises and
measurements, which do not commute with H, all three dynamics compete. Without
measurement, finite local white noises scramble information within the system,
suggesting a noise-strength independent entanglement in the long-time steady-state
dynamics. With the addition of measurement (which tends to localise information),
entanglement is expected to be suppressed as the measurement strength increases.
The ultimate fate of entanglement and correlations with the interplay of all three
dynamics depends non-trivially on their relative strength.

First, we present our main results for efficient measurement (pure state

In fact, the system is equivalent to a single qubit with oy rotation.
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dynamics) in Fig. 3.2l Panels (a) and (b) display the results of the average
concurrence C in the long-time steady-state as a function of the noise strength T,
for various measurement strength A\. Without measurement (A = 0), the average
concurrence in the long-time steady-state € converges to a value independent of the
noise strength, € = 0.5. This is a direct consequence of the information scrambling
by the local random unitary, which, in the steady state, leads to a flat probability
distribution over all the allowed states. As a result, the noise strength merely affects
how fast the information is scrambled (time required to saturate). At the same time,
the steady-state value is uniquely determined by the subspace of available states.

With the parametrization in Eq. (3.9)), the average concurrence is given by
G- / dSPlas — By = 0.5, (3.10)
Q

where € is the hyper-surface defined by o? + 8% + 7% + 6> = 1 (a 3-sphere).
P = 1/(27%) is the normalised constant probability distribution and dS the
infinitesimal surface element. With the inclusion of measurement, entanglement
is overall suppressed, displaying a trend of reduction with increasing measurement
strength A, as indicated in Fig[3.2|(a) (vertical slices) and (b). In particular, there
is a non-monotonic behaviour in € with increasing I', as a non-trivial result of
the interplay between noise and measurement. The initial increase of average
concurrence with I' for weak noise can be understood heuristically as an information
scrambling effect from the random local unitary. This scrambling competes with and
reduces the localising effect from measurement. This simple argument, however,
breaks down when the noise is increased further: C first reaches a maximum as
indicated by the blue dots, then decreases for larger I'. This is one of our first
findings: competing local noise and measurement can reduce entanglement for strong
noise, contrary to enhancement for weak noise. The reduction in entanglement
induced by measurement for strong noise can be reasoned as an effect of fast
fluctuations of local energy levels, which hinder the ability of Hy to entangle adjacent
spins.

This non-monotonic behaviour is observed in the half-system parity variance as
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3.3. Two qubits

Figure 3.2: Average entanglement and half-system parity variance in the steady state
of the two-qubit model (c.f Eq.(3:2)). (a): density plot of the average concurrence C over
an array of noise strengths I' and measurement rates A. A non-monotonic dependence
on the noise strength I' can be observed, as indicated by the color scheme. (b): horizontal
cuts along the density plot Fig. a) displaying the average € as a function of I" for various
A, see legend. The blue dots indicate the maximum of each curve. (c): average half system
parity m as a function of I' for various A. The blue dots indicate the minimum of each
curve, and for A = 1.15 (red) the minimum lies outside of the plot (estimated to be
['  20). (d): average half system purity ;5 as function of T' for various A. The curves

are monotonic in the noise strength I.
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well. In Fig. M(c), we observe from the half-system parity that there is an initial
decrease for small I', reaching a minimum (blue dots), followed by an increase for
larger I". The overall values of ?/2 in the presence of measurement are higher than
the noise-only scenario, revealing less correlation within the system and the dynamics
resembling a quantum Zeno regime. The non-monotonic behaviour in ?/2 indicates
various degrees of localised correlations, and it is qualitatively in agreement with
the behaviour observed in €: high C <+ low P, and vice versa. It is worth pointing
out that the location of the minimum in m does not match exactly the location of
the maximum in C. In both cases, the maximum/minimum of the non-monotonicity
shifts to a larger value of I' with increasing A as indicated by the blue dots. In
particular, the minimum of m shifts faster than the maximum of € (the minimum
for A = 1.15 lies outside of the plot in Fig. [3.2(c), estimated to be I' &~ 20 ).

In addition, for larger measurement strength A, the non-monotonic behaviours
in both € and ?/2 are less noticeable; for A = 1.15, the curve for ?/2 appears to
be monotonic in the range of I' shown, but further numerical simulation for larger
I' confirms its non-monotonicity. Whether the non-monotonic trend persists for
arbitrarily large A is not conclusive.

Interestingly, in Fig.|3.2(d), fi12 does not show any non-monotonic behaviour in
the set of A’s values presented here, but it is present for smaller \ as reported in
Ch. B.5] Although its overall increase with I' qualitatively agrees with the overall
trend observed in € and m, the disappearance of non-monotonicity for larger A
suggests that different indicators, may have quantitative differences in capturing
the features of Zeno dynamics. In the following, we will drop 7,2 and retain only
the half-system parity variance P/, that more closely matches the entanglement

dynamics.

3.3.3 Inefficient measurements

As presented above, for efficient measurements (pure state), both the entanglement

and correlations capture, to some extent, the same non-monotonic feature in the
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dynamics, indicating some correspondence between correlations and entanglement
in a similar fashion to equilibrium physics. In a many-body setting, this suggests that
a quantum Zeno regime, in which the dynamics stabilize a short-range correlated
state (local measurement operator eigenstate), is related to the low entanglement
area law in the system [227,|228]. However, as demonstrated below, this relationship

appears somewhat broken in inefficient measurements (mixed state).

In Figf3.3] we display the results of the concurrence and the half-system parity
variance for inefficient measurements. From the simulations of € (Fig. [3.3{(a)-(c)),
we observe that the entanglement in the system generally decreases with decreasing
efficiency of the measurements (lighter to darker blue). This is a direct consequence
of inefficient measurements that make the density matrix increasingly mixed and
closer to the fully mixed state as the inefficiency increases, diminishing entanglement
in the system. An important feature is observed here: for any measurement
strength, A, the non-monotonicity of € in I' disappears below a threshold efficiency
n*, which depends on A (disappearance of maxima indicated by black dots). We
interpret this as a new regime in which the density matrix is highly mixed, and the
scrambling from local random unitaries cannot out-compete entanglement loss from

local measurements.

However, the operator correlations in the system tell a different story. In
Fig[3.3(d)-(f), we display the results of the average half-system parity variance in
the steady state as a function of I'. Although the absolute values of P, are lower
for decreasing 7, non-monotonic behaviour is present across all finite efficiency 7.
This behaviour is different from that of the entanglement: the average concurrence €
becomes monotonically decreasing for larger n, whilst the average half-system parity
variance P; remains non-monotonic. This comparison shows that entanglement and
operator correlations may behave as two distinct system features. Therefore, it is
natural to ask whether the phase transition captured by operator correlations is the

same as that captured by entanglement. This will be the main theme of the next

section, Ch[3.4]
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Figure 3.3: Trajectories averaged concurrence € (top) and half-system parity Pyjy
(bottom) as a function of local white noise strength I', for given measurement strength
A with increasing values from left to right panels, and various measurement efficiencies
n. The values of 7, from dark blue to light cyan, are {0,0.2,0.4,0.6,0.8,1}. (a)-(c): the
black dots indicate the maximum for each curve. The maximum drifts to lower I' for
smaller 7. (d)-(f): the black dots indicate the minimum for each curve. The position of

the black dots is essentially independent of 7.
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3.4 Spin chain

We now extend our investigation to a chain of more than two qubits (c.f eq.(3.2)).
Given the qualitative differences of inefficiencies in entanglement and operator
correlations highlighted in the last section, we focus specifically on whether the
phase transitions (of a many-body system) indicated by the two separate measures
are equivalent. We employ the half system logarithmic entanglement negativity

labelled by €12 = €12 to quantify entanglement (c.f eq.(3.5)), and half system
L/2

2
parity variance labelled by P/, = Tr [H i ajpt} for operator correlations in the

spin chain dynamics (c.f Eq.(3.7)).
Note that although there exists a generalised many-body concurrence [229,
230], it only applies to pure states (efficient measurement), hence we employ the

entanglement negativity as a proper entanglement estimator.

3.4.1 Efficient measurement

From Ch[3.3.2] entanglement and operator correlations generally agree with each
other in capturing the same qualitative features for the case of two qubits for
efficient measurement. We expect this to hold here as well. This implies that as
the system’s entanglement changes from extensive-entanglement scaling to area-law
behaviour when A increases, ?/2 changes from system-size dependent to system-size
independent. The former indicates strong spin-spin correlations.

In Fig. |3.4] we display the scaling of €/, and ?/2 with respect to different
system sizes L, for various A at fixed I'. Fig. [3.4(a) shows a qualitative change in
entanglement scaling upon increasing measurement strength for a fixed I' = 0.1.
For small measurement strength A\ < 2.4, € is L dependent with extensive
entanglement scaling, as shown by the pale yellow line in Fig. [3.4(a); in contrast,
the darker brown lines in Fig. [3.4(a) show that &/, becomes L independent for
larger A > 2.4, suggesting an area-law phase. When the noise strength is increased,

the extensive entanglement phase sets on at increased values of A > 4 as shown
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Figure 3.4: Scaling of the averaged entanglement negativity €5 (panels a,b) and half
system parity (panels ¢,d) in the spin chain model under efficient continuous measurement
n = 1 for different values of the measurement strength. The results are shown for two
different values of noise strength, I' = 0.1 in panels (a) and (d), and I' = 0.2 in panels (b)
and (c). (e): estimated critical measurement strength A.i¢ as a function of " as estimated
from Py, (square marker/dashed line) and €5 (triangle marker/solid line). The two lines

are indistinguishable since they fully overlap.
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in Fig. 3.4(b): the A = 3 brown line is L-dependent in Fig [3.4(b), while it is L-
independent in Fig. [3.4(a). Although the system sizes are limited and finite size
effects are relevant, the results indicate noise strength-dependent MiPTs between
an area-law phase and an extensive entanglement scaling phase. With the caveat of
finite-size scaling, the latter appears to be a volume-law scaling phase. We also note
that our results imply a measurement-induced phase transition induced by local
unitary noise, which has recently been addressed in a different model [231].

Turning our attention to the results of half system parity in Fig. [3.4(c) and (b),
their L-scaling is qualitatively consistent with that of entanglement: whenever €,
indicates an area law phase entanglement, ?/2 is L independent [pale colour lines in
Fig. 3.4|(c)], whereas it decreases with larger L in the extensive entanglement phase
[dark colour lines Fig. [3.4fc) and all lines in Fig. [3.4[(b)] [135] [225].

We can identify a critical measurement strength, which separates the two distinct
phases from either the entanglement negativity or the half-system parity variance.
In the former, €5, it separates the extensive entanglement phase from the area-law
phase and in the latter, ?/2, it separates L-decreasing ?/2 from L-independent
Pyj5. We denote the respective critical measurement strengths by A.e and AP
Repeating the analysis in Fig. [3.4{a-d) for different values of I, we can estimate the
[-dependence of Az and A, 5. As shown in Fig(e), Ace and A p approximately

coincide with each other and increase monotonically for increasing I'.

3.4.2 Inefficient measurements

We now discuss our results for inefficient measurements. As observed from the simple
case of two qubits (c.f Eq. , correlations and entanglement under inefficient
measurements may display different behaviours. Therefore, we are interested in
the implications of this discrepancy on the measurement-induced entanglement
transition, comparing it with the transition indicated by correlations.

In Fig. [3.5(a)-(d), we report the results for the scaling of the average half-

system negativity €;/; and the average half-system parity variance P s, for inefficient
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measurements at given noise strength and inefficiency, for different measurement
strengths.  For high efficiency, » = 0.8, we observe that the behaviours of
entanglement and operator correlations remain qualitatively similar to the fully
efficient case, i.e. both m and €/, undergo a transition from long-range to
short-range upon increasing the measurement strength. As an example, this is
shown in Fig. [3.5 panel (a) and (c) for I' = 0.15. However, different from the fully
monitored case, the estimated critical measurement strength from the two indicators
is different, with A.e & 3.6 < A\, =~ 4.4. The critical points follow a dependence
on the noise strength similar to that observed in the fully efficient case, with the
critical measurement strength increasing with the noise strength, as shown in panel
(e). Notably the difference between .z and A, is also reduced at smaller noise

strength, and the two are no longer distinguishable at I' ~ 0.05.

The different behaviours of the entanglement negativity and the half-system
parity variance mirror the behaviours observed in the two-qubit system, in which
for n < n*, the non-monotonicity survives in half-system parity variance, but
not in the entanglement negativity. The discrepancy between the two is further
enhanced as we reduce the efficiency to n = 0.4 [panels (b) and (d)]. In fact,
Ac(€) appears at a much lower value and is no longer A dependent. This aligns
with the known effect that highly inefficient measurement tends to thermalise
the system with vanishing entanglement. This suggests a different kind of MiPT
controlled by inefficiencies, which generates mixedness and suppresses entanglement
differently from the localising effect of measurement [232]. Such transition to
vanishing entanglement due to inefficiency was also found in other models, and
in some cases, a critical inefficiency can be identified at which, below the critical
efficiency, the system is generally in the mixed phase [135] |136]. This transition to a
mixed phase can also be observed through the effect of noise. For small inefficiency;,
increasing I" still has the effect of favouring the extensive entanglement phase, which
increases A.¢ as shown in Fig. (e) (solid purple line). However, as the inefficiency

is increased further, this entanglement enhancing effect by noise is suppressed as
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Figure 3.5: Scaling of the averaged entanglement negativity €, (panels a,b) and
half system parity (panels c¢,d) in the spin chain model under inefficient continuous
measurement n < 1. The results are shown for two different values of noise strength
and inefficiencies, I' = 0.15 n = 0.8 in panels (a) and (c), and I' = 0.05 n = 0.4 in panels
(b) and (d). Legend of the lines appears at the top right corner. (e): estimated critical
measurement strength A.i; as a function of I' for A P (square marker/dashed line) and ¢
(triangle marker/solid line). The colour scheme indicates different values of inefficiency

with purple for n = 0.8 and yellow for n = 0.4.
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displayed in Fig. [3.5(e) (solid yellow line), where A.¢ is I-independent and possibly
equal to 0 for any finite measurement strength. The absence of this enhancement
by noise is in line with the discussion previously on entanglement suppression by
inefficiency /thermalisation in Ch. [3.3]

It is important to note that the results presented here so far are heavily affected
by finite-size effects. For example, the lightest green line in Fig. [3.5(a) appears to
bend down for larger L, and it is not certain from the results presented whether it
grows or saturates for larger L. While this implies that the critical points presented
in Fig. B.5{e) are far from their thermodynamic value, the main conclusion that A.e
and A, p differ from each other in inefficient measurement should remain valid, as it
is both demonstrated by the light brown lines in Fig. [3.5(b) and (d), and suggested
by previous results in Ch. [3.3.3]

Finally, I note that the case n = 0 is trivial: any finite A will induce trivial
dynamics since the measurement part of the master equation Eq. reduces down
to a Lindbladian, and the density matrix at long times is merely proportional to

identity.

3.5 Supplementary numerical simulations

In this chapter, we present more numerical results for entanglement negativity
and purity for completeness. We also report simulations using the quantum jump

equation, which shows identical average features.

Quantum jump —The procedure to simulate the quantum jump equation is
slightly different from the one used in the main text: we modify the measurement
operator o to a jump operator f; = 1/2(1+ ¢73) which is a projector. The quantum

jump equation can be derived using suitable Kraus operators, similar to Eq.(2.42):

K= VT —e|1X1] + [0Y0] . (3.11)
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3.6. Summary

Here € is a small number quantifying the strength of the measurement, and its
temporal scaling should be set as € ~ dt = vydt to derive the time continuum quantum
jump equation [27) [146]. Measurement inefficiency is incorporated as outlined in
Ch. R.1.4k given a true measurement result u, the probability of the detector’s
output being u is not unity (c.f. Eq(2.42)).

In Fig. we present the results for average concurrence squared €2 using
the quantum jump equation. Non-monotonicity is present for perfect measurement

(Fig.3.6(a)), and it disappears for sufficiently inefficient measurement (Fig. [3.6/a)).

Logarithmic negativity — In Fig. we display the results of half system
logarithmic negativity, obtained by simulating Eq.(3.2]). Non-monotonicity is also
present, which confirms that this is a general entanglement feature in this 2-qubit

system, irrespective of the monotone used for entanglement.

3.6 Summary

In this chapter, we have numerically investigated the effect of local unitary
noise in locally monitored systems. In a minimal 2-qubit setup, the interplay
of these competing dynamics produces an intriguing non-monotonic behaviour in
entanglement and operator correlations as a function of noise strength. This
unique feature associated with quantum trajectory dynamics is most visible at small
measurement strength, where the system displays higher entanglement/correlations
for intermediate noise strength. With increasing measurement strength, the
minimum/maximum of the non-monotonicity shifts to larger noise strength and
the non-monotonicity becomes less prominent.

Interestingly, upon the inclusion of measurement inefficiency, the 2-qubit system
signals non-trivial dynamics for the entanglement and operator correlations: en-
tanglement gradually becomes monotonic, whereas correlations, specifically the hal-

parity variance, remain non-monotonic for all finite measurement inefficiencies. This
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Figure 3.6: Average squared concurrence €2 as a function of noise strength and for
different values of the measurement strength for jump operator n; = 1/ 2(1+03),7 € {1,2}.

Results for two measurement inefficiencies are presented: (a) n =1 and (b) n = 0.57.
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Figure 3.7: Average half system logarithmic negativity € ; as a function of noise
strength for different values of the measurement strength, obtained by using identical time
evolution as in the main text (c.f Eq.). Results for two measurement inefficiencies
are presented: (a) n =1 and (b) n = 0.6. The presence (absence) of a blue dot indicates

whether a non-monotonic behaviour is present(absence), and its location corresponds to

the maximum.
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suggests a breakdown of the conventional correspondence between entanglement
and operator correlations present in equilibrium physics, and mixed dynamics
could host correlations, which behave differently from entanglement. This can
be heuristically understood because operator correlators generally capture both
quantum and classical correlations, which might be responsible for the breakdown.
Such behaviour was also hinted at in pure state unitary dynamics [233], where
entanglement entropy scales differently from higher order Rényi entropy.
Motivated by this observation in mixed state dynamics (inefficient measurement),
we study an extended spin 1/2 chain model and compute the system size scaling
of entanglement and half-parity variance. For efficient measurements, the scaling
of entanglement and operator correlations display the typical correspondence in
behaviour so that the short-range (area-law) entanglement phase coincides with
the short-range phase from operator correlations. For inefficient measurements,
however, the breakdown of the relation is visible: short-range entanglement no longer
corresponds to short-range correlations. The results suggest that entanglement and
operator correlations can generically differ from each other in mixed-state dynamics,

and the phase diagrams indicated by the two quantities are no longer equivalent.
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Chapter 4

Theory of free fermions under

partial post-selected monitoring

In the last chapter, we explored the effect of inefficiency (classical uncertainty) in
MiPT. Therein, the microscopic ancilla still picks up all the available measurement
results; we simply do not have access to all of them. This naturally leads to asking
what happens when a pure quantum-mechanical fault in the ancilla causes it to
only output a fraction of the results, i.e., only certain trajectories are selected. We
know from the background section that this can lead to non-Hermitian dynamics,
as discussed in Ch. 2.1.3] In this chapter, we analyse this problem further and
formulate a new theory interpolating between deterministic non-Hermitian dynamics

and stochastic measurement updates. This chapter is based on Ref. [234].

4.1 Overview

As mentioned many times throughout this chapter, MiPTs are fascinating phenom-
ena in open quantum systems. However, due to the nonlinearity of Eq. , MiPTs
are analytically demanding to analyse. To circumvent this, a common route to gain
insight into MiPTs is to investigate its corresponding post-selected dynamics [75|

146-158|, governed by a non-Hermitian Hamiltonian as pointed out in Ch. 2.1.3]
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Chapter 4. Theory of free fermions under partial post-selected monitoring

Figure 4.1: Schematic drawing of the phase diagram for the model in the inset under
partial post-selection. The parameter ¢ € [0, 1] controls the degree of partial post-selection,
with no post-selection for ( = 1 and complete post-selection for { = 0. The system displays
topological trivial (blue) and non-trivial (purple) entanglement area-law phases, as well as
critical log-scaling (orange) and log2-scaling (white) phases. The measurement-only phase
transition (at A = 0 on the J2 = 0 line) changes its universality class with the degree of
post-selection from the post-selected one (red dot) for ¢ < ¢* to the full monitored one
(cyan dot) for ¢ > ¢*. Inset: quantum circuit representation of the model consisting of
random unitary evolution (white) and competing sets of Majorana fermions’ bond-parity

measurements of strength v; = v(1+ A) (blue) and v_ = v(1 — A) (purple).

However, MiPTs in the post-selected limit of monitored dynamics exhibit key
differences compared to their monitored counterparts. These differences extend
from features of the phase diagram to the universality class of the transition [75]
. There have been some steps to incorporate sparse quantum jumps beyond
the post-selected limit , , or to explore numerically the full crossover 75|
; nonetheless, a theory that captures a systematic way to include a fraction of

trajectories and explains the change in MiPT's properties is generally lacking. This is
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the question we address in this chapter. We first summarise here our main findings.

First, we derive a partial-post-selected (PPS) stochastic Schrédinger equation
(SSE) — cf. Eq., with a continuous parameter & that controls the range of
detector’s outcomes that are retained. The PPS-SSE includes the fully monitored
and fully post-selected dynamics as limiting cases and is valid for a generic quantum
system with a continuously monitored Hermitian observable. Next, we apply our
analytic PPS approach to study the MiPT driven by non-commuting sets of local
parity measurements in a real free fermionic chain. In this model, the post-
selected dynamics feature an area-to-area topological MiPT driven by the competing
measurements, with a different critical exponent than its monitored analogue [75].
We use the PPS-SSE approach to calculate the conditional entanglement entropy
across the transition (see Ch. for details); this allows us to use a two-
replica limit to obtain an effective description of the out-of-equilibrium steady-
state phases in terms of an effective Hamiltonian—cf. Egs. . From
a renormalisation group (RG) flow analysis of the Hamiltonian, we find that the
universal properties of the post-selected MiPT persist when one moves away from
the post-selected limit by increasing the range of outcomes retained —cf. Ch. [£.7.1]
Fig. (4.4

Our calculation further shows that the Luttinger parameter of the effective
bosonised theory for strong partial post-selection diverges at a finite value of
partial post-selection strength, which may indicate a phase transition driven by
the stochasticity from quantum trajectories. This result is supported by numerical
calculations, which identify the non-monotonic behaviour of the critical exponent at

similar partial post-selection strength —cf. Fig. [4.6]

In the presence of unitary dynamics, the partial post-selected model features two
distinct area law phases separated by a sub-volume law phase. We find that the sub-

volume phase becomes increasingly stable upon moving away from the post-selected
limit, as shown in Fig. (also Ch. 1.7.2] Fig. [4.8).

The rest of the chapter is structured as follows. We develop the formalism of
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Chapter 4. Theory of free fermions under partial post-selected monitoring

partial post-selection in Ch. and extend it to the replica formalism in Ch. 4.3
Ch. presents the model of interest, with the corresponding effective 2-replica
description in Ch. and the effective theory for the strong-post-selection regime
in Ch. 1.6l The results are presented in Ch. [L.7] with a final discussion and
conclusions in Ch. 4.8

4.2 Partial post-selection

We consider the dynamics of a continuously monitored quantum system whose
evolution is described by the quantum state diffusion equation, a stochastic

Schrodinger equation (SSE)

dly) = —z’dtH—dt%;(@—@p)z+Zdwj( j—<()j>) e, (4.1)

J

where 1) is the system’s state at time ¢, Oj the set of observables being measured,
and H the system’s Hamiltonian. To lighten the notation, we shall drop the hat
above the measurement operator unless it is needed for clarity. Eq. is the
Ito formulation of stochastic dynamics with dW; uncorrelated Gaussian-distributed
stochastic increments with W = 7dtd;, where 7y is the inverse measurement
time at which typical stochastic realizations of the quantum trajectories are close to
the observable’s eigenvalue.

To develop the idea of partial post-selection, let’s begin with a brief re-
minder of the microscopic measurement model leading to the SSE, as detailed
in Ch. 2.1.2.1] We consider the measurement process described by a positively
valued measurement [27]. After coupling the detector to the system in a state |¢)y,
the process returns a readout z;, drawn from a probability distribution P(z;) =
(| Kj(x5)T Kj(x;)|¢r), and a conditional state update |1 a) = K;(x;)[0) [/ P(;).
The process is entirely dictated by the Kraus operators K;(z;). As outlined in
Ch. a 2-dimensional measurement operator O; = II; ; — 11, _ is coupled to

a one-dimensional pointer; as a reminder, we are restricting to a priori the set of
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4.2. Partial post-selection

Gaussian-preserving measurement operator, see Def. [2.1.2l The Kraus operator

follows from Eq., and for clarity, we repeat it here

Ki(zj,\) =4/G NI+ + 4/ Gz + NI (4.2)
and the probability P(z;) is

P(z;) = Gz = A(I4) + Gz + AL, -), (4.3)

where G(z) = 1/v2rA? exp(—2?/2A?) is a Gaussian distribution. The continuous
SSE in Eq.(4.1)) is recovered by setting A\?* = ~dt, dt — 0 with ~ finite. This
guarantees A < 1. In this limit,

Pla;) ~ L eXp(_(xj — X0, )

A2

1 (z; — AO;)?
Kj(l’j,/\) ~ mexp (—W) (44)

The probability distribution is schematically shown in Fig. Notably, in Eq/4.4]
A2 =dt — 0, A ~ O(dt®) in the continuum limit.
The scenario of multiple measurement events can be written down readily: if

there are L lots of measurement operators O;,j € [1...L], the final state after

measurements across all operators is

~

|Vtar) = H (5, A)[Y), (4.5)

where the results hold in the continuum limit dt — 0 to order O(dt), even if some of
the operators O; do not commute. As a side note, (4.2) can also be generalised to
measurement operators with arbitrary spectrum with the same procedure illustrated
in Ch. [27].

The process of post-selection amounts to choosing and retaining the quantum
trajectories that correspond to a unique set of predetermined detector readouts {x; },
while discarding the rest. We generalize this procedure to achieve partial post-

selection (PPS) by retaining all quantum trajectories that correspond to a finite
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Chapter 4. Theory of free fermions under partial post-selected monitoring

range of detector outcomes. A natural means to achieve PPS is to force some degree
of bias in the measurement outcome retaining the detector’s outcome only if they
are larger than a given, preset value, r.. This amounts to truncating the readout

probability distribution function P(x;) to a modified one,

(z;—X(0;)—8))2

P (zj) = P(;)0(x; —re) me 23497 = P(xy), (4.6)

c

where O(z) is the Heaviside step function.

In the last step in Eq., we have approximated the truncated distribution
by a Gaussian distribution whose mean and variance, parametrised by oA and o
respectively, are determined by demanding that they coincide with those of P, (),
as illustrated in Fig. . While the distribution P, and P are generically different,
we demand a proper scaling of r. with dt — 0, so that the two distributions coincide

in the continuum limit. This is achieved with the scaling

SA = bA = by/~dt, (4.7)

where b is kept constant in the limit dt — 0 (see Appendix . The relation
between r. and b is derived and discussed in Appendix and b captures the
discrete-time process r. in the time continuum limit, in analogy to v capturing
the discrete process A in continuous measurement backaction. On the other hand,
the correction in variance, d, can be safely ignored (Appendix . Importantly,
at leading order in dt, the functional dependence of r. on b is independent of
the system’s state, so that the continuum limit at constant b corresponds to an
operationally well-defined truncation of the probability P(z;).

We show explicitly via a two-sample Kolmogorov-Smirnov (KS2) test from a
numerical sampling of P,, and P [163], that the approximation by a Gaussian
distribution in the time continuum analysis becomes exact in the continuum limit.
The results are reported in figure , with the inset showing that the p-values (a
statistical measure of overlap) of the two distributions are increasing with small time

increments dt.
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Figure 4.2: Partial-post selection procedure in 1) The measurement outcome

Gaussian distribution (green) is truncated at x; = r., resulting in a new distribution

P..(z;) (shaded) with shifted mean A — A+ ) and shifted variance A2 — (A+6)2. P, is

approximated by a new Gaussian, P(z;) (blue), with mean A + 6\ and variance (A + §)2.

The approximation is valid in the continuum limit as shown in the inset. Inset: p-value

from a KS2 test for the two distributions P,, and P with various dt. The approximation

is exact in the continuum limit d¢ — 0 The parameters are set as (O;) = 0.2, r. = —0.5

and A = 0.3.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

The continuum limit of P(x;) in Eq.(4.6)), allows us to obtain a corresponding
PPS SSE. Specifically, we introduce a new random variable & = x;/A — \O;) —
b, mean({;) = 0, Var(¢;) = 1. When expressed in terms of &, the update of the

state by the Kraus operator in (4.5)) becomes

i —(04)=b)°

A2(0
[Verar) = %HKJ<IJ7>‘)‘wt> = NLQH6< ia?

where overall factors have been reabsorbed in the state-normalization N,. By setting
A = 1/2, \* = ~dt and noticing that the random variable &;v/vdt = dW; fulfils
dW;dW), = ~dt, the state update in Eq.(4.8) defines a Wiener process to order dt

—(0;)-b
+E5A ! A

>th>7 (4.8)

and we arrive at the modified partial-post selected stochastic Schrodinger equation
(PPS SSE)
B qdt
i) = —idtHl) — <523 (05— (00)) )+ (1 - dtz (05— (05 Iva)
j

£ 32 dW; (05— (0)) v, (4.9)

where dW;dW), = (dtd; . Going from Eq.(4.8)) to Eq.(4.9)), we use v+ by > 0 as an
overall energy scale which we then set to v+ by = 1, and introduced a dimensionless
parameter

v o1
y4+by 140D

controlling the degree of partial post-selection.

(=

€ [0,1], (4.10)

Eq. is the first main result of our work. It generalises the SSE for observables
of a 2-dimensional Hilbert space to account for a partial selection of trajectories
defined in an operationally meaningful procedure. From, Eq., we can identify
two limits: for ( = 1, we recover the standards SSE for monitored dynamics,
while for ( = 0 we are in the post-selected limit governed by a non-Hermitian
Hamiltonian Heg = H + idt ) y O]. It is worth noting that the above procedures
can be generalised readily to observables of a higher-dimensional Hilbert space, in

which one of the eigenvalues is biased.

IThe expectation value has been omitted as it is an operator independent term, which can be

absorbed into the normalisation.
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4.8. Measurement induced transition and replicated dynamics

4.3 Measurement induced transition and repli-

cated dynamics

As discussed in Ch. [2.4.2] the replica trick is a powerful tool for analysing random
dynamics. In this chapter, we take the replica limit n — 2 in Eq. and develop
an effective theory based on it. Although this is not the true replica limit and has
been shown to lead to non-exact results [80], we combine this with other analyses

to support our findings.

4.3.1 Conditional purity

The remainder of the chapter focuses on the analytical investigation of conditional
purity, one of the simplest non-linear physical indicators of MiPTs in the density
matrix. This quantity, which we denote by a double over line above, ﬁQ, A, Was
introduced in Ref. [219, 225] and is associated with the conditional 2-nd Rényi

entropy Sé,cznd) as

o _ g(cond)
Hi,A = "bA s
T k=2
Tr [GzA 2 ) ﬁi@i}}
Tr [Z () ﬁ?ﬂi}} k=2
(S P Bl \ Tl
Z{xt} P({x:})* Tr p3y

k=2

Here, pys is the reduced density matrix of the measurement devices (the ancillae)
and pa s is the reduced density of the subsystem A along with the ancillae. The

trajectory-averaging is now included in the trace operation, which is explained below.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

In the measurement outcome basis, pys and pa a are

pae = T [pas g ] [{a ) ()|

{ze}

parr = Y Tr[panr o]y o) ({m}], (4.12)
{z+}

where the trace Tr[...],, denotes the partial trace w.r.t. the measurement devices.
P {zy 18 the un-normalised density matrix of the measurement devices conditional
on the readouts {z;} (c.f. Eq.(2.75))). These expressions come from the fact that
along each trajectory {z;}, the density matrix of the ancillae is pure, and therefore,
it is simply |{x;}){{x;}| in the measurement basis with weighting P({z;}) =
Tr [ﬁM7{mt}]. Accounting for all trajectories, the density matrix is the sum of
all individual trajectory density matrices multiplied by their respective weighting.
Hence, the equality in the first line of Eq.. The second line follows from the fact
that the subsystem A reduced density matrix is separable from the ancillae density
matrix, as there is no operation introducing classical uncertainty between them.

Therefore, their joint density matrix along each trajectory must be (unnormalised)

PAM Az} = PAfz} @ PM fze) = PAfz @ {2 }) ({2},

with weighting P({z:}) = Tr[fas (2} ], and the equality follows after accounting for
all trajectories.

Eq.([4.11)) shows that Séfznd) is related to the 2-nd Rényi entropy of the extended
system (with the ancillae), albeit shifted by a normalisation factor. We note that the
conditional purity ﬁQ, A In Eq. differs from the subsystem purity averaged over
the measurement ensemble i 4, but is instead calculable as the n = 2-replica limit
of the latter, i.e. k,n =2 in Eq.. This amounts to averaging with a distorted
probability distribution, now given by P({z;})? as shown in Eq.(4.11). Nonetheless,
ﬁz A corresponds to a physically well-defined quantity and captures the non-linear
effect of monitoring, thus providing a valid figure of merit to identify the non-trivial

effects of PPS on measurement-induced dynamics [219] 225].
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Finally, we caution the reader that the conditional 2-nd Renyi entropy Séfznd),
may scale quantitatively differently from the entanglement entropy, as shown for
free fermions [80]. Hence the results of our theory cannot directly be extended to

partial-post selected Renyi entropies.

4.3.2 Replica dynamics in PPS

In the case of continuous measurements we are considering here, the equivalent
of Eq.(4.9) for the density matrix along the individual trajectory is given by the

stochastic differential equation

8tp=—z{ H+i(1-¢ Z — O |p=p|H-i(1-0)> 0;—(0y) }

Z{ [ >PH+ZdWJ{@—<@>,p}. (4.13)

Eq. contains non-linear state-dependent terms. This can be circumvented
using the replica trick by studying trajectory averages of the un-normalized density
matrix [80]. For the class of measurement operators relevant to our problem so that
0? x O (equivalently 0? I), the problem reduces to an average over random

non-Hermitian Gaussian noise. Explicitly, we can rewrite the quantum trajectories

average of an operator O in (2.76) as
M
/ o T 3000) O ) = Tr OBl ) (4.14)
(

=1
and the notation Eg|. .. ] indicates a Gaussian average over all random variables A,.
In the monitored dynamics, the Gaussian measure p(A;(f)) has mean centred at
E¢[A;(t)] = 0 and variance Eq[A;(t)A;(t')] = vd(t —t')d;+ in the time continuum.
The details of the derivation are summarised in Appendix where we follow
the notation of Ref. [80], making an explicit link to the Kraus operator introduced
in Eq.. The result is a random non-Hermitian Hamiltonian acting on the un-

normalised density matrix, see Eq.(B.12). The generalization to more than one set of
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Chapter 4. Theory of free fermions under partial post-selected monitoring

measurements is straightforward, and here we abuse the notation Eg[. . .] to denote
the Gaussian average over all random variables from all measurement processes,

each with its Gaussian measure.

This ‘non-Hermitian noise’ formalism can be applied to the post-selection
procedure in Ch. [£.2] which is formulated in terms of Gaussian distributed
measurement readouts. As shown in Eq., the overall effect of PPS is to shift
the centre of the Gaussian distribution of the measurement readouts by an amount
O\ = bA. When taking the continuum limit d¢ — 0, the averages of the stochastic
process in the PPS Schrodinger equation (4.9)) are equivalently described in the
‘non-Hermitian noise’ formalism by a Gaussian distribution with a shifted mean of

the measure 1 (A;(t)) (see Appendix for the detailed derivation). In particular

ES A = by =1—¢,

ES AL = Co(t — )05 + (1 — Q) (4.15)

where we adopt the convention in Eq.(4.10]). This procedure can be further extended
to deal with averages in the replica formalism. The fundamental object of interest
in the replica dynamics (cf. Eq.(2.76)) is E¢[p®"]. We will show in Ch. that

this will lead to an extra deterministic non-Hermitian term in the PPS dynamics.

As demonstrated in Appendix for the class of Gaussian-preserving mea-
surement operators O? o< O, the evolution of the unnormalized density matrix,

Eq.(4.14)), is governed by a time-dependent Hamiltonian of the form

H(t)=Hy+iY A;j()0;. (4.16)

Hy represents the unitary part of the evolution and the non-unitary update from

measurements is represented by the non-Hermitian contribution.

Under such mapping, the evolution of the un-normalised density matrix p(t), is
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given by Eq.(2.75)), which, in the time-continuous limit considered here reduces to

K(t) = exp [—i /Ot dt’H(t’)]

part) = K(Op(O)KT (1), par(t) = % (1.17)

and we label the trajectory by M (previously {z;}), representing the string of
random measurement outcomes in a single run of the experiment (see Appendix

for this time continuum process).

Operator-to-state —To proceed further, it is advantageous to employ the
standard Choi-Jamiotkowski isomorphism to map operators into states, which we
summarise in Appendix [235, 236]. In this formalism, we can express the n-
replicated density matrix (an operator in n-replicated Hilbert space) as a state in a
2n duplicated Hilbert space. The evolution operator then acts as a superoperator

on the duplicated Hilbert space.
RN Chosi ~Rn * n n
P =5 97 (1) = (K (1) @ K*(8) ™" [p°"(0))) (4.18)

where the object |...)) indicates that the state lives in the duplicated Hilbert space.
The details of the isomorphism and the derivation of Eq.(4.18) are summarised
in appendix [B.3] In this operator-to-state formalism, the trajectory-averaged n-

replicated un-normalised density matrix is given by

Ec[|p®(0)))] = 5™ (1) = Ea[(K () @ K*(1))*"][0™(0))), (4.19)

and we shorthand |p(™(t))) for the average un-normalised n-replicated density
matrix in the duplicated Hilbert space. In particular, under the Choi-Jamiotkowski

isomorphism, the trace operation in Eq.(2.76]) becomes a transition amplitude
lirr% Tr [O®k ® ]I®"’kEG[ﬁ®"(t)]] = lirq((@k\pv(") ()), (4.20)
n— n—

where the boundary bra in the duplicated Hilbert space is

00)) = (0D ® oD * 1)), (4.21)
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IT)) corresponds to the identity operator in the duplicated Hilbert space.
In the 2-replica analysis of interest, the relevant conditional 2nd Rényi entropy,

under operator-to-state mapping, is written as

o _= _ UCals®())
S TR e ) )

Eq.(4.20) shows that the averaged replicated dynamics is directly reflected by the
state [p(™(t))), and in particular, its steady-state properties. Thus, the identification
and characterization of MiPT is equivalent to the study of |5 (£))) in the steady-

state dynamics.

4.4 Monitored double-well

As a first application of the partial post-selected SSE introduced in Eq. , we
consider a toy model consisting of a single particle in a double well potential, in
which we monitor the occupation of one of the two sites. We model the system
as a two-level system spanned by |0,1) and |1,0), where the first (second) index
is the occupation of site 1 (2). The unitary dynamics is governed by a tunnelling
Hamiltonian H = —iJ|01)(10| + h.c. and we continuously monitor the difference
in the occupation number n_ = [01)(01| — |10)(10| [} Since the fermionic Hilbert
space is 2-dimensional, we can equivalently write the dynamics in terms of a single
spin 1/2 system. We identify |0,1) with |1) and |1,0) with |]), and the PPS SSE

describing the dynamics is

¢t

7(02 - <OZ>)2|wt> + dWi(o. — (02))[tr),

(4.23)

d[py) = —iJoydt + (1 = )di(0. — (02))[¢r) —

where dW;dWy = (0, vdt. In the absence of partial post-selection, the physics of the
model is that of the Zeno effect for continuously monitored systems [8, 237-242].

While for the average state, the long-time stationary state is independent of the

IThis is equivalent to continuously measuring |01)(01] and/or [10)(10| independently since the

two operators are not independent as a single particle occupies the system.
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4.4. Monitored double-well

measurement strength.it has been shown in different measurement models that the
post-selected dynamics and the probability distribution of steady states show distinct
features in the Zeno and non-Zeno regimes [8]. To capture the effect of partial post-
selection on these features beyond the average dynamics, we analyze the distorted
2-nd partial purity in Eq. for a single particle where the sub-region A consists

of a single site:

Tion = % (1 + W) . (4.24)

We can, therefore, use the formalism developed in Ch. [£.3] As pointed out
in Ch. |4.3.2] the non-linear dynamics at hand can be reformulated into a simpler
Gaussian averaging problem (o2 = I). Under the Weiner-to-non-Hermitian mapping,

the relevant Hamiltonian to our problem is
H(t) = Jo, +iMy(t)os, (4.25)

and M(t) is a Gaussian stochastic variable whose mean and variance are (cf
Eq.(19): EaMit)] = 1 — ¢ Ea[Mi()M ()] = Co(t — ) — (1 — ¢)°. The
Kraus operator governing the evolution of the density matrix follows directly from
Eq..

Utilising the operator-to-state mapping, we can compute ﬁz A via Eq. and
Eq. with n = 2, where the ket in the duplicated Hilbert space has dimension
16. The Gaussian average can be evaluated utilising a cumulant expansion up to the
second order (see later part of Appendix, resulting in the following deterministic

effective Hamiltonian in the 2-replica dynamics:

A(0) = |2 0))
2
Ha =Y [Jolr? +i(1 = o] +ic [ 3ol | (4.26)
o=+ o=%
a=1,2 a=1,2

The choice of the initial state is unimportant, and lim,_, [5®)(¢))) evolves to a state

with the largest imaginary eigenvalue.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

In this 2-site model, the Choi representation of the distorted 2-purity, which can

either be conditioned on site 1 or 2, is the boundary state

C2,a)) = [1111) + D). (4.27)

Eq. is written explicitly in the basis where the first entry is the first replica
ket-like Choi branch, the second entry is the first replica bra-like Choi branch, and
the remaining two entries are the duplicate elements in the second replica. Note that
this representation is only valid in the restricted Hilbert space of a single particle in
the double well.

From Egs. and , one can directly compute the matrix element in
Eq. . Note that, when diagonalizing H.g eigenstates of the eigenvalue with
the largest imaginary part, it would yield degenerate eigenvalues. The degeneracy
is due to the replica permutation and bra-ket exchange symmetries of Heg. Only
the eigenstates that are symmetric under the aforementioned symmetry operation
contribute to ﬁ2, - The results are reported in fig. 4.3

To discuss the results, consider the post-selected case ¢ = 0 (cf Eq.(4.10)). In this
case, we can alternatively solve Eq. by noting that, modulo an overall gauge
transformation, we can restrict to the states with real coefficients and parameterise it
by |t(t)) = cosO(t)|1)+sin 6(¢)|]). This parameterization is equivalent to restricting
to the x — z plane of the Bloch sphere, where the North (South) Pole corresponds
to |1) (|4)). Inserting this expression into Eq.(4.23), we obtain an equation for the
evolution of 0(t):

ill—i = J —sin26. (4.28)

For J < 1, the equation admits a steady state § = arcsin(.J)/2, which drifts from
the North pole to the equator with increasing J. Noting that, under the above
state parameterization, the half-system purity takes the form piy s = cos* 6 + sin® 6,
which can be directly computed from the steady state of Eq. . As a result,
the entanglement increases (decreasing purity) with increasing J until it reaches a

maximum at J = 1. We verified that Eq.(4.23) agrees with the results calculated
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ﬁ2,A 1
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Figure 4.3: The steady-state average distorted 2-nd purity, 7ip o as a function of the
inverse tunnelling strength in a double-well model for various degrees of partial post-
selection ¢. Lower (higher) fis o corresponds to more (less) entanglement. For ¢ > 0,
ﬁ2, A 1s non monotonous. Inset: location of the minimum of ﬁl A as a function of (.
The minimum, hence the non-monotonicity, disappears for a weak degree of partial post-

selection, i.e. large (.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

via Heg for ﬁ2, - This is expected as there is one trajectory, and the distortion in

Eq.(4.11)) becomes exact.
For J > 1, Eq. (4.28) does not admit a steady state solution, and |i(t))

revolves periodically around the Bloch sphere H For any finite ¢, however, a
stated state distribution of states exists for the stochastic dynamics, with a well-
defined trajectory-averaged ﬁQ, A- As we include more trajectories with ¢ > 0,
although ﬁZ, A Do longer represents the true subsystem purity, it still serves as an
entanglement measure, and it displays a minimum (i.e. maximum entanglement)
at intermediate J. With increasing (, the minimum shifts to larger J (orange
and green lines in Fig. |4.3)) and its absolute value increases. The increment
in the absolute value can be heuristically understood from the parameterization
[W(t)) = cosO(t)|1) + sinf(¢)[]), which, when inserted into Eq.(4.23), induces a 6
dependence in the Weiner increments with larger weights towards the North Pole.
Hence, the inclusion of more trajectories suppresses entanglement in this 2-site
model. It should be noted that this behaviour is not universal but specific to this

model.

4.5 Gaussian fermion model

We now apply the formalism of partial postselection to a specific model where the
MiPT has been predicted [80]. The model, sketched in Fig. [£.1] consists of a chain of
real Majorana fermions with unitary dynamics governed by random (Gaussian white
noise) nearest-neighbour hopping and continuous weak measurement of odd and even
bond parity. In the Weiner-to-non-Hermitian mapping introduced in Ch. (cf.

Appendix [B.2]), the dynamics of the model are governed by a non-Hermitian random

For ¢ = 0 and J > 1 one can define a distorted 2-purity averaged over a time period. Such

an average procedure would be immaterial if a steady-state solution exists.
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4.5.  Gaussian fermion model

Hamiltonian given by (see also Eq.(B.12|) and (4.25)))
L
H(t) = 37 [(0) + iy (1)] ixsen (4.29)
J

and L (even) is the length of the chain, which is always even. J;(¢) and M;(t) are

Gaussian random variables in space and time with
Ec[J;(t)] = 0, Eg[J;(t)J;(t')] = J*3(t = t')8;,5, (4.30)

and the properties of the non-Hermitian Gaussian noise M;(t) follow from Eq.(4.15)

to give

Eq[M;(t)] = (1 -1+ (—=1)A),
Eq[M;(t)M; ()] = C(1+ (=1)’ A)é(t — t')d;
+ (1 =021+ (—1YA) 1+ (—=1)'A), (4.31)

where the partial post-selection, controlled by 1 — (, determines the mean of
the Gaussian measure. We have further specified the measurement/PPS strength
dependence on the individual sites so that —1 < A < 1 describes dimerisation
in measurement/PPS strengths. This groups the measurement operators into two
non-commuting (and competing) sets: the odd and even bond parity measurements,
each with measurement strength (1 — A) and ((1 4+ A), respectively.

This model has been investigated in the monitored limit ( = 1 in Ref. [80].
It was predicted to undergo MiPTs between area and log?-scaling entanglement
entropy as a result of the competition between unitary dynamics and measurement.
The model’s measurement-only limit, J = 0, consisting of two sets of competing
measurements, coincides with the one investigated in Ref. [75]. This measurement-
only MiPT shows a peculiar dynamical critical exponent in the full monitored limit,
which differs from the projective counterpart (of a percolation universality class [108,

109] [}) and the fully-post-selected limit (of Ising universality class [75]).

INote that the percolation universality is specific of the model under consideration in the

monitored projective limit
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Chapter 4. Theory of free fermions under partial post-selected monitoring

Following the description in Ch. [£.3.2] we can rewrite the n-replicated un-
normalised density matrix (of n-replicated Majorana chains) as a state of 2n
replicated Majorana chains. The average dynamics of this state follow Eq.,
which, as shown in Ch. [£.4] leads to the study of an effective Hamiltonian.

4.5.1 Two-replica and effective spinful fermion model

Following Ch. [4.3] in the rest of the chapter, we will analyze the MiPT in the two-

replica averaged dynamics. The quantity of interest is now the 2-replica distorted

purity, Eq.(4.22)).
From Eq.(#.19) with n = 2, the evolution of |5®(¢))) becomes

P2(1) = Ea[(K (1) @ K*(1)*']1p™(0)))
= p@(0))). (4.32)

The effective Hamiltonian H, obtained by Gaussian averaging (see Appendix [B.3))

is given by
2 2
LS DIECH I b Dot
9 1,041 2 1,041
J s:Twl/ J S:T"L
a=1,2 a=1,2
=3 S s - )P, (4.33)
s=1,1 J
a=1,2

where insfjr)l — ix 9 is the parity operator of the pair of Majorana fermions x

and Xﬁf} in the replicated space, s =1 (4), | (—) labels the ket and bra space, and

(sa)
J

a = 1,2 labels the replica index. An important subtlety: the Majorana operators

appearing in Eq.(4.33)) do not follow the naive form
xi-m Zx;9Ix1x1,

and similarly for other replicas, bra and ket indices. Such an expression is ill-

defined: Majorana operators from different replicas commute with each other. To
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4.5.  Gaussian fermion model

safely ensure proper anti-commutation relation, a set of newly defined Majorana

operators {X§sa)/} are introduced, which differs from the original ones in (4.29) by a

Klein factor, i.e.

nga) = N(sa) nga) .

We have simply abused the notation by omitting the primes in Eq.. The

details are reported in Appendix which follows the convention in Ref. [80,

225|. The operator N(sa) is identically an additional ‘Pauli string’ across replicas

(depending on the index sa), counting the total parity associated and maintains
(sa)' (sa) (sa

bilinear products of the same replica index x; x;" = X; )X,(ja). With the newly-
defined Majorana fermions, the state |Cy 4)) in Eq. (4.22) admits the form [225]

(1) (2)

1Co.a))=Co A |I)) = eF ZseaXs™ |1y, (4.34)

See Appendix for more detail. Eq.(4.34) indicates that the computation of 7y 5
is associated with the parity of | fermionic degrees of freedom in A; this relation

becomes apparent when expressed in terms of complex fermions; see below.

From Eq.(4.32)), it can readily be seen that the average replica dynamics follow
an imaginary time evolution, and thus [ (t — o0))) is determined by the low

energy physics of H, in particular by its ground state and gap properties.

To determine the low energy structure of H in Eq., we note that
describes an interacting fermionic model with a global O(2) x O(2) symmetry. The
two O(2) symmetries are generated by the operators » . ixy)(? and » . ilexf,
and they correspond to rotation among n Majorana operators within the ket (s =7)
and bra (s =) sector. In the absence of PPS, ( = 1, the global symmetry is larger
with O(2) x O(2) x Zy, and is further enlarged for measurement-only or unitary-
only cases |80} [225]. The two O(2) symmetries indicate two conserved U(1) charges.

These in turn, can be interpreted as the conservation of fermion number of two
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Chapter 4. Theory of free fermions under partial post-selected monitoring

distinct fermions species given by [225]

(1) | ) (12

(PRY) i
() _ ;02
) — Y
d, = % (4.35)

and the two conserved U(1) charges appear explicitly as [E] c}jscj,s,f]-(] =
0, withs =1 or |.

Expressing the Hamiltonian in eq. in terms of these two fermion species,
we arrive, after some algebraic manipulation, at the following spinful fermion

Hamiltonian (detailed in appendix [B.5|)

1
Humk :Z —4(<] -+ J2> Z (C}’SCLS — §)><
J s=t{
1
(¢} s1,505415 = )

Hy =Y 4G = I (e iimg + ¢l aci0)%
j

CACTENE RN
Ho = — Z 2(1—¢) Z (chsejrns +hinicis)- (4.36)

J s=T,}

In the language of Eq.(4.35)), the operator (AE’Q’A in Eq.(4.34) admits a simple

expression as
Co.a|T))=e 5 ZiealSicii=a)|I)). (4.37)

Once again, the equivalent sign indicates that the operator representation is to be
understood only when acting on the state |I)). Hereafter, we also assume the region
A to be continuous for simplicity.

To address the ground-state properties and phases of H, we note that H is
number conserving in both spin-up and spin-down fermion species, and the long

wavelength (low energy) physics of (4.36) depends on the particle number, or, more
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4.6. Strong PPS and bosonisation

precisely, on the filling factor. The latter is determined by the initial state |I)), see
, which is in the half-filling sector, as shown in Appendix We therefore
analyse the half-filling ground state of J.

Before proceeding, and for completeness, it is worthwhile to discuss the
monitored limit ¢ = 1. H has an enlarged symmetry, since the total local parity

across all replicas, R; = Hi:l ixg @) Xgi ) is conserved. The Hamiltonian is invariant

under an extra global Zs; symmetry in the Choi space: xﬁ” — X§¢a) (this
generalises to n replica as well [80]). In this case, the Hamiltonian can be expressed

entirely as a function of local SO(4) generators written in Majorana operators,

SQ’B 5 [XJ ,Xj] : (4.38)

and the states |[)) and |Cya)) isolate the spin representation among different
irreducible representations [80]. In Appendix , we demonstrate an alternative
way to obtain the exact solution where a mapping to an integrable model can be
constructed via 2 different spin-1/2 operators analogous to the 7, % spin from the

Hubbard model [243]. In the monitored case, we show that Eq.(4.33) is equivalent

to

|

Z 5 (1+8(=1)%) [@+@ L+ O @N} +.,0:0%,, (4.39)
where § = ﬁ ey = jz—:/’] Eq.(4.39) corresponds to 2 decoupled X XZ

spin-1/2 chains and its exact solution can be computed via standard means [182].

4.6 Strong PPS and bosonisation

An analytical solution of the ground state of Eq. (4.36]) is not available. However,
in the strong partial-post-selected limit, 1 > ¢/(1 — (), J?/(1 — (), and half-filling
condition of interest here, the spectrum of excitation is approximately linear, and the

problem can be treated within the standard abelian bosonization procedure [182].
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Chapter 4. Theory of free fermions under partial post-selected monitoring

This amounts to linearising the fermion operator around the Fermi surface
Cis O €T Fighp (1;) 4 eFFTigy (1), (4.40)
and introducing the bosonic fields 6, and ¢, via
Pra(z) o @) dp (3) o e iox@ 0o, (4.41)

where v, /R,s(x) is the slowly varying part of left/right movers of the fermion [182],
see Ch2.2.1] The low energy properties of 3 are described by the linearised bosonic
Hamiltonian.

The full bosonization procedure for H is reported in appendix which leads

to the low energy effective Hamiltonian

Hoos = Y [ /u (V0.)* +—v¢e +Z/
295
+ /8111(\/_925,,) cos(fgzﬁa) (4.42)
(2ma)?
where ¢, = Mﬂm and ¢, = %;ﬁm are the charge and spin sectors fields. The
coupling constants and Luttinger parameters are given by

5 COS \/_ qbe)

u,K, = u,K, =vp =4(1-(),

U 32a.J?

K, T

Us 32a(

K, vr T’

9p = —9o = —16(¢ — J?)

g2 = 16aA((1 — )7 — (), (4.43)

where A is the dimerization, vr is the effective Fermi velocity in the non-interacting
case (e.g. from Hj in Eq. ), and a, the lattice constant, can be set to unity,
a = 1. We keep only the most relevant operator in deriving Eq. . In particular,
we discard highly irrelevant (in the RG sense) terms o cos (4¢T, ¢> originating from
the umklapp contributions in the Hamiltonian. We retain only the slow oscillating

term with O0-kr and 4-kr components around the filling factor kr = 7/2a.
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4.6. Strong PPS and bosonisation

The expected validity of the bosonization treatment in the strong post-selected
limit 1 > J2/(1 — ¢),¢{/(1 — () is confirmed by Eq. ([£.43). Indeed the charge
and spin Luttinger parameters K,, K, diverges at J?/(1 — () = J** = 7/8 and
¢/(1=¢) =¢"/(1 —(") = n/8 respectively. This also constrains other parameters
in Eq. so that the sign of g, is the same as A.

Although the divergence point (* is beyond the regime of applicability of
perturbation theory ¢ < 1, we expect that the physical picture it implies remains
qualitatively correct. Indeed, a similar scenario arises when analysing the X X 7-
spin 1/2 chain using bosonization[182]. For the X X Z chain, while the bosonization
analysis fails to capture the value of the phase boundary (calculated using Bethe-
ansatz), it does allow to characterize the properties of the different phases ﬂ On this
ground, the divergence of K, or K, hints at the onset of a phase boundary, though
we expect that the location of the phase boundaries to be generically different from
¢* and J*2. The indication of a phase boundary from bosonisation is confirmed by

numerical finite-size scaling results for measurement-only MiPTs reported in Ch. [4.7]

Within the bosonized theory in , the ground-state phases of Hy.s are
obtained by the RG flow of the parameters J? and ¢, which can be computed
within standard methods 182} 244, 245], noting that Eq. is the Hamiltonian
of a Sine-Gordon model [182]. Here we follow the procedures in [182, 245]
performing real space coarse-graining of the correlator of a pair of vertex operators
i.e.(exp[—iag(r1)] exp[—iag(r2)])s. The details of the calculation are reported in

Appendix B.7 In the analysis below, we will separate the no-dimerization case

For a XX Z-spin 1/2 chain in the absence of magnetic field, bosonisation (without Bethe-
ansatz) cannot capture the precise value of the phase boundary. Still, it distinguishes the XY
phase from the anti-ferromagnetic/ferromagnetic Ising phase [182]. Here, bosonisation indicates
a divergence of the Luttinger parameter at J./J,, = —m/4 > —1, leading to the conclusion of a
phase boundary separating the free Luttinger phase from a non-linear dispersing phase (in fact
w ~ k?%). While the location of the phase boundary predicted from bosonisation differs from the
known phase boundary at J./J,, = —1, the physics of the phase boundary from perturbation
theory is correct beyond its perturbative applicability.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

A = 0, from the general case. In the former, go = 0 identically (cf. Eq.(4.43))), so
that it cannot be simply obtained as a limit of the general case for A — 0. For
no-dimerization, A = 0, g, and g, flows separately, and the perturbative RG flow

up to second order in g. and K, gives

2K2
Ok, = —2<
alye = (2 - 2K5)y57
Ye = Je , E=0,p (4.44)
TUe

where [ is the logarithm of the RG time. In the most crude analysis in first order of
ge, the coupling for cos v/8¢, is irrelevant for the physically relevant scenario K, > 1.
However, accounting for the flow for K, can result in one of the modes being gapped
but not both simultaneously, as we numerically evaluate the RG flows.

For A > 0, the g, term is more relevant than the g. since the cosine of the former
is with higher frequency, so we can safely discard the cos<\/§¢) terms in Hyes. The
RG flow equations, in this case, are derived in Appendix following a standard

procedure, which leads to

BEY (1, Ky, V/2)

oK, =—
e 1672u> or ’
2K? I(py, K,, /2
alKa:_ 92 o (M ) P7\/_)’
1672u? 2
1
(9192 = (2 — §<KP + Kg)>gg, (445)

where

4 1 82K

I(p, K = do(———) = . 4.46
k)= [ ) (4.46)
The RG flow in Eqs. (4.46)4.44)) dictate the low energy physics of the model and are
used in the next section to characterize the properties of the MiPT in the partial-

post-selected model.
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4.6. Strong PPS and bosonisation

4.6.1 Conditional 2nd Rényi entropy

We are now able to determine the ground-state properties of the effective Hamil-
tonian in Eq. from the RG flows, Eq. and . As the ground state
properties determine the entanglement scaling, we expect the entanglement to scale
logarithmically in the critical phase and as an area law in the gapped phase. Below

we confirm these expectations by calculating Séfj;"d). The calculation involves the

action of Gy a on the state |I)) (cf Eq.(£.34) and (4.37)), which can be mapped to a
2-point vertex correlation.
Under bosonisation, the operator égyA becomes a pair of vertex operators

(excluding fast oscillating terms):
Coa = eiBGulE =L@, (4.47)

and the exponential of the conditional 2nd Renyi entropy (cf Eq.(4.11])) appears as

_ g(cond)
™A = ((Caalp® (t — 00)))

= i il () (@)~ (21)) ,—tH
Jim ((I[e"2 e~I))
~ <<GS|ei%(¢¢(xr)*¢¢(Il))|Gs>>
= ((GS|¢ 2zl (o) mdnle] Tiagglér ) mee (ol gy (4.48)

In the fourth line, we replace the boundary state ((I| by the ground state of 3,
which is equivalent up to a length independent constant, see Appendix

From Eq.(4.48), we can readily extract the scaling of Séii"d). If both sectors are
gapless, we have [182]

Ko+Kp

(cond) 16
e SR :( a ) , (4.49)
Ty — I
showing the logarithmic scaling of Séfznd). If both sectors are gapped (cosine

potential is relevant), the field ¢, and ¢, are locked in one of the minima of the
potential. Hence, the configuration of ¢ fields is fixed, and the vertex correlation

- d
becomes a constant, giving an arca law for S$°7""
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Chapter 4. Theory of free fermions under partial post-selected monitoring

If only one of the sectors is gapped and the Hamiltonian remains separable,
Séfj;"d) remains logarithmically scaling: while the gapped sector gives a constant
in the vertex correlation (4.48)), the gapless sector contributes a power law decay

leading to logarithmic scaling of Séfgnd).

4.7 Measurement-induced phases and their tran-
sitions

We are now in the position to analyse the Hamiltonians Eq. and , along
with the RG-flow equations Eq.({4.44] to characterize the steady-state phases
of partially post-selected dynamics of the Gaussian model in Eq.. We study
both the measurement-only dynamics (J = 0) and unitary-measurement-induced

phases (J? > 0), and we discuss them separately hereafter.

4.7.1 Measurement-only dynamics

In the absence of unitary dynamics, J = 0, the system is evolving entirely according
to two competing sets of measurements: the set of odd and the set of even bond
measurements. Notably, the J = 0 limit of the model coincides with the
measurement-only case studied in Refs. |75, |80] where monitored and post-selected
limits follow very different behaviours. In particular, finite-size scaling reveals that
the monitored system belongs to a different universality class from the fully post-

selected model [75].

Post-selected limit— The fully post-selected dynamics are obtained by setting
¢ = 0 in Eq.(4.33), and the physics is entirely dictated by A. The effective

Hamiltonian now reads:

H=— 3 s(1+ A1), (4.50)
s=1,] J

)
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Figure 4.4: Schematic phase diagram for the measurement-only dynamics determined
by the dimerization A. The arrows indicate the RG flow to the two distinct fixed points
A = +1 with a critical point (red dot) at A = 0. The plots show the RG flow of g,
from Eq. evaluated at different points (green and purple circles), indicating that the

interaction is relevant in both cases, and it leads to area law of phases.

Using the usual Jordan-Wigner transformation, the imaginary time evolution is,
therefore, equivalent to 2 decoupled 1D transverse field Ising models in either the
bra (s =|) or ket (s =1) space.

The critical properties of the post-selected dynamics fall in the Ising universality
class, and the critical exponent v that determines the divergence of the correlation
length £ ~ |A]7", is v = 1. Away from criticality for A > 0, the even parities
are measured more strongly, and this phase is characterised by a pair of entangled
Majorana fermions residing at the edges of a finite-length chain. This phase is
associated with a log, topological entanglement entropy per replicated chain in the
area-law phase.

On the other side A < 0, the odd parities measurements are stronger, and it
features all Majorana being measured in pairs. This, therefore, corresponds to a

topologically trivial phase with vanishing topological entanglement entropy.

Strong post-selection — When ( # 0, the system no longer follows the
deterministic dynamics from Eq.(4.50), but stochastic fluctuations inherent to the
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Chapter 4. Theory of free fermions under partial post-selected monitoring

measurement process enter the system dynamics. With the partial post-selection
introduced in Eq. , the parameter ¢ controls the amount of fluctuations (i.e. the
fraction of quantum trajectories) allowed in the system’s dynamics. We can analyse
the strong post-selected limit ( < 1 with the bosonized Hamiltonian . As
argued in Ch. [.6] the steady state of the system is governed by different equations
for A =0 and A # 0, so we address them separately.

For |A| > 0, using the flow in Eq., we observe that the cos operator
corresponding to the g, coupling is in general relevant for K, + K, < 4, which
we confirm by evaluating Eq. numerically. The results are shown in Fig.
for different values of (. The massive/gapped phase flow indicates an unbounded
growth in the coupling g», which does not change sign along the RG flow. When
reinterpreting the RG flowing parameters in terms of the original parameters of the
model &, ¢ and A via , this limit approaches the post-selected Hamiltonian
(¢ = 0). Indeed, Fig. shows that the RG flow for ¢ > 0 channels into the
post-selected RG flow ¢ = 0, for both Luttinger parameter K, and K, indicating
that the strong-PPS low-energy phase flows to the same as the post-selected phase.
This means that that the strong-PPS gapped phase at finite ¢ with A >0 (A < 0)
is continuously connected to the gapped phase ( = 0,A >0 (¢ = 0,A < 0) of the
post-selected model. The points |A| = 1 are the two only stable fixed points in
the measurement-only dynamics, as reported in the phase diagram in Fig. [1.4] We,
therefore, expect that the universal properties of the strong-partial post-selected
regime are inherited from Eq. , i.e. those of two uncorrelated copies of an

Ising model.

This is the first main prediction of our theory: The MiPT remains in the same
Ising-like university class for finite ( as long as the bosonized approximation for
the theory remains valid. Physically, this predicts the stability of the post-selected
MiPT universal feature against (weak) fluctuations induced by the measurement’s

stochasticity.

For A =0, J =0, Eq.(4.45)), together with the definition of Luttinger parameters
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Figure 4.5: RG flow of the dimerised measurement-only dynamics (4.45)) in the go — K,
plane (a) and go — K, plane (b) for A = 0.01 > 0 and different degree of partial post-
selection, ¢. Finite partial-post-selection flows (green and orange curves) channel into the

no-post-selection one (blue curve). For A < 0, the flow is reflected along the g, = 0 axis.

in Eq.7 implies that the g, = 0, and that the o- and p-modes decouple. The
RG-flow is then standard [182], with the p-mode flowing to a massive phase (g, —
o0), while the o-mode, following an expansion around K, — 1%, flows to g, — 0,
K, > 1. Correlations in the overall theory are thus dominated by the o-mode, which
is a Gaussian-free theory displaying free Luttinger liquid criticality. The scaling of
Séfj;"d) follows from Eq.(4.49) which implies a logarithmic scaling with a pre-factor
proportional to K,. We note that logarithmic scaling is observed numerically in
entanglement entropy, which indicates that the robustness of Ising universality, as

predicted by the analytics, applies to other entanglement measures.

From strong post-selection to monitored dynamics— In the post-selected
limit, (¢ = 0) the transition for the system’s entanglement entropy follows an Ising
universality similar to the conditional entropy. Our bosonized theory for the latter
predicts that the Ising-like transition persists when moving away from the post-
selected limit. Meanwhile, studies of the system entanglement entropy for the fully
monitored case (¢ = 1) show a measurement-only transition of a different nature [80]

with a critical exponent of v = 5/3 [75]. Although our bosonised theory cannot
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Chapter 4. Theory of free fermions under partial post-selected monitoring

access the full transition between the post-selected (¢ = 0) and the monitored ({ =
1) dynamics due to the divergence of the Luttinger parameter at (*(cf. Ch. ,
this divergence indicates a phase boundary separating the Ising-universality from a

different universality [182] (as discussed in Ch. [4.6).

To further characterize the transition between the post-selected and fully
monitored universality in other entanglement measures, we analyze the critical
exponent v : & ~ |A|7” of this measurement-only MiPT via numerical simulation
of the free fermion model for generic (. To efficiently extract the critical exponent
numerically, we employ techniques from free fermion simulation 72} [75] and perform
finite size scaling analysis of the topological entanglement entropy Sreg |75, |108,
114} 246, 247, as detailed in Appendix . The results are presented in Fig. M,
showing that v ~ 1 for strong PPS before deviating abruptly in a narrow range
around ( =~ (* and approaching v = 5/3 when ( &~ 1. Surprisingly, numerical
data shows that close to the transition, v ~ 2.3 > 5/3, before dropping back to
v = 5/3 for larger . The results suggest a consistent phase separation scenario
for the entanglement entropy MiPTs. Indeed, the stability of the Ising value of the
critical exponent v = 1 is similar to the region of validity of the bosonised theory,

suggesting a common mechanism underpins both phenomena.

Monitored limit, ( = 1 — The monitored limit is given by Eq. , which,
for the measurement-only case J = 0, reduces to an XX Z-Hamiltonian with a
dimerisation in the hopping term, also known as the spin-Peierls model |182]. This
model predicts a BKT transition at A = 0 [182]. This differs from the Ising
bosonized theory for the strong PPS. This difference is also consistent with the

model’s symmetry change in the two limits, as discussed in Sec [4.5.1}

Note that the BKT transition (hence the scaling of the distorted partial purity
or entanglement entropy) predicted by Eq. (4.39) does not capture the correct
universality class of the fully monitored dynamics. Indeed, in the limit { = 1,

it has been shown that the 2-replica model differs from the n — 1 limit for which
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' ' G
Figure 4.6: The critical exponent v of the measurement only phase transition as a
function of the degrees of PPS, (. The pink area marks the regime of validity of the
bosonized theory. The dashed horizontal lines mark the known critical exponent for the
post-selected model v =1 (red) and monitored dynamics v = 5/3 (blue). The fully post-
selected Ising critical exponent v = 1 is unchanged for a finite range of ¢ above ( = 0. The
abrupt deviation from v = 1 occurs in the proximity of the breakdown of the bosonized
theory at ¢ ~ (* = 0.28 (end of the shaded region). The fully monitored critical exponent
v = 5/3 is recovered for ( — 1. The large error bars for increasing ¢ are due to the large

fluctuation from the increasing trajectory-to-trajectory fluctuations in this regime. The

system sizes employed in the finite size scaling analysis are L = {32, 64, 96, 128,160, 192}.

the phase transition in the measurement-only limit is not known [80]. However,
since for strong PPS, the replicas completely decouple, the post-selected limit is
independent of the replica number. We expect that the stability of the post-selected

phase and its breakdown should be captured in the 2-replica case considered here.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

4.7.2 Partial post-selected monitoring with unitary dynam-
ics

No-dimerization case, A = 0— To analyze the effect of unitary dynamics on the
system, we start by considering the case where dimerization is absent, A = 0, J? >
0, > 0. In this case, the RG flow in Eq. keeps go = 0, the p-mode and
o-mode decouple as indicated by Hy,s and Eq. , and the Luttinger parameters
K,and K, in Eq. are both initially larger than unity. At the leading order, the
RG flow signals that Hy,s is gapless for K. > 1. Evaluating Eq.(4.44) numerically
reveals that one of the sectors is always massless. Given the decoupling between
the two sectors, tlgélo |p(t))) will evolve to a tensor product of two ground states
|GSs¢,) ® |GSg,). Thus, correlations w.r.t. Hpos are dominated by the gapless
sector ground state, which displays power-law decaying length-dependent, signalling
a critical scaling of entanglement. More precisely, Eq. directly signals a power
decaying dependence for the exponential of Séi‘;”d), contributed by the gapless sector
vertex-pair correlator. This translates to a logarithmically scaling Séfznd). Therefore,
we expect that the true entanglement entropy will be dominated by the critical sector
and will show a critical entanglement scaling.

This result differs from the predicted (logL)? in Ref. [80] for the fully monitored
case. The absence of (logL)? scaling in strong PPS where bosonisation remains valid

could be traced back to the breaking of local parity R; =[], ixg-ﬂ) nga)’ [R;, H] #
0, which prohibits one to express H solely as local SO(2N) generators. Consequently,
H is no longer described by the non-linear sigma model in [80] that gives the (logL)?
scaling.

To confirm a change from log L to (log L)? with increasing J? and increasing
¢, we numerically analyze the scaling of the entanglement entropy along the no-
dimerization line. The results are shown in Fig. [£.7, and here we denote Sy as
the half-cut entanglement entropy of a system size L. For weak unitary J? = 0.091

and strong PPS ¢ = 0.091 marked in full green circle, the trajectory averaged half-

cut entanglement entropy S follows a log, L dependence. This changes into a
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log, L

4 5) 6 7 8

Figure 4.7: Trajectory averaged entanglement entropy from numerical simulation at
zero dimerization A = 0. The plot shows the scaling of average half-cut entanglement
entropy So,, as a function of logy L (where L is the system size) for two degree of partial
post-selection, ¢ = 0.091 (full markers/solid lines) and ¢ = 0.33 (hollow markers/dashed
lines). Different colours correspond to different values of J? (divided by an implicit factor
v+ b = 1), which are 0.091(green), 0.27(orange) and 0.45(blue) for full markers/solid
lines, and 0.067(green), 0.2(orange) and 0.33(blue) for hollow markers/dashed lines. Lines
are best fit with a second-order polynomial. Inset: average half-cut entanglement entropy
difference EO, L= ?072 L — FO, 1, for different values of J? and ¢ as in the main plot. Here
So.1, follows a log, L dependence for small J? and ¢ (green full circles), changing into
a (logy L)? dependence upon increasing J2 (orange/blue markers) or upon increasing ¢

(hollow markers). Error bars are within the marker sizes.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

(log, L)? dependence upon increasing J? (orange full diamond/blue full square) or
upon increasing ¢ (dashed line, hollow green circle). For ¢ = 0.33 (dashed lines),
which is beyond the validity of our bosonized theory, all lines display a quadratic
dependence. To further distinguish the logL-scaling from the (logL)? one, we use
as an indicator the difference in half-cut entanglement entropy 0501 = Soor —
So.r [80] — cf. Fig. Inset. The two cases are then distinguished by a 85S¢ ~
logL vs 5?07 1 ~ const. dependence respectively (see Appendix . This analysis
demonstrates that increasing the degree of either unitary (J?) or non-unitary (¢)

stochasticity leads to a qualitative change from a log-scaling to a (log)?-scaling of

the half-cut entanglement entropy.

The change in the scaling behaviour happens approximately at the point where
bosonization is expected to break down (* and J*2. This is consistent with the
picture in the previous section, where the breakdown of bosonization at (* signals
a transition away from the university of the post-selected model towards the
universality of the monitored model, which is captured by the non-linear sigma

model in Ref. [80].

General monitored-unitary dynamics, A # 0 — For generic strong PPS case
with all |A] > 0, J? > 0, and ¢ > 0, ¢, is the main parameter which controls
the entanglement scaling. From a numerical solution of the RG flow Eq., we
see that for small initial values, g, either flows to irrelevant at large J? or grows
indefinitely for sufficiently small values of J?, (cf. Fig. . In the latter case, since
the g term is always more relevant than the g, and g, terms, the physics is entirely
governed by the g, term which opens a gap in the system leading to an area-law phase
(cf Eq.). When g, flows to zero at large J2, the g. coupling term of cos <\/§¢>
gaps at most one of the two sectors leaving at least one sector being gapless. This
phase remains critical, as in the case of A = 0, and it is continuously connected
to the A = 0 line. This suggests that there is a finite region of critical scaling

separating the log® L phase from the area-law, which is different to the monitored
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Figure 4.8: Schematic phase diagram obtained from the 2-replica approximation RG
flow Eq.. A critical unitary strength J. separating the gapped area-law scaling phase
(J% < J?) from the critical logarithmic phase (J2 > J?2) as reported for ( = 0.24 (green
dotted line) and ¢ = 0.27 (blue line). The left and right insets show the flow of go under RG
Eq. for ¢ = 0.24 and ¢ = 0.27 respectively evaluated at J? = 0.019 (blue),J? = 0.20

(orange), and J? = 0.38 (green), with A = 0.1 in all cases. The irrelevance of gs indicates

a critical logarithmic scaling entanglement.
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Chapter 4. Theory of free fermions under partial post-selected monitoring

limit where the two phases are separated by a singular critical line [80] (see fig.
for a schematic sketch). We note that this phase transition from the area-law phase

to the finite critical phase would be of BKT-universality [24§].

The overall result for the phase diagram from the 2-replica approximation is
schematically shown in Fig. For a fixed partial post-selection ¢ # 1, and
non-zero dimerization A # 0, we find critical values of J? beyond which |gs| is
irrelevant, corresponding to a critical-scaling phase. This phase expands when
retaining a larger subset of quantum trajectories (i.e. increasing (). The results
from the RG analysis of the 2-replica model are also confirmed by the numerical
evaluation of the entanglement entropy scaling in appendix [B.8| Fig. [B.5] This
expansion is understood as a result of the system exploring a larger region of the
Hilbert space as more trajectories are retained. This imposes fewer constraints on
the unitary dynamics in generating large-scale entanglement and is consistent with

similar numerical findings with deterministic unitary dynamics [75].

4.8 Summary

In this work, we have analysed the steady-state out-of-equilibrium phases of a
monitored many-body quantum system when only part of the measurement readouts
is retained (partial post-selection). We first developed a general equation for the
evolution of a quantum system under partial postselection of continuous Gaussian
measurements, named Partial-Post-Selected Stochastic Schrodinger Equation (PPS-
SSE) — cf. eq., in which a parameter continuously bridges between the fully
monitored and fully post-selected limits. Since the two limits are known to give rise
to MiPT of different universality classes, we have studied such crossover for a specific
model of free Gaussian real fermions with random unitary dynamics. We analyzed
the MiPT in a 2-replica approximation which captures the simplest non-linearity
in the system’s state. Within the approximation, we derive the MiPT in terms of

the low-energy long-wavelength properties of an associated bosonised Hamiltonian
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4.8. Summary

in a 2-replica-Choi-duplicated space in the limit of strong partial post-selection —
cf. Eq..

In the strong PPS limit, we predict that the model presents MiPT's from area laws
(with distinct quantum order) to a critical phase. We show that for strong yet finite
partial post-selection, the phase diagram displays the same universal features as the
post-selected model. In particular, without unitary dynamics, the transition reduces
to an Ising-like transition with a logarithmic critical scaling at the transition point.
The entangling phase displays a log scaling instead of log? in Ref. [80], with the only
quantitative changes given by the expansion of the phase with critical scaling upon
increasing the range of measurement outcomes retained — cf. Fig.[4.8] Notably, our
theory predictions are limited by the validity of the bosonization, which breaks down
at finite values of the partial post-selection, indicating a possible phase transition at
that point. Numerical results corroborate this finding by showing an abrupt change
in the universal scaling of the measurement-only transition at a similar value of

partial post-selection — cf. Fig. [4.6]
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Chapter 5

Entanglement in Non-Hermitian

Su—Schrieffer—-Heeger model

In this chapter, we explore the emergent non-Hermitian Hamiltonian from the post-
selected dynamics of continuous measurements. We analyse a free fermion model;
hence, the system is solvable. This chapter is based on unpublished results for a
manuscript in preparation. The work is in collaboration with Rafael Soares, Youenn

Le Gal and Marco Schiro from College de France.

5.1 Overview

In continuous measurements, the system constantly exchanges information with an
external observer. Although the update is random, we know from a physical ground
that quantum measurement favours the establishment of measurement eigenstates
in the dynamics. Therefore, one might wonder if a simplified deterministic model
can emerge from information-selection, describing these state-favouring dynamics:
perhaps some non-Hermitian Hamiltonians with non-real eigenvalues describing
amplification/damping? Indeed, in Ch. a specific measurement outcome post-
selecting scheme will lead to an emergent non-Hermitian Hamiltonian, whether it is

the ‘no-click’ trajectory in quantum jump or fixing z; to be some specific value. This
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has led to the use of non-Hermitian Hamiltonians as a proxy in the study of MiPTs,
taking advantage of the deterministic evolution |75, 146-158]. Nonetheless, non-
Hermitian Hamiltonians have been studied separately and extensively [249-251],

and has been shown to display rich phenomena 147, 252-262].

As a proxy to study MiPTs, non-Hermitian Hamiltonians also display entangle-
ment phase transitions [147, [252-256]. Most studies on this entanglement phase
transition place emphasis on the spectrum, and associate the phase transition
with the properties of the band [148]. Indeed, in Hermitian systems, this relation
generically holds, as discussed in Ch. Nevertheless, an associated question
arises: how does the initial state affect the entanglement and the transition?
Generally speaking, the entanglement phase transition is naively not expected to
depend substantially on the initial state as most information is encoded in the
spectrum. Indeed, in Hermitian physics, although entanglement scaling can depend
on the initial states [197] 263], the structure of the transition in the dynamics remains
unchanged, i.e. a phase transition into a gapped spectrum always leads to an area

law. However, does this still hold for a non-Hermitian Hamiltonian?

In this chapter, we analyse and report an initial-state-dependent entanglement
phase transition in a non-Hermitian Su—Schrieffer—-Heeger (SSH) model. Contrary
to generic non-Hermitian Hamiltonians, where the system ‘forgets” about the initial
state in the long-time dynamics due to amplification/dissipation isolating a subset
of eigenstates, the non-Hermitian SSH Hamiltonian here retains some information
in the long-time. This leads to a surprising, drastic change in the system’s
entanglement phase transition in the long-time steady dynamics, compared to the
findings in Ref. [148]. Notably, certain initial states lead to a critical scaling in
place of the original area law, significantly altering the entanglement/correlation

properties of the system.

The rest of the chapter is organised as follows. In Ch. 5.2] we introduce the
model, a non-Hermitian SSH chain. We first discuss the model’s properties and

spectrum, then briefly outline previous results in Ref. [148] on half-filling states
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Figure 5.1: A schematic drawing of the non-Hermitian Su-Schrieffer—Heeger model in
Eq.(5.1). The non-Hermiticity arises from the post-selection of the backaction from the

detector. The red and blue dots are the A and B fermions, forming a unit cell.

when the number of particles is half the total number of available states. In Ch. [5.3],
we analyse the model for non-half-filling states, first via numerical simulation, then
analytics based on Toeplitz matrices and the low-energy continuum field theory. We
present a generic phase diagram in Ch. for initial states that conserve particle
number. In Ch.[5.4] we summarise the analysis and findings.

5.2 The post-selected non-Hermitian SSH model

We consider a Su-Schrieffer-Heeger (SSH) chain

H =

= h h
(—J - 5)027]-637]‘ -+ (—J + §)CTBJ-CAJ+1 -+ h.C,

J=1

under the continuous measurements of CL, jCajand 1 —cg i¢B,j- A periodic boundary
condition applies, cp r+1 = cp1 for D = A or B, and we assume the lattice constant
to be unity. Since there is freedom to choose the energy scale, we set J = 1
from now on. First, we post-select the measurement outcomes according to the
discussion in Ch. either the no-click limit in quantum jump or fixing z; = 0
in the quantum state diffusion equation. Then, the post-selected dynamics evolve

according to Eq.(2.38) (with the minus sign), which in the present model is the

110



5.2.  The post-selected non-Hermitian SSH model

following non-Hermitian Hamiltonian

j=L

h
:Z{ cA]cB]+( 1+2)chcA]+1+hc}—|—wZ[ cAJc,LU—i—cBJcBJ .
=1 Jj= 1

(5.1)

Given a state 1), the evolution dictated by H is

e~ ]y)
=T}

and the usual Schrodinger equation now includes additional terms accounting for

() =

normalisation

dl) = —iHdt|y) - —dt< H)|¢). (5.2)

Utilising translational invariance of the unit cells (consisting of one A and one

B fermion), we perform the following unitary Fourier transform on the operators
cpj = % Z e*ep (5.3)
k
where k = {—m+2n/L,—7+2-27/L,...,7}. Inserting this into Eq., we obtain

—iy (=1+h/2)e * — (1 +h/2)

H=> c'Hc, Hy = .
k (=14 h/2)e?* — (1 +h/2) iy

and ¢ = (ca, cB,k)T. (5.4)

Hy, can be diagonalised, giving the following eigenvalue spectrum

Ey = i\/h2 — 72+ (4 — h?) 0082(2). (5.5)

E), can be classified in terms of parity-time(PT) symmetry; here, P stands for parity

operation and 7 stands for time-reversal
:PCD’ij = CD,L—j+1, TiT = —

For v < h, the spectrum is PT symmetric, and all the eigenvalues are real despite

H being non-Hermitian [249]. For v > h, although PT-symmetry is broken and
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J=1,h=1and y=0.5 J=1,h=1andy=1.5 J=1,h=1and y=2.5

— Im[E] RlE] | T~ _—

Figure 5.2: FEj the spectrum of H in Eq.(5.5). h = 1 and J = 1 are fixed across all
figures, and the values of v are v = 0.5 (a), v = 1.5 (b) and v = 2.5 (c). As 7 increases,
H goes from PT-symmetric (a), PT-mixed (b), and PT-absent (c) as indicated by the

real/imaginary (orange/blue lines) mode in the spectrum.

eigenvalues can become imaginary, we can separate the system into two distinct
phases: PJT-mixed phase where only some of the eigenvalues are imaginary and P7-
absent phase where all eigenvalues are imaginary. A graph displaying the spectrum
is shown in Fig. 5.2

An operator, O under the evolution of H, has the following equation of motion

d

7 (0) = W(H'O — OH) —i(H' — H) (0) . (5.6)

This implies that for a non-Hermitian Hamiltonian, the eigenvalue of an operator

can be only conserved in time if the initial state is an eigenstate of the operator

Olip(t = 0)) = oly(t = 0)),
which differs from the Hermitian counterpart [H,O] = 0. Defining the number

operator to be

_ it i _ .t T
Nk = Cy 1,CAk + Cp kCB k) nj = Cj jcaj+ Cp CB;, (5.7)

the system’s particle number is conserved (in time) if the initial state is an eigenstate

of ny Vk, an eigenstate of n; V]E|. This observation will become handy later on.

ndeed, the total particle number is Sy = >k k- This implies some initial states allow

different k-mode to couple, but the total particle number is still conserved (and vice versa).
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5.8.  Non-half-filling states

5.2.1 Entanglement scaling and transition at half-filling

The entanglement properties of the model in Eq.(5.1]) have been studied in Ref. [14§]

starting from an initial state

1 i
G8) = [T 410, dL = (el + /e ) (5.8)
k

where the product runs over all k. This state is translational invariant, is the ground
state of H(h = 0,y = 0), and is an eigenstate of ny; thus, the system is number-
conserving. The particle number is L/2, and the system is half-filling. We briefly

summarise the results of Ref. [148] here.

Under such dynamics, the system displays an entanglement phase transition
from volume to area law. The phase diagram is depicted in Fig. and one notices
that the entanglement phase transition differs from the PT-symmetry transition;
it is entirely dictated by the presence /absence of real energy modes. There is a
physical reasoning behind this: while the real modes correspond to infinite lifetime
quasiparticle excitation, quasiparticles of purely imaginary modes have a finite
lifetime. Thus, the real modes in the PT-mixed phase spreads entanglement without
bound, giving a volume law. On the other hand, when all modes are imaginary, all
quasiparticles have a finite lifetime, and entanglement cannot spread in the system,
giving an area law. This quasiparticle-lifetime-based argument extends to other
initial half-filling states that conserve particle number, e.g. Néel states or single
domain wall states, and numerical simulation has confirmed the validity of Fig.
for non-translationally invariant states (see Fig.[5.4]for domain wall state). It should
be noted that this quasiparticle-lifetime-based argument implies that the prefactor
of the volume law in the PT-mixed phase is y-dependent, as the number of real

modes depends on ; this is indeed the case as found in Ref [14§].
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PT -mixed

P T -mixed
PT -symmetric

Volume law

4 2 4

h

Figure 5.3: Phase diagram of H in Eq.(5.1)) for a number-conserving half-filling initial

state. The white (PT — symmetric) and light orange regions (PT — mixed) both have
volume law scaling, while the brown region has area law scaling. J = 1 is fixed as an

overall energy scale
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(a) v=0.5, translational invariant <b)1/ =0.25, translational invariant
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Figure 5.4: Steady state entanglement entropy scaling for different filling factor v and
different initial state structures. All the results are obtained via numerical simulation
using () R-decomposition. Note that for translational invariant initial states [(a) and ()],
solving Eq. numerically (the equation of motion for the 2-point correlator) yields
the same steady-state entanglement features as in the Q) R-decomposition simulation. The
legend on the left applies to all plots. Panel (a) and (b): Eq.(5.9) was used as the initial
state with half-filling v = 0.5 on the left and quarter-filling v = 0.25 on the right. Panel
(a) and (b) insets: zoomed-out plots to the main plots. The gradient of the light-blue-
green line (y = 2.5) is to be compared with 1/3 (orange line). (¢) and (d): similar to (a)
and (b), except that the initial state is a domain wall configuration. Note that due to the
increasing duration needed to reach a steady state for large-L (domain wall melting), the
system sizes displayed are smaller (z-axis). (c¢) and (d) insets: zoomed-out plots to the

main plots.
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5.3 Non-half-filling states

We now turn our attention to non-half-filling number-conserving states. Although
one might expect this entanglement phase transition to be qualitatively generic for
arbitrary states, due to number conservation, an intriguing phenomenon arises with
no known Hermitian counterpart. Without loss of generality, we set h = 1 and vary
~; this way, we can still access all three categories of the spectrum. Furthermore,
since there is a symmetry in the spectrum between hole and particle excitation, it is
enough to consider less than half-filling only as the physics of more than half-filling
readily follows from the symmetry.

For later convenience, we consider an extension of the translational invariant
state in Eq. as our non-half-filling initial state, We consider initial states of the
form

[wy="TI d'.l0). (5.9)

|k|<2vm

where 0 < v < 1/2 quantifies the filling of the system, with v = 1/2 the half-
filling and v = 0 for no particles. We numerically simulate the dynamics via Q)R-
decomposition [155] [in a similar fashion as reported in Appendix [B.8]. The long-
time steady-state results are shown in Fig|5.4{a), where we display the entanglement
scaling for various v for two different v < 1/2. A noticeable feature: the area law is
no longer present. This significantly changes the entanglement phase transition, and
the system displays a gapless critical feature. Anticipating an effective conformal
scaling in a finite periodic system (zero temperature), we compare the logarithmic

scaling of entanglement entropy with the following ansatz [204]

c L . [Ir
Slzglog<;sm(f)> + Ay,

where [ is the subsystem size. L is the length of the system, c is the (effective) central

chargeﬂ and A; is a non-universal length-independent constant. Upon extracting

In some non-Hermitian system, the central charge appearing does not correspond to any

universal underlying conformal field [155].
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from the numerics, it is found to be ¢ = 1, indicating a free Dirac fermion or free
boson field.

To demonstrate that the findings here are independent of the translational
invariance of the initial state, we consider another set of number-conserving non-
half-filling states: the domain wall configuration |1...100...). The results for these
states are shown in Fig.[5.4(b). The same changes of entanglement scaling and phase
transition in the steady-state can be seenﬂ: volume-to-area for half-filling v = 1/2,
and volume-to-log for less half-filling v < 1/2.

The initial state dependence found here is surprising since non-Hermitian
Hamiltonians generally lose memory of the initial states. Although translation
invariant initial states (Eq) conserve n; and may retain some information,
the initial state dependence in ng-non-conserving states contrast with one’s naive
expectation. In the following, we will show that this is a consequence of particle

number conservation.

5.3.1 2-point correlator function

To gain further insight into this initial-state-dependent entanglement transition,
we turn our attention to the 2-point correlator function. Since H is quadratic, it
preserves the Gaussianity of any Gaussian states; any quantities can be obtained
from the 2-point correlator function via Wick’s theorem. Specifically, utilising the

decoupling of k£ modes in Eq.(5.4), we consider the following correlation matrix

(chhwean) (chrcmr)

Gk — )
<C;3,kCA,k> <CTB,I<:CBJ€>

(5.10)

along with initial states of the form Eq.(5.9). This guarantees that ny is conserved
and Gy, is diagonal/decoupled in k (Gjp = G0k k) at all time.
The evolution of Gy follows from Eq.(5.6), and its solution is initial state

dependent. For unoccupied mode |k| > 2vm, Gisa,.(t = 0) = 0 gives a trivial

TAs a small note, the early time behaviour is different due to the melting of domain wall and

ny is not conserved
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solution

szg,m(t — OO) =0.

For occupied mode |k| < 2vm, G}, takes on the solution [14§]

e*/2 AL (1) (—Cy 1Dy,
Gi(t) = Gul(0) + 1 | By (t) Ai(t)(—Cy + 2JiDy,) |
Nk(t) —€7lk/2Ak(t)<Ck + QJZDk) —Bk<t)
(5.11)
where
1 1 eik/Q
Gr(0) = 5 a0 Ni(t) =1+ (1 + Cy)Ak(t),
Aty = L= Z| ;32(’“/ 2 (1 — cos(2Ept)), By(t) = 1= };ngk/ ) n(2E),
_ v — hsin(k/2) _ cos(k/2)
G = v+ hsin(k/2)’ " v+ hsin(k/2) (5.12)

To compute the entanglement entropy of a segment A of the chain (which can be

disconnected), first, back Fourier transform

T T
CAmCAn C4mCBn 1 ik(m—
Gm—n(t) _ < jr4, A > <TA, B > _ _Ze ik(m n)Gk(t), (5_13)
(CBmCan) (CBmCBA) K
to obtain the real space 2-point Correlatorﬂ. Next, define a new matrix named G“(t),
in which G“(t)’s block elements are given by G,,,(t) [m (n) as the row (column)
block index] and include only indices in region A. Diagonalise GA(t) to obtain the

set of eigenvalues {a,}, and finally, the entanglement entropy of A is given by the

formula [264, 265]
Sy = —Z [aplogap—l—(l—ap) log(l—ap)] . (5.14)
{Olp}
A quick numerical evaluation of Eq.(5.11) for the steady-state confirms that the

half-cut entanglement entropy Si/» undergoes an entanglement phase transition, as

Note that G only depends the distance m — n, as a result of translational invariance.
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5.8.  Non-half-filling states

reported previously, from volume-to-log for non-half-filling states. The results are

practically identical to the ones in Figl5.4[(a), as the QR-decomposition simulation
is merely a restatement of Eq.(5.11]).

5.3.1.1 Toeplitz matrix

Without loss of generality, we assume the segment to be continuous without a
cut A = [, and take the thermodynamic limit . — oo. To obtain an analytical
expression of the steady-state entanglement dynamics, we note that the relevant

matrix G'(¢) is a block Toeplitz [266], that is

Go(t) G_i(t) G_a(t)
Gt — Gi(t) Golt) G_i(t) | 15
Go(t) Gi(t)  Go(t)

where G, g € {—I,—l+1,...,1} is given in Eq.. Using this fact, we can
follow the procedures in Ref. [197, 267, 268] to obtain the steady-state entanglement
behaviour. First, let’s rewrite Eq. in a form where the matrix G4 appears
explicitly. This can be done by using a trick such that each term in the sum in
Eq. appears as a simple pole of a complex function, and the sum is replaced
by a complex contour integral. The result is

_ 1 + 49 ol
Sa= g5 MO ) g5 Indet GV, (5.16)

where

™

Gr(\) = My — Gi(t — 00); Gy(\) = Ao — Gy(t — o0) = 2i/ dke ™G (\)

—T

G'(\) = My — Gt — o0)

ply,z) =—(y+z)In(y+2) — 1+y—2)In(l +y — z), (5.17)
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and € is a contour that runs over a region of the complex plane covering all the
eigenvalues of él()\), see Fig. in Appendix . G(t — oo0) denotes the
stationary value of the 2-point correlator in the long-time dynamics (for oscillating
dynamics, it will be the average over one period). From this, we observe that Gj,(\)
is the generator of the Toeplitz matrix G'()\). We can now obtain analytically the
large-l behaviour by applying the generalised Szegd limit and the Fisher-Hartwig
conjecture [267, [269, 270].

First note that there is a jump discontinuity of Gy(t — oo0) at k = +2v7 and

hence Gi(\). Next, the Szegé limit and the Fisher-Hartwig conjecture state that

~ l 1 gl ~ _
Indet G (A) =~ - / dkIndet Gi(\ ZTr [log (NGt (V) 1]],
(5.18)
where the sum Zle is over the number of discontinuities, k; = —2vw and ko = 2v7,
and

corresponds to approaching the jump from the negative side, with similar notation
for k:;ﬂ Before proceeding, it is convenient to calculate and note down the
eigenvalues of Gi(t — o0), {ai(k),a_(k)}. For an unoccupied mode, the

eigenvalues are simply

For an occupied real mode Im[E(k)] = 0, and the eigenvalues are given by

1+
ax(k) = 20%7 oy = \/4xi(Cz+D2)—4Xka+1,
At — oo) 'y — h?sin®(k/2)

ISince all eigenvalues are real and in between the interval [0, 1], the convention is a ‘dumbbell’

between 0 and 1

2As a side note, for a half-filling state v = 1/2, since there is no discontinuity in Gj()\), the

second term proportional to log! diminishes. We recover the result in Ref. [148].
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5.8.  Non-half-filling states

where Cf, Dy and Ni(t) were defined in Eq.(5.12)). Although a complicated
expression, the eigenvalues are in between 0 < {ay(k),a—(k)} < 1 and are real.

For an occupied imaginary mode Re[E(k)] = 0,

Finally, following Eq.(5.16) and (5.18), the entanglement entropy admits the

following form
S; ~ a1l + aslogl, (5.20)

where

d
+ —
= ]{/ dMdk (0 )\)d)\ In det G (),

ay = 8;3 dA (07, A ddA ZTr{ln [GT(A)(GM(A))*H : (5.21)

The evaluation of the integrals for a; follows from the eigenvalues {a,,«_}, and the
details are reported in Appendix [C.I} The final result for a; is

a = % dk@(Ek)G(er k) [u (0%, oy (k) + 2 (0% a_(k:))] . (5.22)

which is similar to that in Ref. [148]. This confirms that any non-zero occupation
of the real modes contributes to a volume law a; > 0.

For a,, the evaluation of the contour integral requires some trick as reported
in Appendix . Using Eq. as the initial state, an informative form of ay is
summarised below. In particular, in the PT-mixed phase, as heavily depends on
the location of the cutoff wavenumber 2v7, and k*. k*, defined as Im[E(|k*|)] =
Re[E(|k*])] = 0, is the wavenumber separating the real and imaginary mode, i.e.
k* = 0 for the PT-broken phase. For the PT-symmetric phase, and the PT-mixed

phase with the cutoff in the real modes 2vw < k*, it follows

k: +2um

(5.23)
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and oy is given in Eq.(5.19)). For PT-absent phase, and PT-mixed phase with the

cutoff in the imaginary mode 2vm > k*

1 1 1—\ 1—\ 0 1— )\ A
0= Z /Od)\ln( S )m X +/Od/\ln< : )th

k=+2vm

1 [t 1—) 1—)\ 1
=— [ dxl 1 = —, 24
n( 3 )n 3 (5.24)

From this, the central charge in the PJT-absent phase and 2vm > k* PT-mixed
phase is analytically confirmed to be ¢ = 1 via a large asymptotic Toeplitz matrix
approach. This highly suggests the existence of an underlying conformal field theory

description, which we will explore now.

5.3.2 Field theoretical description

To begin with, we first alleviate our assumption of a translational invariant initial
state (cf Eq.), allowing consideration of a domain wall state. Then, n; is no
longer conserved, but the total particle number ; 1y is. The system now relaxes
into the least damped state: positive imaginary eigenvalues are filled first, with the
most positive ones prioritised. We keep v as the quantifier for filling, e.g. v < 1/2 for
less than half-filling. To elucidate this description, we first consider the PT-absent
phase, where all eigenenergies are imaginary. For v < 1/2, the negative imaginary
band is only filled in the interval m(1 — 2v) < |k| < m, with a shape cut in the
distribution of ny in the momentum space (see Fig[5.5(b)). Restricting to the ‘low-
energy limit’ by linearising the band around the cutoff wavenumber +kp = 7(1—2v),

we have the following effective Hamiltonian (assuming i < 2)[

k=oc0
H =~ —i|—2¢ — vp Z (rk — kF)cL’Uck,a = —i(Hy), (5.25)

k=—o00
r=-+4,—

IThere is an implicit transformation on H such that it is transformed to an anti-Hermitian

operator, with the left and right eigenket being adjoint to each other [271].
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a b
( ) PT-mixed, v=0.25 ( ) PT-absent, v=0.25
1.0 1.0
— =0.0 — =0.0
— =30.0 — =18.0
— =60.0 — 1=36.0
§0.5 — 1=1500.0 0.5 — 1=900.0
0.01 , 0.0
T 0 T P 5 0 T
k k

Figure 5.5: Distribution of (ng) in momentum space for a domain wall initial state
((ng)-non-conserving). In both figures, the system is at v = 0.25 quarter filling. Time is
measured in units of 1/J. (a): PT-mixed phase. The distribution is smooth, and a bump

is visible in the real k-modes. (b): PT-absent phase. The distribution has a sharp cutoff.

where

= \/72 —h?+ (h? —4) COSQ(]%F

2(4 — h?) cos (kg /2) sin(ky /2) -
2\/7 — h? + (h? — 4) cos?(2E)

Two species of fermions ¢ 4 and ¢, — are introduced for the two branches [left (-)

)>0

(5.26)

and right (4) movers|. Inserting this Hamiltonian into the time evolution, the ket
evolves as
() = e (t = 0)) m ey (t = 0)),

up to a normalisation (the tilde above). This is an imaginary time evolution of a
linear gapless Luttinger Hamiltonian H,, with its ground state describing a negative
sea of fermions filled up to kr. From bosonisation, we know this corresponds to a
(14+1)d free boson CFT, giving ¢ = 1 (it is also equivalent to a (1+1)d free Dirac
fermions CFT). Using techniques from Ref. , , , the entanglement entropy

is calculated to be

S = glogl, (5.27)
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which coincides with the findings in the Toeplitz matrix analysis. This, therefore,
shows that the system is gapless with linear dispersion and ¢ = 1.

The above argument readily extends to the PT-mixed phase. For v small enough
such that no real mode is occupied, and the positive imaginary modes are partially
filled (with a sharp cut in ny in the steady-state), Hy can be linearised in the same
way above, yielding a low energy gapless Hamiltonian similar to Eq.. Then,
the analysis proceeds likewise as above, yielding

1
Sy~ glogl,

i.e. logarithmic contribution for the imaginary part.

For PT-mixed and symmetric phase, a similar field theory argument has yet
to exist. Still, it is worth pointing out that the occupation distribution takes an
interesting form, as shown in Fig. (a). Instead of uniform distribution in the
imaginary mode, the real modes prefer the higher energy mode, displaying a peak

in the distribution as shown by the cyan line in Fig. [5.5(a).

5.3.3 Full phase diagram

To conclude the analysis, we present the entire phase diagram of the model under
number conservation in Fig.[5.6] On the right panel in Fig. [5.6[a), the phase diagram
is applicable only for translational invariant states of the form Eq.. These states
are unique in that they conserve ny, and the particle’s initial (quasi-)momentum
fixes the k-mode it can occupy. Furthermore, in Eq.7 we demand that the
addition/subtraction of particles (relative to the half-filling) starts at the edge of the
Brillouin zone; hence, the real modes are always occupied if present. As discussed
above, the volume law sustains whenever the real modes are filled. Therefore, the
transition away from volume law only happens when the spectrum is PJT-absent, as
indicated by a straight line at 7 = 2 (remember A = 1 is set). This entanglement
transition is generally a volume-to-log transition, except at v = 1/2, which is the

limit that the spectrum cannot be linearised. As studied in Ref. [148], the transition
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(nr)-NON-conserving

0
%.0 0.5 1.0 0.0 0.5 1.0
v

Figure 5.6: Phase diagrams in the filling space v for (nj)-conserving (left) and (ny)-
non-conserving initial states (right). The white regions are log-scaling phase, and the blue
regions are volume scaling phases. The red line represents the boundary between volume
law and non-volume law phases. Area law only exists at v = 0.5 (light-blue-green line).

(a): the (ng)-conserving initial state is of the form Eq.(5.9)). (b): the curve is obtained by
solving Eq.(5.28).

follows a volume-to-area transition instead.

For generic number-conserving initial states that do not conserve nyg, the exact
phase diagram is reported in Fig. b), and we discuss it below. Starting from
these states, the system relaxes to the least damped state given a fixed total
particle number. This state is characterised by the prioritised filling of the most
positive imaginary modes. Restricting to v < 1/2, the particles start occupying the
real modes if the total particle number exceeds the number of positive imaginary
modes. Should the real modes be occupied, they contribute a volume law scaling in
entanglement. Therefore, the entanglement transition is no longer independent of
v, and its dependence is given by the solution to the following equation (J = 1 is

fixed)
0="h*—9"+ (4 —h* cos*((1 —2v)m/2); (5.28)

in other words, when 2vm = 7 — k*, the imaginary modes start to under/over-fill

(k* is the wavenumber separating real and imaginary modes). This phase transition
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boundary is displayed by the red lines in Fig. |5.6(b) and agrees with numerics. As a
final note, the symmetry between v < 1/2 and v > 1/2 (particle and hole excitation)
appears explicitly in Fig. [5.6(b), and Eq.(5.28)) applies to v > 1/2.

5.4 Summary

In this chapter, we have analysed the steady-state phases of a post-selected
monitored SSH chain. The post-selection distils an emergent non-Hermitian SSH
Hamiltonian, which possesses a PT-symmetric phase, a PT-mixed phase and a PT-
absent phase. We extended the previous results in Ref [148] and analysed number-
conserving non-half-filling states. First, we numerically found that the volume-to-
area transition reported in half-filling states is fragile against any deviations from
half-filling. These deviations change the transition to volume-to-log, and a gapless
phase emerges. Next, with asymptotic Toeplitz matrix analysis, we confirm the
presence of a logarithmic scaling with a central charge ¢ = 1 when the imaginary
mode is under/over-filled. Hinted by this finding, we argue that an underlying free
boson CFT is responsible for the various observations. We show that the Toeplitz
matrix results can be equivalently obtained via a low-energy limit analysis, and
confirm an emergent CFT in this non-Hermitian model: linearising the Hamiltonian
yields a free boson field, which is responsible for the ¢ = 1 in the log-scaling.

As a final note, the interesting finding of the bump in (n;) displayed in
Fig. [p.5|(a) is reminiscent of a finite temperature Fermi-Dirac distribution. Indeed,
when imaginary modes are partially filled, a sharp cutoff in k-space occupation
appears, see Fig. [5.5(b), reproducing the signature of a zero temperature Fermi-
Dirac distribution. However, its implication in scenarios of partially filled real modes

remains unclear, leaving an open question of its underlying physical mechanism.
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Chapter 6

Conclusions and outlook

In this thesis, we analysed MiPTs in various scenarios with partial information
available to the observer, either via explicit trajectory selection or inefficient
measurement readouts. In the classical case of inefficient measurement readouts,
classical uncertainties arise, and the density matrix becomes mixed. We explored
this in Ch. [3| by numerically analysing a spin-1/2 spin chain under competing
Hamiltonians, local continuous measurement and local random white noise, and
computed various indicators of entanglement and operator correlation for MiPT.
We first examined a 2-qubit model that shows an inconsistent response in the
concurrence and half-system parity variance to inefficient measurements. Then, we
promote this to a spatially extended model, which leads to the findings of separate
entanglement and operator correlation MiPT. Our results there hint at a richer
scenario for MiPTs in mixed states than that depicted by the entanglement phase
transition alone. They further raise the question of the generality of the reported
discrepancy between the entanglement scaling and operator correlations. On the
one hand, the generality of the observed features beyond the model studied here
is an exciting aspect to address, especially for other models where a mixed state
transition has been identified [135]. This can be extended further and ask whether
the discrepancy can be associated with some classical correlation components in the

half-system parity variance, and whether non-classical correlations different from
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entanglement, like quantum discord, may play a role.

Seeing the intriguing findings in classical partial information, we move on and
investigate the effect of partial information via trajectory selection, in Ch. [d We
formulated this problem by exploring the interpolation between non-Hermitian
dynamics that arise from specific total trajectory selection and monitored dynamics
of a perfect detector. We first developed a microscopic model describing the quantum
process of partial post-selection (PPS), leading to a partially post-selected stochastic
Schrodinger equation (PPS-SSE) in the time continuum limit. Next, we employed
our PPS-SSE in a monitored free fermion model and show that the measurement-
only MiPT’s universality changes as a function of PPS strength. Notably, the
non-Hermitian universality is robust against finite stochasticity from measurement.
Finally, including a unitary component demonstrates the ability of PPS to alter the
monitored free fermion phase diagram. Our theory and its prediction there shed
new light on MiPT. First, the developed PPS-SSE is the first continuous stochastic
equation that offers a novel analytical approach to study the relation between the
critical phenomena observed in stochastic monitored dynamics and deterministic
non-Hermitian evolution, as well as a means to analyse the transition between the
two. It can be, therefore, employed to explore the role of multiple trajectories in
a variety of MiPTs. Moreover, the underlying microscopic derivation can also be
the basis for obtaining similar PPS for other measurement-induced dynamics, like

quantum jumps [146] 149, 152, |159].

Furthermore, employing our newly developed tool in the MiPT of a Gaussian
fermionic model reveals surprising physics: the post-selected measurement dynamics
are robust against weak fluctuations induced by measurements. This strongly
suggests that certain groups of trajectories behave identically to the post-selected
dynamics, and sheds new light on the open question of the role of trajectories in
MiPT. In particular, the behaviour of the critical exponent in trajectory selection
greatly suggests that different trajectories possess different exponents and criticality,

contributing different universal properties to the overall ensemble observed in MiPT.
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Even more, it is interesting to explore the generality of this finding in other
settings, such as projective measurements and random circuits, and the mechanism
underpinning the transition from post-selected dynamics to monitored dynamics
identified in this work. Finally, inspired by the feasibility of observing robust post-
selected MiPT's by retaining a fraction of quantum trajectories, it suggests a possible
alternative route to tackle the experimental post-selection problem by performing
tomography of the average state of a fraction of trajectories as opposed to tracking

the trajectory-by-trajectory entanglement entropy.

Motivated by the findings in Ch. [f] where non-Hermitian dynamics can emerge
from a post-selection scheme different to the usual ones in Ch. 2.1.3] and the
potential robustness and feasibility of observing post-selected dynamics MiPT, we
studied a corresponding post-selected model from a measurement protocol in Ch. [4
More specifically, we analysed a non-Hermitian SSH model with PT-symmetric, PT-
mixed and PT-absent band structure. We find the entanglement dynamics at half-
filling are not generic, and the system displays a different entanglement transition
away from half-filling. We studied the dynamics analytically via Toeplitz matrix
and a field theory approach. We argued from both results that an underlying
CFT is responsible for some of the behaviours, with evidence supporting this
argument. Our findings revealed subtle entanglement dynamics in a class of
non-Hermitian Hamiltonians, whose eigenvalues can be grouped into purely real
and purely imaginary in momentum space. The initial state has a surprisingly
important role in the quantitative behaviour of entanglement scaling across an
entanglement transition, with the appearance of gapless behaviour in place of gapped
behaviour; this contrasts with the common expectation that non-Hermitian systems
lose information about the initial state over time. With these enriched dynamics
and dependence on initial states, it is natural to question how ‘universal’ universal
behaviours are in non-Hermitian systems and how the remnant of initial state

information changes the dynamics.
Overall, the results in this thesis paint a rich scenario of MiPT dependence on the
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information available to an observer. In fact, the results hint at a family of MiPTs
signalled by entanglement and correlations from unitary to the Zeno limit, which
is controlled by the available information. On the other hand, different paradigms
of MiPTs appear when restricted to a subset of trajectories. Both scenarios are
relevant to experimental developments in the field, either by addressing objective
experimental limitations or pointing out a new experimental protocol. They further
open more theoretical means to explore the peculiar physics brought about by the

measurement-induced dynamics via the newly introduced techniques and ideas.
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Appendix A

Background appendices

A.1 Joint unitary in two-level ancilla protocol

In this appendix, we write down the explicit form of the joint unitaries that give the
stochastic Schrodinger equation in the main text in Ch. [2.1.2.2]
We start with the quantum diffusion equation. Consider the following joint

Hamiltonian of a two-level ancilla and a two-level system

1 |e S AN
H—a[r(rz)"s

where o¢ represents the o Pauli matrix acting on the system, and d for Pauli matrix

ol + H, (A1)

acting on the ancilla/detector. Hy is the system’s Hamiltonian, and there is no
restriction on it. € o« Vdt is a small number, and we have chosen the strength of
the system-detector Hamiltonian to scale as 1/dt, ensuring finite time continuum

contribution. The joint unitary evolution on the joint state |i)) can be trotterised

[W(t+ dt)) = M,_ge " "He|ah(2)), (A.2)

where we define

e e T\
M,_q = exp{ —i [503 — (5 — Z) osaz]

= (cos% — {0 sin %) (cos E — %} + ooy sin E — %1) . (A.3)



Appendiz A. Background appendices

Initialising the ancilla in the state |0), a projective measurement of o = |0)(0] —|1)(1]
on the ancilla after an infinitesimal time step can yield either + (1/2) or — (1/2)

as the measurement outcome. The backaction of each outcome is described by the

following Kraus operators

5 1[ ]
(0|M,_4|0) = K, = 5 cos% (sin% + cos %) + o’ sin% (Sin% — cos %) :
(0] M,_4]0) % 1| A n € ; €[ . € e\ |
sd|0) = K_=4/= |sin= [sin=+cos= ) —oZcos= |sin= —cos= ||,
4 272\ 2 2) T2\ 2 2

(A.4)

which is equivalent to Eq. (2.28)) up to O(e?). To proceed with multiple measurement
steps and produce the quantum state diffusion equation dynamics, one resets the
ancilla to the state |0) after each infinitesimal unitary-measurement step.

For the quantum jump, the joint unitary appears as

€

= 2_dt(0§ —1)oy,

(A.5)

and the procedure to derive the Kraus operators in Eq.({2.32)) follows as above by

setting € oc v/ dt and trotterise the evolution.
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Appendix B

Appendices for partial

post-selected free fermion

B.1 PPS, shifted GGaussian and their time contin-

uum limit

Here, we demonstrate how the time continuum is taken, giving A = bA. From

Eq.(4.6), the shift in mean 6\ of P, has the following 7. dependence

5 7<—rc+x<207;>>2
2A
oA = A\/i ¢ e (B.1)
T —Tc i

Since \ scales as A ~ v/dt, we ask what dt-dependence we need to assign to r. so
that 6\ ~ v/dt, which matches the scaling of A in the Kraus operator. In other

words, we are solving

6—(—x+a<éj>\/%)2

- = baVdt, (B.2)
1+ Erf |—z+ a(Oﬁx/@}

re(dt) val

where x = a0 4= Joa This choice of parameterising d\ ensures that r. depends

negligibly on (OJ> as dt — 0, which is advantageous from an experimental point of

view. The dependence of . on dt according to Eq.(B.2) is shown in Fig.[B.I|(a), and
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0.002 0004 0006 0008 0018

_ dt=0.01
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Figure B.1: (a): dependence of z, from Eq.(B.2), on dt, with b = 1 and (O;) =

0.1. It can be seen that r. ~ x approaches —oo in the time continuum limit d¢ — O.
(b): dependence of b, from Eq.(B.2), on 7. for various dt. As dt decreases, the same b

corresponds to a 7. in the more negative direction.
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B.2. Continuous measurement as non-Hermitian noises and PPS on Gaussian
average

. dt—0 . .
it can be seen that r. —— —oo. In the case of continuous measurement, ~y is the

parameter that captures measurement backaction in the limit A 220 0. Here, the
time continuous PPS parameter is b. Its relation with the discrete PPS parameter r,

is given by Eq.(B.2), which is shown in Fig. B.1|(b) for fixed dt. b is lower bounded
by b(r. = —00) = 0. Solving for Eq.(B.2)), we arrive at Eq.(4.7).

Under this scaling, the correction to the variance scales like § ~ v/dt. However
unlike the unmodified mean A which scales like A = \/vdt, under this parametrization
A = O(dt®) and hence we can safely set 6 — 0.

In addition to the two-sample Kolmogorov-Smirnov test on the probability
distribution in the main text, we have also verified numerically the shifted Gaussian
approximation by considering a 2-qubit toy model. The toy model is described by

the Hamiltonian H = o] 0, + 05 0y, and the 2 qubits are subject to measurement

operators (I + (—1)jaj)/2,j = 1,2. Firstly for fixed b in Eq., two separate
distributions of the steady state entanglement entropy is computed via 2 different
ways: 1. the update of the state by the measurement operators is given by Eq.
with the probability distribution P, (z;) given by the truncated Gaussian, 2. the
update of the state is computed via Eq.. Then, the 2 distributions are compared
using the Two-sample Kolmogorov-Smirnov test. This is repeated for different values
of At, the time increment used. The results are shown in Fig.

For completeness, we also display numerically the samplings from the truncated
and shifted Gaussian in Fig., together with the associated p-values calculated.

It displays statistical equivalence for dt = 0.001.

B.2 Continuous measurement as non-Hermitian

noises and PPS on Gaussian average

The procedure we are using here is an extension to [80]. We make an explicit link
to the discrete time description of continuous measurement in Eq.(4.2)), and extend

it to PPS. To begin with, we start from Eq.(4.2) and change some of the factors
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number of events

=truncated Gaussian P — value
=shifted Gaussian

Figure B.2: Histogram of the steady state entanglement entropy distribution for various
value of time increment in the numerics dt. Blue colour are data evolved using truncated
Gaussian distribution at r., red colour uses Eq.. The parameters used for this
histogram are b = 0.2,7 = 0.5 and dt = 0.01. The inset shows p-values calculated for
various dt using the Two-sample Kolmogorov-Smirnov test, revealing an upward trend for
decreasing dt implying more overlapping between the data. For the values of b and dt
considered in the histogram, the null hypothesis cannot be rejected and the 2 different

sets of data are statistically indistinguishable.
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average

(a)

number of z;
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Figure B.3: Histograms of the truncated Gaussian P, (z;) and shifted Gaussian P(z;)
in Eq.(4.6). (a): samplings drawn from the truncated Gaussian (blue) and the shifted
Gaussian (red) for dt = 0.05 and the null hypothesis is rejected at a significance level of
0.05. The p-value from KS2 sample test is 0.00. (b): similar to (a) but samples generated
with dt = 0.001. The p-value is 0.31 and the null hypothesis cannot be rejected, indicating
the distribution is statistically indistinguishable. The values of the parameters used here

are (O;) =1,b =1 and v = 0.5 and we used 5000 samplings of the distributions.
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slightly for later convenience:

A r — 200.)2
kj(xa A) = Njexp <—%> )

. 8 2 2O,z
k(@ )| = N exp (—&) exp ( ) ).

An initial normalised density matrix py is updated as

ba k@)
[ x, A\ pokT (x )\)} Tt o]

(B.3)

(B.4)

The average density matrix p across all measurement outcomes at a particular time

step is

- > [)ac,)\
a /_oo ] Y

= / dk;(z, )\)poif;(x, A)

o x? xAOj xAOj
N dz exp “oaz | P | TRz | PP | AT )

which implies

Rewriting
A?* = AP)\/6t,x = M;APand v = A\JA? = \*/A%6t,

Eq. becomes

N2 oodM Mot IM:O;6t) =1
j/_ j €Xp _27 exp( ]J>—,

[e.9]

and one can deduce that the Kraus operators are alternatively given by

k(M;) = exp (Mjéj5t) ,
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B.2. Continuous measurement as non-Hermitian noises and PPS on Gaussian

average
. . M?25t
normalised over the Gaussian measure dy(M;) oc dM; exp <— o )
o0 =t =
| ) ko) =1 (B.10)

Equation(B.10) describes a Gaussian random variable M; with mean Eg[M;] = 0
and variance Eq[M?] = ~/6t.

The readout of a continuous measurement is now represented by the variable
M;, and its backaction on the system is given by the Kraus operator in . To
generalise it to a time process, we first give M;(¢;) a time index ¢; = [§t. Then, an

initial density matrix py evolves from time to = 0 to ty =T = Not as
= =Tt
Py (T) = | | B(M;(t))p(0)k (M;(t)), (B.11)

where {M} labels the quantum trajectory, and with a slight abuse of notation, we

abbreviate it as M. In the time continuum limit, (B.11)) becomes
par = K (t)p(0) K (t),

K(t) = exp | —i /0 ' dt’H(t’)] — exp [—@' /O ' dt’iMj(t’)Oj], (B.12)

and Eq[M;(t)] = 0, Eq[M;(t)M;(t')] = vd(t — t'). From (B.12), we observe that
the overall effect of a continuous measurement generates a random non-Hermitian
Hamiltonian H(t) = iM;(t)O; in time. Generalisation to multiple measurements
j = 1...L and inclusion of another competing measurement set follows the same
line: each process is independent of the others. We arrive at in the main text.

In the case of PPS, we saw, in Appendix that PPS shifts the mean of the

random variable x by bA. We can interpret this as a shift in the mean of the measure.

Using the relationship Eq.(B.7))

PPS (LL' - b)\)z (M - b’Y)Q(St
du(M;) — dxexp <_T o dM; exp —JT ) (B.13)

we arrive at the final line where the mean of the Gaussian average is shifted Eq[M;] =

by = B, as required from PPS. The generalisation to include multiple continuous
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measurements and the system’s (random) unitary is straightforward, with different
measurements corresponding to different non-Hermitian noises and taking the time
continuum limit gives Eq.(4.17) (since noises from different measurements and
white noises are independent from each other, cross product between different noise

vanishes in time continuum limit).

B.3 operator-state correspondence and replica

majorana Hamiltonian

In this appendix and below, we distinguish the ket or bra space in the Choi—Jamiotkowski

isomorphism by ¢ = + instead of 1 and | as used in the main text.

The Choi—-Jamiotkowski isomorphism maps an operator to a duplicated Hilbert

space:
O =2 0ili)l %ZOLJ‘M@U) = [0). (B.14)

Under the Choi—-Jamiotkowski isomorphism, the trace operation between 2 operators

becomes a transition amplitude:
Chol (A|B), (B.15)

hence leading to, for example, Eq.(4.20). When dealing with a density matrix p, the

action of an operator on the density matrix becomes an action on the Choi state:

AP—ZAJ:OJkl k| ZAZJka| k) = A®]UP),
1,5,k 2,5,k
+ Choi T 2 Choi T
pA 25 1@ AT p), BpA =% B AT|p), (B.16)

and hence Eq.(4.18) is obtained. Writing out explicitly the average dynamics of the
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B.3. operator-state correspondence and replica majorana Hamiltonian

n-replica described by Eq.(4.19)):

EG V(K@) @ K*()7"p™(0))) =BG |exp (—z‘ /0 t Hn(t’)dt’) [P (0))),

where H,( Z Z )+ ioM;(t)] ix§0a)x§ﬂ) (B.17)

a:lA. n

o dlstmgulshes the ket /bra space, with a indexing the replica space: X(i 9 — [#20+lg
X; ® 192, Xj =[%% @ y; ® [¥2¢F1. Up to this point, the Majorana operator chm)
is not well defined as it anti-commutes within the same branch and replica, while
commuting with those in different branches or replicas. To resolve this, one should
first map the fermionic Hilbert space to a spin-1/2 Hilbert space and then define new
Majorana operators. The new operators differ from the one in Eq. by a Klein
factor, which is essentially a Pauli string in the replica space [80]. More precisely,

let us first define a Pauli string across a single replica (for simplicity, we implicitly

assume L to be a multiple of 4):

j=L
FOo =TT, (B.18)

which is equivalent to the total parity of replica ca. Then, the following anti-

commuting real fermionic operator can be constructed:

a'<a
X;(Ta) _ H [F(m/)F(J,a/)] X§Ta)7
a’'=1
a'<a
/(w H [F(m ¢a’)] F(Ta)X§¢G)7 (B.19)

with an additional Klein factor, N(sa) in the main text. It can be checked that these

newly defined Majorana operators anti-commute in the duplicated replica Hilbert

space i.e. {X;(U ), (o'a! } = 0;105.0/0a.- Moreover, bilinear products of the form

Xg(m) Xgial) is unchanged: x j‘m) X;ial) = X;(““) ;(j:f . To lighten the notation, we simply

(0a)

denote these proper replica Majorana operators as x; ', as we make no use of the

original ill-behaved Majorana operators.
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To evaluate Eq.(B.17)), we expand it using the cumulant expansion up to 2nd
order (e?) ~ exp[(A4) + 1/2({A?) — (A)?)] and note that Gaussian measure is now

centred at (1—¢;). With a slight abuse of notation, denoting the new anti-commuting

]( )—>XJ leadstoEq-forn_Q

Finally, the boundary state |Cya)), |I)) has the following properties with the

Majorana as x

Pauli matrices in the replica space aég ,a=x,y,za=1,2[80]:

a Chot
oMo =T L% () 5 D) = |m)),
(ta), (a
J ]

U|C2a)) = [C2a)), j ¢ A,

Chot . — .
<2>c~:2Aa )= Cya —>—zx<“xj D1Cya)) = |Caa)), j € A,

()G _ezA—>ZX

0@y a0l) = Con LU i TNV |Coa)) = [Coa)), J € A. (B.20)

B.4 Solution for the 2-replica monitored case

Recall that the effective Hamiltonian without PPS reads

Zﬁ Z XN = Z aix{ "X G2 (B.21)

a12 a12

One can write it entirely as local SO(4) generators defined using Majorana operators:

Saﬁ 5 [XJ ,X]] (B.22)

and for generic J?, v, only a subset of Eq.(B.22) commutes with H [80, 225]. An
important set of local symmetries, which will become clear, are associated with the
local on-site parity operators R; =[], iyt 4(=9) satisfying [IRj, ﬂ-(] = 0.

One can readily define the following spin-1/2 operators:

1

o= clo.c, (B.23)
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B.4. Solution for the 2-replica monitored case

where 0, ,o = 2,9, z are the usual Pauli matrices and ¢; = (¢;4,¢;,)". The other
spin-1/2 generators are associated with the 7 spin in the Hubbard model, generated

via the Shiba transformation [243, |273].

1
. Loy i it
=5 (Cmcm +¢165.0 — 1) LN = CaCh (B.24)

The two species of SU(2) generators Eq.(B.24]) stem from the fact that SO(4)=
[SU(2)xSU(2)]/Zs. The quotient by Zs comes from the criterion that

L
S+ =Y -5 ez (B.25)
J

J

and 77, %% can either be both integer or both half-integer (assuming L is even).
Recalling that the local parity operator R; = £1 commutes with J, and constructing
the projector II; = 1 (1 + R;) we observe that

Hence, the two different SU(2) X#, n* act on the R; = F1 sector respectively. The
choice of the initial state [p(0))) = |I)), R;|I)) = +1|I)) fixes the sector, and it should
match the boundary state local parity sector. To complete the proof that n* (and
hence ¥#) are spin-1/2 operators, we demonstrate that the total spin operator has

eigenvalue:
w2 4 pv? 4 2L —_é]I =S(1+9)| B.27

where S = 1/2.
The SO(4) generators in Eq.(B.22)) can be expressed in term of these two SU(2)

generators i.e. SF):(+2) = 2(¥% 4 %), Writing Eq.(B.21)) in terms of Eq.(B.24) and
Eq.(B.23), we arrive at (4.39) and the physics can readily be extracted via usual

means, i.e. Bethe Ansatz and bosonisation.
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B.5 effective spin Hamiltonian and bosonisation

details

As mentioned in the main text, there are two conserved charges | y fyj(-al)fyj(-ﬂ), HY,

which suggest the following two complex fermions:

(+1) | . (+2) (-1 _ . (=2
L R T
ijT = # s Cj,i = # <B28)
Written in terms of the complex fermions, it becomes [H,N,] = 0, N, =

> c}}acj#,, o =7,1. These two conserved U(1) charges will be the basis for
abelian bosonisation later. Inserting this relationship and introducing the unitary
T T

transformation ¢, — (i)jc;T, i, (—i)jc;i, the Majorana operators are

transformed as:

o (+1) (41 +2), (+2
—~i(7 )’Yg('+1) + )71(‘+1)> — _2<C;}ch+m * C;“’TCJ"T)’

. —1 —1 -2 -2
Z(’Y(' )'YJ('H) + ’Yg(‘ )”YJ('H)) - —2(0},¢Cj+1¢ + C}+1,¢cj,¢)' (B.29)

Inserting these into Eq.(4.33), we arrive at Eq.(4.36).
We now proceed to bosonise Eq.(4.36]) w.r.t. the basis o =1, . We first compute

terms corresponding to no dimerisation, i.e. O(A) terms. Hy, the kinetic part,

gives the usual free Luttinger liquid Hamiltonian with K = 1:

= 23 / (00,)° + (02652 (B.30)

.

With bosonisation, we can investigate the strong PPS limit where J2,v < B .
This is the limit at which the excitation is small compare to the Fermi energy and
bosonisation remains valid. As bosonising a lattice model will inevitably generate

term whose appearance depends directly on the filling fraction, the filling fraction
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B.5.  effective spin Hamiltonian and bosonisation details

is determined by utilising the properties in Eq.(B.20)). This gives

(i NP )

(I = XNy = o,
(Tl + i) (et = e;n)ID)
)

(|1 = 2! c;4)T)) = 0. (B.31)

Similar results are obtained for c;r.’ , and the boundary state |C2 a)). Therefore, this
specifies that we are dealing with half filling kr = 7/2 and terms that oscillate like
e*®rz should be kept.

The term H,,,; In Eq. becomes

1 1
Humi 0 ) (€} 05410+ €41,0€50) = =2 D (€00 = 5)(€]ar0C1010 = 5)
o=t o=t
J

—2a Z / (0t )? (273&)20054%, (B.32)

o=1.1

while H,, gives

H,, ocz ch+1¢+hc)( icJJru—l—hc)

J
~a [ |5
T

—a / VOV + i Grapesl2or — o)l -

2T

627,kFx ] e—Zik’FCL‘ )
quT—l— o 2ie~ 201 (@) _ 21?91 @ | x| 1]
yiye;

(Qfa)Qcos[z(m to)l (B33)

The cos4d¢p, term is highly irrelevant under RG compared to the cosines from
Eq. and therefore can be discarded without much concern.

We now move on to terms coming from dimerisation O(A'). This amounts to
looking for e?*7% components from bosonisation as (—1)/ = e?*7*. Bosonising H

gives the following term

16 A
2(1-¢ AZ ]anm—l—hc) al T Z/stqﬁn, (B.34)

n=".4
17=N
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which is highly relevant. H,,,; requires some attention, and bosonisation should be
treated carefully within fermion normal ordering : ¢ (z) gt (2') g == [27(z — 2')] -
c(z) pt(2)) g = — [QW(x — x’)} - [274]. In the end, this procedure gives H,,,; the

following term

1 1. —16a¢A
A S in = P antsnia = 5) = gragr 2 / sin 26, (x

77—7\%1/
(B.35)

and a less relevant operator (8x¢)25in2¢ have been discarded. For H,,, the 2kp

component gives terms Vorcos2¢) + Vo, cos2¢, which are irrelevant in the current

KﬁKC’ Since

model: By power counting, it can be seen that its dimension is 1 +
K,, K, > 1 from Eq.(4.43), this term is simply irrelevant in the current setting.

Inserting these results, and performing a unitary rotation to the charge and spin
¢’T+¢¢ by = ¢T ¢¢

degree of freedom ¢, = , we arrive at Eq.(4.42).

B.6 Boundary state |C2.4))

In this appendix, we discuss the state |C2a)) (the fundamental object in the

d)
computation of SQCZ”

) and its expression in various bases. Our discussion is an
extension to Ref. [225], which we contain here for self-consistency. For simplicity,
we assume the region A to be continuous.

To begin with, we note that |Cya)) belongs to the half-filling sector (cf
appendix , and there should exist some rotation between the two. More

precisely, consider the identity operator before the Choi—Jamiolkowski isomorphism.

In fermionic occupation basis, it can be expressed as:
1 oo
I= 9L/2 Z |71) (7, (B.36)

where 7, is a string of length L/2, consisting of either 0 or 1 i.e. {0 or 1}®£/2. |i})
can also be expressed as HJ =L f; )i |vac), where f; is a complex fermionic creation

operator at site j, which can readily be defined from the Majorana operator in the
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B.6. Boundary state |Ca,4))

model (cf Eq.(4.29)). In the duplicated 2-replica Hilbert space H ® H* @ H & H*,
the identity operator is mapped to a state |I)) which appears as:

D) = o 3 1)) © |7, )

71,72
1 Dy . o - N s
=5t Z H(f;ﬁ )) 1) H(fml)) 1) H(fT(ﬁ)) 2, H<fm2)) 25 |vac))
fi1,f2  J J J J
1 = = nij ni,j na, na._;
= oz 2 gl Jiaa]) Ty (0o (£ (1022 [vac)),
1,72 J
(B.37)
where
171l (1 1T2l (17,11 t(ca) Xéqg)l _|_Z.nga)
g(|7_i1|7 |ﬁ2|) — (—1) 5 (171 | = 1)+ (|7i2]— )7 and fj — % <B38)

g(|7i1], |712]) is a factor accounting for the transformation from the replica-local basis
(line 2) to site-local basis (line 3). Under the Choi-Jamiolkowski isomorphism

mapping, the operator Cy o (cf Eq.(2.78)) is mapped to

1 — — — — — —
Coa)) = oL Z |71)) 12,4, Ty ) @ [iT2)) |74, Tlox))
i1,7i2
1 — —
=3 > gl 1)) @) 11,5, m2.3)) @ [nam15)) @) [nma5)) @ [naj, mas))
17,782 JEA JEA
=[] €2sim), (B.39)
JEA

where 7; o denotes the string of 7, in region A (similarly for its compliment A).
Expressed in site-local basis, one observes that |C2a)) is merely a rotation on |I))

which can be implemented by a site-local operator

A 1
Cog = [ 4 0 100 4 5 (14 1L ull), (B.40)
where 11, =1 — 2 f; (oa) f;‘m). Utilising
1 et p(2 11,2
Z (C;j+l,¢c2j+l,i - 5) ZZ(ij( )f]( )+f} )ij( ),
1=0,1
2
+ 1 1

| D (o - 5) | =30+l —1, (B.41)

1=0,1
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and after some manipulation, we arrive at (cf Eq.(4.37))

R . T 1
Cy. = —i5 Xi—0,1 <C2j+z,¢c2j+l,¢*§>
2,5 € )

- T 1
HGQJ‘ = exp —l§ Z <cin’¢cm,¢ — 5) . <B42)

J m=my
In the last line, we denote the left (right) boundary of region A by m = m; (m = m,.).
Note that there are 2L c-fermions and L f-fermions. Eq.(B.42)) can readily be
bosonised by keeping only the slowest oscillating terms and note that we are at

half-filling (cf Eq.(B.31))). This leads to [182]

1
Cjn,ﬁm,i ~ = @1 (T) + po,

[[& =~ e {Z% (64(2) — du(a) |, (B.43)

and Eq.([4.48) follows. To justify the replacement of the state |I)) by the ground
state of 3, |GS)), we note that both the state |I)) and |GS)) belongs to the
half-filling sector and therefore their overlap is finite. The state |I)) is U(1)
symmetry breaking in both 1 and | sector [225]. This amounts to picking out a
0 field configuration in both sector in the bosonised language, while leaving the ¢
configuration unaffected. Since we are interested in the computation of the ¢ field
correlation, such replacement only amounts to an unimportant constant proportional

to the overlap ((I|GS)), which is subsystem size independent. This concludes the

prove of Eq.(4.48)).

B.7 RG flow for Sine-Gordon Hamiltonian

The procedure here is a real space renormalisation group procedure that follows
closely with Ref. [182, 245]. We will also demonstrate explicitly that the umklapp
term Hynyk in Eq.(4.36]) is way less relevant. The form of Sine-Gordon Hamiltonian
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B.7. RG flow for Sine-Gordon Hamiltonian

we encounter from Umklapp term and dimerisation has the following form

1 Uj 2g
H :i;Q% /dx u; K (0,0;)* + E(axﬁbi)? + @ra)? /dx cos(Beo1)cos(Bebo),

(B.44)

where K, u; are the Luttinger parameter and velocity of two different bosonic field
species ¢;,0;. [ is the frequency and it is /8 for the umklapp term while /2 for

dimerisaiton term. To begin with, consider the following correlation function
R(ri — 1) = <€ia\/§¢1(Tl)efia\/i¢>1(7“2)>H_ (B.45)

The average with respect to the free kinetic part of the Hamiltonian H, =

Yic125m | dr wiKi(0:0)° 4 - (0,:)? is

ia2v/2¢;(r1) ,—ia?v/2¢;(r2) _ —a?KiF i(ri—r2) ~, o a’K;
(e e YH, = € ~
° r —T2 ’
1 2% + (|| + «)?
([p(r1) — (r2)*)uy = KiFri(ry —12) , Fia(r) = Slog ( a|2| :

(B.46)

Since the Hamiltonian is separable in the kinetic part, averages w.r.t. to the free

kinetic Hamiltonian can be performed separably (f(¢1)9(#2))m, = (f(¢1)) Ho.1 (9(02)) Ho -

The full action reads

So,1+S50,2
S = Z 2W1Ki /d:vdTuli(arcb)? + u; (0,0) +(272r—i)2/dxd7 cos(B1)cos(Beps).

i=1,2

(B.47)

The 6 contributions have been integrated out as they merely contribute a constant
which cancels out in the expectation value. As u; # uo, there is an extra non-trivial

factor towards the end. If we expand in powers of g the first order is 0, and stopping
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at second order the partition function is
Z = / Dp1Dpoe>

= / Dy Depoe 01702 [1 -0

2

@ 2ra i=1,2 €1,e0==%
where d*r = dxdr is different from the conventional definition for now. Expanding
(B.45) in g and stopping at 2nd order, we have
g
(emﬁ%(”)e_mﬁ%(”))H

%€—a2K1F1,1(T1—T’2)+
V(0 N [ oo oons i aonn) i, (ra) i€ B (1) o —ican (1)
(o) [ [ e isrcsin [ 52 somrcosniny,, -

i=1,2 €1,e20==%
e—aQKlFl,l(m—rz)< H Z eie1ﬁ¢i(r/)e—iegﬂqﬁi(r’))HO]

i=1,2 €1,e2==%
2
:efaQKlFl,l(mfrg) 1 4 1 g /d27,/d27,//€—’822(K1F1,1(T”—T”)-{-KQFLQ(T’/—T”))
8 \ (2ma)?uy

e==+

7& 1 ﬁ . .
where y = u;7. Due to the factor e~z K1F1("=r") (%) 2, which is a power law,

small " — 7" contributes the most. Introducing the following:

R:r’—}-r”’ r=r"—r"
2
1 1
Tl—r’:rl—R—§r, rl—r"zrl—R+§r. (B.50)

We can expand in r

2 :Q%Kle[lﬁ"l,l(rl—r')—Fl,l(rl—r”)—l—Fl,l(rg—'r”)—FLl(rg—r')] _1

e=+

222
%a’zﬁ K12 Z Tiij (Fl,l(rl - R) — F171(7“2 — R)) . <B51)

L,j=x,y
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The integral is only non-zero for i = j (i # j odd function) and [ d*ra? = [ d*ry® =
i d2r§. With integration by part, Eq.(B.49)) becomes

2
_ efa2K1F1,1(T1*T2) 1— i 9 /d27’d2R e_i;(KlFlal(r)+K2F1’2(T)>
16 \ (2ma)?uy

XCLQBQK%T2 [F1,1(7‘1 — R) - FLl(TQ — R)] (V?X + V%/) [Fl,l(rl - R) — FLl(Tg — R)} .
(B.52)

Since Fy,1(r) ~ log(Z) for 7 > a, we can use the following identity
(VX + Vi) log(R) = 2m8(R), (B.53)

and fdQR [F171(7"1 — R) — Flvl(rg — RH (v%( + V%) |:F171(’r'1 — R) — FLl(TQ — R)] =

—AnFy 1 (1 —12). F11(0) = 0 with regularisation. As a reminder,

Vo (] +a)?

«

Fi(r) = log ~ log

(67

x? + (2 yl)? [r 1+ 610032(9)]
= log :
o

(B.54)

2
where <ﬂ> = 1+ ¢ and # is the angle between the temporal and spatial

ul

variables. The above behaviour for F} o approximately holds true provided € > —1
(regularisation can be appropriately ignored). Eq.(B.45) is thus

AP Kin ?
R e
1

g2 _
R(ry —ry) ~e™® K1Fya(r1—r2)
4 2o

/ d27,,€/822(KlFl,l(T)*i’KQFl’Q(r))TQ]
r>o

_ €—a2K1F1,1(T1—7’2)

(12B2K12 92 [ee) 5 ™ o g2
_ N5 (Ki+K2)
1+ F171<T1 7“2) o 327_[_20{4,“% /a r’dr /ﬂ- do (r) 2

X ()
1+ €1cos6

— e—(IQKlFLl(Tl—’r’Q)

1+ Fii(ry —re)

2
52K} 31 (e1, Ko, B) /oo o) T ERDE g
32 27 0 \r al’

(B.55)
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where § = L (e, Ky, ) = ffﬂd@(m)ﬁp. The bracket can be re-

TUL

exponentialised, giving

Kiepp(a) = Ky — .

g()?B2K? I(e1, Ky, ) /00 (a)i(mwg)s 0

327m2u? 27 o (B-56)

If we change the cutoff &« = o/ + da and re-parametrise o = age!, K .s; and g has
to change accordingly giving the renormalisation group flow shown below. The flow
for Ky can be worked out with the same procedure but replacing ¢; — ¢- in the

correlator (ef@*V20i(r)e=ia®V26i(r2)y ;= All in all, we have

9252[(12 [(617K275)

oK, =—
T T 3o 2
2B2K2 I(e0, K
0Ky — Y B : (€2, 175)’
32m2us 27
52
dg=12- Z(Kl + K3) |9, (B.57)
where €, = —y—. With this, we can immediately tell the Umklapp term B =18

is simply less relevant, while for dimerisation 3 = v/2 is highly relevant.
The RG flow for usual Sine-Gordon Hamiltonian of the form H = 5= [ dx uK(0,0)*+
2£(0,0)* + (23*‘;)2 [ dx cos(B¢) can be worked out similarly and the extra factor

I(€1, Ko, 8) reduces to 1.

B.8 Details about numerics

The procedures for our numerics employed follow the steps described in Ref. [72],
which is an extension of Ref. [72] to the generic particle non-conserving case. Across
all simulations, the length of the associated complex fermion chain is set to a
multiple of 4, and we employ an open boundary condition to compute a meaningful
topological entanglement entropy. The discrete-time parameter 6t has been chosen
to be 0.05, and the number of trajectories for each set of parameters is typically

above 600.
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To simulate the PPS dynamics, we employ Eq.(4.9), assuming inhomogeneous

~

measurement strength, and since the measurement operators O;’s square to I, it

reduces to
1 A A A
i) = ¢ (=it = 0,05 + 1 - )0y
+ Ym0y, (B.58

where N is some normalisation, dW;dW; = (;dtd; j is the Weiner process and we
have absorbed any operator independent term into the normalisation. One can

exponentialise this expression giving

1 . A A A
[Vtar) = N, exp [ —iHdt — dtZ’YjOj<Oj> + dtz B;0;
j J

J

+ Y a0yl (B.59)

As H is a white noise with homogeneous strength, and shares the same set of

operators Oj with the measurements, this is further modified to
1 . . A
[Vivar) = N, &P [ —1 Z O;d&; — dt Z 7;0;(0;)
J J
+dty B0+ dwjoj} |4hy), (B.60)
J J

where d&;d€; = J?0; ydt, d§;dW] =0 is another Weiner process. In the case of
deterministic unitary, one can trotterise the update into the measurement and

unitary evolution separately

|¢t+6t> — e*iHéteftst Zj WjOj <éj>+5t Zj Bjéj+zj 5Wjéj |1/}t>7

where 0t is the discrete time interval and 6W;’s are random variables with mean 0
and variance vdt. In the lowest order of error, it is merely [H ot, 6WjOAj} ~ O(6t3/2)
which vanishes as 0t is reduced. Eq., however, includes the white noises as
a unitary update, and the lowest order of error becomes O(dt). The error does not

vanish in the time continuum limit. Therefore, the safest route is not to trotterise the
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update into the measurement and unitary evolution, and instead should retain them
in a single exponential. We numerically checked that trotterising the measurement
and unitary evolution resulted in a different simulation outcome than keeping them
in a single exponential.
To simulate the Majorana chain, we implement the calculation in the Bogoliubov
de Gennes (BdG) formalism, by first identifying 1 species of complex fermion to
T

rewrite the chain: cj = (x2;-1 + ix2;)/2. The operators of interest, which are the

odd and even bond parity, become the on-site and cross-site parity:

ixoj—1X2j = (1 — 20;[03')’

iX2jX2j1 = (ch — ;) (cl ) + e). (B.61)

As the model including the measurement is Gaussian preserving, starting from a
Gaussian state, the evolution will remain in the space of Gaussian states. For a

generic Gaussian state, one can express it as [72) 265]

n=L

) = [ TT D Vituek + Ui e 10), (B.62)

n=1 k,n

where V and U are L x L matrices which form a 2L x 2L orthonormal matrix

u ve
W = , (B.63)

vV U
and implies UTU + VIV = LUTV + VIU = 0. Any Gaussian state is fully
characterised by the set of all two point correlators; All two point correlation can

be calculated from directly from V and U as

Ci i = <C;-FC]‘> = V*VT,

),

Fij = {(cicj) = V*UT. (B.64)

Therefore, it is enough to evolve the matrices U and V' alone. To achieve this, the

white noise and measurement are written in the basis of complex fermion shown in
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Eq.(B.61]), giving 2 separate non-commuting sets of white noise and measurement.

In the BAG formalism, each set of noise/measurement is represented by a matrix:

Z(l — 2C}Cj) = QTMQj_lg,
J

Z(Cj - Cj)(c;rurl + i) = My, (B.65)
J
where ¢ = (CL C;, e ,CTL, c1,--.,cr)’, and the matrices are
My 1 = 2l pxp,
—A Bt
ng =
B A

A = diag(1,1) + diag(1,—1), B = —diag(1,1) + diag(1,—1).  (B.66)

diag(1,+£1) indicate 1 along the £1 off diagonal. Dimerisation implemented in the
original Majorana chain corresponds to grouping the measurement strengths into
two sets {(s;-1} = 7 and {(3;} = «a, and the corresponding PPS non-Hermitian
strength (1—¢;), and (1—(;),. The ratio gives the dimerisation }jr—ﬁ = 1. Denoting
(1-— 20}01') =T and (cj — cj)(c;rqr1 +¢j11) = A;, Eq.(B.60) becomes

N exp |: —1 Z Fjdgl,j —1 Z Ajdégﬂ' — ’Ydt Z Fj <FJ> — adt Z Aj <AJ>
J J J J
+BydtY T+ Bo Y A,
J J

+ ) TAW,; 4> AdWV, ] , (B.67)

j j

where dgk,jdgl,j’ = J2dt5j’j/6k,l, dW%de%j/ = vdtéj,j/ and dWa,dea,j’ = ozdtéj’jf.
The update of the matrices V' and U can now be implemented in the BAG form,
and in the first step, they are multiplied by:

U(t + 6t)
V(t + dt)

i
—~
~

= exp|M] ) . (B.68)

<z
—~
~
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The matrix M is merely the exponential in Eq.(B.67) written in BAG form, and
the operators are replaced by matrices of the form in Eq.(B.66) where entries are
appropriately multiplied by the random variables 0&;;, W, ; and W, ;. The
expectation values present can readily be computed from two-point correlators
in Eq.(B.64). As U and V do not meet the criterion below Eq.(B.63), a
final step involves a normalisation of the state to ensure W is orthonormal,
which can be implemented via any orthonormalisation procedure of a matrix:
the Q R-decomposition, Gram-Schmidt or singular value decomposition. Here, we
choose the (Q R-decomposition, and the final update is
U(t + ot Ut + ot
QR = ~( ) ; ( e Q. (B.69)
V(t+ 6t) V(t+dt)
U(t 4 6t) and V(¢ + dt) are now properly normalised.
To compute the entanglement entropy, recall that the Nambu one-body Green’s
function matrix is
I, —CT F
G=|"" . (B.70)
Ff C
The entanglement entropy of a subsystem A is calculated by reducing the Green’s

function to only fermionic operators in A, Ga, and is given by [263]
Sia ==Y [Nlog, A + (1= ;) log, A, (B.71)
A}
where {);} are the set of eigenvalues of G o. For completeness, higher order entropies
are

1
1—n

Sn,A =

> tog, | ()" + (1= A)"]. (B.72)

A}
To extract the critical exponent v in the measurement-only scenario, a finite-size

scaling analysis on the topological entanglement entropy (Srgg) is performed |72}

108, (114, 246]. In 1D systems, the computation of Srgrp was discussed Sec[2.3.1]
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and for convenience, we recap here that
Stepe = Sap + Spc — S — Sapc, (B.73)

where the partitions A, B and C' are pictured in Fig. [2.6(a). We fix the on-site
parity measurement strength to some value v = v, for numerical convenience and
vary a (equivalent to varying A).

As the choice of the parameter for finite-scaling analysis cannot be made
arbitrarily, we justify it as follows: Srpg (in log base 2) has a definite value of
0 (1), in the thermodynamic limit, in the topologically trivial (non-trivial) area-law
phase i.e. it is a step function across the phase transition. This can be heuristically
understood based on the fact that the two area law phases are characterised by the
dominant measurements of Majorana odd or even bond parity, which destroy (odd)
or retain (even) long-range entanglement between the 2 Majorana fermions at the
opposite edges. With the properties discussed above, we note that Sygg is a valid
order parameter between the two different phases and displays singular behaviour
at the phase transition in the thermodynamic limit. In a finite system, although
the crossing (the singular behaviour of a step) is smeared out, the crossing point
is scale-invariant: due to the emergent conformal invariance at the critical point,
the length-dependence of the different terms in Eq. cancels each other out.
We can further elaborate on this and derive a suitable ansatz (the discussion here
follows closely to that in Ref. |247]): using the fact that Srgp is scale-invariant
at the critical point (giving a crossing point across different system sizes) and it is
dimensionless in length, an educated guess is

Step = G(E/L) = G((a — aerit) /L)

1

= F((a — aerit) Lv), (B.74)

where £, the correlation length, diverges at the critical point and F(z) is some
well-behaved function at x = 0. In the second equality, we use the fact that & ~
(v — aerig) ™Y in a quantum phase transition (where the parameter a plays the role

of temperature in thermal transition). This justifies the use and the choice of Srgg.
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Figure B.4: Example of data collapse of the topological entanglement entropy using the
scaling form in Eq. (B.74]). The parameters used are v = 1, aerit = 1,7/B = 1.82. The
value v = 1.83 is obtained from the best-fit procedure. Inset: Raw data for the topological

entanglement entropy against «, before finite size scaling collapse.

We note that it is also possible to use the connected 2-point correlation function
to extract the exponent v. However, in practice, this is not the optimal method
since this quantity is heavily affected by the finite size effect and & often becomes

larger than the system sizes one can access.

In the thermodynamic limit, the critical point is located at ae.;; = Y9. STrg is
computed for various system sizes L at a given ( across an interval of a in the vicinity
of a = 7y. Using the scaling form in Eq. (F is some unknown function), Srpg
for various system sizes will collapse onto a single curve around the critical point (see
Fig. for some suitable value of a.;; and v [72,]109, [247]. The true critical point,
Qerit, can be read off from the crossing point of Syrg from different L’s as shown in
the inset of Fig. and is generally found to be 79 £+ 2% (it can be further located
using the optimizing function below). One notable exception is ( = 0.4 which
appears to deviate more than 2% from o (70 = 1, Qerit.c=0.4 = 0.975); however, it

is still within the 5% error range.

For the data collapse, v is used as a fitting parameter, and its value is
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determined by the ‘best’ data collapse, which is quantified by the following objective
function [109]:

n—1
6(”) = (yl - yz)Zu
1=2
Tit1 — ZEz‘)yz‘—l - (%‘—1 - Iz’)yiﬂ

(B.75)

Tit1 — Ti—1

z; are defined to be (a; — aeri)LY” and y; = Srep(as, Li). i labels different data
points and their ordering is sorted based on ascending order in z}s : 11 < X9 < ... T,
The ‘best’ data collapse corresponds to the minimum of €(v), at a given ag.;;, and
we follow the convention in |108, 109] to define the error as the range of v which falls
within 2 times the minimum e(r) < 2¢(V),nin. In addition, ag.; is further narrowed
down by locating the global minimum of €(v), accounting for a..;; as well.

As a final point, to distinguish clearly numerically (logL)? from (logL), one may

employ the difference [80]

050, = So,2r, — So.r, (B.76)
where Sy 1, is the half-system entanglement entropy. The subleading term is, therefore,
cancelled in 0.5 1, and the scaling is different:

log, L, if So. ~ (logZ)?
5Sor x " 2 (B.77)

constant, if Sy ~ logg

Fig. reports the scaling of the half-cut entanglement entropy with system
size. Increasing J? for fixed ¢ = 0.091 changes the scaling from area-law (full blue
and orange squares) to system-size-dependent (full green squares). For ( = 0.2, the
transition from the area-law (blue triangle) to size-dependent scaling (orange and
green triangle) occurs at a smaller value of J2. This is consistent with the theoretical
finding from the bosonized theory in Fig.[4.8] Note that the exact value of the phase
boundary is different from the one predicted within the 2-replica approximation,
which is only expected to capture the qualitative behaviour, with a bias in favour

of the area law phase [275].
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Figure B.5: Average half-cut entanglement entropy So z from numerical simulations
illustrating the area law (blue markers/orange squares) and system-size-dependent
entanglement scaling (green markers/orange triangles) phases for non-zero dimerization.
The two sets of lines are ¢ = 0.091 (filled squares/solid line) and ¢ = 0.2 (hollow
triangles/dashed lines), and different colour schemes represent different J? values: J? =
0.09 (blue), J? = 0.68 (orange), and J2 = 1.25 (green). It should be noted that although
the line ¢ = 0.091, J? = 0.68 (filled orange/solid) appears to be increasing for small L;

this is likely to be a finite size effect as it is trending to saturation for larger L.
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Appendix C

Appendices for non-Hermitian

SSH chain

C.1 Details of a; and a, in entanglement entropy

This appendix describes the details of evaluating a; and as in Eq.(5.21)). Let’s begin
with a;. The key object is the logarithm of the determinant Indet Gk()\), and we

note that in terms of the eigenvalues of G (t — o0), ay and «a_, it appears as

Indet Gx(A) = In[(A — o)A — a_)] = In(A — o) + In(A — a_), (C.1)
giving
L /defd)\ 0 ) |—— 41 (C.2)
ay = — : :
VT g ) R N ) T A~ a (k)
For occupied real k-modes Im[E (k)] = 0, using the residue theorem, the function

p(0%, A) evaluated at the poles (07, ax(k)) > 0 is non-zero. For unoccupied modes
k < 27y or imaginary modes Re[E(k)] = 0, u(0", \) evaluated at the poles gives
the null contribution 1(0%,0) = u(0*, 1) = 0. Therefore, the final form is

a = % /: dkO(E2)O(2vm — k) [u (07, s (k) + pu (07, a_(k:))] . (C.3)

which is the expression in Eq.([5.22)).
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C

C
*6| —>

Figure C.1: The complex contour of the integration

For as, a little more effort is required. First, for ease of manipulation, one

applies integration by parts to the integral in Eq.([5.21) El

=~ f 0" ZTr[ln[ cWGe]] e
and note that
gﬁ[m[ém( )G ] 1 = zl[fa_gw)}ﬂ[x—;v__%w)}

- QZln {—_A% gm)} : (C.5)

where we have used a,(k > 2vm) = 0. To proceed, we note that the integration
contour C displayed in Fig. can be split into two contributions: the straight lines

(orange lines) and the circular arcs (blue lines)

]{ d\ = j{ d\ + ]{ .
(¢ blue lines orange lines

It can be shown that the blue lines’ contribution to the integral vanishes, and the

'Remember € is a closed contour, the boundary terms from this manipulation cancel
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orange lines in the limit of vanishing blue lines’ contribution reads [267]

1 A—0
- S om? |2
9277 s ; " [A—aa(Zmr)]

orange lines

1 0+i07F oo (2um)+i0~ d N ) A
— d)\+/ A (0T, )2 | —2 ||
i UZ:;E /040(21/7T)+i0+ 0440~ d)\u( ) [)‘ - 0‘0(2’/7)]

(C.6)

Next, note that the denominator in the logarithm is always negative in the

integration limit; substituting z = A + i0%, we have [267]

(z +i0%) x

x + 10T — o, (2vm)

In F (im —i07), (C.7)

=1In

T — ay(2vm)

for z € (0, a,(2vm)). Substituting into the integral, it becomes

ao (2um) d
/0 da:%,u(OJr, x)X

[— <1n — (i — i0+)> + <ln L —

T

T — oy (2um)

oo (2vT) — T
=4 dxl 1 C.8
m;/ $n< x )nx—ao(er) (C-8)
and finally, we arrive at the
1 oo (2vm) l—x T — ay(2vm)
GQZPUZ;_L/O dxln( - )ln " (C.9)
Equivalently, in a more concise form, it is
- A — oy (k)
dA1 1 . C.10
27T2Z 2 /Uw n< ) ) MIN T o (k) (C-10)

r=1 o=+,—
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