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Considering inflationary magnetogenesis induced by time-dependent kinetic and axial couplings of a
massless Abelian vector boson field breaking the conformal invariance, we show in this article that,
surprisingly, the spectral shape of the large-scale primordial magnetic field power spectrum is insensitive to
the postinflationary history, namely, the barotropic parameter (w) and the gauge coupling functions of the
postinflationary era.
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I. INTRODUCTION

Cosmological magnetic fields are observed at interga-
lactic scales of ∼4 Mpc with field strengths ranging
between 10−17 and 10−14 [1–6]. However, their origin
remains a mystery to date, constituting an active field of
research. In particular, various primordial magnetic field
generation mechanisms have been proposed, such as infla-
tionary ones [7–30], phase transitions [31,32], cosmic
strings [33–35], primordial scalar/vector perturbations
[36–40], as well as astrophysical processes where magnetic
fields are seeded by battery-induced mechanisms [41–47].
In the present article, we focus on inflationary magneto-

genesis mechanisms of primordial origin, where it is well
known that one needs to break the conformal invariance in
the gauge sector (see Refs. [48,49] for reviews on this topic)
in order to generate very large magnetic fields at galactic/
intergalactic scales. One natural source of breaking of such
conformal invariance is due to the presence of inflaton–
gauge field couplings, gauge field–curvature couplings
[7,50], or the presence of additional spectator fields during
inflation [51–53]. In particular, the very well-studied Ratra
models [54] (see Refs. [22,55,56] for recent works on this
topic) introduce a nonminimal coupling of the form

fðϕÞ2FμνFμν, where ϕ is the inflaton field and Fμν is
the electromagnetic field strength tensor.
In the vanilla ΛCDM standard model of cosmology, it is

very frequently assumed that the cosmic inflation era is
followed immediately by the radiation-dominated epoch of
the Hot Big Bang Universe. However, as we will highlight,
the Universe can only become radiation-dominated at the
end of inflation and only under very restrictive assumptions
in a simplistic framework. Indeed, in order to release all of
its energy density right after it completes and exits the
phase of slow roll, the inflaton must decay immediately into
an ordinary radiation bath. Such a fast decay of the inflaton
field inevitably requires large interaction terms between the
inflaton field and standard model (SM) fields. Notably,
sizable interactions of the inflationary sector were shown to
substantially affect any inflationary dynamics during this
stage [57–60] or the stability of the SM Higgs boson
[61,62], spoiling as well the required flatness of the inflaton
potential and/or giving rise to non-Gaussianities, which so
far remain unobserved in cosmic microwave back-
ground (CMB).
However, several inflationary scenarios that involve

runaway scalar field potentials do not actually naturally
lead to a close or finite minimum around which the scalar
inflaton may efficiently decay to produce the radiation bath
particles. This is, for instance, the case encountered in
quintessential inflationary scenarios [63–78] or, more
generally, nonoscillatory inflation models [79]. Here, the
inflation sector thus only transfers a fraction of its energy
to SM particles, however efficient reheating in those
scenarios occurs via other alternative reheating mecha-
nisms, like gravitational reheating [80–83], instant preheat-
ing [67,84,85], curvaton reheating [86,87], primordial
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black hole (PBH)-induced reheating [88–90],1 and Ricci
reheating [94–98]. The Universe, therefore, undergoes a
cosmic phase of kination (w ¼ 1) [99,100], with the
inflaton energy density getting scaled as ρϕ ∝ a−6,
where a is the Friedmann-Robertson-Walker scale factor,
before the commencement of the hot big bang phase.
Nonetheless, w could, in principle, take any values (as
long as w > − 1

3
) in the most generic postinflationary

cosmic scenario (see, e.g., Refs. [101,102]).
In this article, we investigate the impact of having such a

nonstandard postinflationary cosmological epoch, charac-
terized by an arbitrary w, on the primordial magnetic field
spectrum generated during inflation. As we will see, unlike
the well-known primordial GW (PGW) signals, which
get modified due to the background equation of state
[100,103],2 the primordial magnetic field spectrum is
insensitive to the postinflationary cosmic history, namely,
the barotropic parameter (w) and the gauge coupling
function of the postinflationary era.

II. THE VECTOR FIELD DYNAMICS

We introduce below the Lagrangian of a massless Uð1Þ
vector boson field, reading as [55]

LA ¼ −
1

4
IðtÞ
�
FμνFμν þ γ

2
FμνF̃μν

�
; ð1Þ

where γ is a constant and I is the gauge coupling function,
which is considered here as time-dependent. Fμν is the
Faraday tensor of the Abelian vector gauge field Aμ written
in terms of Aμ as Fμν ≡ ∂μAν − ∂νAμ. F̃μν is its Hodge dual,
which is defined as F̃μν ≡ 1

2
ϵμναβFαβ, with ϵμναβ being the

fully antisymmetric Levi-Civita symbol. Consequently, the
action of our setup will read as

S ¼ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
Rþ

Z
d4x

ffiffiffiffiffiffi
−g

p
Lm

−
1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
IðtÞ
�
FμνFμν þ γ

2
FμνF̃μν

�
; ð2Þ

where Lm stands for the Lagrangian density of the rest of
the matter sector, which does not depend on the gauge
vector field Aμ.
In order to quantize the gauge vector field Aμ, we

introduce the quantum gauge field operator, decomposed
over the full set of creation (annihilation) operators

b̂†k;λðb̂k;λÞ of the modes with momentum k and trans-
verse/circular polarization λ, as follows:

Âðt;xÞ ¼
Z

dk3

ð2πÞ3=2
X
λ¼�

feλðkÞb̂k;λAλðt;kÞeik·x

þ e�λðkÞb̂†k;λA�
λðt;kÞe−ik·xg; ð3Þ

where the polarization three-vectors eλðkÞ satisfy the
following algebra:

k · eλðkÞ ¼ 0; e�λðkÞ ¼ e−λðkÞ;
ik × eλðkÞ ¼ λkeλðkÞ; e�λðkÞ · eλ0 ðkÞ ¼ δλλ0 ; ð4Þ
where k ¼ jkj. Similarly, the creation and annihilation
operators satisfy the canonical commutation relations

½b̂λ;k; b̂†λ0;k0 � ¼ δλλ0δ
ð3Þðk − k0Þ: ð5Þ

By varying the action in Eq. (2) with respect to Fμν, one
gets the equation of motion for the gauge field Aμ, which
reads as

Äλðt;kÞþ
�
Hþ İ

I

�
Ȧλðt;kÞþ

�
k2

a2
− λγ

k
a
İ
I

�
Aλðt;kÞ ¼ 0;

ð6Þ

where the dot denotes a derivative with respect to the
cosmic time, λ ¼ �, the two helicity states of the vector
gauge field, and H is the Hubble parameter. Then, one can
introduce the new variable Zλðt;kÞ, defined as

Zλðt;kÞ≡
ffiffiffiffiffiffiffi
2kI

p
Aλðt;kÞ: ð7Þ

Working with the conformal time η defined as dη≡ dt=a,
Eq. (6) thus takes the following form:

d2Zλðη;kÞ
dη2

þ
�
k2 −

1ffiffi
I

p d2
ffiffi
I

p

dη2
−
λγk
I

dI
dη

�
Zλðη;kÞ ¼ 0; ð8Þ

which is a harmonic oscillator differential equation with a
spacetime-dependent frequency. In the subhorizon regime,
the first term in the parentheses is the dominant one, and
thus one recovers the Bunch-Davies solution, reading as

Zλðη;kÞ ¼ e−ikη; for kjηj ≫ 1: ð9Þ

In what follows, we will work within the context of quasi
de Sitter slow-roll (SR) inflation, duringwhich the barotropic
parameter w, defined as the ratio between the pressure p and
the energy density ρ, i.e., w≡ p=ρ, is close to −1, and the
slow-roll parameter ϵ, defined as ϵ≡ −Ḣ=H2, is very small
compared to unity, i.e., ϵ ≪ 1. Then, one can easily obtain
that theHubble parameterH and the scale factor a during SR
inflation can be recast as

1See Refs. [91–93] for an analysis on accounting for dark
matter, matter-antimatter asymmetry, and dark radiation from
PBH reheating with testable gravitational wave (GW) signatures.

2For instance, during a cosmic era driven by a stiff fluid with
barotropic parameter w lying in the range 1=3 < w < 1, the PGW
amplitude gets boosted, being detectable with future GW
observatories like LISA and ET [103–109].
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H ∝ ηϵ; a ∝ η−1−ϵ: ð10Þ

Then, we assume a postinflationary era during which the
barotropic parameter of theUniverse isw, withw being a free
parameter varying within the range 0 < w < 1, with the
Hubble parameter and the scale factor reading as

H ∝
1

η
; a ∝ η

2
1þ3w: ð11Þ

With regard now to the gauge coupling function I, one
should assume, in principle, a time-decreasing I [22,110–113]
so as not to deal with strong coupling issues [114]. In the
following, we will consider that I has the following phenom-
enological form:

I ¼
(
Iini
�

a
aini

�−n1 ; for aini < a < ainf

Iinf
�

a
ainf

�
−n2 ; for ainf < a < areh;

ð12Þ

where n1 and n2 should be, in principle, positive, and the
subscript “inf” denotes the end of inflation. However, as
recently noticed in Ref. [15], a very rapid decrease of the
gauge coupling function I may lead to a strong back-
reaction. Then, one should be careful with the choice of n1
and n2. Following the analysis in Ref. [55], one can show
that n1 is bounded to the range 1 < n1 ≤ 4 to avoid

backreaction problems. Concerning n2, we will be agnostic
on its particular value.

A. The dynamics of Aμ during inflation

Considering the parametrization of I, as in Eq. (12), the
equation of motion for Zμ during inflation can be recast as

d2Zλðη;kÞ
dη2

þ
�
k2 − λn1γ

k
η
−
n1ðn1 − 2Þ

4η2

�
Zλðη;kÞ ¼ 0:

ð13Þ

The above equation can be solved analytically by imposing
the Bunch-Davies initial conditions in Eq. (9), with its
solution reading as

Zinf
λ ðη;kÞ ¼ e−

λπn1γ
4 Wiλn1γ

2
;
n1−1
2

ð2ikηÞ; ð14Þ

where Wμ;νðxÞ stands for the Whittaker function of the
first kind.

B. The dynamics of Aμ during the postinflationary era

In order to now analytically solve Eq. (8) during the
postinflationary era, we use the scale factor as our time
variable. In doing so, Eq. (8) takes the following form:

d2Zλða;kÞ
da2

þ 1

a

�
2 −

3

2
ð1þ wÞ

�
dZλða;kÞ

da
þ 1

a2

�
k2

a2H2
−
n2ð1þ n2 þ 3wÞ

4
− λγn2

k
aH

�
Zλða;kÞ ¼ 0: ð15Þ

Working in superhorizon scales,3 i.e., k ≪ aH, one can neglect the vacuum term proportional to k2 in Eq. (15).
Equation (15) is then recast as

d2Zλða;kÞ
da2

þ 1

a

�
2 −

3

2
ð1þ wÞ

�
dZλða;kÞ

da
−

1

a2

�
n2ð1þ n2 þ 3wÞ

4
þ λγn2

k
aH

�
Zλða;kÞ ¼ 0: ð16Þ

Equation (16) accepts an analytic solution, reading as

Zpost−inf
λ ðη;kÞ ¼ 2

1þ 3w
ð−1Þ− n2

1þ3w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s �
aðηÞ
ainf

�1þ3w
4

×

(
c1;wI−1− 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s �
aðηÞ
ainf

�1þ3w
4

!
Γ
�
−

2n2
1þ 3w

�

− ð−1Þ 2n2
1þ3wc2;wI1þ 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s �
aðηÞ
ainf

�1þ3w
4

!
Γ
�
2þ 2n2

1þ 3w

�)
; ð17Þ

3We focus here on large superhorizon scales since horizon size or subhorizon scales at the onset of the radiation-dominated era,
reentering the horizon during the postinflationary era, are really small compared with the scales accessible by current CMB and large-
scale structure probes. Only scales that are superhorizon during the postinflationary era crossing the horizon during the radiation- or the
matter-dominated eras can be observationally probed.
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where InðzÞ is the modified Bessel function of the first kind and c1;w and c2;w are integration constants depending on the

comoving scale k, while aðηÞ ¼ ainfð η
ηinf
Þ 2
1þ3w during the postinflationary era. The integration constants c1;w and c2;w will

be determined by imposing continuity of the vector field Aλðη;kÞ and its first time derivative at the end of inflation.
In particular, one should impose that

Ainf
λ ðηinf ;kÞ ¼ Apost−inf

λ ðηinf ;kÞ; ð18Þ

ðA0
λÞinfðηinf ;kÞ ¼ ðA0

λÞpost−infðηinf ;kÞ: ð19Þ

After a straightforward but lengthy calculation, one gets

c1;w ¼ −
ð−1Þ n2

1þ3w

8λn2γ
ð1þ wÞ2e−λn1πγ

4

"
−

4

1þ 3w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

Hinfainf

s ffiffiffiffiffiffiffiffiffi
λn2γ

p
I 2n2
1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

�
Wiλn1γ

2
;
n1−2
2

�
−

2ik
ainfHinf

�

þ I
1þ 2n2

1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

�

×

	
i

�
−

2k
ainfHinf

þ n1ði − λγÞ
�
Wiλn1γ

2
;
n1−2
2

�
−

2ik
ainfHinf

�
−W

1þiλn1γ
2

;
n1−2
2

�
−

2ik
ainfHinf

�
#
�	�

k
ainfHinf

�
Γ
�
−

2n2
1þ 3w

��
I 2n2
1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

�
I−1− 2n2

1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

�

− I−2n2
1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

�
I
1þ 2n2

1þ3w

�
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p k
ainfHinf

��

; ð20Þ

c2;w ¼ ð−1Þ −n2
1þ3w

Γð2þ 2n2
1þ3wÞ

e−
λn1πγ

4
1þ 3w

8ðλn2Þ3=2γ
ainfHinf

k

×

"
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s
λn2

ffiffiffi
γ

p
I− 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !
Wiλn1γ

2
;
n1−2
2

�
−

2ik
ainfHinf

�

þ
ffiffiffiffiffiffiffi
λn2

p ��
2ik

ainfHinf
þ iλn1γ þ n1

�
ð1þ 3wÞ

�
I−1− 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !
Wiλn1γ

2
;
n1−2
2

�
−

2ik
ainfHinf

�

þ 2
ffiffiffiffiffiffiffi
λn2

p
ð1þ 3wÞI−1− 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !
W

1þiλn1γ
2

;
n1−2
2

�
−

2ik
ainfHinf

�#
,"

I 2n2
1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !
I−1− 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !

− I− 2n2
1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !
I
1þ 2n2

1þ3w

 
4

1þ 3w

ffiffiffiffiffiffiffiffiffi
λn2γ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s !#
: ð21Þ

III. THE PRIMORDIAL MAGNETIC FIELD
POWER SPECTRUM

Since we are interested in superhorizon modes that
reenter the cosmological horizon during the postinflation-
ary era, we perform an expansion of the integration
constants c1;w and c2;w and the modified Bessel functions
present in Eq. (17) in the superhorizon regime, i.e.,
k ≪ aH. In doing so, one gets that

c1;wðk ≪ aHÞ ∝
	
k1−

n1
2 k

n2
1þ3w; for n1 > 1

k
n1
2 k

n2
1þ3w; for n1 < 1;

ð22Þ

c2;wðk ≪ aHÞ ∝
	
k−

n1
2 k−

n2
1þ3w; for n1 > 0

k
n1
2 k−

n2
1þ3w; for n1 < 0:

ð23Þ

I−1− 2n2
1þ3w

ðk ≪ aHÞ ∝ k−
n2

1þ3w−
1
2 ð24Þ
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I
1þ 2n2

1þ3w
ðk ≪ aHÞ ∝ k

n2
1þ3wþ1

2: ð25Þ

By plugging Eqs. (22) and (24) into Eq. (17), we obtain

Zpost−inf
λ ðη; k≪ aHÞ

¼ 2

1þ 3w
ð−1Þ− n2

1þ3w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k

ainfHinf

s

×

�
aðηÞ
ainf

�1þ3w
4

	
c1;wI−1− 2n2

1þ3w
ðk≪ aHÞΓ

�
−

2n2
1þ 3w

�

− ð−1Þ 2n2
1þ3wc2;wI1þ 2n2

1þ3w
ðk≪ aHÞΓ

�
2þ 2n2

1þ 3w

�

: ð26Þ

Thus, with regard to the spectral shape of Zpost−inf
λ ðη; kÞ

on superhorizon scales, one gets

Zpost−inf
λ ðη; k ≪ aHÞ ∝ c1;wðk ≪ aHÞI−1− 2n2

1þ3w
ðk ≪ aHÞ

þ c2;wðk ≪ aHÞI
1þ 2n2

1þ3w
ðk ≪ aHÞ

∝ k
1−j1−n1 j

2 ; ð27Þ

while the Fourier mode of the gauge boson field Aλðη;kÞ
can be recast as

Aλðη; k ≪ aHÞ ¼ Zλðη; k ≪ aHÞffiffiffiffiffiffiffi
2kI

p ∝ k−
j1−n1 j

2 : ð28Þ

Then, one can ultimately compute the magnetic field
power spectrum, defined as [49]

PBðη; kÞ≡ dρB
d ln k

¼
X
λ¼�

k5

4π2a4
IjAλðη; kÞj2: ð29Þ

Finally, in the case of the presence of both nonminimal
kinetic and axial couplings of the form (1), where the gauge
vector field is given by Eq. (28) on superhorizon scales, it is
straightforward to see that

PBðη; k ≪ aHÞ ∝ k5−j1−n1j: ð30Þ

Interestingly enough, as one may infer from Eq. (30), we
obtain a magnetic field primordial power spectrum with a
spectral shape insensitive to the barotropic parameter of the
postinflationary era w. We concluded this result starting
with a Lagrangian of a massless Uð1Þ vector boson field of
the form in Eq. (1), which is a generic class of electro-
magnetic Lagrangians with nonminimal kinetic and axial
couplings. We also checked that our result is robust if one
considers either kinetic or axial couplings, thus switching
on or off the constant parameter γ. We expect that our result
is also valid even if the gauge kinetic and axial couplings
behave differently.

At this point, we need to stress as well that the spectral
shape of the magnetic field power spectrum is sensitive
only to the exponent n1, i.e., on the dynamical evolution of
the gauge coupling function I during inflation, and does not
depend on the exponent n2, i.e., behavior of I during the
postinflarionary era.4 As a consistency check, we need to
mention that one can easily check that for n1 ¼ 4 we
recover from Eq. (30) the scale-invariant attractor solution
PB ∝ k2 [115].
In our analysis, we have implicitly assumed that our

gauge field and its associated magnetic field do not interact
with any postinflation plasma before reheating. However,
in many reheating mechanisms, there is already a thermal
bath present before reheating, which is subdominant to the
energy density of the Universe but may not be subdominant
to the primordial magnetic field. In this case, magneto-
hydrodynamic effects cannot be ignored. If important, such
effects would conserve magnetic flux for an Abelian gauge
field with a canonical kinetic coupling only. Nonzero
magnetic field helicity would result in inverse cascade,
which would transfer power to larger scales. For nonca-
nonical kinetic couplings, however, their time dependence
may have profound implications on the magnetic field
spectrum (see, for example, Refs. [116,117]). We feel that
this possibility is beyond the scope of this letter. In effect,
we assume that the thermal bath is not present before
reheating, as would be the case, for example, in curvaton
reheating [86,87], or in reheating due to the evaporation of
primordial black holes [88–90].

IV. DISCUSSION AND CONCLUSIONS

It is intriguing that the existence of a nonstandard
postinflationary cosmological epoch could have shaped
the morphology of the primordial magnetic field spectrum.
But it turns out that the final large-scale magnetic field
spectrum is quite insensitive to the barotropic parameter w
and to the dynamical evolution gauge coupling function
during the postinflationary era, namely, on the power law
index n2. This means that even though we may observe the
impact of any postinflationary epoch via its signatures, for
instance, in the CMB spectrum itself, as it impacts the
duration or number of e-folds during reheating [118–120],
thereby correlating predictions for the inflationary observ-
ables, such as ns and r, with other associated signals, like
gravitational waves, or via its effect on the spectral shape of
gravitational waves [103–109], the magnetic field spectrum
itself may not carry any such information. This result leads

4The independence of the magnetic field power spectrum
from the power law index n2, although not explicitly stated, has
also been found in Ref. [111] but only for the case of a matter-
dominated postinflationary era. In this work, we performed a
more generic analysis, finding both a w- and n2-independent
large-scale magnetic field power spectrum in the postinfla-
tionary era.
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to the conclusion that the primordial magnetic field
spectrum is a pure carrier of the microphysics of infla-
tion rather than of the postinflationary evolution of the
Universe.
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