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Abstract

Title: Measurement and simulation of half-integer Shapiro steps in graphene based SQUIDs
Author: Max Frederick Taylor

Graphene-based superconducting quantum interference devices (SQUIDs) were measured in a current-
biased regime with and without irradiation by a microwave (MW) signal. The charge carrier concen-
tration in graphene can be varied with electrostatic gating, tuning the transparencies of the Josephson
junctions (JJs) in the SQUIDs. The junctions in these devices are fabricated with graphene encapsulated
in hexagonal boron nitride where the NbTi superconducting electrodes make highly transparent one-
dimensional contacts with the graphene. They are expected to facilitate ballistic transport of charge
carriers, implying a non-sinusoidal current-phase relation (CPR) similarly to superconductor-normal
metal-superconductor (SNS) JJs. A characteristic feature of the non-sinusoidal CPR is the appearance
of half-integer Shapiro steps when the CPR is highly skewed. Half-integer Shapiro steps should also be
visible when an amount of magnetic flux equal to a half-integer multiple of the magnetic flux quantum
is present in the SQUID loop. This sets this investigation apart from other work, which are focused on
individual graphene-based JJs. As superconducting circuits become more complex, it will be important
to understand the behaviour of circuit components beyond single junctions.

These phenomena were explored both with the graphene SQUIDs and with a numerical simulation
of the resistively and capacitively shunted junction (RCSJ) model. The simulation used a skewed CPR
which could be varied based on the transparency of the JJs, applicable to ballistic SNS junctions.

Simulation results confirmed the expected behaviours of devices with a skewed CPR and is a
promising avenue for exploring further fractional Shapiro steps. The experimental measurements of
the graphene SQUIDs found half-integer Shapiro steps, giving evidence of a ballistic tuneable CPR in

these graphene-based devices and establishing a precedent for further investigation.
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Chapter 1

Introduction to superconductors,
two-dimensional materials, and their

hybrid devices

This thesis explores the properties and behaviour of superconducting quantum interference devices
(SQUIDs) which use the two-dimensional material (2DM) graphene as the weak link in their superconductor-
normal metal-superconductor (SNS) type Josephson junctions (JJs). These devices are at an intersec-
tion between two fields of condensed matter physics: superconductivity and two-dimensional materials.
This introductory chapter will contain mostly qualitative discussions of each field pertaining to the
history, key impacts, and motivations for future direction of research. The last section of this chapter

will describe the structure of the thesis.

Contents
[I.1  Superconductivity] . . . . . . .. 2
[I.1.1  History and motivations| . . . . . . . . . . . ... 2
[I.1.2  Refrigeration and superconducting devices| . . . . . . . ... .. ... ... ... 4
[1.2  Nanomaterials and electronically confined systems| . . . . . . . .. .. ... ... ... 6
[1.2.1  Graphene and the 2D material family|. . . . . . ... ... ... ... ... .. 6
[1.3  Graphene in superconducting electronics| . . . . . . .. ... 0oL 9
[1.4 Scope of the thesis| . . . . . . . . . ... 10




1.1 Superconductivity

Superconductivity is an example of quantum phenomena being observable on a macroscopic scale.
Fundamentally, superconductivity is a phase of matter in which the electrical resistance is zero, and
any magnetic fields are expelled from the material. In this section the history of the field will be briefly
discussed, but as this is widely available[1, 2] more focus will be placed on the motivation behind current

superconductivity research and in particular superconducting devices.

1.1.1 History and motivations

The zero resistance property of superconductors was first observed by Kamerlingh Onnes in mercury
in 1911 when he was performing experiments with liquid helium[3]. A sharp transition from finite to
zero resistance was observed when the mercury was cooled below 4.2 K. The temperature at which a
superconductor undergoes this phase change is called the critical temperature T.. Onnes’ experiments
were initially about liquefying helium[4] and then performing experiments with it, including testing the
effects on electrical resistance in metals. The discovery of zero resistance mercury at low temperature
gave an additional reason for developments to be made into low-temperature refrigeration systems and
experimental apparatus.

The second identifying characteristic of superconductors was then observed by Walther Meissner
and Robert Oschsenfeld in 1933. The perfect diamagnetism exhibited by the superconductors in their
work set superconductors apart from what would otherwise just be ‘perfect’ conductors[5]. If a perfect
conductor has an external magnetic field applied to it, and is then subsequently cooled down below
T. to zero resistance, the magnetic field would not be affected. On the other hand, if the same
is done to a superconductor, the field is expelled from inside the superconductor as shown in figure
This happens due to screening currents generated close to the surface of the superconductor
which produce an opposing magnetic field. However, if the applied field is strong, above the critical
field strength H., the screening currents are not able to prevent the magnetic field from entering the
superconductor and destroying the superconductivity. In type-l superconductors (usually pure metals
such as aluminium and tin), the critical field is represents a transition point between the superconducting
and resistive phases. However, in type-ll superconductors (often compounds of niobium) there is a mixed
state between the lower H.; and upper H.o critical fields, with the lower limit marking the transition
between the superconducting and mixed states, and the upper limit marking the transition between the
mixed and resistive states. The mixed state has some magnetic penetration, such that there are both
superconducting and resistive regions in the material. Type-ll superconductors tend to have higher

critical fields than type-l, making them useful for applications such as superconducting magnets.
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Figure 1.1: An illustration of the Meissner effect. The arrows represent an externally applied magnetic
field. Comparing a perfect conductor and a superconductor in a uniform magnetic field outside of the
zero-resistance phase (orange, T' > T.), the field is usually able to penetrate the material completely.
When cooled below the critical temperature (blue, T < T.), in a perfect conductor, just becoming

zero-resistance has no effect on the field, whereas the superconductor expels the field.

With the two characteristics together it was clear that there was a new class of material worth
studying, and refrigeration technology was already being developed which could be applied to this area
of research. The immediate implication of zero resistance materials is that they would eliminate Joule
heating, a significant source of inefficiency in the transfer of electrical current. Joule heating is a process
in which electrical energy is converted to heat energy as charge carriers collide with and scatter off the
atoms in a material. The amount of power dissipated in the material P depends linearly on the resistance
of the material R and quadratically on the current being passed through it I, such that P = I’R.
This is why low resistance metals like copper, gold and platinum are commonly used in present day
electronic devices, but superconducting materials in their place would make passive losses negligible.
This would be especially significant for facilities like data centres and supercomputers which have huge
quantities of electronic circuitry. Currently, the heat generated by electronics means that these facilities
must include cooling for the electronics so that they continue to function, leading to an even greater
financial and environmental cost. One approach to this problem is to try and recover the waste heat
to use elsewhere[6], but superconductors could greatly reduce the amount of waste heat produced.
Although superconductors would not completely eliminate energy losses due to operating requirements
often taking them out of their superconducting state, they would still make a huge impact, especially for
power transmission and distribution. The main challenge for superconductors is that they typically need
extreme environmental conditions of low temperature or high pressure to support supercurrent. There
are additional challenges around scaling infrastructure to support those conditions. In the ideal case,
a material would be discovered that is superconducting under ambient conditions: room temperature
and atmospheric pressure. The search for high-temperature superconductors is a significant ongoing
research question because of the technological implications of an ambient temperature and pressure

superconductor. However, low temperature superconductors can already access other applications in



electronic devices which are distinct from what is possible in non-superconducting electronics due to
their quantum mechanical properties. These often take advantage of the low-temperature requirement,
which at present is well enabled by ultra low temperature cooling equipment. Given that cooling is
already needed in these intensive computing facilities, another approach is to lean into that requirement
and develop cryogenic electronics to integrate into large scale computing, replacing the energy-inefficient

components one part at a time, such as with superconducting memory circuits|7].

1.1.2 Refrigeration and superconducting devices

While the zero resistance property is the main draw to high-temperature superconductor research, su-
perconductors can also be used in quantum circuits, and this work is firmly based on low-temperature
superconductors. Making low temperature sample environments more accessible is an activity increas-
ingly taken on by industry which should help accelerate progress in developments of superconducting
technologies. Commercial dilution refrigerators available today can regularly reach temperatures below
10 mK. This is more than enough for a lot of superconducting devices, as well as those devices that are
not superconducting but possess qualities that nevertheless require low temperatures|8], or that are used
in conjunction with superconducting devices. Dilution refrigerators are usually built to accommodate
complex electronics setups because of the types of devices being tested.

Going further than this into sub-1 mK temperatures is usually done using nuclear adiabatic demag-
netisation[9], which is rarely used because it requires a dedicated cooling stage with consideration of
magnetic field and electronics beyond that which is normally required in typical wet or dry dilution
refrigerators|10]. Ongoing work includes techniques for applying nuclear adiabatic demagnetisation on-
chip to assist with getting quantum devices into the microkelvin regime with less investment into the
experimental setup than previously required[11].

Regarding superconducting devices, there was a paradigm shift in 1962 originating from Brian
Josephson'’s theoretical predictions of supercurrent passing through thin barriers inside superconduc-
tors[12]. The ‘Josephson effects’ make the phase of the superconducting wavefunctions into a quantity
that could be measured and manipulated, allowing for new ideas in electronics to be explored with the
‘Josephson junction’ (JJ) as the base circuit element. Superconducting device technologies are some of
the main candidates for enabling large-scale quantum computing|13] and dark matter detection using
Josephson travelling wave parametric amplifiers|14]. They have the intrinsic benefit of very low thermal
noise at low temperatures, so weak signals are more likely to be visible above the noise floor, and
electronic states are longer-lived.

Another development for superconducting electronics was the design of a full digital computing
logic basis using overdamped JJs called single flux quantum (SFQ) logic|15]. The underlying principle
is that it uses the presence or absence of SFQ pulses to represent 1s and Os respectively. SFQ pulses
are generated by a JJ undergoing a full 2w phase change (or ‘phase slip’) in the resistive state before
returning to the superconducting state. While briefly in the resistive state, the JJ has a finite voltage
generated across it by the ac Josephson effect. Having undergone a 27 phase slip, the area under

the produced voltage curve is quantised to the magnetic flux quantum &3 = 2.07 mV ps. Josephson



junctions can undergo a phase slip in a time on the order of ps, not only making this technology
extremely fast but also giving it potential for integration with optical circuits|16, [17]. SFQ circuits are
also a candidate for superconducting qubit control circuits, in part because they would operate in the
local cryogenic environment and reduce the wiring requirement from room temperature[18H22|.
Operating SFQ circuits requires that SFQ pulses are reproduced at different stages. These events
occur at individual JJs. If a JJ is biased just beneath its critical current, a short pulse (such as another
SFQ pulse) incident on the JJ provides enough extra current to cause it to be briefly biased above
its critical current, causing it to generate a new SFQ pulse. Pulses can be transported to other parts
of a circuit in this way using a Josephson transmission line (JTL), a simple structure which can have
multiple stages, each stage using one JJ as shown in figure [I.2] As the pulse area is quantised to @,
the quicker the phase rotation happens, the higher the amplitude of the SFQ pulse. This can allow a
JTL to provide amplification by increasing the critical current of subsequent JJs along the circuit. As an
SFQ pulse can be generated in an amount of time on the order of ps, this corresponds to peak voltages
on the order of mV, due to the quantisation to the magnetic flux quantum. These qualities further
place SFQ logic as having strong potential as part of superconducting technologies as the applications

increase in scale and become more widely applied.
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Figure 1.2: (a): A circuit diagram of a 3-stage Josephson transmission line, used to propagate and
amplify SFQ pulses. Iji and Li are the bias currents and inductances associated with the Josephson
junctions Ji respectively. (b): Simulation results showing how the pulses are produced after each
junction. V. is the characteristic voltage of the junction, and 7y is the time for the junction to undergo

a 27 phase slip. Figure reproduced from [15] (©)1991 IEEE.

Overall, it is clear that low temperature is still a requirement for a number of applications and
scientific investigations. In particular, it will always be essential for superfluid research, which has
analogues to superconductivity. Regarding electronics at low temperature, there are benefits associated
with low thermal noise and Joule heating. Additionally, many low temperature superconductors are
well understood in terms of their properties and because many of them are metals they can be easily
fabricated into functional devices. This makes low temperature superconductors the likely candidates

for new developments related to superconducting devices for the foreseeable future.



1.2 Nanomaterials and electronically confined systems

There are a few definitions surrounding low-dimensional materials and nanomaterials which first need
to be explained for context. A simple definition that is based on the raw size of a material says that
nanomaterials are those for which at least one spatial dimension is shorter than 100 nm. This is a
very broad definition which is best used to group anything of a sufficiently small size, whether that
is an individual layer of material or a collection of nanoparticles. It can be useful for communicating
across multidisciplinary aspects of nanoscience as it gives a straightforward indication of scale and type
of low-dimensional system, alongside more specific nomenclature. It has also been featured as the
definition used in local safety documentation while studies into the effects of inhalation, ingestion, or
skin absorption are ongoing.

More specifically, two dimensional materials (2DMs) are usually considered to be those for which
a single layer (or monolayer) of a particular material can be isolated. The monolayer could be formed
using either top-down processes such as exfoliation from a layered crystal, or bottom up processes like
chemical vapour deposition (CVD). The quintessential 2DM and one of most relevance to this work,
graphene, lies in one plane. But other collections of 2DMs like transition metal dichalcogenides (TMDs)
have monolayers that are not entirely on one plane. The definition of a 2DM is extended to multiple
layers of the materials to the extent that the multilayer material still displays notably different properties
to the bulk material. For example, a bulk crystal of the TMD WSey has an indirect band gap but in a
monolayer the band gap becomes direct|23].

However, this is still distinctly different to how low-dimensional systems are handled in condensed
matter physics terms, as this is with regard to electron transport rather than the literal geometry. A 2D
system with regard to electronics uses the idea of ‘confinement’ where the movement of charge carriers
is restricted to two, one, or no spatial dimensions. This confinement tends to happen over ranges less
than 10 nm as this is the approximate size of the de Broglie wavelength in electrons. At these length
scales, the dimensionality of the density of states is reduced and the available energy states in the
direction of the confinement are quantised. This is smaller than the broad 100 nm definition but shows

that an effective 2D system can exist in multilayered materials, thin films and heterostructures.

1.2.1 Graphene and the 2D material family

As an atomically flat honeycomb lattice of carbon atoms, graphene is the thinnest possible solid material,
and remains the quintessential 2DM. Despite being known about since the 1920s[24] graphene was first
isolated in 2003 by Andre Geim and Kostya Novoselov[25]. It has been regarded as a wonder material
due to an array of remarkable properties. An intensity of research has started to produce applications.
Some are using graphene's innate strength as a way to improve or maintain the durability of other
materials while reducing weight, such as in concrete[26] and rubber|27]|. Graphene has also showed
promise as a membrane for water filtration[28| or resistive coatings[29], making use of the physical
spacing of the atoms in the lattice.

It is worth noting that some of these types of applications will actually use graphene precursors like



flakes of highly-oriented pyrolytic graphite (HOPG) which are easier to produce but will still contribute
a similar effect. It is often difficult to determine exactly what is meant by commercial products that
claim to incorporate graphene because there is currently no standardisation around the types and quality
of graphene-like materials. The quality of graphene can vary on the production method used to obtain
it. The mechanical exfoliation method which was originally used to isolate graphene remains the best
way to get the highest quality graphene (in terms of reducing the number of defects), but this method
is low yield, presenting a challenge for scaling graphene-based technologies.[30].

Other 2DMs similar to graphene make up a class of ‘van der Waals' (vdW) materials[31, |32]. These
are nanomaterials which are layered crystals analogous to how graphene layers make up HOPG. As well
as semimetal graphene there is coverage of other material classes including electronic insulators and
semiconductors.

The first of two major examples of non-graphene 2DMs that are frequently used are transition metal
dichalcogenides (TMDs). TMDs are semiconductor 2DMs which are formed in a 1:2 ratio of transition
metal M and chalcogen X (found in group 6 of the periodic table), MX, (see figure[1.3). Particularly
common examples are MoS,; and WSes but many other combinations exist using other materials, a
notable example being the 2D superconductor NbSes[33]. The structure of a TMD monolayer actually
consists of three interlinked atomic planes. The metal atoms lie in the central plane and are bonded to
chalcogen atoms in the planes above and below them. These materials are naturally occurring crystals
where the monolayer can be isolated by mechanical exfoliation in the same way as when graphene
monolayers are exfoliated from HOPG. Viewed from above the atoms are arranged in a hexagonal

lattice shape, again very similar to graphene.
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Figure 1.3: General lattice structure of a transition metal dichalcogenide. Larger blue circles represent
the transition metal atoms and smaller red circles represent the chalcogen atoms. The y-x axis shows
the plane of the 2DM monolayer while the z-x axis shows a cut perpendicular to the plane of the 2DM,

indicating that the monolayer is structured as three interlinked atomic planes.

The second important example is hexagonal boron nitride (hBN). It shares a number of geometric
properties with graphene including the shape of the lattice and how it can be exfoliated from a crystal
into atomically flat sheets. The lattice of hBN is quite similar to graphene, but it is an electrical

insulator, making it favoured as a dielectric component of 2D electronic devices.



Different 2DMs can be combined into circuits in a way which is unique to layered materials. When
in the bulk crystals, the individual layers experience a relatively strong van der Waals force, which is
overcome to exfoliate the layers from the bulk. But it is also possible to use the same principle to stack
different 2DMs on top of each other to make electronic devices, held together by vdW forces. Different
classes of materials can be easily combined in this way. These van der Waals heterostructures avoid
some of the problems encountered in semiconductor growth where the materials you can grow next to
each other are restricted by the necessity to match lattice constants. This allows heterostructures to

be built with a huge flexibility in their properties|31].



1.3 Graphene in superconducting electronics

Research around graphene in electronics searches for an application or device that graphene enables
better than anything else. Its high conductivity makes it appealing to be generally substituted into
many circuits. It can be tuned by electrostatic gating, making it viable for roles that might usually be
taken by semiconductors. The most unique potential brings in the rest of the 2DM family, which is
in making flexible circuits and building van der Waals heterostructures. This is a new way of building
devices which often remains compatible with existing nanofabrication techniques.

If an application is found, the next concern is about scaling the production of high-quality graphene.
Mostly, high-quality material is obtained via mechanical exfoliation, but this only yields small areas of
graphene. Graphene grown by CVD is a popular route for obtaining larger areas of the material, and is
accessible from commercial sources. Recent research into CVD growth of graphene has claimed quality
similar to that of exfoliated graphene by excluding oxygen from the growth environment|34]. If this is
the case, it would make the scaling up of graphene-based devices in general a more realistic prospect,
including superconducting devices. The Josephson effect in a graphene JJ was initially reported in
2007[35], but since then a number of developments have been made in device design. Typically for
these types of devices, graphene is used as the ‘normal metal’ component of SNS style JJs. They use
a vdW heterostructure of hBN encapsulating a monolayer of exfoliated graphene. The heterostructure
is located on a typical substrate such as Si/SiO2, and the electrical contacts are made using standard
nanolithography and thin-film growth techniques, showing how 2DM circuits can be integrated with
other electronic systems. This is the primary topic of section [2.2] where these points will be greatly
expanded.

At the start of the work for this thesis, it was intended that graphene Josephson junctions (GJJ)s
could be explored in the context of SFQ logic circuits. Operation of SFQ circuits requires precise
engineering of the critical current of the JJs making up the circuit. While this can largely be controlled
through junction geometry, graphene junctions have a tuneable critical current, allowing for precise
optimisation. Additionally, more advanced circuits could be developed with enhanced functionality
using the tunablility of the graphene. For example, branches of a circuit could be switched ‘on’ or ‘off’
by changing the critical current to direct SFQ pulses to different parts of the circuit. Lastly, because
of the atomic flatness of am hBN encapsulated graphene vdW heterostructure, it can be placed on
top of any substrate, which can have particular benefits in devices which operate with RF signals, as
substrates with favourable loss characteristics can be chosen with less concern for the fabrication of the
circuit itself.

Due to limitations, the scope of the project changed to focus on the behaviour of superconducting
quantum interference devices (SQUIDs) fabricated with graphene JJs under irradiation from high fre-

quency signals. The characteristics of these devices were explored through simulation and experiment.



1.4 Scope of the thesis

This thesis is an investigation into the properties of dc SQUIDs which use monolayer graphene as the
material bridging the gap between the superconducting electrodes of the parallel Josephson junctions.
The devices tested experimentally were fabricated using a combination of a van der Waals heterostruc-
ture and more typical lithography and metallisation techniques.

Graphene's electronic properties allow the properties of the SQUID to be changed while active
using electrostatic gating. As well as the general characteristics of the devices and how they change
when the graphene is gated, a focus of the thesis is on the behaviour of graphene SQUIDs in the
presence of microwave radiation. In typical JJs and SQUIDs, quantised voltage steps called Shapiro
steps appear under these conditions. The literature suggests firstly that the behaviour of Shapiro steps
can be related to the current-phase relationship (CPR) of the JJ[36], the property which controls the
supercurrent allowed through the junction. In particular, it is shown that a skewed, non-sinusoidal CPR,
present in ballistic JJ, gives rise to fractional quantisation of the voltage steps.

Secondly, it has been shown that ballistic graphene JJs have skewed CPRs where the skewness
depends on the charge carrier concentration in the graphene, with a high charge carrier density cor-
responding to high transmission of charge carriers across the junction[37]. This can be controlled by
electrostatic gating.

If a graphene SQUID has a tuneable CPR that can be placed into either lowly or highly skewed
regimes, it would be expected that fractional Shapiro steps would only be visible in highly skewed case,
and not when the CPR is close to sinusoidal. Therefore, it is hypothesised that measuring changes in the
appearance of Shapiro steps in such a device would be a way of evidencing the changing current-phase
relation and the ballistic nature of the charge transport.

The important physical theory underpinning these types of devices will be explained in chapter [2]
alongside discussion of related work in the literature.

In parallel with experimental analysis of physical devices, a theoretical investigation of similar sys-
tems is done using a numerical simulation of the resistively and capacitively shunted junction (RCSJ)
model. The simulation represents generic SQUID systems using dimensionless parameters. The intrin-
sic properties of the SQUID can be varied and the devices can be put under different test conditions
including noise and ac currents. The derivation of the numerical model and its results are contained
within chapter [3]

The devices under investigation, and the experimental apparatus used to measure them, will be
shown in chapter The sample environment part of the setup includes a dry dilution refrigerator
with a base temperature of ~ 15 mK, necessary for the superconducting devices. This is connected
to a variety of laboratory grade electronic instruments to control and read out the SQUIDs. The main
measurement instrument is a lock-in amplifier, which allows both differential and dc measurements to
be taken. The experimental setup allows for operation of the devices in the dc regime as well as under
microwave irradiation.

Chapter [5] contains the results and analysis of the experimental measurements. This covers a wide

10



array of properties used to characterise SQUIDs both in the dc regime and under microwave irradiation.
The investigation into the appearance of fractional Shapiro steps is featured in both the simulation and
experimental results chapters.

Finally, there will be summary and conclusions of the overall thesis, and discussion looking forward

to how this work can be continued in the future.
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Chapter 2

Ballistic graphene-based SQUIDs

In this chapter, graphene will be introduced first alongside other significant nanomaterials, before then

moving straight into the history and development graphene-based Josephson junctions and supercon-

ducting quantum interference devices (SQUIDs). Following that, the phenomenon of Shapiro steps will

be introduced with discussion about how they can vary depending on the type of Josephson junction

and its properties.
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2.1 Graphene and its electronic properties

As a 2D material, graphene can be compared to other low-dimensional systems which demonstrate
electronic confinement. The most prolific examples come from thin layer growth using methods like
molecular beam epitaxy for semiconductor device fabrication. Early examples of electronic confinement
reduced electron transport to a 2D system by forming a quantum well inside a semiconductor het-
erostructure. The classic example is growing a thin layer of GaAs between two layers of AlGaAs|38].
The AlGaAs has a wider bandgap that the GaAs, such that the conduction band in the GaAs lies inside
the bandgap of the AlGaAs. This means that electrons inside the well are confined to the plane of the
GaAs, until they can escape the quantum well. Further developments led to examples of semiconductor
quantum wires|39] (1-dimensional confinement) and quantum dots (0-dimensional confinement)|40,

41).

<1lnm

0D: Cgp (Buckminster fullerene)| 1D: Carbon nanotube

=0.3 nm

2D: Graphene 3D: Diamond

Figure 2.1: Different allotropes of carbon are shown. Diamond can exist with its dimensions on
nanometer scale but its crystal structure can extend arbitrarily far in 3 dimensions. The other structures
with lower dimensionality always have one or more of their spatial dimensions restricted to nanometer-

scale. The Buckminster fullerene is an example of a 0D nanomateriaﬂ

aThe Buckyball figure is based on an by wikimedia user ‘designism’ which is published under the

ommons 4.0| licence.

Carbon allotropes include examples of materials of each dimensionality, shown in figure[2.1] and they
are each used for different applications due to their different properties. Diamond is considered valuable
when cut appropriately to scatter light, though also has applications in cutting and drilling because of
its mechanical hardness. Additionally, colour centres caused by defects in the diamond lattice are being

explored for quantum technologies[42].
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The Buckminster fullerene (buckyball), is a ball-shaped arrangement of carbon atoms. Most of
its potential applications involve adapting the material in some way, either by functionalising it for
nanomedicine[43], or implanting other atoms inside it to make an endohedral fullerene for quantum
applications such as a clock transition in *N@Cgq[44].

Graphite was left out of the figure as it can be explained in context with graphene, the material
relevant to this work. Highly oriented pyrolytic graphite (HOPG) is a precursor crystal from which 2DM
graphene is exfoliated. Common applications for graphite are in lubricants and pencils because of its
layered structure (see figure . The layers are easily able to slide over each other and detatch from
the bulk because they are only held together with weak van der Waals forces. The layers are each a
hexagonal lattice of carbon atoms, with reasonable electrical conductivity in plane, so it is also used
in electrodes, for example in electrochemistry. This property is also what makes isolating graphene

straightforward using scotch tape.

dW forces

Figure 2.2: Graphite shown as layers of graphene which are held together by van der Waals forces
between the layers, indicated by the dashed arrows. Graphite is considered to be in bulk form with 10

or more layers of graphene.

This top-down isolation is in contrast to the bottom-up fabrication methods used for 2D electronic
systems in semiconductors. A more detailed diagram of graphene’s honeycomb lattice structure is in
figure 23]

The initial report on the field effect in graphene revealed a new avenue for the scaling down of elec-
tronic devices in part due to graphene's nature as a 2DM but also the remarkable results of the electronic
characterisation which showed it could support high current densities, ballistic charge carrier transport,
and ohmic behaviour [25]. To help explain the behaviour of the graphene-based nanoelectronic devices

studied in this work, the electronic properties of graphene will be discussed further.
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Figure 2.3:

(A) The ‘real space’ representation of graphene's lattice. It is a hexagonal lattice formed of two
triangular sub-lattices, indicated by the blue and orange points respectively. The bond length is 1.42
A. The basis vectors for one sublattice are @; and @». The vectors 01,2,3 represent translations between
sublattices. The unit cell contains two carbon atoms, one from each sublattice. The grey shaded area
represents the Wigner-Seitz unit cell.

(B) The reciprocal lattice of graphene, with reciprocal lattice vectors b; and by which define the
reciprocal Bravais lattice. The first Brillouin zone (BZ) is constructed by the intersections between the
perpendicular bisectors of the reciprocal lattice vectors, and is marked out by the black hexagon. The
centre of the BZ is denoted as I'. M and M’ represent the middle of each edge of the BZ. K and K’ are
positioned at the vertices of the BZ. K and K’ are particularly notable in graphene as the Dirac points

where the conical conduction and valence bands meet.

2.1.1 Electronic properties

Graphene's electronic properties are described by its electronic band structure, which features ‘Dirac
points’, which have two interesting qualities. Firstly, as the name implies, the charge carriers in this
region act as Dirac-like particles|45] because of the linear dispersion curve in the vicinity of the Dirac
point. A linear energy-momentum relation is also seen in relativistic massless particles, and experiments
have shown that this behaviour is common to charge carriers in graphene due to observations of effects
such as half-integer quantum hall effect[46] and Klein tunnelling[47]. Secondly, there is no band gap
between the cones of the conductance and valence bands. This puts graphene in the category of a
semimetal and is the reason why graphene can be gated to great effect. Shifting the Fermi level through
electrostatic gating makes states in the conduction band extremely accessible for electrons to move into.

This is illustrated in figure 2:4]
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Figure 2.4: The sketches depict the electronic band structure of graphene in the vicinity of the K and
K’ (Dirac) points. The conduction band (orange, upper cone) and valence band (blue, lower cone)
have a distinctive conical shape such that the dispersion relation is linear. This means that the charge
carriers in this regime act as if they are massless. Furthermore, there is no band gap, giving graphene
the characteristics of a semimetal. The right hand sketch indicates that if the Fermi energy is increased
from the midpoint of the bands (for example, through electrostatic gating of the graphene) it is very
easy for charge carriers to enter the conduction band from the valence band, as the minimum energy

requirement is negligible.

In the original measurements by Geim and Novoselov, the charge carrier concentration in few layer
graphene was 10'3 cm~2, with mobility of the order ~ 10* cm?V~=1s~1. In ‘multi-layer’ (about 5 nm
thick) graphene the mobility increased from 1.5 x 10* to 6.0 x 10* cm?V~1s™! when cooled from
300 to 4 K|25].

With tuneable properties in-situ, graphene has potential for use in several areas of electronics,
including optoelectronics[48] and bolometers[49], superconducting devices|50], qubits|51], and transis-
tors[52]. Some of these applications use graphene JJs of the same style as the devices measured in this

thesis, but before they are discussed in any more detail the background of graphene JJs will be covered.
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2.2 Development of graphene-based Josephson junctions

The aim of this section is to show how the types of devices used in the experimental section have been
developed and discuss the theoretical concepts behind them. For context, this means first introducing
the Josephson equations and superconductor-insulator-superconductor (SIS) or ‘tunnel’ junctions. Then
most of the section will talk about ballistic SNS JJs, which is an important class of junction that

graphene Josephson junctions (GJJs) can belong to.

2.2.1 The Josephson effects and tunnel junctions

Superconductors are materials which exhibit zero resistance and expel magnetic fields when below their
critical temperature. The microscopic theory developed by Bardeen, Cooper and Schrieffer [53H55] in
the 1950s came up with a description of the charge carriers in superconducting materials to explain the
dissipationless ‘supercurrent’ flow. At the low temperatures required to be below the superconducting
phase transition, electrons would form Cooper pairs of equal but opposite momentum, and this bosonic
bound state would condense into the material's ground state energy. The supercurrent wavefunction
U is described by the concentration of superconducting charge carriers ns and the phase ¢ of the
condensate.

U = /nge'? (2.1)

Each of the Cooper pairs in the condensate is bound by an energy defined as £,(0) = 2A(T), where
A(T) is the superconducting energy gap at temperature T'[1]. Zero resistance is achieved because the
condensate moves in a coordinated manner and any single scattering event would not have enough
energy to separate one the Cooper pairs from the condensate. The range of the Cooper pairs is
described by the coherence length &.

Josephson predicted how the supercurrent would behave if its route along a superconducting wire
was interrupted by an insulating tunnel barrier|12} [56] (see figure A). This was shortly confirmed
experimentally[57] and has since been a Nobel prize-winning prediction supported by a wealth of exper-
imental evidence. The prediction came with two equations which displayed the electronic properties of
the supercurrent and the junction. One of these was for the zero-voltage case, and the other was for
the finite voltage case.

In the zero-voltage case, supercurrent I, can flow through the tunnel barrier because of the difference
of phase in the superconductor either side of the barrier. The magnitude of the supercurrent is dependent

on the difference in phase either side of the barrier Agp.
I, = I.sin (Ayp) (2.2)

The maximum supercurrent supported by the junction is given by the critical current of the junction
I.. It should not be confused with the critical current of the superconducting material. This equation
is known either as the dc Josephson effect or the current-phase relation (CPR).

The second equation describes how a finite voltage V' across the junction is related to the time-

evolution of the phase difference. This is the ac Josephson effect or voltage-phase relation, where 7 is
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the reduced Plank’s constant, t is time, and e is the magnitude of the charge of an electron.

2¢V_ d(Ayp)
o dt

(2.3)

The finite voltage means that regular dc current can flow as normal but there is an additional ac
supercurrent generated as the phase difference evolves. A related quantity is the Josephson frequency.
As the phase difference rotates periodically, the frequency f is found by integrating from 0 to 2,
resulting in equation . Notably, the ac Josephson equation and its frequency contain the magnetic
flux quantum @, an important constant which will be discussed further in section [2.2.4]

2V V

f=S =g (2.4

These are the basic equations which describe the dynamics of the simplest Josephson junctions.
This is the case where the CPR is sinusoidal as in equation , and is best described by the tunnel
junctions Josephson initially conceived. This type of junction is called a superconductor-insulator-
superconductor (SIS) junction. The superconducting transport through a tunnel barrier is limited by
the thickness of the barrier. The superconducting wave function decays exponentially in the insulator,
but if the wavefunctions from each side of the junction overlap then the superconducting state can be
maintained across the junction.

These junctions are commonly made in a vertical orientation by depositing a superconductor (for
example, aluminium), oxidising the surface, and then depositing a second layer of the superconduc-
tor[58H60] (see figure B). Aluminium SIS junctions are a popular choice for trying to scale up
production of superconducting qubits|13, 61].
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Figure 2.5: Sketches of SIS JJ concepts. (A): Schematic representation of the wavefunctions ¥y 5 in

an SIS JJ. The wavefunctions associated with each superconducting electrode have superconducting
charge carrier concentrations ng; g2 and phases ¢ o respectively. Where the two wavefunctions overlap,
Cooper pairs can tunnel through the insulator between the two superconducting electrodes, changing
phase. (B): A sketch of a typical SIS junction made by growing an oxide layer (orange) on top of an
initial superconducting film (blue) and then the second superconducting electrode is deposited on top.

The thickness of the oxide layer in (B) is equivalent to the length of the insulator in (A).

A graphene Josephson junction is a JJ which uses graphene as the weak link between the super-
conducting electrodes. The usual layout is similar to a superconductor-normal metal-superconductor
(SNS) junction, and they behave similarly in terms of their charge transport, even though graphene
is a semi-metal. The structure of the devices measured in this work is shown schematically in figure
The graphene monolayer is encapsulated between two crystals of hBN, forming a van der Waals
heterostructure. This can be transferred on top of most typical substrates, in this case silicon is used
so that the substrate can also be used as a gate. Contacts to the graphene are made using supercon-
ducting NbTi, in such a way as to contact the 1D edge of the graphene and slightly on top, leading to
SN interfaces with high transparency (high transmission probability of charge carriers). The significant
difference between GJJs and SNS junctions is that the graphene is an ‘active’ material in the junction,
meaning that its properties can be changed in-situ. As described in section the field effect can
be applied to change the charge carrier concentration in the graphene, affecting the properties of the
GJJ. Some work has also been done on graphene junctions built vertically like an SIS junction as a way

of attaining ballistic transport[62].
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Figure 2.6: lllustration of a graphene junction in an SNS-type configuration. The superconducting
electrodes are made of NbTi, and monolayer graphene is the weak link, encapsulated in hBN. The
graphene is proximitised, allowing Cooper pairs to be transported between the two superconducting
electrodes NbTi electrodes. In a 4-terminal measurement setup one electrode is connected to the positive
voltage and current terminals V4 and I+, and the other electrode is connected to the corresponding
negative terminals V— and I—. The lower hBN flake acts as a dielectric between the graphene and
the Si substrate, which can be used as a gate to apply the field effect to the graphene. A voltage Vgate
is applied to the gate to create a field of strength Fg,i. between the gate and the graphene. The gate

voltage can be changed to tune the charge carrier concentration in the graphene.

SNS junctions are usually longer than SIS junctions, because transport through tunnelling neces-
sitates that barriers are thin. This means they more often use alternative mechanisms such as the
proximity effect for supercurrent transport. Overall, charge transport depends on the properties of
the materials in the junction and the junction geometry, and it is possible to have contributions from

different mechanisms.

2.2.2 Charge transport in SNS Josephson junctions

In a normal, non-superconducting metal, Cooper pairs cannot form, and supercurrent will not flow. How-
ever, supercurrent can flow through a normal metal bounded by superconductors in an SNS Josephson
junction. The length that the normal metal section can be to allow Cooper pairs to be transported
depends on several factors associated with the properties of the superconductors, the normal metal,
and the NS boundaries between them.

Fundamentally it is single electrons which can travel in normal conductors. There are two regimes,
which are classified based on the length L of the material the charge carrier is travelling through, and
the mean free path [ of the material in question. The mean free path is the average distance over
which electrons can travel without scattering in the material. This means that, if the mean free path
is significantly larger than the length of the conductor, all the electrons can travel without scattering.
This is called ‘ballistic’ transport. Alternatively, if the mean free path is shorter, the junction is instead
‘diffusive’ because the electrons interact with the lattice as they move through the material.

Whether the junction is ballistic or diffusive impacts the description of the junction’s conductivity.

In the ballistic case, conductivity is quantised based on the area of the junction, which determines how

20



many superconducting channels can be supported, each with conductivity equal to the conductance
quantum 262/h, where h is Plank’s constant. However, resistance of the wider system is determined
at the interface in and out of the ballistic conductor. Incoming charge carriers are either transported
through the interface, or are reflected. This is the transmission probability or ‘transparency’ of the
interface. In the diffusive regime, the rate of current transport is instead scaled by a diffusion constant
D which is characteristic of the material.

Graphene can be in either the diffusive[63] or ballistic|64] regime, depending on the disorder in the
material, doping, or geometry. Large amounts of disorder create locations where scattering is likely,
compared to pristine graphene. In either case, we can observe the transmission of supercurrent in SNS
junctions. A junction being ballistic or diffusive does not independently explain how the supercurrent
transport is possible, though they can influence the properties of the junction.

The proximity effect is the term commonly used to describe how supercurrent is supported in SNS
junctions. It broadly describes how superconductivity ‘leaks’ from the superconductor into the normal
metal, over a length determined by the superconductor’s coherence length £y, which is defined in terms

of the Fermi velocity vr and the superconducting energy gap A.

ﬁl}F

LN

(2.5)

Andreev reflection is the mechanism underpinning the proximity effect, occurring in both ballistic and
diffusive SNS junctions|63, |65H67]. Andreev reflection occurs at NS interfaces and indeed GS interfaces.
The basic principle of Andreev reflection is that an electron with energy below the superconducting
gap incident on the NS boundary is retroreflected as a hole, and a Cooper pair is generated in the
superconductor. The 2e charge created in the superconductor is balanced by the charge of the incoming
electron and the oppositely charged hole moving in the opposite direction. Multiple Andreev reflection
(MAR) is the process through which an electron reflects from each NS boundary either end of the
junction repeatedly, accumulating enough energy to access a state in the opposite superconductor’s
conduction band[68]. This is illustrated in figure 2.7} In graphene, as well as retroreflection, electrons
can also undergo specular reflection, where the hole does not travel back along the same path that the

incident electron came from[69-71].
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Figure 2.7: lllustration of multiple Andreev reflection. An electron can only move from the valence

band of one superconductor to the conduction band of another superconductor by reflecting at the
link-superconductor boundary as a hole, creating a cooper pair in the superconductor as a result. The
produced hole may also reflect at the opposite boundary, creating a hole pair in the other supercon-
ductor. More than one reflection may be required for the electron to have sufficient energy to enter
the conduction band of the superconductor. The net effect is that an effective 2e charge is transmitted

across the junction as supercurrent.

Andreev reflection is the mechanism which facilitates the transport of superconducting charge car-
riers in SNS junctions, but whether or not the charge transport can occur depends on the energy scales
involved in the system. These are related to the critical current of the junction, which is an upper limit
on the current that can be transported without breaking superconductivity. The Thouless energy is an
energy scale related to the transit time in diffusive and ballistic conductors, and is also applied to SNS

Josephson junctions[72]. In diffusive junctions, the Thouless energy takes the form

h  RD

E = — = —
Th - 2

(2.6)

where 7. is the diffusion time, D is the diffusion constant and L is the length of the conductor. In a

ballistic conductor, it is described in terms of the Fermi velocity vy instead:

hv
Erp = TF (2.7)

For SNS junctions, the Thouless energy has significance in context with the superconducting energy
gap A. While A determines some of the properties of the Cooper pairs, Ery governs the individual
charge carriers. The overall determination of the coupling energy between superconducting electrodes
over a normal conducting gap is defined by the smaller of the Thouless energy or the superconducting
energy gap. This leads to the Thouless energy limiting the critical current in diffusive junctions,
while the superconducting energy gap sets the limit in ballistic junctions. The consequence of this in
graphene Josephson junctions is that when the graphene is weakly doped, electrons with energy below
the Thouless energy can undergo multiple Andreev reflection when the junction is in its finite voltage
regime, leading to oscillations representing the Andreev states.

Early GJJs worked on the principle of the proximity effect over short distances, with the earliest

practical devices from Heersche et al.[35] featuring electrode separations of 100-500 nm. In this case,
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aluminium was the superconducting contact which has a long coherence length greater than 1 pm.
Therefore the whole junction was able to be proximitised. They showed that changing the charge

carrier concentration of the graphene through electrostatic gating affected the critical current of the

device (figure 2.8)).
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Figure 2.8: (a) Dependence of the differential resistance of a graphene Josephson junction (indicated
by the colour scale where yellow is 0) on the bias current and charge carrier concentration/gate voltage.

The blue line is the normal state conductance. (b) Dependence of the characteristic voltage of the JJ

on the gate voltage. Reproduced from with permission from [Springer Nature

Additionally, oscillations were observed in the differential resistance for currents above I.., showing
evidence of multiple Andreev reflection. From this point, the focus of development for GJJs became
on producing higher quality ballistic junctions.

The transmission probability of the boundary between the superconductor and graphene is an impor-
tant parameter in a ballistic SGS junction. A significant development leading to extremely transparent
junctions was the realisation of a one-dimensional contact between a graphene monolayer and the su-
perconducting electrode. Wang et aI. etched a stack of monolayer graphene encapsulated in hBN
to expose the edge of the graphene before metallisation. This meant that electrical contact was made
only along the one-dimensional edge of the graphene, rather than being deposited on top of the two-
dimensional surface which was the previous approach being taken (figure shows the new process).
This was very significant because as well as giving a very low resistance contact of =~ 100 €2 and high
mobility at room temperature, it presented a new approach to fabrication using 2DM. They were able
to create the 2DM stack separately from the metallisation process, whereas previously the graphene
would have been transferred using a polymer and then left exposed for metallisation before the top hBN

flake was transferred|64].
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Figure 2.9: (A) Fabrication of edge-contacts to encapsulated graphene. (B) Scanning tunnelling electron
microscopy (STEM) image of the contact geometry, and a false colour electron energy-loss spectroscopy
(EELS) which expands on the junction interface region to show the 1D contact between graphene
and the metal. (C) Two-terminal resistance measurements of the junction against its width. (D)

Dependence of contact resistance on charge carrier density. From . Reprinted with permission from

FARS

The next development was by Moshe Ben Shalom in which the etching of the hBN/Gr/hBN stack
was adjusted so that part of the top of the graphene monolayer was also exposed as shown in figure
[27I0] Metallisation on this structure led to an even lower resistance junction of ~ 50 Q.

There are many further examples of ballistic GJJs. The majority of recent devices are based on
exfoliated graphene encapsulated in hBN with various superconducting contact materials including
Nb[75] or NbTiN[50], and MoRe[76]. Additionally, Li et al. made ballistic GJJs from CVD graphene,
with the possibility of mass production in mind for their fabrication process..
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Figure 2.10: (a) Schematic of the junctions showing how the metal contact is both on the 1D edge and
on top of the graphene. Below that is an electron microscope image of four junctions with different
lengths, but the same width of 5 pm. (b) Resistance against gate voltage for each of the different length
junctions. The sharp peak at AV, = 0 V shows the charge neutrality point. The dashed ‘ballistic’
curve is the theoretically calculated resistance in the quantum ballistic limit as a function of the charge
carrier density. The inset colourplot shows a map of the differential conductance for the 0.25 pm long

junction. The colour scale ranges from -1 to 1 mS (red to blue). Reproduced from with permission

from [Springer Nature

Having established that GJJs are now able to be consistently produced in the ballistic charge trans-
port regime, their properties can be assessed in more detail in comparison with ballistic SNS junctions.

The main property of interest for this work is the current-phase relation.

2.2.3 Variations in the current-phase relation

The current-phase relation is a periodic function which describes how the supercurrent passing through
a Josephson junction depends on the phase difference across the junction. In an ideal JJ the CPR is
sinusoidal with phase as shown by the dc Josephson effect given in equation . This sets a limit
on the values of supercurrent that can be supported by a Josephson junction, with a minimum of zero
and a maximum equal to the critical current of the JJ. If the phase of each individual electrode can
be somewhere between 0 and 27, the maximum phase difference in the junction would be 7, which is
equivalent to 0 because of the periodicity of the system. So the minimum I (no supercurrent) occurs
when both sides of the JJ have the same phase. This implies that supercurrent can only flow if there
is some phase difference, with the maxima occurring at /2, midway between the minima.

This is the behaviour in the ideal junction, but there are many JJ systems where the CPR is
different, usually skewed away from the sinusoidal shape such that the maximum and minimum points
no longer align with integer multiples of /2. This is one of the main differences which is observed
when measuring ballistic SNS JJs.

One model to reflect this is based on the ‘transparency’ T, of the junctions, describing the trans-

mission probability of superconducting particles across a normal-superconducting boundary. Specifically
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this is for multiple channels of ballistic transport across a Josephson junction|[78], where e is the electron
charge, A is the superconducting energy gap, N is the number of ballistic transport channels, kg is

the Boltzmann constant, T is the temperature, and «y is the phase difference.

— GAQ T, Sin’y an A - - |
) Z \/ 1 — T, sin?(v/2)) tanh <2k‘BT \/(1 Tn (7/2))> (2.8)

The transparency term affects equation in two ways. Firstly, it determines the amplitude of the
supercurrent. The greater the transparency, the more charge carriers are being transmitted across the
junction, and so the supercurrent increases. Secondly, it controls the phase at which the maximum
supercurrent is found, due to the /2 term in the denominator. The shift in phase maximum is what
determines the skew of the CPR. Physically, this is related to the Andreev bound states and scattering
states in the SNS junction. The fewer backscattering events occurring at the interfaces (i.e. more
transparent interfaces) the more skewed the CPR becomes, with Andreev states having more influence
over the total supercurrent[79) [80]. There is a discontinuity at 7,, = 1 as the denominator approaches
0. On the other hand, as T;, — 0 the denominator approaches 1 and so the supercurrent returns to
the sinusoidal dependence on phase controlled by the numerator.

Equation is a phase-dependent approximation which is valid at low temperature as the hyper-
bolic tangent function will be approximately 1 when Ay > kgT. This will be used in the simulation
chapter . Comparing the approximation to the CPR component of the full equation at
different temperatures is shown in figure[2.11] It shows that at low temperatures substantially below T
(when the superconducting gap Ag is assumed to be similar to that of niobium, the order of 1 meV) the
approximation matches the full equation well at both low and high values of T;,. In the approximated
model, the plots will be in the same place each time as they lack a temperature dependence. At an
intermediate temperature, the sinusoidal case still holds well, but the skewed model has started to
retreat, but not by a huge amount. Once at temperatures comparable with the critical temperature of
Nb, the skewed model has retreated significantly, almost perfectly matching the sinusoidal case. This
confirms that low-temperatures should be assumed for any work involving the approximated equation,
such as in the later simulations, though the exact temperature at which the model no longer holds has
not been determined precisely, and some use could be justified up to around 1 K where the difference

between models is not large.
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Figure 2.11: Plots comparing the appearance of the full skewed CPR equation ([2.8]) to the approximation
(2.9) roughly corresponding to temperatures of 0.1, 1, and 10 K. Plots labelled ‘skew’ have T;, = 0.999,
and plots labelled ‘sine’ have T;, = 0.001. The plots show that the approximate equation ([2.9)) breaks

down for high skewness at high temperature.

T, sin(7)
V= Tsin(7/2)

In junctions with very low transparency the denominator of the equation will tend to 1, reducing the

CPR = (2.9)

relation back to the sinusoidal form of the ideal junction CPR. On the other hand, high T}, junctions
are quite heavily skewed, corresponding to ballistic transport. At perfect 7,, = 1 in the limit of 0
temperature, the CPR becomes sawtooth in shape due to the transport being exclusively determined by
Andreev bound states[79]. Different levels of skewed CPRs due to transmission probability are shown

in figure A significant review of CPRs in different JJ systems was written by Golubov|81].
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Figure 2.12: Plots of different CPR functions, where T,, are transparencies used for a skewed CPR
(equation (2.9)). Each curve is normalised to its maximum amplitude. The maximum moves from
7/2 towards 7 as the skewness increases. All plots pass through 0 amplitude at integer values of 7
phase difference. The negative amplitude current implies that which electrode has the larger phase has
switched such that the supercurrent travels in the opposite direction. When the junction is current
biased in one direction, only the values in one half of the graph are accessed (based on the convention
taken for the current direction). The sawtooth function is due to perfect transparency characterised by

the discontinuity at T;, = 1.

The work by Nanda et al. [37] at Delft University of Technology investigates this idea in GJJs and
SQUIDs, confirming the change in CPR with changing transparency of the JJ. The significance of the
work by the Delft group is that by gating each junction independently they could make the SQUID

asymmetric and extract the CPR directly to characterise the skewness S. The skewness was defined as

S = (2¢’“ax) -1 (2.10)

™

where ¢max is the phase at which the supercurrent is maximised. This gives the position of the maximum
on a scale between 0 when the CPR is unskewed (sinusoidal), and 1 when the maximum current is
fully skewed to 7 on the phase axis. The effect of temperature on the CPR was also investigated, as
shown in The contribution to the supercurrent by Andreev bound states is suppressed at higher

temperatures [82].
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Figure 2.13: (a): Shows the current-phase relation of the left junction which is biased at 1 V, slightly
above charge neutrality of 0 V. The plots are of how the supercurrent depends on phase difference. It is
shown at 40 mK and 4.2 K. The low temperature CPR is clearly skewed while the room temperature CPR
appears unskewed. (b): The skewness S of the CPR against temperature at different charge carrier
concentrations. Negative charge carrier concentrations are skewed less than positive charge carrier
concentrations, and the skewness reduces with temperature. The black lines in both plots are the results

of tight-binding model calculations. Reproduced without modification from [37], which is published

under a|Creative Commons Non-Commercial No Derivative Works (CC-BY-NC-ND) Attribution License|

(© 2017 [American Chemical Societyl ACS disclaims all warranties with respect to the article except

that it is entitled to grant the license agreement described.

This is consistent with the effect of the model which will be used in the simulations. The full
model has often been included in consideration of ballistic JJs including GJJs[36} 62, [83]. This gives
confidence that devices used in this investigation will share the properties of the other devices, and that

they will display the behaviour expected by the presumed CPR.

2.2.4 SQUIDs

Superconducting quantum interference devices (SQUIDs) are loops of superconducting material broken
by Josephson junctions. They are extremely sensitive to magnetic fields, so many of their applications
are as magnetometers or gradiometers. The devices are capable of detecting magnetic fields produced
by living creatures, leading to their use in biomedicine measuring heart and brain activity|84, 85]. They

are also used in materials science, by constructing the SQUID on the tip of a probe akin to atomic force
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microscopy, or placing samples of interest inside a SQUID loop|[86].

In this section some of the devices which were initially invented around the same time as the dc
SQUID will be described. Then, the behaviour of JJs and SQUIDs in magnetic fields will be discussed,
because that behaviour is intrinsic to the devices' sensitivity to magnetic fields. Then, the main
parameters describing SQUID electronics and performance will be shown. Finally, some examples of the
most current SQUIDs being researched that are not graphene-based will be given. [3 will go into more
detail about how dc SQUIDs work using a mathematical description of the resistively and capacitively

shunted junction (RCSJ) model for a numerical simulation.

SQUID history

SQUIDs have been researched since the 1960s[87]. There are two varieties, shown schematically in
figure RF SQUIDs where one side of the loop contains a JJ, and dc SQUIDs, where both sides
contain a JJ. The first publication concerning the RF SQUID was the work of A H Silver and J E
Zimmerman published in 1967 [88]. In the RF SQUID, the voltage is measured across the tank circuit,
and would be periodic with applied magnetic flux through the superconducting loop as long as the RF
current applied to the tank circuit was kept constant. As it only contained one JJ, the RF SQUID was
easier to fabricate, but it is less sensitive than the dc SQUID.

Another early device related to the invention of JJs and SQUIDs was the Superconducting low-
inductance undulatory galvanometer (SLUG). SLUGs were made by forming a JJ between Sn-Pb solder
and Nb wire, with the oxidation layer of the Nb acting as the insulating barrier. This device was able

to measure voltage with a resolution on the order of fV/[89].
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Figure 2.14: (A) Circuit diagram of an RF SQUID. The SQUID loop is on the left side with one JJ on

one side of the superconducting loop. To the right is the tank circuit where an RF current is driven
through an inductor to couple with the superconducting loop. (B) Circuit diagram of a dc SQUID,

where both sides of the loop contain a JJ.

Flux quantisation and the effects of magnetic fields on Josephson junctions

The discussion of Josephson junctions so far has been focused on the current-phase relation. Part of

the CPR is the phase difference Ay, which is important to reconsider in the context of magnetic fields.

30



The descriptions given here are brief, for a more fully-derived explanation see references [1, 90]. Firstly,
Ay cannot generally be used to determine the supercurrent I as described by (2.2]). This is because
I is a gauge-invariant quantity, while Ay is not. It is necessary to replace Ay with an alternative

gauge-invariant phase difference v[1]:
v=Ap— (277/@0)//1'- ds (2.11)

where A is the vector potential and ds is the vector line differential. Having introduced A allows the
effects of the magnetic field to be assessed. In the case of no magnetic field, A =0, allowing the simple

substitution of Ay = v giving

I, = I sin (v) (2.12)

With this mention of phase-invariance in place, the effects of magnetic fields can be discussed, starting
with flux quantisation. The concept of flux quantisation is integral to describing the behaviour of
Josephson junctions and SQUIDs. The constant value of the magnetic flux quantum ®, = h/2e appears
in several places in the theory surrounding superconductors and superconducting devices, coming from
how magnetic fields behave inside superconducting rings. Starting with a ring which is above its critical
temperature, a magnetic field is applied parallel to the ring's axis (figure ) If the superconductor
is then cooled below T, the Meissner effect will take hold and expel any field lines from inside the
superconducting ring (figure 2.15b). Field lines are still able to pass around the ring on the inside
or outside. Then the field is removed, but the flux that was passing through the hole of the ring
is trapped, as a persistent supercurrent has been generated inside the superconductor (figure mc)
Quantifying the amount of flux around the ring is done by integrating the vector potential of the field
over a line contour around the centre of the ring. Doing so corresponds to a full rotation around the
superconducting ring, and because the superconducting wavefunction is gauge-invariant it has the same
value at the start and end. So the phase part of the wavefunction has simply precessed by 27 in one

rotation. This adds an extra 27 per rotation n to the phase, so the flux becomes

2mh
S =n— 2.13
n— (2.13)
where the flux quantum & = h/2e, so
b = nd, (2.14)

shows that the flux in the loop is quantised.

The first appearance of flux quantisation was in mixed-state type-1l superconductors, where the
penetrating flux is arranged into a triangular array of supercurrent vortices|91]. Each tube is bounded
by circulating supercurrent corresponding to an amount of flux equal to the magnetic flux quantum that
is allowed to penetrate. In the interior where the flux penetrates, there are no superconducting charge
carriers so the material is resistive. The tubes form in energetically favourable locations, so defects in
the material can pin the vortices in place so that the triangular array is not entirely consistent across
the superconductor. These pinning sites which are almost always present in real materials hold the

flux vortices in place so that they are not moved by nearby current flow inducing a Lorentz force and
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thereby a resistance. This means that supercurrent can usually still flow while the superconductor is in
the mixed state. It is possible to engineer pinning sites when designing devices so that these disrupted
areas are kept away from the functional part of the device. In the ac Josephson effect , Dy is part
of the definition the Josephson frequency (the frequency of the alternating current generated by the
evolution of the JJ's phase difference). The Josephson frequency is proportional to the voltage

across the junction and determines the energy change of a Cooper pair moving across the junction.

(a) (b) (c)

Pt P

T>T. B,=B|[T<T. B, =B|T<T. B,=0

Figure 2.15: lllustration of the behaviour of magnetic flux inside a superconducting ring. The three
frames should be considered in sequence. In (a) the ring is above its transition temperature, so the
applied magnetic field B, passes through the material normally. In (b) the superconductor has been
cooled to below its transition temperature, so all the magnetic field lines are deflected either through
the ring hole, or outside the ring. In (c), the applied magnetic field has been removed, but the magnetic

field has been sustained by a persistent current circulating in the ring.

Following flux quantisation, the effect of magnetic flux on JJs and SQUIDs will now be considered.
Both cases are examples of quantum interference effects. The magnetic flux in the junction affects
the phase such that the maximum flux-dependent critical current I; becomes defined by an equation

analogous to the Fraunhofer pattern produced by single-slit interference:
(2.15)

where I is the maximum critical current at 0 magnetic field. This constitutes a tall peak at ¢ ;/®¢ = 0,
then oscillations with peaks at much lower values (the first at close to 0.21y)) that subsequently get
smaller. The minima between peaks are located at integer values of @ ;/®.

Following the ‘single-slit' case, SQUIDs are analogous to the 'double-slit’ case. In the case of a

symmetrical SQUID, the critical current I,,, is shown to vary in a cosine manner:

D,
cos(go)

I, =21, (2.16)

where I, is the maximum critical current of the junctions in the SQUID. The oscillations this time are

at the same height, with maxima at integer values of ®;/®(, and minima and half-integer values.
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SQUIDs can show both types of interference effects, visible on different scales. For a relatively large
applied field, the Fraunhofer-like interference pattern is visible, but at higher resolution, smaller flux
oscillations can be seen following the path of the interference pattern. To get the maximum critical
current the applied field needs to place the device at the peak of the central Fraunhofer, and then also
at the top of a more localised oscillation. If away from the centre of the interference pattern the flux
oscillations on the local scale will appear to be sloping. Equations and are plotted in

figure 2.16] The flux oscillations will be discussed further in a more practical sense in the next section.
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Figure 2.16: Plot of the dependence of the normalised maximum critical current against the ratio of
applied magnetic flux to the magnetic flux quantum, in a single JJ configuration (A), and a dc SQUID

configuration (B).

Oscillation of the critical current of the SQUID

Flux oscillations are a behaviour in dc SQUIDs where the critical current oscillates periodically as a
function of the magnetic flux enclosed in the SQUID loop. The oscillation period in terms of magnetic
field is equal to the magnetic flux quantum. In other words, each period seen corresponds to an
additional quantum of magnetic flux passing through the loop. In the experimental measurements, a
superconducting magnet is used to apply a vertical magnetic field perpendicular to the SQUID loop, so
that the magnetic flux is straightforward to quantify.

When the amount of flux in the SQUID loop changes it influences the phase difference of the
Josephson junctions, which itself impacts the critical current of the SQUID. This is because the SQUID
loop has an inductance and this causes a circulating current to be induced in the SQUID loop. This
current effectively adds to one junction and takes away from the other as it passes through them in
opposite directions. The maximum critical current occurs when there is an integer value of flux quanta
inside the loop, and the minimum is when there is half-integer flux quanta|l]. Experimentally it can be
difficult to guarantee that any given SQUID is perfectly symmetrical or particularly that both junctions
have the same critical current. The cause of asymmetry in the critical current can be related to
fabrication if the junctions are not made uniformly, but may also be because of residual charge trapped

on the device which is highly unlikely to affect both junctions equally.
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Critical current asymmetry can be compensated for in devices where both junctions are indepen-
dently tuneable [75] though this is not seen often due to added complication for fabrication and the
reduced possibility for scaling production in more complex device designs. In a two-junction device,
both junctions would require their own gates to be tuned separately. This increases the number of
fabrication steps needed, which increases the chance of failed devices. Additionally, each additional
contact requires its own wiring and power supply, which will eventually mean that feasible devices are
constrained by the electronics in the experimental setup and cooling power of the refrigerator when more
complex devices are required. These types of devices are also useful because instead of making the
device symmetrical they can also force it to be highly asymmetrical, allowing junctions to be measured
independently [37].

To ensure that the oscillation period of the SQUID is behaving as expected it is useful to reframe
the applied magnetic field to be in terms of the flux quantum. Therefore it is necessary to know the coil
constant of the magnet k (where k has dimensions of current per field strength) to obtain the applied
magnetic field. The flux through the loop is the product of the field B, and the effective loop area
Aesr. Finally, the applied flux can be divided by the flux quantum to ‘count’ the individual flux quanta.
This conversion is summarised in equation (2.17).

d BA  kl,Aecx
T T T (247

An effective loop area is used because the superconducting wires expel flux and therefore adjust its
path. This means that there is more flux passing through the SQUID loop than just the internal area
of the loop would suggest for a uniform field. Roughly it is expected that half of the flux incident on
the wires is directed into the loop and half is directed out of the loop. This allows an estimation of
At to be calculated to try and verify the period of the flux oscillations.

This can be approached from the opposite angle as well. If the period of the oscillations is measured
and assumed to match the integer flux quantum, the effective area can be reverse engineered. If there
is reasonable agreement between the two values then that provides satisfactory confirmation that the

SQUID is behaving as expected.

SQUID parameters and optimisation

SQUIDs are described by a set of parameters tying together their electronic characteristics. These lead
to figures of merit which determine the SQUID’s performance and noise characteristics. The noise
produced by a SQUID is important because SQUIDs are often intended for use as extremely sensitive
magnetometers, and the noise would put a limit on the resolution achievable in a given device.
Electronically, SQUIDs can be generally described by their Stewart-McCumber parameter Sc and
their screening parameter 31, which include the electronic properties of the SQUID, with the former
containing the capacitance C while the latter contains the inductance L. Both also include the normal
state resistance R and the critical current of the junctions I.. As B¢ and [Sp define the SQUID
properties, they inherently affect the figures of merit and noise, so they will be discussed first.

The Stewart-McCumber parameter S¢ is associated with the Josephson junctions in the SQUID. It
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is linearly dependent on I. and C, and quadratically dependent on R, as shown in equation (2.18)). In

a symmetrical SQUID, both junctions have the same value of S¢.

B oI, R*C

Bc By

(2.18)

This property is related to damping in the JJ, which affects the observation of hysteresis its IV curve.
In the overdamped case where B < 1, sweeping the bias current up from the superconducting region
to above I. and then back down again will have the superconducting phase transition at I, each time.
However, if the JJ is underdamped such that 5o > 1, on the returning sweep the transition back to
superconducting will occur at a retrapping current I, less than the critical current[1]. This concept is
important in practical devices for SFQ logic, which requires that JJs are overdamped to avoid ‘latching
logic'[15]. The capacitance of the junction is more complex to determine in SNS JJs than just the
geometric capacitance defined by the junction electrodes, which is much smaller than in SIS tunnel
junctions. It is likely that SNS and gated junctions have additional sources of capacitance from their
substrates and measurement wires. To create a junction with a desired 3¢, each of the electronic
parameters need to be considered. It difficult to calculate the capacitance of the junction precisely for
the reasons mentioned, but it should be possible to engineer I. through a combination of the design
of the device geometry and the material choices. In tuneable junctions such as GJJs, I. can be further
controlled over a range which could allow for moving between the overdamped and underdamped states.
The resistance will also depend on the charge transfer mechanisms occuring in the junction.

The second parameter is the screening parameter 81, which is a function of the SQUID inductance.

2L,

Br = B, (2.19)

An appropriate value of the screening parameter 3, < 1 is needed to avoid magnetic hysteresis. The
screening parameter affects the ratio of the maxima and minima in flux oscillations[92]. In low 3y,
SQUID loops the oscillations become very deep, while they are shallower when 3y, is high. This can be

defined as the modulation depth Iy
Ic max Ic min
[p=-cmex —emm (2.20)

T s
where I max and I¢ min are the maximum and minimum critical current values respectively, due to the
oscillation of magnetic flux. The modulation depth can take values in the range 0 < I; < 1 depending
on the relative size of I, . If the minimum critical current is reduced to 0, that is the maximum
depth by this metric, normalised to 1. This corresponds to 5;, = 0. As 3, increases, the oscillations
get flatter. A point of significance is B, = 1 corresponding to I; = 0.5. Above that I; continues
to reduce at a linear rate[92], implying that eventually flux oscillations can be completely suppressed
by high 8. The screening parameter is linearly dependent on inductance but also on critical current.
Geometric inductance is constant for a particular device if the geometry is permanent. But the critical
current does not have to be in tuneable junctions. Therefore 8, can be tuned in graphene SQUIDs by
controlling I. through electrostatic gating, causing the depth of the flux oscillations to change as well.

A SQUID also has a kinetic inductance contribution Ly, primarily from the superconducting electrodes,
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which is summed with the geometric inductance L, to give the total, as shown in equation (2.21)).
L="Ls+ Ly (2.21)

Related to the critical current, the coupling energy E; is a measure of the strength of the super-
conducting phase coherence. Its dependence on I, essentially provides a limit against thermal energy

in the system|1].
Rl

2e

Ej=—S%>5kT (2.22)

Additionally, the flux in a SQUID loop provides a fluctuating noise depending on the inductance of
the loop, which grants another constraint:

2
L< 5

< T (2.23)

The constraints on 81, and B¢ are to avoid forms of hysteresis, but the latter constraints on thermal
energy are stricter as they will determine whether the SQUID will be able to function.

In SFQ logic devices, the value of 31, required varies on the role of the junction in the circuit. For
example, a simple flux storage circuit required 57, ~ 10, while a transmission line required a smaller
value of 81, ~ 1[15]. Being able to tune (1 with GJJs would therefore allow more flexibility in the
fabrication of such circuits and give the opportunity to optimise their performance.

Having discussed the parameters which define a SQUID, the key quantities which characterise its
performance can be discussed. A primary figure of merit is the transfer function Vg which describes
the sensitivity of a SQUID, which refers to how large a change in magnetic flux can be detected as a
change in voltage. It is defined as the maximum of the absolute value of the partial derivative of the

voltage V' with respect to the applied magnetic flux ®,[92]

ov
Ve = max (‘8@1

) . (2.24)

A larger transfer function implies that the voltage changes more for a smaller change in flux, and
hence has a greater sensitivity. This is a key parameter when a SQUID is being considered for use
as a magnetometer. The transfer function can be affected by the §; with values close to 1 usually
being optimal|92]. Simulations have also shown larger transfer functions for SQUIDs with highly skewed
CPRs|[93]. Graphene SQUIDs have been measured with maximum transfer functions of 300 pV/®;[75].
100 pV/®q is considered typical for a SQUID|92| so this shows that graphene SQUIDs can attain
reasonable transfer function values.

Lastly, the noise of a SQUID can be assessed. One noise term is linked to the transfer function: the
flux noise power Sg. This is defined as S = Sy /VZ, where Sy is the spectral density of the voltage
noise power. The flux noise power then defines the energy resolution (minimum detectable energy) of
the SQUID € = Sg /2L and the magnetic field noise power Sg = S¢/A§ff, where A is the effective
area of the SQUID loop. These noise parameters are calculated from Johnson-Nyquist noise (in the form
of white noise) of the device resistance. The main other source of noise is 1/ f noise which comes either
from trapped flux vortices in the SQUID material, or from fluctuations of the critical current of the JJs

due to defects or impurities in the material. However, 1/f noise is only relevant when operating at
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extremely low frequencies, whereas the thermal noise component sets a limit on the SQUID sensitivity
over a wide frequency range[92], and is therefore much more applicable to general use. The description

of Johnson-Nyquist noise in SQUIDs is discussed in more detail as part of the simulation in section [3.8

Modern Josephson junction technologies

For applications of JJs or SQUIDs where a large quantity of devices is required, or where batch pro-
duction is required, AloOs tunnel junctions remain the go-to design. They are currently the main
technology being used to scale superconducting quantum computers, for example in Google's Sycamore
processor[13]. They remain popular because superconducting aluminium has a long coherence length
and the manufacturing process is very straightforward. They also have low loss for high-frequency
applications.

In the research space, there is more variety in the types of JJs being constructed and the kinds
of devices they are integrated in. The main superconductors being used are Nb alloys like NbTi and
NbTiN. Nb has a critical temperature about 10 times larger than Al, making devices much more
accessible as sub-kelvin temperatures are not needed. The types of materials being used for the weak
link is what changes more frequently. Notably, there are relatively few examples of studying SQUIDs
made from these materials than individual junctions. This is likely related to how the fabrication process
is less straightforward to produce a pair of parallel junctions compared to a single junction, especially
considering some of the gating requirements which greatly increase the number of fabrication steps
required.

Semiconductors are used in some cases to explore the possibility of integrating superconductor
and semiconductor technology for computing|94]. InAs is commonly seen in semiconductor-based JJs
because it has favourable field-effect characteristics [95]. In this way use of semiconductors has a similar
rationale to the use of graphene. Semiconductor devices usually use nanowires[36} 96] which lack the
benefits of graphene’s 2DM properties for the device design. However, there are examples of InAs-
based SQUIDs with planar junctions. In one case, the device was shown to have a dominant second
harmonic in the CPR, potentially useful for extending relaxation time in qubits[97]. Another example
displays highly skewed CPRs and potential in superconducting spintronics due to a large anomalous
phase difference which is tuneable through gating of the device.

Other semiconductor-based JJs have been made using 2D MoS, of various numbers of layers|98|
99], which are interesting because of the 1.8 eV direct band gap in the visible part of the electromagnetic
spectrum. In this case, graphene still has a benefit of the order of 100 times higher mobility of charge
carriers|100]. Between semiconductors and graphene, there are enough differences in the materials that
the research can be complementary, with different applications or designs encouraging use of different
materials.

Another interesting and distinct class of JJs are those which use ferromagnetic materials as the
weak link. There are interesting interactions at these boundaries because of the interplay between mag-
netism and superconductivity[101, [102]. One example of a device using a superconductor-ferromagnet-

superconductor (SFS) junction is a spin valve, which can be used for computer memory[7]. This subfield

37



is extensive so a recent review of ferromagnetic 7 junctions, which could be used in superconducting
logic circuits and certain types of qubits, is referenced for interest[103)].

Lastly, Unconventional superconductivity was discovered in bilayer graphene when the layers were
twisted to a ‘magic angle' of 1.1°[104]. This has been used in JJs and SQUIDs in different ways to the
typical weak link. This form of graphene has been used as the entire JJ in a single junction and SQUID
by gating the graphene locally to maintain the unconventional superconductivity in the ‘electrodes’
while switching it off in the ‘weak link'[105} |106].

It is clear that there is a wealth of research into a variety of JJ technologies for different purposes.
In general, the applications of a particular type of JJ are highly specialised. Graphene-based JJs retain
high potential in these types of superconducting devices due to its 2D nature, field effect, and high

mobility.

2.2.5 Applications of graphene Josephson junctions and SQUIDs

Graphene and 2D materials research searches for advantages of using the materials which would lead
to broader implementation of the technology. In superconducting devices there are a few potential
benefits.

Heterostructures of graphene with hexagonal boron nitride are atomically flat, allowing them to
be placed onto any substrate, enhancing their potential for integration with other types of circuits.
Graphene being an active material gives potential for devices which can be switched into different modes
of operation or in-situ optimisation. Layered materials have consistent thickness potentially giving more
control over the uniformity of fabricated devices compared to grown thin films or heterostructures.

The following subsections are some examples of applications in which graphene JJs or SQUIDs are

being considered.

Parametric amplifiers

Parametric amplifiers are devices used in particular to detect weak signals. In electronics they require a
non-linear impedance medium|107]. A pump signal is mixed with the weak signal, and if the impedance
is increased the voltage also increases, enhancing the the signal. Some designs of travelling wave
parametric amplifiers (TWPAs) use Josephson junctions in their design because of their non-linear
inductance|108], which comes from the Josephson inductance's inverse dependence on the cosine of
the phase difference between its superconducting electrodes. These types of amplifiers aim to be
used to detect the weakest signals with energies close to the quantum noise limit|109]. Recent work
has incorporated graphene JJs because the inductance is also tuneable by gating the graphene which
changes the critical current of the junction and hence the inductance. This gives a wider bandwidth of

frequencies that the resonator can then be used for, making it more practical to use[110} [111].
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Bolometers

Graphene based Josepshon junctions can also be used as bolometers for detecting low-energy photons,
such as those with microwave energies. One example from Gil-Ho Lee et al. shows that graphene’s low
electron heat-capacity means it can detect low energy photons down to 32 GHz. The associated small
thermal time constant meant that the bolometer could operate 10° times faster than other technologies

at the time[49].

Qubits

The previous applications of parametric amplifiers and bolometers both share a lot in common with
qubits. They are fundamentally similar as they are all based on the Josephson junction, the base element
of superconducting electronics. All three can have use in quantum computing circuits, depending on the
combination of technologies being used to prepare, transmit, and measure qubit states. Transmon qubits
have previously been made using GJJs[51], though a comparison of different superconducting qubits

showed that graphene gatemons did not have a long lifetime in comparison to other technologies[112].
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2.3 High frequency effects in Josephson junctions and SQUIDs

Many of the applications for superconducting circuits will inevitably either incorporate or be exposed
to high-frequency signals up to the range of optical radiation[113| [114]. This is particularly the case
for qubit control and signal transport for quantum computing, a major research area.

As different technologies are developed and investigated for use in these applications, it is important
that their characteristics are well understood under all feasible conditions, as this will allow strengths
and weaknesses of devices to be identified and inform future projects which could benefit from certain
behaviours or performance levels.

The high-frequency phenomenon of Shapiro steps is well established, but the exact behaviour can
vary depending on the geometry and materials of any given JJ or SQUID. This means that measurements
of Shapiro steps always provides valuable information. These types of measurements will represent a
large portion of this work, both by simulation (chapter and experiment (chapter [5), so the key

aspects of the background theory will be included.

2.3.1 Shapiro steps

Quantisation effects were observed in Josephson junctions driven by electromagnetic radiation by Sidney
Shapiro in 1963|115]. The result of the effect is that steps appear in the IV of a Josephson junction at
quantised voltages V,, proportional to the drive frequency v and magnetic flux quantum ®g, where n
is the integer corresponding to the nt" step.

h

Vi =n— 2.25
) n2ey ( )

The effect comes from how the voltage across the junction is described in the ac Josephson effect
(2.3). The junction is typically biased by a dc current, which above the critical current creates a
voltage drop across the junction and causes the phase difference of the junction to oscillate. Certain
bias currents correspond to voltages which are equal to a Shapiro step. In a junction which is not being
driven by an additional ac source, these are all one-to-one values, each bias current gives a different
voltage response. The driving current introduces additional dc current components so that at a Shapiro
step voltage, the same voltage response is produced across a range of bias current values.

Real electronic measurements can be offset, such that the 0 gradient region in the IV curve cor-
responding to the superconducting region is not at 0 voltage. This means it is sometimes useful to

characterise the steps in terms of their spacing AV rather than the specific voltage values.

AV = o = By (2.26)

Of more interest now are half-integer and fractional Shapiro steps, which can be observed in ballistic

JJs with skewed CPRs.
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2.3.2 Half-integer Shapiro steps

Shapiro steps are the expected outcome of exposing a Josephson junction to high-frequency radiation.
They are quantised voltage steps appearing at integer spacing equal to the product of the frequency of
an applied high-frequency electric field and the magnetic flux quantum (see equation ) However,
the appearance of steps at fractional intervals has been observed both in simulation and experiment|36),
83, 1102, 116, |117]. There are two main cases where half-integer steps can appear in SQUIDs: due
to a skewed CPR, and due to half-integer flux in the SQUID loop. The latter case is only possible in

SQUIDs, while the former can also be observed in single junctions.

Half-integer steps due to half-integer flux

One mechanism is that half-integer Shapiro steps will appear when a half-integer value of magnetic flux
is applied through a SQUID. This mechanism would seem to be present specifically in SQUIDs and not
individual Josephson junctions because the effect is linked to the difference in phase differences of the
JJs in a SQUID[117|]. The physical interpretation is that a symmetric SQUID with integer flux in the
loop has no circulating current, and the phase differences of the two JJs are the same (see equation
(3.28])). Therefore the phases are locked and they evolve in step while the device operates, as if it
was a single junction. When an RF field is applied, they similarly undergo their evolution at the same
rate, so any steps that appear are only quantised at the integer level. On the other hand, when there
is a non-integer fraction of magnetic flux quanta in the loop, the circulating current is established by
the SQUID’s loop inductance. This means there are different amounts of current flowing through each
junction, and so the phase differences of the individual junctions change at different rates. This means
that in one cycle of the RF field, the different junctions have evolved by a different amount. This
is maximised at half-integer flux. In particular, the number of rotations the junctions complete in a
period of the drive signal is supposed to correspond to the integer of the related Shapiro step. So if
one junction has completed 2 oscillations and the other 3, then a half-integer step at n = 2.5 should be
visible. Thinking about this in terms of the bias current on an IV curve, with the circulating current,
the actual bias through each junction are £J from the recorded bias. This could put one junction in
the region of one Shapiro step, and the other in the region of the next. Averaging these voltages in the

measurement would give values halfway between.

Fractional steps due to a skewed CPR

The second mechanism is related to a skewed CPR. An ideal junction with a sinusoidal CPR will not show
fractional Shapiro steps, but junctions in several systems with skewed CPRs have displayed fractional
Shapiro steps. Graphene JJs have been shown to have a CPR which can be tuned via electrostatic
gating[37]. When the graphene has low transparency the CPR is very sinusoidal, but when gated into
the n-type region the transparency increases and the CPR becomes skewed.

A general way of expanding the CPR of a JJ is as a Fourier series summing increasing harmonics
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m of sinusoidal waveforms

I= Z Cm Sin (mey) (2.27)

m=1

where ¢, is the amplitude of harmonic m, usually decreasing with increasing harmonic[97]. These
higher harmonics can be coupled to by a high-frequency signal to induce fractional Shapiro steps at
voltages evenly spaced between integer Shapiro steps. For example, for m = 3, fractional steps appear
at (n/3) and (2n/3) multiples of the voltage spacing given in ([2.26]).

Another source of fractional Shapiro steps can be a finite capacitance in the junction such that
Bc > 0, although these can appear even in junctions with a sinusoidal CPR. Most real devices will have
some capacitance, and 8¢ is defined by multiple quantities including the critical current [see ]
Nevertheless, it is a possible confounding factor to consider when analysing fractional Shapiro steps,
and minimising S¢ will reduce its contribution compared to other mechanisms|118]. This is already a
desired property in many cases to avoid hysteresis in the junction, so it is not at odds with junction

design.

Fractional Shapiro steps in graphene Josephson junctions

Integer and fractional Shapiro steps have been observed in graphene Josephson junctions in different
geometries. There are examples of graphene JJs constructed laterally like SNS junctions, and vertically
where superconducting contacts to the graphene are made on the top and bottom of the plane of the
monolayer, rather than at the edges. Vertical graphene JJs are not widely used, because it is difficult to
get good contact between the superconductor and the surface of graphene, especially compared to the
extremely low-resistance contacts seen in lateral junctions like those discussed in section [2.2.2] Gil-Ho
Lee et al. have published work on vertical graphene JJs [62,|119]. The supplementary information from
the 2015 publication|120] contains figure which shows spikes in the differential conductance of
their junctions corresponding to Shapiro steps. Visible with smaller magnitude are steps at half-integer
positions, as well as n/3 and 2n/3. These steps appear because the junction is ballistic and has a

skewed CPR.
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Figure 2.17: Differential conductance against Shapiro step number in vertical graphene Josephson
junctions. The x-axis shows the voltage of the JJ in terms of Shapiro step quantisation. Green vertical
lines are at n/2 values where peaks corresponding to half-integer steps are present, and the black arrows

mark the position of n/3 and 2n/3 fractional step peaks. Reproduced from [120] where the article is

published under a |Creat|ve Commons Attribution 4.0 International L|cense}
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For lateral junctions, recent work was published by Huang et al. [83] in which half-integer Shapiro
steps were observed. Their junctions were also using hBN encapsulated graphene, but with Ti/Al
contacts. Performing an experiment conceptually similar to one of the measurement done here in
section they suggest that their results link the transparency of the graphene junctions to the
appearance of half-integer Shapiro steps, which would be consistent with the skewed CPR equation
that is generally used. Figure[2.18|shows an example of measurements their measurements which
are similar in form to those which were being done for this thesis before the publication of [83], showing

the Shapiro steps in the form of a histogram and the dependence of the steps on the microwave power

applied.
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Figure 2.18: Plots showing ac characterisation of a graphene JJ at a fixed gate voltage (12.4 V) but
irradiated with different microwave power. (a), (b), and (c) are Shapiro maps which show the position
of Shapiro steps by the regions of O differential voltage. Fewer step regions are visible as frequency
increases. Power slices from (a), (b), and (c) are shown in (d), (e), and (f) respectively. Half-integer
steps are clearly visible in (f). (g), (h) and (i) are histograms of voltage responses against power
from (a), (b) and (c) respectively, showing that there are integer and half-integer Shapiro steps due
to a higher frequency of points at those voltages compared to the background. (g) only shows integer
steps, and the half-integer steps are clearest in (i). Reproduced from [83] with the permission of AIP

Publishing.

The work in this thesis differs significantly from [83] in two major ways. Firstly, the measurements
shown in this thesis are on a graphene SQUID rather than a single JJ, allowing for consideration
of a second mechanism causing the appearance of half-integer Shapiro steps. Secondly, a greater
consideration of how the half-integer Shapiro steps change with temperature is given in this thesis,

because of how the CPR has been shown to return to a sinusoidal shape with increasing temperature
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(section [5.2.2)). The basis for this expectation comes from the model in figure and the work by

Nanda et al.

2.4 Chapter summary

In this chapter the progress made on the topic of superconducting devices and low-dimensional materials
has been discussed, showing the variety of work being done to progress the field.

The work shown in this thesis explores a niche implementation of graphene SQUIDs. Whilst a
lot of prior work focuses on Josephson junctions, in reality many superconducting circuits are more
complicated than that, and will likely also include SQUIDs. Therefore it makes sense to extend the
investigation of device properties to these structures.

In particular, many devices will be operated under high frequency conditions or using high frequency
signals, especially if working towards integration with optical circuits but also commonly in quantum
computing applications. Shapiro step behaviour in SQUIDs has previously been observed, along with
half-integer steps when there is a non-integer quantity of magnetic flux in the SQUID loop[117] or
skewed CPR.

With tuneable graphene devices, it is possible to observe differing Shapiro step behaviours depending
on the skewness of the current-phase relation, as well as the magnetic flux in the SQUID loop. This

work moves towards assessing the different half-integer Shapiro step phenomena in one device.
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Chapter 3

Numerical simulation of RCSJ

SQUIDs

This chapter is about numerically simulating a superconducting quantum interference device using the
resistively and capacitively shunted junction (RCSJ) model. The first few sections will be about deriving
the equations that are needed to build the simulation. Then, the method and algorithm used to solve
the differential equations numerically will be shown. After that, additional derivations will be included
to show how ac current and thermal noise can be added to the system and the differences they make
to the results. Following that is discussion about the different types of SQUID measurements that can
be simulated with the setup, and some of the general trends observed in the SQUID’s behaviour.

The base simulation code was originally implemented by Jonathan Prance as published recently [93)].
This code was used by the author to produce the results included and modifications were made by the
author to include an additional current source from an external RF signal (section .

The main objective of the simulations is to investigate the appearance of half-integer Shapiro steps,
such that the simulated model may be able to support the experimental results. However, additional
observations are made which provide significant motivation for further exploration of the simulation in

future work.
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3.1 Resistively and capacitively shunted junction model

The resistively and capacitively shunted junction (RCSJ) model is formed of a Josephson junction in
parallel with a shunt resistor and a shunt capacitor, as seen in figure This allows the JJ to be
studied when the ac Josephson effect is contributing to the junction dynamics (i.e. the finite voltage
state). When the junction is in the finite voltage state there will be dissipation of energy coming from
the non-zero resistance R. The RCSJ model puts the shunt resistor in parallel so that when the junction
is in the finite voltage regime, the dissipation can be modelled without interfering with the lossless part
through the JJ itself. The capacitance C is an approximation of the capacitance in the circuit. In
a tunnel junction this would usually be dominated by the geometric capacitance because of the very
thin tunnel barriers and comparatively large electrode areas, but in SNS junctions this assumption does
not hold up, with other effects such as the capacitance between the electrodes and the substrate, or
other parallel capacitances present in an extensive electronics setup potentially wielding non-negligible
influence. This does not stop the model from working: those sources of capacitance are still effectively
included in C whatever the exact nature of the experimental system, and other work has shown that
the RCSJ model can be applied to SNS graphene systems|[121]. What it does mean, is that it is harder
to accurately quantify the capacitance of the junction itself. This model does not take into account any
geometric effects, and as such the junctions are considered point-contacts. The model also assumes

that resistance is linear.

(a) Circuit diagram of the resistively and capac- (b) SQUID diagram showing components of cur-
itively shunted junction model. The Josephson rent flow through resistively and capacitively
junction is in parallel with the shunt capacitor and shunted JJs. Total bias current I = I + I>. J is
shunt resistor. the circulating loop current due to the inductance

of the SQUID geometry.

Figure 3.1: Diagrams of a Josephson junction and SQUID in the context of the RCSJ model.
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3.2 SQUID current in the RCSJ model

In the implemented simulation, two RCSJ JJs are combined to form a SQUID as in @} The objective
of the simulation is to calculate the average voltage response of the SQUID. To derive the equations for
the simulation, one starts by considering the current I through one JJ. In the RCSJ model we can apply
Kirchoff's current law to determine the current passing through each parallel arm of the circuit shown
in figure [3.1a] The total current I is therefore a sum of the currents through the shunt resistor, shunt
capacitor, and the current defined by the current-phase relation (CPR) of the JJ. The CPR current
takes the form I.-CPR(v) where I, is the critical current and - is the gauge-invariant phase difference.
In the simulation the CPR can be defined as any dimensionless periodic function, normalised such that
the maximum value is 1, as in the examples shown in figure The CPRs plotted in the figure are
implemented in the completed simulation, and shown in Table[3.1] It was primarily the skewed equation
which was used in this work, as the transparency (transmission probability) 7T}, could be set to high and
low values close to 1 and O respectively to model situations where the CPR was skewed close to the
sawtooth or sinusoidal CPRs. For full discussion of this CPR equation and skewed CPRs, see section
223

For the resistor, the current is calculated with Ohm'’s law where V is the voltage drop across the
junction, and the current through the capacitor is its capacitance multiplied by the rate of change of

the voltage drop V with time ¢.

V dv

1= ICPR(y) + 5 + O (31)
CPR Equation
Sinusoidal sin ()
Skewed _ Tasn@)
1 —T,sin*(2)
Sawtooth (y=m) mod 2r
Yy

Table 3.1: Equations used in the RCSJ simulation as the current-phase relation. In the sinusoidal (ideal
junction) and sawtooth (extreme case of skewed junction) equations they take only the phase difference
v as an argument. In the skewed equation the transparency (or transmission probability) parameter T,

can also be varied (taking values 0 < T}, < 1).
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Figure 3.2: Plots of different CPR functions that can be used in the numerical simulation. As in the
simulation, each plot is normalised by its maximum value. The plots are produced by the equations in
table where the transparency (or transmission probability) T;, values are for plots using the skewed
CPR. The sinusoidal plot is superimposed with the T,, = 0.001 skewed function. This confirms that
in the low transparency limit the skewed CPR reduces back to the sinusoidal behaviour, making it a
good choice of function to study these junctions with a tuneable CPR. At the higher values of T,, the
skewness becomes increasingly prominent. The sawtooth function represents the ideal case of perfectly
ballistic and uniform JJ|93|. The vertical dashed lines highlight multiples of /2 as reference points so
that the changing shape of the curves can be clearly interpreted. In particular, the stationary points at

maximum amplitude are shown to occur at greater phase difference for greater transparency.

To extend this to a SQUID a second equation is included to represent the parallel junction and it is
assumed that the bias current will split between the two branches, such that I = I; 4+ I, as shown in
figure Asymmetry terms will be added later which makes it possible to investigate devices with
asymmetric JJs. Both junction equations look similar, based on the form given in , but they are
related to one another by the circulating current J, and the relationship between their phase differences.
The circulating current is travelling in a different direction through each junction, so J is added to the

total current through one junction and subtracted from the total through the second junction.

I — % dWq
I = = = I P —
1=3 +J =1.,CPR(m) + R +Ch 1
(3.2)
I - Vs dVa
I = — — = P J—
2 D) J CQC R(")/Q) + R2 + CQ at

The phase differences are related to the total flux ® through the SQUID loop and the magnetic flux

quantum P .
27

®r mod 27 (3.3)
0

Y2— 7=

These are the basic forms of the equations describing the current through the SQUID, but they are

currently not very useful for this simulation because of the large number of unknown variables. The
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next sections will show how the base equations can be manipulated into differential equations with

dimensionless parameters which can be solved numerically and model SQUID systems very generally.
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3.3 Dimensionless parameterisation of a SQUID

In this section equations will be manipulated into a general form by converting to a set of
dimensionless parameters. The only notable difference in the two equations is the direction of the
circulating current J. Therefore for simplicity the derivation will only be shown for the first branch,
and then the result for the second branch will be quoted.

Firstly applying the ac Josephson effect ([2.3)) removes the voltage terms V and dV/d¢ from equation

(3:2). )
I,=~4+J=1.,0P 1n n
1=5+J/ =1l R(”)J’R1 2e at T 9o e

The first major substitution to make is converting to dimensionless units of time 7, which affects

(3.4)

the derivatives found in the equation. 7 is based on the characteristic frequency w. of the junction
such that 7 = w.t. The characteristic frequency is the Josephson frequency w; = 27V /®, when the

voltage is equal to the junction characteristic voltage V. = I.R.

2el.R

= t .
. (35)
dr  2el.R
e (3.6)

The definitions in (3.5)) and (3.6]) use critical current I, and resistance values R which are defined

as a combination of the values representing both junctions in the SQUID.

Icl + Ic2

Il.=—— 3.7
! (37)
2R 1 Rs

R=—"—-— 3.8

R+ R» ( )

Using (3.6]), dy/dt can be expressed in terms of dy/dr, allowing the conversion into dimensionless

time by substituting the resulting equations ([3.9)) and (3.10]) into (3.4)
dy  2el.Rdy

dt  h dr (3.9)
A2y [2el.R\? d%vy
dt?_( n ) e (3.10)
changing ({3.4) into
I S 1 h 2el.Rdy h (2el,R\” d?y,
4+ J=1I1,CP - =1 — 11
g P/ = laCPROW+ oo =4 + 126( h ) ar? (3.11)

Cancelling of terms can be done immediately for the resistance term but the capacitance term
requires the Stewart-McCumber parameter 5c and the SQUID capacitance C' to be fully simplified.
A substitution for the magnetic flux quantum ®, = h/2e has been included in so that the
subsequent cancelling of terms from is clearer.

_ 27I.R*C_ 2el.R*C

3.12

Be By . (3.12)
where C' is the average capacitance of the two junctions.
Ch+ C:

C= % (3.13)
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Now the result of the substitution of (3.12)) into ([3.11)) and the cancelling of terms associated with

both the resistance and capacitance components is shown.

RI, dy Cy1. A%y,

I .
-+J=1,CPR —_— 3.14
g T = 1aCPRO) + =g e g (3.14)
The dimensionless current is defined as the raw current being divided by I.:
1
j = — 3.15
i= 7 (3.15)
J
] = — .1
=1 (3.16)

So dividing ([3.14)) by I. removes the non-dimensionless current terms I and .J and the total critical
current terms I, leaving:
dm Ch d2’Y1

R R
e —eop = n ~1
y ti= T OPRO + 7y Thee i

(3.17)

To further generalise the SQUID and remove the junction-specific variables, systems with asymmetric
junctions are considered. Asymmetry terms are defined for the junction critical current, resistance, and
capacitance.

Ieo — Iy Ry — Ry G =

Oq:fd-i-fcz aR:Rl-FRz Oéc—cl+02

(3.18)

While the asymmetry terms contain both of the specific values of variables related to the individual
junctions, one of them [e.g. I.2 in the a; equation from ] can be eliminated by combining the
equation with its generalised definition [ for I.], in this case simplifying to a result of I.;/I. =
(1 —ay). Some equivalent working can be carried out for each variable and for each branch to give the

overall results that follow.

) . — d’yl dz’yl
5—1—] Z(l—a[)CPR(’Yl)-F(l—OtR) ar +ﬂc(1—ac) 12 (3.19)
7 . = d72 d2’}/2
5 —J=0+a)CPR(y2) + (1+ar)—== + fc(l+ac) (3.20)

2 dr dr?
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3.4 Relation between junction phase differences

In a SQUID, each junction has its own phase difference ; and 2. They are themselves related because
of how the applied magnetic flux and inductance of the SQUID cause a circulating current to be induced
in the loop, passing through both junctions. The basic relation is based on the quantisation of magnetic

flux in the SQUID loop and its relation to phase.
2w
Yo — 1 = afI)T mod 27 (3.21)
0

®p is the total amount of magnetic flux in the SQUID loop, comprised of the applied flux & and

the self-induced flux due to the inductances L; 2 and currents I o.
2w
2N =g (@ + Lilh — Lal) (3.22)
0

The difference in phase differences is always zero when ®1 is an integer multiple of ®;. The
difference is maximised when the two phase differences are separated by 7, which corresponds to a

half-integer amount of total flux through the SQUID loop. It is easier to intuit these conditions visually,

see figure

Figure 3.3: The red and blue arrows each represent the phase difference of one of Josephson junctions
in a SQUID. This shows intuitively that the maximum magnitude of the difference in phase differences

is equal to 7.

For the simulation it is desirable to treat the components of ® individually. The phase difference
is already effectively a dimensionless quantity but the equation still contains several variables with di-
mensions. This is addressed with a few substitutions and re-definitions. Firstly, the screening parameter
Br is introduced, and used to eliminate the ®( terms associated with the inductance. Secondly, the

dimensionless magnetic flux ¢ is defined,

¢ = /P (3.23)

representing the fraction of a flux quantum being externally applied. Thirdly, recall that I; »/I. = i/2+j

(section [3.2)). Lastly, the inductance asymmetry oz, and total inductance L are combined to remove
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L.

L=1L+ Ly
8L = 2LIy/®,
Ly — L,

o =
R A

Applying these conversions gives
=or o+ 18001 —ar) (2 47) ~ 3B +an) (3
Y2 — 71 = 4T 1 PL OlLQJ 1PL 04L2]
Finally, expanding brackets and simplifying gives the equation

2= =2 [¢>+ 261 (i O‘;z)]
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(3.25)
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(3.27)
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3.5 Average voltage across the SQUID

The previous sections [3.3] and have provided differential equations for the current in an RCSJ
SQUID and the relationship between the individual junctions’ phase differences. The overall goal of
the simulation is to calculate the voltage response at different current biases for a particular set of
parameters.

Similarly to how the current through each arm was assessed earlier, an equation can be constructed
for the voltage drop over each SQUID branch. It is assumed that the voltage drop over each branch
is the same. The total voltage drop in one branch is made up of components from the junction and
inductance in that branch.

dl

dn
V= V1+L1d =Vo+ Lo— 7 (3.29)

This is made dimensionless in the same way as the other equations derived so far. Initially the
inductance will be converted using the inductance asymmetry relation to substitute Ly o = L(1Fay,)/2.

L dl

L dr
V=V+ (1 —ar)— :

1
=V 1
=1+« L)dt

dt 2 (3.30)

The next step will be converting the differential current terms. I » are the actual current values
passing through each branch of the SQUID, defined as half of the total bias I plus/minus the circulating
current J. If it is assumed that the current bias across the SQUID is constant, such that dI/dt = 0
then the individual branch currents are eliminated leaving just the circulating current. This assumption

is valid because the SQUID is being measured in a current-biased experimental configuration. Therefore

the voltage being calculated is intended to be associated with a single current bias value.

dlis d (I LdJ
ar  dt < i‘]> dat (3:31)

Substituting the resulting relations in (3.31]) back into ([3.30)) for each branch and then applying the

methods previously shown in section gives the dimensionless form in ([3.32)).

V=V, + %(1 + aL)L((lTi
“a 0T
V=R & LI R(1F o) LQ—Z%%
_ dzf L aL)% (332)
Next, v can be expressed in terms of v and 7, by adding the branches together.
s _aL>jj P T )Y
[(?Tl + (Zy LBL (3.33)

To also eliminate j, the equation describing the relationship between the phase differences ([3.28])

iS Written as
) — - 27 (b [0
L +

j=
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Reasserting the previous assumption that d//d¢ = 0 (and therefore that di/d7 = 0, and introducing
a further assumption that the amount of applied flux is constant (also reasonable to obtain a voltage
response) such that d¢/dr = 0, allows the derivative of j to be taken and simplified to

dj 1 (dy dn
dr  7BL ( dr dr ) (3.35)

This can then be substituted into ([3.33).

_1 [d% 4 4w marfr <d72 _ d’h)]

Y73 dr dr 7l dr dr
1 dva dv1
V=g [(1 ar) I + (14 ap) I ] (3.36)
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3.6 Calculating the numerical solution of the RCSJ SQUID model

The aim of the simulation is to calculate the average voltage of the SQUID for a given set of conditions.
The voltage equation requires solutions to ;1 2 to calculate a value. This is done by numerically
integrating the second order differential equations 4; 2 using the integrate.solve_ivp function in
the SciPy 1.1.0[122] Python (version 3.7.1) library. The python function implements a Runge-Kutta
method ("RK45") [123] to the equations with a set of initial conditions to solve the differential
equations, allowing the voltage to then be calculated using the solutions.

A high-level overview of this process for a single voltage data point in the overall simulation script
is given by the flowchart in figure [3.4]

Equation (3.19)) contains the variables #; o to integrate. First, the circulating current j is eliminated
from by substituting ([3.34)).

; -y —2 . — . .
0= (—Z Lo nZe ‘“;Q (LT an)CPR(m2) + (1F an)ina + fo(l F ac)ine (3.37)

Rearranging for 7y as the subject gives

i Qg . . b5
+ 5 + 7LZ — (]. + OLR)’}/LQ — (1 F Oé])CPR("}’LQ) (338)

. 1 [’72—71—27“25
T2 =

Be(lF ac) AL

To break down the four equations:

d’}/1 .

a a!

dy 1 Y2 =" — 27 L Vi — (1 — o \OPE

dr ~ Be(l—ac) { 8L +(1+ar) 2 (1-ar)i =0 aI)CPle)] (3.39)
d’Yz . |
dr 2

dyo 1 Y2 =71 — 27 ( o

dr  Be(l+ac) { L +1-oa) 2 (1+ark = {1+ aI)CPR(W)]

The differential equations contain four variables v, ¥1, 72, and j2 to solve for a given set of

constants i, B¢, Br, and ¢. The time steps for the integration are controlled by 7.
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Start

Set SQUID parameters:

IBCV ﬂLv ar, &r, o, &, CPR

Set experiment parameters:

Tsettle: Tintegrate: Tstep current 4, magnetic flux ¢,

Provide initial solutions:

Y1, Y1, Y2, V2

|

Define {7step - 7|7 € [10...T0]}

Tn = T + Tsettle + Tintegrate

Set 7, = 19

}

Solve for v1, 71, Y2, Y2

no

T; = Ti4+1

yes

Calculate average voltage from

Y1, Y2 values over Tettle < T < Tp

End

Figure 3.4: A flowchart showing the high-level operation of the algorithm for the numerical solution
to the RCSJ SQUID model. Before the simulation begins properly the parameters for the SQUID
object are passed from a parameters file, along with the parameters for the experimental conditions.
The SQUID parameters are 8¢, S, SQUID type (CPR), and the asymmetry terms oy g c,. The
experiment parameters are the settling time, integration time, current, applied flux ¢,. The initial
solutions to each of the differential equations are first set to zero. A list of time steps is generated
based on the settling and the integration time. A voltage is calculated for each time step using the
SciPy solve_ivp function. The voltage results taken during the settling time are discarded and the

remainder are averaged to create the average voltage result for this set of parameters.
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Rather than just calculating a single average voltage it is desirable to vary one of the parameters
and find out how the system changes its behaviour as a result. Many of the simulations loop through
a range of current bias values, imitating the main structure of the experimental measurements, which
are mostly based on taking current-voltage characteristic curves.

Beyond that, adding an extra dimension to the measurements is also very useful. To model flux
oscillation measurements for example, a IV characteristic is taken at different steps of applied flux
¢, as shown in Nesting these loops for a simulation will start to take an extremely long time.
If each calculation takes an average of 1 minute to complete, a sweep of 1000 points would take
about 17 hours. If this were to be repeated through sweeping a second parameter 100 times, it would
take about 70 days to complete. Those are rough numbers, but it shows that a nested loop style of
simulation is not practical for obtaining detailed results. Instead, parallel computing available through
Lancaster University's High End Computing (HEC) cluster was used. This means that in the magnetic
flux example, the IV at each flux value is simulated roughly at the same time, depending on the HEC's

available resources.

(B)

{ = ¢=0.0 :
¢=0.5 r

Figure 3.5: Left, a simulated colour plot of an RCSJ SQUID with an ideal current-phase relationship.
Flux has been varied to show multiple flux oscillations. Vertical lines show slice positions which are
displayed in the line plot to the right. Parameters: 5, = 0.5, 8¢ = 0.1, A¢ = 0.05, Ai = 0.01, ' =0,

ip =0.
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3.7 Expanding the simulation to include ac current

Shapiro steps in graphene junctions have been measured experimentally, but a question remains as to
whether the results shown are supported by current theory, or which theoretical models fit best. To
study the potential Shapiro steps in SQUIDs the model needs to be expanded to include an RF driving
signal. A similar derivation to section [3.5] will be shown including the new RF component. Then how
this was integrated into the Python code will be explained. This part of the code was added to the

simulation by the author.

3.7.1 Derivation of average voltage with RF driving signal

The practical measurement setup uses a signal generator which produces an ac signal of the form
Psin (wget), where P is the amplitude of the signal, wge is the frequency of the signal and ¢ is time.
In the signal generator the user would set the amplitude as a power in dBm and the frequency in GHz.
To integrate that into the simulation model it is assumed that the current induced in the SQUID is
proportional to the power, resulting in an alternating current defined in terms of a current amplitude
and a frequency. In the simulation the induced current is treated as part of the overall current bias,
such that the total bias I = I;. + I,.. Propagating this adjustment through the derivation is initially

straightforward reaching the point of equation ([3.19)) when converted to dimensionless units.

2

Z'dc + iac
dr?

. (3.40)

+j=0Fa;)CPR()+(1F aR)j—Z + Bc(1 F ac)

The dimensionless ac component i,. is derived by letting I, = Ipsinwgpt, where Ip is the cur-
rent amplitude due to the power P. The current terms are reduced as previously by dividing by I..
The dimensionless time 7 and dimensionless frequency v are defined as 7 = w.t and v = wrp/w..

Substituting these into the equation for current gives the dimensionless form
ige = ipsin (vT) (3.41)

To continue the derivation of the average voltage, the differential equations which include the ac
current term are needed. To do this fully the definition of j needs to be considered again. Earlier,
equation was determined but this can no longer be considered fully valid because it includes ¢
which has now been redefined. The new starting point is a simple substitution but the derivative dj/dr
cannot be simplified as fully as in . It is still assumed that the dc bias current and magnetic flux

are constant but the ac bias is changing by definition.

M —2m¢ an.

Jj= e +5 (tde + tac) (3.42)
d] 1 d72 d’)/l 1 diac
= — - 4
dr 7L <d7’ dr ) * 2 dr (343)

Substituting this j into ([3.40]) for junction 1 and gathering some terms together,

d2’}/1
dr2

) c+'ac - _2 DD d
(14ay)dellee y 270 i = (1-ay)CPR(y)+(1—ap) 52 + fe(1-ac)
2 igery dr

(3.44)
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In this case the equation reduces down to the same form as before the ac was included, except that
1 has been redefined to include the ac component. Therefore the differential equations are the same as
(3.39). The remaining aspect to consider is the average voltage response. Picking back up from ([3.30))

we have I terms which are redefined.

_ L d Tge + Ioe _ L d Tae + Ioe
V_V1+2(1_aL)dt< 5 +J>—V2+2(1+ou;)dt< 5 —J) (3.45)

Once again the dc component is assumed to be constant and so can be eliminated when differen-
tiated. This equation also needs to be made dimensionless using the familiar conversions. For clarity
the derivation will be shown only for the first junction because the steps are identical for deriving the

second junction.

L 1dl,, dJ
VV1+2(1C¥L)|:2 dt +df,:|
_hdy L

~2ea T2 ‘W[Q STRRERTE

1dl,e | dJ] 2el.R2I. ®
ho @ 21,

1dl,e | dJ] 21 @
D, 21,

- h d’}/l 26[0R L
VﬁZedT h Jr2(1 aL){Q dr  dr

V= ICR% + %(1 —ag) B djjc + dﬁ] TR
=N T o) [; S jﬂ (3.46)
and for the second junction
S Ty [ - (3.47)

so combining the two branches

o=y e T oy [y B Sy [ - S]]
v= % :(?Tl + % + Zﬁ {(1 —ag) Bd;jc + jﬂ +(1+ag) Bd;:c - j‘im (3.49)
v=1 ‘?T T [d(j;c - 2%3”] (3.50)
Now substituting for j—i
e e i e o (- 9) -]
b= % :7”3%1 - aL)d;:_C +Q +aL)% (- aL)(Zf] (3.51)
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This is now the same as equation except for the additional 7,. term. However it can be
justified that this term can be removed. It is straightforward to compute di,./dT given the definition
igc = tpsin (v7). The result is a cosine waveform that has an amplitude symmetric around 0. Therefore,
or for a large enough number of periods (controlled here by the settling and integration times) the
average of the function will be very close to 0. This allows the ac term to be neglected in the average
voltage calculation. This is assuming that an integer number periods are or not exactly completed, in

which case the average would be exactly 0.

(v) = <; [(1+aL)C?T1+(1—aL)iﬂ> (3.52)
With the result of the average voltage calculation remaining the same as it was previously, including
the RF signal is actually quite straightforward, as its impact on the results is wrapped up in dvy;/dr
and dv2/d7, which are themselves individually calculated in the simulation.

Regarding implementation, the equation to be added to the simulation introduces two new variables,
the RF amplitude and RF frequency. Initial changes to the code could be considered ‘administrative’
which includes setting the new variables up so that they are included as parameters in the SQUID
models and can be defined when setting up the experiment parameters, or used as variables to be swept
through. The equation will use the same 7 that governs the progress of the rest of the simulation, so no
changes are needed in relation to 7. The more ‘active’ change to the code is how the ac signal will affect
the calculations. The ac component will act as part of the total bias current, such that i = igc +4ac. In
the simulation this corresponds to the ¢ in the ODEs . Therefore the edit requires redefining the
current to add the RF component, changing it from 1 = self.i (where self.i is the current value of
dc bias) to i = self.i + (self.rf_amplitude * np.sin(self.rf_frequency * tau)) (where
tau is the instantaneous time value and np.sin is referencing the Numpy library's sine function|124]).
This is done in every time step just before the ODEs are calculated. Finally, this format also means
that the simulation remains general for the case where no RF is being used. By setting rf_amplitude

to 0, ¢ reduces back down to only the dc component.
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3.8 Expanding the simulation to include thermal noise

This section justifies the manner in which noise has been implemented into the simulation. The code for

this was already implemented by Jonathan Prance before the author began to work on the simulation.

3.8.1 Johnson-Nyquist noise currents in SQUIDs

In experiments noise is limited as much as possible but it is always present in some form. At minimum
any signal that is being detected needs to be significantly stronger than the noise floor. It would be
useful to know if noise is able to strongly influence the outcome of SQUID experiments. In particular,
the effects of temperature are of interest to understand in superconducting systems, so attention moves
towards Johnson-Nyquist (JN) noise. This type of thermal noise comes from electrons fluctuating
randomly due to additional thermal energy. Generally, the thermal energy of a system receives a
contribution of

1
E = kpT (3.53)

per degree of freedom, where kg = 1.38x10723 JK~! is the Boltzmann constant and T is the
temperature. An RCSJ Josephson junction contains a shunt resistor which can be used to model the

voltage noise contribution. The resistor gives a power spectral density Sy of
Sy (f) =4kgTR (3.54)

where R is the resistance [125]. Introduce noise parameter I' which is defined as the ratio of the
thermal energy to the Josephson coupling energy. This parameter sets a physical limit on how
the coupling energy needs to be larger than the thermal energy otherwise the phase difference in a JJ
will become unstable and the supercurrent would no longer be supported.

I — 2’/T/€BT
IC(I)O

(3.55)

The noise added to the simulation is based on how the SQUID handbook [92] considers thermal
fluctuations in dc SQUIDs (section 2.2.3 of that text). To normalise Sy it is divided by V.2 /w. which

reduces to

Sy = AT (3.56)

To convert to a noise current instead of a noise voltage, one just has to divide by the
resistance R, and then normalise with 12 /w,, producing an equivalent s; = 4T,

The random fluctuations of the current due to noise can be modelled as normally distributed ad-
ditions or subtractions from the bias current. To maintain the power spectral density of s; = 4I", the

width of the distribution o is
g

2 (3.57)

g =

where Ty is the time step between noise sampling (set as 0.1 in the simulation).
Thermal noise can be modelled as a kind of Gaussian white noise because it possesses the statistical

properties of having zero mean and constant power spectral density. Here, it can be considered as a
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probability distribution of the dimensionless noise current. Therefore the rms amplitude of a noise signal
can be considered proportional to the width of the distribution . To confirm the relationship between
the width of the white noise Gaussian and the power spectral density one just needs to consider the

bandwidth. The product of the PSD and the BW is equal to the power in the dimensionless case.

1 .

The bandwidth here is halved to account for the Nyquist frequency which means that the sampling rate
(Tn') needs to be twice as fast as the highest frequency signal being measured. The Gaussian being
sampled is the probability that the noise contributes a particular value of current to the system. The rms
value of a current is found by averaging the squares of each value the periodic function takes, and then
square-rooting the result. Given the mean of zero for Gaussian white noise, this is the same process as
calculating the standard deviation. Therefore we can conclude that the standard deviation is equivalent
to the rms current, and that is true. If still unconvinced, one can sample the current values from
a normal distribution with the stated standard deviation, and then calculate the corresponding PSD
using Welch's method|126].

To build this into the simulation model, a noise current is added to each branch of the SQUID,
because each individual Josephson junction produces its own noise current. The currents iny1 and iyo
are added to branch 1 and 2 respectively as separate current terms. They are produced every time
interval 7y by randomly selecting from a normal distribution (numpy.random.normal) and scaling the
result by the width (3.57). The two noise currents are generated independently so they affect the overall

branch currents differently.

£+'—' + (1 —ar)CPR(v1) + (1 — )7d71+3(1_ )ﬂ (3.59)
2 J =1t ar 7 QR ar le] ac 172 .
Lo CPR ds A%y,
——j=ina+ (1 +a)CPR(y2)+ (1+ar)—— + Bc(l+ ac) s (3.60)
2 dr dr
This change follows through to appear in the differential equations used in the simulation.
dy _
ar N
dh L [r-m-—2r¢ i _ _
= 1 - —(1- — (1—a5)CPR —
dr  Be(l—ac) [ AL + +aL)2 (I—ar)h — (1-ar) (1) —int
(3.61)
dya _
ar
dv2 1 72— — 219 i , _ |
- l—ap); — (1+a —(1 CPR(y,) —
dr  Beo(l+ac) { 8L +( aL)2 (I+ar)y2 — (1+ar) (72) —in2

The current noise is generated at a slower rate than the voltage is calculated. So when calculating
an average voltage, each voltage in the set will have been calculated with the same noise current as
several others. This means that the integration time has to be long enough that the distribution of
noise currents used will be representative of the Gaussian white noise. The standard values used mean
that there will be 10 voltages calculated at each noise current value, but 200,000 voltage values are
being calculated in total, so 20,000 samples from the noise model are taken which is adequate to be

representative.
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3.9 Simulated results of varying SQUID parameters

In this section, the parameter space of the simulated RCSJ SQUID will be explored in a way analogous
to the experiments performed on the physical devices (chapter [5)). In the following simulated results,
some parameters are standardised across most of the presented plots. The model parameters are partly
characteristic parameters intrinsic to the SQUID, and partly the conditions that the SQUID is being
exposed to.

In the former case there are three parameters that can be controlled, 51, 8¢, and the CPR. The
screening parameter 81, = 0.50 is selected as it is close to the estimate for the high-transparency regime
of the Double SQUID from the experimental characterisation in section The Stewart-McCumber
parameter Bc = 0.005 is chosen because a low capacitance is necessary to ensure Shapiro steps are not
suppressed, and that there is no hysteresis. The CPR is a function which can be changed, but mostly
the ‘skewed’ CPR will be used. The skewed function (shown in table has a transparency parameter
T, which will be controlled. The usual values will correspond to very high skewness T;, = 0.999 and
very low skewness T,, = 0.001 (see figure . Comparing high and low transparency of the CPR will
be the focus of section 3.9.11

In the case of measurement conditions there are several more parameters to control. Applied
magnetic flux ¢ is defined as the number of flux quanta in the SQUID loop, as in . The value is
set to either 0 or 0.5 representing integer and half integer flux quanta respectively. Due to constraints on
time and scope, the focus is largely on the effects taking place at integer flux quantum where additional
effects of half-integer flux like additional fractional steps are avoided.

The noise parameter is set to I' = 0 for simulations which are excluding noise. Noise is only used in
simulations which are intended to explore the effects of the noise, in which case the values are specified.

There are two parameters associated with applying an RF signal: the dimensionless power ip and
frequency v. When an RF signal is not being applied, ip = 0. If Shapiro steps are being measured,
1p = 10 will be typical so that steps are clear, unless the power is being varied. The typical dimensionless
frequency value v = 1 mostly for convenience, because it means that the average voltages calculated
are already spaced for their corresponding Shapiro step values. It also affects the range and step size
of bias currents required to view multiple Shapiro steps. These default values have been summarised

in table but the parameters are also included in the plot captions.
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Parameter Default Value
BL 0.50
Be 0.005
0] 0
r 0
ip (RF Amplitude) 10 (0)
v (RF Frequency) 1

Table 3.2: Default values for simulations when the parameter is not otherwise shown in a plot. RF signal
power ip is set to 0 when no RF signal is desired. All asymmetry parameters ay = agr = ac = ay =0

for all simulations.

Finally, the main independent variable in the model is the dimensionless bias current 4, and the
output value from the model is the average voltage for a particular combination of parameters. This
makes the basis of each simulation a IV characteristic curve, with additional dimensions depending on

how the other experimental parameters are varied and controlled.

3.9.1 Effect of transmission probability

The skewness of the CPR is controlled by using the skewed CPR function (from table [3.1)) and varying
the transparency parameter T;,. The range of values is 0 < T}, < 1. This section shows the effect of
very high and very low skew in three situations. Firstly, the effect on a flux oscillation plot with no
RF signal. Then, the equivalent but with a constant RF signal. After that, the magnetic flux is fixed
and the amplitude of the RF signal is varied. Using these plots, the qualitative effects of changing the

skewness of the CPR are shown.

Flux oscillations with only dc bias

To show the basic effect of changing the transparency one can look at the flux dependence of the critical
current. Figureshows that at low transparency (sinusoidal CPR) there is very small superconducting
gap at the critical current minima compared to the high transparency case. In effect, the ‘depth’ of the
oscillation i, is reduced for high skewness.

iy = e max — te min (362)

7/C max

This is similar to what happens from increasing the value of 31, which also shows an increased critical
current minimum. The other notable change is in the shape of the boundary between the supercon-
ducting region and the resistive region. The critical current dependence is clearly parabolic in the low
transparency case whereas it appears to have more linear regions when highly transparent.

As seen experimentally in figure increasing transparency of the junctions correlates with an

increase in the maximum critical current of the SQUID. This is not apparent in the simulated data
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because the simulation parameters are normalised in such a way that the maximum critical current
stays the same. In the dc flux oscillation plots in figure the expected behaviour of a SQUID is
shown. The critical current maximum is found at integer multiples of the magnetic flux quantum, which
is the expected value of 2 for this model. The minimum critical current values are at half-integer flux
quantum values. The minimum can depend on the screening parameter 37, and the skewness of the

SQUID'’s current-phase relation. This is a periodic behaviour with a period of one flux quantum.
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Figure 3.6: Colour plots of the average voltage response of a SQUID depending on magnetic flux and
bias current. Vertical black lines indicate the slices shown in the associated line plots. On the line plots,
the blue and orange lines correspond to integer and half-integer values of flux respectively. Subplot
pairs have different combinations of CPR skewness and 5. Plots (A) and (B) have 8, = 0.1 and
transparency T,, = 0.001. This can be compared to (E) and (F) which also have T,, = 0.001 but
have 8, = 0.5. Plots (C) and (D) compare with (E) and (F) with the same 5, but (C) and (D) and
highly transparent with T,, = 0.999. Graph (A) is sliced at the equivalent point of —0.5 rather than
0.5 to avoid artifacts in the simulation. For the slice at +0.5 see figure [A.1]in the appendix. Constant
parameters: Sc = 0.005, A¢ = 0.02, Ai =0.005, T'=0, ip =0.
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Flux oscillations with RF signal

The simulations of most interest include ac current components, where Shapiro steps can be observed.
In practice, a comparison of different T}, can be achieved by comparing IV characteristics at different
gate voltages in a graphene SQUID. It is expected that fractional Shapiro steps can be observed in a
system with a highly skewed CPR|116].

Performing the flux oscillation plots again but with an RF signal applied allows a pair of effects
to be investigated. It is expected that half-integer Shapiro steps will appear in any SQUID that has
a half-integer flux quantum passing through it[117]. This is a separate mechanism to the one which
causes half-integer steps to appear due to the CPR.

Figure contains the plots which show flux oscillations under RF irradiation. In the low trans-
parency case, at integer flux, Shapiro steps appear only in integer steps. At half-integer flux, half-integer
steps also appear. The size of the steps at half-integer flux steps is small compared to the steps at
integer flux. This is seen quite clearly on the colourplots, when the colour is constant it corresponds to
a step. One can also see that the half-integer Shapiro step grows gradually from not being visible at
integer flux, to their maximum width at half-integer flux.

In the high transparency case, half-integer steps are visible for both integer and half-integer flux.
The width of the half-integer steps at half-integer flux is larger than the equivalent steps at integer
flux. This could be because the step is appearing from multiple sources: the mechanism associated
with half-integer magnetic flux, and the mechanism associated with a skewed CPR. The integer steps
are still larger for the integer flux, like in the low transparency case.

The other notable effect in the highly skewed case is the apparent further fractionalisation of Shapiro
steps, which seems to show steps present down to the resolution of the current step size. This verifies
simulations by other groups that show fractional steps in skewed CPR JJs which are qualitatively similar
in appearance[83]. For now, it is at least possible to highlight the steps appearing at +0.25 and +0.75.
These are wide enough that they are certainly made up of more than one point on the i scale, so
are not artifacts of the simulation. They are also seen in both flux slices, being consistently larger for
half-integer flux. This could be again be because they are benefiting from two voltage quantisation
mechanisms, as mentioned for the regular half-integer steps. However, given that no fractional steps
below half-integer are visible in the low-transparency case suggests that it is the skewed CPR which is
the main cause.

Within one integer step there is not symmetry around the half-integer step. However, the fractional
steps are symmetrical around 0. One explanation for this could be related to the RF amplitude, as it
is shown in Shapiro maps such as in figure [3.8| that plateaus corresponding to Shapiro steps appearing
at increasing currents are offset along the RF amplitude axis. This is also reflected in the experimental
measurements, as shown figure . Additionally, only the first step is shown in figure which also
contains the transition from the superconducting state, which is different to the way the IV normally
transitions out of a Shapiro step. Fractional steps smaller than 1/2 have been reported previously in
simulations and experiments on Josephson junctions[120, |127} 128] in experiment and simulation, but

this model is a promising way to investigate them further in SQUIDs because the conditions can be
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made completely arbitrary.
Overall, these plots make it clear that there is a substantial effect of changing the skewness of the
CPR of an RCSJ SQUID. Both plots have the same resolution of bias current step, confirming that the

steps are not just hidden in the low skewness case.

-1.0-0.5 0.0 05 1.0

-1.0-0.5 0.0 05 1.0

Figure 3.7: Colour plots of the applied flux dependence of the average voltage of a current-biased
SQUID, under irradiation by an ac signal. The upper pair of plots are simulated results for low T;, =
0.001, while the lower plots are for high T,, = 0.999. The slices taken are indicated by the vertical
black lines on the colour plot, and are shown on the line graphs to the right. On the line plots, the
blue lines correspond to integer values of flux, and the orange lines correspond to half-integer values of

flux. Parameters: B, = 0.5, B¢ = 0.005, A¢ = 0.05, Ai =0.005, ' =0, ip =10, v = 1.

Maps of IV against RF signal amplitude

The RF amplitude dependence of the IV characteristic shows bands corresponding to different n integer
Shapiro steps. This is shown in figure[3.8]along with slices to show Shapiro steps observed at a particular
RF signal amplitude. These plots are all at integer values of magnetic flux, which have already been
shown not to display half-integer steps when at low skewness. As with half-integer steps are only
visible for high T,,, once again with some apparent steps at smaller fractional quantities.

The shape of RF amplitude-IV maps with different transparency CPRs is consistent for if they each
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have a large enough range of current and amplitude to show two main regimes. At low amplitude, the
superconducting region extends out with the critical current variation following a curve which levels out
at the critical current value for the SQUID when not exposed to an RF signal. At higher amplitudes,
small oscillations of the size of voltage plateaus are seen, and as the corresponding step sizes appear
to get smaller as the amplitude increases. These plots are qualitatively similar to the experimental
data shown for low skewness in figure [5.27] It is difficult to compare them directly, especially as their
respective current ranges cover a different number of Shapiro steps. In principle, however, it should
be possible to make the experimental results dimensionless following the same principles used for the
simulation, as long as all of the relevant device parameters are calculated. One parameter which would
be more difficult to know well for the measured devices is the skewness of the CPR, which instead may

need to be treated as a fitting parameter.
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Figure 3.8: Colour plots showing simulated power dependent IVs for different 7T;, values. To the right
of each colour plot is a slice taken at the point indicated by the black vertical line. The upper plots
are for low T,, = 0.001 corresponding to an effectively sinusoidal CPR. The lower plots correspond to a
highly skewed CPR with 7,, = 0.999. Horizontal lines indicate the expected positions of integer (solid)
and half-integer (dashed) Shapiro steps. Parameters: 8;, = 0.5, B¢ = 0.005, ¢ = 0.0, Ai = 0.005,
I'=0, Aip =0.02, v =1.0.

Figure [3.9] shows slices at ip = 6.31 for three different transparency values. As the transparency of
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the CPR increases, half-integer steps appear and get wider. Additional fractional steps also appear at
the highest T}, values. This clearly shows that the characteristics of fractional Shapiro steps are at least

partly related to the skewness of the SQUID CPR, as that is the only parameter which is changed.
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Figure 3.9: Line plots of simulated SQUID voltage scaled for Shapiro steps against bias current for
a fixed RF power and integer flux. To convert to Shapiro step spacing, the average voltage (V) is
divided by the frequency v of the ac current component. Individual lines are for different T}, values in
the skewed CPR. Lines have been offset in the x-direction by 40, 4+1, and +2 respectively for clear
comparison. Black dashed lines indicate the position of half-integer Shapiro steps, visible in the T,, =
0.750 and T, = 0.999 plots. Red dashed lines indicate the position of one and two thirds-integer steps,
visible for T,, = 0.999. Slices are taken from the equivalent plots in figure [3.8] at an RF amplitude of
6.31. Parameters: 8;, = 0.5, B¢ = 0.005, ¢ = 0.0, Ai =0.005, ' =0, v = 1.0.

The RF amplitude is clearly a very important parameter in determining the behaviour of Shapiro
steps. The periodicity in the step size it creates means that it is not simple to correlate, for example, a
small power with large steps. This means that taking a Shapiro map like this is very useful for planning
further measurements where viewing Shapiro steps is part of the objective.

The largest steps are close to the point where the superconducting region closes in on zero current,
at the lower end of the power scale. To measure steps in this vicinity it would be possible to use a lower
current resolution, but a wider range of bias values would be needed to see multiple steps compared to
the higher power regions. It is not usually preferred to take lower resolution measurements but it might

be a consideration made if measurement or simulation time was limited.

3.9.2 Effect of noise current

Thermal noise in the SQUID can be modelled using the noise current parameter I'. In general, adding
noise to the simulation adds a smoothing or broadening effect to the data. This effect is greater for a

larger noise current, and this would correspond to a higher temperature in a real device. It is expected
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Figure 3.10: Line plots of simulated SQUID voltage scaled for Shapiro steps against bias current for a
fixed ip = 10 and v = 1. (A): integer flux (¢ = 0.0). (B): half-integer flux (¢ = 0.5). Individual lines
are for different I" values in the skewed CPR (7}, = 0.999). Lines after the first (blue, I' = 0.00) are

offset by +1 in the x-axis with respect to the previous line. Parameters: 5, = 0.5, 8¢ = 0.005.

that the dominant source of noise would be Johnson-Nyquist noise, so a corresponding temperature
should be straightforward to calculate using (3.55)).

The main objective of testing the noise in the simulation is to get an idea of how increasing noise
in the SQUID affects integer and half-integer Shapiro steps which were previously observed. The noise
quantity will give an approximation of the thermal noise, which could be useful when interpreting the
results of temperature-dependent experimental data.

Figure [3.10] shows the effect of increasing thermal noise current on Shapiro steps in a SQUID with
a highly skewed CPR. The lines with no noise (I' = 0) show familiar features. There are integer,
half-integer and further fractional steps visible. Adding a small noise current has an immediate and
obvious effect. Transitions into and out of steps are smoothed, which has the effect of hiding any
smaller fractional steps. As noise increases this effect also increases, quickly the half integer steps also
appear to vanish. Steps which were initially wider remain visible for longer. These curves with noise
present are much more representative of the curves which are observed in the experimental data. For
comparison, figure [5.16] shows the smoothing and suppression of the steps as temperature increases.
Results for integer and half-integer flux are both relevant in this system, as the flux values affect the
size of the Shapiro steps. At integer flux, the integer steps are very wide compared to the half-integer
steps. But at half-integer flux, both types of steps are similar in width.

Another interesting effect of the noise current is the apparent suppression of the critical current.
At low noise there are clear regions where the SQUID is superconducting, but as the noise increases,
the transition takes places over a longer range, and the range that the average voltage stays at zero
is reduced. This effect may be seen more clearly if the simulations were repeated from negative bias
through to positive, so that the full range of the superconducting state can be seen.

The width of a Shapiro step appears as the range of bias currents which produce the same quantised
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voltage. The current values displayed on the x-axis are the dc components of the bias current which
don't include the components from the RF signal or noise. The ac and noise values change with time
so the total current producing the SQUID voltage is unknown but must be confined within the width
of a step, as a current which could fluctuate beyond a step would create voltage spikes in the IV. The
steps are the only part of the IV which receive a contribution from the RF signal resonating with the
junction. So everywhere else should only be influenced by the noise, though the noise will also affect
the step.

A possible drawback with these results is that at high temperature the highly skewed CPR used
in the simulation is no longer completely valid (see section , and would need to be modelled
with a less skewed model, or eventually an ideal sinusoidal model. However, it is also unclear what
temperature the parameter I" corresponds to, so it could be that here the skewed CPR is still a reasonable
approximation. Additionally, there may be other sources of noise in a real device. This could include
1/f noise[129, [130], but it is not expected to be significant compared with the thermal noise. Thermal
noise takes effect over a much wider range of frequencies than 1/f noise meaning that for the majority
of applications it is the most relevant noise source to consider[92]. Furthermore, the RCSJ simulation
presented here assumes an ideal device with point-contact JJs. The origin of 1/f noise is trapped
flux or defects and impurities in the superconducting material or the JJs[92]. Therefore, it would be
complex to implement this source of noise here, whereas the thermal noise is intrinsic to the device and
can be well described. As seen in figure[3.10] thermal noise is itself sufficient to modify the appearance

of Shapiro steps, so additional noise sources would be unlikely to add much to these results.

Temperature estimate from noise current

It can be useful to have an idea of the rough temperature that the noise value in the simulation would
correspond to in a real device. A simple estimation can be made from the definition of I" in ([3.55)).
Most of the values are constants, with only the temperature T" and the critical current I, that could be
different. For a specific characterised device it should be possible to estimate the critical current to an

order of magnitude which would therefore enable the temperature estimate.
Rearranging (3.55) gives
1.9,
T=:0
2ﬂkB

(3.63)

and using broadly rounded values of &y = 2x1071% Vs, kg = 1x 10723 JK™1, and m = 3 the resulting

formula is

T~3x10I,I' K (3.64)

For the Double SQUID at high gating, I. = 10 pA will be assumed. From figure A), half-
integer steps are already being reduced substantially for I' = 0.01, and are gone by I' = 0.04. This
corresponds to a temperature range of 3-12 K. This order of magnitude is not unreasonable given the
temperature measurements taken in section but the range based on the simulations performed is

too large. It also highlights limitations with the simulation model, which are from the simulation having
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no temperature parameters. This means the integer steps will continue up to temperature implied by

the noise which are much higher than critical temperature of an actual SQUID.

3.9.3 Effect of RF frequency

Simulations were performed in the highly-skewed CPR regime, varying the RF frequency. All other
parameters took default values. This was to see if the simulation would yield any different behaviours
over a range of frequencies. Fundamentally it was expected that Shapiro steps should continue to
appear, but spaced proportionally to the frequency value used. This can be verified in this dimensionless
space by dividing the voltage response by the frequency value v, equivalent to dividing by hf/2e for
an experimental device.

In general, the variation of frequency gave the expected outputs. Integer and half-integer Shapiro
steps appeared in all cases for both flux values. Results for v = 0.5 and v = 2.0 are shown in figure
3.11] It is difficult to compare these curves directly because of the different current ranges required
to resolve the steps at different frequencies. However, for the lowest frequency tested (v = 0.1) the
results featured an offset in the dc voltage. This offset was approximately 0.25 above the corresponding
voltage step integer. This effect was reproduced in a simulation with the same parameters but higher
resolution to confirm that it was not ‘accidental’, or a result of error processing the data. Additionally,
reversing the direction of the current sweep led to identical results, as shown in figure The
presence of an offset raises a point of interest because dc offsets have been seen in the results of the
experimental measurements. These were previously considered an experimental artifact associated with
the measurement but may warrant further investigation.

Further simulations were performed to explore this more. By varying the frequency used in the
simulation it was found that offset gets smaller until vanishing as the frequency used increased. This is

summarised in tables[3.3] and 3.4]
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Figure 3.11: Colour plot and slices of voltage response dependence on current and flux under RF
irradiation for v = 0.5 (top) and v = 2.0 (bottom). The slices are taken at integer and half-integer
flux quanta, and are displayed on the right hand side. The horizontal dashed lines indicate the position

of integer and half-integer voltage steps. Parameters: 8, = 0.5, 8¢ = 0.005, ' =0, ip = 10.
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Figure 3.12: Colour plot and slices of voltage response dependence on current and flux under RF
irradiation for v = 0.1. The slices are taken at integer and half-integer flux quanta, and are displayed
on the right hand side. The horizontal lines denoting integer and half-integer steps are aligned with
the voltage steps rather than the integers on the y-axis scale. This is to highlight the appearance of
an offset in the dc voltage response while still confirming the correct spacing between steps. The black
arrows show the direction of the i parameter sweep. Parameters: g = 0.5, S = 0.005, ' = 0,

ip = 10.
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Frequency | Integer steps | Half-integer steps | Fractional steps | Offset
0.05 Even only No No 1.36
0.08 Yes No No 0.29
0.1 Yes Barely resolved No 0.22
0.15 Yes No No 0.1
0.5 Yes Yes Yes 0.0
2.0 Yes Yes Yes 0.0

Table 3.3: Summary of the appearance of integer, half-integer, and further fractional steps for different
frequencies of ac drive current, for RCSJ SQUID with integer flux in the loop. Half-integer and further
fractional steps are visible for higher frequencies of 0.5 and above. The voltage offset gets smaller at

higher frequency, and is not present for frequency of 0.5 and above. Corresponding plots are in section

and appendix

Frequency | Integer steps | Half-integer steps | Fractional steps | Offset
0.05 Yes Yes No 1.36
0.08 Yes Yes No 0.29
0.1 Yes Yes Yes 0.22
0.15 Yes Yes Yes 0.1

0.5 Yes Yes Yes 0.0
2.0 Yes Yes Yes 0.0

Table 3.4: Summary of the appearance of integer, half-integer, and further fractional steps for different
frequencies of ac drive current, for RCSJ SQUID with half-integer flux in the loop. Half-integer steps are
visible for frequencies of 0.05 and above, and further fractional steps are visible for higher frequencies

of 0.1 and above. The voltage offset gets smaller at higher frequency, and is not present for frequency

of 0.5 and above. Corresponding plots are in section @ and appendixE}
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3.10 Simulation chapter conclusions and future work

The simulation supported the hypothesis that half-integer steps can appear in devices with either a
weakly or strongly skewed current phase relationship by applying magnetic flux that is a non-integer
multiple of the magnetic flux quantum, to maximum effect at half integer flux. The simulations also
show that there are combinations of SQUID parameters which cause half-integer Shapiro steps to appear
through a separate mechanism, only in devices with strongly skewed current-phase relationships.

Additional observations would require further work to understand fully. Firstly, the appearance of
further fractional Shapiro steps, which are linked to the strongly skewed CPR, and likely to emerge from
higher harmonics of the CPR matching the driving frequency. These steps could be difficult to study
in an experimental system because they appear to be quite short, especially if the IV curve is being
quantised at many points. Resolving the steps would require extremely high resolution current control,
but would more likely be limited by the thermal noise in the system, which has been shown to quickly
suppress small steps. Therefore, simulation may offer a more convenient way to study these features in
more detail, as frequency and current values can be set arbitrarily.

This leads into the second extension of the investigation. The frequency dependence testing so
far has revealed an effect that has not been accounted for: a dc offset of the low frequency Shapiro
steps. It was found that with high enough frequency the offset disappears, but it is not clear how this
originates from the model, and whether it corresponds to the experimental offsets observed. This next
needs to be investigated from the experimental side.

Another requirement in general will be to characterise the Shapiro steps in better detail by measuring
their width. This can be dependent on many factors, including frequency. Determining these behaviours
in as much detail as possible is necessary to understand the full picture of SQUID behaviour. For
example, it has been reported that fractional steps below half are more likely to appear for higher
frequencies[116], though for the frequencies tested here down to v = 0.1 apparent quarter steps are
still visible. These two cases are not directly comparable for several reasons, but the important point
is that the exact behaviour of the system is dependent on multiple factors. This complicates the task
because the number of variables that can be controlled creates a huge parameter space to explore. One
limitation of the simulation is that trying to do extremely high resolution measurements may mean
that very small numbers need to be used in the simulation which can extend the simulation time and
sometimes a solution will not be found for a particular combination of parameters.

Overall, general RCSJ SQUIDs are well modelled by the simulation, which shows promise for a
detailed exploration of these systems, particularly by being able to customise the current-phase relation.
The next chapter contains experimental work investigating fractional Shapiro steps in graphene SQUIDs.
In relation to that, it would also be valuable to convert between the dimensionless simulation and real

device parameters for more direct comparison between the simulations and experiment.
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Chapter 4

Fabrication and measurement of

graphene SQUIDs.

This chapter will detail the construction of two graphene SQUIDs and the experimental apparatus
used to measure them. It will also summarise the types of measurements performed to characterise
the devices. The experiment setup includes the low temperature sample environment and electronic
circuits used for the measurements. The experiment types can be broadly categorised as ‘dc’ and ‘radio
frequency’ (RF). There is a lot of common ground between the two but they serve different purposes,
and it is important to consider both because of the applications that RF electronics are used in. While
RF is a common term used for high-frequency electronics, it should be noted that the components used

in this work could also support microwave frequencies up to 18 GHz.
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4.1 Fabrication details of measured devices

Both of the devices discussed in this thesis were fabricated by collaborators at the National Graphene
Institute (NGI) at the University of Manchester, UK. The ‘Double SQUID’ was designed and made by
Moshe Ben Shalom in the group of Andre Geim, and the ‘Big SQUID’ was designed by the author and
made by Wendong Wang in the group of Roman Gorbachev.

They share some common characteristics in their fabrication which will be explained here to save
repetition. They both use a stack of monolayer graphene encapsulated in hexagonal boron nitride (hBN)
on top of a silicon substrate. The hBN flakes and graphene monolayer are mechanically exfoliated
and stacked to form a van der Waals heterostructure. The same heterostructure is used for both
superconductor-graphene-superconductor (SGS) junctions in the SQUID. The graphene is mechanically
exfoliated to maximise the quality of the material, and encapsulating it with hBN serves a few different
purposes. Firstly, the hBN can act as a protective layer on either side, stopping the graphene from being
contaminated. Secondly, more control is possible when forming the contacts between the electrodes
and the graphene to make very low resistance edge-contact. To do this, electron-beam lithography
(EBL) is used to pattern the hBN for reactive ion etching (RIE) which exposes the very edge of the
graphene. Because hBN is atomically flat, this ensures that the graphene monolayer is also flat, so
that when the superconductor is sputtered to make the electrodes it forms a very thin 1D contact with
the graphene. Thirdly, the hBN flake between the graphene and the substrate is a dielectric which
allows the substrate to be used as a gate to apply an electric field to the graphene and control the
charge carrier concentration. However, the silicon dioxide layer on top of the substrate is thicker than
the lower hBN layer with a similar dielectric constant, so this contributes more to the field effect, and

would mean that the hBN is not essential to enable the gating in this case.

4.1.1 Double SQUID

The '‘Double SQUID’ is a device with two similar SGS SQUIDs. Measurements were performed on
the ‘top’ SQUID of this pair, see figure The full photo showing all the devices is included in the
appendix in figure [B.1]

The overall structure of the device is 50 nm thick niobium-titanium electrodes on a silicon dioxide
substrate (290 nm oxide layer on doped silicon) forming a SQUID loop with the junctions formed by
making edge contact with monolayer graphene encapsulated in hexagonal boron nitride. The junctions
made this way are 5 pm wide and 250 nm long. Lastly, the bottom flake of hBN acts as a dielectric
between the doped silicon substrate and the graphene, allowing the substrate to be used as a gate to
apply an electric field to the graphene and control its carrier concentration.

This sample also has flux bias lines which run alongside the SQUIDs and can be used to generate
a localised magnetic field by applying a current to them. The generated magnetic field lines would be
perpendicular to the substrate as they pass through the SQUID loop because the flux bias lines lie on
the same plane. The flux bias line has a field constant of approximately 200 pA per @, so the number

of flux oscillation periods which could be measured is limited to about 10 if the maximum current in the
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bias line is &= 1 mA, chosen to avoid excess heating of the device. This would be an adequate number
of flux quanta for some investigations, but the small loop area allows the superconducting magnet to

be used and still obtain very stable traces.

Figure 4.1: A modified optical photograph of the Double SQUID, originally taken by Moshe Ben Shalom
at the NGI. Feature A is the location of the graphene Josephson junctions, and a schematic view of the
junction layout is shown below the photograph. In the schematic, the grey bars are the superconducting
NbTi electrodes, and the red dashed line shows the path of current in the device, with the red crosses
indicating the JJs which are 250 nm long. Feature B is a flux bias line which can be used to produce

a local magnetic field in the SQUID.

The original idea behind the Double SQUID was to measure the circulating current in one of the
SQUIDs. There were three flux bias lines, one beside each SQUID and one between them. The SQUIDs
are in close enough proximity to affect each other, so the middle bias line was used to screen the flux
in one of the SQUIDs when changing the flux in the otherEl As that experiment did not work as
intended, the device was available for the experiments shown in this thesis, as it contains the required

SGS junctions.

4.1.2 Big SQUID

The "Big SQUID" has very large wires and SQUID loop because it was designed to be impedance
matched to 50 Q in a microstrip geometry to carry microwave signals. The electrodes are 200 pm
wide and the loop area is about 200,000 pm?. The original purpose was to try and make a device
that would work like a two-stage Josephson transmission line (see figure . It would be possible to
bias the junction from the vertical wire, and apply an input pulse from the left wire and measure the
output on the right wire. This is why the junctions were designed to be asymmetrical, one is 2 pm
wide and the other is 3 pym which would ideally lead to amplification of a signal. This experiment was
not performed because the experimental apparatus required was not ready, so the work investigating

half-integer Shapiro steps in graphene SQUIDs was prioritised instead.

IPrivate communication with M Thompson
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Figure 4.2: Big SQUID CAD images and photos from after fabrication. The CAD design was by

the author. Device fabrication and original photos were taken by W Wang at the National Graphene
Institute. The photos have been adapted by the author. (a): Initial design of the SQUID. The inset
(b) shows an enlarged version of the position of the Josephson junctions, while the other lines are for
electrical connections. (b): The junctions are separated laterally by 1 ym, and their widths are 2 pm
(left) and 3 pm (right). The gap between the junction electrodes is 532 nm. (c): Optical image of
the fabricated junctions. The design was adapted by W Wang before fabrication, moving the ground
electrode for space considerations. (d): Optical image of the wider space of the device, with different
filters. (e): Close up of the junction area, showing that there is also a difference in how the right-hand

branch of the SQUID was fabricated compared to the initial design.

Both junctions in the Big SQUID are 0.532 pm long. The contacts are an initial 5 nm adhesion
layer of Ta followed by 50 nm of NbTi, capped with a further 5 nm of Ta and finally 10 nm of Pt. The
lower hBN flake is 88 nm thick and the upper flake is 35 nm thick. The Big SQUID shares a substrate

with another Hall-bar style structure which is part of an unrelated experiment. This is a holdover from
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how the coronavirus pandemic impacted production at the NGI. Sharing this substrate was necessary
at the time to have a new device to test, however it led to rushed design and unideal material choices
dictated by the design of the Hall-bar device.

In the end, this device was not studied as thoroughly as the Double SQUID, in part because the
large loop area meant that the device was quite susceptible to flux jumps and the signal was often
unstable as a result. Despite this, the device was used for a brief investigation of SQUID inductance,

detailed in section B.1.4]

4.2 Low-temperature electronic measurement setup

The typical methods of measuring and characterising non-superconducting electronic devices can be
applied to graphene SQUIDs. An electronic device's current-voltage characteristic (IV curve) encodes a
lot of information about it. In a voltage-biased regime a series of voltages are applied across the device
under test and the current passing through is measured. Devices can also be tested in a current-biased
regime, where the current is applied and the voltage is measured.

The SQUIDs tested here were current-biased and their voltage response is measured to form the IV
curves, from which quantities such as the critical current and normal state resistance can be extracted.
Additional variables were also applied to the devices to add an extra dimension to the measurements
and see how those parameters affected the device characteristics, including applied magnetic field,
temperature, electrostatic gating, and RF electric field. These will be discussed further in section [4.2.2]

As they are superconducting electronic devices, a low temperature sample environment is needed
to be able to access and measure the properties of interest. This complicates the electronics setup
because of the balancing act between keeping stable low temperatures while also running electronic
cables to the device from room temperature. For this investigation, these challenges were met using a

dry dilution refrigerator.

4.2.1 Dry dilution refrigerator

The measured devices have NbTi wires as the superconductor, which typically have a critical temperature
of 9 - 10 K. The critical temperature of the SQUIDs themselves is greater than 6 K as they were shown
to maintain behaviour characteristic of the superconducting phase up to that point. A commercial
dry dilution refrigerator with a base temperature of 15 mK was used to provide the necessary low-
temperature sample environment. The model was an Oxford Instruments Triton 400, which will be
referred to as ‘the Triton’. Samples are housed in a detachable sample holder or ‘puck’ which is
attached to the mixing chamber plate at the bottom of the Triton. The base of the puck which
connects to the mixing chamber plate is gold-plated copper, and the outer shell is brass. The copper
provides thermal contact between the sample and the coldest part of the refrigerator. Figure [4.4] shows
an illustrated schematic of an equivalent dilution fridge system. The Triton has two stages of dc wiring.
The wiring is Cu from room temperature to the 4 K plate, and NbTi from there to the mixing chamber

plate. At the 4 K plate there is a low-pass R-C-R filter with 200 € resistance and 1 nF capacitance.
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The RF wiring used in this work was the first use of RF wiring in the Triton, although the plates in the
Triton were designed to accommodate the wiring in the form of a ‘coax stick’. The coax stick is made
up of five sections of coaxial wiring. The joints between each section could be clamped to the plates
in the Triton. The design and start of the construction work was performed by Joshua Chawner, and
then the completion of the construction, testing and installation in the Triton was performed by the
author. There were two sections of CuNi coaxial wire from room temperature to the 4 K plate, then
three sections of NbTi from the 4 K plate to the mixing chamber. A schematic of the coax stick is
shown in figure[4.3] The coax stick could support up to six RF lines. Four lines were constructed, three
of which had a total of 36 dB of attenuation, and one of which was unattenuated. The attenuation and
continuity of the lines was tested using a vector network analyser. In the experiments conducted for
this work, only the single unattenuated line was used, as the objective was just to deliver an ac signal
to the device via an antenna. In other experiments, the attenuated lines would likely be used for input
signals, while the output would be received on the unattenuated line, as the lower power output would

otherwise be suppressed.

85



SMA connector

to room
Room
Temp. Attenuation
(dB)
PT1 o
CuNi
PT2 —
Still
NbTi
Cold
Plate
Mixing _
Chamber 3
SMA connector

to puck

Figure 4.3: Schematic of the RF wiring setup used for the measurements involving high-frequency
signals. The labels on the far left indicate which plate of the Triton each section fits between. The
orange and grey vertical lines in the centre represent the CuNi and NbTi coaxial wire respectively. The
total length of wiring is 50.1 cm, not including the connections between wire sections, which bring
the total length to 72.1 cm. The blue squares indicate the position of the attenuators. The total
attenuation is 36 dB. For unattenuated lines, the attenuators are replaced with 0 dB attenuators. SMA

connectors are at each end to connect to room temperature electronics or the sample puck.

Having a base temperature that is significantly lower than the critical temperature of the supercon-
ductor is useful and necessary. Firstly, the critical temperatures of JJs and SQUIDs are substantially
lower than the superconductor by itself. In graphene JJs, the graphene acts like a normal metal, so
the proximity effect is active in the vicinity of the boundary between the electrode and the graphene.
While this makes the graphene superconducting, it also weakens the superconductivity of the electrode,
lowering the critical temperature. Being sufficiently low in temperature also means there is a range of
temperatures over which the temperature dependencies of the device properties of interest are small.

Secondly, superconducting devices are very sensitive to noise sources, so minimising the temper-
ature helps to minimise thermal (Johnson-Nyquist) noise[125], as it is known that thermal energy is
proportional to temperature (this topic is discussed in more detail in . Another way that noise in

the devices was reduced was by having the Triton mounted on air springs to reduce vibration.
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Having established the benefits of the temperatures attainable by the fridge, additional features
that are made use of will also be detailed. The fridge is equipped with a superconducting magnet
orientated to apply a magnetic field along the ‘z' (vertical) axis (shown in figure [4.4). The magnet is
needed for measurements on SQUIDs which depend on the magnetic flux passing through the SQUID
loop (section .The magnet has a field constant of ky; = 13.72 AT~!. The product of kj; and

the current through the magnet Iy gives the applied magnetic field strength B, = knIy.
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Figure 4.4: A schematic of the dilution circuit of a typical dry dilution refrigerator. The schematic is a
vertical slice where the room temperature plate is at the top of the cryostat and the mixing chamber
is at the bottom. B, shows the direction of the superconducting magnet built into the cryostat. Prior
to operation, a gaseous mixture of “He and 3He is pumped from a storage tank into a pre-cooling
circuit (not shown explicitly here), bringing the fridge down to 10 K allowing the condensation process
to begin. Then it is moved to the dilution circuit for further cooling. The final cooling stage is in the
mixing chamber. Here, both isotopes of helium are liquid and they are separated by density, with most
of the less-dense 3He at the top. The concentrated and dilute phases refer to the concentration of
3He. In the still, 3He vapour boils off, which acts to put the system out of equilibrium. To balance this
loss, *He crosses the phase boundary in the mixing chamber from concentrated to dilute. It takes heat
away from the mixing chamber travelling up towards the still. The gaseous *He circulates through the
refrigerator, returning to the dilution circuit through the other line. Its excess heat is transferred back
to the still line by heat exchangers (assisting with the evaporation) as it re-enters the mixing chamber

in the concentrated phase.
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When investigating a SQUID it is useful to speak in terms of the amount of magnetic flux in the
loop, rather than the raw field strength. Applied flux ®, is the product of the field strength B, and
the effective area of the SQUID loop Aqg. Therefore, in a smaller SQUID a stronger field is needed to
produce an equivalent amount of flux. Then one is able to investigate small scale flux oscillations, or
the larger Fraunhofer pattern, knowing the appropriate range and resolution of field to apply.

For these SQUIDs the maximum field size needed was on the order of 1 mT, and the smallest
resolution is on the order of 1 pyT. These are relatively small fields so the magnet was run non-
persistently from a current source (Keithley 2400) to enable stable high-resolution measurements.

The other useful function of the Triton is a heater and proportional-integral-derivative (PID) con-
troller so that temperature dependent measurements can be performed. The temperature can be set

to cover the full range of interest, from base temperature to above the 7, of NbTi.

4.2.2 Differential electronic measurements

The main parameters that can be obtained from the IV of a JJ are the critical current and the normal
state resistance. These allow the characteristic voltage of the junction to be calculated. Knowledge
of the device geometry then gives access to quantities like the critical current density. Additional
independent variables can be included in this characterisation on a contextual basis. These are additional
parameters which affect the result of the regular IV curve. For SQUIDs this includes magnetic field,
back gate voltage, temperature and RF signals.

All of the electronic measurements are performed using a four-terminal arrangement from a lock-in
(L1) amplifier (Zurich Instruments MFLI), eliminating resistance contributions from the measurement
leads so that the IV characterisation reflects only the device itself. As the device should be supercon-
ducting, it is expected that while in its superconducting state there should be no resistance. At these
points any signal from the MFLI vanishes compared to the noise floor, which is typically two orders of
magnitude smaller than the peak signal in the resistive state.

Figure shows schematically how the measurements are set up. To supply current through the
device, two voltage outputs on the MFLI are used in conjunction with a current supply (made in-
house by Steve Holt in the Lancaster University physics department electronics workshop). The current
supply takes one ac and one dc voltage input and converts them into a current output with the two
components added together. The ac component is from the LI signal output and the dc component is
from the LI auxiliary output. The current supply can be set to convert the input voltages into a current
defined by one of three ratios; 1, 10, or 100 pAV~! dc and nAV~! ac. The output from the current
supply is passed through a splitter to provide a positive and ground connection for the four-terminal
measurement. These are connected to a breakout box which is the interface to the Triton's internal

wiring down to the sample puck.
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Figure 4.5: Schematic of the puck which is used to house the device inside the dilution refrigerator.
The puck is screwed to the bottom of the mixing chamber plate through a bottom-loading mechanism
(a). It is made of copper to aid with thermalisation of the sample. The circuit board (b) is bolted to the
puck, and houses a chip carrier. A 24-pin connector (c) is wired to the top of the puck. The connector
at the top of the puck couples with an equivalent connector attached to the bottom of the mixing
chamber plate, from which wiring traverses the length of the refrigerator to the room temperature
electronic instruments. On the right is a top-down view of the black chip carrier (d) which is attached
to a circuit board bolted to the puck. The Au fingers are connections which run to the 24-pin connector
on the circuit board. Silver epoxy is used to bond Nb wire from the fingers to make contacts to the
device (NbTi sputtered wires). Silver epoxy also connects a finger to the Si substrate of the sample, to
allow it to be gated. A stripped piece of flexible coaxial wire (e) is positioned parallel above the device

as an antenna for RF signals to be applied.
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For the voltage measurement, the ‘+V’ and ‘-V diff’ terminals of the MFLI are used and connected
directly to the breakout box. Differential measurement is enabled so that the differential resistance can
be measured directly, rather than calculated from the dc response. The differential voltage signal is
extracted from the small changes in the response caused by the modulation of the bias current provided
by the ac component.

A second demodulator is used at 0 Hz so that the dc voltage signal can also be measured. This
measures the 'Y’ component of the signal corresponding to the peak voltage, which is divided by v/2 to
obtain the root-mean-square (rms) voltage. The simultaneous measurement of the dc and differential
responses mean that the typical IV curve and the differential dV/di — I curve can both be accessed
directly, where i is the amplitude of the ac component of the bias current. The latter is a differential
resistance against current plot. The normal state resistance can also be estimated from the dc voltage
characteristic curve by differentiating it, but the resolution is limited by the bias current step size and
would not match the differential resistance unless the step size matched the amplitude of the modulating
current. For this reason, it is usually preferable to use the directly measured differential resistance, which
is also more useful for accurately locating the critical current of the device, as the transition from zero
to finite resistance is extremely sharp.

Varying additional parameters is done in different ways. The graphene in the devices can be elec-
trostatically gated using the sample substrate as a back gate. A voltage is applied to the gate using a
sourcemeter (Keithley 2400) in series with a 100 k2 resistor to protect the gate from large transients.
The build up of charge on the gate creates an electric field between the gate and the conductive graphene
monolayer. The main effect of this is that the charge carrier density in the graphene is changed, with
further discussion in section B.1.11

The magnetic field through the SQUID loop can be controlled as previously discussed using the
inbuilt superconducting magnet in conjunction with either a sourcemeter or dedicated power supply
unit depending on the size of field required. SQUIDs are extremely sensitive to magnetic fields, so this
is an important element of their characterisation that would be directly relevant to most applications
involving the device. Similarly, the Triton has an inbuilt heater that serves a dual purpose of being
a necessary part of its operation when warming and cooling as well as directly controllable by the
user for temperature dependent measurements. Seeing how the device responds with temperature has

significance for its practical operating range.
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Figure 4.6: Schematic drawing of the general measurement setup for the electronic characterisation
of the graphene SQUID device. The SQUID is current biased by a current supply which outputs a dc
current with modulation from a small ac signal, defined by voltage outputs from the lock-in amplifier.
Unless otherwise stated the conversion is 10 pAV™! dc and 10 nAV~! ac. The device is in thermal
contact with the mixing chamber of a dry dilution refrigerator. The temperature of the mixing chamber
Tvc =~ 15 mK under normal operation at base temperature. The cold area is indicated by the dashed
box with a pale blue background. Applied magnetic field B, is from a NbTi superconducting magnet
built into the fridge, and the perpendicular field would pass both through and around the device. The
field constant is 13.72 AT—1. The magnet is either controlled by a dedicated current supply for strong
fields (order 1 T) or a current sourcemeter for higher resolution steps. The back gate is controlled with
a voltage applied from a sourcemeter. The RF antenna has a continuous high-frequency signal supplied

from a signal generator.
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The last set of parameters are related to the effects of irradiating the SQUIDs with microwave
signals, inducing ac currents into the devices. This uses a short length of flexible coaxial wire which
is placed inside the puck, connected to the Triton's unattenuated RF wiring. The end of the coaxial
wire is stripped so that about 1 cm of the inner core is exposed. This is positioned above the device
like a monopole antenna, parallel to the plane of the SQUID. A signal generator (Anritsu MG3692B) is
connected to the antenna and is used to apply a continuous microwave signal. The voltage at the end of
the antenna oscillates creating an alternating electric field in the puck. Attenuation was applied to the
RF wiring at room temperature to reduce the power incident on the device and reduce heating in the
mixing chamber. This also helped to optimise the range of input powers used for the measurements so
that features of interest such as superconducting phase changes were visible over more of the parameter
space. The main aim of this type of measurement is to view Shapiro steps in the IV response. This
is more obvious in the dc voltage response than the differential response, though the latter does give

some insight into the nature of the steps, as will be discussed in section [5.2]
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Chapter 5

Electronic characterisation of

graphene SQUIDs

In this chapter, the experimental work done measuring the graphene SQUIDs is presented. The majority

of work was done on the Double SQUID. There are two core sections: characterisation of the devices

with and without irradiation from a high-frequency RF signal. First, the dc-bias only section (5.1))

will characterise the typical graphene SQUID characteristics including the dependence of the critical

current on gating, the presence of flux oscillations, and estimates of the inductance and capacitance of

the device. Section (j5.2]), shows measurements of Shapiro steps under changing RF signal parameters,

magnetic field, and temperature. In particular, the appearance of half-integer Shapiro steps is the topic

of interest here. This chapter ends with the overall conclusions and future work resulting from this

thesis in section
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5.1 Characterisation with dc biasing

This subsection addresses electronic characterisation which does not involve the use of the RF antenna.
The basis of these measurements is taking an IV characteristic to determine the critical current while a
third variable is varied. In these measurements the critical current is identified on a plot of differential
voltage against bias current by a sharp transition from 0 to finite differential voltage. The differential
voltage is converted to resistance by dividing by the amplitude of the modulating ac signal applied to
the dc bias.

Firstly, the Double SQUID will have its critical current dependence assessed with respect to the
voltage applied to its back gate. This will establish if gating the graphene is working as expected.
Then, the dependence of the critical current on the magnetic flux through the SQUID loop will be
tested, which will allow the period of the flux oscillations to be measured. Those are the two most
fundamental measurements.

In addition to these, attempts have been made to establish methods for estimating a SQUID's capac-
itance and inductance. These are important parameters influencing the Stewart-McCumber parameter
Bc and screening parameter 5;, respectively.

The magnetic field was controlled by the Triton's superconducting magnet and the gating was

controlled with a voltage sourcemeter. Details of the experimental setup are described in chapter [4]

5.1.1 Back gate dependence of critical current

It has been comprehensively established in the literature that applying a voltage to the back gate of
a graphene SQUID creates an electric field which dopes the graphene in the Josephson junctions with
additional electrons or holes. The increased charge-carrier density leads to increased SQUID critical
current [35, (37} 50 |66, 167} 7477, [83] |110} [131} [132]. Measuring the IV characteristics of the SQUIDs
at different gate voltages shows the range of accessible critical currents in the devices, and indicates the
charge neutrality point. The charge neutrality point is not necessarily at 0 V, as there could be residual
charge trapped on the device. It is identifiable by a significant increase in differential resistance, and
the critical current is minimised. The thickness of the dielectric places a limit on the gate voltage from
its breakdown field threshold, above which current will leak through the material[133]. Generally, the
greater the thickness of the dielectric, the greater the field strength it can sustain.

The measurements in the Double SQUID are primarily to check that it displays the expected critical
current dependence seen in other devices. Here, typically the largest gate voltage used was 5 V, because
above this flux jumps were more likely, leading to more unstable measurements.

Figure5.1] shows a back gate dependence on the differential IV characteristic of the Double SQUID
device ([4.1.1)). The back gate voltage was incremented and measuring a differential voltage IV charac-
teristic curve at each back gate value. At charge neutrality, the critical current is about 3.5 pA, which
increases to approximately 11.5 pA at 5 V gating. There is a slight asymmetry visible in this plot: on
the negative side, the values range from -3.0 to -10.0 pA. Clearly, the critical current increases much

more for increasing the back gate above 2 V compared to decreasing it below 2 V. This shows that
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doping the graphene with electrons leads to more transparent SN junction interfaces, and is consistent

with measurements of similar devices.
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Figure 5.1: Colour plot showing the dependence of differential resistance of the Double SQUID on the
bias current and back gate. The sharp difference in colour indicates the switching critical current of
the SQUID between the superconducting (dark region around 0 bias current) and resistive phases (light
region). There is an extended region of low transparency contacts at low back gate voltages starting
close to 2 V. The normal state resistance decreases at higher gate voltage, because the junction
becomes more transparent when charge carrier density between the graphene and superconductor is

more equivalent. Gate step size = 0.2 V. Bias current step size = 0.05 pA.

Critical current extraction

To understand the characteristics in more detail, critical current values can be extracted from the
differential IV at each gate voltage. To extract the critical current, a threshold value was set that
is below the normal state response of the SQUID but substantially above the superconducting state
response. Starting from inside the superconducting region and moving either positively or negatively
depending on which critical current is being determined, the critical current is found as the last data
point below the threshold. Figures[5.2| (A) and (C) respectively show the positive and negative critical
current values extracted from figure with (B) and (D) showing a slice at a back gate of 3 V to
highlight the position of the extracted critical current and other features of the differential IV curve.
Regarding the differential resistance plots, the critical current is indicated by the sharp transition from 0
resistance to a finite value. Asin figure[5.2)(D) the spike at the superconductor-normal transition often
goes to higher resistance before returning to a lower resistance at the next current step. Continuing to
increase the bias current, additional peaks are visible which are evidence of Andreev reflection.
Looking at the extracted critical current values, they are monotonically increasing from a back gate
of 1.4 V as the back gate increases. Moving in the opposite direction, there is an overall increasing
trend, but there are also small peaks and troughs which could be evidence of Fabry-Perot oscillations,

which have been observed in similar graphene JJ devices. The Fabry-Perot oscillations are due to
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ballistic transport of charge carriers in the cavity defined by the boundaries between the superconducting
electrodes and the graphene|132]. The uncertainty in the critical current is small enough to not be

visible in figures 5.2 (A) and (C), so the variation is not due to random fluctuations.
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Figure 5.2: Plots showing extracted critical current dependence on back gate voltage, and a slice to
show the position found by the extraction algorithm. This corresponds to figure Plot (A) shows
the positive critical current values and (C) shows the negative critical current values. A slice is taken
at a back gate voltage of 3 V in each case, shown in (B) for the positive I. and (D) for the negative
I.. I,y =6.65 + 0.05 pA, I._ = —5.95 4+ 0.05 pA. The applied field B, = 0 uT. Bias current step
size = 0.05 pA.

The uncertainty in the critical current values will typically be equal to the interval between the current
values, unless the transition itself is noisy, which would be evident in the line plot by the transition
taking place over multiple data points before settling. In figure the superconducting region is very

high contrast to the resistive region, so there is little ambiguity in the position of the critical current.
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To avoid artifact peaks in the superconducting region, setting the critical current condition to require

that two consecutive points lie above the threshold is a way of confirming the transition.

Explaining the asymmetry

The colourplot in figure [5.1] and extracted critical current values in figure indicate an asymmetry
between the positive and negative critical currents. The Double SQUID was designed to have geomet-
rically symmetrical JJs. This should lead to symmetrical critical current, resistance, capacitance and
inductance in the device. To characterise the apparent asymmetry, the ratio of the positive to negative
critical current values at each back gate is plotted in figure It shows the size of the asymmetry
increasing above and below the minimum at about 2 V. The uncertainties in the ratio . /I._ were
determined by summing the fractional uncertainties of the two values in quadrature. The combined

uncertainty is smaller at higher positive back gate voltages because the critical current itself is larger.

TR
e N
o My g

105} | || {Hﬂ _

-4 -2 0 2 4
Back gate (V)

Figure 5.3: The ratio of the absolute values of the positive and negative maximum critical current
against back gate voltage of the Double SQUID. The magnitude of the positive critical current is
always slightly larger than the magnitude of the negative critical current, so the ratio is always greater
than 1. There is a trend in the size of the ratio, with a minimum at approximately 1.5 - 2 V. This
corresponds to the point in figures [5.1] and where the gating starts to have an increase impact on

increasing the critical current of the SQUID.

There are a number of factors which can influence the relative critical currents of the junctions in
each arm of the SQUID. While in this device the junctions were designed to be identical, it is possible
that there is some unevenness introduced during fabrication, or defects introduced at that stage or
over extended use of the device. If there is residual flux trapped in the loop, that would introduce a
circulating current which would therefore create an asymmetry. There could also be residual charge
which would not necessarily be equivalent over each junction. The mostly likely explanation here,
however, is that the asymmetry comes from how the device was measured, and is a result of hysteresis

in the IV characteristic. As the bias current for figure [b.1] started at negative and then passed through
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Figure 5.4: Hysteresis plot at the minimum hysteresis point. Solid blue lines show the switching (critical)
current I, where the current is increased from inside the superconducting region to the resistive region.
The dashed orange lines show the retrapping current I, where the current is reduced from the resistive
region into the superconducting region. The back gate at 2 V, close to charge neutrality. The magnetic
field is -36 pT, corresponding to the maximum critical current of the overall flux dependence. The

critical current is 3.84 pA and the retrapping current is 3.80 pA. The current step size is 0.01 pA.

zero to end at positive, it would be consistent that the apparent critical current is smaller when crossing
the transition in the ‘retrapping’ direction (resistive state to superconducting state) compared to the
‘switching’ direction (superconducting to resistive). This can be seen in hysteresis measurements taken
on the device. The smallest hysteresis is seen at 2 V (shown in figure with the hysteresis getting
larger moving away from that point. Taking two points as examples, shown in figure [5.5, at 0.0 V
the difference between the switching and retrapping current is ~ 0.2 pA, and at 4.0 V this difference
is ~ 0.7 pA. These are comparable differences to the extracted values in figures A and C. They
do not correspond exactly, because in figure the data were taken at a different applied magnetic
field such that the critical currents were ensured to be maximised and that there was no asymmetry
of flux in the SQUID loop (this is explained further in section . The similarity in the size of the
asymmetry and the size of the hysteresis shows that hysteresis is likely to be the main contribution. It
would be expected that if the bias current were swept in the opposite direction, the asymmetry would
be inverted. To properly measure the positive and negative critical currents, the transitions should both
be approached from inside the superconducting region in separate measurements.

As well as helping to explain the asymmetry seen here, hysteresis measurements of the SQUID can

also be used to estimate its capacitance, as will be shown in section [5.1.2
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Figure 5.5: Hysteresis plots at back gate voltages away from charge neutrality. Solid blue lines show
the switching (critical) current I. where the current is increased from inside the superconducting region
to the resistive region. The dashed orange lines show the retrapping current I, where the current is
reduced from the resistive region into the superconducting region. Plot (A) is in the p-type region with
the back gate at 0 V and (B) is in the n-type region with the back gate at 4 V. In (A) the critical
current is 3.38 pA and the retrapping current is 3.28 pA. The current step size is 0.01 pA. In (B) the
critical current is 9.38 pA and the retrapping current is 8.72 pA. The current step size is 0.02 pA. In
both the magnetic field is kept constant at -36 pT, corresponding to the maximum critical current of

the overall flux dependence.

5.1.2 Hysteresis effects and link to SQUID capacitance

The capacitance C of a SQUID is a quantity of interest because of its impact on the hysteresis of
the IV characteristic. Hysteresis in the IV curve is when the retrapping current I,. is smaller than
the critical current I., after sweeping the bias current up and down across the transitions (see figure
. Usually, SQUIDs are designed to have a small enough capacitance that no hysteresis is observed,

with the McCumber parameter limited to 8¢ < 1. Having already observed an apparent hysteresis in
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the Double SQUID, it would be useful to estimate the capacitance that has caused it. This will be
done using the return current 4,., which is the ratio of the retrapping current to the switching current,

shown in equation (5.1)). It can be related to 8¢ by an analytical equation (5.2) given in the SQUID
handbook[92].

I
= 5.1
=T (5.1)

2— (m—2)i,
ﬂc:7(i2 )

(5.2)

In the Double SQUID, it was shown in section that the critical current of the SGS SQUID can be
varied by changing the back gate voltage. This means that values of 7. can be measured experimentally
for different values of I., and be used to calculate values of 3. to set limits on the possible values of

capacitance.

Experimental and analytical SQUID capacitance estimate

The experimental part of this investigation involved measuring I. and I,. at 1 V back gate intervals from
0 to 5 V. Examples of these measurements are shown in figures and with the remaining
plots in the appendix The bias current was increased moving from the superconducting region
to the resistive region, and then swept back again to transition to the superconducting region. The
transition points were determined in the same way the critical currents were extracted for figure [5.2
These values of I,. and 1., labelled in the hysteresis curve figures, allow the return current i, to be

calculated using equation (5.1)).
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Figure 5.6: Hysteresis measurement of the Double SQUID at magnetic flux corresponding to maximum
critical current and with a back gate voltage of 5 V. The critical current is 11.50 pA and the retrapping

current is 10.64 pA. The current step size is 0.02 pA.

The full results of the hysteresis measurements are shown in figure where i, is plotted on
the left, black axis against back gate voltage. On the right, red axis are values of (. calculated

from the corresponding i, using the analytical equation Equation (5.2)) is valid in the range

101



0.05 < 4, < 0.95]92]. The upper limit is marked on figure by a horizontal dashed black line.
Higher return currents close to 1 (where the return current is almost the same as the critical current)
correspond to 3. values less than 1 (indicated by the red dashed line) where no hysteresis is expected.
There is significant disagreement between the two measurements taken at 5 V. The larger error bars
on one measurement are due to a larger bias current step size of 0.05 pA compared to 0.02 pA. The
difference in step size means that the measurement with the larger step size will be changing bias
current at a faster rate. The idea that this could affect the retrapping current is supported by the
two measurements at 3 V. Again, a larger step size was used for one measurement, which again led
to a smaller return current and larger 8¢. This time, the larger step size was 0.02 pA compared to
0.01 pA. The smaller difference in step size may be reflected in the smaller difference in i, and B¢.
More measurements would be able to confirm this relationship, but in general it would be good practice
to keep the step size constant to ensure these measurements are comparable.

The uncertainties in figure for the return current are calculated by adding the fractional un-
certainties in I, and I, in quadrature, using the current step size as the absolute uncertainty. The

uncertainties in 8¢ were found by applying equation ((5.3)) to equation ([5.2]) where B¢ is a function of

ip.
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Figure 5.7: Left axis and black points show the return current against gate voltage, reflective of the
hysteresis observed in the Double SQUID. The right axis and red points show values of . calculated
using an analytical model which depends on the return current . The model is only reliable for the
three return current values below the maximum indicated in black. This corresponds to values where

hysteresis is expected due to S >1.
For the maximum capacitance estimate for the range of back gate voltages tested, the largest 3.

value is used, corresponding to a back gate of 5 V, which is in the region where the return current

analytical equation is valid, and 8. > 1. Using the definition of /. rearranged for C' (equation ([5.4))),
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at a back gate of 5 V this produces a capacitance of C' = 37.9 fF, using fc = 1.19, I, = 11.5 pA and
R = 30 § (critical current and resistance from figure [5.6)).

~ P6c
C = Srl 12 (5.4)

The resistance was doubled from the value in the plot, because the parameters in (5.4) apply to a
single JJ, while the SQUID value includes two junctions in parallel, assumed to be symmetrical and
thus have equal resistance. To get an estimate of the capacitance of the SQUID, assuming the parallel,

symmetrical junctions dominate the capacitance in the circuit, this value can be doubled to 75.8 fF.

Geometrical estimate of SQUID capacitance

To check the validity of the measured value, a simple estimate of the dominant geometric capacitance
contribution in GJJs can be calculated. In SNS junctions this is usually considered to be the ‘parallel
plate’ capacitance between the electrodes. In the Double SQUID the electrodes of a single JJ are 5 pm
wide by 50 nm high, separated by 250 nm of hBN. This is like a parallel-plate capacitor of area 0.25 um?.
The capacitance can be calculated using equation (5.5). In the equation, € is the dielectric constant &
multiplied by the permittivity of free space ey = 8.85 pFm™!, d is the thickness of the dielectric, and
A is the area of the ‘plates’.
€A

c== (5.5)

The dielectric constant of hBN will be taken as 6.93 due to its bulk thickness and in-plane orienta-
tion[134]. The resulting capacitance is ~ 61.3 aF. This is clearly not the dominant capacitance, as it
is three orders of magnitude smaller than the calculated upper limit from the hysteresis measurements.
Another likely source is the capacitance of the SQUID loop with the conductive substrate. The sub-
strate’s silicon dioxide layer is the dielectric in this case, with a dielectric constant of 3.9. The NbTi
leads cover a much larger area overall compared to the size of the junctions themselves. The specific
capacitance is 119 pF m~2, which is similar to the value of 100 pF m~2 quoted by Huang et al. in a
similar device[83]. The area of the loop can be approximated as about 100 pm in length and 3 pm

wide, for a total of A = 300 ym? which is 300 x107'2 m?, corresponding to 35.7 fF.

Capacitance estimate comparison and discussion

The measured capacitance value of 75.8 fF is about 2.1 times larger than the capacitance estimated from
the loop geometry of 35.7 fF. These values are of the same order of magnitude and quite comparable,
however there are some other factors to consider. One other way that the apparent capacitance could
be influenced could come from the critical current being suppressed by overheating of the graphene.
Graphene has a low specific heat capacity of 2x1072! JK~! ym~2 [135] and because of this has potential
use in bolometers (section . It has been shown in work by I.V. Borzenets et al. that hysteresis in
GJJs can be caused by electron overheating[136], and this explanation has also been assumed by G. Lee
et al. in their work on using hBN-encapsulated GJJs as bolometers. This suggests that the electron
overheating effect is likely to contribute to observed hysteresis, with the heating coming from the bias

current in the dissipative regime of the SQUID.
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Where the balance lies between the possible capacitance and overheating cannot be determined
without a more deliberate investigation. This could be done on the Double SQUID because there are
two devices. One of the devices has a heating current passed through it to heat the graphene while the
other SQUID is measured for the switching and retrapping currents. These values are compared to those
found by measuring the same SQUID by sweeping the bias current as in a normal IV measurement with
no additional heating. This is analogous to Borzenets' work|136] using two graphene single junctions.

This would be a useful test to better understand the capacitance of these junctions.
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5.1.3 Flux oscillations

Flux oscillations are a behaviour in dc SQUIDs where the critical current oscillates periodically as a
function of the magnetic flux enclosed in the SQUID loop. The oscillation period in terms of magnetic
field is equal to the magnetic flux quantum ®q. In other words, each period corresponds to an additional
quantum of magnetic flux passing through the loop. In these measurements, a superconducting magnet
is used to apply a vertical magnetic field perpendicular to the SQUID loop, so that the magnetic flux is
straightforward to quantify. The period of the Double SQUID will be determined by measuring a few
flux oscillations and calculating the difference in applied magnetic field between the maxima or minima.
Then, for verification, the effective area of the SQUID loop can be calculated, and compared to the

geometrical area of the loop.

Flux oscillation period and loop area

For this measurement only the positive bias direction was used. The main purpose of the measurement
was to check the magnetic field strength required to apply integer or half-integer quantities of flux,
corresponding to the maxima and minima of the oscillations. It also allows checking that the critical
current values are the expected size and that the period is consistent with previous measurements, so
that any problems with the measurement setup or the device are detected.

The flux oscillations of the Double SQUID were measured by driving the Triton's superconducting
magnet with a current sourcemeter (Keithley 2400) to change the magnetic flux inside the SQUID
loop. Differential IV curves were measured at each magnetic field strength. The field was offset to
ensure the maximum critical current at the peak of the Fraunhofer pattern was being measured. The
results are shown in figure The critical current of the SQUID is indicated by the bright front
separating the superconducting and resistive phases. The critical current oscillates with a period of
~ 6.1 pT which corresponds to 1 magnetic flux quantum when the effective area of the SQUID loop
is defined as 338 pm? which accounts for flux focusing effects, where the magnetic flux incident on
the superconducting wires is deflected into the loop by the Meissner effect. This is close to the area
that would be enclosed if the path were traced along the centre of the SQUID wires forming the loop,
approximatelyﬂ 350 um?2. This is close enough to be confident that the SQUID is operating correctly. It
is difficult to calculate the effective area of the loop exactly from the geometry, especially if the device

geometry is complex.

Value estimated previously by J. Prance and M. Thompson, provided in private communication.
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Figure 5.8: Colour plot showing the differential resistance measurement of the Double SQUID depending
on bias current through the SQUID and the applied magnetic field and flux. The back gate is -1 V.
The bottom x-axis is scaled to show the magnetic field as a proportion of a flux quantum. The top

x-axis shows the equivalent applied magnetic field.

It has also been shown with simulations in section [3.9.1] that the CPR of the SQUID can effect
the appearance of the flux oscillations, with more a more skewed CPR corresponding to critical current

minima being further from 0. This affects the modulation depth of the flux oscillations.
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Figure 5.9: Extracted critical currents against flux in terms of the flux quantum from the flux oscillation
data shown in figure [5.8] The orange vertical line on the left is the slice shown on the right, and the

orange point shows the position of the extracted critical current. The back gate was -1 V.
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Trapped flux

It is useful to know at which point on a flux oscillation the device is located when performing measure-
ments because the critical current of the device is an important parameter when assessing a device's
performance. Usually, the device would want to be placed at the maximum critical current, correspond-
ing to an integer quantity of flux, as this means that there is no net circulating current in the SQUID
loop caused by the magnetic field.

A complication with these measurements that makes the understanding and measuring of the in-
terference pattern more important is that flux can be trapped in the SQUID during thermal cycling,
creating a significant field offset which should be compensated for. Applying no external field does not
guarantee that the SQUID loop contains no circulating current. It is expected that when 0 magnetic
field strength is applied, that there is O flux in the SQUID loop, because there is no circulating cur-
rent. This should also correspond to the maximum in the SQUID’s Fraunhofer pattern. However, in
the Double SQUID, the critical current maxima decreased with increasing positive field strength. This
indicated that the centre of the Fraunhofer was offset and that there must be another source of flux
causing the measurements to be off-centre. Figure shows the positive current bias flux oscillations
are not symmetric around 0 and the critical current maxima are larger at larger negative field strengths.
The slice at 2 pA is shown in the lower plot. The spikes in the line plot correspond to critical current
values intersected by the slice. As the critical current maxima increase, the superconducting region
covered by the slice gets longer. This means that the centre of the Fraunhofer can be identified by
varying the applied magnetic field at a fixed bias current below the central maximum critical current.
This is the approach taken in figure [5.11] where for the applied bias current close to the maximum I,
the field strength associated with the peak is evident in the region around -200 pT. This method is
preferable to the full two-parameter sweeps simply because it is much more efficient, especially if there
appears to be a large offset, as was the case here. If the peak is broad, neighbouring oscillations can
have effectively the same maxima and minima, giving multiple field strengths that can be used. Here,
the inset of figure[5.11] shows a good location to check for the precise maximum critical current, as was

done to produce figure in the previous section, showing the full size flux oscillations.
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Figure 5.10: Flux oscillations of the Double SQUID showing critical current maxima which are not
symmetrical about 0 pT magnetic field strength. A slice at a bias current of 2.0 pA is shown by
the horizontal white line on the upper plot, and is displayed on the lower plot, showing that the
superconducting regions get wider for the negative field and narrower for the positive field, due to the
shift in the position of the critical current. Faint lines to the left of and above each peak are Andreev

reflections.
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Figure 5.11: With constant current bias of 4.2 pA, magnetic current is varied and the differential
resistance of the SQUID is measured, so that the effective point of 0 magnetic flux can be determined.
The back gate voltage was 1 V. The inset zooms in on the point where the superconducting regions
are the largest, corresponding to an effective 0 magnetic field. Above -135 pT and below -280 pT, the

bias current is greater than the maximum critical current.

5.1.4 Estimating SQUID inductance using flux oscillations

The inductance of a SQUID is an important parameter because it influences the size of the circulating
current in the SQUID. Recalling section the SQUID parameter defined by the inductance is the
screening parameter S, which is proportional to both the inductance L and the critical current I, as
shown in (5.6)).

2L1,

Br = B, (5.6)

If the inductance is already known then it is straightforward to calculate corresponding values of
B, for each critical current measured. But complicated SQUID geometries can make the inductance
values more difficult to estimate accurately.

In this section, a method based on the modulation depth I; of the Big SQUID (section is
used to estimate its inductance. The modulation depth describes the difference between the critical
current maxima I max and minima I nin due to the critical current’s dependence on applied magnetic
flux. It is defined as

Id Ic max Ic min (57)

)

IC max

and is influenced by £;. The minimum critical current of a SQUID increases from close to 0 to
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approaching the maximum critical current as 3y, increases. As (3, is dependent on the maximum critical
current I, it should be possible to estimate the inductance of a graphene SQUID. This is because in a
graphene device, I, is tuneable by the field effect, as shown in figure 5.1} allowing a relation between
the back gate voltage and [, to be established.

Experimentally, the modulation depth was measured at back gate voltages from -5.0 to 5.0 V,
providing a set of values of I; and 81, /L. The values were determined using equations and
with the maximum and minimum critical current values extracted by finding the switching current of
the Big SQUID. Both positive and negative critical currents were used.

A simulation of the modulation depth against 57, was performed using a sinusoidal CPR using the
model described in chapter [3] to fit to the experimental data. The experimental data was used to
calculate By, for different L, with the best fit determined by a least-squares method. This value should

represent the total inductance of the device, including geometric and kinetic contributions.

L =490 pH
14p Big SQUID 1
s 1.2F T=16 mK ]
S & i
L 10} ]
£ - —— Simulation ]
S 081 § Positive Io 1
— 0.6F Negative /¢ ]
< f :
g 0.4+ .
S [ ]
= 0.2¢ .
0'0 -...I gl gl gl gl -
1072 1071 10° 10! 102

2L1/®g

Figure 5.12: A plot of flux oscillation depth plotted against 51,. The orange and blue data points are
calculated from experimental data at various back gate values corresponding to different 5, calculated
from I, = I.max. The blue and orange points are for critical currents from applying positive and negative
current biases respectively. The grey line is the simulated results for an inductance L = 490 pH, using

a symmetrical SQUID with a sinusoidal current-phase relation and S = 0.1.

Figure [5.12] shows the resulting plot comparing the experimental data and simulation. The best fit
of inductance was L = 490 £ 40 pH, considering the data derived from both the positive and negative
critical currents together. The y error bars are from the step size of the bias current giving uncertainty
in the recorded position of the critical current, and the uncertainty in the inductance fit is estimated
from the size of x-error bar required for the larger 5, values to agree with the simulation, as L affects
the position of the data on the x-axis.

To verify the result, this inductance was compared with separate estimates of the geometric and
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kinetic inductances. Kinetic inductance values for Nb-related materials are usually on the order of
10 pH[75]. The kinetic inductance Ly can be estimated based on the geometry and properties of the

superconducting loop[137]
N

L
K wh

(5.8)

where g is the magnetic permeability of the vacuum and X\ is the penetration depth of the super-
conducting film. The variables [, w, and h are the length of the SQUID loop, and the width and
thickness of the film, respectively. The constant values are iy = 47x10~7 Hm™!, h = 50 nm, and
A = 235 nm|138|. The Big SQUID's geometry is not straightforward to analyse, but based on the
values defined so far the relation is Lx = 1.39(1/w) pH. The length of the SQUID loop will be taken
through the centre of the superconducting film as approximately 1100 pm. The width will be taken as
an average value of approximately 65 um, giving a result of L = 24 pH. This is a similar result to
other similar junctions.

To estimate the geometric inductance the finite-element model FastHenry [139] was used, giving a
value of 315 pH. Summing the kinetic inductance with the geometric inductance gives a total inductance
of 339 pH. This is an underestimate in comparison with the value of 490 + 50 pH calculated from
fitting the experimental data to the simulation. The most likely explanation for this is that the simulated
model used to fit the data was not entirely reflective of the experimental device. Considering that the
SQUID was fabricated in the same way as to produce ballistic graphene junctions, it would be expected
that they exhibit skewing of the CPR. By plotting the dependence of the modulation depth against
B, for different transparencies of junction, it can be determined if the skewed SQUID model makes a

better fit in the case of the lower inductance estimate.
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Figure 5.13: Plot of modulation depth against 5. The data in black are the same as presented in
figure corresponding to the best fit to the sinusoidal CPR SQUID model with inductance L =
490 pH. The solid black line is the corresponding simulation. The red points are the same data but
calculated for inductance L = 339 pH, the value estimated from the Big SQUID geometry and kinetic
inductance. The red lines are the SQUID model with a skewed CPR, with transparencies of 0.75 and

0.99 shown by the dashed and solid lines respectively.
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Increasing the skewness of the CPR reduces the modulation depth, as shown in figure Using
B, values calculated for L = 339 pH, the sinusoidal CPR fits better for the data where the SQUID
is close to charge neutrality. This is where the critical current is smallest and therefore 5y, is also at
its smallest. As 31, increases, the skewed models appear to fit better, but no individual curve matches
the data perfectly. If the skewness of the CPR is increasing as (31, increases, then increasingly skewed
models would make better fits to corresponding parts of the data. This is supportive of the idea that
ballistic graphene SQUIDs have a skewed CPR. It also presents a method which, given confidence in
the inductance value of the SQUID, could give another way of assessing the transparency and skewness
of the junctions in SQUIDs. Given the values from the two methods, a reasonable overall estimate of

the Big SQUID inductance would be = 400 pH.
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5.2 Observation of half-integer Shapiro steps

It has been shown in sections and that the Double SQUID exhibits the tuneable critical
current and flux oscillations expected of a graphene SQUID. This allows for an interesting exploration
of the fractional Shapiro steps phenomena. As shown in the simulations and literature, a SQUID displays
half-integer Shapiro steps when there is a non-integer quantum of flux in the SQUID loop. These half-
integer steps should be visible regardless of the gating of the SQUID. Additionally, a graphene SQUID
should have a skewed CPR when the junctions are tuned to high transparency, resulting in fractional
Shapiro steps. Both origins of fractional Shapiro steps should be visible in the Double SQUID, and could
be switched on and off by changing the relevant parameters. A secondary hypothesis which further
reinforces the presence of mechanisms associated with graphene SQUIDs and skewed CPRs is how the
CPR should return to the sinusoidal shape at higher temperature. This is consistent with the model for
the CPR in equation (2.8)).

In this section, firstly the coupling of the RF signal to the SQUID will be discussed. This is to show
how the optimal region of the power-frequency parameter space to measure Shapiro steps was found.

Following that, the measurements of half-integer Shapiro steps will be shown. The two hypotheses
mentioned were both investigated: temperature and gating. In both cases, the magnetic flux was also
varied.

The introduction of the high-frequency signal does introduce complications into the measurements,
most notably heating of the mixing chamber and sample. It cannot be guaranteed that the temper-
ature of the device is consistent throughout these measurements, especially if the power of the RF
signal is varied, because only the temperature of the mixing chamber was monitored. This was one
limitation of the setup which would ideally be improved upon for future measurements, but measuring
the temperature of a device would require the ‘thermometer’ to be built into the device itself, and
need additional wiring and measurement apparatus. A second improvement would be the addition of a
second RF antenna to act as a receiver and give a better estimate of the power being delivered to the

device, rather than just the power sent from the signal generator.

113



5.2.1 Assessing the coupling of the RF signal to the SQUID

Fundamentally it should be possible to observe Shapiro steps at any frequency — they simply appear
at particular corresponding voltage values defined by . In the current-biased setup that is being
used, the alternating current drives the rotation of the junction phase at the frequency of the current,
so the drive frequency always matches the junction frequency. There are matters of practicality and
a lack of ideal conditions for experiment which determine which frequencies are best to use. Shapiro
steps are separated by a quantised voltage value, so the resolution of the measurement instruments
must be sufficient to distinguish neighbouring steps. This will put a minimum value on the frequency
that can be used. However, the actual minimum may also be determined by the apparatus that one has
access to. In this case, the signal generator had a frequency range from 2 - 20 GHz. This was further
restricted at the upper end by the rating of the attenuators used which had a maximum frequency of
18 GHz. This upper limit is no problem as it is substantially below the characteristic frequency of the
SQUID. The normal state resistance of the devices also impacts the instrumental resolution needed,
but for the current biasing. This is because sharper gradients imply smaller differences in bias current
between voltage steps. In graphene SQUIDs the normal state resistance depends on the doping of the
junctions, with the largest resistance tending to be where the device is at charge neutrality. Therefore
it is this regime which places the experimental limit. A rule of thumb conversion is that 1 GHz roughly
corresponds to a 2 pV step spacing . This means that in a device like the Double SQUID where
the order of magnitude of voltage responses is 10 pV, it makes sense to use an RF frequency which
would give well spaced and easily resolved steps over that range. The current step size should produce
changes in voltage substantially smaller than the Shapiro step size that is being targeted. In general
it seems sensible to use as high a frequency as possible to increase the gap between steps to make
resolving them as easy as possible. Additionally, when considering the possibility of fractional Shapiro
steps, the highest resolution possible will be needed, as shown in the simulations in section [3.9.3]

The frequency used is actually determined by geometric factors associated with the sample stage. For
these measurements the device is mounted inside a cylindrical metal puck (see section . The electric
field output by the antenna has a wavelength on the order of centimeters, which is comparable to the size
of the sample environment. Therefore it is likely that standing waves are set up between the closed ends
of the puck. Depending on the exact positioning of sample with respect to the antenna and frequency
of the signal, the nodes and antinodes will be positioned differently. The best frequency coupling to the
device will occur when the device is at a point of constructive interference. Preliminary measurements
are needed to optimise the coupling of the device to a particular frequency in the determined range.

Two techniques have been used for this device. First, a colour map of the differential voltage
response is produced with dependence on the RF power and frequency parameters. To do this, the
SQUID is biased at zero volts and then the power is swept down at a fixed frequencyﬂ This is repeated,
stepping the frequency between power sweeps. The aim is to find frequencies where the differential
signal response clearly oscillates as the RF power changes, indicating coupling between the signal and

the device. This method also helps to determine the level of power needed to be applied. Ideally the

2This technique was shared with the author by D. Wielens, in private communication, August 2022.
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power is minimised to limit heating inside the low-temperature environment but a minimum power
is required in order to resolve the Shapiro steps, as the power impacts the width of the step parallel
to the current axis. Figure shows an example of this process repeated for different back gate
voltages. Particularly in the higher-frequency regions the columns clearly change between a higher and
lower signal response, indicating oscillations. Four plots were included here so that the coupling can
be assessed with respect to the back gate voltage. This addresses a potential inconsistency associated
with the changing characteristic frequency of the SQUID due to the dependence of the critical current
and normal state resistance on the gating of the graphene. At lower gate voltages the resistance is
greater, shown by the brighter colour in the plots. This clearly diminishes as the back gate voltage is
increased. This is expected from the typical back gate dependence of a graphene SQUID (figure .
The figures also display both resistive and superconducting regions, though not as clearly separated as
in other measurement schemes. This is because the superconducting state of the device is sensitive
to the power and frequency combination. The RF signal deposits heat into the system (which can
be seen by a rise in the mixing chamber temperature) though the actual temperature of the device is
unknown, not necessarily equivalent to the mixing chamber itself. It would be reasonable to expect
that the power of the signal is not dissipated uniformly through the sample environment, because of
the geometrical arguments discussed previously. As well as being susceptible to magnetic fields, it
is reasonable to consider firstly that because Cooper pairs are charged they can also be influenced
and potentially broken by electric fields. Secondly, the electric field is generated by an unsophisticated
methodology and it would be difficult to rule out that there is no magnetic field also generated, possibly

by a secondary source in the sample environment induced by the original signal.
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Figure 5.14: Differential resistance response of the Double SQUID for power against frequency at 0
current bias for different back gate voltages. The differential resistance is generally largest for (A) and
decreases sequentially as the doping of the junctions is increased. Features also retreat to be visible at
higher powers, leaving more superconducting region at lower powers as the doping is increased. In (A)

the white rectangle highlights a location where oscillations are clearly visible.

It is important to pay attention to the superconducting regions because it is expected that the
critical current of the device will increase as the back gate voltage increases. This effect explains the
slight differences in the plots shown, and is clear when comparing slices from different back gates at
a particular frequency, as in figure 5.15] The overall shape and pattern of the colourplot remains very
similar for each back gate value, particular key features include the very strong signals in the upper left
hand corner of each plot, and how for those low frequencies the device is resistive across almost the
whole power range. From medium to high frequencies the superconducting region is more pronounced,
except for the area around 15 GHz. This general pattern is maintained, but it is clear for medium to
higher frequencies that the resistive region is ending at lower power. A qualitative description might be
that the colour plot is ‘creeping up’ with back gate voltage. This is consistent with the idea that the

critical current is increasing, as seen in the dc-only measurements.
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It is clear that back gate tuning and subsequent change of charge carrier concentration affects the
power-frequency plots in predictable ways explained by the effect on the transparency of the junctions
and the critical current. Otherwise, distinct features in the plots remain consistent, suggesting that
back gate tuning does not directly influence the effects caused by the high-frequency irradiation when
at 0 bias current.

The second technique is more direct but slower to perform. It is good for improving precision once a
rough frequency has been found using the first technique. A power level is chosen at which oscillations
were visible, then the bias current is swept up from zero while measuring the dc voltage response. This
is repeated across a higher resolution but smaller band of frequencies compared to the first assessment.
Shapiro steps should appear obvious in the individual IV sweeps, and the sharpest and most robust

traces can be identified to select the frequency to use.
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Figure 5.15: Frequency slices at 16 GHz from each of the back gate voltages shown in figure for
comparison. Oscillations are much more visible when the graphene is more p-doped. The first oscillation
in the increasing power direction appears at a higher power for more n-type configurations. The device

is superconducting before the first oscillation.

Once a frequency has been identified where Shapiro steps are reliably visible, the experiment will
proceed. The typical frequency used for the measurements of the Double SQUID shown here was

16.6 GHz.
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5.2.2 Temperature dependence of half-integer Shapiro steps

The investigation of the CPR of graphene junctions by Nanda et al.[37] shows how a CPR which is
skewed at 20 mK returns to a sinusoidal shape at 4.2 K. As the skewed CPR can give rise to half-
integer Shapiro steps in graphene SQUIDs, it follows that the half-integer steps would be suppressed
when moving from low temperature to high temperature because of this change in the CPR. The half-
integer steps caused by half-integer flux (n®q/2) in the SQUID loop would not be suppressed due to
the change in the CPR. However, the difficulty here is that increasing temperature increases the thermal
noise in the circuit, which can prevent short steps from being resolved as shown in the noise simulations
(section [3.9.2)). But while half-integer steps from the half-integer flux can be resolved, it is known that
there is sufficient resolution to observe half-integer steps from the skewness of the CPR. Therefore, if
the half-integer steps from the CPR vanish at a particular temperature but those from the half-integer

flux are still visible, the change in the CPR would be verified.

Temperature dependence results

To test the hypothesis, a robust half-integer step was identified, and measured at mixing chamber
temperatures from 20 mK to 6 K. Flux was applied through the SQUID to ensure that the flux-
dependent critical current is at a maximum, so half-integer steps should only appear due to the CPR.
The frequency used was 16.6 GHz and the applied power was -4 dBm (attenuated by 20 dB at room
temperature). The actual power delivered to the device is unknown because it depends on the precise
positioning of the antenna above the sample and other attenuation sources, but was kept constant for
this experiment.

Figure [5.16] shows the plots of the Shapiro steps themselves up to 5 K. From 20 mK up to 2.1 K
there is no real change in the characteristic. Though it appears that initial temperature increases from
20 to 2100 mK cause the trace to shift to higher current, this is likely explained by experimental drift.
The implied difference in the critical current over this range is about 0.1 pA. At 3000 mK and beyond
the half integer steps are clearly suppressed while the integer steps are still visible.

It is also notable that the critical current of the SQUID is being reduced with temperature, due to
the shift along the current axis. This implies that the transparency of the junction is being reduced, even
though the gate voltage is kept constant. These initial results support the hypothesis that half-integer
steps are being suppressed by increasing temperature, and that this is due to the temperature reducing
the skewness of the CPR, because of the reduced transparency.

The stability of the SQUID until beyond 2.1 K shows a good operation range for the device, and
that the small changes in temperature seen due to heating from the RF signal that keep the mixing

chamber below 40 mK (see appendix figure [A.35]) are not likely to affect the measurements.
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Figure 5.16: Plot of the IV characteristics of the Double SQUID in the region of the second to third
integer Shapiro step at different temperatures from 20-5000 mK. For all measurements the back gate
was 5 V, the magnetic flux corresponded to an integer flux quantum, the RF frequency was 16.6 GHz,

and the RF power was -4 dBm, attenuated by 20 dB at room temperature.

Step characterisation

To better characterise the half-integer Shapiro steps and evidence the changes with temperature, the
differential resistance data was used. The differential resistance is calculated from the differential
voltage which was measured at the same time as the dc voltage with the lock-in amplifier.

In a plot of differential resistance against bias current, a half-integer Shapiro step looks like a pair
of peaks with a trough between them, with clear zero differential resistance regions on the outside of
the peaks, corresponding to well-defined integer steps.

While the dc trace shows the actual appearance of the Shapiro steps which can be mapped nicely
to the predicted quantisation (equation ([2.26])), the differential signal encodes more quantifiable char-
acteristics which can be used to start comparing different steps. Differentiating the dc signal, we would
expect step features to have a gradient of 0 because they are constant in voltage. The linear sec-
tions between the steps would ideally have a constant gradient greater than zero, corresponding to the
normal-state resistance of the SQUID. The transitions between the neighbouring steps where the dc
response moves from a step into a linear gradient and back into a step will be characterised by a peak
in the differential curve.

Figure gives an example by showing both the dc and differential results of a measurement
focused on a half-integer Shapiro step between two integer Shapiro steps. The black line shows the dc
measurement, the original voltage values have been expressed in units of hf/2e where h is Planck’s
constant, f is the RF signal frequency, and e is the magnitude of the charge on an electron. The spacing
of the steps matches the predicted values extremely closely. While the half-integer step is not completely

flat, it is certainly present. The curving of the step indicates a lack of resolution in the measurement,
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as the curve is being forced to transition into the next integer step before being able to complete the
half-integer step. The differential curve is consistent with expectations — the differential is O for the
well-defined integer steps, and the double peak between the zero regions indicate the transitions in and
out of the half-integer step. The trough does not reach 0 as the half-integer step did not exhibit a

constant voltage.
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Figure 5.17: The black line is the dc voltage response with current, showing the second and third Shapiro
steps, and the half-integer step between them. The red line is the differential resistance response of the

same data. The temperature was 700 mK and the back gate was at 5 V. The RF signal had a frequency

of 16.6 GHz and an amplitude of -4.0 dBm. The applied magnetic flux was an integer multiple of ®.

The majority of the observed half-integer steps measured did not completely flatten out, leaving the
trough feature between the peaks above 0. Extracting the corresponding minimum point is one way to
characterise the step in a quantifiable way, as it would give an indication of how ‘step-like’ the feature
is in comparison to others. The peaks are also of interest because they act as markers for the transition
periods between steps. Figure shows the application of these characterisation techniques to the
differential curve from figure The peaks and troughs were extracted using the SciPy function
scipy.find_peaks. The trough depth is useful to compare between half-integer steps to determine
if a step is being suppressed by differing conditions. The peak separation could be used as a way of
quantifying the width of the half-integer step, given that it is often the case that there is not a sharp
transition into the half-integer steps, and that the half-integer steps do not tend to have extended
ranges of 0 differential resistance. One drawback is that the shapes of the two peaks are usually not
symmetrical, so the implication is that more of the bias current range is spent on either the transition
into or out of the step. As it is difficult to establish any point in a half-step which is not also in the

transition, there are no other consistent features which can be used in this data.
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Figure 5.18: Plot showing the differential resistance of the Double SQUID over a half-integer Shapiro
step between two integer steps. The temperature was 700 mK and the back gate was at 5 V. The RF
signal had a frequency of 16.6 GHz and an amplitude of -4.0 dBm. The applied magnetic flux was an
integer multiple of ®y. The ‘trough’ depth shown on the plot is measured from the minimum of the

curve to 0. The ‘peak separation’ is measured between the peak maxima.

20 T T T T T T 13F T T T T T T
c F T minimum position 1 < f ]
P 1 312 :
o 16 F (A) J (e 1.1:_ (B) E
.4% r Double SQUID ] -8 : ]
O 1l4F ¢a=ndg i 1 ®© 1O0f E
e r BG=5V I ] © got ]
£ 12¢ i 1 &7 ]
3 : ] wv 08F ]
g 10 z 1 ~ r ]
c i B 1 © 0.7F i ]
s 8¢t st 1 & g peak separation :
Z 7%|!|!|l||||l||||l||||l||||l||||l|- 0'61—l||||l||||l||||l||||l||||l||||l:

0 1 2 3 4 5 6 0 1 2 3 4 5 6

Temperature (K)

Figure 5.19: Plots of the values of quantifiable features of a half-integer Shapiro steps against tempera-
ture. The RF signal had a frequency of 16.6 GHz and an amplitude of -4.0 dBm. The applied magnetic
flux was an integer multiple of ®y. (A): The position of the minimum corresponding to the gradient of
the half-integer step. The smaller the value, the flatter the step. (B): The separation between maxima
corresponding to the beginning and end of Shapiro steps. The larger the separation, the longer the

step.

These features of the differential plot were used to attempt to characterise the half-integer steps
shown in the temperature dependent measurements (figure [5.16)). The results are shown in figurem

In plot[5.19| (A), the minimum position reached by the half-integer steps is shown to get higher up after
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around 1 K, increasing non-linearly with temperature. In plot[5.19| (B), the peak separation is shown
to stay fairly constant until about 3 K, indicating that the transitioning around the half-step was in
the same place until that point. The peak separation does not appear to change as significantly as the
minimum position. Uncertainty gets larger with temperature as the noise increases making the positions
of the maxima and minima less clear. By 6 K, the steps are suppressed to the point that the peaks were
very unclear, leading to the significantly larger uncertainty, possibly indicating the temperature limit of
Shapiro step observation. This may be more indicative of the stability of the integer steps, as their end
and beginning are what underpin the peaks. Even if there is no half-integer step visible, the integer
steps still perform the transition into and out of the linearly increasing voltage between steps. Therefore
it is still possible to observe a minimum point when there is no half-integer step. An improvement to
this characterisation could be to calculate the relative difference between the maxima and minima for
determining if there is a fractional Shapiro step.

So far, these results are indicative of the expected temperature-dependent behaviour of half-integer
Shapiro steps due to a skewed CPR. However, they do not conclusively rule out the possibility that
steps are being lost to thermal noise. To do that, measurements were taken which varied the magnetic
flux in the SQUID loop, allowing half-integer steps to be produced which would not be suppressed due
to a changing CPR, and could therefore be used as a reference to establish when the thermal noise is

high enough to suppress half-integer steps.

Magnetic field Shapiro maps

In these measurements, colourplots were produced which show the IV characteristic against the applied
magnetic flux, allowing for comparison between the integer and half-integer flux regimes, such as in
figure [5.20] These are analogous to the flux oscillations plots earlier in the chapter (section in
terms of characterising the oscillation period of the SQUID. They can also be compared qualitatively
to the simulated plots in section [3.9.1] They are qualitatively similar in the positioning of features
such as the peaks and plateaus. The simulation current range from 0-2 in figure A) corresponds to
0-1.2 pA in the experimental data, suggesting that future simulations should have an extended current

range to check the features beyond that point.
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Figure 5.20: Magnetic flux dependence of the differential resistance of the Double SQUID under RF
irradiation at 14 mK. The periodicity of the SQUID is still visible under RF irradiation, which is
consistent with the values with no RF signal. The points of integer magnetic flux are in line with the
peak-like features such as at -42 pT, and the half-integer flux points are in line with the channel-like

features such as at -39 pT. The back gate voltage is 0 V.

The plots used for the analysis are taken over the same range of flux values as figure but
the back gate is increased to 5 V. The following plots are shown for temperatures of 4, 5 and 6 K.
Notably, a basic level of SQUID behaviour is visible in the colourplots up to 6 K where small Shapiro
step plateaus are still visible, showing that the critical temperature of the SQUID is greater than this
temperature. Despite this, lower temperatures would definitely be preferred as the thermal noise is
getting more significant at this point. In figure|5.21} it is already difficult to distinguish the half-integer
Shapiro steps, though the integer steps are still very visible. Half-integer steps are also not very visible
at half-integer flux. This trend continues with increasing temperature to 5 K in figure[5.22]and 6 K in

figure To better attempt to view the steps at high temperature, the differential measurements

were used.
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Figure 5.21: Colourplot of differential resistance against bias current and applied magnetic flux. The
Double SQUID has its back gate biased to 5 V and the mixing chamber temperature is 4 K. An RF
signal is applied at 16.6 GHz and -4.0 dBm with 20 dB attenuation at room temperature. Slices are

taken at integer and half-integer flux quanta. The dc response is offset in the y-direction to align the
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Figure 5.22: Colourplot of differential resistance against current and applied magnetic flux. The Double
SQUID has its back gate biased to 5 V and the mixing chamber temperature is 5 K. An RF signal is
applied at 16.6 GHz and -4.0 dBm, with 20 dB attenuation at room temperature. Slices are taken at
integer and half-integer flux quanta. The dc response is offset in the y-direction to align the steps with

their corresponding quantised voltage value.
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Figure 5.23: Colourplot of differential resistance against current and applied magnetic flux. The Double
SQUID has its back gate biased to 5 V and the mixing chamber temperature is 6 K. An RF signal is
applied at 16.6 GHz and -4.0 dBm with 20 dB attenuation at room temperature. Slices are taken at
integer and half-integer flux quanta. The dc response is offset in the y-direction to align the steps with

their corresponding quantised voltage value.
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Figure 5.24: Line plots of differential resistance against dc voltage in terms of Shapiro step number (A,
C, E) and differential resistance against the corresponding current bias (B, D, F). Plots are given for
integer (blue lines) and half-integer (orange lines) flux at temperatures of 4 (A and B), 5 (C and D)
and 6 K (E and F). Data are from the Double SQUID and correspond to the plots in figures[5.21]

and
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The differential measurements are shown in figure [5.24] corresponding to the plots in figures [5.21
and Together, these give insight into the behaviour of the SQUID when the thermal noise
is beginning to have a large effect on the measurement. Plots (A), (C), and (E) align the differential
resistance measurements with their corresponding dc voltage response, scaled to Shapiro step units. In
these plots, thin deep troughs correspond to larger Shapiro steps rather than wide troughs which would
be seen in the corresponding plots (B), (D), and (F) of differential resistance against bias current.
Because of the plots against dc voltage, it is clear that the troughs in the plot against bias current
correspond to Shapiro steps, with the deeper troughs being integer steps, and the smaller troughs in
between corresponding to half-integer Shapiro steps.

At 4 K, integer Shapiro steps remain very visible at integer flux, though at half-integer flux they
are less visible. Half-integer steps are difficult to see in the dc response, but the corresponding troughs
are still visible in the differential plot. Heating up to 5 K, the integer Shapiro steps are still clear in
the differential for integer flux, but at half-integer flux all steps are diminishing compared to at 4 K.
Finally at 6 K, with integer flux the troughs corresponding to the integer steps are still visible but are
diminishing, and steps above the first get smaller until they disappear into the noise completely after
n = 4. Very small troughs at half-integer Shapiro step voltages can be resolved in the differential plot
for integer flux. The dip in the differential resistance shows a change in gradient, but is not sufficient
to evidence a half-integer step rather than the transition between two integer steps. For half-integer
flux, all steps are lost to noise after n = 1.

This shows that the integer flux state is the most resilient state of the SQUID for Shapiro steps
under heating. As there is still evidence of half-integer steps at integer flux (at least at 4 K) it could
suggests that there is a skewed CPR which has not completely returned to a sinusoidal shape at this
point.

Another observation is with regard to the relative sizes of the half-integer step troughs with integer
and half-integer flux. In each plot against SQUID voltage, the bottom of the integer flux troughs are
at a higher differential resistance than the bottom of the half-integer flux troughs. The increasing
differential resistance of the minima mean the half-integer steps are further from being completely flat
steps, indicating that they are becoming suppressed. This is especially relevant comparing the relative
depths of the troughs for half-integer flux to the corresponding integer flux trough. At 4 K, they are
similar in depth. But as temperature increases,

The corresponding troughs against bias current are slightly wider for half-integer flux than integer
flux. This is consistent with how the simulations showed wider Shapiro steps for half-integer flux when
at high transparency.

To supplement the investigation into the effects of temperature on the SQUID, figure shows
how the flux oscillations of the SQUID appear at 4 K, with no RF signal, at 5 V back gate. This is
evidence that the current-phase relation is now very close to if not sinusoidal, because the depth of the
flux oscillations has reached its maximum, with the positive and negative minima meeting. The reduced
critical current is close to the measured critical currents in figures[5.4] and (A) which correspond to

gating the device close to charge neutrality, when in fact the device is gated at 5 V. This is evidence
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that the current-phase relation has been returned to a low-transparency regime despite gating.
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Figure 5.25: Flux oscillations of the Double SQUID at 4 K temperature and 5 V back gate. No RF

signal applied. The critical current minima meet close to 0, evidencing a sinusoidal CPR.

Figure [5.25| is also a useful confirmation that the correct integer and half-integer flux values are
being used in the RF measurements, where the oscillations have a different appearance with less clear
peaks. From the figure, integer flux corresponds to I, maxima, which are at -42 pT and -36 pT.
The complementary half-integer flux values at the minima are at -33 pT and -39 pT. A period of
approximately 6 pT is consistent with the value extracted from the low temperature measurement in
figure 5.8 The periodicity is maintained in the high temperature measurements with RF irradiation,
shown in the colourplots in figures [5.21} [5.22] and [5.23] where the positions of integer and half-

integer flux still clearly correspond to the applied field quantities in the no-RF measurement of the flux

oscillations at 5 K.

Overall, more time is needed to complete these measurements comprehensively. Flux oscillation
plots at lower temperatures than 4 K would have been useful to properly track the reduction of the
Shapiro steps. Additionally, measurements at a back gate corresponding to low junction transparency
are necessary to fully compare the appearance of half-integer steps potentially originating from either
the CPR or the magnetic flux. Nevertheless, the results obtained do point in the direction of a skewed
CPR at high transparency, which is reduced with temperature, even if the evidence is not conclusive at

this stage.
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5.2.3 Back gate dependence of half-integer Shapiro steps

This experimental section investigates the appearance of half-integer Shapiro steps in the Double SQUID
due to the gating of the GJJs. The gating controls the transparency of the junctions which in this type
of SQUID should affect the skewness of the CPR. When the skewness is increased, half-integer Shapiro
steps should appear. Additionally, the magnetic flux can also be changed to integer n and half-integer
multiples of the magnetic flux quantum, with half-integer Shapiro steps appearing at half-integer flux
(n®o/2). Assessing these factors in combination gives further insight into the behaviour of graphene
SQUIDs under RF irradiation. It was expected that at low transparency, corresponding to low skewness
of the CPR, only integer Shapiro steps could be observed if there is also integer (n®g) flux in the SQUID
loop. Then if the magnetic flux was changed to n®/2, half-integer Shapiro steps would become visible.
Repeating these measurements but at high transparency and skewness, it would be expected that the
half-integer Shapiro steps are visible in both cases. However, the integer and half-integer flux cases
would still exhibit differences, because of how the magnetic flux in the SQUID loop changes its response,
such as in figure[5.20] from the experimental data or figure [3.7] from the simulated data. The case where
no half-integer steps are visible is important as a control for the appearance of the half-integer steps in

the other cases.

Back gate dependence results

Initially, Shapiro steps were measured at different back gate voltages with constant RF signal parameters
and integer magnetic flux. The measurements shown in figure show the fourth and fifth integer
steps and the half-step that lies between them. The same step was measured for consistency but each
measurement has to use a different range of bias currents. This is because changing the back gate
significantly changes the resistance and critical current in the SQUID so the gradient of the IV curve
increases as gate voltage is reduced, and the curve is shifted to lower bias currents.

There are drawbacks to doing the measurement this way: the higher gradient associated with higher
junction resistance at doping close to charge neutrality means that the step size of the bias current
needs to be small enough to resolve half-integer steps at low doping, as they will have a smaller width.
The steps are likely to be less well defined in this case, which can make comparison difficult. In
it is seen that the integer steps are also shorter at lower back gate, which could also be due to the

gradient.
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Figure 5.26: Plot comparing the appearance of the fourth and fifth Shapiro steps taken at different
back gate voltages in the Double SQUID. Higher back gate voltage shows the appearance of half-
integer Shapiro steps which are not visible at lower gating. Horizontal dashed lines show the expected
position of integer and half integer Shapiro steps. Data points have been translated in the y direction
to account for dc offset. Each sweep had a slightly different temperature due to the RF signal over a
range of 12 mK. With a maximum temperature of 30 mK the characteristics of the trace would not be

significantly affected by the small temperature differences.

However, changing the back gate changes how the SQUID responds at a particular power, as initially
observed in figure This means that results which keep the power constant at different back gate
voltages might not be directly comparable, with steps seeming to appear or disappear because of the
position in the power parameter space rather than the gating itself. As such, the is therefore more

useful to look at the space as a whole with a 2D colourplot of the IV against RF signal power.

Power dependent Shapiro maps

The power-dependent Shapiro map plots IV characteristics under RF irradiation for different RF power
but at the same RF frequency. To be concise this type of plot will from now on be referred to as a P-IV
(power-current-voltage characteristic). The RF frequency is kept constant at 16.6 GHz because the
frequency which couples to the device best is largely determined by the sample environment geometry
as discussed in section Measurements were taken at -1 V and 5 V for the low and high junction
transparencies respectively, for integer and half-integer magnetic flux. The range of RF power varied

because the differing flux and gating caused the position of the superconducting region to shift.
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Figure 5.27: Double SQUID P-IV curves with differential voltage converted to differential resistance.
The applied magnetic flux is an integer multiple of ®y. (A) Back gate voltage =-1.0 V (low transparency
case). Temperature range 18-38 mK. (B) Back gate voltage = 5.0 V (high transparency case).
Temperature range 22-53 mK The maximum value of the colour bar in (B) is scaled by a factor of
0.2 to stop the detail being washed out by a high intensity superconducting transition. 0 Q differential
resistance corresponds to Shapiro step regions, or the superconducting region in the case of the lowest

bias current and power data.
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Figure 5.28: Double SQUID P-IV curves showing differential voltage converted to differential resistance.
The applied magnetic flux is a half-integer multiple of ®;. (A): Back gate voltage = -1.0 V (low
transparency case). Temperature range 16-37 mK. (B): Back gate voltage = 5.0 V (high transparency

case). Temperature range 26-57 mK. 0 Q differential resistance corresponds to Shapiro step regions.

Firstly, figure [5.27) shows the P-IV characteristics for integer flux at different junction transparency.
There is a clear qualitative difference in the visible features, with dark areas corresponding to 0 differ-
ential resistance - a voltage plateau. In the low transparency case, plateaus corresponding to integer
Shapiro steps are visible, with subsequent plateaus appearing diagonally at greater bias current and
power, showing that the choice of power will strongly affect which steps are visible. In the high-
transparency case there are fewer round plateaus visible as instead the curved bands appear to split,
forming trenches which correspond to half-integer Shapiro steps. The equivalent plots for half-integer
flux are in figure They have the same types of features as the plots at integer flux, particularly
the round plateaus at low transparency and the trenches at high transparency. This suggests that the
shape of these features is linked to the transparency of the junctions. The plots with the same back
gate were measured over similar current and power ranges, but the half-integer flux plots have about
twice as many plateaus in the low transparency case, implying the presence of half-integer steps due
to to half-integer magnetic flux. In the high transparency case, the half-integer steps are more pro-
nounced in the half-integer flux case than the integer flux case. Comparing the integer flux plots with
the simulations in figure 3.8} very similar features are visible in general, especially the round plateaus.
The trench-like features are less visible here. A feature like the trenches was observed once in a test

simulation but that simulation’s parameters were not controlled in line with the other simulations in
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this thesis. For information, it has been included in the appendix in figure[A.6] but the resolution would
need to be improved to draw strong conclusions.

There is still a difficulty with the interpretation of the P-1V plots, because depending on where a
power or current slice is taken, certain Shapiro steps can be missed, and looking only at the colourplots
is less conclusive without scaling the voltage to be in terms of Shapiro steps. It is very clear that
keeping the power constant does not provide consistency for observing different Shapiro steps, because
to show the integer and half integer steps most clearly a diagonal slice through the plateaus in figures
and would be needed. To account for this, it can be easier to interpret the presence of
Shapiro steps by plotting histograms of the dc voltage responses converted to Shapiro step units. The

histograms produced correspond to the P-IV plots presented. Figure[5.29| corresponds to[5.27} and
corresponds to [5.28

P-1V histograms

The histograms are dealt with in pairs: the integer flux pair and the half-integer flux pair. For each
pair, the histograms are constructed by taking each power slice and binning the data in bins of size
0.05(hf/2e). This is small enough that integer and half-integer values will be unambiguous. The data
are then normalised. Firstly, each individual dataset is divided by the total number of data points in the
dataset (number of bins multiplied by number of power slices). This is to account for differences in the
sizes of the datasets, which would influence the relative heights of histogram peaks. Then to compare
a pair of histograms, all data points are divided by the largest data point between the two, placing all

points on a consistent scale of 0 to 1.
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Figure 5.29: 3D histograms of the Shapiro step voltage against power, for integer flux, in the Double

SQUID. Corresponds to data in figure RF frequency = 16.6 GHz. (A): Back gate voltage =
-1.0 V (low transparency case). Only integer Shapiro steps are visible. (B): Back gate voltage = 5.0 V

(high transparency case). Integer and half-integer Shapiro steps are visible.
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Figure 5.30: 3D histograms of the Shapiro step voltage against power, for half-integer flux, in the
Double SQUID. Corresponds to data in figure RF frequency = 16.6 GHz. (A): Back gate voltage
=-1.0 V (low transparency case). (B): Back gate voltage = 5.0 V (high transparency case). Integer and
half-integer Shapiro steps are visible in both cases, but with greater intensity in the high transparency

case.

Figure [5.29 shows the integer flux histograms. In both plots, integer flux peaks are clearly visible.
Weaker half-integer peaks are also visible in the 5.0 V plot ) The histogram plots for half-integer
flux are in figure[5.30] In both plots, integer and half-integer plots are clearly visible. This is consistent
with expectations for SQUIDs with half-integer flux. Between the two plots at half-integer flux, the
peaks are more prominent for 5.0 V. This is consistent with the idea that both mechanisms contributing
to half-integer Shapiro steps are present in the skewed SQUID, based on the simulations shown in figure
where the half-integer flux steps are wider for high-transparency junctions than low-transparency
junctions.

To emphasise the information contained in the colourplots, figure shows slices from each
of the plots in figure This is to illustrate the colourbar axis from the 3D histograms (before
normalisation), but slices have been chosen to further show the observations associated with half-integer
Shapiro steps. For a full picture of the parameter space, it is still necessary to use the histograms, but
these slices show what the bright lines in the colourplots mean.

The main limitation revealed by the histogram slices is that to get clear peaks it is important to
have as high-resolution current steps as possible. While it is quite obvious that having a smaller step

size allows more detail in a measurement, in the histograms it can make a significant difference to
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the prominence of the observed peaks, and therefore the confidence in the effects shown. It is also a
quantity which can reach a limit due to the experimental apparatus, showing the importance of the

choice of parameters like power when making these measurements.
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Figure 5.31: (A): The histogram slice corresponding to a power of -32.8 dBm with integer flux and
low skewness (figure[5.29/A). Peaks are only seen at integer Shapiro step voltages. (B): The histogram
slice corresponding to a power of -23.8 dBm with integer flux and high skewness (figure [5.29B). More
prominent peaks are seen at integer Shapiro step voltages, but notable peaks are also seen at half-

integer step voltages.

Overall, the P-IV measurements give evidence that the graphene SQUIDs possess a non-sinusoidal
current-phase relation. By plotting the histograms, the power is accounted for in the most practical way
to allow for straightforward visualisation of the Shapiro steps. Tuning the transparency of the junctions
and the magnetic flux in the SQUID loop causes the appearance of half-integer Shapiro steps in a
manner which is consistent with both the simulated work and that expected based on measurements of
similar devices in the literature. At integer flux, half-integer steps are only seen when the transparency
of the GJJs is increased. But at half-integer flux, half-integer steps are visible at both high and low
transparency, but the half-integer steps are more prominent in the high transparency case. Using a
graphene SQUID rather than a single GJJ has allowed for an investigation of both mechanisms for

half-integer Shapiro steps in the same device.
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5.3 Conclusions and future work

This is the end of the experimental section, and the thesis. Here, the results of the experimental and
simulations sections will be summarised first, and then finally there will be discussion of future directions

for these measurements.

5.3.1 Summary of experiment and results

Graphene SQUIDs were characterised using dc and differential four-terminal voltage measurements in a
current-biased configuration. The devices were subject to a number of different measurement conditions.
The environmental parameters that could be adjusted were applied in different combinations to study
several different effects.

The parameter most specific to the graphene SQUIDs was the gate voltage which could be applied
to the devices. This was shown to give control over the critical current of the device, increasing I,
with stronger gating. Adjusting the gate parameter alongside the other experimental conditions gave
expanded insight into the behaviour of hBN encapsulated ballistic graphene SQUIDs, particularly with
the application of an RF signal to probe Shapiro step phenomena.

Applying a magnetic field perpendicular to the plane of the SQUIDs' loops allowed the periodicity
of the critical current oscillations to be observed. In combination with increasing the doping in the
graphene, the modulation depth of the oscillations of the Big SQUID was seen to reduce, indicating
a change in the critical current-dependent (1, screening parameter (equation (55.6))). This gave insight
into the inductance contributions in SQUIDs because it was possible to extract an inductance value
from simulated results and compare them with the expected inductance. This suggested that the Big
SQUID did not have a sinusoidal CPR, and may have had properties like other similar devices where
the CPR is skewed with a dependence on the transparency of the junction contacts.

Hysteresis measurements were performed on the Double SQUID at different gate voltages. These
were used to obtain an experimental estimate of the junction capacitance. The calculated value was
similar to an estimate of the capacitance between the back gate and the SQUID loop. However, this
hysteresis has been observed by others in similar devices and was attributed to overheating of the
electrons. As it is not completely clear which capacitance contributions should be considered part of
the junction capacitance, there is no conclusive result.

An antenna was used to create a high-frequency electric field and therefore study the effects of
an induced ac current on the SQUIDs. The core phenomena being investigated were integer and
half-integer Shapiro steps which should have been present if the graphene SQUIDs had skewed CPRs.
Half-integer steps should also be visible in SQUIDs generally when there is half-integer flux circulating
in the loop. In the Double SQUID, half-integer steps appear when a half-integer flux quantum is present
in the loop as expected. Gating the graphene to high transparency also caused half-integer Shapiro
steps to appear. This gave evidence that the Double SQUID has a skewed CPR like similar graphene
devices. Shapiro steps were also investigated to a lesser extent with temperature. It was difficult to

discern whether steps were being suppressed by a changing CPR or thermal noise, though flux oscillation
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measurements without the high-frequency signal at 4 K implied that the critical current of the device
had been reduced to a similar value as at charge neutrality at base temperature.

A dimensionless numerical simulation of a SQUID using the RCSJ model was extended to include ac
signals, and similar scenarios to those performed experimentally were also produced with the simulation.
These showed qualitatively that the behaviour of the physical SQUIDs was possible and expected within
the RCSJ model of a SQUID with a skewed CPR. The simulations showed the presence of further

fractional Shapiro steps beyond half-integer.

5.3.2 Limitations and future work

The measurement taken were part of the first time Shapiro steps were studied in our measurement
setup. This meant that this work came with a lot of learning about how best to take and analyse the
measurements, and in the end the results were quite promising. The way that half-integer steps will
appear due to half-integer flux in SQUIDs adds a complication which makes this work distinct from
prior work on graphene JJs. This also means that there is plenty of work which can be done to improve
the measurements and better understand the mechanisms at work.

One of the most difficult parts of the experimental section was time management. Thoroughly
measuring a graphene SQUID means covering a huge parameter space if every variable is to be consid-
ered. Taking the measurements over an adequate range and resolution can then take multiple days per
configuration. Combining the length of the measurements with the demand on the apparatus for other
experiments meant that sometimes there were constraints on what was possible to do in any given
experimental run. In addition to that the initial delays in training and experimental work because of the
national coronavirus lockdowns in the United Kingdom in 2020 cannot be ignored, causing a backlog of
experimental work to be done impacting our group and also our collaborators at the National Graphene
Institute (University of Manchester).

The compromises that had to be made to produce the results in this thesis are initially what need
to be returned to in future work. Particularly with regard to the fractional Shapiro step measure-
ments, higher resolution measurements are necessary so that smaller steps can be resolved, or it can
be confirmed that the features are lost in the noise floor. More direct measurements of the current-
phase relation would help to support some of the arguments made regarding the change in Shapiro
step behaviour at different gate voltages and temperatures, though this needs the SQUID to be highly
asymmetric which is not possible with the devices shown here as they cannot be independently gated.
Therefore, it is necessary to be as thorough as possible with the measurements that can be performed.

Detailed measurements should allow for better, more quantitative analysis than what was shown here.

Temperature dependence

As there are only two values of flux which are of most interest, it may be more efficient to repeat these
measurements using power-dependent Shapiro maps as in section This accounts for power as a
confounding variable and the histograms are a good visualisation method for the Shapiro steps. This is

as well as ensuring that more low temperature data is taken and repeating for low transparency doping.
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If time available for measurements was a concern, it may be possible just to take a small bias-power
measurement around a few plateaus of interest in the P-IV map. Taking the temperature dependent
data in this way would also effectively include the back gate dependent data, so it would have been
sensible to combine these two investigations at the time.

In general, expanding these measurements to cover more intermediate temperature and back gate
values would be valuable in the long term. Another limitation due to time is that mostly measurements
were only taken with positive current bias. Measuring both positive and negative current biases, and
sweeping the current in both directions, would allow any asymmetry effects in the SQUIDs to be

observed.

The Big SQUID

The Big SQUID was initially designed to act as a Josephson transmission line[15]. Many of the intended
measurements were not made with this device, as the equipment needed was not in place, and the device
itself was quite unstable because of the large loop. The focus then switched to using the Double SQUID
to measure half-integer Shapiro steps. The ideal device design was not used as at the time it could not
be made with a coplanar waveguide geometry. This project could be returned to, ideally with a new

device constructed to more ideal parameters.

Experiment setup

The puck sample holder is already good for securely holding an appropriately designed circuit board.
This means it is straightforward to position devices within the sample environment consistently. For the
Shapiro step measurements there was a complication relating to the positioning of the antenna. The
antenna can be connected to the same wiring port each time, but the exact nature of the produced
electric field would vary depending on variables such as the bend in the antenna and its orientation.
Both of these change the antenna’s positioning relative to the device, and thus could affect the coupling
between it and the antenna. One option would be a more robust antenna, something that is more
purpose built for the task, rather than one improvised from some flexible coaxial wire.

The Triton 400 used for these measurements has a low base temperature of 15 mK, but this
performance been surpassed by improved dry dilution refrigerators. A lower base temperature could
potentially allow fractional steps smaller than half-integer to be observed, as in experimental systems
they will easily be suppressed by thermal noise. However, this also relies on having a very high resolution

current supply.

Simulations

There is one primary drawback to the choice of simulation methodology. In normalising all the parame-
ters to produce a dimensionless simulation, there is great flexibility as it is possible to model completely
arbitrary SQUID systems. However, it can be difficult to then compare those models directly to experi-

ment. It requires that a real device is well characterised, and then the parameters need to be transformed
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back into the physical equivalents. Although, it may be possible to perform statistical fitting between
a set of simulation data and a set of experimental data and extract the physical parameters that way.

As with the experimental measurements, there are many more combinations of parameters that
could be tested using the simulations. Notably, an in depth look at the effect of the Sc parameter
could be useful, considering the results of the capacitance investigation and hysteresis experimentally.

Extending the simulation model to account for temperature would also be an interesting area to
explore. This could just come as a modification for the skewed CPR equation, or implementing a
threshold value which will switch the CPR model used back to sinusoidal in line with the discussed

limitations in section [2.2.3
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Appendix A

Supplementary plots

These plots are not needed to fully illustrate the findings in the thesis, but may add additional context.
Figure [A-] shows an instance when the simulation broke down for certain values.

Figures [A:2] [A3] and were part of an investigation into the effects of the signal frequency on
a voltage offset in the simulation results.

Figure [A.6] shows a test simulation with a mixture of features that might be worth further exploration.

A.1 Simulation
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Figure A.1: Plot as in figure but sliced at positive 0.5 flux quanta instead of negative 0.5 flux
quanta. In this version the slice coincides with artifacts from the simulation which make the line plot
more difficult to interpret. The artifacts are parts where the simulation has failed to solve the integration

successfully, likely due to the use of a very small 5.
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Figure A.2: Simulated Shapiro steps at integer and half-integer flux for drive frequency of 0.05. Notable

here is the offset in voltage and that odd-integer Shapiro steps are missed in the integer flux case.
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Figure A.3: Simulated Shapiro steps at integer and half-integer flux for drive frequency of 0.08. A

voltage offset is visible.
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Figure A.4: Simulated Shapiro steps at integer and half-integer flux for drive frequency of 0.15. A

voltage offset is visible.
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Figure A.5: Simulated Shapiro steps at integer and half-integer flux for drive frequency of 0.2.
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Figure A.6: Simulation plotting the differential of the average voltage against RF amplitude and current.
The CPRis sinusoidal. g7, = 13, 8¢ = 0.86, v = 0.21. Notable in this plot is the change in appearance

above an RF amplitude of 10, which may need further investigation.
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A.2 Double SQUID flux oscillations

An additional flux oscillation plot showing the flux offset discussed in section
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Figure A.7: Flux oscillations showing varying critical current maxima, which increase as the field strength

is made more negative. The back gate is —1.0 V. Measured in the Double SQUID.
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A.3 Big SQUID flux oscillations

The flux oscillation plots taken from the Big SQUID and used to estimate its inductance in section
The results are presented in order of increasing back gate voltage from —2.0 to 5.0 V. Most of
the plots here show a significant amount of instability in the SQUID, due to flux jumps because of the
large loop area (see figure [4.2]

However, the maximum and minimum critical currents of the SQUID remain stable in each plot, so
even though the period of the SQUID cannot be reliably determined, the critical current parameters

and associated oscillation depth can still be measured.
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Figure A.8: Flux oscillations of the Big SQUID with back gate = —2.0 V.
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Figure A.9: Flux oscillations of the Big SQUID with back gate = —1.5 V.
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Figure A.10: Flux oscillations of the Big SQUID with back gate = —1.0 V.
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Figure A.11: Flux oscillations of the Big SQUID with back gate = —0.5 V.
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Figure A.12: Flux oscillations of the Big SQUID with back gate = 0.0 V.
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Figure A.13: Flux oscillations of the Big SQUID with back gate = 0.1 V.

149



=
(O]
o
o
Q

—— GJ
< 1250 ©
3 5
2 1000 @
] (V)]
= g
5 750 =
o ©
4+

© 500
@ o
250 =

&)

0.2 0.4
Field strength (uT)

Figure A.14: Flux oscillations of the Big SQUID with back gate = 0.2 V.
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Figure A.15: Flux oscillations of the Big SQUID with back gate = 0.3 V.
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Figure A.16: Flux oscillations of the Big SQUID with back gate = 0.4 V.
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Figure A.17: Flux oscillations of the Big SQUID with back gate = 0.5 V.
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Figure A.18: Flux oscillations of the Big SQUID with back gate = 1.0 V.
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Figure A.19: Flux oscillations of the Big SQUID with back gate = 1.5 V.
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Figure A.20: Flux oscillations of the Big SQUID with back gate = 2.0 V.
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Figure A.21: Flux oscillations of the Big SQUID with back gate = 2.5 V.
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Figure A.22: Flux oscillations of the Big SQUID with back gate = 3.0 V.
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Figure A.23: Flux oscillations of the Big SQUID with back gate = 3.5 V.
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Figure A.24: Flux oscillations of the Big SQUID with back gate = 4.0 V.
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Figure A.25: Flux oscillations of the Big SQUID with back gate = 4.5 V.
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Figure A.26: Flux oscillations of the Big SQUID with back gate = 5.0 V.
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A.4 Hysteresis of the Double SQUID

Plot of hysteresis in the Double SQUID. These are the individual plots of the data used to determine
the return current values used in figure[5.7] Some gate voltages were measured multiple times, this was
mostly to change the size of the current step to get a better resolution transition, which is reflected in

the size of the error bars in the cross-referenced plot.
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Figure A.27: Hysteresis measurement of the Double SQUID at 0 V back gate.
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Figure A.28: Hysteresis measurement of the Double SQUID at 1 V back gate.

157



~ ’2} )‘1

G Sweep direction | \‘,/ N

§ 60 [ ) ‘ T e ]

o Double SQUID

R Back gate = 2.0 V |

@ 40-_ Ba = '36 lJT 1

— i

€ 20} Ir 1

N\ |

5 I ]

= | ]

O of premeegmemer M fe L
2 3 4 5 6

Bias current (uA)

Figure A.29: Hysteresis measurement of the Double SQUID at 2 V back gate.
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Figure A.30: Hysteresis measurement of the Double SQUID at 3 V back gate.
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Figure A.31: Additional Hysteresis measurement of the Double SQUID at 3 V back gate.
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Figure A.32: Hysteresis measurement of the Double SQUID at 4 V back gate.
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Figure A.33: Hysteresis measurement of the Double SQUID at 5 V back gate.
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Figure A.34: Additional Hysteresis measurement of the Double SQUID at 5 V back gate.
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A.5 Heating from the RF signal

This is from a measurement where the signal generator was kept at decreasing power values for fixed in-
tervals while the temperature of the mixing chamber was recorded. The sharp dip at the end corresponds

to when the signal generator was switched off.
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Figure A.35: Plot showing the temperature of the Triton mixing chamber over time for different amounts
of power deposited by the RF signal. This shows that generally the temperature of the mixing chamber
stays below 35 mK for powers below -26 dBm, though it can take over 30 minutes for the temperature

to fully stabilise.
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Appendix B

Device images

Device images in the main text of the thesis were edited to highlight certain features of interest. Here,

the full original images are shown for additional context.

Figure B.1: Original photograph of the full Double SQUID device by M Ben Shalom, showing the two
nominally identical devices in the top half of the image, with flux bias lines either side and between the
SQUID loops. There is also a third SQUID in the lower part of the image. Only the topmost SQUID

was used in the measurements in this thesis, as shown in figure
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Figure B.2: As figure but the areas that were masked have been revealed. They show thin wires on

the left of the image (c) which are connected to another device that shared the graphene with the Big
SQUID. These are also seen in (d) and (e).
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Appendix C

Simulation information

C.1 Python library versions

The simulation was run using Lancaster University's high end computing (HEC) cluster. Bash scripts
were used to submit batch jobs to the HEC, but the calculations were performed in Python. To do
this, the Anaconda 2018.12 distribution was used. Below, the libraries which were imported for use in
the simulation and their versions are given. The Python version was 3.7.1.
Python 3.7.1

® 0s

e pickle

® sys

e time
Anaconda 2018.12

e numba 0.41.0

e numpy 1.15.4

e psutil 5.4.8

e scipy 1.1.0

164



Appendix D

Background theory

D.1 Tilted-washboard potential

This theory is relevant to the RCSJ model, kept here for additional information.
The tilted-washboard potential is presented as an analogue of a mechanical system in which a
particle moves in a periodic potential. In this case the equation of motion applies to a particle of mass

(h/2€)?C in a gauge-invariant phase v dependent potential
hl
U(y)=—Ejcosy — 2*@7 (D.1)

where E; is the Josephson coupling energy, and I is the total current in an RCSJ model Josephson
junction. This potential is constructed from a periodic term with amplitude equal to the Josephson
coupling energy, but the y-coordinate of each point of increasing phase is reduced proportionally to the
energy of the system. There is a transitional point when the current reaches the critical current of the
junction: rather than encountering local minima as phase is increased, the corresponding points are
now inflections on the downward curve, and there are no longer any regions of positive gradient. This

is shown in figure [D.1
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Figure D.1: Plot of the washboard potential of the RCSJ model for different ratios of the applied

current to the critical current.
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