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Abstract

We present a study of combinatorial constructions that are related to understanding
the structure of bar-joint frameworks that are restricted to a subspace of R%. There
are two such restrictions of R? we approach.

We combine two recent extensions of the generic theory of rigid and flexible
graphs by considering symmetric frameworks in R? restricted to move on a surface.
In Chapter 3 necessary combinatorial conditions are given for a symmetric frame-
work on the sphere, cylinder, cone, elliptical cylinder and ellipsoid to be isostatic (i.e.
minimally infinitesimally rigid) under any finite point group symmetry. In Chapter
4 we focus exclusively on the cylinder. In every case when the symmetry group is
cyclic, which we prove restricts the group to being inversion, half-turn or reflection
symmetry, these conditions are then shown to be sufficient under suitable genericity
assumptions, giving precise combinatorial descriptions of symmetric isostatic graphs
in these contexts.

Motivated by applications where boundary conditions play a significant role, one
may generalise and consider linearly constrained frameworks where some vertices
are constrained to move on fixed affine subspaces. Additional to Chapter 3, the
necessary combinatorial conditions are given for a symmetric linearly constrained
framework in R? to be isostatic under a choice finite point group symmetries. In
Chapter 5, we consider linearly constrained frameworks in the plane, and the case
of rotation symmetry groups whose order is either 2 or odd. These conditions are
then shown to be sufficient under suitable genericity assumptions, giving precise
combinatorial descriptions of symmetric isostatic graphs in these contexts.

To conclude there is a short chapter in which we suggest ways for this research

to be furthered.
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Chapter 1

Introduction

A (bar-joint) framework (G, p) is the combination of a finite simple graph G = (V, E)
and a map p : V — R? which assigns positions to the vertices, and hence lengths
to the edges. With stiff bars for the edges and full rotational freedom for the joints
representing the vertices, the topic of rigidity theory concerns whether the framework
may be deformed without changing the graph structure or the bar lengths. While
‘trivial’ motions are always possible due to actions of the Euclidean isometry group,
the framework is flezible if a non-trivial motion is possible and rigid if no non-trivial
motion exists.

The problem of determining whether a given framework is rigid is computation-
ally difficult for all d > 2 [1]. However, every graph has a typical behaviour in the
sense that either all ‘generic’ (i.e. almost all) frameworks with the same underlying
graph are rigid or all are flexible. So, generic rigidity depends only on the graph
and is often studied using a linearisation known as infinitesimal rigidity, which is
equivalent to rigidity for generic frameworks [3]. On the real line it is a simple folk-
lore result that rigidity coincides with graph connectivity. In the plane a celebrated
theorem due to Polaczek-Geiringer [36], often referred to as Laman’s theorem due to
a rediscovery in the 1970s [23], characterises the generically rigid graphs precisely in
terms of graph sparsity counts, and these combinatorial conditions can be checked
in polynomial time. Combinatorial characterisations of generically rigid graphs in
dimension 3 or higher have not yet been found. Much of the recent work in rigidity

has been motivated by this open problem in three dimensions. One natural approach
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to this setting is to consider restricting the framework, fully or partially, to some

subspace of R%.

One such case is to replace R? with a d-dimensional manifold (or d-fold for short).
It seems unlikely that rigidity becomes easier on a d-fold when d > 3 and hence it
is natural to consider rigidity for frameworks realised on 2-folds. Specifically, let S
be a 2-fold embedded in R? and let the framework (G, p) be such that p: V — S,
but the ‘bars’ are straight Euclidean bars (and not surface geodesics). Supposing
S is smooth and an irreducible real algebraic set, and the subgroup of Euclidean
isometries that preserve S has dimension at least 1, characterisations of generic
rigidity were proved in [30, 31].

A linearly constrained framework is a bar-joint framework in which certain ver-
tices are constrained to lie in given affine subspaces, in addition to the usual dis-
tance constraints between pairs of vertices. Linearly constrained frameworks arise
naturally in practical applications where objects may be constrained to move, for
example, on the ground, along a wall, or in a groove. In particular, slider joints are
very common in mechanical engineering (see, e.g., [10]) and have been applied to
modelling boundary conditions in biophysics [45].

Streinu and Theran [44] proved a characterisation of generic rigidity for linearly
constrained frameworks in R?. The articles [8, 20] provide an analogous character-
isation for generic rigidity of linearly constrained frameworks in R? as long as the
dimensions of the affine subspaces at each vertex are sufficiently small (compared to
d), and [15] characterises the stronger notion of global rigidity of two dimensional

linearly constrained frameworks.

Separately, the genericity hypothesis, while natural from an algebraic geometry
viewpoint, does not apply in many practical applications of rigidity theory. In par-
ticular, structures in mechanical and structural engineering, computer-aided design,
biophysics, and materials science often exhibit non-trivial symmetry. This has mo-
tivated multiple groups of researchers to study the rigidity of symmetric structures
over the last two decades, which has led to an explosion of results in this area.
We direct the reader to [6, 42] for details. Importantly, there are two quite differ-

ent notions of symmetric rigidity that one may consider. Firstly, forced symmetric
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rigidity concerns frameworks that are symmetric and only motions that preserve the
symmetry are allowed (that is, a framework may be flexible but if all the non-trivial
motions destroy the symmetry then it is still ‘forced symmetric rigid’). Secondly, in-
cidental symmetric rigidity again concerns symmetric frameworks, but the question

of whether they are rigid is the same as in the non-symmetric case.

It is incidental symmetry that we focus on in this thesis. More specifically, we are
interested in describing, combinatorially, when a generic symmetric framework on a
surface such as the infinite cylinder, or a linearly constrained framework is isostatic,
i.e. minimally infinitesimally rigid in the sense that it is infinitesimally rigid but
ceases to be so after deleting any edge. The corresponding question in the Euclidean
plane has been studied in [38, 39]. In these papers, Laman-type results in the plane
have been established for the groups generated by a reflection, the half-turn and a
three-fold rotation, but these problems remain open for the other groups that allow

isostatic frameworks.

This thesis begins with a chapter outlining the background material required
when studying rigidity theory, and more specifically introduces frameworks restricted
to lie on a surface, and linearly constrained frameworks, both with and without sym-

metry. We are then required to visit some basic material on representation theory.

This thesis contains the first analysis of incidental symmetric rigidity on 2-folds,
given in [33] which focuses on the cylinder, and the first rigidity-theoretic analysis
of symmetric linearly constrained frameworks, given in [34] which focuses on the
plane. In Chapter 3, the representation-theoretic necessary conditions for isostaticity
are given for all relevant symmetry groups of the cylinder, sphere, cone, elliptical
cylinder and ellipsoid, as well as for linearly constrained frameworks for all relevant
symmetry groups in the plane, three dimensions, and some symmetry groups of

interest in d-dimensional space.

Typically it is much harder to prove sufficient conditions for rigidity. This is
demonstrated by the following. Firstly, in [30] the necessary conditions for mini-
mally rigid frameworks are established for all smooth two dimensional manifolds,
but sufficiency has only been established for a few select surfaces. Secondly, in

[7] the necessary conditions were established and conjectured to be sufficient for
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2-dimensional symmetric isostatic frameworks. This was confirmed for frameworks
subject to the symmetry constraints imposed by a reflection, a half-turn [39] or a
three-fold rotation [38], but it remains open for the dihedral groups. Indeed, this
difference is not restricted only to isostatic frameworks. In [41] the authors consider
symmetric infinitesimally rigid frameworks on the plane, establishing necessary and
sufficient conditions for symmetric frameworks for reflection, half-turn and three-fold

rotation, and necessary conditions for any other cyclic group.

In order to prove sufficiency and hence give combinatorial characterisations we
will develop detailed geometric and combinatorial tools. For this reason we restrict
our scope to certain important cases. In the first such case we give combinato-
rial characterisations of frameworks on the cylinder. To see why the cylinder, first
consider the ‘simplest’ 2-fold: the sphere. In this case, Laman-type theorems ei-
ther follow from a projective transfer between infinitesimal rigidity in the plane and
on the sphere [5, 10] or seem to be equally as challenging as the open problems
in the plane. The cylinder provides the first case when the combinatorial spar-
sity counts change and hence lead to new classes of graphs and rigidity matroids
to investigate. In Chapter 4, we give complete combinatorial characterisations of
symmetry-generic isostatic frameworks on the cylinder for the groups generated by
an inversion (Section 4.3), a half-turn (Section 4.4) and a reflection (Section 4.5).
The proofs rely on symmetry-adapted Henneberg-type recursive construction moves
described in Section 4.1. In the case of isostatic frameworks in R? only the well
known 0- and 1-extension operations are needed to prove Laman’s theorem [36, 23].
For the cylinder several additional operations were needed with associated combina-
torial and geometric difficulties [30]. The additional conditions isostatic frameworks
under symmetry must satisfy differ for each group, necessitating group-by-group
combinatorial (and hence geometric) analyses. Fortunately, in each of the cases we
study in detail only moderate extensions of existing geometric arguments are needed
and hence we present a number of those for an arbitrary symmetry group (Section
4.1). On the other hand there are significant additional combinatorial difficulties in
the recursive construction proof technique which takes up the main technical parts

of this chapter (Sections 4.3, 4.4 and 4.5).
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In Chapter 5, we give the complete combinatorial characterisations of symmetry-
generic isostatic frameworks for the groups generated by a rotation of order either
2 or odd. These results, Theorems 5.2.10 and 5.3.7, are proved in Sections 5.2 and
5.3. The proofs of these combinatorial characterisations rely on symmetry-adapted

Henneberg-type recursive construction moves described in Section 5.1.






Chapter 2
Rigidity Theory

We will begin our study with the necessary background material for later chapters.
We first introduce basic graph theory, and introduce symmetric graphs. We follow
this with a short section on representation theory which will enable us to prove the

results in Chapter 3.

2.1 Graph theory

A multigraph G is the triple (V, E, L), where V is a non-empty finite set, £ is a
multiset of unordered pairs of distinct elements in V', and L is a multiset of pairs
of duplicate elements in V. A looped simple graph is a multigraph where FE is
restricted to be a set (L remains a multiset). A simple graph is a multigraph where
E is restricted to be a set and L = () (thus will be written G = (V, E)). We will
simply say graph, to exclusively mean a simple graph or a looped simple graph,
where the distinction should be clear from the context. It is non-standard to view
a graph as containing loops. We take this approach as loops will be helpful for the
purpose of defining the constraints at vertices in linearly constrained rigidity.
Given a graph G = (V, E, L), we say v € V is a vertez of G, {u,v} € E is an
edge of G, and {v,v} € L is a loop of G. Where two (or more) edges or loops share
the notation above, we may indicate this with subscripts, for example {v,v};. For
a graph H, we may write V(H), E(H), L(H) for the vertex set, edge set, loop set

of H respectively. We will often choose to denote the edge {u, v} by uv or vu, and
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similarly the loop {v,v} by vv. For e = uv € F and | = ww € L, we say that u and
v are adjacent in G, that u and v are incident to the edge e, that w is incident to
the loop [, and that u and v are endpoints of the edge e.

Graphs G = (V4, By, Ly) and Gy = (Va, Es, L) are said to be isomorphic if there
exists a bijective function f : V3 — V5, such that uwv € E; and ww € L; if and only
if f(u)f(v) € Ey and f(w)f(w) € L. For isomorphic G and H, we write G = H.

A subgraph H = (V' E',L') of G, denoted H < G, is a graph with V' C V,
E' C E, L' C L. A subgraph is said to be proper unless H =2 G. Let X C V be
non-empty. The induced subgraph of X in G, written G[X], has vertex set X, edge
set {uv : uwv € E,u,v € X}, and loop set {ww : ww € L,w € X}. In a simple graph,
we will use i(X) to denote the number of edges in the induced subgraph G[X] and
the set X will be called k-critical, for k € N, if i¢(X) = 2|X| — k. For looped
simple graphs, we require further notation. Here we write ig. (X), ig(X), ir(X)
to denote the number of edges and loops, edges, loops in the induced subgraph G[X]
respectively, and the set X will be called k-critical and k-edge-critical, for k € N,
if iy (X) =2|X| —k, and ig(X) = 2|X| — k respectively. We also write kx and
kx to denote the critical and edge-critical values, that is kx = 2|X| —igyr(X) and

Remark 2.1.1. The term critical has previously been used in rigidity theory (for
example [27]) to refer to a vertex set where the induced subgraph has as many edges
as may be permitted for such a graph to be minimally rigid. For symmetry reasons it
will turn out that we need to deal with a range of densities of subgraphs, extending
the complication involved to establish our results. This will be made evident in

Chapters 4 and 5.

For X|Y C V, dg(X,Y) will denote the number of edges of the form xy with
r € X\Y and y € Y\ X. For a simple graph G, the degree of a vertex v in G,
denoted dg(v), is the number of edges incident to v. In looped simple graphs, it is
common to think of loops as degenerate edges, and the degree counts the number of
edges coming ‘out’ from a vertex. Hence, for a looped simple graph G, the degree
of v in G, still written dg(v), is the number of edges and twice the number of loops

incident to v. With this notation, for H < G, dg(v) is the degree of v in the
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subgraph H. We will often suppress subscripts when the graph is clear from the
context and use d(v), i(X) and d(X,Y). In our work we will often be concerned with
the minimum degree of a graph G. We denote this by §(G). The mazimum degree of
a graph is denoted by A(G). The open neighbourhood of a vertex v, denoted N (v),
is the set of all vertices of G adjacent to v. The closed neighbourhood of v is the set

N[v] := N(v) U{v}.

2.1.1 Graphs

In this short subsection we introduce graphs which we will regularly encounter during
our studies. The complete graph (on n vertices), denoted K, is the simple graph
with uv € F for every distinct pair u,v € V. A bipartite graph has vertex set
partitioned V = AU B where AN B = (), and edge set so that e € E implies e
has one endpoint in A and the other in B. We write K, ,, as the bipartite graph
where |A| = n and |B| = m. The empty graph (on n vertices), denoted O,,, has
E,L=10. A tree is a simple graph with |V| = n, |E| = n—1, such that all subgraphs
H = (V' E') satisty |E’| < |V’| — 1. The path (on n vertices), denoted P,, is a tree
with A(G) = 2. The cycle, denoted C,,, is the graph obtained from a path P, by
adding an edge between the two degree 1 vertices. Then, W,, denotes the wheel over
a cycle on n — 1 vertices (n > 4), where a new vertex v is added, with v adjacent to
all u € V —wv. We write Wd(n, k) to denote the windmill, which is k& copies of K,

all joined at a single vertex. Examples of these graphs are depicted in Figure 2.1.

2.1.2 Graph operations

We will wish to construct new graphs through graph operations. The most basic
of these operations are adding or deleting a single edge, loop or vertex. We write
G + x and GG — x for each of these operations, noting that when adding or removing
a vertex, all of the edges or loops incident will be added or deleted. Our main
operations of interest are the 0-extensions and 1-extensions.

For a simple graph G with |V| > k, a (k,0)-extension of G adds a new vertex of

degree k, say v adjacent to vy, ..., vg, to generate a new graph G+ = (VU {v}, EU
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Ks Kj 3 Wd(4,2)

P5 C 5 WG

Figure 2.1: Illustrated graphs, K5, Ky 3, Wd(4,2), P5, Cs, Ws.

{vvy,...,vv;}). Conversely, a (k,0)-reduction of G at v deletes the vertex v and
its incident edges, returning the graph G. Where the value of £ is clear from the
context, these operations will be known as a 0-extension and a 0-reduction.

For a simple graph G with |V| > k + 1 and |E| > 1, a (k,1)-extension of
G adds a new vertex of degree k + 1, say v adjacent to vy, ...,vs+1, and deletes
an edge e € E, where e = v;v; for some 1 < ¢, < k + 1, to generate a new graph
Gt = (VU{v}, EU{vvy,...,vve41 ) \{e}). Conversely, a (k, 1)-reduction of GT at v,
deletes the vertex v and its incident edges, and adds an edge v;v; for 1 <i,7 < k+1
such that the resultant graph is simple. Where the value of k is clear from the
context, these operations will be known as a 1-extension and a 1-reduction.

For a looped simple graph G with |V| > k—1, a looped (k, 0)-extension of G adds
a new vertex of degree k + 1, say v adjacent to vy, ...,vx_1 and incident to a loop [,
to generate a new graph G+ = (VU {v}, EU{vvy,...,vvp_1}, LU{l}). Conversely,
a looped (k,0)-reduction of GT at v deletes the vertex v and its incident edges and
loop, returning the graph GG. Where the value of k is clear from the context, these

operations will be known as a looped 0-extension and a looped 0-reduction.

10



A (k,0)-extension on k vertices. A (k,1)-extension on k + 1 vertices.

A looped (k,0)-extension on k — 1 vertices. | A looped (k, 1)-extension on k vertices.

° ° ° ° Q ° ° ° °

Figure 2.2: Four extension operations which will be visited throughout this thesis.

For a looped simple graph G with |V| > k and |E| > 1, a looped (k, 1)-extension
of G adds a new vertex of degree k + 2, say v adjacent to vy, ..., v, and incident to
a loop [, deletes a loop [* € F, where [* = v;u; for some 1 < i < k, to generate a
new graph G* = (VU {v}, EU{vvy,...,vv.}, LU{l}\ {I*}). Conversely, a (k,1)-
reduction of G at v deletes the vertex v and its incident edges and loop, and adds
a loop vu; for 1 < 4,j < k+ 1. Unlike for a (k, 1)-reduction, this loop can cause

multiplicity at that vertex since the resultant graph will still be looped simple.

We depict these operations in Figure 2.2. Where the value of k is clear from
the context, these operations will be known as a looped 1-extension and a looped

1-reduction. We shall revisit the notion of graph operations throughout.
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2.2 Rigidity and frameworks

Let a,b € RY and write a = (ay,...,aq),b = (b1,...,bq). Euclidean space is the

inner product space (R% (-,-)), where (-,-) : R? x R — R is given by (a,b) =

Vaiby + -+ agbg. The Euclidean norm is the function || - || : R — R given by
lla|| = (a,a). In the following subsection, we introduce rigidity and frameworks
which lie in Euclidean space. Similar introductions can be found in [13, 14, 28]
which provided me with background throughout my studies. We will also restrict
ourselves to simple graphs, and introduce rigidity for looped simple graphs later.

A configuration p : V — R? of a graph G is a function that assigns positions to
the vertices (and in doing so lengths to the edges) in d-dimensional Euclidean space.
A framework is a pair (G, p) of a graph and its configuration.

The pair (G, p) as defined above is usually called a bar-joint framework. This
is due to the view of the framework as having ‘rigid” bars for edges, which cannot
stretch, bend, break or compress, and perfect joints at the vertices, which allow full
rotational freedom.

Two frameworks (G, p) and (G, q) are equivalent if ||p(u) — p(v)||* = ||q(u) —
q(v)]|? for all u,v € V where uv € E. The two frameworks are congruent if ||p(u) —
p()|I* = llg(u) — q(v)|[* for all u,v € V.

A framework (G, p) in R? is rigid if there exists an € > 0 such that all frameworks
(G, q) which are equivalent to (G,p) and satisty ||p(v) — q(v)|] < e for all v € V
are also congruent to (G,p). In the above, we say that (G,q) is sufficiently close
to (G,p). A framework (G,p) in R? is globally rigid if all equivalent frameworks
are also congruent. An alternate but equivalent definition of rigidity comes from

motions of the framework. A continuous motion of a framework (G, p) is a function

A:I xV = R where:

e / C Ris an interval, and for each v € V', \(¢,v) is a curve (a continuous image

of an interval) in R%
e for each t € I, \; is a configuration of G, with A\;(v) := A(¢, v);

e for some tg € I, N, = p;

12



e forany t € I, (G, \;) is equivalent to (G, p).

A framework is rigid if there exists an € > 0 for which all continuous motions of
(G,p), say A with \;, = p, satisfy the condition that (G, \;) is congruent to (G, p)
for all |t — to| < €. A continuous motion is called trivial if for any ¢t € I, (G, \;) is
congruent to (G, p).

It is computationally NP-hard to determine whether a specific framework is
globally rigid in R? [37, Lemma 4.4] and rigid in R? for d > 2 [1, Theorem 1.2].
However, with an additional condition on the configuration p, rigidity of a framework
relies only on the graph. A framework (and its configuration) is generic if the

set of all positions of vertices is an algebraically independent set over Q. That

is to say, with the vertices of G labelled vy,...,v,, there is no polynomial with
rational coefficients not all zero, P(zy,...,x,) with z; € R? for all 4, such that
P(p(v1),...,p(v,)) = 0. This condition on p appears restrictive, and for many

applications is too restrictive. Indeed, in both cases of our study, restricting the
vertices to lie on a surface and for the framework to be symmetric, the configuration
is not generic. In these cases, we will require slightly altered conditions on p, which
will be introduced in Sections 2.3 and 2.4. For rigidity in R?, the set of generic
configurations form an open and dense set p(V') € R4 [3], so almost all frameworks
are generic. The primary motivation for studying generic frameworks is the following
definition. A graph G is rigid (globally rigid) if there exist a generic framework (G, p)
which is rigid (globally rigid respectively). It was proven in [3] that when one generic

framework is rigid, all generic frameworks are rigid.

Example 2.2.1. The graph Ky is globally rigid as any pair of vertices is adjacent,
so all equivalent frameworks must be congruent. If we remove any edge e, K, — €
being rigid in R? is a classical result. Removing a further edge either results in K 3

or Cy, both of which are not rigid in R?.

In Example 2.2.1 we see motivation for the following defintion. A graph G
(and similarly its framework (G, p)) is minimally rigid or isostatic if it is rigid and

removing any edge results in a graph (framework resp. ) which is not rigid. !

iTt is possible that a rigid graph has no spanning isostatic subgraph (we will see an example
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Each edge gives a constraint on possible motions of the vertices, which provides
a system of equations to classify if a framework is rigid. However, as presented, the
system of equations are quadratic, and thus solutions difficult to acquire. Define the

rigidity map of a framework (G, p) as the function fg : R4V — RIFl by

fap) = (... |lp(u) —p@)||?,...) for all uv € E.

The reason we are interested in the square edge lengths is that we may take the
Jacobian of this function to linearise the problem of rigidity. We say that p € R4V
is a reqular point of fg if rank dfg(p) = max{rankdfs(q) : ¢ € R4VI}. Note that
a generic configuration will also be a regular point of the rigidity map as any row
dependencies would contradict the definition of generic configuration.

The rigidity matriz of a framework (G, p), denoted R(G,p), is the |E| x d|V|
matrix with R(G,p) = 3dfc|,. BEach row of the matrix corresponds to one edge
and each d columns to one vertex. The row corresponding to the squared length
l|p(u) — p(v)||* has d-tuple entry p(u) —p(v) in the d columns for u and d-tuple entry
p(v) — p(u) in the d columns for v, with zeros otherwise.

An infinitesimal motion of a framework (G, p), denoted p : V — R?, is a contin-
uous motion which assigns infinitesimal velocities to the vertices of G. Motivation
of this study arises from infinitesimal motions which are a result of considering
differentiable motions (a continuous motion which is differentiable) of (G, p), and
studying the derivative at ty. Since infinitesimal motions are linear, they satisfy the

following equation:
(p(u) = p(v)) - (P(u) = p(v)) = 0 for all uv € E.

This equation leads to the observation that for any infinitesimal motion p of (G, p),
R(G,p)p = 0. An infinitesimal motion is trivial if it satisfies R(K,,p)p = 0, where
|V | = n. Any trivial infinitesimal motion belongs to the kernel of the rigidity matrix,

and therefore we may apply the rank-nullity theorem to deduce the following lemma.

later in Figure 4.17). Hence, the study of isostatic frameworks which we undertake cannot always
be extended to rigidity as a whole. In Section 4.6.2 we show to two symmetries where our results
can be extended.
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Lemma 2.2.2. [/] Let (G, p) be a framework in R? and |V| =n. Then

(5) ifn < d;

rank(R(G,p)) <
dn — (1) if n > d+1.

Furthermore, when n > d+ 1, (G, p) is infinitesimally rigid if and only if equality
holds.

In the above lemma, we say that (G,p) is infinitesimally rigid if the only in-
finitesimal motions are the trivial solutions that arise from Euclidean congruences
of R

It was shown in an unnumbered theorem of [4] that for p a regular point, (G, p)
is rigid in R? if and only if (G, p) is infinitesimally rigid in R

A graph G = (V, E) is (k,l)-sparse if |E'| < k|V’'| =1 for all subgraphs (V' E') of
G with |V'| > k+2. G is (k,[)-tight if it is (k,[)-sparse and |E| = k|V|—1. A graph
is Laman if it is (2, 3)-tight. Note from Lemma 2.2.2 it follows that for a framework

to be minimally infinitesimally rigid in R¢, the graph should be (d, (d;rl) )-tight.

Theorem 2.2.3. [23, Theorems 6.3, 6.4] Every Laman graph can be constructed

from Ky by a sequence of (2,0)-extensions and (2,1)-extensions.

Laman graphs and their construction form an important case of study in rigidity
due to the following theorem. This was originally discovered by Polaczek-Geiringer
[36] in 1927, with rediscovery by Laman in 1970, which we cite due to language of

origin.

Theorem 2.2.4. [23, Theorem 5.6] The generic framework (G, p) in R? is isostatic

if and only if G 1s a Laman graph.

It is natural to hope that similar classifications exist in higher dimensions. Be-
ginning first with three dimensions, analysis of the rank of the rigidity matrix gives
that any isostatic framework must have a graph which is (3, 6)-tight. However, we
can find examples of (3,6)-tight graphs which are not rigid. One such example,
named the double-banana, can be seen in Figure 2.3. This further leads to the

condition that G must be 3-connected, that is, deleting any two vertices of G still
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Figure 2.3: The double banana, an example of a (3, 6)-tight graph which is not rigid
in R3.
results in a connected graph. This provides an additional level of difficulty, and no

characterisation has yet been found.

2.3 Frameworks on surfaces

Let S denote a 2-dimensional manifold embedded in R3. We will refer to S as a
surface. A framework (G,p) on S is the combination of G = (V, E) and a map
p: V — R3 such that p(v) € S for all v € V and p(u) # p(v) for all v € E. We
also say that (G, p) is a realisation of the graph G on S. (G, p) is rigid on S if every
framework (G, ¢q) on S that is sufficiently close to (G, p) arises from an isometry of
S.

While much of this section remains true for a wider selection of surfaces, in
the subsection that follows we will focus on the important case when S is a cylin-
der. Throughout, Y denotes the infinite circular cylinder; that is the real algebraic
subvariety of R? defined by the irreducible polynomial 22 + 3? = 1.

As in the Euclidean case, it is a computationally challenging problem to deter-
mine if a given framework (G, p) is rigid on Y. Hence we follow the standard path

of linearising and considering infinitesimal motions as follows.

16



Given a framework (G, p) on Y, we are interested in the set of frameworks (G, p)
on Y which are equivalent to (G, p) where p(v;) = (Z4, i, 2i) and p(v;) = (24, i, 2i)-
The set of all frameworks on Y that are equivalent to (G, p) is given by the set of

solutions to the following system of equations:

lp(v:) = p)II* = e (viv; € E) (2.3.1)

ity =1 (v; € V) (2.3.2)
2.

where ¢;; = ||p(vi) — p(v;)||?. We can differentiate these equations to obtain the

following linear system for the unknowns p(v;), v; € V:

(p(vi) = p(v;)) - (P(vi) = p(vy)) = 0 (viv; € E) - (2.3.3)

Solutions to this linear system are infinitesimal motions. We say that (G,p) is
infinitesimally rigid if the only infinitesimal motions are the trivial solutions that
arise from Euclidean congruences of R* that preserve Y (that is, translations in
the z-direction and rotations about the z-axis, or combinations thereof). If (G, p)
is not infinitesimally rigid it is called infinitesimally flexible. The trivial solutions
may be referred to as the trivial infinitesimal motions, or simply trivial motions.
Equivalently, (G, p) is infinitesimally rigid if the rank of the matrix of coefficients of
the system is 3|V| — 2 [30]. This matrix, the rigidity matriz of (G, p) on Y, denoted
Ry(G,p) has 3|V| columns and |E| + |V| rows. The rows corresponding to (2.3.3)

have the form

( 0 p(v;))—p(v;)) 0 ... 0 p(v;)—p(v;) 0O )

and the rows corresponding to (2.3.4) have the form

< 0 (z4,v4:,0) 0 )

A framework (G, p) is called isostatic if it is infinitesimally rigid and independent
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in the sense that the rigidity matrix of (G, p) on Y has no non-trivial row dependence.
Equivalently, (G, p) is isostatic if it is infinitesimally rigid and deleting any single
edge results in a framework that is not infinitesimally rigid. A framework (G, p) on
Y is completely reqular if the rigidity matrix Ry(K)y|,p) of the complete graph on
V' and every square submatrix has maximum rank among all realisations of K| on
Y. In the completely regular case, rigidity and infinitesimal rigidity on a “smooth”
surface (such as any considered in this thesis) coincide [30, Theorem 3.8]. Note that
the set of all completely regular realisations of G on Y is an open dense subset of
the set of all realisations of G on Y. Thus, we may define a graph G to be isostatic
(independent, rigid) on Y if there exists a framework (G,p) on Y that is isostatic

(independent, infinitesimally rigid) on Y.

It follows from the definitions that the smallest (non-trivial) rigid (or isostatic)
graph on Y is the complete graph Ky4. In [30] exactly which graphs are rigid on Y
was characterised. The characterisation uses the following definition which will be
one of the fundamental objects of study in this thesis. Recall a graph G = (V, E) is
(2,2)-sparse if |[E'| < 2|V’| — 2 for all subgraphs (V', E') of G. G is (2,2)-tight if it
is (2,2)-sparse and |E| = 2|V| — 2.

Theorem 2.3.1. [30, Theorem 5.4] A graph G is isostatic on Y if and only if G is
(2,2)-tight.

Interestingly, the set of (2,2)-tight graphs is exactly the set of simple graphs
obtained as the edge-disjoint union of two spanning trees [26, Theorem 1]. We

derive symmetry adapted results in Section 4.6.

While the theorem gives a complete answer in the generic case, this thesis will
improve this answer to apply under the presence of non-trivial symmetry. To see the
potential complications that can arise when the genericity hypothesis is weakened
one might consider the results of [17] which apply to frameworks on Y that are

generic except for one simple failure: two vertices are located in the same place.
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2.4 Linearly constrained frameworks

Following [8], we define a linearly constrained framework in R? to be a triple (G, p, q)
where G = (V, E, L) is a looped simple graph, p : V — R? is injective and ¢ : L —
Re. For v; € V and ¢; € L we put p(v;) = p; and q({;) = g;.

An infinitesimal motion of (G,p,q) is a map p : V — R? satisfying the system

of linear equations:

(pz- —pj) . (pz — pj) = 0 for all ViV € E (241)

¢;-p; = 0 for all incident pairs v; € V and ¢; € L. (2.4.2)

The second constraint implies that the infinitesimal velocity of each v; € V' is con-
strained to lie on the hyperplane through p; with normal vector g; for each loop /;
incident to v;.

The rigidity matriz R(G,p,q) of the linearly constrained framework (G, p,q) is
the matrix of coefficients of this system of equations for the unknowns p. Thus
R(G,p,q) is a (|E| + |L|) x d|V| matrix, in which: the row indexed by an edge
v;v; € E has p; — p; and p; — p; in the d columns indexed by v; and v;, respectively
and zeros elsewhere; and the row indexed by a loop ¢; = v;v; € L has ¢; in the d
columns indexed by v; and zeros elsewhere. The |E| x d|V'| sub-matrix consisting of
the rows indexed by E is the bar-joint rigidity matriz R(G — L, p) of the bar-joint
framework (G — L, p).

The framework (G, p,q) is infinitesimally rigid if its only infinitesimal motion
is p = 0, or equivalently if rank R(G,p,q) = d|V|. A framework (G,p,q) is called
1sostatic if it is infinitesimally rigid and independent in the sense that the rigidity
matrix of (G, p, q) has no non-trivial row dependence. Equivalently, (G, p, q) is iso-
static if it is infinitesimally rigid and deleting any single edge results in a framework

that is not infinitesimally rigid.

Example 2.4.1. Suppose that G consists of a single vertexr with one loop and
(G,p,q) is a framework in R%. Then G is not infinitesimally rigid since the trans-

lation along the line corresponding to the loop is an infinitesimal motion (and any
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infinitesimal motion is considered non-trivial in our context).

Stmilarly a complete graph, realised generically, is infinitesimally rigid in any
dimension as a bar-joint framework. However as a linearly constrained framework
it is not infinitesimally rigid since the translations and rotations are infinitesimal

motions.

In this thesis, our attention is solely on infinitesimal motions, with all larger
motions (those over an interval of positive length) having been discussed for back-
ground.

A linearly constrained framework (G, p,q) in R? is generic if rank R(G,p,q) >
rank R(G,p',¢) for all frameworks (G,p’,¢) in R%

We say that the looped simple graph G is rigid in R? if rank R(G, p,q) = d|V/|
for some realisation (G,p,q) in R% or equivalently if rank R(G, p, q) = d|V| for all
generic realisations (G, p, q). Similarly, we define G to be isostatic (independent) if
there exists a framework (G, p, ¢) that is isostatic (independent).

Streinu and Theran gave the following characterisation of looped simple graphs
which are rigid in R?. We will say that G = (V, E, L) is: sparse if |E'| +|L'| < 2|V’|
for all subgraphs (V’, E’) of G and |E’| < 2|V’| — 3 for all simple subgraphs with
|E'| > 0; and tight if it is sparse and |E| + |L| = 2|V|.

Theorem 2.4.2. [}/, Theorem B] A generic linearly constrained framework (G, p, q)
in R? is isostatic if and only if G is tight.

While the theorem gives a complete answer in the generic case, we will extend
this to apply under the presence of non-trivial symmetries.

While for bar-joint frameworks little is known when d > 3, in the linearly con-
strained case characterisations are known when suitable assumptions are made on
the affine subspaces defined by the linear constraints. Jackson, Nixon, and Tani-
gawa [20] extended the results of Cruickshank, Guler, Jackson, and Nixon [8] to give
the following characterisation of looped simple graphs with each vertex incident to
sufficiently many loops, which are rigid in R%. We will say G is k-sparse for some
integer k > 1ifip,(X) < k|X]| for all X C V, and that G is k-tight if it is k-sparse
and |[EUL| = k|V|. Recall ig,(X) is the number of edges and loops in the induced
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subgraph G[X].

Theorem 2.4.3. [20, Theorem 8.2] Suppose d > 2 is an integer and G is a looped
simple graph with the property that every vertex of G is incident with at least | %]
loops. Then G is isostatic in R if and only if G is d-sparse and K4 o-free.

It would be an interesting future project to extend our analysis to higher di-
mensions. In Sections 3.9 and 3.10 we begin such analysis by considering the fixed

element counts for symmetric graphs.

2.5 Symmetric frameworks

2.5.1 Symmetric frameworks on surfaces

Let G = (V, E) be a graph and I" be a finite group. Then the pair (G, ¢) is called
[-symmetric if ¢ : I' - Aut(G) is a homomorphism, where Aut(G) denotes the
automorphism group of G. If ¢ is clear from the context we often also simply write
G instead of (G, ¢).

Let (G, ¢) be a T-symmetric graph. Then, for a homomorphism 7 : T' — O(R3)
and an embedded surface S of R3, we say that a framework (G, p) is T-symmetric
on S (with respect to ¢ and 7), or simply 7(I')-symmetric, if 7(y)p; = pg(y); for all
i€Vandally € and p: V — R3? is such that p(v) € S for all v € V. We will
refer to 7(I") as a symmetry group and to elements of 7(I") as symmetry operations or
simply symmetries of (G, p). We will often need to work with symmetric subgraphs
and their frameworks. So for a [-symmetric graph (G, ¢) we often consider a I'-
symmetric subgraph (H, ¢'), where ¢'(7) = ¢(7)|v(m)- In that case we often slightly
abuse notation and write (H,¢) (or even just H) instead of (H,¢'). We also say
that a subset X of V' is ['-symmetric if (G[X], ¢) is a T-symmetric subgraph of the
[-symmetric graph (G, ¢).

A T-symmetric framework (G,p) on S (with respect to 7 and ¢) is completely
[-regular (with respect to T and ¢ ) if the rigidity matrix Rg(K)y|,p) of the complete
graph on V' and every square submatrix has maximum rank among all I'-symmetric

realisations of K on S (with respect to 7 and ¢). The set of all completely I'-
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regular realisations of G on S (with respect to 7 and ¢) is an open dense subset of the
set of all I'-symmetric realisations of G on S (with respect to 7 and ¢). Thus, we may
say that a graph G is 7(I")-isostatic (independent, infinitesimally rigid, rigid) on S
if there exists a ['-symmetric framework (G, p) on S (with respect to 7 and ¢) which
is isostatic (independent, infinitesimally rigid, rigid). Later we will often remove ¢
from this notation and simply refer to a 7(I")-isostatic (independent, infinitesimally
rigid, rigid) graph on S (where ¢ is clear from the context).

An isometry of R? that maps S onto itself is called a surface-preserving isometry.
A symmetry group of a framework on S consisting of surface-preserving isometries

is called a surface-preserving symmetry group.

2.5.2 Symmetric linearly constrained frameworks

Let G = (V,E, L) be a looped simple graph and I" be a finite group. Then the
pair (G, ¢) is called I'-symmetric if ¢ : ' — Aut(G) is a homomorphism, where
Aut(G) denotes the automorphism group of G. Note that an automorphism ¢(7)
of G consists of a permutation of the vertices, ¢1(), and a permutation of the
loops, ¢a(7), so that v,v; € E if and only if ¢1(v;)¢1(v;) € E, and v; is incident
to the loop I; if and only if ¢;(v;) is incident to ¢o(l;). The permutation ¢;(y)
clearly induces a permutation of the edges in E. Moreover, ¢;(y) must map a
vertex with n loops to another vertex with n loops, and a loop can only be fixed by
P2(7) (Le. @2(7)(l;) = ;) if it is incident to a vertex v; that is fixed by ¢1(7) (i.e.
&1(7)(v;) = v;). In our context, a loop always represents a linear constraint in the
plane. Thus, we will assume that a loop at v; can only be fixed by ¢9(7) if 7 is the
identity or an element of order 2 (since a line in the plane cannot be unshifted by
an isometry of order greater than 2).

If T is clear from the context, then a I'-symmetric graph will often simply be
called symmetric. Similarly, if ¢ is clear from the context, we may simply refer to the
[-symmetric graph (G, ¢) by G. We also say that a subset X of V' is 7(I")-symmetric
(sparse) if G[X] is 7(I')-symmetric (sparse).

Let (G, ¢) be a I'-symmetric looped simple graph. Then, for a homomorphism

7: ' — O(R?), we say that a linearly constrained framework (G, p, q) is I'-symmetric
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(with respect to ¢ and 7 ), or simply 7(I')-symmetric, if
o T(Y)pi = Py(y)i for all v; € V and all y € T}
o 7(7)qj = qy(y); for all [; € L and all v € T" whose order is not 2;
o T(7)qj = —qg(y); if T(7) is the half-turn and the loop [; is fixed by v € T;
o 7(7)qj = Eqg(y); if 7(7) is a reflection and the loop [; is fixed by v € T".

We will refer to 7(I") as a symmetry group and to elements of 7(I") as symmetry
operations or simply symmetries of (G, p,q).

A TI-symmetric linearly constrained framework (G,p,q) is I'-generic (with re-
spect to 7 and ¢) if rank R(G,p,q) > rank R(G,p/,q’) for all linearly constrained
frameworks (G, p',q’) that are T-symmetric with respect to 7 and ¢. The set of
all ['-generic realisations of G (with respect to 7 and ¢) is an open dense subset of
the set of all [-symmetric realisations of G (with respect to 7 and ¢). Thus, we
may say that a graph G is 7(I")-isostatic (independent, infinitesimally rigid, rigid)
if there exists a ['-symmetric framework (G, p, q) (with respect to 7 and ¢) which
is isostatic (independent, infinitesimally rigid, rigid). Later we will often remove ¢
from this notation and simply refer to a 7(I')-isostatic (independent, infinitesimally

rigid, rigid) graph (where ¢ is clear from the context).

2.5.3 Symmetry operations and groups

Throughout this thesis, we will use a version of the Schoenflies notation for symmetry
operations and groups of frameworks. This notation is primarily used to describe
symmetries in three dimensions. However, we can easily restrict these operations to
describe symmetries in two dimensional space, and in Section 3.10 we will describe

an extension to d dimensions. The symmetry operations are the identity, denoted

by id; rotations by %’T, n € N, n > 2, denoted by ¢,, which we will refer to as an
n-fold rotation for n > 2, and more commonly half-turn when n = 2; reflections,
denoted by o; and improper rotations (i.e. rotations ¢, followed by a reflection in
the plane through the origin that is perpendicular to the ¢, axis), n € N, n > 2

denoted by s,; the inversion in the origin, denoted by ¢. In two dimensions, the
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operation s, is not defined, and for three dimensions sy = ¢. There are occasions
where we will further wish to specify an axis or plane for a rotation or reflection,
and we will adjust the notation to make this axis clear. This will be dealt with case

by case.

The symmetry groups these generate describe what are known in the literature
[2] as point groups in three dimensions (although again we may make adjustments
to other dimensions). These groups fall into the following families. Let n > 2 be
an integer. The reflection group Cj is the order two group generated by o. There
are three cyclic groups . Firstly, C,,, is generated by a rotation c¢,. The axis of
rotation for ¢, is known as the primary azis of the group whenever n > 3. This
leads to two further classes of groups: C,, is generated by C), with a reflection plane
which contains the primary axis; C) is generated by C,, with a reflection plane
perpendicular to the primary axis. The roto-reflection group S,, is generated by the
improper reflection s,. We note that S,, = C,,;, for odd n. There are three classes
of dihedral groups, D,,, D,n, D,q. D, is generated by a rotation ¢, and a half-turn
co whose axis is perpendicular to the primary axis. D,y is generated by D, with a
reflection plane perpendicular to the primary axis. This reflection with the half-turn
rotation composes to a reflection which contains the primary axis, so this group can
be viewed as D,,,. Dyq is Dy, with a reflection that takes the primary axis to (one
of) the half-turn axes. There are two tetrahedral groups T',T,; which are isometries
of a tetrahedron. Firstly, T" has the rotations which preserve the tetrahedron, that
is four three-fold rotations (with axis through a vertex and its opposite face), and
three half-turn rotations (with axis through the midpoints of opposite edges). Ty
has 6 additional reflections, each containing an edge of the tetrahedron. This group
contains all the symmetries which preserve the tetrahedron. T}, does not preserve
the surface of the tetrahedron, but is the group 7" with the inversion (and generates

further reflections). There are two octahedral groups, O and Op. O is the rotations

which preserve the cube, namely three 4-fold axes between the centres of faces of the

iiWe use the term cyclic group to match that of the literature. However, this is in conflict with
that typically used in abstract alegbra, where a cyclic group is one which can be generated by a
single element of the group. In this definition, the reflection groups and inversion groups are also
cyclic.
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cube, four 3-fold axes between the centres of edges of the cube, and six 2-fold axes
between the opposite vertices of the cube. Oy, is generated by O with a reflection
perpendicular to a 4-fold rotation. This group also contains further reflections,
improper rotations and the inversion. Finally, we have two icosahedral groups,I and
I, being the rotations and symmetries of a icosahedron, respectively. I is formed by
multiple rotations of orders 2 3 and 5, while I;, them rotations as well as reflections,
the inversion, and roto-reflections. In total, I}, is a order 120 group, so we do not
describe these symmetries further. This is indeed all of the point groups, which we

shall use throughout Chapter 3.

Our studies in Chapter 3 will take interest in when the diagonal entries of the
matrix representation of these symmetries takes integer values. Therefore we will

require the following theorem.

Theorem 2.5.1. [25, Theorem 1] Let n be a natural number. The value of cos(3X)

1s rational if and only if n =1,2,3,4,6.

2.6 Representation theory

In the following, we give basic definitions that will be required in our work to

establish necessary conditions for rigidity.

A representation of a group I' on a d-dimensional vector space V over a field F’
is a homomorphism p : I' = GL(V'). Write (V, p) for this representation of I'. The
dimension d of V' is called the degree of p. We say (V) p) is a unitary representation

if p maps the identity element of I" to the identity of GL(V').

If (V,p), (W, o) are representations of I', a homomorphism of representations is
a linear map ¢ : V' — W so that ¢(p(y)v) = o(v)p(v) for all y € I';v € V. That is

to say the diagram,
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vV ——mm W

commutes. An isomorphism is a homomorphism with an inverse, and we write
(V) = (W,0).
We say p,o : I' — GL(V) are equivalent if there exists A € GL(V) such that
p(v) = A7lo(y)A for all v € T.

Given two representations (V, p), (W, o) of I', we may form a new representation
p&o:I' = GLV & W) with p& o(y) = p(y) ® o(y). It is helpful to consider the

matrix form of this representation, that is

If (V,p) is a representation of I, and W a linear subspace of V', we say W is
p-invariant (or simply invariant when p is clear from the context) if p(y)WW C W
for all vy € T.

Given (V, p) and a p-invariant subspace W < V| we can write

P | a(3)
0 |oa)

p(y) = :
where p™) (y)w € W for all w € W, and we say that (W, p™)) is a subrepresentation
of (V. p).

A representation V' is called irreducible (or simple) if V' # 0 and there are no proper
non-trivial subrepresentations.

Note that we know little about o and o9 in the above definition.

Theorem 2.6.1. [43] A unitary representation has the property that the orthogonal

complement of an invariant subspace is again invariant.

26



Theorem 2.6.2. (Maschke’s Theorem) Let V' be a representation of a finite group
S with subrepresentation W C V. Assume that the characteristic of the field I
does not divide the order of S. Then there is a subrepresentation W' C 'V with
WaoeW =V.

Furthermore, any representation (V,p) can be written as a direct sum of irreducible

representations, (V, p) = @L,(V, pi).

Theorem 2.6.3. (Schur’s Lemma) Let (Vi,p1), (Va, p2) be irreducible representa-
tions of a finite group T'. Any map ¢ : Vi — Vo with o(p1(7)v) = po(v)e(v) for all

v e',v eV, is either zero or an isomorphism.

If A = (a;;) is a square matrix then the trace of A is given by tr(A) =", a;. For
a representation (V, p) of I', the character of p is the function x, : I' = F defined

by x,(7) = tr(p())-
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Chapter 3

Symmetric Isostatic Frameworks

In this chapter, we will establish necessary conditions for a symmetric framework
which has points restricted to lie on subsets of the space to be isostatic. To this end
we first show that the rigidity matrix of a symmetric framework restricted to chosen
surfaces embedded in three dimensions can be transformed into a block-decomposed
form by using suitable symmetry-adapted bases. The necessary conditions are then
obtained by comparing the number of rows and columns of each submatrix block.
Using basic character theory, these conditions can be stated simply in terms of the
number of structural components that remain unshifted under the various symme-
tries of the framework. We will repeat this process for the rigidity matrix of a
symmetric linearly constrained framework, and establish equivalent conditions for

linearly constrained frameworks in two, three, and higher dimensions.

3.1 Necessary Conditions for Symmetric Isostatic

Frameworks on Surfaces

3.1.1 Block-diagonalization of the rigidity matrix

Let G = (V, E) be a graph and I' be a finite group. If A is a m x n matrix and
B = (b;j) is a p x ¢ matrix, the Kronecker product A ® B is the pm x gn block
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matrix

bllA e blqA
A®B = ‘ :
bpiA ... by A

Then let 7(v) denote the 3x3 matrix which represents v with respect to the canonical
basis of R3. Let Py (v) and Pg(7) be the permutation matrix of V and E respectively,
induced by 7. Here we define the permutation matrix to be the matrix so that
(e))T Py () = (e;)T where ¢(7)(v;) = v;. We have two important maps, 7 ® Py :
[ — ROVDXGIVD and Pg := Pg @ Py : T — RUEHIVDUEHVI)

In three dimensional rigidity, there is a 6-dimensional space of trivial motions
of a framework of whose the points affinely span R®. We take special interest in a
list of surfaces, one for each possible point symmetry group. The sphere removes all
three translational trivial motions; the cylinder removes two translational and two
rotational; the cone removes three translational and two rotational; the elliptical
cylinder two translational and three rotational; and the ellipsoid removes all six
trivial motions. We need to define each surface for our use. We remark that to
define the surfaces in such a way requires using trivial motions to place the surface
as so. In rigidity in free space, one might wish to place vertices at a position in

space, using the trivial motions. However this is not possible in our case.

It is important for us to define which normal to each surface we will use, and
make note of which symmetries preserve the surfaces. We define the sphere to be the
surface 8 = {(z,y, 2) : x> +y*+ 2% = 1}. Then we define the normal to the sphere at
a point to be ng(z,y, z) = (x,y, z). The surface-preserving symmetry operations for
$ are rotations ¢,, n € N, around any axis through the origin, reflections in a plane
through the origin, denoted by ¢, and improper rotations around an axis, denoted
by s,, n > 2, where s, is the inversion ¢ in the origin.

We define the cylinder to be the surface Y = {(z,y,2) : 2 + y* = 1}. Then
we define the normal to the cylinder at a point to be ny(z,y,z) = (x,y,0). The
surface-preserving symmetry operations for Y are rotations c¢,, n € N, around the
z-axis, reflections in a plane containing the z-axis, denoted by o, reflection in the

zy-plane, denoted by o', half-turn in an axis that is perpendicular to the z-axis (and
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goes through the origin), denoted by ¢y’ and improper rotations around the z-axis,
denoted by s,, n > 2.

We define the cone to be the surface C = {(z,y,2) : * + y* = 2%}. Then we
define the normal to the cone at a point to be ne(z,y,2) = \/ﬁ(:@y, —z) =
ﬁ(m, y, —z). The surface-preserving symmetry operations for € are rotations, ¢,,
n € N, about the z-axis, and a half turn rotation ¢, about an axis in the zy-plane,
reflections o in a plane containing the z-axis, and ¢’ in the xy-plane, and improper
rotations, denoted s,, for n > 2 about the z-axis.

We define the elliptical cylinder to be the surface £ = {(z,y, z) : 2*+ay* = 1} for
some fixed a > 0. Then we define the normal to the elliptical cylinder at a point to
be ng(z,y, z) = ﬁ(m, ay,0). The surface-preserving symmetry operations for
& are rotations, co about the z-axis, and ¢, about an axis in the zy-plane, reflections
o in the xz- or yz-plane, and ¢’ in the zy-plane, and the inversion ¢ through the
origin.

We define the ellipsoid to be the surface & = {(x,y,2) : 22 + ay® + bz% = 1} for

some fixed a,b > 0. Then we define the normal to the ellipsoid at a point to be

I SR
22+ (ay)>+(b2)?
for € are reflections in the xy-, xz-, yz-planes denoted o,,, 0,., 0, respectively, half-

ne(z,y,z) = (z,ay,bz). The surface-preserving symmetry operations
turn rotations about the z-, y-, z-axis, denoted cy,, cay, c2. Tespectively, and the
inversion . For the reflections and half-turns, when it is clear that the choice of
plane and axis is free, we may denote these by o and ¢y respectively.

For the set of all these surfaces we write ¥ = {8,Y,€, L, &}

Lemma 3.1.1. Let S € ¥ and 7(T") be any isometry of R® which preserves S. The
normal of the image of a point is equal to the image of the normal of the point, that

is to say, the equation n(T(7y)pr) = 7(y)n(px) holds for all px € p(V).

Proof. On the sphere, ng(x,y,z) = (x,y,z), so the equation holds. For our re-
maining surfaces, we use Schoenflies notation to check the equation holds for the
symmetries of R which preserve the surface in question. We therefore consider
where these symmetries map points to, and then consider these points for each sur-

face and their respective normal. Let p = pr = (x,y, ) be a point on a surface. We
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check the following: (i) 7(7y) = ¢y, a rotation around the z-axis,

cosf sinf 0 x xcosf + ysin b
chp = —sinf cosf 0 y | = | ycosf —xsinf
0 0 1 z z

(ii) for 7(y) = d,, a rotation in the x-axis,

1 0 0 x T
Gp=10 -1 0 y | = v
0O 0 -1 z —z

(iii) for 7(y) = o, a reflection in the yz-plane,

-1 0 O T —x
op = 0 1 0 Y = Y
0 0 1 z z

and any other reflections containing the z-axis can now be written as the combination
of a rotation by angle 6 and the reflection in the yz-plane. Since both of these satisfy
the equation in the lemma, it is easy to see the product will too. (iv) for 7(v) = o,

a reflection in the zy-plane,

1 0 O T T
op=101 0 y | =1 vy
0 0 -1 z —z

(v) for 7(v) = s,, the improper rotation about the z — axis,

cosf sinf O x xcosf + ysind
Spp= | —sinf cosf O y | = | ycosf —xsinfd
0 0 —1 z —2

finishing our list of symmetries. We must now consider each surface individually.

We first look at the cylinder, which has normal to the surface ny(z,y,z) =
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(z,y,0). All five of the above symmetries preserve Y, and now for a point p € Y we
have five calculations:

(i) ny(e,p) = ny(xcosh + ysinh,ycosh — xsinf, z) = (xcosl + ysinb,ycosf —
zsinf,0) = ¢, (x,y,0);

(ii) ny(chp) = ny(z, —y, —2) = (v, -y, 0) = c(z, y,0);

(iii) ny(op) = ny(—2,9,2) = (=2,y,0) = o(z,y,0);

(iv) ny(o'p) = ny(z,y, —2) = (z,y,0) = o'(z,y,0);

(V) ny(spp) = ny(zcos + ysinb,ycos — xsinf, —z) = (xcosd + ysinb, ycosh —
zsind,0) = s,(z,y,0).

Hence this gives the desired result for any symmetry of the cylinder.

1
2|2

Now we must do the same for the cone, where ne(x,y, 2) 1= (x,y,—z). Again
all five of the symmetries preserve €, giving us:

(i) ne(cnp) = ne(xcosl + ysinbh, ycosh — xsinb, z) = ﬁ(:ﬂ cosf + ysinf,ycosf —
rsinf, —z) = cnﬁ(:c, Y, —2);

(i) ne(chp) = ne(@,—y,—2) = Z=(0.~9.2) = doA=(e,y.—2) (i) ne(op) =
ne(—2.y,2) = -2,y —2) = 0 4 (2,5, —2);

(iv) ne(o’p) = ne(z,y, —2) = (v, 2) = o' 7 (2, y, —2);

(V) ne(snp) = ne(xcos+ysinb, ycos—xsinf, —z) =

21|z\ (x cos O+ysin b,y cos —
xrsinb, z) = snﬁ(m, Y, —2).

Hence this gives the desired result for any symmetry of the cone.

Next we consider the elliptical cylinder, and calculate the normal to be ng(x,y, 2) :=

1
v/ 2% +(ay)?

each only hold for n = 2:

(x,ay,0). All five of the above symmetries preserve £, although ¢, and s,

( ) nL(C2p) - nﬁ(_$7 -V, Z) = +(—$, —ay,O) = CQ;(%GQ,O%
\/ 22+ (ay)? z2+(ay)?
_ 1 ! _ 1 ! .
(ii) ng(chp) = ne(w, —y, —2) = m(ﬂ% —ay,0) = sz(%ayﬂ%
(111> ng ( ) - nL<_x7y7 Z) = \/ﬁ(_‘xaayvo) = O-m(xaayu 0)7
(
(v

_ 1 _ 1 .
iv) ng(o'p) = ng(x,y, —z) = T (z,ay,0) =o' x2+(ay)2(m,ay,0),
_ _ 1 _ 1
) n»C((pp) n,c(—l', —Y, _Z) - 22+ (ay)? (_:Ev —ay, 0) - @m(l’, ay, 0)

Hence this gives the desired result for any symmetry of the elliptical cylinder.

Finally for the ellipsoid, with normal to the surface ng(z,y, ) := W (x,ay,bz).
22+ (ay 2

We need only to consider the symmetries from (i), (v), with ¢, and s, each only
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holding for n = 2, and even though 3 mirrors are possible, we will only give one here
in (iif):
1

[ S— — 1 .
22+ (ay)2+(bz)2 (_l’y —ay, bZ) = Cth(l’, ay, bz),

ff2+(ay)2+(b2)2( Tay,bz) = o 22+ (ay)2+(b2)2 x, ay, bz);

<i> ne (Cth) = ng(—l’, -, z) =
(iii) ne(op) = ne(—x,y, 2) =

g —_ - —_ :—1 —_ - —_ = —1
(V) ne(pp) = ne(—x, —y, —2) I2+(Qy)2+(bz)2( x,—ay,—bz) = ¢ £2+(Qy)2+(bz)2(x,ay,bz).

Hence this gives the desired result for any symmetry of the ellipsoid. m

Lemma 3.1.2. Let (G,p) be a 7(I')-symmetric framework on a surface S € V. If
Rs(G,p)u = z, then for all v € T, we have

Rs(G,p)(T ® Py)(v)u = Pr(v)2.

Proof. Suppose Rs(G,p)u = z. Fix v € T and let 7(y) be the orthogonal matrix
representing v with respect to the canonical basis of R3. We enumerate the rows of
Rs(G,p) by the set {a1,...,qg),b1,..., by }. By [40], we know that (Rs(G,p)(T ®
Py)(V)w)a, = (Pg(7)2)a,, for all i € [|E|]. We are left to show the result holds for the
rows of Rg(G, p) which represent the normal vectors of the vertices on the surface.

Write u € R as uw = (uy,...,uy), where u; € R for all i, and let ®(v)(v;) =
vp. We first see that (Pg(v)2)s, = 2, = n(p;) - u; by the definition of Py (7). From
Rs(G,p)u = z, we also get that 2, = n(p;) - u;. Then (7 ® Py)(v)u = (U1, ..., Uy)),
with @ = 7(y)u; when ®(y)(v;) = v;. Therefore,

(Rs(G,p)(T @ Pv)(v)w, = na(pk) - (T(7)wi)1 + na(pr) - (7(7)ui)2 + na(vr) - (7(7)w)3
=n(pr) - (T(7)us)

=n(T(7)pr) - (T(7)us).

Finally, using Lemma 3.1.1 plus the fact that the canonical inner product on R? is
invariant under the orthogonal transformation v € I' gives that n(7(y)px)-(7(7)w;) =

r()n(py) - ((3)us) = nlpy) - 1; = 2, finishing the proof. 0

The following is an immediate corollary of Schur’s lemma (see e.g. [43]) and the

proposition above.

34



Corollary 3.1.3. Let (G,p) be a 7(T')-symmetric framework on S € ¥ and let
L, ..., 1. be the pairwise non-equivalent irreducible linear representations of T(I').
Then there exists matrices A, B such that the matrices B Rs(G,p)A and A7 Rs(G, p)T B

are block-diagonalised and of the form

Ry 0
Ry

0 R,
where the submatriz R; corresponds to the irreducible representation I;.

This block decomposition corresponds to RVl = X; @ -+ & X,, REHVI =
Y1 ® - @Y,. Each of the X; are (7 ® Py )-invariant subspaces, and each of the Y;
are Pg-invariant subspaces. Then, the submatrix R; has size (dim(Y;)) x (dim(X;)).

3.1.2 Additional necessary conditions

Using the block-decomposition of the rigidity matrix, we may follow the basic ap-
proach described in [11, 40] to derive added necessary conditions for a symmetric

framework on a surface to be isostatic. We first need the following result.

Theorem 3.1.4. The space of trivial motions of an affinely spanning 7(I")-symmetric
framework (G,p) on S € ¥, written T(G,p), is a (T ® Py)-invariant subspace of
R3WVI. Furthermore, the space of translational motions and the space of rotational

motions of (G,p) are also (T ® Py)-invariant subspaces of R3!V1.

It is useful to introduce notation for the trivial motions of (G, p) before giving the
proof of the above theorem. Let (G, p) be a symmetric framework on S, where {p(v) |
v € V} span R3. Let N = ker(R(K,,p)). Then N is the subspace of R*VI consisting
of all infinitesimal trivial motions of (G,p). Write N = T' & R where T, R are the
spaces of all translational and rotational trivial motions of (G, p), respectively. We

wish to assign bases to T and R. Let {T; : V(G) — R3 | i = 1,...,3} where
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T;(v) = e;, the ith canonical basis vector of R3, for all v € V and ¢ = 1,2,3. Then
the basis for R we give as {R;; : V(G) = R?* | 1 <i < j < 3} with R;; defined by
R;i(vi) = (pr)iej — (px)jé€i, for all v, € V.

Proof. Suppose that (G,p) affinely spans R?, so that the dimension of the trivial
motion space of (G,p) on S is maximal. We first show that N = ker(R(K,,p))
is (1 ® Py)-invariant. By Lemma 3.1.2, if Rg(K,,p)u = z then Rgs(K,,p)(T ®
Py)(y)u = Pg(y)z. Let u € N. Then Rg(K,,p)u =0, so

Pg(y)Rs(Ky, p)u

PE(7)Z

= Pp(7)0=0

therefore Rg(Ky,p)(T @ Py)(Y)u = Pp(y)Rs(K,,p)u = 0, giving (7 ® Py)(y)u €
ker(Rs(K,,p)). Hence N is (T ® Py)-invariant, as required for the first part of the
theorem.

We note that the cylinder Y is the only surface in ¥ with non-trivial spaces for
both translational motions and rotational motions. Therefore for any S € ¥\ {Y}
the proof is complete. Hence from here we only consider the cylinder. To show that
the space of translational motions is (7 ® Py )-invariant, first note that for Y, this
space is generated by the vector ¢ = (0,0,1,0,0,1,...,0,0,1)7. We need to show
that for each v € ', we have (7 ® Py)(v)t = at for some a € R. By the definition
of 7® Py this holds if 7(7)(0,0,1)” = a(0,0,1)7 for all y € T". Since 7(I") preserves
Y, such an « does exist for each v (specifically o = £1).

Finally we look at the space of rotational motions. For Y, this space is generated
by the vector r = (r1,...,rv|) € RVl defined as 7, = (pr)ie2 — (pr)2e1 € R, for
all £ € V, where e; and es are the standard basis vectors of R? with 1 as the first
and second coordinate, respectively. Note that r is perpendicular to ¢. Since for all
v €T, (T®Py)(7) is an orthogonal matrix, (7® Py ) is a unitary representation (with
respect to the canonical inner product on R*V!). Therefore the subrepresentation
H é(N) of H! with representation space N is also unitary (with respect to the inner
product obtained by restricting the canonical inner product on R3"! to N). It follows

that the space (r) is (7 ® Py )-invariant since it is the orthogonal complement to (t)
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in N. L]

Let (7 ® Py)™ be the subrepresentation of (7 ® Py) with representation space
T(G,p). Then T = T} @& --- @ T, where T; is the (7 ® Py)-invariant subspace

corresponding to the irreducible representation I;.

Theorem 3.1.5. Let (G,p) be a 7(I')-symmetric framework on S € V. If (G,p) is

1sostatic, then

X(Pp) = x(r ® Pv) = x((r @ P)7).

Proof. By Maschke’s Theorem, for the subrepresentation (7 ® Py)) C (7 ® Py),
there exists a subrepresentation (T®@Py )@ C (r@Py) with (t@Py) V@ (rePy)@ =
7 ® Py. Further, since 7 ® Py is unitary, we know that Q(G,p) is the (1 ® Py)-
invariant subspace of R3"! which is orthogonal to T(G, p).

Since (G, p) is isostatic, the restriction of the linear map given by the rigidity
matrix to Q(G,p) is an isomorphism onto RFI*IVI. Moreover if Rg(G,p) is the
matrix corresponding to this linear map restricted to Q(G, p), then, the statement

for Rg(G,p) in Lemma 3.1.2 also holds for R (G, p) and hence we have

Ry(G,p)(r ® Py)(7)(Rs(G,p)) ™' = Pg(y) forallyeT.

Thus, (1 ® Py)@ and Pg are isomorphic representations of I'. Therefore, we have

X(Pg) = x((1 ® Py) @) = x(r® Py) — x((r ® P)?). O

3.2 The sphere

There is a precise geometric correspondence between infinitesimal rigidity in the
plane and on the sphere (see [10] for details) and this extends to symmetric frame-
works for any plane symmetry group [5]. There are however symmetries in the plane
which are not solved, and symmetries which exist on the sphere which do not exist
in the plane, therefore study here is warranted. There have been significant recent

results on the sphere, with complete descriptions of isostatic graphs on concentric
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spheres [30], and in the forced symmetric case, the description of isostatic graphs
with rotation, reflection, dihedral, inversion and improper rotation symmetry [32].

In this section and those which follow within this chapter, we look to decipher
which of the point groups listed in Section 2.5 are impermissible. We will be left
with a list of groups which may have symmetric isostatic frameworks, and provide
conditions on the graphs for them to exist under such symmetries. We remark that
this is not the same as claiming such graphs do indeed exist in all the cases.

We recall the surface-preserving symmetry operations for 8§ are rotations c,,
n € N, around any axis through the origin, reflections o, in a plane through the
origin, improper rotations s,, n > 2, around any axis through the origin, and that
s9 is the inversion ¢. Write 6 = %’r for an anticlockwise rotation by angle around
the axis of rotation. The values of the traces of the matrices for Pg and 7 ® Py for
each group element follow immediately from the definition. The following lemma

provides the traces of the matrices for (1 ® Py)™.

Lemma 3.2.1. For the aforementioned symmetry operations on the sphere, the

(7 ® Py))) row of the character table is

id Cn>3 Co o Sn

xX(T@Py)D) | 8| 2cosf+1| —-1|—-1|1—2cosf | 3

Proof. We will show that, for all symmetry operation 7(7y) in our table, (7® Py )(7)
acts linearly on the basis vectors of the trivial motion space. To do this, we
find for each symmetry operation the coefficients «y, such that (1 @ Py)(7y)b; =
> arbi, where {b;} is the basis for the trivial motion space. Let (G,p) be a
isostatic 7(I')-symmetric framework, with p = (21,91, 21, ..., 2, yv|, 2v|). Let
the basis for the subspace of rotational trivial motions be {by, by, b3} where by =
(=y1,21,0,..., =y, 2v),0) € RIVI by = (—21,0,24,..., -2, 0,2v)) € R3IVI
bs = (0, —21,Y1, ..., 0, =2z, yp)) € RVl We will check the 3i — 2, 3i — 1, 3i coordi-
nates of the vectors (T® Py)(v)b;, j = 1,2, 3. Below we give these basic calculations.
Throughout these calculations, we will be considering the point that is the preimage
of p(i) = (x4, ¥, 2z;) under 7(), for some vertex v; € V. This will be the preimage

of the vertex v; under the automorphism ¢(v), the vertex v; := ¢(7) 'v;. Then
(V)i =0y = (3,95, %)
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For each group, (7 ® Py)(id)b; = b; for j = 1,2,3, and so tr((r ® Py)7(id)) =
1+1+4+1=3.

For 7(7) = ¢, an anticlockwise rotation by angle # = 2% around the z-axis, with
cos(f) —sin(f) 0
(v) =] sin(@) cos(d) 0 |,

0 0 1
—y; cos(0) — ; sin(6) —Yi
(T® Pv)(7)b = —y; sin(6) + z; cos(0) = 7 = b
0 0

since 7(v)(z,y, 2) = (x cos(f) — ysin(), z sin(f) + y cos(f), z). Then,

—2z; cos(0)
(T® Pv)(7)b2 = | —2sin(0)

%

and

2; sin(6)
(T®@ Py)(v)bs = | —2 cos()

Yi

Letting ¢ be the index of ¢(7) 'v;, we note that 7(y~1)(xs, v, z1) = (;cos(h) +
y;sin(f), —x; sin(0) + y; cos(#), z;) = (x:, vz, 2z:) and observe the following two equa-
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tions hold:

—z; cos(0) — Y -z 0
—zsin(d) | =0 + cos(0) 0 +sin(0) | —z (3.2.1)
x; 0 Z; Yi
2; sin(0) —Y; —2; 0
—zcos(d) | =0 a — sin(6) 0 +cos(@) | —z |- (3.2.2)
Y; 0 T Yi

Therefore when we consider the diagonal entries of (7 ® Pv)m (), the first entry
is 1 since (7 ® Py) maps the first basis vector to itself, and the second and third
entries are both cos(f) by Equations 3.2.1 and 3.2.2 respectively. We can give
tr((1 ® Py) T (y)) = 1+ 2cos(h).

-1 0 0
For 7(v) = o a reflection in a plane, say 7(y) = o 1 0 |,
0 0 1

(T@Py)()br = (.. y:2:,0,...) = (oo, ys, —24,0,...) = —by;

(TR Py)(V)b2=(...,2,0,2;,...) = (..., 2,0, —x;,...) = —bo;
(T@Py)()bs=(..,0,—z,y;,...) =(..,0,—2,Yi,...) = b3

since 7(7)(z,y, 2) = (—x,y, 2). Hence, tr((t ® Py)T(y)) = -1 —1+1= —1. The

1 0 O 1 0 O
same easily holds for 7(y)=| 0 -1 0 |and7(y)=] 0 1 0
0 0 1 0 0 -1

For 7(v) = s, an anticlockwise improper rotation by angle § = 2%, say around
cos(f) —sin(d) 0O

the z-axis, 7(y) = sin(9)  cos(d) 0 |, and 7(y)(w,y,2) = (wcos(d) —
0 0 —1

ysin(6), xsin(f) + ycos(f), —z). Furthermore, z; = —z;. Therefore (7 ® Py)(7)
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acts as follows:

—y; cos(f) — x; sin(0) — s
(T@Pv)(y)br = | —y:sin(d) +a;c08(0) | = x; =b
0 0
—2z; cos(6) z; cos(0)
(T@P )b = | —zsin(@) | =] zsin(9)
—; —I;
and
z; sin(6) —z;sin(0)
(T@ P )(Mbs = | —zcos(d) | = z; cos(0)
—Yi —Y;

As in Equations 3.2.1 and 3.2.2, we write the second and third vectors above as a

linear sum of the basis vectors,

zi cos(0) ~Yi —2 0
zsin(0) | =0 — cos(0) 0 —sin(d) | —z (3.2.3)
— 0 L Yi
—z;sin(0) —Y; —2; 0
z; cos () =0 + sin(0) 0 —cos(@) | —z |- (3.24)
—Y; 0 i Yi

The basis vector by is preserved by (7 ® Py), and with Equations 3.2.3 and 3.2.4,
tr((1 @ Py) T () =1 — 2cos(h). O
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We are now able to give the full character table for 7(I')-symmetric isostatic
frameworks on 8 (see Table 3.1). We give these without calculation as they can be
seen directly from the matrix representations of 7 ® P, and Pg.

For a I'-symmetric graph G = (V, E') with respect to ¢ : V' — Aut(G), we say
that a vertex v € V' is fized by v € ' if ¢(y)(v) = v. Similarly, an edge uv € E is
fized by ~ € T" if both u and v are fixed by v or if ¢(y)(u) = v and ¢(v)(v) = u. For
groups of order two, we will often just say that a vertex or edge is fixed if it is fixed
by the non-trivial group element.

Note that if (G, p) is a 7(I')-symmetric framework on 8, then there is no vertex
fixed for any improper rotation s,. The number of vertices that are fixed by an
element in 7(I') corresponding to rotations c,, or reflections o are denoted by v,
and v,, respectively. The number of edges that are fixed by the element in 7(I")
corresponding to rotations c¢,, reflections ¢ and improper rotations s, are denoted

by e,, e,, and eg,, respectively.

S id Cn o S,

X(Pg) |E|+ |V en + Up €y + Vg Csn

X(T® Py) 3|V (2cosf + 1)vy, Vo 0
(T ® Py)™) 3 2cosf + 1 —1 | 1—2cosf

Table 3.1: Character table for symmetry operations of the sphere.

In the following proofs we shall use Theorem 3.1.5 to draw conclusions from

Table 3.1.

Corollary 3.2.2. If (G, p) is a 7(I')-symmetric isostatic framework on 8, then ¢, ¢

7(T') for any n > 4, and s, ¢ 7(I") for any n > 2. Moreover,
o ifcy € T(T') then ea = 1 and vy = 0;
o ifcg € 7(I') then e3 = v3 = 0;
o ifoc €7(') then e, = 1.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

42



Proof. Let’s first analyse isostatic frameworks with a ¢, symmetry. From the table
we have e, = 2v,, cosf — 2cosf — 1. Note that by surface symmetry, v, = 0,1, 2.

Let v, = 0. We have e, = —2cosf — 1. There are solutions when n = 2,3, 4.
We have that an isostatic framework with ¢; symmetry has no fixed vertex and one
fixed edge, we have that an isostatic framework with ¢35 symmetry would have no
fixed vertex and no fixed edge, and an isostatic framework with c; symmetry is not
permissible.

Let v, = 1. We then have e,, + 1 = 0 which is not possible.

Lastly, let v,, = 2. Tthen e,, = 2cosf — 1. This gives possible values of e, as 0 or

s

1, when 0 is %

or 0 respectively. However, an isostatic framework with ¢4 symmetry
must also have a c3 symmetry, but the number of fixed vertices required in each
contradicts. We may deduce that the only possible symmetry element of this kind
is cs.

Any isostatic framework with s,,>5-symmetry will have a forbidden ¢; symmetry.

We must check s3 and ss. The table gives e,, = 2cosf — 1, and in both cases

2 cosf — 1 is negative so this is not possible. O]

The following corollary gives the possible non-trivial groups that can be con-
structed from the symmetries given in Corollary 3.2.2. Note that we will always
consider the non-trivial groups, without explicitly stating from this point forward.
These are the groups from Section 2.5 which can be constructed from only these

symmetries, and do not contain ¢,, for any n > 4 or s, for any n > 2.
Corollary 3.2.3. If (G,p) is a 7(I')-symmetric isostatic framework on 8, then

(C's ={id,o};

Cy = {id, c2};

Cs = {id, c3, c2};

(') = § Co, = {id, ¢y, 0, c20};

Cs, = {id, c3,¢3,0,c30, 2o}
D3 = {id, c3, 2, ¢y, dyes, chet}s

\T, {Zd, Co, Cg} eT.
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Proof. We once again look for groups generated by {id, ¢y, ¢3, 0} which do not con-
tain forbidden symmetry operations from Collorary 3.2.2. The groups Cy, Cs and
('3 can easily be observed as permissible here. A group with a ¢y and ¢3 symmetry
operation with the same rotation axis would also have a c¢g which is forbidden. In D,
the three half turn rotations would need to fix the same edge, since no edge can lie on
an axis of rotation, but this is not possible. The restrictions of Corollary 3.2.2 allow
D3 as the half turns will fix edges not fixed by the threefold rotation. Similarly, the
tetrahedral group T contains three two-fold rotations and four three-fold rotations.
Each edge fixed by each of the half turn rotations will not be fixed by the other half
turns, nor any of the three-fold rotations. The groups D, Dyna, Ty, Th, O, Op, I, I,
all preserve the sphere, but contain higher order rotations or improper rotations
which do not have isostatic frameworks associated. This only leaves groups with
one rotation axis and one reflection. If the rotation axis is perpendicular to the
reflection plane, we would have ¢ or s3 which is forbidden, so the axis of rotation
axis must be contained in the plane of reflection. This leaves (5, and (3, as the

only remaining groups. [l

Theorem 3.2.4. Let (G,p) be an isostatic T(I")-symmetric framework on 8. Then
(G, ¢) is T'-symmetric, (2, 3)-tight and will satisfy the constraints given in Table 3.2:

7(I") | Number of edges and vertices fixed by symmetry elements
C, e =1

CQ €y = 1

03 €3 = Vg = 0

Cyy ee =3 =1,03=0

Cs, e3=0,13=0,e, =€y = €5n =1

D5 e3=0,v3 =1y =0,e90 =1

T ’UQ,U3,€3:O, 62:1

Table 3.2: Fixed edge and vertex counts for symmetry operations on the sphere.

Proof. The graph G must be I'-symmetric and (2, 3)-tight (by [30]). The first three
rows of our table come directly from Corollaries 3.2.2 and 3.2.3. For both Cy, and
(s, the vertices fixed by the reflections will not be fixed by the rotation, unless they
lie on the axis of rotation. Edges fixed by the mirrors either lie on the plane of

reflection, or are perpendicular to the plane. For Cy,, the edge fixed by the mirror
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must be fixed by the half-turn, or else its co-copy will be fixed by . When thinking
about Cj,, the edges fixed by a reflection will not have cs-copies also fixed by the
same reflection, and it is possible to have edges fixed by the reflection which are not
fixed by the rotation. Hence, both (5, and Cj3, are as in the table above. For Dj
and T', the single edge fixed by each half turn rotation has images under the other
elements of D3 and T" which will not be fixed by that same rotation. m

Remark 3.2.5. Suppose the edge between p; and p, is fixed by ¢, in a D3-symmetric
framework. Then, the edges between c3p; and czp;, and between c¢ip; and 3p; will
be fixed by c3cy and cic) respectively. Similarly for tetrahedral group T, the edges
fixed by each of the half turn rotation axis will be formed of an orbit under one of

the c3 rotation axis.

3.3 The cylinder

The cylinder presents itself as the most likely surface for new characterisations of
symmetric frameworks. The cylinder is well studied, with known characterisations
of minimal rigidity on concentric cylinders [30], of global rigidity [19], and forced-
symmetric isostatic graphs for rotation, reflection and inversion symmetry [32]. Fur-
ther, the authors in the last article provided conjectures for characterisations of in-
cidentally symmetric infinitesimally rigid /isostatic on the cylinder, in the presence
of C; and Cy symmetries.

In this section we calculate the characters of the representations appearing in
the statement of Theorem 3.1.5 for the cylinder Y in order to establish necessary
conditions for symmetric frameworks on the cylinder to be isostatic. In Chapter 4 we
revisit the cylinder, to establish the combinatorial characterisation for the graphs
which give rise to Cj-, Cs-, and Cy-symmetric frameworks, in doing so proving
the above conjecture from [32]. This work on the cylinder has been submitted for
publication [33].

We recall the surface-preserving symmetry operations for Y are rotations c,,
n € N, around the z-axis, reflections ¢ in a plane containing the z-axis, and ¢’ in

the xy-plane, half-turn rotation ¢, in an axis that is perpendicular to the z-axis and
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improper rotations s,, n > 2, around the z-axis. The values of the traces of the
matrices for Py and 7 @ Py for each group element follow immediately from the

definition. The following lemma provides the traces of the matrices for (1 ® Py)™.

Lemma 3.3.1. For the aforementioned symmetry operations on the cylinder, the

x((7 ® Py)?)) row of the character table is

. /
id | cn | ¢y | o0 | sy

(P | 2| 2| -2]0]|0| 0|0

Proof. We will show that, for all symmetry operations 7(7y) in our table, (7® Py )(7)
acts linearly on the basis vectors of the trivial motion space. To do this, we
find for each symmetry operation the coefficients «y, such that (1 @ Py)(y)b; =
> aibi, where {b;} is the basis for the trivial motion space. Let (G,p) be a
isostatic 7(I')-symmetric framework, with p = (x1,y1,21, ..., 2, yv|, 24v|). Let
the basis of the subspace of translational trivial infinitesimal motions be b; =
(0,0,1,0,0,1,...,0,0,1) € R¥V! and the basis for the subspace of rotational triv-
ial motions be by = (—y1,21,0,..., =y}, 2v,0) € R3IVI. Lastly, recall for 7(T')-
symmetric frameworks, we have 7(v)p; = pg(y): for all i € |V| and all v € I'. We
will check the 37 — 2,3i — 1, 3¢ coordinates of the vectors (7 @ Py)(y)b;, j = 1,2.

Below we give these basic calculations. As in Lemma 3.2.1, we use the notation
v; = ¢() "oy and () T 'pi = p; = (35,95 %)

For the identity, (7 ® Py)(id)b; = b; for j = 1,2, and so tr((r ® Py)7(id)) =
1+1=2.

For 7(y) = ¢, an anticlockwise rotation by angle 6 = 2?” around the z-axis,

cos(#) —sin(f) 0
()= | sin(@) cos(d) 0 [,
0 0 1
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(T® Py)(y)by =(...,0,0,1,...) =by.

—y; cos(f) — x; sin(0) —1;
(T® Pv)(7)be = —y; sin(6) + x; cos(0) = T = by
0 0

since 7(7v)(x,y, 2) = (zcos(f) — ysin(0), xsin(f) + ycos(#), z). Hence, (1 @ Py)(7)
maps both basis vectors of T to themselves, so tr((7 ®@ Py) @ (7)) =1+ 1 = 2.

For 7(y) = ¢, a half-turn rotation perpendicular to the z-axis, wlog 7(y) =

1 0 0
0 —1 0 ,(TQPy)(y)b1 = (...,0,0,—1,...) = —by. Observe, (TQPy)(y)by =
0O 0 -1

(oo, =y, —23,0,...) = (.., Y, —x;,0,...) = —by since 7(y)(x,y, 2) = (v, —y, —2).
Hence, (7 ® Py)(y) maps both basis vectors of T to the negative of themselves, so
tr((r® Py) (7)) = -1—-1=-2.
For 7(y) = o a reflection in a plane which contains the z-axis, wlog 7(y) =
-1 0 0
0 1 0 | say, (1®Py)(y)by =(...,0,0,1,...) = b;. Then note that (7 ®
0 0 1
Py) ()b = (.., y5,25,0,...) = (.. y,—2,0,...) = —by since 7(y)(z,y,2) =
(—,y, 2). Hence, as reasoned previously, tr((7 ® Py)™ (7)) =1—-1=0.
0

1
For 7(v) = ¢’ a reflection in the xy-plane, 7(v) = | 0 0 |, wehave (T®
0

oS = O

—1

Py)(y)by = (...,0,0,—1,...) = =by. Then, (1 ® Py)(y)be = (..., —y;,2;,0,...)
(.., =¥, 2;,0,...) = by since 7(y)(z,y, z) = (x,y, —z). Hence, tl”((T@Pv)(T)(’y)) =
—14+1=0.

For 7(v) = s, an anticlockwise rotation by angle 6 around the z-axis, followed
cos(f) —sin(d) 0

by a reflection in the zy-plane, 7(v) = | sin(d) cos(d) 0 |, (T@FPy)(7)br =
0 0 -1
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(...,0,0,—1,...) = —by.

—y; cos(f) — x; sin(0) Ui
(T® Py)(7)b2 = —y; sin(6) + x; cos(0) = —x; = by
0 0

since 7(y)(x,y,z) = (zcos(f) — ysin(h), zsin(f) + ycos(h), —z). Hence, tr((7 @
Py )T (y)=—-1+1=0.

While covered by s, we check for 7() = ¢ the inversion, 7(y) = 0 -1 0
0 0 -1

(T®Py)(y)by = (...,0,0,—1,...) = —by. Then, (7&Py)(y)b2 = (..., y;,—x;,0,...) =

(.o, =¥, 2,0,...) = by since 7()(z,y, 2) = (—z, —y, —z). Hence, tr((T®PV)m (7))
—1+1=0. Il

We are now able to give the full character table for 7(I')-symmetric isostatic
frameworks on Y (see Table 3.3). We give these without calculation as they can be
seen directly from the matrix representations of 7 ® Py and Pg.

Note that if (G, p) is a I'-symmetric framework on Y with respect to 7 and ¢,
then there is no vertex fixed by an element of I" corresponding to a rotation ¢,, about
the z-axis or the inversion . The number of vertices that are fixed by the element
in I' corresponding to the half-turn ¢, or the reflections ¢ and ¢’ are denoted by
Vo, Uy and v,s, respectively. An edge of G cannot be fixed by an element of I" that
corresponds to a rotation c¢,, n > 3, or an improper rotation s,, n > 3. Hence we
have separate columns for ¢, and ¢ = sy below. The number of edges that are fixed
by the element in I" corresponding to the half-turns ¢y and ¢, the reflections o and
o' and the inversion ¢ are denoted by ey, ey, €., €,» and e, respectively.

We note that the first column of Table 3.3 recovers the result from Theorem
2.3.1 that |E| = 2|V| — 2. In the following proofs we shall use Theorem 3.1.5 to

draw conclusions from Table 3.3.
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H id Cp>3 | C2 CIQ (2 O'/ Sn>3 @
X(Pk) |E| + |V 0 €y | e + 0y | €6+ Vs | €5 + Vo 0 €y
X(T® Py) 3|V 0 0 — Vg Vo Vg 0 0
(7 ® Py)™) 2 2 |2 —2 0 0 0 |0

Table 3.3: Character table for symmetry operations of the cylinder.

Corollary 3.3.2. If (G,p) is a 7(I')-symmetric isostatic framework on Y, then
cn & T(L) for any n > 2, and s, ¢ 7(I') for any n > 3. Moreover,

o ifc, € 7(I') then ey =2 and vy =0, or ey =0 and vy = 1;
o ifoce7(l') oro € (') then e, =0 and e,y = 0;
o if pe (') then e, = 0.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. We will check for which symmetry operations the counts from the table are
possible. Beginning with ¢,>3, we immediately see the equality X(Pg) = x(T@Py) —
x((7 ® Py)™M) does not hold. For ¢y, where fixed edges are possible, we have that
ey = —2 so there are no isostatic frameworks with a ¢, (n > 2) symmetry on the
cylinder. Further to that, since any s,,>3 symmetry would also imply a ¢ symmetry
for some k > 2, there are no isostatic frameworks which have a s,>3 symmetry on
the cylinder.

Reading from the table we then draw the following conclusions. For an isostatic
framework with a ¢, symmetry, eo +2vy = 2, so there are either two fixed edges and
no fixed vertex or one fixed vertex and no fixed edge. For both mirrors, e, +v, = v,
giving no restriction on the number of fixed vertices, but an isostatic framework must
have no fixed edge. Finally for inversion, since there can be no fixed vertex with
inversion symmetry on the cylinder, our table gives e, = 0, so there are also no fixed

edges. O]

We recall from Section 2.5 the groups which can be constructed from our sym-
metry operations. In the following corollary, we show the groups that can be con-
structed from the symmetry operations above, which do not contain symmetries

which are excluded in Corollary 3.3.2.
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Corollary 3.3.3. If (G,p) is a 7(I')-symmetric isostatic framework on 'Y, then

/

C; = {id, ¢};

Cy ={id, o} or {id,o'};
(') = $ Oy = {id, c,};

Cyy = {id, 0,0, ch};

| Can = {id,0,d,, p}.

Proof. We need to find the groups which can be generated from the symmetry oper-
ations {id, o, o', ¢}, ¢}, which also do not contain the forbidden symmetry operations
in Corollary 3.3.2. It is immediate that the groups of order 2 satisfy this, namely,
C; ={id, ¢}, Cs = {id, o} or {id, o'}, Cy = {id, ¢, }. Observing that when the axis of
rotation of ¢, lies within the mirror planes of o and o', we have that oo’ = 0’0 = d,
and see the group Cy, = {id,0,0’,c,} is also allowable. Another group of order
4 can be found by now aligning the axis of rotation to be perpendicular to the
plane of the mirror o, then Cy, = {id, 0, d,, ¢}, with ocd, = cho = ¢. Noting that
po' =o' = ¢y, we see Doy, = {id, 0,0’, ¢, @, oo, po’, wch} does not have a symmet-
ric isostatic framework on the cylinder. Indeed, looking at point group tables, this

is all of the possible groups from our symmetries, so our list is complete. O

We are now able to use Corollaries 3.3.2 and 3.3.3 to draw conclusions about

7(I')-symmetric isostatic frameworks on the cylinder.

Theorem 3.3.4. Let (G,p) be an isostatic 7(I')-symmetric framework on'Y. Then
(G, @) is T-symmetric, (2,2)-tight and will satisfy the constraints in Table 3.4.

7(I") | Number of edges and vertices fixed by symmetry operations
CZ' €p = 0

C, e =0

Cy ey =2,vy =0orey =00y =1

Coy er =€y =0, (e = 2,09 =0 or ey = 0,09 = 1)

Con ee =0,e, =0,e0 = 2,09 =0

Table 3.4: Fixed edge and vertex counts for symmetry operations on the cylinder.
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Proof. The graph G must clearly be I'-symmetric and (2, 2)-tight (by [30]). The Cj,
C,, Co-symmetric isostatic framework values follow immediately from Corollaries
3.3.2 and 3.3.3. For (s, Cy,, we must check that the values found in 3.3.2 and 3.3.3
do not contradict to further restrict. Firstly, for Cy,-symmetric isostatic frameworks,
let’s consider the case when the ¢, symmetry gives two fixed edges. The two edges
fixed by ¢, will only be fixed by o or ¢’ if the edges are perpendicular to the mirror
planes, or contained in them. Therefore it is possible to have a framework with
e =€ =0 and ey = 2. In the e, = e, = 0,e9 = 0,v9 = 1 case, the vertex fixed
by ¢, will also be fixed by both mirrors (with the alignment we have chosen), so
there is no contradiction here.

Secondly, for Cyy-symmetric isostatic frameworks, we again begin by considering
the case when the ¢, symmetry gives two fixed edges. Here again, there is no
requirement for the edges fixed by the ¢, symmetry to be fixed by either the inversion
or the mirror perpendicular to the axis of rotation. However, say v is a vertex
fixed by ¢, then o(v) = p(v) # v will also be fixed by ¢, so the frameworks
with e, = 0,e, = 0,e = 2,vy = 0 are the only possible Cy,-symmetric isostatic

frameworks. [

Remark 3.3.5. If a (5,-symmetric isostatic framework has two edges fixed by the
rotation, say fi and fa, then o(f1) = o'(f1) = f2. The two edges fixed by the rotation
in a Cy,-symmetric isostatic framework, say ujv; and uqvs, satisfy o(ujv1) = ugvy

and if o(u1) = ug, then p(u;) = vy and p(v1) = us.

3.4 The cone

When considering constructing frameworks on the cone (and similarly later on the
elliptical cylinder), there are typically more difficulties in doing so than on the
sphere or cylinder. An example of this added difficulty comes from considering the
combinatorial reductions, which we introduce in Chapter 4. A common approach to
these reductions, which we follow, is to consider the degree 3 vertices in the graph.
The reason for this is to perform a (2, 1)-reduction (recall from Section 2.1.2). A

(2,1)-reduction will not be possible if the degree three vertex is in a Ky. In the
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class of (2,3)-tight graphs, there are no K, subgraphs. For (2,2)-tight graphs, K,
subgraphs are themselves tight, and techniques (see Section 4.2) have been developed
for this eventuality. In (2, 1)-tight graphs, the vertices of a K subgraph are sparse.
However, recursive constructions of (2, 1)-tight graphs have been established [29],
and results for symmetric frameworks have been established in the forced-symmetric
setting [32].

One could consider the torus instead of the cone and derive the same counts as
below. The primary difference for our study is the possibility of a vertex at the
origin, which when present will be fixed by multiple symmetries. We recall from
Section 3.1 the surface-preserving symmetry operations for € are {c,,c,o,0’,s,}

for all n > 2.

Remark 3.4.1. In the proof of Lemma 3.3.1 we considered how (7 ® P,)(y) acts
on the basis vectors of the trivial motion spaces for both of the basis vectors of the
trivial motions of the cone and elliptical cylinder. Namely, for the cone, we take the
results of only the rotational basis vector, and for the elliptical cylinder we take the

results only of the translational basis vector.

Corollary 3.4.2. For the following symmetry groups on the cone, the x((1®Py)™))

row of the character table is

¢ id | Cp>g | Co| &y | o |0 | Sa>s | @

(PO | 1| 1 | 1| -1|-1]1] 1 |1

Proof. This result is proved in the proof of Lemma 3.3.1, by excluding the transla-

tional trivial motion. O

Note that if (G, p) is a 7(I')-symmetric framework on € with respect to 7 and ¢,
then there is at most one vertex fixed by an element of I" corresponding to a rotation
¢, about the z-axis, ¢, about an axis in the zy-plane, an improper rotation s, about
the z-axis, or the inversion ¢. The number of vertices that are fixed by the element
in I' corresponding to a rotation ¢,, the half-turn ¢, the reflections o and o', the
improper rotations s,, or the inversion ¢ are denoted by v, vy, Vs, Vg, Ve, and v,
respectively. An edge of G cannot be fixed by an element of I" that corresponds to

a rotation c,, n > 3, or an improper rotation s,, n > 3. Hence we have separate
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columns for c; and ¢ = sy below. The number of edges that are fixed by the
element in I' corresponding to the half-turns ¢y and ¢, the reflections o and ¢’ and
the inversion ¢ are denoted by es, ey, €,, e, and e, respectively. We have omitted

the column for the identity, in which y(Pg)(id) = |E| + |V|, x(r ® Py)(id) = 3|V,

and x((1 ® Py)P) = 1.

e Cn>3 Cy ch o o’ Sn>3 ®
X(Pkg) Uy, €y + Vg | ey FVy | €5+ Vs | €y + Vg Vsn, ey + Uy
X(T® Py) (2cos+ 1)v, | —vg —vy Vg Vg (2cosf — vy, | —3u,
x(r® Py)™) 1 1 —1 —1 1 1 1

Table 3.5: Character table for symmetry operations of the cone.

In the following proofs we shall use Theorem 3.1.5 to draw conclusions from

Table 3.5.

Corollary 3.4.3. Let (G,p) be a 7(I')-symmetric isostatic framework on the cone.
Then ¢, ¢ 7(T') for any n > 2, s, ¢ 7(I') forn > 2, o’ ¢ 7(I'), and ¢ ¢ 7(T).
Furthermore, if an isostatic framework exists for the following symmetry operations,

then it satisfies the following:
o ifc, € (') then ey = 1 and vy = 0;
o 0 €71(l') then e, = 1.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. We begin by looking to conclude which symmetries cannot have isostatic
frameworks. For the cone, rotation about the axis has a count of v,, = 2v,, cos 0+wv,,—
1, and we note that there can be at most one fixed vertex (a vertex at (0,0,0)). Note
that if there is no fixed vertex, this equality does not hold, so we assume one fixed
vertex. We can solve the equation with v, = 1, to see that the symmetry operation
would have to be cg. However, a cg-symmetric framework is also c3 symmetric,
but we have seen there is no c3-symmetric isostatic framework. For ¢, symmetry,

where fixed edges are possible, we have e; + 2vo = —1 which is a contradiction.

A o’-symmetric isostatic framework would have to satisfy e, + v, = v, — 1 which
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is not possible. As on the cylinder, any s,>3-symmetric framework would also be
cp-symmetric for some k. which is not possible.

This leaves three final groups operations, ¢,, o and . For ¢, the table gives
es + 2vy = 1, for o we have e, = 1, and for ¢ we have e, + 4v, = —1, which has no

solutions, as required. O

Corollary 3.4.4. If (G,p) is a 7(I')-symmetric isostatic framework on C, then

Cs = {id,o};
Cy = {Zda 0/2}

7(l) =

Proof. We must find the groups which can be generated from the symmetry opera-
tions {id, o, ¢, }, which do not contain any forbidden symmetry operations found in
Corollary 3.4.3. This gives us the groups of order 2. Since ¢’ is a forbidden operation,
any group which contains both ¢ and ¢, must have the axis of rotation perpendicular
to the plane of reflection. Furthermore, as with this alignment oc, = ¢, which is

not contained in any groups with isostatic frameworks, and our list is complete. [

We are now ready to give the necessary conditions for a isostatic framework on

the cone.

Theorem 3.4.5. Let (G,p) be an isostatic 7(I')-symmetric framework on C. Then
(G, ¢) is I'-symmetric, (2,1)-tight and will satisfy the constraints given in Table 3.6:

7(I") | Number of edges and vertices fixed by symmetry elements
Cy e =1
OQ €or = 1,"02/ =0

Table 3.6: Fixed edge and vertex counts for symmetry operations on the cone.

Proof. The graph G must be I'-symmetric and (2, 1)-tight (by [30]). Both rows of

the table follow immediately from corollaries 3.4.3 and 3.4.4. m

3.5 The elliptical cylinder

Less analysis has been undertaken on the rigidity of frameworks on the elliptical

cylinder than on the sphere, cylinder and cone. As we will see, isostatic frameworks
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without symmetry on the elliptical cylinder must be (2, 1)-tight. Indeed, [30, The-
orem 1.1] characterises rigidity for what the authors define as “Type 1 surfaces”,
which includes the elliptical cylinder. It is worth mentioning work in progress of
Andrew Sainsbury that focuses on establishing necessary and sufficient conditions
for generic global rigidity on the elliptical cylinder. We recall Remark 3.4.1, and the
following may be taken as a corollary of Lemma 3.3.1. Unlike the cylinder, sphere
or cone, the elliptical cylinder is not invariant for a general rotation about an axis.

Therefore, we only consider id, co, ¢, 0, 0’ and .
) ) y =29 Y

Corollary 3.5.1. For the following symmetry groups on the elliptical cylinder, the
(1 @ Py)D) row of the character table is

L id|co| &y o] o | @

x(reP)) | 1| 1| -1]1]-1|-1

Proof. This result is proved in the proof of Lemma 3.3.1, by excluding the rotational

trivial motion. O

Note that if (G,p) is a I-symmetric framework on Y with respect to 7 and ¢,
then there is no vertex fixed by an element of I" corresponding to a rotation ¢,, about
the z-axis or the inversion . The number of vertices that are fixed by the element
in I' corresponding to the half-turn ¢, or the reflections o and ¢’ are denoted by
vy, v, and v,s, respectively. An edge of G cannot be fixed by an element of I' that
corresponds to a rotation c¢,, n > 3, or an improper rotation s,, n > 3. Hence we
have separate columns for ¢y and ¢ = so below. The number of edges that are fixed
by the element in I' corresponding to the half-turns ¢, and ¢}, the reflections ¢ and

o’ and the inversion ¢ are denoted by es, e, €,, e, and e, respectively.

L id o ch o o ©

X (Pg) |E|+ V| | e | ex+vy | eo+v, | €+ | €y
X(T® Py) 3|V 0 — Uy Vg Vg 0
(T ® Py)™) 1 1 —1 1 —1 —1

Table 3.7: Character table for symmetry operations of the elliptical cylinder.

The following result from Theorem 3.1.5 and Table 3.7 is immediate, so is given

without proof.
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Corollary 3.5.2. Let (G, p) be a 7(I')-symmetric framework on the elliptical cylin-
der. Then cy ¢ T(I') and o ¢ 7(I'). Furthermore, if an isostatic framework ezists

for the following symmetry elements, then it satisfies the following:
o if e 1(l) then ey =1 and vy = 0;
o if o’ € 7(I) then e, = 0;
o if pe7(l') then e, = 1.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Corollary 3.5.3. If (G,p) is a 7(I')-symmetric isostatic framework on L, then

7(I') = § Cs = {id, 0'};
Cy = {Zd7 0/2}

Proof. The possibility of C;-, Cs-, and Cy-symmetric isostatic frameworks on £ is
immediate from Corollary 3.5.2. We therefore must check if any other groups can be
generated from o', ¢}, and ¢ which do not include symmetries from Corollary 3.5.2
which do not permit isostatic frameworks. Here we are only given three choices for
how to compose two of the elements: o'c} is a reflection containing the z-axis; o’
is a half-turn rotation about the z-axis; ¢, is also a reflection containing the z-axis
(orthogonal to the reflection plane generated by ocj). Hence the list in the corollary

is complete. O

Theorem 3.5.4. Let (G, p) be an isostatic T(I')-symmetric framework on L. Then
(G, ¢) is T-symmetric, (2,1)-tight and will satisfy the constraints given in Table 3.8:

3.6 The ellipsoid

The ellipsoid is an example of a surface where T = (), hence Theorem 3.1.5 gives the

equation x(Pg) = x(7® Py). We recall from Section 3.1 that the surface-preserving
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7(I") | Number of edges and vertices fixed by symmetry elements
Ci 690 =1
C e, =1
C2 €or = 1,’02/ =0

Table 3.8: Fixed edge and vertex counts for symmetry operations on the elliptical
cylinder.

symmetry operations we consider are half-turns, reflections and the inversion. We
can therefore immediately give the full character table for 7(I')-symmetric frame-
works on € (Table 3.9). We note that on the ellipsoid, there can be no vertices fixed
by the inversion. We remark that for a framework on €, any graph G = (V| E) must

e id Co o ®
X(Pe) [ EI+|V]|ea+vy | es+us | e,
x(reby) | 3|V —Uy Uy 0

Table 3.9: Character table for symmetry operations of the ellipsoid.

satisfy |E| = 2|V|. This provides significant difficulty in establishing combinatorial
results akin to those found in Chapter 4, as the graph may be 4-regular (that is all
vertices are of degree 4). As a result, there is no known characterisation of generic
rigidity or generic global rigidity on the ellipsoid [18]. One would expect similar
difficulties would be found when attempting to find a characterisation of symmetric

rigidity.

Corollary 3.6.1. Let (G,p) be a 7(I')-symmetric framework on the ellipsoid. If the

following symmetry operations are in 7(I'), then they satisfy the following:
o ifco € T(I') then eg = vy = 0;
o ifoc €7(') then e, = 0;
o if pe7(I') then e, = 0.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. This is a consequence of Theorem 3.1.5, which we use to draw conclusions

from Table 3.9. The results follow immediately. m
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Corollary 3.6.2. If (G,p) is a 7(I')-symmetric isostatic framework on &, then

(¢ = {id, o}
Cs ={id,o};
Cg = {Zd, CQ};

CQh = {Zd7 g, Ca, Sp}a

D2 - {Zd7 Cog, Can CQZ};

kDQh = {Zda 01,02,C2,Y,01P,020, 0290}7

where Cag, Coy, C2, are rotations about the x-, y-, z-axwis respectively, and 01,09 €

{Ux y Oz, 0 z}
Y Y

Proof. None of the operations in Table 3.9 forbid isostatic frameworks, hence we are
tasked to find which groups {id, ¢z, 0, ¢} generate. We observe choosing any two of
{c2, 0,9} will together generate the third. Hence we have Cyy,, where for example,
ocy = , hence ¢y rotates about the axis which is perpendicular to the plane of the
reflection. For Dy we note that c3, = id for any r = z,y, z, and the composition of
any two of coy, Cay, C2, generates the third. To generate Doy, let 01 € {04y, 04z, 042}
and og € {04y, 042, 04.} \ 01. Then o109 = 3, hence ¢, rotates about the line which
is the intersection of the two planes of reflection of o7 and g3. One can check that
both half turns not chosen as ¢y in Cyy, can be generated from {cs, o, ¢}, completing

the proof. O

Theorem 3.6.3. Let (G,p) be an isostatic T(I')-symmetric framework on €. Then
(G, ¢) is I'-symmetric, (2,0)-tight and will satisfy the constraints given in Table
3.10:

7(I") | Number of edges and vertices fixed by symmetry elements
C; e, =0, =0
C, e =0
CQ €9 = Vg = 0
Coy, er =€y =€, = Uy = U, = 0, 2|v,
D, eg = vy =10
Day, er =€y = €, = Uy = U, = 0, 2|v,

Table 3.10: Fixed edge and vertex counts for symmetry operations on the ellipsoid.
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Proof. The graph G must be I'-symmetric and is (2, 0)-tight from the count of the
identity column in Table 3.9. Note that sparsity is a result of all subgraphs of the
graph being symmetric to the identity group, and thus must too follow this count.
The first four rows follow immediately from Corollaries 3.6.1 and 3.6.2. Since in
Corollary 3.6.1, we have no fixed edges or vertices for ¢; and ¢, and no fixed edges
for o, we only need to check if in Cy, and Doy, the vertices fixed by o are restricted.
Any point on the mirror would have its image point under the inversion on the
mirror too. Since this point can never coincide with the original, the number of
vertices fixed by the mirror must be divisible by 2. It is possible for the image under
inversion and half turn rotation to coincide, so the number of mirror fixed vertices is
not necessarily divisible by 4. Indeed, in Dy, we have the same structure but now
with two orthogonal mirrors. This does not impact the number of vertices fixed by

each mirror. O

3.7 Necessary conditions for isostatic linearly con-
strained frameworks

For the remainder of the chapter we turn our attention to linearly constrained frame-
works. We provide analogous results to those in Section 3.1. We require some altered
definitions, where which term being used should be clear from the context.

Let G = (V, E, L) be a graph and I" be a finite group. Let ¢ : I' — Aut(G) and
7 : ' = O(R?) be homomorphisms. We say (G, p, q) is I'-symmetric (with respect
to ¢ and 7) if for every v € T', 7(7)pi = py(yyi for all i € [|V], and 7(7)q; = qp(y);
for all j € [|L]].

Let 7(7) denote the d x d matrix which represents v with respect to the canonical
basis of R%. Let Py (), Pg(y) and Pr(v) be the permutation matrix of V, E and L
respectively, induced by 7. We define a new matrix P; : I' — R with respect to

T by

P = T(MEifi=jandl; €L
L Z’v‘ -
’ Pr(7);,; otherwise,

that is to say for a fixed loop [;, the normal to the linear constraint ¢; is either
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preserved or inverted by 7(7), and the entry of the matrix P; corresponding to
that fixed loop is *+1 respective to this preservation or inversion. We then have

two important maps, 7 ® Py : I — REVDXEVD and Py, == Pp o P; : T —

RUEHL)*(BI+IL)

3.7.1 Block-diagonalization of the rigidity matrix

Lemma 3.7.1. Let G be a graph, 7(I') be a symmetry group, and ¢ : I' — Aut(G)
be a homomorphism. If R(G,p,q)u = z, then for all v € T, we have

R(G,p,q)(T @ Py)(7)u= Ppr(7)z.

Proof. Suppose R(G,p,q)u = z. Fix v € I and let 7(y) be the orthogonal matrix
representing v with respect to the canonical basis of R?. We enumerate the rows of
R(G,p,q) by the set {ai,...,ag,b1,...,b}. By [40], we know that (R(G,p)(T ®
Py)(Nw)a, = (P(7)2)a,, for all i € [|E|]. We are left to show the result holds for
the rows of R(G, p,q) which represent the normal vectors of the vertices with loops.

Write u € R4 asu = (uy, ... ,u|L|), where u; € R< for all i, and let ®(7)(l;) = Ij..
We first see that (Pg(y)2)s, = 2, by the definition of Py(y). From R(G,p,q)u = z,
we also get that z,, = n(g;)-u;. Then (T® Py)(y)u = (U1, ..., 4y)), with @ = 7(7)u;
when ®(7)(v;) = v;. Therefore,

(R(G, p, )(T @ Py)(V)u)y, = ma(pe) - (T(Y)wi)1 + - na(p) - (T(7)ti)a
= n(px) - (T(7)ui)

= n(r(V)pi) - (T(7)wi)-

Finally, the definition of symmetric looped graph and the fact that the canonical
inner product on R? is invariant under the orthogonal transformation 7(v) € O(R?)

give that

n(T(V)pi) - (T(V)us) = 7(V)n(ps) - (T(V)us) = n(pi) - us = 2,
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finishing the proof. [

The following is an immediate corollary of Schur’s lemma (see e.g. [43]) and the

lemma above.

Corollary 3.7.2. Let (G,p,q) be a 7(I')-symmetric framework and let Iy, ..., I, be
the pairwise non-equivalent irreducible linear representations of T(I'). Then there
exist matrices A, B such that the matrices B~*R(G,p,q)A and A7*R(G,p,q)' B are
block-diagonalised and of the form

Ry 0
Ry

0 R,

where the submatriz R; corresponds to the irreducible representation I;.

This block decomposition corresponds to R = X; @& -+ @ X, and RIEHIL =
Y1®---@Y,. The space X is the (7 ® Py )-invariant subspace of RAVI corresponding
to I;, and the space Y; is the Pp-invariant subspace of RIZ corresponding to I;.

Then, the submatrix R; has size (dim(Y;)) x (dim(X;)).

3.7.2 Additional necessary conditions

Using the block-decomposition of the rigidity matrix, we may follow the basic ap-
proach described in [11, 40] to derive added necessary conditions for a symmetric
linearly constrained framework to be isostatic. We first need the following result.
If A= (a;) is a square matrix then the trace of A is given by tr(A) = ). a;.
For a linear representation p of a group I' and a fixed ordering vy, ...,y of the

elements of I', the character of p is the |I'|-dimensional vector x(p) whose ith entry
is tr(p(7:))-

Theorem 3.7.3. Let (G,p,q) be a 7(I')-symmetric framework. If (G,p,q) is iso-

static, then

X(Pe.r) = x(T® Py).
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Proof. Since (G, p,q) is isostatic, the rigidity matrix of (G, p,q) is a non-singular

square matrix. Thus, by Lemma 3.7.1, we have

R(G,p,q)(T @ Py)(v)(R(G,p,q)) ™" = Pgr(y) forallyeT.

It follows that 7 ® Py and Pg  are isomorphic representations of I'. Hence,

X(Per) = x(T® Py). u

3.8 Two-dimensional linearly constrained frame-

works

Rigidity in the plane is well studied. There are classical results for generic frame-
works [36, 23], symmetric frameworks [38, 39], linearly constrained frameworks [44],
and globally rigid linearly constrained frameworks [15]. The setting of symmetric
linearly constrained frameworks in the plane is conducive to new results. In the
following section we calculate the characters of the representations appearing in the
statement of Theorem 3.7.3 for the plane. The graphs satisfying these conditions for
C,-symmetric frameworks are further studied in Chapter 5: firstly Section 5.2 con-
siders graphs with isostatic frameworks under the presence of a half-turn symmetry,
and Section 5.3 considers graphs with isostatic frameworks under the presence of a
n-fold symmetry for odd n. This work has been submitted for review in [34].

The surface-preserving symmetry operations for the plane are rotations ¢,, n €
N, around the origin, reflections (without loss of generality we take the mirror line
to be the z-axis), denoted by o. With these symmetries we will now give the full
character table for 7(I')-symmetric isostatic frameworks on the plane. We give the
the row corresponding to 7 ® P, without calculation as the entries can be seen
directly from the matrix representation.

For a I'-symmetric graph G = (V, E, L) with respect to ¢ : V. — Aut(G), we
say that a loop vv € L is fized by v € " if v € V is fixed by . Loops fixed by ~

correspond to linear constraints of vertices fixed by =, where the linear constraint is
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also fixed by 7(7). In the matrix Pg j, there is two possibilities for the entry of a fixed
loop, namely +1, representing if the normal of the linear constraint is preserved or
inverted.

Neither an edge or a loop of GG can be fixed by an element of I" that corresponds
to a rotation c¢,, n > 3, so we have a separate column for ¢, below. The number of
vertices that are fixed by the element in I' corresponding to the half-turn c,, a general
n-fold rotation ¢, or the reflection ¢ are denoted by vy, v, and v,, respectively. The
number of edges that are fixed by the element in I' corresponding to the half-turn
co and the reflection o are denoted by ey and e, respectively. Finally, the number of
loops that are fixed by ¢, ¢, and o are ls, l,,, and [, 4, [, respectively, where [,
counts linear constraints perpendicular to the mirror whose normals are preserved,
and [, _ counts those linear constraints parallel to the mirror with inverted normals.

Before giving the character table, we consider the values corresponding to the
fixed linear constraints in Pg 1 (7y) for o and ¢, for all n > 2. For n > 3, no lines
are fixed by ¢,. A half turn which fixes a linear constraint would map a normal
to its inverse, hence have a —1 entry representing that loop in Pg(cy). Linear
constraints parallel to a mirror would have normals which are perpendicular, hence
the normals would map to its inverse having a —1 entry in the matrix Pg (o),
whereas the linear constraints perpendicular have normals parallel to the mirror, so
have a 1 representing the loop in the matrix Pg (o). This gives all the information

necessary to complete Table 3.11.

id Cn>3 Co o
X(Ppr) | |El+|L] 0 s —ly | ot loy — Ly
X(r® Py) 2|V 20, cos(Z) | —2u, 0

Table 3.11: Character table for symmetry operations of the plane.

In the following proofs we shall use Theorem 3.7.3 to draw conclusions from Ta-
ble 3.11. The first column (for the identity element) simply recovers the result from
Theorem 2.4.2 that |E| + |L| = 2|V/| for an isostatic linearly constrained framework
in the plane. The other columns provide further conditions for isostaticity in the
presence of symmetry. It is easy to see that if the counts in Corollary 3.8.1 are

satisfied for a 7(I')-symmetric framework, then the corresponding counts are also
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satisfied for any 7(I")-symmetric subframework with I C T

Corollary 3.8.1. If (G, p,q) is a 7(I')-symmetric isostatic linearly constrained frame-

work in the plane, then the following hold,
e forn odd orn > 6 even, if ¢, € T7(I'), then v, = e, =1, =0;
o ifco €7(D) thenvy =€y =1y =0 orvg =1,ly =2;
o ifcy €7(l) thenvy =0,1 and ey =1y = 0;
o ifce7(l) thenes + o =1y —.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. Recall from Theorem 3.7.3 that if (G,p,q) is a 7(I')-symmetric isostatic
framework, then x(Pgr) = x(7 ® Py). We now consider each of the columns in

Table 3.11. From the second column, we obtain v, cos(2%) = 0, hence either v, = 0

2r
n

or cos(<*) = 0. The latter is only possible for a positive integer n when n = 4.
Hence, for any symmetry group containing ¢4, we have vy, = 0 or v4 = 1, since p is
injective. For all other n > 3, there are no fixed vertices, edges or loops.

In the second column, the equation x(Pgr) = x(7 ® Py) can only hold for
¢y € 7(I) if 2u9 = Iy — e5. Again recalling that for rotations we may have at most
one fixed vertex, this implies that either vy = 0 then necessarily we have I, = 0 and
hence e; = 0, or v = 1 then ey = [, — 2. Considering the condition given by id at
the single fixed vertex, I, < 2. This gives when vy = 1, [y = 2 and e; = 0. Any group
containing c4 necessarily contains ¢y, and the two conditions above are not mutually
exclusive. Instead, a fixed point in a Cy-symmetric framework is constrained by two

lines which must be perpendicular.

For the reflection, from the table, we immediately have e, + I, + = I, . O

Note that from these symmetry operations any symmetry group in the plane
is possible. This contrasts with the situation for bar-joint frameworks in the plane
where isostatic symmetric frameworks are only possible for a small number of sym-

metry groups: see [7, 38, 39] for details.
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Corollary 3.8.2. If (G, p,q) is a 7(I')-symmetric isostatic linearly constrained frame-

work in the plane, then

Cs = {Zd,U}
7(0) = C, = {id,cpy ...,
O’rw = {Zda Cny - - 70271’ SRR ’00271}'

We are now able to use Corollary 3.8.1 to summarize the conclusions about
7(I")-symmetric isostatic linearly constrained frameworks for each possible symmetry
group 7(I'). We say that (G, ¢) is 7(I')-tight if it is tight, [-symmetric and satisfies

the relevant constraints in Table 3.12.

7(T) Number of edges, loops and vertices fixed by symmetry operations

C o +lotr =1ls_

C, Uns €n, lp = 0

CQ Ug,eg,lgzOOI'UQ:1,62:O,l2:2

04 V2, U4, €9, €4, lQ, l4 =0or V2,V4 = ]_, €9,€4 = 0, lg = 2, l4 =0

OQU €s + lg7+ = lay_, (02,62, lQ =0or Vo = 1, €9 = O,lz = 2)

Cro | €6+ loy =lo—, (V2,v4,€2,€4,l5,l4 =0 0r v3,v04 = 1,e9,e4 = 0,1y =2,1, =0)
Chw eo+lot =lo—, Upn,en,0, =0

Table 3.12: Fixed edge, loop and vertex counts for symmetry operations on the
plane. Note that n in the above table is a positive integer, not equal to 2 or 4.

Theorem 3.8.3. Let (G,p,q) be an isostatic 7(I')-symmetric framework on the
plane. Then (G, ¢) is 7(I')-tight.

Proof. Clearly G is I'-symmetric and tight by Theorem 2.4.2. That the constraints
in Table 3.12 are satisfied follows immediately from Corollary 3.8.1 for the groups C;
and C),. For dihedral groups we check if any of the constraints from Corollary 3.8.1
are mutually exclusive. A vertex fixed by ¢y will be a point at the origin, therefore
lie on any mirror. The two co-fixed loops incident to this vertex can be o symmetric
to each other or, one must lie on the mirror and the other perpendicular. With an
additional ¢4, symmetry operation, these linear constraints must be perpendicular.

Either of the two cases above is still possible, with the mirrors bisecting the angle
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between the linear constraints or one line lying on each mirror. For C,,, there will
be no point at the origin. Any vertices, edges or loops fixed by a mirror will have
an orbit of ¢, symmetric copies, all fixed by their own respective mirrors. None of

this contradicts ¢,, counts. O

3.9 Three-dimensional linearly constrained frame-
works

We turn our attention to three-dimensional linearly constrained frameworks. The
symmetry operations to consider in R? are rotations around an axis by an angle 27”,
¢, for n € N, reflections in a plane, denoted by o, and improper rotations around an
axis by an angle %’r, denoted by s,, n > 2. Recall that for n = 2, s, is the inversion
¢ in the origin.

We begin with comments on x(Pg 1) for each symmetry operation. We recall that
loops represent constraining a point to a hyperplane, which in this case restricts the
point to a plane. For ¢, a fixed loop would lie on a vertex along the axis of rotation.
Any linear constraint could contain this axis of rotation, or be perpendicular to it. If
the linear constraint contained the axis, any normal to that linear constraint would
be inverted by cy;. Count these fixed loops with [, _, noting that these would have
negative entry in P;. Conversely, a constraint plane perpendicular to the axis has
its normal preserved by ce, and we count these loops with ly ;. For higher order
rotations, fixed vertices again lie on the axis of rotation. A fixed loop would need
the constraint plane to be perpendicular to the axis of rotation, and the normal to
this plane would be preserved by ¢,. For improper rotations, the only fixed point
in R? is the origin. For the inversion any plane through the origin would be fixed,
with the the normal being inverted. Higher order improper rotations only fix the
plane through the origin perpendicular to the axis of rotation, and s, inverts the
normal of this plane. A plane can be fixed by a reflection if the constraint plane is
the mirror plane, which inverts the normal and we count with [, _. Alternatively
when the constraint plane is orthogonal to the mirror plane the normal would be

preserved, and we count these fixed loops with [, ..
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We can give the entries for x(7 ® Py) by reading immediately from the matrices,

and so we are ready to give the character table for symmetry operations of R?.

R3 id s Cn Sn o
X(PE,L) |E| + |L| €2 + 12,+ - l2,— En + ln €sn — ls,n €o + lo,+ - la,—
X(T® Py) 3|V — Uy U, (2cos(Z) + 1) | v,,(2c0s(3E) — 1) Uy

Table 3.13: Character table for symmetry operations of R3.

Corollary 3.9.1. If (G, p,q) is a 7(I')-symmetric isostatic linearly constrained frame-

work in R3, then the following hold,
o ifcoeT(l) thenvy+ea+lyr =1
o ifcg € 7(I') then e, l3 = 0;
o ifcy € () then vy = eq + ly;
e ifcg € (') then vg, eq,ls = 0;
o if pe (') then e, =0 and 3v, = l,;
o if s3€7(I') then vy, es53,l53 =0;
o if sy €7(I') then esqa =0 and either ls4 =vs4 =0 orlsqg =v54 = 1;
o if s¢ € 7(I') then esp,ls6 =0 and vsg = 0,1;
o ifce7(l) then ey + o = Vo + Iy —.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. We will first consider rotations. The result of ¢, follows immediately from the
table. For n > 3, we check for solutions to the equation e, + I, = v, (2 cos(¥) + 1).
As ey, l,, v, are integers, we require cos(%”) to be rational. By Theorem 2.5.1, this
happens if and only if n = 1,2,3,4,6. Solving the equation for n = 3,4,6, we
deduce the equations ez + l3 = 0, vy = e4 + Iy, and 2vg = eg + lg. Since ez, l3 are

positive, this gives the required result for ¢z and c4. Then, any edge or loop fixed

by ¢ will be fixed by ¢3 (since the edge must be between two fixed vertices and the
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loop represents a plane perpendicular to the axis of rotation), since es, l3 = 0 implies
eg, lg = 0, and this gives that vg = 0.

Considering improper rotations, for the inversion Table 3.13 gives e, —1, = —3v,,.
With the inversion, the only possibility for a fixed vertex is at the origin, hence
v, = 0,1. Recall that fixed loops are incident to fixed vertices. When v, = 0,
l, =0, and so e, = 0. Alternatively, v, = 1 and e, — [, = —3. An isostatic linearly
constrained framework in R? may have at most 3 linear constraints at a point, and
so e, —3 < —3. For improper rotations of order at least 3, there can be at most one
fixed loop, with linear constraint a plane perpendicular to the axis of rotation. For
n =3, es3—ls3=—20,3 Again, v,3 = 0,1 and ;3 < 3, so the possible solutions
for (ess,ls3,vs3) are (0,0,0),(0,2,1) and (1,3, 1). In the latter two cases, there are
more loops than permissible, so (es3,(s3,vs3) = (0,0,0) is the unique solution. For
n =4, esq —lsqg = —vsq. Here, (€54,0l54,054) = (0,0,0),(0,1,1). As (s4)* = ¢2,
we consider the interactions of edges loops and vertices fixed by s4 with cy. Indeed,
neither of these cases conflict with the conditions of ¢y. In the latter case, the vertex
fixed by s4 would be fixed by cs, the loop fixed by s; would be fixed by ¢y and
have its normal preserved. Therefore an isostatic framework would require ly — = 2,
which could happen with one loop the image of the other under s,. For n = 6,
es6 —lsg = 0. We note that (sg)? = c3 and (s6)® = . As I3 = 0, this forces I, 6 = 0,
which leads to e;6 = 0. If v36 = 1, then v, = 1 and [, = 3, and s and c3 must map
these constraint planes to each other.

Finally, the result for the reflection follows immediately from Table 3.13. [

The symmetries named in Corollary 3.9.1 are ones which occur naturally in the
real world. For example, these symmetries are commonly seen in the structure of
crystals. In this setting, the groups they produce are called the crystallographic
point groups. For further reading on point groups, the reader is recommended [2].
In the following corollary, ¢, and s, will denote rotations about the ‘primary’ axis of
the group, and ¢, is a half turn rotation about an axis perpendicular to the primary
axis. To denote reflections, o is a reflection in a plane containing the primary axis,
and o’ a reflection in a plane perpendicular to this axis. Schoenflies notation can

cause difficulties in describing the largest of the groups, especially when multiple
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axes of rotation are involved (and there is no clear candidate for the ‘primary’ axis),
as well as multiple mirror planes which are not perpendicular or containing the
principal rotation axis. For this reason, in the following corollary, the symmetry
groups D,q, T, Ty, Ty, O, Oy, are listed with the symmetry operations they contain
from Corollary 3.9.1.

Corollary 3.9.2. If (G, p,q) is a 7(I')-symmetric isostatic linearly constrained frame-

work in R3, then

(CS = {id, o };

Ci = {id, ¢};

C,={id,c,,...,c" '} forn € {2,3,4,6};

S, = {id, sp,...,s" '} forn € {4,6};

Crw ={id,Crpy ..., o, oc™ 1} forn € {2,3,4,6};
Con ={id, cpy..., " o' o 0} forn € {2,3,4,6};
D, = {id,cp,...,c"7 1y ... che Y forn € {2,3,4,6};
Dyn = {id, cp,y ...,y e o, ody Y formo€ {2,3,4,6);
Dia, {id, ¢, ¢y, 0, 89, € Dyg for n € {2,3};

T,{id, ca,c3} € T,

Tu,{id, co,c3,0,84} € Ty;

Ty, {id, ca,c3,0,0} € T;

0,{id, c3,c3,¢4} € O;

| On, {id, ¢, ¢3,¢4,0} € Op.

Proof. We begin by noting that S3 = Cj, so does not appear in the above. Further,
both sg € D4y and s15 € Dgg so do not have isostatic frameworks associated with
them. Then, every symmetry operation in Corollary 3.9.1 can have no associated
fixed elements. Hence, any group which contains only symmetries generated by
elements of {cy, 3, ¢4, o, @, S3, S4, S6, 0} May permit an isostatic linearly constrained

framework. ]

As in previous sections, the identity column of the character table gives |E| +

|L| = 3|V|. For linearly constrained frameworks in R? for d > 3, there is no
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7(T) Number of edges, loops and vertices fixed by symmetry operations
C o tlot = Vo + 1y
C; e, =0, 3v, = Iy,
Cy Vg + €2 + lg7+ = l27,
03 €3, 13 =0
04 Vg = Vg = €4 + l4, l27+ = l4, Vg + €9 + l27+ = l27_
CG ei,li,vi:Ofori:2,3,6
Coy eotloy =Vo+1lp_,va+e2+1la =1
Cgv €s + lg’Jr = Uy + l0'777 €3, 13 =0
C4U s+ l07+ =V, + lgﬁ, Vg = Vg = €4 + l4, 12’+ = l4, Vg + €9 + l2’+ = 12,,
Cey eotlor =0o+1ls_, €,l;,v;, =0"fori =236
Cgh €y + l0/7+ = Vg’ + lU/7_7 Vg + €9 + l27+ = l27_
Cgh €o' + lJ’,-i- = Uy + lo’l7—7 €3, lg =0
C4h €' + lo'/7+ = Vg + lo'/77’ Vg = Uy = €4 + l4, l27+ = l4, Vg + €2 + l27+ = l27,
Cen eor + o+ =V + 1o, €5, 1;,0;, =0 for i = 2,3,6
54 €54 = O, ls’4 = Usqa = O, 1, Vg + €2 + l27+ = 127_
S6 €5,6,€3,€p, 15,67 l3 = O, Vsg = Vyp = 07 1, l<p = 31}90

Table 3.14: Fixed edge, loop and vertex counts for some symmetry operations in
R3.

analogous result to Theorem 2.4.2. However, we can extend Theorem 2.4.3 to apply
under the presence of the symmetries in Corollary 3.9.2. We say that (G, ¢) is 7(I')-
3-tight if it is 3-tight, I'-symmetric and satisfies the relevant constraints in Table
3.14. We omit the rows of the table for D,,, Dy, D,q, T, Ty, T}, O and Oy, which as a
result are not included in the following theorem. Note that a marginal improvement
may be made here, using a result akin to Lemma 2.2.2, to improve upon the 3-tight
condition. However, it is likely the constructive proof, should it follow that in [20],

would not be enough to prove any strengthening of the theorem.

Theorem 3.9.3. Let (G, ¢) be a I'-symmetric looped simple graph with the property
that every vertex of G is incident with at least 1 loop, and (G,p,q) be an isostatic
7(T)-symmetric framework in R3. Then (G, ¢) is 7(T')-3-tight and Ks-free.

Proof. We know G is ['-symmetric and that it is 3-sparse and Kj-free by Theorem
2.4.3. That the constraints in Table 3.12 are satisfied follows immediately from
Corollary 3.9.1 for the groups C;, Cs, C3, C;. For Cy, we recall any vertex fixed by
either ¢y or ¢4 is fixed by both, and lies on the axis of rotation. Any edge fixed by
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¢4 must have endpoints both fixed, and thus is fixed by ¢y. Any loop fixed by ¢4
will represent a plane perpendicular to the rotation axis; such planes will be fixed
by, and have their normals preserved by, c;. Hence Iy 4 = 4. The other conditions
in the table come from the corollary. For Cjg, since vg = 0, there are no vertices on
the axis of rotation, so v, and vz are also zero. As a result, there are no fixed loops,

and therefore the equation for ¢y in Corollary 3.9.1 gives ey = 0.

For dihedral groups we check if any of the constraints from Corollary 3.8.1 are
mutually exclusive. For groups C,,, it is reasonably easy to check that the con-
straints do not conflict, as there is no requirement for the edges, loops and vertices
fixed by a rotation to be fixed by the reflection. For groups C,,;, any vertices fixed
by the rotation will be fixed by the reflection. One should consider whether loops
fixed by the rotation will have mirror image loops, or are fixed by ¢’. In the later
case, one would need to consider whether the normals are preserved or inverted.
Additionally, s, € C,, so the fixed elements of improper rotations should also be
considered. However, after inspection it can be seen that the constraints are not

mutually exclusive.

For rotation-reflection groups Sy and Sg, we first observe the possible loop and
vertex fixed by s; would be fixed by ¢, and the image of any ¢, fixed element under
s4 would still be fixed by cy. This does not lead to any further constraints. Recall
s2 = c3 and si = ¢. The vertex fixed at the origin must have 3 loops fixed by the
inversion. These loops must be formed from a single orbit by sg or c¢3. Vertices on
the axis of rotation fixed by c3 will have an image under ¢ which is also fixed by cs.

None of these conditions are mutually exclusive. O

We remark that the fixed element conditions for a C,-3-tight graph have non-
zero solutions. For example, v =2, e3 =e4 =1, oy =4 = 1, I = 4. Indeed, we

may construct a graph with exactly these fixed elements (see Figure 3.1).
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IS

Figure 3.1: A C4-3-tight, T’ = {id,v,~?,+*}-graph, with 7(7) = ¢4. All elements are
fixed by v2. We note v fixes the vertices, the edge, and the + marked loop, and
transposes the — marked loops at each vertex.

3.10 Linearly constrained frameworks in higher

dimensions

We finally look at d-dimensional linearly constrained frameworks for some symmetry
operations and a selection of the symmetry groups they generate. In this section,
we use Schoenflies notation outside its intended application of symmetries in two
and three dimensions. Indeed, this limits the symmetries that can be discussed. For

example in R*, we would not be able to describe the symmetry given in the matrix

cos(3)  —sin(%) 0 0
A sin(3)  cos(&) 0 0 |
0 0 cos(5) —sin(%)
0 0 sin(5)  cos(%)

representing a double rotation, with one threefold rotation in the zy-plane and a
fourfold rotation in the zw-plane. For a complete description of symmetry operations
in higher dimensions, one may turn to Coxeter notation. The symmetry operations
we consider are rotations around an axis by an angle 27”, ¢n, for n € N reflections in
a hyperplane, denoted by o, and improper rotations around an axis by an angle 27”,

denoted by s,, n > 2. Unlike for d = 3, s, is not the inversion ¢ in the origin.

Again we begin with comments about x(Pg 1) for each symmetry operation. We

recall that loops represent constraining a point to a hyperplane. We further note that

72



an axis of rotation in d-dimensional space would be a (d — 2)-dimensional subspace.
For ¢,, a fixed loop would lie on a vertex along the axis of rotation. Any (d — 1)-
dimensional constraint could contain this axis of rotation, or contain the plane of
rotation. If the hyperplane contained the axis, the normal would lie in the plane of
rotation and therefore would be inverted by ¢o; again we count these fixed loops with
lo,_. Higher order rotations do not preserve the hyperplane in this case. Conversely,
when the constraint hyperplane contains the rotation plane, its normal is preserved
by co and ¢, generally, and we count these loops with l, . and [,, respectively. For
higher order rotations, fixed vertices again lie on the axis of rotation. For improper
rotations, the only fixed point is the origin. Higher order improper rotations only
fix hyperplanes through the origin containing the plane of rotation, and s, inverts
the normal of these planes. The inversion fixes any hyperplane through the origin,
with the the normal being inverted. A hyperplane can be fixed by a reflection if the
constraint plane is the mirror plane, which inverts the normal and we count with
ly—. Alternatively when the constraint plane is orthogonal to the mirror plane the
normal would be preserved, and we count these fixed loops with [, ;.

We can give the entries for x (7 ® Py) by reading immediately from the matrices,
and so we are ready to give the character table for symmetry operations of R%. We
have omitted the column for the identity, in which x(Pg)(id) = |E| + |L| and
X(T® Py)(id) = d|V].

Rd Co Cn Sn ' o
X(PE,L) €2 + 12,+ - 12,7 €n + ln €sn — ls,n 64,9 - l«p €o + la,+ - la,f
X(T® Py) vg(d — 4) Un(QCOS(%r) +d-2) vs,n(2cos(27’;) +d—4) | —dv, Ve (d — 2)

Table 3.15: Character table for some symmetry operations of R

Corollary 3.10.1. If (G, p, q) is a 7(T)-symmetric isostatic framework in R?, then
the following hold,

° Zf Co € T(P) then ey + l2,+ = (d — 4)1]2 + ZQ,,,'
e ifcg € T(F) then ez + I3 = (d — 3)’113,'

° Zf C4 € T(F) then ey + Iy = (d — 2)’04,’
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o ifcg € 7(I') then eg,lg,vs = 0;

o if so€7(T) then eso — ls0 = (d — 6)vs;

o ifs3e€7(I) then esz — ls3 = (d — 5)vs3;

o if sy €7() then esq — lsq = (d — 4)v54;

o if s¢ € T(I') then esg — ls6 = (d — 3)vsg;

o ifoe7(l) thene, + 1, = (d—2)vy + 1o
o if per(l') thene, =0, l, = dv,.

Furthermore, 7(I') is impermissible if it contains symmetries which cannot be gen-

erated by those listed above.

Proof. By Theorem 2.5.1, the rational values for cos(%”) aren = 1,2,3,4,6, hence
these are the orders of the rotations we take interest in (n > 2). We can read the
relationships between fixed edges loops and vertices from Table 3.15 immediately for
o, C3, S9, 0, since they do not generate other symmetry operations. However, for
an isostatic framework in R? there can be at most d loops at any vertex, rearranging
the equation for the inversion gives I, = e, + dv,, and so e, = 0. As (¢4)* = cq,
anything fixed by ¢4 must be fixed by cy. Vertices and hyperplanes counted by I
fixed by ¢, must be fixed by ¢4, however hyperplanes counted by l, — and edges with
endpoints not fixed are not fixed by c;. Reading from the table, with the additional
information that es+1l5 ;. > es+14, gives the added condition that 2v, <y _, and the
conditions are not contradictory. (cg)? = c3, the table gives that eg + Il = (d — 1)vg.
We recall that any vertex, edge or loop fixed by a rotation of order n > 3 will be fixed
by all rotations of order n > 3. Therefore e3 413 = e+ g, and (d — 1)vg = (d — 3)vg,
which gives us eg,ls,v6 = 0. We note that (s3)* = c3, any hyperplane, vertex or
edge fixed by s3 will also be fixed by c3. On the other hand, there can be loops,
vertices and edges fixed by c¢3 which are not fixed by s3. The conditions in the
table for s3 and c3 then are not mutually exclusive. Further, (s3)® = o, with
es3 < €p,ls3 <l,_,vs3 < v,, which also does not restrict the conditions from the

table. We then have that (s4)? = ¢, and by geometry es4 < e9,ls4 < loy, 54 < Vo,
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which does not further restrict the equations from Table 3.15. Finally (56)2 = ¢3 and
(s6)> = s9. Any element fixed by sg will be fixed by s, and c3, and any vertex fixed
by s9 is also fixed by s¢. However, so can fix edges and loops which sg does not, so
the equations are not mutually exclusive. Likewise, elements fixed by c3 need not

be fixed by sg, so we do not obtain further constraints on the sg symmetry. O]

We note that for s, there are (d — 2) possible hyperplanes that can be fixed,
hence the can be at most one fixed vertex at the origin, and [5,, < (d — 2)v,,,.

Unlike in the previous sections where we gave all groups that could be generated
from our symmetries, and containing only symmetries which have isostatic frame-
works, this is not possible for general dimensions. Instead we give some examples
of symmetry groups most likely to be of interest in future research, due to their
commonly occurring nature in lower dimensions, smaller group size, and potentially
simpler to establish combinatorial characterisations. Therefore, we will consider

7(I')-symmetric isostatic framework in R?, with

Cs ={id, o}
02 = {ld, CQ}

() = 4 Cs = {id, ¢35, 3}
Cy = {id, ¢y, c9,C3};
Ce = {id, cg, c3, c2, Ca, B };

\54 = {ld, S4, C2, Si}

As in Section 3.9, we extend Theorem 2.4.3 to apply under the presence of
the symmetries listed above. We say that (G, ¢) is 7(I')-d-tight if it is d-tight,

I'-symmetric and satisfies the relevant constraints in Table 3.16.

Theorem 3.10.2. Let d > 4 be an integer, (G, ¢) be a I'-symmetric looped simple
graph with the property that every vertexr of G is incident with at least LgJ loops,
and (G, p,q) be an isostatic T(T')-symmetric framework in RY. Then (G, ¢) is 7(T)-
d-tight and K4y o-free.
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7(I") | Number of edges, loops and vertices fixed by symmetry operations
C, eo +lotr = (d—2)v, + 1, —
C; e, =0, l, = dv,

Cy Vg + €9 + l27+ = lg’,

03 €3, lg =0

04 Vg = Uy = €4 + l4, l27+ = l4, Vg + €9 + l27+ = l27_
CG ei,li,’UZ‘ZOfOI'Z':2,3,6

S4 €s,4 — ls74 = (d — 4)1)574, €s + 127_;,_ = (d — 4)’02 + 127_

Table 3.16: Fixed edge, loop and vertex counts for symmetry operations in R<.

Proof. We know G is ['-symmetric and that it is d-sparse and K4, o-free by Theorem
2.4.3. That the constraints in Table 3.16 are satisfied follows immediately from
Corollary 3.10.1 for the groups Cy, Csy, C5, C;. For Cy, we recall any vertex fixed by
either ¢y or ¢4 is fixed by both, and lies on the axis of rotation (which we recall is a
(d—2)-dimensional subspace). Any edge fixed by ¢, must have endpoints both fixed,
and thus is fixed by c¢o. Any loop fixed by ¢4 will represent a hyperplane orthogonal
to the rotation axis; such planes will be fixed by, and have their normals preserved
by, co. Hence ly y = l4. The other conditions in the table come from the corollary.
For Cg, since vg = 0, there are no vertices on the axis of rotation, so v, and v3 are
also zero. As a result, there are no fixed loops, and therefore the equation for ¢y in
Corollary 3.10.1 gives e; = 0.

For the rotation-reflection groups Sy, we first observe any loop or vertex fixed
by s4 would be fixed by ¢y, and the image of any ¢, fixed element under s, would

still be fixed by ¢o. This does not lead to any further constraints. O]

We conclude with a remark on the limitations of the approach of using looped
simple graphs as above. In our work we remained consistent with previous literature
on the topic. However, once combining linearly constrained frameworks with a
symmetry action on the graph, cases arise which appear special in this setting,
although might not be special for symmetric linearly constrained frameworks in
general. In particular, this special case concerns points fixed by the symmetry,
which also have linear constraints present. In our view of loops at a vertex, the
symmetry forces the number of loops to be a factor of the order of the group. For

example, in Section 3.8, Cy presents as a special case for the number of edges, loops
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and vertices fixed by symmetry operations.

An alternate approach could be to keep a linear space of equations at each vertex,
rather than loops in the graph structure, and look at maps between them as a I'-
representation. This or a similar view, will lead to a generalisation where the linear
constraints are not symmetric and would add a level of complexity warranting study

as a new project.
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Chapter 4

Isostatic Frameworks on the

Cylinder

4.1 Rigidity preserving operations

Given a 7(I')-symmetric isostatic framework on Y, in this section we will construct
larger 7(I")-symmetric isostatic frameworks on Y. To do this we introduce symmetry-
adapted Henneberg-type graph operations. These operations are depicted in Figures
4.1, 4.2 and 4.3.

Where it is reasonable to do so, we will work with a general group T' = {id =
Y0y Y1y - - -5 Ye—1 )y and we will write yv instead of ¢(7x)(v) and often v (z,y, z) or
(x®) 4y ®) 2®)) for 7(v;)(p(v)) where p(v) = (z,y,2). For a group of order two, it

will be common to write v' = y(v) for v € T\ {id}.

// \\ r \\ // \\ r \\
4 \ 4 \ 4 \ \
4 o \ \ 4 . \ N
4 \ i \ i \ 4 \
i \ i \ i \ i \
| e« 1 __ ! | | o ! |
e ) | ) | ) | )
\ / \
/ \
(] 7 N
,
>
_

/
\ / \ / \
\ ° ’ \ \
N 7 N 4 N
< o < <

/

N
~
~ - /

D T [ T T (%

Figure 4.1: Symmetrised 0- and 1-extensions adding new vertices v and v' in each
case.
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Figure 4.2: The symmetrised vertex-to-Kj4 operation (in this case expanding the
degree 3 vertices v and v').
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Figure 4.3: The symmetrised vertex-to-C; operation. In this example each of the
split vertices had degree 6 and the corresponding two new vertices have degree 4
each.

In each of the following operations we have a ['-symmetric graph (G, ¢) for
a group ' of order ¢ and define a new T'-symmetric graph (G*,¢"). We write
G = (V,E) and G" = (VT,ET). Forall y € T'and v € V, ¢ (7)v = ¢(y)v.
A symmetrised 0-extension creates a new I'-symmetric graph G by adding the ¢
vertices {v,vyv,...,v—1v} with v adjacent to two vertices, say v;,v; € V, and for
each k € {1,...,t — 1}, v adjacent to y,v;, 1v;. Let e; = 23y, 0 < i <t —1 be
an edge orbit of G of size t under the action of I'. Further let zy # g, yo and let
2z =Yizofori=1,...,t—1. A symmetrised 1-extension creates a new I'-symmetric
graph by deleting all the edges e; from G and adding ¢ vertices {v,yv,...,v—1v}
with v adjacent to xg, yo and zg, and y;v adjacent to x;,y; and z; fori =1,... t—1.
A symmetrised vertex-to-Cy operation at the vertices w,yw,...,V;_1w, creates a
new [-symmetric graph GT = (V1 ET) where VT =V U{u,...,v_1u}. The edge
set changes such that if w is adjacent to vy, ..., v, in G, v1, vy are adjacent to both

w and the new vertex u, with vs, ..., v, adjacent to one of w or v in E*, so that

80



symmetry is preserved. Similarly ~v,vq, yxve are adjacent to both vyw and ~,u and
ViUs, ..., VU, are adjacent to one of yyw or ypu in GT. A symmetrised vertez-to-
K4 operation at the vertices w,y,w,...,v_1w, creates a new ['-symmetric graph
Gt with V* = V U {ag, by, co,---,a1,bs_1,¢1}, where for each 1 < i < ¢ — 1,
Yiao = a;,Yibo = b;, vico = ¢;. If in G the vertex w is adjacent to vy, ..., v,, then v;
is adjacent to some d; € {w,a,b,c} in GT for each i. Similarly y4v; is adjacent to
~rd; for all k. Finally, we let GT[w, ag, by, co] = Ky and Gt [y;w, a;, b;, 1] = Ky for
all 7.

For I' = Z,, we introduce special cases of symmetrised extensions above. A
symmetrised fized-vertex 0-extension, adds a single degree two vertex v that is fixed.
The neighbours of the new vertex are not fixed, but are images of each other under
the non-trivial group element. A symmetrised fized-vertex-to-Cy operation at the
fixed vertex w creates a new graph G = G + u, where u is also a fixed vertex. The
edge set changes such that if w is adjacent to vy, ..., v, in G, then vy, vy are adjacent

to both w and the new vertex u, with vs, ..., v, adjacent to one of w or u in E™.

4.1.1 Henneberg extensions

To make the geometric statements in this section as general as possible, we some-
times show that the graph operations preserve 7(I')-independence and sometimes
7(I")-rigidity depending on the proof strategy. Note that for some symmetry groups

7(I'), there are no 7(I')-isostatic graphs and hence this distinction is important.

Lemma 4.1.1. Suppose (G, ¢) is T-symmetric. Let (G, ¢T) be obtained from (G, ¢)
by a symmetrised 0-extension such that v; and v; are not fived vertices and v; # y,v;
for any k. If G is 7(T')-independent (isostatic) on 'Y, then G* is 7(I')-independent

(isostatic) on Y.

Proof. Write Gt = G + {v,...,%_1v}, and let v € V* be adjacent to v;,v;,
and for each k£ € {1,...,t — 1}, vv adjacent to v, y4v;. Since G is 7(I')-
independent on Y we may choose p so that Ry(G, p) has linearly independent rows.
Define p* : V* — R? by p™(w) = p(w) for all w € V, p™(v) = (2,y,2), and
pH(yw) = (@® y® 20 Write p(vi) = (24,9, 21), p(v;) = (24,9;,2). Then,
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Ry(G*,pT) =

Ry(G,p)
rT—Ti Y—Yi z2—4%

T—T; Y—Y; Z—2% 0

a® — g™y Bk R
) e 0

and hence the fact that Ry(G™,p™") has linearly independent rows will follow once
each 3 x 3 submatrix indicated above is shown to be invertible. For the first such
submatrix, one can see that is the case unless p(v;) lies on the intersection between
the cylinder and the plane A = {(z,y, 2) + a1(x,y,0) + as(z — x4,y — yi, 2 — 2) }.
Note that the hypotheses of the lemma guarantee that p™ can be chosen to avoid this
case. Since each 7(7;) is an isometry, all of the other ¢ — 1 remaining submatrices
are also invertible, and so rank Ry(G™,p") = rank Ry(G,p) + 3t. Hence, if G is
7(I')-independent on the cylinder, so is G*. As the operation preserves sparsity

counts, the above holds for isostaticity O]

We note that p(v;) could belong to the plane A in the above proof when v, v;, v;
are in special positions. Hence when some of v, v;,v; are fixed by the symmetry or
are images of one another under the symmetry, a symmetrised 0-extension may not
preserve rigidity. In the following remark we note two cases when such symmetry

exists but Ry(G™,p™") has full rank.

Remark 4.1.2. For a Zs-symmetric graph G and symmetry group 7(I') = C, let
G* be defined in either of the following ways:

e let Gt = G + {v} be obtained by a symmetrised fixed-vertex 0-extension,

e let G = G+{v,v'} be obtained by a symmetrised 0-extension, where N(v) =
{Ui, Uj} = N(U’).
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If G is Cs-independent (isostatic) on Y then G is Cs-independent (isostatic) on
Y.

Lemma 4.1.3. Let (G, ) be a T-symmetric graph, and (G*,¢1) be obtained from
(G, ) by a symmetrised 1-extension. If G is 7(I')-rigid (isostatic) on'Y, then G is
7(I")-rigid (isostatic) on'Y.

Proof. Let G be obtained from a symmetrised 1-extension on G, that is by deleting
the edges {vyva, ..., 7-1(v1v2)}, and adding the vertices {vy, ..., v—1v0} where vy is
adjacent to vy, ve,v3 and each vy is adjacent to v;v1, Yiv2, vivs. Let (G, p) be com-
pletely T-regular on Y and define p™ = (po, p—1 = M (Po),-- -, P—t+1 = Y—1(Po), P),
where (G*,pT) is completely I'-regular. Suppose for a contradiction (G*,p™) is
not infinitesimally rigid on Y. Then any 7(I")-symmetric framework of G* on Y
will be infinitesimally flexible. We will use a sequence of 7(I')-symmetric frame-
works, moving only the points {po,...,p_t+1}. First let a,b be tangent vectors at

p1, with b orthogonal to p; — py and a orthogonal to b. Let ((G““,pj))j?“;0 where

P =0 0t = Y1 (p)), p) is so that

Yi(p1) — % (ph)

i (p1) — % (P)) ]

— Yia

as j — oo, for each i € 0,...,t — 1. The frameworks (G*,p’) have a unit norm
infinitesimal motion u’ which is orthogonal to the space of trivial motions. By the
Bolzano-Weierstrass theorem there is a subsequence of (u/) which converges to a
vector, u* say, also of unit norm. We can discard and relabel parts of the sequence
to assume this holds for the original sequence. Looking at the limit (G, p™),
write u™ = (ug®, ..., u 1, U1, U, . .., Uy), P = (D, ..., %41, P1,D2, - - ., Pn) With
7 (p) = 7vi(p1) for each i.

We show that (uj,us) is an infinitesimal motion of the bar joining p(v;) and
p(vg). Since p{; converges to p; in the a direction, the velocities u; and ug® have the
same component in this direction, so (u; —ug°) - @ = 0. Then u; — u§® is tangential
to Y at p1, and orthogonal to a, so it is orthogonal to p; — pe. Also, us — uf® is
orthogonal to p; — po. Subtracting one from the other gives u; — us is orthogonal to

p1 — p2, which is the required condition for an infinitesimal motion.
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D2

b1

Figure 4.4: Tangent vectors a, b in relation to the edge vivs.

Once again looking at (G, p), we know the infinitesimal motion u = (uy, us, . .., uy)
is a trivial motion. In order to preserve the distances d(pg°, p2) and d(pg°, p3), ug®
is determined by wus and wus. Similarly u™; is determined by the motion vectors of u
which are present on the neighbours of v;pg, for all 1 < <t —1. We now see that
ud® agrees with u; and so u™ is a trivial motion for (G*,p>). However, since u* is
a unit norm infinitesimal motion and orthogonal to the space of trivial motions, we

have reached a contradiction. O

4.1.2 Further operations

For a graph G and pairwise vertex disjoint subgraphs Hi, ..., Hy of G, write G //{ H;}*_,
for the graph derived from G by contracting each of the subgraphs Hy, ..., Hy
to their own single vertex. The resultant graph G//{H;}}_, will have |V (G)| —
S (V(Hy)| — 1) vertices and |E(G)| — Y25, |E(H,)| edges. When k = 1 we will

sometimes use the more common notation G/ H;.
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Lemma 4.1.4. Suppose (G, ¢) is I'-symmetric and H < G is a copy of K. Further,
suppose for all v € T'\ {id}, we have that V(H) NV (yH) = 0. If G/ /{~:(H)}.Z} is
7(I)-isostatic on Y, then G is T(I')-isostatic on Y.

Proof. Let |[V| = n and (G,p) be a 7(I')-symmetric framework on Y which is
completely I'-regular. Further, let the vertices of H be z,y,z,w. Suppose p =
(p(v1),...,p(vy,)), labelling so that

V(%(H)) = {%'IU = V4i+1, ViY = V4542, Vi% = V4543, ViW = U4z’+4}

for each i = 1,...t — 1. Define a set of graphs {G;}}_, by

G//{mH)}YZ) ifj=0,...t—1;
G, =
G if j =t

where 79 = id. We want to show by induction that for 0 < j <t —1, if Gj is
isostatic on Y, then Gj;, is isostatic on Y. Then repeating this method, we show
G := G will be isostatic and 7(T')-symmetric on Y. For each 0 <1 <t — 1, let the
vertices Vg1, Vaito, Vaits, Vaira in G contract to vy in {Go,...,Gi_1}.} We start

by writing
R%(VO(H%M’YO(H)) 0
M (p) Ms(p)

RE(G17P|G1) =

where Ms(p) is a square matrix of size 3(n —3t—1), since |V (G1)| =n—3(t—1) and
so Ms(p) has 3(n—3(t—1)) — 12 columns, and |E(G;)| = |E|—6(t—1) = 2n—6t+4
so Ms(p) has 2n—6t+4+ (n—3(t—1)) — (6+4) rows. For a contradiction, suppose
that G is not 7(I")-isostatic. Then there exists a non-trivial infinitesimal motion m

of (G1,plg,). Since (H,p|y) is infinitesimally rigid on Y, we may suppose that

m = (O, 0,0,0,m5,m9, cee s Mgy 1, Myt2, - - - ,mn).

In the graph Gj, j can be seen as a count on the number of Ky copies of H that are not
contracted.
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Consider the realisation (G, p) such that

f) = (p(vl),p(’Ul),p(vl),p(vl),p(v5),p(vg), cee 7p(v4t+1)7p(v4t+2)a s >p(vn))

and define (G, p*) by letting

p* = (p(v1), p(vs), p(vo), - -, P(Vary1), P(Varta), - - - s P(Vn)).

By construction (G, p*) is completely I'-regular, so it is 7(I")-isostatic on Y. Now,
M, (p) is square with the nonzero vector (ms, mo, ..., Mygi1, Magr2, - - -, My) € ker Ma(p).
Hence rankMs(p) < 3(n—3t—1). Since (G, p) is completely I'-regular, we also have
rankMs(p) < 3(n — 3t — 1) and hence there exists a nonzero vector m € ker Ms(p).
Therefore we have

i} 0 p(v1) 0 0

R%J (G07 p ) = = Oa
m *  My(p) m

contradicting the infinitesimal rigidity of (Gy,p*). We continue the above process

inductively, writing Ry(G;,p) as

RH(ijl(H%p"Yj—l(H)) 0
Li(p) La(p)

where Ly(p) is a square matrix of size 3(n—3(t—j)—4). From the same contradiction
argument as before, we have that (Gj,p) is isostatic, and by noting that G, will be

7(I")-symmetric, we finish the proof. ]

The proof of the following lemma works with a similar strategy as is applied in
Lemma 4.1.4. For the first bullet point of the lemma, for a C;-symmetric graph, we
additionally need to perform a (non-symmetric) O-reduction on the vertex resulting

from the contraction of G;.

Lemma 4.1.5. Suppose (G1,¢1) and (G, p2) are I'-symmetric graphs with G, =
(‘/I;El) and G2 = (‘/Q,Eg)
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o For7(I") = C;, let (G, ) be the I'-symmetric graph with V(G) = V3 UV, and
E(G) = By U EyU{ey, ea}, and ¢ defined so that ¢(y)|v, = ¢i(7y) fori=1,2
and all v € T'; additionally e; = xy,es = 'y for any x € Vi, y € Vs.

o Fort(I') € {Cy, Cs}, suppose Gy has a fized vertex v with neighbours xy, 2}, ..., Tk, ).

Define (G, ¢) to be the I'-symmetric graph with vertex set V.= V1UVo\{v}, and
edge set E obtained from Ey U Ey by deleting the edges vay,vxl, ... vy, vx),
and replacing them with the edges x1y1, ¥y, ..., Tryk, 2y}, for some not nec-
essarily distinct y1,Y1, -, Yk Y € Vi, and ¢ being induced by ¢, po, similar

to the above.
If Gy and Gy are 7(I')-rigid (isostatic) on'Y, then G is 7(I")-rigid (isostatic) on Y.

Proof. We prove the two statements simultaneously. Let |V| = n and (G,p) be a
completely 7(T')-regular framework on Y. Put p = (p(v1),...,p(v,)) labelling so

that V4 = {vy,...,v.} and Vo = {v,11,...,v,}. Asin Lemma 4.1.4, we write

R%<G1=p’G1) 0
M (p) M>(p)

R%(G7p) =

where My(p) is a 3(n—r) square matrix. We repeat the same arguments as before to
show G is rigid. For a contradiction, suppose that G is not rigid. Then there exists
some non-trivial infinitesimal motion m of (G, p). Since (G4, p|q,) is 7(I')-rigid on Y,
we may suppose that m = (0,...,0,m,,1,...,m,). Consider the realisation (G,p)
such that p = (p(v1),...,p(v1),p(Vrs1),...,p(vy,)) and define (G/G1,p*) by letting
p* = (p(v1),p(Vr41)s ..., p(vy)). By construction (G/G1,p*) is completely regular,
so (G/G4,p*) is independent on Y.

Now, M,(p) is square with the nonzero vector (my, m,i1,...,m,) € ker My(p).
Hence rankMs(p) < 3(n — r). Since (G/G4,p*) is completely 7(I")-regular, we also

have rankMs(p) < 3(n — r) and hence there exists a nonzero vector m € ker My(p).

Therefore we have
. 0
(Ry(G/th )) R = - 07
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contradicting the rigidity of (G/Gy,p*). Note that in the C;-symmetric case, G/G;
is the graph obtained from G5 by a (non-symmetrised) 0-extension. Hence, we know
that if G; and Gy are 7(I')-rigid on Y, then G /G is rigid and so G is 7(I")-rigid. As

the operation preserves sparsity, the above also preserves isostaticity. O

Recall that the normal to the cylinder, which we write as ny, acts on a point
(x,y, z) of the cylinder by ny(x,y,z) = (z,y,0). As our focus in this chapter is on

the cylinder, we will simply write n(w) for the normal at the point w.

Lemma 4.1.6. Let (G,p) be a 7(I')-symmetric and independent (isostatic) frame-
work. Let w € V' be adjacent to vy, ..., v,. Suppose that p(w) — p(vy), p(w) — p(vs),
and n(w) are linearly independent. Let (G, ¢™) be obtained by performing a sym-
metrised vertex-to-Cy operation at the vertices w,yiw,...,v_1w. Let p™(v) = p(v)
for allv e V\{yw |k e€{0,...,t —1}}, and p*(yw) = pt(yu) = p(ypw) for all
k. Then (G*,p*) is independent (isostatic).

Proof. We will construct Ry(G*,p™) from Ry(G,p) by a series of matrix row oper-
ations. We first add 3t zero columns to Ry(G,p) for the new vertices {y,u}. Then
add 3t rows to this matrix, for the edges Yyuvyiv1, yruyrv2, and the normal vectors
to the surface at the points p(yxu). Since p(w) — p(v1), p(w) — p(ve), n(w) are lin-
early independent (and, hence, so are each of the p(yvrw) — p(yxv1), p(yw) — p(Yxv2),
n(ypw)), rank Ry (G, p*) = rank Ry(G, p) +3t. This gives the matrix M of the form:

* p(w) = p(v1) 0
* pw) = p(va) 0
* p(w) = p(v;) 0
M= * 0 p(u) —p(v1) |
* 0 p(u) — p(v2)
* n(w) 0
* 0 n(u)
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where the columns given are for the vertices w and u, and rows given for the edges
w1, Woe, WU, UVT, Uy and normal vectors to the surface at w and u. There would
be similar columns for each pair y,w and ~,u. This is the rigidity matrix for a
graph generated from G by a 7(I')-symmetric vertex-to-Cy operation where v;w is
an edge for all 3 < i < r. We wish to show that removing the edges {vpwyxv; :
k =0,...,t —1} and replacing them with the edges {yzuyzv; : k = 0,...,t — 1}
preserves 7(I")-independence.

Since p(w) — p(v1), p(w) — p(v2), and n(w) are linearly independent and span

R3, there exists a, 3,7 € R such that

p(w) — p(v;) = a(p(w) — p(v1)) + Bp(w) — p(v2)) + yn(w).

Hence we perform row operations as follows. From the row of wwv;, subtract «a
multiples of the row of wvy, § multiples of the row of ww,, and v multiples of the
row for the normal vector of w. Then to the row of wv;, add o multiples of the row of
uvy, B multiples of the row of uvy, and v multiples of the row for the normal vector of
u. Since p(w) = p(u), when we do this to every neighbour v; of u, and similarly y;v;
of yxu (since all 7(7;) are isometries of R? that preserve the cylinder, the same «, 3, v
work for the symmetric copies) in G, we obtain Ry(G*,p™). The row operations
preserve 7(I')-independence, giving the desired result. As the operation preserves

sparsity counts, the above preserves isostaticity. O

When considering Cs-symmetric frameworks, we will use a special case of Lemma 4.1.6

which we record in the following remark.

Remark 4.1.7. Let (G,p) be a Cs-symmetric and independent (isostatic) frame-
work with w € V fixed by ¢ and adjacent to vy, ..., v,.. Suppose that p(w) — p(vy),
p(w) — p(v]), and n(w) are linearly independent. Let G* be obtained by performing
a symmetrised fixed-vertex-to-Cy operation at w, so that vy, v] are adjacent to both
w and the new vertex u also fixed by o in G*. Let p™(v) = p(v) for all v € V, and
pT(u) = p(w). Then (G, p") is independent (isostatic).

For the case when the group is Cs, we will need one more operation. A double

1-extension on a Zo-symmetric graph G is the combination of two non-symmetric
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Figure 4.5: A double 1-extension which deletes a fixed edge, and adds a new fixed
edge between two degree 3 vertices.

l-extensions: the first creates a new graph Gt by removing a fixed edge e = vv’
of GG, adding a new vertex, say w, of degree three adjacent to v, v’ and some other
vertex y; followed by another non-symmetric 1-extension on G, namely removing
wv’ and adding a new vertex w’ with 3 incident edges chosen so that v = ¢(v). See

Figure 4.5.

Lemma 4.1.8. Let (G, ¢) be a I'-symmetric graph (where I' = Z, ), with fized edge
w'. Let (G, ¢") be the graph with vertex set V' = V + {w,w'}, and edge set
Et = E — vV + {wv,wy, v, vy, ww'}, ¢T(y)|y = &) for all v € Zs. If G is

Cy-rigid (isostatic) on the cylinder then G is too.

Proof. Let G be obtained from a double 1-extension on G, that is by deleting the
edge vv’, and adding the vertices w, w’ where w is a node adjacent to v, y, w’ and w’
is adjacent to v’,y’,w. Let ¢ = 7(y) be the half-turn in 7(I") (recall that previously
¢ was called either ¢y or ¢, depending on the position of the rotational axis relative
to the cylinder). Let py and ¢(po) be the positions of the vertex w and its symmetric
copy. Let (G, p) be completely T-regular on Y and define p* = (pg, p_1,p), so that
(G, p") is completely I'-regular. We let p(v) = p1, p(v') = p2 = c(p1), p(y) = ps,
and p(y') = ps = c(ps)-

Suppose for a contradiction that (G*, p™) is not infinitesimally rigid on Y. Then
any 7(I")-symmetric framework of G on Y will be infinitesimally flexible. We will
use a sequence of 7(I')-symmetric frameworks, moving only the points {po, c(po)}-
Let T denote the tangent plane to Y at p;. Choose a and b to be orthogonal vectors
in T such that b is orthogonal to p; — py and a orthogonal to b. Let ((G™,p7))52, be
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a sequence of frameworks where p/ = (p, ¢(p}), p) is taken so that

o) )
(o) — e (wd) |

as j — oo, for each i € 0, 1. The frameworks (G, p?) have a unit norm infinitesimal
motion u? which is orthogonal to the space of trivial motions of Y. By the Bolzano-
Weierstrass theorem there is a subsequence of (u/) which converges to a vector, u™
say, also of unit norm. We can discard and relabel parts of the sequence to assume
this holds for the original sequence. For convenience, in an infinitesimal motion
u, we will denote the instantaneous velocity at ¢(pg) by u_;. Looking at the limit
(GT,p™), write u™® = (uf®, u, u1, Usg, . . ., Up), p° = (P, c(DF), P1, P2, - - -, Pn) With
py¥ = p1 and ¢(pg°) = pa.

We show that (uq,us) is an infinitesimal motion of the bar joining p(v) and p(v').
Since py converges to p; in the a direction, the velocities u; and u{® have the same
component in this direction, so (u; — ul’) - @ = 0. Then u; — ud® is tangential
to Y at p;, and orthogonal to a, it must be orthogonal to p; — p. Similarly, ¢(po)
converges to ¢(p1) = ps in the c(a) direction, the velocities uy and 4> have the same
component in this direction, so (us — u®}) - ¢(a) = 0. Then uy — u is tangential
to Y at pe, and orthogonal to c¢(a). Hence, us — u® must be equal to £¢(b), and
orthogonal to po — p;. As there is a bar joining p(w) = p° and p(w') = c(pg),

ug® — u2 is orthogonal to p; — p2. We may express this as

(ug — ug, P1 —p2) = <U80 —u, 1 —p2> = (uX, —ug,p1 — pa2) = 0.

It follows from summation of the above, that (u; — ug, p; — pa) = 0, which is the
required condition for an infinitesimal motion.

Once again looking at (G, p), we know the infinitesimal motion v = (uy, ug, . .., uy,)
is a trivial motion. In order to preserve the distance d(pg°, ps), us® takes one of two
values, representing rotating or translating the bar between p(w) and p(y). Addition-
ally, (u;—ug®)-a = 0 determines ug°. Similarly, u* is determined by d(c¢(pg°), ps) and
(ug —uy) - v2a = 0. Finally, since (ug® —u, p3® —c(p®)) = 0, (u; —ug, p1 —p2) =0,

and pg° = p1, c(py°) = p2, we have that ui® agrees with u; and u> agrees with uo,
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so u™ is a trivial motion for (G, p>). This gives a contradiction since u™ is a unit

norm infinitesimal motion orthogonal to the space of trivial motions of Y. m

4.2 Symmetric isostatic graphs

In the next four sections we prove our main results on the cylinder. These are
combinatorial characterisations of when a symmetric graph is isostatic on Y for the
symmetry groups C; = {id, ¢}, Cy = {id, ¢y} and Cs = {id,o}. These results give
a precise converse to the necessary conditions developed in Section 3.3 and utilise
the geometric operations of the previous section. In order to prove the results we
need to develop some combinatorics. In this section we work as generally as possible
among the three groups. Then the three subsequent sections specialise one by one

to the specific symmetry groups.

4.2.1 Base graphs

Consider the inversion symmetry group C;. It follows from Theorem 3.3.4 that the
graphs we need to understand are Cj-symmetric graphs which are (2, 2)-tight and
have no edges or vertices fixed by the inversion ¢. Henceforth we shall refer to
such graphs as (2,2)-C;-tight graphs. Similarly, graphs which are (2,2)-sparse and
Ci-symmetric shall be referred to as (2,2)-C;-sparse. Figure 4.6 shows the two base
graphs for the class of (2,2)-C;-tight graphs; we will call the graph on six vertices
(F1, ¢1), and the graph on eight vertices (Fy, ¢g), where for v € Zy \ {id}, ¢1(y) and
¢o(7y) do not fix any vertices or edges of F} and F, respectively.

(F1, ¢1) (F2, ¢0)

Figure 4.6: The C;-symmetric base graphs, with inversion through the centre of each
graph.

Instead consider the half-turn symmetry group C5. By Theorem 3.3.4, a Cs-

isostatic graph is (2,2)-tight and has two fixed edges and no fixed vertex, or no
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fixed edge and one fixed vertex. Hence a graph is called (2,2)-Cs-tight if it is (2, 2)-
tight, Co-symmetric and contains either two fixed edges and no fixed vertex, or no
fixed edge and one fixed vertex. Similarly, graphs which are (2,2)-sparse and Cy-
symmetric shall be referred to as (2,2)-Cs-sparse. In Figure 4.7, we show four small
Cy-symmetric graphs that are (2,2)-tight. These are, reading left to right, top to
bottom: (K4, ¢3) with two fixed edges and no fixed vertex, (Ws, ¢4) with one fixed
vertex and no fixed edge, (Wd(4,2), ¢5) with one fixed vertex and no fixed edge, and

(Fy, ¢2). These will turn out to be the base graphs of our recursive construction.

X <e<p

(K4, ¢3) (Ws, ¢4) (Wd(4,2),

(F2, ¢2)

Figure 4.7: The Cy-symmetric base graphs, with rotation at the centre of each graph.

Finally consider the reflection symmetry group Cs. By Theorem 3.3.4, a C;-
isostatic graph is (2, 2)-tight and has no fixed edge and any number of fixed vertices.
Hence a graph is called (2, 2)-C;-tight if it is (2, 2)-tight, Cs-symmetric and contains
no fixed edge. Similarly, graphs which are (2,2)-sparse, Cs-symmetric and have no
fixed edge shall be referred to as (2,2)-Cs-sparse. In Figure 4.8, we show six small
Cs-symmetric graphs that are (2,2)-tight. These are, reading left to right, top to
bottom: (Fy, o), (Ws, ¢4), (Wd(4,2),¢s5), (F1, 1), (F1,ps) with two fixed vertices
and no fixed edge, and (K34, ¢7) with three fixed vertices and no fixed edge. These

will be the base graphs of our recursive construction.

4.2.2 Reduction operations

We will consider reduction operations: these are the reverse of the extension oper-

ations described in Section 4.1. While the operations we require vary slightly for
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DO ] <=<D

F2a¢2 W5,¢4 Wd 4, 2
F1a¢l F1a¢6
(K3,47¢7)

Figure 4.8: The Cs-symmetric base graphs, with the mirror vertically aligned on the
page.

each symmetry group, the following are required across the three symmetries we will
provide characterisations for: symmetrised O-reduction, symmetrised 1-reduction,

symmetrised C; contraction, symmetrised K4 contraction.

Lemma 4.2.1. Let (G, ¢) be (2,2)-C-tight for C € {C;,Cs,Cs} and suppose v € V
is a vertex of degree 2. Then either C' = Cs, v = o(v) = v and H = G — {v} is
(2,2)-C-tight or v #v" and H = G — {v,v'} is (2,2)-C-tight.

Proof. The case when C' = Cy and v = ¢’ is trivial. Moreover if C' = C5 then
any degree two vertex v in a (2,2)-C-tight graph G satisfies v' = c,(v) # v, for
otherwise the subgraph G — v would be (2,2)-tight but have no fixed edges or
vertices, contradicting the fact that G is (2,2)-C-tight. For any C, v’ ¢ E for
otherwise H = G — {v,v'} would have |V(H)| = |V| -2 but |E(H)| = |E| — 3,
violating the (2, 2)-sparsity of G. Then, any subgraph of H is a subgraph of G, so
as G is (2,2)-tight, H is. Also H will be C-symmetric, and we do not remove any

fixed edges or vertices. O

Most of the technical work in the next four sections involves analysing when we
can remove a vertex of degree 3. Hence, for brevity, we will say that a vertex of
degree 3 is called a node.

Nodes in Cy-symmetric graphs will often require extra attention. A method
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we will repeatedly use and can be seen in the below lemma, involves finding a
tight Co-symmetric subgraph that does not contain fixed elements; such a subgraph

contradicts Theorem 3.3.4.

Lemma 4.2.2. Let (G, ¢) be (2,2)-C-tight for C € {C;, Cy, Cs} and suppose v € V
is a node so that x,y € N(v) with xy ¢ E and {z,y} # {2/,y'}. Then G' =
G—{v, v} +{zy, 2'y'} is not (2,2)-C-tight if and only if at least one of the following
hold:

1. there exists a 2-critical set U with x,y € U,
2. there exists a S-critical set W with x,y, 2’y € W,

3. C = Cy and there exists a 4-critical set T with z,y,2',y € T and G[T] is

Cy-symmetric with no fixed vertex or edges.

Proof. Suppose that x,y (resp. 2/, ') are contained in a 2-critical set U, or z,y, z’, ¢/
are contained in a 3-critical set W. Then U and W would, with the new edges,
create subgraphs G'[U] = (U, E,) and G'[W] = (W, Ey) where |E| = 2|U| — 1
and |Fy| = 2|W| — 1 respectively. This proves the first two conditions imply G’
is not (2,2)-C-tight. Additionally for (2,2)-Csy-tight graphs, all Cyo-symmetric tight
subgraphs must have the fixed vertex or edge constraint. Any reduction cannot
create a tight subgraph which does not satisfy this fixed count. Therefore a 4-critical
Cy-symmetric vertex set 7' where G[T] does not contain fixed edges or vertices has
G'[T] a Cy-symmetric (2, 2)-tight subgraph of G’, which is not (2, 2)-Cs-tight. Hence
the third condition implies G’ is not (2, 2)-C-tight.

Conversely if conditions (1)-(3) hold then the facts that G is (2,2)-C-tight, G’
is obtained from a subgraph of G by adding 2 distinct edges, and C; and C, do
not have fixed vertex or edge constraints that need to be preserved in the reduction

imply that G’ is (2, 2)-C-tight. O

Lemma 4.2.3. Let (G, ¢) be (2,2)-C-tight for C' € {C;, Cy, Cs} with no fized edge
and suppose v € V is a node with N(v) = {x,y, z}. If the pair z,y is not contained
in any 2-critical subset of V '\ {v,v'}, then there does not exist W C V' \ {v,v'} with
z, 2y, y € W and ig(W) = 2|W| — 3.
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Proof. Suppose for a contradiction that there exists some W C V\{v,v'}, z, 2", y,y’ €
W with i(W) = 2|WW| — 3. Observe i(W') = ¢«(W), i(WUW’') <2[WUW'| —3 and
(W NW’) <2l N W’'| — 3 (since z,2’,y,y € WNW'). Now we have

2AW| =3+ 2[W'| =3 =i(W) +i(W) =i(WUW)+i(WnW') — dW, W
AW UW'| =34 2W N W'| =3 — d(W, W)
= 2W| + 2]W'| — 6 — d(W, W").
(4.2.1)

It follows that we have equality throughout and d(W, W’) = 0. However W U W’ is

C-symmetric with no fixed edges, so i(W U W’) is even, a contradiction. O

Remark 4.2.4. The following is a result analogous to [27, Lemma 2.2]. Similar
counting arguments to Equation (4.2.1) can be used to give the following (and other
similar observations) on the union and intersection of k-critical sets that we use
repeatedly. Let (G, ¢) be (2,2)-tight. Take X,Y C V. If XY C V are 2-critical
and X NY # () then X UY and X NY are 2-critical and d(X,Y’) = 0.

Further if X is 2-critical, Y is 3-critical and X N'Y # (), then either:

¢ d(X,Y)=0,i(XNY)=2XNY|-3and i(XUY)=2/XUY|—2 or

¢ d(X,Y)=0,i(XNY)=2XNY|-2and i(XUY)=2/XUY|—3; or

e d(X,)Y)=1land X NY and X UY are 2-critical.

Recall for a closed neighbourhood of a vertex v, we write N[v] = N(v) U {v}.

Lemma 4.2.5. Let (G, ¢) be (2,2)-C-tight for C € {C;,Cs} and suppose v € V is a
node with N(v) N N(v') = 0. Then either GIN[v]] = Ky, or there exists x,y € N(v)
such that xy ¢ E, and G~ = G — {v,v'} + {xy, 2'y'} is (2,2)-C-tight.

Proof. Assume that G[N[v]] # K. By Lemma 4.2.3, we only need to show that
for one pair of non-adjacent vertices in N(v), there is no 2-critical set containing
them. We consider cases based on i(N(v)). Let N(v) = {z,y,z}. Firstly, where
there are no edges on the neighbours of v, if all of the pairs {z,y}, {z, z},{y, z}
are contained in 2-critical sets Uy, Uy, Us C V — {v,v'} say, then by Remark 4.2.4,
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Uy U U, is 2-critical and so Uy U Uy U {v} breaks (2,2)-sparsity of G. Similarly
when i(N(v)) = 1. Now suppose i(N(v)) = 2, and say xzy ¢ E. If there existed a
2-critical U C V' — {v,v'} with x,y € U, then ig(U U {v,z}) = 2|U U {v,z}| — 1
which contradicts (2, 2)-sparsity of G. Hence G~ = G — {v,v'} + {xy, 2"y} is (2, 2)-
C-tight. O

Figure 4.9: The local structure of the cases in Lemma 4.2.5.

Lemma 4.2.6. Let (G, ¢) be (2,2)-C-tight for C € {C;,Cs} and suppose v € V is a
node such that N(v) = {x,y,z} and N(v) "N N(v') = {z,y}, with 2’ =y or C = Cj

and x and y are fived vertices. Then one of the following hold:
1. G[{v,v’,x,y,z,z’}] = (F1a¢1)7'
2. C: OS and G[{U7v/7xay7za 2/}] = (F17¢6);‘

3. there exists some vy € {x,y} such that G- = G — {v,v'} + {viz, 02"} is
(2,2)-C-tight.

Proof. Suppose {zz,yz,x2',yz'} C E. If 2/ =y, then G[{v,v', x,y, 2, 2'}| = (F1, ¢1)
as in (1), otherwise z and y are fixed and G[{v, v, x,y, 2z, 2’} = (F1, ¢6) as in (2).

When one of the edge pairs {xz,y2'}, {2/, yz} is present, without loss of gener-
ality say {zz,yz'} € E. Suppose there exists a U C V — v, with y,z € U which is
2-critical. If UNU' # ), then UU U’ is 2-critical by Remark 4.2.4, and U U U’ U {v}
violates (2,2)-sparsity of G. If U N U’ = (), then x2’,y2" € d(U,U’) so UUU" is 2-
critical and UUU’ U {v} again breaks (2, 2)-sparsity. By Lemma 4.2.3, since there is
no 2-critical set on x,y, z, 2/, we have that i¢(W) < 2|W|—4 for all W C V' \ {v,v'}
such that z,y, 2,2/ € W,s0 G~ =G — {v,v'} + {2z, yz} is (2,2)-C-tight.
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Now assume we have no edges on N(v). We want to show that we can add either
xz,yz or yz,xz' to G —{v,v'}. Suppose we can add neither xz or 2z, that is, there
are 2-critical sets Uy, Uy C V —v with 2,2 € U; and 2/, z € U,. Then U;NU, # (), so
Uy U U, is 2-critical by Remark 4.2.4. Thus the subgraph induced by U; U Us U {v}
contradicts G being (2, 2)-tight. We recall Lemma 4.2.3 gives for any W containing
{z,y, 2,2}, that ig(W) < 2|W| — 4, giving us the required result. O

Figure 4.10: The local structure of the cases in Lemma 4.2.6.

Lemma 4.2.7. Let (G, ¢) be (2,2)-C-tight for C € {Cy, Cs} and supposev € V is a
node so that N[v) N N[v'| = {t}, where t is a fized vertez in G. Let N(v) = {x,y,t}.
Then either G[N[v] U N[v']] = (Wd(4,2), ¢5) or one of G; = G — {v,v'} + {xt, 2't},
Gy =G —{v,v'} + {yt,y't}, or G3 = G — {v,v'} + {zy,2'y'} is (2,2)-C-tight.

Proof. Since G has no fixed edges, Lemma 4.2.3 implies that if z,y,2’,y’ are in a
3-critical set then they are in a 2-critical set too. Hence, for the remainder of the
proof, we only consider 2-critical or 4-critical sets in the case when C' = (.

We break up the proof into cases by considering the number of edges induced by
the neighbours of v. Firstly, when all 3 edges xy, xt, yt are present in the graph, we
have a copy of Wd(4,2). Now, when two edges are present, without loss of generality,
we may assume either zy ¢ E or yt ¢ E. If xy ¢ E (resp. yt ¢ E), suppose there
exists a 2-critical U C V with z,y € U (resp. t,y € U). Then the subgraph induced
by U U {v,t} (resp. U U {v,z}) violates the (2,2)-sparsity of G. There is no 4-
critical Cy-symmetric set 1" containing x,y and not v, ¢ since the subgraph induced
by T'U{v,v,t} violates (2, 2)-sparsity.

Consider now the case where one or zero edges are induced by {z,y,t}. No two

of the pairs {z,y}, {z,t}, {y, t} can each be contained in a 2-critical set, as if any two
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were contained in 2-critical sets Uy, U, then by Remark 4.2.4, U;UUs is 2-critical but
the subgraph induced by U; U U, + v violates the (2, 2)-sparsity of G. For C' = Cj,
to complete the proof we need to confirm that one of these pairs and its symmetric
copy is not in a 4-critical set which contains no fixed vertex. However, for any two
sets from {z,y, 2", y'}, {x,2', t}, {y,y/, t}, at least one contains the fixed vertex of G.
Hence we may reduce symmetrically unless G[N[v] U N[v']] = (Wd(4,2), ¢5). O

Lemma 4.2.8. Let (G, ¢) be (2,2)-C-tight for C € {Cy,Cs} and suppose v € V
is a node chosen so that Nv] N N[v'| = {t,z,2'}, where t is fived. Then either
GIN[W]UNP'] = (W5, ¢4), or G' = G — {v,v'} + {zt, 2"t} is (2,2)-C-tight.

Proof. Since t is a fixed vertex, the edge xa’ does not exist. We therefore only have
to consider whether zt and 't are edges of G. If xt, 2't € E, then G[N[v]U N[¢']] =
(W5, ¢4). So suppose zt, 2't ¢ E. Suppose there exist sets W7, Wy C V that are both
2-critical, with x,t € Wy, o/, t € W,. Then W; U W, is 2-critical and the subgraph
induced by W; U Wy U {v,v'} contradicts the (2,2)-sparsity of G. Similarly, any
3-critical blocking set U containing x,z’,¢ would induce a subgraph that breaks
(2,2)-sparsity after adding v,v" and their incident edges. Finally, for C' = Cy, xt
cannot be blocked by a 4-critical set T', as they cannot contain fixed vertices and ¢

itself is fixed. ]

4.2.3 Contraction operations

Lemma 4.2.9. Let (G, ¢) be (2,2)-C-tight for C € {C;, Cy, Cs}. Suppose G contains
a copy of Ky with vertices {x1, o, x3, x4} = X, and put {2}, x}, 2%, 2} = X' where
X # X' Let G~ denote the graph obtained from G by contracting X to w and X'
to w' so that, for any v € V \ (X U X') with vz; € E (resp. vz, € E), we have
vw € E(G™) (resp. vw' € E(G™)). Then either

1. G~ is (2,2)-C-tight,
2. there exists y € V '\ X such that yx;,yx; € E for some 1 <i < j <4,

3. C= Ci,CQ,CS and G[X, X/] = (F2,¢0) or G[X, X’] = (FQ,(bQ), or
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4. C =05 Cs and GIX, X' = (Wd(4,2), ¢5).

Proof. First note that for any C', | X N X’| < 1since G is (2, 2)-tight. If | XNX'| =1,
this vertex must be fixed by any of the symmetries, so C' = Cy or Cy, and G[X, X'] =
(Wd(4,2), ¢5), which is condition (4). We may therefore suppose X N X’ = (). Let
G~ be as above. Observe that C-symmetry is preserved in the reduction operation.
We have |V(G7)| = |V| — 6 and |E(G™)| = |E| — 12. We first show that if G~ is
simple, then it is (2, 2)-tight. By construction,

|[E(G7)|=|E|—-12=2|V]|-2—-12=2(|V|—-6) — 2 =2|V(G7)| — 2.

Now consider F' < G~. If w,w’ ¢ V(F), then F is a subgraph of G. Since G
is (2,2)-tight, |E(F)| < 2|V(F)| — 2. Any subgraph containing w or w’ can be
compared to a subgraph F’ < G, by replacing w, w’ with X, X’ respectively, as well
as making the appropriate edge set adjustment. From F’ being a subgraph of G it
casily follows that F' is (2, 2)-sparse, so G~ is (2, 2)-C-tight.

We next consider when the operation could create multiple edges. Let ¢ de-
note the number of neighbours in X of a vertex v € V' \ X. Note that t < 2
as ig- ({x1, 0, 23, 24,0}) = 6+t < 8 If t = 2, we create an edge of multiplic-
ity two between v and w. This gives condition (2). The other possibility is for
a multiple edge between w and w’. This will happen when d(X, X’) > 2. Since
ig-({z1, 2, w3, 24, 2, )y, 2%, 24 }) < 14, there can be at most two such edges. When
this is an equality, G[X, X'] = (F3, ¢o) or G[X, X'] = (F3, ¢2), depending on fixed
edges, giving condition (3). In other cases we may perform the reduction operation
and the resulting graph G~ is (2,2)-C-tight, which is condition (1) and completes
the proof. O
Lemma 4.2.10. Let (G, ¢) be (2,2)-C-tight for C' € {C;,Cy,Cs} and let X be a
copy of K4 in G which contains a node v and X N X' = (. Suppose we cannot

contract X since there exists y € V' with two edges to distinct vertices, say a,b in X .

Then there is a C-symmetric Cy contraction that results in a (2,2)-C-tight graph.

Proof. Label the final vertex of X as c¢. We write H = G[{a,b,c,v,y}]. Note that
vy ¢ E, and so G[{a,b,v,y}] = K, — e. Hence there is a potential C}; contraction,
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with v — y. We claim that this C}y contraction results in a smaller (2, 2)-tight graph
and hence the C-symmetric C; contraction results in a (2,2)-C-tight graph. We
begin by noting that there is no 2-critical set U containing v,y and at most one of
a,b (otherwise adding the vertices of H not contained in U and their incident edges
violate (2,2)-sparsity). Similarly there is no 3-critical set containing v,y but not
a,b.

Since v is a node, and a,b € N(y), ¢ ¢ N(y), the subgraphs of the contracted
graph of small criticality we are interested in will contain one or both of the edges
cy,cy’. Suppose there exists a 2-critical set U with {c¢,y} € U and a,b,v ¢ U.
Then U U v is 3-critical and hence does not exist as above. Similarly there is
no 2-critical set containing {¢’,y'}. To complete the proof we check that there is
no 3-critical set W containing ¢,y,c¢ and ¢y'. Let L = W + {a,b,d’,b'}. Since
ac,ay, be, by, a’'d,d'y' b’ V'y € E, we have ig(L) > 2|L| — 3. However, we then see
that

ig(L+{v,v'}) >2|L| =3+6=2|L+{v,0'}] -1,

contradicting G being (2, 2)-tight. O

Lemma 4.2.11. Let (G, ¢) be (2,2)-C-tight for C € {Cy, Cs} with no fized edges,
0(G) > 3 and let H < G be a proper subgraph. If H is (2,2)-C-tight then there
exists a proper tight subgraph F of G, with H < F, such that G/F is (2,2)-C-tight.

Proof. We begin by noting that unless there exists a y; € V' \ V/(H) that is adjacent

to two vertices of H, we can contract H to a fixed vertex to create a simple graph

G/H, and

|E(G/H)| = |E| = [E(H)| = 2|V| =2 =2[V(H)| +2=2(|V(G/H)| = 1).

Any subgraph of G/H which breaks (2, 2)-sparsity either does not contain the con-
tracted vertex and hence trivially breaks the (2,2)-sparsity of G, or does and the
obvious corresponding subgraph breaks the (2, 2)-sparsity of G since K; and H are
both (2,2)-tight. If G is Co-symmetric, for H to be (2,2)-Cs-tight it must contain

the fixed vertex of GG, and since H contracts to a fixed vertex in G/H it would be

101



the only such fixed vertex. This contraction preserves C-symmetry, so G/H would
be (2,2)-C-tight. If such a y; exists, then let H; be the subgraph of G including H
and y; (and y; if y; is not fixed). Note that H; is also (2,2)-C-tight. By the same
reasoning as above, H; can be contracted to a fixed vertex unless there exists ys ad-
jacent to two vertices of H;. This sequence must end with a proper tight subgraph

F = Hj, as §(G) > 3, completing the proof. ]

4.3 (;-symmetric isostatic graphs

We now focus exclusively on C; symmetry and put together the combinatorial anal-
ysis to this point to prove a recursive construction. From this we then deduce our
characterisation of completely Cj-regular isostatic frameworks. We need one final

lemma first.

Lemma 4.3.1. Let (G, ¢) be a (2,2)-C;-tight graph distinct from (Fy, ¢1) and (Fy, ¢2).
If all nodes are in copies of (Fy, ¢1) or (Fy, ¢3), then G contains a 2-edge-separating
set S. Further, let Gy, Gy be the connected components of G — S. Then both Gy and
Gy are (2,2)-C;-tight with one of the G; being isomorphic to (Fy, ¢1) or (Fa, ¢9).

Proof. Let k be the number of (2,2)-C;-tight subgraphs which are isomorphic to
(F1, ¢1) or (Fa, ¢p). We first show that these k (2, 2)-C;-tight subgraphs cannot have
intersecting vertex sets. Two C;-symmetric subgraphs cannot have an intersection
of size 1, since the intersection is C;-symmetric and there are no fixed vertices. Since
G is (2,2)-sparse the intersection of any two F; is 2-critical. Hence the intersection
is of size at least four. Since each F; is C;-symmetric, their intersection must be,
so H = F; N F} is a proper (2,2)-C;-tight subgraph with 4 < |[V(H)| < 6. Since
F is not a subgraph of Fy, and Ky is not Cj;-symmetric, this means that all of the
F; are pairwise vertex disjoint. Let vy be the number of vertices of G in these k
(2,2)-Cy-tight subgraphs, r = |V| — vy, €9 = 2vy — 2k be the number of edges of G
in these k subgraphs, and s = |E| — eo.

Since |E| = 2|V| — 2, we can now deduce, with substitutions from above, that
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s+ eg = 2r + 2vg — 2, and hence
s+ 2vg — 2k = 2r + 2vg — 2.

This implies that s = 2r 4+ 2k — 2. Let Hy, Ho, ..., H, denote the k copies of I}, F5.
For any 1 < j < k, G\ H, is (2,2)-C;-tight and d(H,;,G \ H;) is even, since no
edges of G are fixed by the inversion. Each of the r vertices not in some H; are
of degree at least four. Counting incidences, we see 2s > 4r + Zle a; where for
each i, a; € {2,4,...} is counting the number of edges incident to each H;. We can

substitute s from the above to obtain

22r +2k—-2) > 4T+iai,
i=1
and cancelling gives 4k — 4 > Zle a;. This means at least two of the a; are equal
to two, so at least two (2,2)-C;-tight subgraphs can be separated from G with the
removal of two edges, hence GG contains a 2-edge-separating set .S.

Let G1,G2 be the components of G —S. We know from the above that one
component is isomorphic to (Fy, ¢1) or (Fy, ¢p), without loss of generality say G.
Then G is (2, 2)-tight and contains a copy of Fy or F» which is (2, 2)-C;-tight. This
gives us that p(G1) NGy # 0. Further, we note that G inherits inversion symmetry
from G and S N ¢(Gy) = (. Since ¢(G4) is connected, this implies p(G1) = Gi.
Since ¢ fixes no vertices or edges of (G, it will not fix any vertices or edges of Gj;.

Hence G, is (2,2)-C;-tight. O]

Theorem 4.3.2. A graph (G, ¢) is (2,2)-C;-tight if and only if (G, @) can be gen-
erated from (Fy, 1) or (Fy, ¢o) by symmetrised 0-extensions, 1-extensions, vertex-
to-Ky operations, vertex-to-Cy operations, and joining such a graph to a copy of

(F1, ¢1) or (Fy, ¢g) by two new distinct edges that are images of each other under .

Proof. We first show that if G can be generated from the stated operations, then it
is (2, 2)-C;-tight. Note that (Fi, ¢1) and (F, ¢) are independent and (2, 2)-C;-tight.
In Section 4.1 we showed that the named operations preserve independence. It is

clear these operations introduce two edges for each new vertex and do not introduce
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fixed edges. Thus, if we apply these operations to an independent and (2, 2)-C-tight
graph, the result will also be independent and have the correct edge counts described

in Section 3.3. Thus the new graph must be (2,2)-C;-tight from Theorem 3.3.4.

For the converse, we show by induction that any (2,2)-Cj-tight graph G can
be generated from a copy of (Fy, ¢1) or (Fy, ¢p). Suppose the induction hypothesis
holds for all graphs with |V| < n. Now let |V| = n and suppose G is not isomorphic
to either of the base graphs (Fi,¢;) and (F3, ¢g). We wish to show that there
is an operation from our list taking G to a (2,2)-C;-tight graph G— = (V—,E7)
with |[V7| < n. Then we know that G~ can be generated from a copy of (Fi, ¢1)
or (Fy, ¢p), and hence so can G. We first note that any (2,2)-C;-tight graph G
has 2 < 0(G) < 3. There is no v € V with d(v) = 0,1, as then G — v would
break sparsity. By the handshaking lemma, if all vertices are at least degree 4, then
|E| > 2|V|. If §(G) = 2, then we remove any degree 2 vertex and its symmetric copy.
This yields a (2,2)-Cj-tight graph by Lemma 4.2.1, and this graph G~ = (V—, E7)
has |V~| = n — 2 as required. Otherwise §(G) = 3.

If there exists a degree three vertex v € V with N(v)NN(v') = 0, with G[N[v]] 2
K4, then we perform a C;-symmetric 1-reduction, which is possible by Lemma 4.2.5.
If N(v)NN(v') # 0 and G[N[v]UN[v']] 2 Fy, then we again perform a symmetrised
1-reduction which is possible by Lemma 4.2.6. In both cases, the new graph G~ =
(V~=,E7) also has |V~| = n — 2 as required. Otherwise, all nodes are in copies of
Ky or (Fy, ¢1).

Now suppose G contains a subgraph isomorphic to K4 and consider a contraction
of this K. By Lemma 4.2.9, this K, can be reduced unless there is a vertex with
two neighbours in the Ky, or the Ky is part of a subgraph isomorphic to (Fj, ¢).
In the former case, we use Lemma 4.2.10, and G~ = (V 7, E7) is a (2, 2)-C;-tight
graph with |V~| < n. In the latter case, all nodes are in (2,2)-C;-tight subgraphs
isomorphic to (Fy,¢1) or (Fy,¢p) and we recall G is not isomorphic to (Fy, ¢p).
Hence we may apply Lemma 4.3.1 to deduce that G contains a two edge seperating
set S, so that G — S has two connected components G, Go, where without loss of
generality Gy is (2,2)-Ci-tight and G is isomorphic to (F, ¢1) or (Fy, ¢p). Writing

G1 = (Vi, E1), we have |V]| < n so Gy and by extension G can be generated from
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(F1, ¢1) or (Fy, ¢p). Finally, since G is not isomorphic to (Fy, ¢1) or (Fa, ¢p), we are
finished. [

Theorem 4.3.3. A graph (G, ¢) is C;-isostatic if and only if it is (2,2)-C;-tight.

Proof. Necessity was proved in Theorem 3.3.4. It is easy to check using any com-
puter algebra package that the base graphs (Fi,¢;) and (Fy, ¢o) are Cj-isostatic.
Sufficiency follows from Theorem 4.3.2 and the results of Section 4.1, namely Lem-

mas 4.1.1-4.1.6, by induction on |V. O

4.4 (Cy-symmetric isostatic graphs

In this section we turn our attention to Chy-symmetric graphs on the cylinder. In
our recursive construction we will take care to maintain the number of fixed edges
and vertices in each operation, and hence we will essentially view the case of two
fixed edges and no fixed vertex as disjoint from the case of no fixed edge and one

fixed vertex.

4.4.1 Reduction operations

In the Cj-symmetric case, when looking at 1-reductions, we considered the induced
subgraphs on open neighbourhoods of the vertex we wished to remove. However,
for Cy symmetry, we must consider closed neighbourhoods, as we may have fixed
edges. The options for the intersection of the closed neighbour sets of a node, say
v, and its image v’ are: empty intersection; one vertex in the intersection, where
the vertex in the intersection will be fixed; two vertices in the intersection, where
v and v’ are both adjacent to a vertex and its image under the half-turn or where
vv' € E; three vertices in the intersection, with one vertex fixed and no fixed edges;
four vertices in the intersection, and the vertices form either K, or K, — e as an
induced subgraph. Note that the two cases above with fixed vertices were shown to
be reducible in Section 4.2.

We recall from Lemma 4.2.2 for C; and C symmetry, that we had to consider 2-

and 3-critical sets which prevent a symmetrised 1-reduction. These both need to be
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considered with Cy symmetry, but the conditions that a (2,2)-Cy-tight graph has
one fixed vertex and no fixed edges or no fixed vertex and two fixed edges means we
must now also consider 4-critical sets which do not have any fixed edges or vertices.
Performing a symmetrised 1-reduction which adds two edges to such a set would

violate our conditions for (2,2)-Cs-tightness.

Lemma 4.4.1. Let (G, ¢) be (2,2)-Cs-tight and suppose v € V' is a node with N[v]N
N[V'| either empty or consisting of only one fized vertex and suppose ig(N(v)) < 1.
If there is a 4-critical Cy-symmetric subset T C V — {v,v'}, with G[T] containing
no fized edges or vertices, and containing two non-adjacent vertices of N(v), then

there exists a Cy-symmetric 1-reduction at v that results in a (2,2)-Cy-tight graph.

Proof. Let N(v) ={z,y,z} and let T'C V — {v,v'} be as in the proposition state-
ment. Without loss of generality, we may suppose zy,zz ¢ E and x,y € T. Note
that z ¢ T. We show that either G' = G — {v,v'} + {xz,2'2'} is (2,2)-Cy-tight or
yz ¢ Eand G' = G —{v,v'} +{yz,¢y'2'} is (2,2)-Cy-tight. We first prove that there
cannot exist a 4-critical Cy-symmetric set 77 such that G[T1] contains no fixed edges
or vertices and z, z € T}. Suppose to the contrary, that T exists. As TyNT # (), and
both T1NT and T} UT are Cy-symmetric and the induced subgraphs do not contain
fixed edges or vertices, we have i(TyNT) < 2|71 NT|—4 and (T3 UT) < 2|7, UT|—4.
Then

2Ty —4+2T| —4=i(Ty) +i(T) = i(TLUT) +i(TyNT) — d(Ty, T)

<ATVUT| — 4+ 2T UT| — 4 = 2|Th| + 2|T| — 8.

Hence equality holds and T} N'T" and 77 UT" are 4-critical. This is a contradiction as
T, UT U {v,v'} would be 2-critical with no fixed edge and no fixed vertex induced
by this set. Similarly if yz ¢ F, then there does not exist a 4-critical Cy-symmetric
set Ty such that G[T5] contains no fixed edges or vertices and y, z € T5.

Assume now that there exist two 2-critical sets U; and U, containing {z, z} and
{2/, 2"} respectively. We may assume U, = Uj, for otherwise we could consider
U3 =U,UU) and Uj = U] UU,. Let U = Uy UUs,. Note that if U; NUy = () then
U is 4-critical. Otherwise, by Remark 4.2.4, U is 2-critical, and since G[U] is Cs-
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symmetric, it contains the fixed edges or vertex. It follows that TUU =T UU,; U U,

is 4-critical. Writing a for the criticality of U, we have

ONT| — 4+ 2U| —a=i(T) +i(U) =i(TUU) +i(T NU) - d(T,U)

<2ATUU|—4+2TNU|—2=2|T|+2|U| —6.

If U is 4-critical this would imply that G[T'U U U {v,v'}] is (2,2)-tight and Cs-
symmetric but does not contain fixed elements, which contradicts Theorem 3.3.4.
So we may suppose U is 2-critical and d(T,U) = 0, implying yz,y'2’ ¢ E. Then
there cannot exist a 2-critical set on {y, 2z} or {¢/, 2}, asif say y, 2 € X was 2-critical,
G[U U X U {v,v'}| would not be sparse.

Finally, assume there exists a 3-critical set W containing {z, z,2’, 2'}, or when
yz & E, {y,z,v',2'}. We can assume this set is Cy-symmetric by taking W U W',
Since the induced subgraph contains only one fixed edge, i(WUT) < 2|WWUT'|—3, and
i(WNT) < 2|[WNT|—4. By similar calculations as we did for 4 and 2-critical sets, we
see that in the equations above equality holds throughout, and hence TUW U{v, v’}
breaks (2, 2)-sparsity of G. Then by Lemma 4.2.2; either G' = G—{v,v'}+{xz,2'2'}
oryz ¢ E and G' = G — {v,v'} +{yz,y'2'} is (2,2)-Cy-tight as required. O

Lemma 4.4.2. Let (G, ¢) be (2,2)-Cy-tight and suppose v € V is a node with
NN N[ =0. Then either GIN[v]] = K4, or there exists x,y € N(v) such that
zy ¢ E, and G- =G — {v,v'} + {zy, 2"y} is (2,2)-Cy-tight.

Proof. We break up this proof into cases by looking at the number of edges amongst
the neighbours of v. Label the neighbours of v by x,y, z. Firstly, when all 3 edges
xy,xrz,yz are present in the graph, we have a K,. Next suppose two edges are
present, say without loss of generality zy ¢ FE. Suppose there exists a 2-critical
set U C V — v with z,y € U. Then the subgraph induced by U U {v, z} violates
the (2,2)-sparsity of G. To do the 1-reduction symmetrically, we must check that
there is no W C V — v with z,y, 2’y € W such that |E(W)| = 2|V (W)| — 3. This
follows since the subgraph induced by WU{v, z,v’, 2’} breaks (2, 2)-sparsity. If there
exists a 4-critical Cy-symmetric subset 7' C V' — {v,v'} containing z,y,2’,y" then

TU{v, z,v', 2"} is 2-critical and Cy-symmetric, so all fixed edges and/or vertices are
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contained in G[T).

For the case with one or zero edges amongst x,y, z, we begin by noting that no
two of the pairs {z,y},{z, 2},{y, 2z} can each be contained in a 2-critical set, as if
any two were contained in 2-critical sets Uy, Us, then, by Remark 4.2.4, U; U U, is
2-critical and Uy U Uy 4 v violates the (2, 2)-sparsity of G. If there exists a 4-critical
Cy-symmetric subset T C V' — {v,v'} containing vy, ve, v}, vy then T'U {v, v3, V', v}}
is 2-critical and Cy-symmetric. Hence by Lemma 4.4.1, if {v1,v2} was the only pair
not in a 2-critical set we can perform a Cy-symmetric 1-reduction at v in this case.

Finally we must consider when there do not exist 2-critical sets containing
{v1,v9} and {vq,v3} respectively with {vy,vs,v3} = {z,y,2}. (Whether there is
a 2-critical set containing vy, v3 is not important for the argument that follows.) As-
sume for a contradiction that Wy, Wy C V —v are 3-critical with {vy, vy, v}, vy} € Wy,
{vg,v3, v, v5} € Wy, By counting similar to Remark 4.2.4, the union and intersec-
tion of two 3-critical sets are either both 3-critical or one is 2-critical and the other is
4-critical. Since WiNW{ and W UW] contain {vy, ve} neither are 2-critical (similarly
Won Wi and WoUWS are not 2-critical since they both contain {vs, v3}). Hence both
Wy UW] and Wy U W} are 3-critical and Cy-symmetric, so the subgraphs induced by
these sets must each contain exactly 1 fixed edge. If they do not contain the same
fixed edge, (W7 UW]) N (Wy U WY) is Co-symmetric and contains no fixed edges or
vertices, so must be 4-critical, which would imply (W, UW])U (WU W?) is 2-critical
but then {vy, v} is contained in a 2-critical set. If the induced subgraphs do contain
the same fixed edge, both (W, UW{)N(WoUW3) and (W, UWT])U(WoUWS) would be
3-critical, but then the subgraph induced by (W; UW/{)U (WyU W3) + {v,v'} would
violate (2, 2)-sparsity. Hence one of the pairs v;, v; is not contained in a 2-critical or
a 3-critical subset of V' —v. It remains to deal with the case when this pair v;, v; is
blocked by a 4-critical subset T C V — {v,v'}. It follows from Lemma 4.4.1 that we

can reduce v symmetrically and the proof is complete. O]

Lemma 4.4.3. Let (G,¢) be (2,2)-Cy-tight and suppose v € V is a node with
N(v) ={z,y,v'} and N[v] N N[V'] = {v,v'}.

1. Suppose zx',yy' ¢ E. Then either G} = G — {v,v'} + {za'} or G) = G —
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Figure 4.11: Reduction schematic when the degree three vertex is adjacent to its
symmetric image.

{v,v'} + {yy'} is (2,2)-Cs-tight.

2. Suppose xx’ € E or yy' € E. Then there is another node in G and it is not of

this type.

The following proof has two cases, firstly assuming the edges xz’ and yy' are not
present among the neighbours of v and v/, and secondly assuming one is. (Note that

it is not possible for both to be since vv’ € E would give three fixed edges.)

Proof. For (1), we may perform a non-symmetric 1-reduction at v’ as it cannot
happen that {v, 2’} and {v,3'} can be in 2-critical blocking sets, or else the union of
these sets, say W, is 2-critical and W + v’ breaks sparsity. To perform a second non-
symmetric 1-reduction at v, we see that neither {z, 2’} or {y,y'} can be contained
in a 2-critical set. If there were such a set, without loss of generality call it U and let
it contain z, 2, then U U U’ is 2-critical (z,2’ € UNU’), Cy-symmetric, but cannot
contain both of the fixed edges of G, which is a contradiction.

For (2), assume without loss of generality that xz’ € E. Since G is (2, 2)-tight
and §(G) = 3 there are at least four nodes in G. If v,v’, x, 2’ are the only nodes,
then G — {v,v', z, 2’} is (2, 2)-Cs-tight. We now simply note that this arrangement
can only appear once in each graph, since it has both of the fixed edges. O

In the above proof, for the second 1-reduction we are still considering G, rather
than G — v + zz/. We can do this since the blocking set in the reduced graph does
not use v, therefore it does not include the edge vv’ so the blocking set without v’

would still be 2-critical.
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Lemma 4.4.4. Let (G, ¢) be (2,2)-Cy-tight, suppose v € V is a node such that
Nv] N N[ = {z,2'} and let the other neighbour of v be z. Then G} = G —
{v,0'} +{zz,2'2'} or Gy = G — {v,v'} + {2z, 22"} is (2,2)-Cy-tight.

Proof. We prove this by case analysis, counting if the edges xz, yz, and xy are
present. Firstly, zz, 2’z and zz’ cannot all be present, as the subgraph induced by
N[v] U N[v'] would break (2,2)-sparsity. Further we do not have zz,2'2 € E and
zz' ¢ E, as N[v] U N[v'] is 2-critical, Cy-symmetric and the induced subgraph does
not contain the correct fixed elements. Our first case where a 1-reduction is possible
is when one edge of zz,2'z is present with za', say 2'z,z2’ € E, xz ¢ E. If there
exists a 2-critical set U containing x, z, not containing v, then the subgraph induced
by U U {v, 2’} contradicts the (2,2)-sparsity of G. If there exists a 3-critical set W,
with z, 2/, z, 2" € U, v,v" ¢ W, then the subgraph induced by W U{v, v'} also breaks
the (2,2)-sparsity of G. For any 4-critical T' containing x, z,2’, 2/, G[T| contains a
fixed edge, namely za’. By counting, if G[T| contains one fixed edge and T is 4-
critical, it must contain both fixed edges, therefore there is no 4-critical blocking set
for the 1-reduction at v and v'.

Consider the case when one of the edges xz, 2’z is present, say 2’z € E, xz,za’ ¢
E. There does not exist 2-critical Uy, Uy with x, z € Uy, x, 2" € Us, as this contradicts
Remark 4.2.4 as d(Uy,Us) # 0. We therefore know that one of G; = G — v + za'
or Go = G — v+ zz is (2,2)-tight, although not Cy-symmetric. We want to show
that it is always the case that we can perform a (non-symmetric) 1-reduction at v
by adding the edge zz. Suppose we add xa’. Consider 1-reductions at v' € Gj.
If there exists a 2-critical set U containing {2', z’}, then the subgraph induced by
WuU{z', 2’} contradicts the (2, 2)-sparsity of G;. Hence we can perform a 1-reduction
at v' in GG adding the edge x’z’. Since we could perform this 1-reduction in Gy, we
know a 2-critical set U* in G preventing a 1-reduction adding the edge 'z’ must
contain v. However, then the subgraph H induced by U* U {x,v'} contradicts the
(2,2)-sparsity of G, as H contains the edges xv,zz’ vz, v'2’ v'x. Hence, we may
perform a l-reduction at v" in G by adding the edge x'z’.

Now when zz,2'z ¢ E, if both {z, 2z} and {2/, z} are in 2-critical sets U; and U,

respectively, U; U U, is 2 critical so Uy U Uy U {v} contradicts (2, 2)-sparsity of G.
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There is no 3-critical set W or 4-critical set T' containing x, z, 2, 2’. Observe that
such a set W+ {v, v’} would break sparsity, and a set T+ {v, v'} would be 2-critical,
Cy-symmetric, but G[T'U {v,v'}] contains no fixed vertex or edge. O

Lemma 4.4.5. Let (G, ¢) be (2,2)-Cy-tight and suppose v € V is a node such
that Nv] " N[v'] = {v,v",z,2'} and xa’ ¢ E. Then G' = G — {v,v'} + {za'} is
(2, 2)—02—tlght

Proof. G’ is not (2,2)-Cs-tight if and only if there exists a 2-critical set X in G —
{v,v'} containing x and z’. However vv’ is not in G[X] so such a set X cannot exist

and the lemma follows. O

4.4.2 Combinatorial characterisation

We can now put together the combinatorial results of this section to prove the
following recursive construction and then apply this result alongside the results of

Section 4.1 to deduce our characterisation of Cs-isostatic graphs.

Theorem 4.4.6. A graph (G, ¢) is (2,2)-Cy-tight if and only if (G, ) can be gen-
erated from (Ky, ¢3), (Wi, ¢4), (Wd(4,2), ¢5), (Fa, ¢2) (these graphs were depicted in
Figure 4.7) by symmetrised 0-extensions, 1-extensions, vertez-to-K, operations and

vertez-to-Cy operations.

Proof. Each of the base graphs are independent and tight and Section 4.1 showed
the symmetrised 0-extension, 1-extension, double 1-extension, vertex-to-Kj, vertex-
to-Cy and vertex-to-(2,2)-Cy-tight operations preserve independence. It is easy to
see the operations also preserve (2,2)-tightness and the number of fixed elements.
We can therefore apply Theorem 3.3.4 to the extended graph.

Conversely, we show by induction that any (2,2)-Cs-tight graph G can be gen-
erated from our base graphs. Suppose the induction hypothesis holds for all graphs
with [V| < n. Now let |V| = n and suppose G is not isomorphic to one of the
base graphs in Figure 4.7. Obviously any (2,2)-Cy-tight graph contains a vertex
of degree 2 or 3. The former case is dealt with by Lemma 4.2.1. Hence sup-
pose §(G) = 3 and v is a vertex of minimum degree. There are 6 cases depend-

ing on the closed neighbourhood of v, namely with labelling from this section,
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Nl N N[ € {0,{t}, {v, v}, {z, '}, {t,z, 2"}, {v,v',z,2'}}. By Lemmas 4.2.7,
4.2.8, and 4.4.2-4.4.5 we see that the only blocks to reducing any given node are
K4 (either Cy-symmetric or non-symmetric) and the base graphs (Wd(4,2), ¢5) and
(W5, ¢4). (Note that if the option in Lemma 4.4.3(2) occurs then we may reduce
the other node unless it is contained in a non-symmetric Kj.)

Suppose one of the base graphs in Figure 4.7 is a subgraph of G, denoted by H.
If H = (K4, ¢3) or (Fy, ¢3), H contains all the fixed edges of G and there can be no
other base graph copy. Otherwise, H = (Wj, ¢4) or (Wd(4,2), ¢5) and if another
copy of either (W5, ¢4) or (Wd(4,2), ¢5) exist, call it Hy, then note that H; N H is
precisely the fixed vertex. Then H; is a proper (2,2)-Cs-tight subgraph of G and
we apply Lemma 4.2.11. We may now suppose that H is the only subgraph of G
which is a copy of a base graph depicted in Figure 4.7.

We will show there is a node in G not contained in H. Note that H has at least
four degree three vertices. Observing that d(V(H),V (G \ H)) > 2, the sum of the
degrees in H increases by at least two in G compared to H, meaning there must
be two nodes in G\ H. Hence we may assume all vertices of degree three are in a
unique (2, 2)-Cs-tight base graph or a K4 copy which is not Co-symmetric. We may
now, in all cases, suppose that G has a degree 3 vertex that is contained in a Kj.

We now apply Lemma 4.2.9 and 4.2.10 to complete the proof. O
Theorem 4.4.7. A graph (G, ¢) is Cy-isostatic if and only if it is (2, 2)-Cy-tight.

Proof. Since Cs-isostatic graphs are (2,2)-tight, necessity follows from Theorem
3.3.4. Tt is easy to check using any computer algebra package that the base graphs
depicted in Figure 4.7 are Cs-isostatic. Hence the sufficiency follows from Theorem

4.4.6 and Lemmas 4.1.1, 4.1.3, 4.1.4, 4.1.6, 4.1.8 by induction on |V]. O

4.5 (s-symmetric isostatic graphs

We turn our attention to Cs-symmetric graphs on the cylinder. Here Cj is generated
by a single reflection o which could contain the cylinder axis or be perpendicular to
it.
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4.5.1 Reduction operations

For a (2,2)-Cs-tight graph, there are 6 possible cases for the structure of N(v) N
N(v'), namely N(v) N N(v') € {0,{t},{x,a'},{t1,ta}, {x, 2, t}, {t1,t2,t3}}, where
vertices fixed by the non-trivial element are denoted ¢, and those not fixed z. In
Section 4.2, Lemmas 4.2.5 -4.2.8 dealt with the first five of these cases. These
lemmas showed the reduction is possible, or the node is contained in a (2,2)-C;-
tight subgraph of GG. This leaves only the toughest case when all three neighbours
of a node lie on the mirror.

Hence, for the remainder of this section we assume that all nodes have all neigh-
bours on the mirror. The following lemmas require some new notation for describing
our graphs. We will consider a vertex partition V = V" UV*UVY into red, blue and
green vertices. The partition is chosen so that a vertex which is fixed by the mirror
symmetry is red, any vertex which is adjacent to a red vertex is blue, and the re-
maining vertices are green. This also gives us a notion of edge colouring. We colour
an edge red-blue if its endpoints are one red and one blue, blue-blue if its endpoints
are blue, blue-green if its endpoints are one blue and one green, and green-green if
its endpoints are green. Note that red-red edges are not possible in a (2, 2)-C;-tight
graph, and red-green edges are not possible by the choice of the partition. We can
therefore write £ = E™ U E® U EY U E99.

It will also be useful to consider the subgraphs of G which consist of red-blue and
blue-blue edges. We will call these red-blue connected components or rb-components
for shorthand. We label the rb-components of a graph Ay, ..., Ay, so the component
A; = (V;, E;) is kg-critical, has red vertex set V" and blue vertex set Vib, and has
red-blue edges E7” and blue-blue edges E? as in G. A natural extension of this is
to say that the subset of the edges £ that are incident to a vertex in A; form a
new set denoted E. Lastly, let S C V? be the nodes with all three neighbours on
the mirror. Let s = |S| and s; = |S N V;|. We illustrate these definitions in Figure
4.12.

Lemma 4.5.1. Let (G, ) be (2,2)-C,-tight with 6(G) > 3. Then G[V" U V"] is
(2,2)-Cs-tight if and only if V9 = (. Moreover, if V9 # () then there exists an

113



Figure 4.12: A (2,2)-Cs-tight graph G. The red vertices lie on the mirror line, the
blue vertices are depicted as unfilled circles and the green vertices are the filled
vertices not on the mirror. Each copy of K34 in G is a rb-component and S =

{v1, V], va, V5 }.

ie{l,... kY such that |E”| < 2k; — 2 and s; > 2k; — | E™|.

Proof. 1f V9 = () then G[V" U V?’] = G and hence it is (2, 2)-C,-tight. Conversely,
we begin by noting that

|E™| + | EY| + | EY| + |E%9| = 2|V"| + 2|V +2|V9| — 2. (4.5.1)
Then, for each i € {1,...,k}, |E*| + |EY| = 2|Vi"| + 2|V®| — k;. Summing gives
k
[E™ + [EY| = 2[VT| + 2]V =Y ki (4.5.2)

i=1

and then, by subtracting (4.5.2) from (4.5.1), we obtain |E%| + |E%| = 2|V9| —
2 4+ S | k;. Counting vertex degrees gives |EY| + 2|E%9| = Y veve da(v) > 4|V9|.
Therefore, 2|E%| + 2|E99| = A[V9| — 4+ 2%k < |EY| + 2| E99| — 4+ 25°F k.

Rearranging and simplifying gives
k
B <2) ki —4, (4.5.3)
i=1
which, for £ = 1 and k1 = 2, completes the first statement of the proof.
If |EY| > 2k; for all 4, we would contradict Equation (4.5.3). Again counting
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vertex degrees,

EPl =) da(v) = 4|V (4.5.4)

veV”

and since the vertices of S; are nodes,

B+ 21EP [+ B = ) da(v) > 4V = s;. (4.5.5)

vEVlb

Adding Equations (4.5.4) and (4.5.5), we see that 2|E®| + 2|E%| + |EY| > 4|V | +
41V?| — s;. Now recalling Equation (4.5.2) (restricted to A;), we obtain

AV7 |+ AV — s, — [EY] < 20 + 2| B < 4V7] + 4]V - 2k,

which completes the proof. O]

Lemma 4.5.2. Let (G, ¢) be a (2,2)-Cs-tight graph, distinct from K4, with 6(G) =
3. Suppose that the neighbour set of every node consists only of fixed vertices and
that no proper subgraph H of G is (2,2)-Cs-tight. Then there exists a Cy-contraction
(which contracts two fived vertices) that results in a (2,2)-Cs-tight graph.

V11 V12 V31 V32 Us3 V41 V42

& & P

v Vi U31 U32 U33 Uy Vg

Figure 4.13: The depicted graph H is a subgraph of some (2,2)-Cs-tight graph G.
All nodes in G have all their neighbours on the mirror and H is induced by S and
the ne1ghbours of vertices in S. We have labeled so that vj;,vi; € S;. Note that
vg1 and v4, are in the same set of the partition since there is a 4- Cycle containing
v3; and vse and another containing vse and v4s, but vss and vy are in different sets
since no two common neighbours exist.

Proof. If V9 = (), then by Lemma 4.5.1 there exists a rb-component A; with |Eibg| <
2k; — 2 and s; > 2k; — |E§’g|. Suppose S NV; = {uy,ug,...,u.}. We define S

recursively. Let w; be in S;. For any u, € SNV;, u, € S; if there exists t1,t, € V"
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and u, € Sy so that u,tiuyts is a 4-cycle in G. If Sy # SNV, take u € (SNV;)\ Sy
and put it in Sy, then define S, analogously. In this manner we obtain the partition
SNV, = S1US,U---US;. (See Figure 4.13 for an illustration.) Since there is no K34
subgraph of G we may assume, for a contradiction, that all red pairs of neighbours
of nodes are contained in at least two 4-cycles. Take a pair of red vertices that are in
two 4-cycles. The 4 neighbouring vertices have at least 3 neighbours on the mirror.
As there is no K34 subgraph, there must be at least two new red vertices adjacent to
the 4 blue vertices mentioned. This creates new 4-cycles which involve the original
two red vertices. Hence the degree of any red vertex adjacent to a node is at least
six. It is possible that a vertex of S; shares exactly one neighbour with a vertex of

Sk for j # k. Let there be p such vertices. All such vertices have degree at least 12.

For each S; there are 1[S;| 4 2 red vertices of degree at least six (this double
counts the p vertices of minimum degree 12), and at least |S;| 4+ 4 blue vertices of
degree at least 4. Let r and b be the number of red and blue vertices respectively
of V; not already counted. Then, |V;| = %Si +2l —p+r+s;+4l + b+ s;, the first
four summands representing red vertices, the next three blue vertices, and the last
summand the nodes (which are also blue). Once again we turn to counting degrees.

We have

2|E;|+|EY| > 6(1s;+ 20 —2p) + 12p+4r +4(s; +41) +4b+ 3s; = 10s; + 281+ 4r + 4b.
(4.5.6)
Also, since each A; has |EY| < 2k; — 2 and |V}| = 25 4+ 61+ r 4+ b — p, we have

21E;| + |EY| < A|Vi| — 2k; + 2k; — 2 = 10s; + 241 + 4r + 4b—4p — 2. (4.5.7)

This implies that 41 + 4p < —2, contradicting our assumption that all pairs of
neighbours of a node are in two Cy. If V9 = (), the proof is unchanged except that

|E%| =0 and |E| = 2|V| — 2, so Equation (4.5.7) is
2)E| < A[V|—4 =105+ 241 + dr + 4b— dp — 4

and so 4l + 4p < —4 instead.
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Finally, we need to check that this Cj-contraction preserves sparsity. Label the
vertices v, v, t,t; where t,t; are fixed and are contracted and labelled ¢ in the new
graph, and let the final neighbour of v be t5. Indeed, if a subgraph H of the reduced
graph breaks sparsity, then H = (V;, E;) has |E;| > 2|V;| — 1. If H is Cs-symmetric
this must be |E;| > 2|V;|, and if H is not symmetric, H has at least one fixed vertex
(namely t), so V;NoV; # (), and by similar counting arguments to Remark 4.2.4, one
of HNH' and HUH' has |E| = 2|V|. We may therefore assume H is C\-symmetric.
Noting that F; C F, we draw the following conclusions.

If v,0" € V; then i(Vi+{t1}) = |E¢| +2 so V; + {1} breaks sparsity. Else we have
v, ¢ Viand i(V, + {t1,v,0'}) = |Ey| + 4 if t5 ¢ V; and i(V; + {t1,v,0'}) = |E| + 6
if to € V;. Therefore V; + {t1,v,v'} breaks sparsity unless to ¢ V; and |E;| = 2|V;].
However, in this final case G[V; + {t1,v,v'}] is a (2, 2)-C,-tight proper subgraph of

G contradicting the conditions of the lemma. m

4.5.2 Combinatorial characterisation

We can now put together the combinatorial results of this section to prove the
following recursive construction and then apply this result alongside the results of

Section 4.1 to deduce our characterisation of Cs-isostatic graphs.

Theorem 4.5.3. A graph (G, ¢) is (2,2)-Cs-tight if and only if (G, $) can be gen-
erated from the graphs (Fy, ¢2), (Ws, ¢a), (Wd(4,2), ¢5), (F1, ¢1), (F1., ¢6), (K34, ¢7)
(these graphs were depicted in Figure 4.8) by fized-vertex 0-extensions, fized-vertez-
to-Cy and symmetrised 0-extensions, I1-extensions, vertex-to-Ky, vertex-to-Cy, and

vertez-to-(2, 2)-Cs-tight operations.

Proof. Each of the base graphs are independent and tight and it can be seen that
the fixed-vertex 0-extension, fixed-vertex-to-Cy and symmetrised 0-extension, 1-
extension, vertex-to-Ky, vertex-to-Cy and vertex-to-(2,2)-Cs-tight operations pre-
serve independence, tightness and do not introduce fixed edges. By Theorem 3.3.4,
any graph after such operations is (2, 2)-C,-tight.

Conversely, we show by induction that any (2,2)-Cs-tight graph G can be gen-
erated from our base graphs. Suppose the induction hypothesis holds for all graphs
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with |[V] < n. Now let |V| = n and suppose G is not isomorphic to one of the
base graphs in Figure 4.8. Obviously any (2,2)-Cs-tight graph contains a vertex
of degree 2 or 3. The former case is dealt with by Lemma 4.2.1. We can also
apply Lemma 4.2.11 to assume there are no (2, 2)-C,-tight proper subgraphs of G.
Hence suppose §(G) = 3 and v is a vertex of minimum degree. There are 6 cases
depending on the closed neighbourhood of v, namely with labelling from this sec-
tion, N(v) NN (v') € {0, {t}, {x,a'}, {t1, ta}, {t, z,2'}, {t1,t2,t3}}. By Lemmas 4.2.5
(0), 4.2.7 ({t}), 4.2.6 ({z,2'} and {t1,t2}), 4.2.8 ({t,z,2'}) we see that the only
remaining blocks to reducing any given node is K, or all three neighbours being
fixed vertices. If G has a degree 3 vertex that is contained in a K, then by Lem-
mas 4.2.9 and 4.2.10 we may assume that the K, and its symmetric copy intersect
non-trivially. Since there are no (2, 2)-Cs-tight proper subgraphs of G this gives a
contradiction. Finally we may suppose that all nodes have all neighbours on the

mirror, and by Lemma 4.5.2 there exists a Cy contraction, completing the proof. [

Theorem 4.5.4. A graph (G, ¢) is Cs-isostatic if and only if it is (2, 2)-Cs-tight.

Proof. Since Cj-isostatic graphs are (2,2)-tight, necessity follows from Theorem
3.3.4. Tt is easy to check using any computer algebra package that the base graphs
depicted in Figure 4.8 are Cs-isostatic. Hence the sufficiency follows from Theorem
4.5.3, Lemmas 4.1.1, 4.1.3, 4.1.4, 4.1.5, 4.1.6, and Remarks 4.1.2, 4.1.7 by induction
on |V]. O

4.6 Additional Results

An immediate consequence of Theorems 4.3.3, 4.4.7, and 4.5.4 is that there are
efficient, deterministic algorithms for determining whether a given graph is C;-, Cs-,
or Cy-isostatic since the (2,2)-sparsity counts can be checked using the standard
pebble game algorithm [16, 24] and the additional symmetry conditions for the
number of fixed vertices and edges can be checked in constant time, from the group

action ¢.
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4.6.1 Tree decomposition

It is classical [26] that every (2,2)-tight graph can be decomposed into the edge-
disjoint union of two spanning trees, and such packing or decomposition results are
often of interest in combinatorial optimisation [12]. We derive symmetric decompo-

sition results for Cy, C; and C; in the following corollaries.

Corollary 4.6.1. A graph (G, ¢) is Cy-isostatic if and only if it is the edge-disjoint

union of two Zq-symmetric spanning trees (11, @), (Ts, ¢).

Proof. To show sufficiency, note that (77, ¢), (T, ¢) can be labelled so that if u is
the symmetric copy of v in T}, then they are symmetric copies in 15. By parity,
each tree will either have one fixed vertex, which will be the same vertex in G, or
one fixed edge. Since the spanning trees are edge-disjoint, G will either have one
fixed vertex and no fixed edge, or no fixed vertex and two fixed edges. Further,
it is known that the edge-disjoint union of two spanning trees is (2,2)-tight. The
fact that G is (2, 2)-Cy-tight now follows from the Co-symmetry of the two spanning
trees.

We prove the necessity of the symmetric decomposition by applying Theorem
4.4.6. It will be convenient to think of the edges of the two trees as being coloured
red and blue respectively. We illustrate appropriate colourings of the base graphs in
Figure 4.14. To check that the operations preserve the coloured trees, we describe
the edge colourings for each operation.

Firstly, the symmetrised 0-extension has one edge coloured red and the other
blue, with the symmetric edges coloured the same as their preimage. For a sym-
metrised l-extension, in which say xy and 'y in G are deleted and the new vertices
added in G* are v and v/, then colour vz, vy, v'z’,v'y’ in G* the colour of zy in
G, and set the third edge incident to v (resp. v’) as the other colour. A double
l-extension can be thought of in the same way; if vv’ was deleted in G, the path
containing v, w,w’, v’ will be coloured the same as ww’. In a symmetrised vertex-
to-K4 operation, the two new K, subgraphs should be coloured as in Figure 4.14
in such a way to preserve the symmetry. A vertex-to-(2,2)-Cs-tight subgraph op-

eration replaces a fixed vertex with a (2,2)-Ca-tight subgraph. As seen in Lemma
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4.2.11, the new subgraph can be constructed from either (Ws, ¢4) or (Wd(4,2)¢s)
with a series of symmetrised 0-extensions. We therefore colour the subgraph starting
with the (W5, ¢4) or (Wd(4,2), ¢5) copy, and colour the edges of the 0-extensions as
previously described.

Finally, we note that we do not perform fixed-vertex-to-C; operations when
considering (2, 2)-Cs-tight graphs. A symmetrised vertex-to-Cy operation can have
two possibilities. The path of length 2 on vy, w, vy (with w to be split into w and
u in the operation, Ng(w) = vy, v9,..., v, and vy, vy becoming adjacent to both)
can be coloured with both edges the same colour, or each edge different. In both
cases, colour the edges of G = GF \ {wvy, wug, uvy, vy, W'y, W, UV, u'vh} as in
G. Now suppose first that wv; is red and wwv, is blue in G. Then in G, we colour
wvy, uvy red and wug, uvy blue, and pv; the same colour as wv; for all p € {w,u}
and 7 € {3,...,r} (colouring the edges in the orbit analogously).

Hence we may suppose both wv; and wv, are coloured red in G. We claim that
for any arrangement of the edges from vs, ..., v, to either w or u in G, there is a
colouring in G of wuvy, wvs, uvy, uvy with three red edges and one blue edge that
will result in Gt being the edge-disjoint union of two Cs-symmetric spanning trees.
Note that such a colouring gives |[V(G™)|—1 blue and red edges. Necessarily, w and
u are in different connected components of the G induced by the blue edges, say X,
and X, respectively. The vertex v; will be in one of these components, without loss
of generality say X,,. Colouring the edge uv, blue will connect these two components
and hence give a blue spanning tree. Since wv; and wv, are coloured red in G it
is easy to see that colouring the edges uwvs, wvy, wvy red in G will produce a red

spanning tree. Applying this colouring symmetrically completes the proof. O

With a similar proof, we can establish the following result. We highlight the
difference in the two corollaries, namely that in Corollary 4.6.1 the non-identity
element of I" fixes the colouring, whereas in Corollary 4.6.2 the non-identity element
of I' reverses the colouring. We illustrate appropriate colourings of the base graphs

in Figures 4.15 and 4.16.

Corollary 4.6.2. For (') € {C;, Cs}, a I'-symmetric graph (G, ¢) is 7(I')-isostatic
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Figure 4.14: The Cy-symmetric base graphs decomposed into two Ch-symmetric
edge disjoint trees, coloured red and blue (depicted with dashed and solid edges
respectively).

if and only if it is the edge-disjoint union of two spanning trees Ty, Ty, where ¢()Ty =

Ty for the non-trivial element v of T'.

Proof. To show sufficiency, note that for the non-trivial element v of T', ¢(vy) does
not fix any edges of (G, ¢), since T1,T; are edge-disjoint. It is possible for vertices
to be fixed by ¢(7); in particular there may be no fixed vertices as is required for
Cj-isostaticity. It is known that the edge-disjoint union of two spanning trees is
(2,2)-tight. Hence G is (2,2)-7(I")-tight.

We prove the necessity of the symmetric decomposition by applying Theorems
4.3.2 and 4.5.3. As in Corollary 4.6.1, it will be convenient to think of the edges of
the two trees as being coloured red and blue respectively. We illustrate appropriate
colourings of the base graphs in Figures 4.15 and 4.16 for 7(I') = C; and 7(I") = Cj
respectively. To check that the operations preserve the coloured trees, we describe
the edge colourings for each operation, beginning with the shared operations de-
scribed in Section 4.2.

Firstly, the symmetrised 0-extension has one edge coloured red and the other
blue, with the symmetric edges coloured the opposite to their preimage. For a
symmetrised 1l-extension, say zy (a red coloured edge) and z'y’ (a blue coloured
edge) in G are deleted and the new vertices added in G are v and v’. Let the third
neighbour of v be z. Then colour va, vy, vz’ in G the colour of zy in G (red), and
'z, vy vz in GT the colour of 2’y in G (blue). In a symmetrised vertex-to-Ky

operation, the two new K, subgraphs are coloured so that each vertex of the K is
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incident to an edge from a red tree and an edge from a blue tree, and the symmetric
copy so that ¢(7) exchanges red and blue. Such a colouring is the K4 in Figure 4.14.
The same logic applies for a vertex-to-(2, 2)-Cs-tight subgraph operation.

Finally we consider vertex-to-Cy operations. First we consider fixed-vertex-to-Cy
operations for (2, 2)-Cy-tight graphs. The path of length 2, vy, w, v}, will be coloured
one edge blue and the other red. The new vertex u must colour the edge to v; with
a different colour to the edge to v]. A symmetrised vertex-to-Cy operation can have
two possibilities. The path of length 2 on vy, w, vy (with w to be split into w and u
in the operation, Ng(w) = vy, v, ..., v, and vy, vy becoming adjacent to both) can
be coloured with both edges the same colour, or each edge different. In both cases,
colour the edges of G = G\ {wwy, wuy, uvy, uvy, w'v}, w'vh, w'v), u'vh} as in G. Now
suppose first that wv, is red and wwvy is blue in G. Then in G*, we colour wvy, uv,
red and wwvy, uvy blue, and colouring the edges in the orbit the alternate colour.

Hence we may suppose both wv; and wv, are coloured red in G. We claim that
for any arrangement of the edges from vs, ..., v, to either w or u in G, there is a
colouring in G of wvy, wve, uvy, uve with three red edges and one blue edge that will
result in G being the edge-disjoint union of two 7(I')-symmetric spanning trees.
Note that such a colouring gives [V(G™)| — 1 blue and red edges. Necessarily, w
and u are in different connected components of the G induced by the blue edges,
say X, and X, respectively. The vertex v; will be in one of these components,
without loss of generality say X,,. Colouring the edge uv; blue will connect these
two components and hence give a blue spanning tree. Since wv; and ww, are coloured
red in G it is easy to see that colouring the edges uvy, wvy, wv, red in G* will produce
a red spanning tree. Applying this colouring with three blue edges and one red on

v, w'vh, w'vl, w'vl, completes the proof. O

|
I
I
I
I
NI

Figure 4.15: The C;-symmetric base graphs decomposed into two edge disjoint span-
ning trees, coloured red and blue (depicted with dashed and solid edges respectively),
which are images of one another under the map ¢(v).
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Figure 4.16: The Ci-symmetric base graphs decomposed into two edge disjoint span-
ning trees, coloured red and blue (depicted with dashed and solid edges respectively),
which are images of one another under the map ¢(v).

The next obvious challenge would be to extend the characterisations in Theorems
4.3.3, 4.4.7, and 4.5.4 to deal with the remaining groups described in Theorem
3.3.4. While it is conceivable these groups could be handled by an elaboration of
our techniques there will be many more cases and technical details to consider due
to the multiple symmetry conditions. Moreover the corresponding problems in the

Euclidean plane (see [38, 39]) remain open, providing a note of caution.

4.6.2 7(I')-symmetric infinitesimal rigidity

Analogous to the situation for frameworks in the Euclidean plane, an infinitesimally
rigid Cs-symmetric framework on Y does not necessarily have a spanning isostatic
subframework with the same symmetry. An example is depicted in Figure 4.17.
Thus, for symmetric frameworks on Y, infinitesimal rigidity can in general not be
characterised in terms of symmetric isostatic subframeworks. To analyse symmetric
frameworks for infinitesimal rigidity, rather than isostaticity, a different approach
(similar to the one in [41], for example) may be needed. Surprisingly, it turns out
that for C; and Cy the situation is special and a simplified version of the approach
in [41] may be applied in combination with Theorems 4.3.3 and 4.5.4 to deduce the
following characterisation of symmetric infinitesimal rigidity. We present the reader

a sketch of the proof, since a formal proof requires ideas and methods not visited in
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Figure 4.17: A Cs-rigid graph where no vertex or edge is fixed by the half-turn.
There is no (2, 2)-Cy-tight spanning subgraph.

the rest of the thesis. We first introduce terminology akin to that found in [41].

Let (G, ¢) be a simple I'-symmetric graph. For v € V', let [, := {¢(y)v : v € '}
be the vertex orbit of v. For e € E, let ', := {¢(y)e : v € '} be the edge orbit
of e. We write G/I" for the quotient graph of G by I'; which is a multigraph with
vertex set Vj the set of all vertex orbits of G under I' and edge set Ej the set of all
edge orbits of G under I'. That is Vj = {I', : v € V} and Ey = {I'. : e € E}. The
quotient graph then has incidence relation I', = I',I', if some (and therefore every)
edge in I', is incident with a vertex in I', and a vertex in T,.

We will create a directed graph called the gain graph. For our purposes, a
directed graph is a multigraph (with possible duplicate edges) with edge orientation
(i.e. wv # vu). In G, fix a representative v* for every vertex orbit I',. Fix an
orientation on the edges of G/T". Then for the directed edge e = ww, there is a
unique v € I' so that (u*,yv*) € E(G). This ~ is the gain of e. Let Gy = G/I" be a
directed quotient graph. Then the pair (Go, ) is a gain graph if b : Ey — I" maps
each edge of GGy to its gain. This definition assumes that there are no fixed vertices
(each vertex has trivial stabiliser).

Before we are ready to give our theorem we require one more piece of terminology.
Let C' < Gy be a cycle, with vertices {vy,...,v,} and directed edges {ei,...,en}.
The gain of a cycle is Y. 1(e;) where ¢; = 1 if the cycle follows the directed edge
and €; = —1 otherwise. A subgraph H < (G, ) is balanced if the gain of every cycle
is the identity of I.

Theorem 4.6.3. For 7(I') € {C;,Cs}, a graph (G, ¢) is 7(I')-infinitesimally rigid
if and only if (G, ¢) has a spanning subgraph H that is (2,2)-1(T")-tight.

Proof. 1f (G, ¢) has a spanning subgraph H that is (2,2)-7(I')-tight, then (G, ¢) is
7(I")-infinitesimally rigid by Theorems 4.3.3 and 4.5.4. We first consider C; symme-
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try. We want to show that if (G, p) is C;-symmetric and infinitesimally rigid, then
G contains a (2, 2)-Cj-tight spanning subgraph.

Since (G, p) is Cy-symmetric, its rigidity matrix block-decomposes into two blocks
Ry and R;, where R, corresponds to the trivial (fully-symmetric) representation pg
and R; to the non-trivial (anti-symmetric) representation p;. Each of these blocks
has |Vp| columns, where V4 is the set of vertex orbits under C;. No vertex can be
fixed by inversion, since the framework lies on the cylinder.

Since (G, p) is infinitesimally rigid, it must be “fully-symmetric infinitesimally
rigid” and “anti-symmetric infinitesimally rigid”. That is to say, the quotient
framework of G must have a spanning pp-isostatic subframework and a spanning
p1-isostatic subframework. Here, p;-isostatic means that there is no non-trivial in-
finitesimal motion or self-stress that is p;-symmetric (i.e. it is in the (P, ®7)-invariant
subspace and Pg-invariant subspace corresponding to p;, respectively).

Since the rotation about the cylinder axis is a pp-symmetric trivial motion, the
spanning pg-symmetric isostatic subframework must satisfy: |Ey| = 2|Vo|—1 (where
Ey and V; are the sets of edge and vertex orbits under C;) and also |Ej| < 2|Vj| —1
for all subgraphs and |Ej| < 2|Vj| — 2 for all balanced subgraphs (V{, E{). Call such
a group-labelled (multi-)graph (2,2, 1)-tight.

Since the translation along the cylinder axis is a p;-symmetric trivial motion, the
spanning p;-symmetric isostatic subframework must satisfiy the same (2,2, 1)-tight
count.

Now, notice that the lifting of a (2,2, 1)-tight quotient gain graph with no loops
is a (2,2)-tight C;-symmetric graph which has no vertex or edge that is fixed by
inversion. We still need to show that there is a (2,2, 1)-tight spanning subgraph
that has no loop edges (so that the lifting has no edge fixed by the inversion).

Note that a loop corresponds to a single edge in the lifted graph and that edge
contributes a single row to Ry and no row to R;. So the (2,2, 1)-tight gain graph
that we showed above must exist for p;-isostaticity cannot have a loop. So its lifting
is (2, 2)-Ci-tight, as desired.

For Cy the proof is similar, but slightly more subtle, as there can be vertices

fixed by the reflection. This would require a modification to the definition of the
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gain graph when there are vertices with non-trivial stabilisers. An example of such
a modification can be found in a recent paper by La Porta and Schuzle [22]. It’s
easy to see that each fixed vertex contributes one column to Ry and one column to
Ry, as it has a fully-symmetric degree of freedom (along the mirror plane) and an
anti-symmetric degree of freedom (perpendicular to the mirror plane).

The trivial motion space still splits as above, so there is a 1-dimensional trivial
motion space of symmetry py and py.

So for both py- and p;-isostaticity, we must have a spanning subgraph satisfy-
ing |Eo| = 2|Vg| + |Vi**d| — 1 and the corresponding subgraph counts. Call this
(2,1,2,1)-tight. As above for C;, a loop edge is redundant in the p — 1-symmetric
infinitesimal rigidity matroid, so the (2, 1,2, 1)-tight subgraph guaranteed to exist
for p;-isostaticity cannot have a loop. Similarly, it cannot have an edge between ver-
tices that are fixed by the reflection. So this (2,1, 2, 1)-tight quotient graph lifts to

a (2,2)-tight graph with no fixed edges (but possibly fixed vertices), as desired. [
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Chapter 5

Linearly Constrained Isostatic

Frameworks

5.1 Rigidity preserving operations

Given a 7(I')-symmetric isostatic linearly constrained framework in R?* we next
introduce several construction operations and prove that their application results
in larger 7(I')-symmetric isostatic linearly constrained frameworks in R More-
over we use this to show that a certain infinite family of C,-symmetric linearly
constrained frameworks are isostatic. These construction operations are symmetry-
adapted looped Henneberg-type graph operations. The operations are depicted in
Figures 5.1 and 5.2 for specific symmetry groups.

We will work with an arbitrary finite group I' = {id = 70,71, ..., %1} and we
will write y,v instead of ¢(v;)(v) and often vi(z,y) or (z®,y®) for (7 )(p(v))
where p(v) = (z,y). For a group of order two, it will be common to write v’ = yv
for v € I'\ {id}.

Let G = (V, E, L) be a I'-symmetric looped simple graph for a group I' of or-
der t. Then a symmetrised 0-extension creates a new ['-symmetric looped simple
graph G = (VT E* L") by adding the ¢ vertices {v,yv,...,v_1v} with either: v
adjacent to v;,v;, and for each k € {1,...,t — 1}, y,v adjacent to y,v;, y,v;; or v
adjacent to v; and incident to the loop (v,v), and for each k € {1,...,t — 1}, %v

adjacent to vy,v; and incident to (y,v;, Ykv;).
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Figure 5.1: C,-symmetric 0-extensions adding new vertices v and v in each case;
n = 2 shown.

Let ¢, = xy; € E, 1 =0 < i <t—1 be an edge orbit of G of size t under
the action of I'. Further let zy # xo,yo and let z; = ;29 for i = 1,....t — 1. A
symmetrised 1-extension creates a new ['-symmetric looped simple graph by adding
t vertices {v,yv,...,v_1v} and deleting all the edges e; from G, and with v adjacent
to g, Yo and zg, and ;v adjacent to x;,y; and z; for i = 1,...,¢t — 1. Alternatively,
let [; = xjx; € Lfori =0<1i<t—1Dbealoop orbit of G of size ¢t under the
action of I'. A symmetrised looped 1-extension creates a new I'-symmetric looped
simple graph by adding ¢ vertices {v,yv,...,v_1v} and t loops If = (v;v,~v) for
t =0 <17 <t—1and deleting all the loops [; from G, and with v adjacent to xzq

and yp, and ;v adjacent to x; and y; for i =1,...,t — 1.

Lemma 5.1.1. Suppose G is I'-symmetric. Let G be obtained from G by a sym-
metrised 0-extension. If (G, p,q) is 7(T)-isostatic in R?, then for appropriate maps
pT,q", (GT,pT,q") is T(T)-isostatic in R

Proof. There are two cases to consider here for the two variants of 0-extensions. We
first consider a new orbit of vertices adjacent to two vertices. Write GT = G +
{v,...,%_1v}, and let v € VT be adjacent to vy, vs, and for each k € {1,... ¢t —1},
v adjacent to Yivy, V. Define p* : VT — R? by pT(2) = p(z) for all z € V,
p*(v) = (2,9), and p*(yv) = (a®,y®). Write p(v1) = (21,91), p(va) = (22, 92)-
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Figure 5.2: C,-symmetric 1-extensions adding new vertices v, yv and ~%v in each
case; n = 3 shown.

Then,
R(G,p,q)
r—T Y—MWh
* T—Ty Y— Y 0
R(G+7p+7Q> = )
k k
Kl 0y
* 0 2R _ xék:) y(k) _ yék)

and hence the fact that R(G™,p", q) has linearly independent rows will follow once
cach 2 x 2 submatrix indicated above is shown to be invertible. Choose (z,y) so that
pt(v),pt(v1),pt(v2) are not collinear, that is (z,y) # (x1,y1) + Az —x1, y2 — 1) for
any A € R, which is exactly the requirement for the first submatrix to be invertible.
Since each 7(7;) is an isometry, all of the other ¢ — 1 remaining submatrices are

also invertible, and so rank R(G™,p*,q) > rank R(G, p, q) + 2t. Hence, if G is 7(T')-
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independent so is G™.

Alternatively, consider a new orbit of vertices with one loop incident, adjacent
to one vertex. Write Gt = G + {v,...,v_1v} and let v € VT be adjacent to vy
and incident to the loop I’ = vv, and for each k& € {1,...,t — 1}, yv adjacent to
Y1 and incident to yil. Define p™ : VT — R? by p™(2) = p(z) for all z € V,
pt(v) = (2,y), and pt(pv) = (@®,y®) and ¢* : LT — R? by ¢© = ¢(I) for all
le L, ¢ (') = (u,w), and ¢ (l") = (u®,w®). Write p(vy) = (x1,71). Then,

R(G,p,q)
rT—T1 Y—U
* u w 0
R(G",p",q") =
k k
2® — g y® gy
* 0 u® w®

and hence the fact that R(G™, p*, ¢7) has linearly independent rows will follow once
each 2 x 2 submatrix indicated above is shown to be invertible. Choose p*(v),¢*(I')
so that (u,w) # Mz —x1,y—1y1) for any A € R (equality in the equation corresponds
to the linear constraint being perpendicular to the edge vy ), hence the first subma-
trix is invertible. Since each 7(7) is an isometry, all of the other ¢ — 1 remaining
submatrices are also invertible, and so rank R(G™,p*,¢") > rank R(G,p,q) + 2t.
Hence, if G is 7(I")-independent so is G™. O

Remark 5.1.2. For a Cs-symmetric graph G, let Gt = G + v be obtained by a
0-extension with a vertex v fixed by o. Then, by letting v be adjacent to vy, vy € V/,
Y2 = —y1, the relevant 2 x 2 matrix (see the proof above) is still invertible, hence if

G is Cs-independent, then G is C,-independent.

Lemma 5.1.3. Let G be a I'-symmetric graph, and G* be obtained from G by a

symmetrised 1-extension. If G is 7(T")-isostatic, then G is 7(T")-isostatic.

Proof. Suppose first that the 1-extension adds a new set of vertices, {v, v, ...,y v},

where for each i € {0,...,t—1}, v'v is adjacent to three vertices, say vy, y've, y'vs,
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and the edges (y'vy,7'vy) are deleted. Call this new graph GT. Write p(v;) =
(21, 30), p(02) = (22,1), P(u3) = (5, 5). Define p* : V' — B2 by putting p* (2) =
p(z) for all z € V, and choosing special positions so that p*(v) = 3(p(v1) + p(vs)) =
(z,y), and p*(yv) = (2, y*)). Now consider the rigidity matrix of the realisation

of K3 with vertex positions p™(v), p*(v1), p*(v2). Then,

p(v) —pT(v2) pt(v2) —p*(v1) 0
R(K3,p") = | p(v) —p*(v) 0 pr(v) —pt(u)
I 0 p(v2) —p(v) pH(v) —p*(v2)
pH(vr) — p*(va) P (va) —p*(v1) 0
=1 3" () = p*(v2)) 0 3(p7(v2) = p*(v1))
I 0 30 (w2) = pT(v1))  3(0F(01) — p*(v2))

has rank 2 and the linear dependence is non-zero on all 3 rows. We note that
. . . —1 i i

the 7(7) preserves this linear dependence. Then, since (G* + UiZ,{(v'v1,7'v2)} \

Uf;é (7w, v've)}, pT, q) is obtained from (G, p,q) by a symmetrised 0-extension,

t—1 t—1

rank R(G* + (_J{(v'v1,7v2)} \ [ {(7'v,7'v2)}, 0", ¢) = rank R(G, p, q) + 2.

i=0 i=0
We observe from R(K3,p") that

t—1
rank R(G* + U{(Vivh Y v2)}, pT, q) = rank R(G, p, q) + 2t
i=0
too, and further, since any row can be written as a linear combination of the other
two, we can delete any edge orbit from the orbit of the K3 subgraphs and preserve
infinitesimal rigidity. Since (G, p™, ¢) is infinitesimally rigid in this special position,
G is 7(T")-isostatic.

Consider now a looped l-extension that creates a new graph G* from G by
adding vertices {v,yv, ...,y v}, where for each i € {0,...,t — 1}, v%v is adjacent
to two vertices, say Y'vi,y'vs, and incident to the new loop ~*l', with the loops
Yl = (y'vi,y'vp) deleted. Write p(vy) = (x1,91), p(ve) = (w9,92). Define p* :
VT — R? by putting p™(z) = p(z) for all z € V, and choosing special positions
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pt () = p(v1)+q(l) = (2,5), and p* (nv) = (2®,y*)). Further define ¢* : LT — R?
by q*t(h) = q(h) for all h € L and the special position ¢ (I') = ¢*(I) = (¢,d) and
symmetrically the loops {y/’,...,7""I'}. We then consider the rigidity matrix for
the realisation of H = G[{v,v;}] with the vertex positions p*(v),p*(v1) and linear

constraints ¢* (1), ¢*(!'). Then,

pr(v) —p*(v) pT(v) —p*(v) (—¢,—d) (c.d)
R(H,p*,q") = gt (1) 0 = (c,d) 0
0 g+ (") 0 (c,d)

has rank 2 and the linear dependence is non-zero on all 3 rows. We note that 7(7)

preserves this linear dependence. Then since
t—1 t—1

(G+ + U{(71017 Pylvl)} \ U{(Fylva fYZUl)}ap+a C]+)
i=0 i=0

is obtained from (G, p,q) by a symmetrised 0-extension,

t—1 t—1

rank R(G + | {(v'v1, Yv0)} \ [ J{(v'v,7"00)}, ", ¢F) = rank R(G, p, ) + 2t.

i=0 i=0
We then see from R(H,p*,q") that

t—1

rank R(G* + | {(v'v1.7'v1)},p", @) = rank R(G, p, q) + 2t
i=0
too, and further since any row can be written as a linear combination of the other
two, we can delete the orbit of one of {/,!’,vv;} and preserve infinitesimal rigidity.
Since (GT,p*, ¢") is infinitesimally rigid in this special position, G* is 7(I")-isostatic.

]

We next show some specific families of graphs are ['-isostatic for certain groups.
In the next sections these families will turn out to be base graphs for our construction
arguments. A pinned graph on n vertices is the graph with 2 loops incident to each

vertex and F = (), which we denote P,,. A looped n-cycle is a cycle on n vertices
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with a single loop incident to each vertex (see Figure 5.3), which we denote LC,,.
Define the symmetric graph (Py, ¢) to have ¢g : Z/27Z — Aut(P;) fix all elements of
Py for all v € Z/27Z. Furthermore, define (Py, ¢1) to have ¢y : Z/2Z — Aut(P,) fix
the vertex and transpose the loops for the non-trivial element of Z/27Z. Let (P, ¢»)
be defined by ¢, : Z/nZ — Aut(P,) having a single orbit of the n vertices. Lastly,
(LCy,¢p) has ¢, : Z/nZ — Aut(LC,) form a single orbit of the n vertices.

Lemma 5.1.4. The following graphs or graph classes are T(I")-isostatic:
o (Py, o) is Cy-isostatic;
o (P1,01) is Cy-isostatic;
o forn >2, (P, b,) is Cy-isostatic;
e for odd n >3, (LC,,,) is Cy-isostatic.

Proof. In the first two bullet points, we have a single vertex restricted by two linear
constraints. This will be pinned unless the corresponding loops are ¢, images of
each other, in which case the linear constraints must coincide. In the third bullet
point, every vertex is pinned. Therefore in the first three bullet points the graphs
are 7(I")-isostatic. In the final bullet point, we put the framework in special position,
so that the linear constraints pass through the origin (that is the vertices can only
move radially). Any infinitesimal motion of a vertex can therefore be described as
“inward” or “outward” from the origin, depending on whether the radial distance
decreases or increases. In order for the edge lengths to be preserved, any inward
moving vertex must be adjacent to two outward moving vertices, and likewise any
outward moving vertex must be adjacent to two inward moving vertices. As a result
of this, inward and outward moving vertices must alternate in the cycle. Thus
there are as many outward as inward moving vertices, which is not possible with
n odd. Hence, this special position is infinitesimally rigid, and so the graph is

7(T")-isostatic. O

Using another special position argument, Lemma 5.1.4 can be extended to show

all C,-symmetric looped n-cycles are 7(I')-isostatic. While we are only able to
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S b

Figure 5.3: Base graphs for the construction of C,-symmetric (n > 3) linearly
constrained isostatic frameworks; (Ps, ¢5) and (LCj, 1)) depicted.

construct the set of all 7(I')-isostatic graphs for rotational groups of order 2 or of

odd order, we give the extended result below.
Lemma 5.1.5. All C,,-symmetric looped n-cycles are rigid.

Proof. The case for odd looped n-cycles was shown in Lemma 5.1.4 and for simplicity
is omitted here, but can also be shown to be rigid by a small elaboration of this
method. Let n = 2k be even. Let Gy = ({vo},0,{lo,!'}) be a graph with one
pinned vertex, and define py : V' — R? by po(vy) = (1,0). Note that as long
as qo(lp) and qo(!') are not linearly dependent, the framework (Go,po,qo) is rigid.
We set qo(I') = (sin g, cos 5) and go(ly) = (—sing,cos5;). For 1 <i < n —1,
construct G; from a looped 0-extension, with new vertex v; adjacent to v;_; and
loop l; at v;. The maps p;,q; act on {vg,...,v;_1} and {ly,...,l;_1} as p;—1 and
qi—1 Tespectively, with pi(vi) = T(C2k)(P¢—1(Ui—1)) and Qi(li) = T<C2k)(%’—1(li—1))-
Since p;(v;) — pi(vi_1) # 0, the 0-extension preserves rigidity. Write p = po_1 and
q = Gax—1. Let G be a looped 2k-cycle. By construction, Gox—1 = G — {vgvap_1 +1'},
and in the framework (Gax_1,p,q), the constraint from [’ is the line through p(vy)
and p(vg_1), and the constraint from lo;_; is the line through p(vor_1) and p(vy)
(see Figure 5.4). As with (H,p",¢") in Lemma 5.1.3, we can show that the rigidity
matrix on ({vg, vex_1}, vovax_1, {lok—1,!'}) has rank 2 with linear dependence non-
zero on all 3 rows, hence rank R(Gax_1,p,q) = rank R(G,p,q) and so G, which is

Cor-symmetric, is rigid. O

In the following lemmas we consider only the C,-tight graphs, as we require

0-extensions and 1-extensions which involve fixed vertices in this setting.
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(G07p07q0> (GhPh(h) (G4,p4aQ4)

(G97p97q9> (G7p7 Q)

Figure 5.4: Process of generating a looped 10-cycle (G, p,q). At each stage shown
the framework is depicted with edges of the graph included and linear constraints
of interest included as dotted lines.
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Lemma 5.1.6. Suppose G is C-symmetric. Let Gt be obtained from G by a looped
0-extension at a fixed vertex, which fixes the added vertex, edge and loop, or a 0-
extension adding a fized vertexr adjacent to two symmetric vertices. If (G,p,q) is
C,-isostatic in R?, then for appropriate maps p*,q*, (GT,p*, q") is Cy-isostatic in

R2.

Proof. Write G = G + {v} and let v be adjacent to v; and incident to the loop
I'! = vv. Without loss of generality let the mirror line be the x-axis. Define
pt V=5 R2by pt(z) = p(z) for all z € V, p*(v) = (2,0), and ¢* : L — R? by
gt =q(l) foralll € L, g*(I') = (0,1). Write p(v1) = (21,0). Then, R(GT,p*,q") =

R(G,p,q) 0

and hence the fact that R(G™,p™, ¢") has linearly independent rows follows if the
2 x 2 submatrix indicated above is invertible. This happens as long as = # x;.

Alternatively when G = G + {v}, let v be adjacent to v; and vj. We re-
tain the definition of p™ and ¢*, now letting p*(v) = (z,0), p™(v1) = (x1,y) and
p*(vh) = (z1, —y). Now, R(G",p",q") =

R(G,p,q) 0
r—x1 Tr—x |
Y Y
with the 2 x 2 submatrix indicated above is invertible if and only if z # z; and
y # 0.
In each case we may choose a special position so that rank R(G*,pT,¢") >

rank R(G, p,q) + 2, and therefore this holds for the vertices in Cs-generic position.

Hence, if G is C-isostatic so is G7. O

Lemma 5.1.7. Let G be a T'-symmetric graph, and Gt be obtained from G by a
1-extension on a fized edge adding a new fized vertex incident to a fixed edge. If G

is 7(I')-isostatic, then G is 7(I')-isostatic.
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Proof. Suppose that the 1-extension adds a new vertex, v, where v is adjacent to
three vertices, say v, v}, v2, and the edge (v1,v]) is deleted. Call this new graph G+.
Write p(v1) = (z1,v1), p(v2) = (22, y2), and by symmetry p(v}) = (z1, —y1). Define
pt : VT — R? by putting p*(z) = p(2) for all 2 € V, and choosing special positions
so that p*(v) = (p(v1) + p(v})) = (21,0). Now consider the rigidity matrix of the

realisation of K3 with vertex positions p*(v), p*(v1),p*(v}). Then,

R(K3,p") = | pt(v) —pt(v) 0 pt(v) —p*(v)
p p

0 2y 0 2y 0 0
=10 -y 0 0 0 u
0O 0 0 —y» 0 w©n

has rank 2 and the linear dependence is non-zero on all 3 rows. Then, since (G +
(v1,v]) — (v,v))},pT, @) is obtained from (G,p,q) by a 0-extension adding a fixed
vertex,

rank R(G™ + (vi,v}) — (v,v))},p", q) = rank R(G, p, q) + 2t.

We observe from R(K3,p™) that rank R(GT + (v1,v])},pT, q) = rank R(G, p, q) + 2t
too, and further, since any row can be written as a linear combination of the other
two, we can delete any edge from the the K3 subgraph and preserve infinitesimal
rigidity. Since (GT,p*,¢q) is infinitesimally rigid in this special position, G* is 7(I')-

1sostatic. ]

Having seen fixed vertex variants of 0- and 1-extensions, and the looped 0-
extension, it is natural to ask whether there is such a fixed vertex move for looped
1-extensions. An extension on two vertices off the mirror would require deleting two
loops to preserve symmetry. To resolve this, one may think to perform two looped
1-extensions, adding two new looped vertices with one loop at each. However then
each of these loops would be fixed. In order to preserve the C-tightness condition
given in Table 3.12, one loop would correspond to a linear constraint perpendicular

to the mirror, and the other correspond to one along the mirror. Alternatively, one
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0

Figure 5.5: Two ideas for o-fixed looped 1-extensions adding new vertices u, v and
v respectively.

0

Figure 5.6: Fixed 1-extension variant adding a new fixed vertex v.

may consider two fixed vertices, one incident to a loop. A 1-extension adding a fixed
vertex incident to two fixed edges and one fixed loop, in order to preserve tightness
counts, would require the deleted loop to correspond to a perpendicular constraint,
and the new loop correspond to a linear constraint along the mirror. Figure 5.5
depicts the result of such ideas. Both of these however do not preserve infinitesi-
mal rigidity. In the following lemma we present a variant to a looped fixed vertex
l-extension which does preserve infinitesimal rigidity. It is unlikely such a move

would be required to classify Cs-tight graphs, but we present it here for interest.

Lemma 5.1.8. Let G be a I'-symmetric graph. Let Gt be obtained from G by:
adding a new pinned fized vertex; adding two new edges from this new vertex to any
vertex of G incident to a loop and its o image; and deleting a loop at this vertex of

G and its image under o. If G is 7(T")-isostatic, then G* is 7(T")-isostatic.

Proof. We create the new graph G from G by adding a new vertex {v}, where v is
adjacent to two vertices each the mirror image of the other, say w,w’, and incident

to the new loops [, and I/ which are o images of each other, with the loops | = (w, w)
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and ol = (w',w') deleted (see Figure 5.6). Write p(w) = (z,y), p(w') = (z,—y).
Define ¢* : LT — R? by ¢"(h) = ¢(h) for all h € L and the special position
qt(l,) = ¢ (1) = (¢,d) and symmetrically the loop ¢*(I)) = ¢*(I') = (¢,—d).
Further define p* : V*+ — R? by putting p*(z) = p(z) for all z € V, and choosing the
unique special position p*(v) = (xg,0) so that (z9,0) = (z,y) + A(c, d) for some real
A # 0. We then consider the rigidity matrix for the realisation of H = G[{v, w}]\{l}}

with the vertex positions p*(v), p™(w) and linear constraints ¢*(l,), g% (l). Then,

pH(w) —p*(v) p(v) —p*(w) A(=¢,—=d)  Ae, d)
R(H,p",q") = g+ (1) 0 = (¢, d) 0
0 q* (L) 0 (¢, d)

has rank 2 and the linear dependence is non-zero on all 3 rows. We note that this
linear dependence also holds on H' = G[{v,w'}] \ {l,}. Then since (G* + {I,I'} \
{l,, I}, p*,q") is obtained from (G, p, q) by a fixed vertex 0-extension,

rank R(GT + {1, I'}\ {l,, I}, p", ¢") = rank R(G, p, q) + 2.

We then see from R(H,p",q") that rank R(G™ + {[,I'},p", q) = rank R(G, p,q) + 2
too, and further since any row can be written as a linear combination of the other
two, we can delete one of {l,,l,vw} and its image in {I/,l',vw’} and preserve in-
finitesimal rigidity. Since (GT,p™,¢") is infinitesimally rigid in this special position,

G is 7(I')-isostatic. O

Lemma 5.1.9. Let G be 7(I')-isostatic. Let w € V be adjacent to vq,...,v, and
incident to the loops ly,ly. Suppose that both {p(w) — p(vi),p(w) — p(ve)} and
{q(11),q(l12)} are linearly independent sets in R%. Let G be obtained by forming
a vertez-to-Cy operation at the vertices w (and cw if o € I' and ow # w), so that
v1, vy are adjacent to both w and the new vertex w in Gt (and similarly ovy, ove are

adjacent to both cw and ou when they exist). Then G is 7(I")-isostatic.

Proof. We will construct R(G™,pT,q") from R(G,p,q) by a series of matrix row
operations. We first add 2 zero columns to R(G,p,q) for the vertex {u,ou} and

another 2 zero columns for the vertex ou when o € T' and ou # u (which for the
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remainder of the proof we will assume). Then add 4 rows to this matrix, for the
edges uvy, uvy, u'vy, w'vh. Since this is a pair of 0-extensions, rank R(G™,p*,¢") =

rank R(G, p,q) + 2. This gives the matrix M of the form:

[+ p(w) — p(wy) o ]
* pw) — p(v2) 0
* p(w) = p(vi) 0
M=|* 0 p(u) —p(vr) |,
* 0 p(u) — p(va)
* q(ly) 0
* Q(lz) 0

where the columns given are for the vertices w and u, and rows given for the edges
W1, WU, W, UVT, UU and loops Iy, 5. There would be similar columns for each pair
ow and ou. This is the rigidity matrix for a graph generated from G by a 7(I')-
symmetric vertex-to-Cy operation where v;w is an edge for all 3 < ¢ < k. We wish
to show that removing the edges {wv;} and loops [1, l; at w and replacing them with
the edges {uv;} and loops 3,1, at u preserves the rank of the rigidity matrix.

Since p(w) — p(vy) and p(w) — p(vy) are linearly independent and span R?, there
exists «, § € R such that p(w) — p(v;) = a(p(w) — p(v1)) + B(p(w) — p(ve)). Hence
we perform row operations as follows. From the row of wwv;, subtract o multiples of
the row of wvy, and S multiples of the row of wvy. Then to the row of wwv;, add «
multiples of the row of uvy, and § multiples of the row of uwvy. Since p(w) = p(u),
when we do this to every neighbour v; of u, and similarly vxv; of ~,u (since all
7(7%) are isometries of R3 that preserve the cylinder, the same «, 3,7 work for
the symmetric copies in G1), we obtain Ry(G™,p*). The row operations preserve

7(I")-independence, giving the desired result. O
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Figure 5.7: The four possibilities for vertex-to-C; operations on Cj-tight graphs.
Lemma 5.1.9 shows these operations preserve rigidity except in the case involving 3
fixed vertices (bottom right).
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5.2 (y-symmetric isostatic graphs

In the following sections we prove the main results of this chapter. These results show
that the standard sparsity counts, together with the necessary conditions derived
in Section 3.8, are also sufficient for generic symmetric frameworks to be isostatic.
The proofs are based on a recursive construction using the Henneberg-type moves
discussed in the previous section. We first consider C rotational symmetry. Recall
G = (V,E,L) is: sparse if |E'| + |L'| < 2|V’| for all subgraphs (V', E’) of G and
|E'| < 2|V'| — 3 for all simple subgraphs with |E’| > 0; and tight if it is sparse and
|E|4+|L| = 2|V|. Furthermore, a Cs-tight graph is a tight graph with vy = ey =1, =0
or vg=1,e9 =0,1, = 2.

We refer the reader to Section 2.1 for a reminder of the definition of k-critical
and k-edge-critical sets. Note that if X is 7(I")-symmetric and for each v € T'\ {id},
7 has no fixed edges or loops, then |I'| divides kx and ky. Additionally, we note that
a Co-tight graph with fixed edge, loop, and vertex counts described in Table 3.12,
has either no fixed loops or two fixed loops incident to a fixed vertex. Therefore any
symmetric vertex set will induce a subgraph with no fixed loops or two fixed loops,

and so |Cy| = 2 will still divide kx. This fact will be crucial in what follows.

Lemma 5.2.1. Let G be a graph and suppose A, B C V' have non-empty intersec-
tion. Then ka+kp = ]{ZAuB—i-/{ZAmB-i-d(A,B) and ];'A—l-/_ﬂB = Z}AuB—i-/;AmB-i-d(A, B).

Proof. Since |A| + |B| =|AU B| +|AN B|, we have

DA — ke +2B| — kp = imsn(A) +ipsn(B) = ip (AU B) +ipn(AN B) — d(A, B)
=2|AU B| — kaup +2|AN B| = kanp — d(A, B)
= 2|A[ +2|B| = kaup — kanp — d(A, B),
(5.2.1)

giving the result. The edge-critical variant is identical. O]

Most of the technical work in the next two sections involves analysing when we
can remove a vertex incident to 3 edges or 2 edges and 1 loop. In this chapter, we

will call such a vertex, in either case, a node. We will consider reduction operations:
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these are the reverse of the extension operations described in Section 5.1, namely

symmetrised (looped) O-reductions and symmetrised (looped) 1-reductions.

5.2.1 Reduction operations

Lemma 5.2.2. Let (G, ¢) be a Cy-tight graph containing a vertex v incident to two
edges. Then G\ {v,v'} is Cy-tight.

Note that this lemma includes the cases when v has degree two and is adjacent

to two distinct vertices and when v has degree three with a loop at v (recall Figure

5.1).
Proof. 1f either G — v or G \ {v,v'} breaks sparsity, G would not be tight. O

In the proof of the following lemma, spefically the second paragraph of Case 2,

we prove the following remark which we will reference in future proofs.

Remark 5.2.3. Suppose (G, ¢) is Cs-tight containing a node v € V' with N(v) =
{z,y, z}. Then it is impossible for x, y to be in a 0-critical set and z, z, 2/, 2’ to be in

a 4-edge-critical set. This conclusion is independent of the number of edges induced

by N(v).

Lemma 5.2.4. Let (G, ¢) be a Csy-tight graph and suppose v € V is a node with
N(v) ={z,y,z} and N(v)NN (V') = 0 or {t} wheret € {z,y, 2} is a fived vertex. For
a pair x1,rs € {x,y, 2} with x1x9 ¢ E, the following holds: x1,xy is not contained
in any 0-critical set or any 3-edge-critical set, and x1,xq, T}, x4 is not contained in

any 1-critical set or any 4-edge-critical set.

Proof. In the following argument, we leave it possible that one of the vertices of
{z,y, 2} is fixed, and for example 2’ = x. We split up the proof based on the number
of edges of G induced by N(v). If three edges were present G[N(v) U {v}] = K4
which is not sparse, so we may assume zy ¢ E. Suppose the pair z,y is not in a
O-critical set and suppose there exists a 1-critical set W containing x,y, ', 3. Then
W UW’" and W N W’ are both Cy-symmetric so have even criticality since G is

Cs-tight. By Lemma 5.2.1 one must be 0O-critical, a contradiction since both contain
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z,y. Hence we know that if z,y € N(v) are not in a O-critical set, then x,y, 2,y
are not in a 1-critical set.

Case 1: If there are two edges on the vertices of N(v), say z,y ¢ F, then z,y
cannot be contained in a 3-edge-critical subset and x,y, 2,7’ are not in a 4-edge
critical subset as these sets with v, z and v, z,v’, 2’ added respectively would not be
sparse. It’s easy to see that there is no O-critical set on x, ¥y, and there is no 1-critical
set on x,y, 2,y from the paragraph above, finishing Case 1.

Case 2: Suppose exactly one edge, say xz, is present on the vertices of N(v).
First assume x,y is contained in a O-critical set, X. Then it is easy to check that
Y,z is not in a O-critical set. Assume there exists a 3-edge-critical set U on v, 2.
This means there are [y € {0,1,2,3} loops on the vertices of U, with U being
(3 — ly)-critical. By Lemma 5.2.1,

kxuou = kx + kv — kxov — d(X,U).

We know ky = 0, X NU has edge-criticality of at least 2 and X NU C U so there

are lxny < ly loops on the vertices of X N U. Therefore,

ky — kxrv = 3 — ly — kxov + Ixno < 1,

and xz gives that d(X,U) is at least 1, so X UU is 0-critical. But then X UU + {v}
is not sparse in G, a contradiction.

To show y, 2,9/, 2’ is not contained in a 4-edge-critical set, first notice that X U X’
is O-critical, containing x,y,z’,vy’. Relabel this union as X. Assume there is a 4-
edge-critical set W on y, z,v/, 2’. We take the symmetric sets W U W' and W N W',
which by symmetry have even edge-criticality. Additionally, vy, 2,4,z € W N W',
so that kynaps > 3. Hence by Lemma 5.2.1, kwow + kwaws < kw + kyr = 8, and
s0 kwaw, kwowr = 4. As a result of this, we may always take 4-edge-critical sets of
Co-tight graphs to be symmetric (in particular we may assume W is symmetric).

There are either 0, 2, or 4 loops on the vertices of W (by symmetry and G being
Cy-tight), with W being 4, 2, or O-critical respectively in those cases. Again, since

kxow = kx + kw — kxow — d(X, W), any looped vertex of W is also a vertex of
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XNW, giving kw —kxaw = 0 (X NI contains at least 2 vertices and is symmetric,
so has at least 4 for its edge-critical value) and X UW U {v} is not sparse. Hence

the lemma holds in this case with z1, 25 = vy, 2.

Now assume neither x, y nor y, z are contained in O-critical sets. If both z,y, 2/,
and y, z, v, 2’ are in 4-edge-critical sets W7, W5, then we may suppose W; and W are
symmetric as before. Both W;UW, and Wi NW, are Cy-symmetric and have at least
2 vertices, so are also both 4-edge-critical. In particular, W; U W5 U {v, v’} violates
the sparsity of G. When only one of z,y, 2,y and y, z, ¢y, 2" are in a 4-edge-critical
set, say x,y, 2,y in W, assume there exists a 3-edge-critical set U containing y, z.

Lemma 5.2.1 for edge-criticality says
kvow = kv + kw — kuew — d(U,W).

Since kynw > 2 and d(U,W) > 1 (due to the presence of the edge xz), we have
kyow < 4. Similarly, kyogow < 4, but adding v, v’ contradicts the sparsity of G.
Finally, if no such 4-edge-critical set exists, x,y and y, z cannot both be in 3-edge-
critical sets, say Uy, Us, by considering U; UUsU{v}, as zz again gives d(Uy, Us) > 1.

Hence the lemma holds when one edge is present on the neighbours of v.

Case 3: Lastly suppose there are no edges induced by the vertices of N(v). It is
easy to show that there exists a O-critical set on at most one pair of neighbours of

v, while there can be 3-edge-critical sets on at most two pairs.

First assume z,y is contained in a O-critical set, X. Assume z,z and y, z are
contained in 3-edge-critical sets Uy, Us and note that (U; UU;) N X and any supersets
thereof (since they contain z, y) cannot be 3-edge-critical else all 3 pairs of neighbours

of v are in 3-edge critical sets. Consider the equations,

]_fUluUz = ]%Ul + %Uz - EUmUz — d(Uy, Us) (5.2.2)

k(Ulng)UX = kUlUUz + kX - k(UlUUQ)ﬁX - d<U1 U U27 X) (523)
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A contradiction occurs when
kU1UU2 < k(UlUU2)ﬁX + d(Ul U U27 X)a

as this would violate the sparsity of G. Let [, > [, count the number of loops on
vertices of Uy U Us, (U; U Uy) N X respectively. Equation (5.2.2) along with the
inequalities E?Ulng > 4 and l%Ung > 2 gives that these two inequalities are in fact

equalities. Then, since IE:(UIUUQ)QX >4 = E(UIUUQ), we have

oyl

knuvs)nx = konoosnx — b > ko) — lo = ko)

which, with Equation (5.2.3), gives the desired contradiction. So there is a pair
21, Ty not contained in a O-critical or 3-edge critical set. By Remark 5.2.3, there is
no 4-edge-critical or 1-critical set containing z, xs, 2, x4, completing this case.
Finally, suppose there is no O-critical set on any pair of neighbours of N(v). We
know, from above, that at most one pair of neighbours of v with their symmetric
copies can be contained in a 4-edge-critical set. Hence in this case we only obtain a
contradiction to the lemma if say z, y, 2,3/ is in a 4-edge-critical set W while z, z and
y, z are in 3-edge-critical sets, say U; and Us respectively (see Figure 5.8). Recall that
x,y cannot also be in a 3-edge-critical set and since ky,y, > 2 in Equation (5.2.2),
we have ky,up, = 4. Further, x,y € (U;UU;)NW, so /;;(UIUUQ)UW = 4. Now instead of
considering the 3-edge-critical sets U; and U, with the 4-edge-critical set W, consider
the 3-edge-critical sets U] and Uj with the 4-edge-critical set (U; U Us) U W. The
same methods show ]%(Ulng)uWU(U{uUé) = 4. However the set (U; UUy ) UWU(U;UUS)

with {v,v'} added is not sparse. This exhausts all cases, completing the proof. [

Lemma 5.2.5. Let (G, ¢) be Cy-tight and suppose v € V' is a node such that N (v) =
{z,y,2'} and N(v) N N(v') = {x,2'}. For a pair (x1,22) € {(x,y), (2", y)}, with
Ty ¢ E, we have:

x1,To 1S not contained in any 0-critical set or any 3-edge-critical set; and

x1, Ta, Ty, Th is not contained in any 1-critical set or any 4-edge-critical set.

Proof. Without loss of generality, one of the following hold:
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Figure 5.8: Diagram of part of a Cy-tight graph with hypothetical 3-edge-critical
sets Uy, Uy and 4-edge-critical set W, with z,z € Uy, y,z € Uy, x,y, 2",y € W.

1. zy, 2’y € E, 2'y,zy ¢ E.

2. xy, 2y, xy, 7'y ¢ F.

The edge sets described in (1) and (2) describe all possibilities when N(v) NN (v') =
{z,2'}. Suppose the edges present are as in (1) or (2), and at least one of the
following exists: (i) there exists X with 2’,y € X which is O-critical; or (ii) there
exists W with 2/, y, x,y’ € W which is 1-critial or 4-edge-critical. Note that X U X’
is O-critical and contains all the neighbours of v and v/, as with such a W, X U{v, v’}

and W U {v,v'} break sparsity of G immediately.

Hence for the remainder of the proof, we need only consider 3-edge-critical sets.

First in case (1), let U be 3-edge-critical with z',y € U. From Lemma 5.2.1,
koo < ky + ke —d(U,U) =3+3-2=14.

Then U U U’ U {v,v'} violates the sparsity of G, completing the first case. Now
assume we have no edges as in (2). We want to show that we can add either zy, z'y/
or 2y, xy’ to G — {v,v'}. Suppose there exists two 3-edge-critical sets, Uy, Uy, with
x,y € Uy and 2',y € U,. Relabel Y := U; U U,. Note that Y is not 3-edge-critical
else Y + {v} is not sparse. On the other hand ky,ny, > 2, so by counting ky < 4,
hence Y must be 4-edge-critical. Symmetrically, ky» = 4. Then as z,2’ € Y NY’,

Eyays > 3, and since Y NY" is symmetric, the number of edges on the set must be
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even, so kyry: > 4. Hence
kyoy' = ky + kyr — kyry —d(Y,Y') <444 -4 =4,

so adding {v,v'} to Y UY" breaks sparsity of G. O

Figure 5.9: The local structure of cases (1) and (2) in Lemma 5.2.5.

Lemma 5.2.6. Let (G, ¢) be a Cy-tight graph containing a node v with three distinct
neighbours. Then G\ {v,v'} + {x 29, 2|24} is Cy-tight for some x1,x2 € N(v).

Proof. From the definition of a Cy-tight graph, we know there are no fixed edges
and at most 1 fixed vertex in G. Therefore vv’ ¢ E and |N(v) N N(v')| cannot be 3.
Lemmas 5.2.4 and 5.2.5 show that when N(v) N N(v') equals (), {t} or {z,2'}, the

reduction will preserve sparsity, as required. O

Lemma 5.2.7. Let (G, ¢) be a Cy-tight graph. Suppose v is a node adjacent to
distinct vertices {x,y}, and v is incident to a loop. There exists some x1 € {x,y}

such that G\ {v,v'} + {(x1,x1), (2, 2)) } is Ca-tight.

Proof. Suppose there exist O-critical sets X,Y, with x € X and Y € Y. Then
X UY + {v} is not sparse. Hence, without loss of generality we may take it that
x is not in a O-critical set. Instead now suppose x,z’ is in a l-critical set, say W.
Then W UW and W N'W are both contain z, 2" and are Cy-symmetric, hence have

an even critical value. From the equation in Lemma 5.2.1,

2 = kw + kw' = kwowr + kwow + d(W, W),
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Thus one of WU W and W N W is O-critical, label this O-critical set U. If y is in a
O-critical set Y, U UY U {v} breaks sparsity of G. If instead y,y is in a 1-critical
set, we may do the same steps as above to find a 0-critical set containing both ¥, 1/,
leading to the same contradiction. Hence there is a x; € {x,y} which is not in a

O-critical set with x;, 2] not in a 1l-critical set, completing the proof. O]

We put together the combinatorial analysis to this point to prove the following
recursive construction. From this we then deduce our characterisation of Cy-isostatic
graphs. We need one more lemma which we prove for arbitrary cyclic groups as we
will use it again later in the thesis.

Two vertices u,v € V are connected if there exists a path from u to v. We define
two vertices u,v € V to be vy-symmetrically connected if uw = yv or v = ~vu, or if
there exists a path from u to yv or yu to v. A I'-symmetrically connected component
is a set of vertices which are pairwise y-symmetrically connected for some v € T', and
a graph is I'-symmetrically connected if it has only one I'-symmetrically connected

component.

Lemma 5.2.8. A graph (G, ¢) is C,-tight if and only if every C,-symmetrically

connected component of G is C,,-tight.

Proof. Label the C,-symmetrically connected components of G with Hy,..., H,,
with H; = (V;, E;, L;). By sparsity, we know each of the subgraphs H; are sparse.
We have |E;|+|L;| < 2|V;| and |E;| < 2|V;|—3, which gives G being tight if and only if
equality holds in the first equation for each ¢, which is to say each C,-symmetrically

connected component is tight. O]

We recall the following Cs-tight graphs: (Py, ¢¢) with one fixed vertex and two
fixed loops; (Pq, ¢a) with two vertices and four loops and no vertices or loops fixed.

These graphs are depicted in Figure 5.10.

Theorem 5.2.9. A graph (G, ¢) is Cy-tight if and only if (G,®) can be generated
from disjoint copies of (P1,¢o) and (P, o) by symmetrised 0-extensions and sym-

metrised 1-extensions.
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Y ®H Y

Figure 5.10: The base graphs, left (P, ¢) and right (Ps, ps), for Cy-symmetric
linearly constrained frameworks.

Proof. 1t is easy to see that any graph generated from (Pq, ¢g) or (Pg, ¢2) by sym-
metrised O-extensions and 1-extensions is Cy-symmetrically connected and Cs-tight.
Hence G is Cs-tight by Lemma 5.2.8.

We show by induction that any Cs-tight graph G' can be generated from sym-
metrically connected copies of (Pq, ¢g), (P, ¢2). We may assume by Lemma 5.2.8
that G is Cy-symmetrically connected. Suppose the induction hypothesis holds for
all graphs with |V| < m. Now let |V| = m and suppose G is not isomorphic to
(P1, ¢0) or (P2, ¢a). Since G is Cy-tight, the minimum degree is at least 2 and at
most 4.

A degree 2 vertex in a tight graph must be adjacent to two vertices and hence is
reducible by Lemma 5.2.2. A degree 3 vertex can have a loop and an edge incident
to it or be adjacent to three vertices. The former is reducible by Lemma 5.2.2 and
the latter by Lemma 5.2.6.

Hence suppose 6(G) = 4 and v is a vertex of minimum degree. We claim there
is such a v that is incident to a loop. Suppose not, then every vertex has at least 4
neighbours and so 2|E| < )~ degy(v) which violates the definition of tight. Since
v is incident to a loop and has degree 4 either it has two incident loops or is incident
to two edges and a loop. In the former case the orbit of such a vertex would be its
own Cs-symmetrically connected component. In the latter case w is reducible by

Lemma 5.2.7. This exhausts the possible cases and completes the proof. O
Theorem 5.2.10. A graph (G, ¢) is Cy-isostatic if and only if it is Cy-tight.

Proof. Necessity was proved in Theorem 3.8.3. Lemma 5.1.4 implies the base graphs
(P1, ¢0) and (Pq, po) are Cy-isostatic. Sufficiency follows from Theorem 5.2.9 and
Lemmas 5.2.2, 5.2.6 and 5.2.7 by induction on |V]. O
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5.3 (),-symmetric isostatic graphs

In this section we analyse C), rotational symmetry, for all odd n > 3. The arguments

will build on the proofs in the previous section.

5.3.1 Reduction operations

Lemma 5.3.1. Let (G, ¢) be a C,,-tight graph containing a vertex v incident to two
edges. Then G\ U_,{v'v} is Cy-tight.

Note that this lemma includes the cases when v is degree two adjacent to two
distinct vertices and when v is degree three with a loop at v, and is depicted in

Figure 5.1.

Proof. For fixed 1 <k <mandany 0 <i; < --- <ip <n—1, ifG\U;?:O{’yijU}

breaks sparsity, G would not be sparse. O

Let us first show the following key technical lemma for Cj3, and then follow it with
the general case. Both proofs are similar, but technical; the easier case is presented

first for the reader’s convenience.

Lemma 5.3.2. Let (G, ¢) be a C3-tight graph containing a v adjacent to two distinct
vertices {vi,va} and incident to a loop. Let v € Cy\ {id}. Then there exists some

x € {vy, v} such that G\ U_,{v'v} + U {y'zyiz} is Cs-tight.

Proof. We prove the lemma by first checking there is a neighbour of v not contained
in a O-critical subset of V', and then (for any k € {1,2}) that any k + 1 symmetric
copies of that neighbour are not contained in a k-critical subset of V.

If both of vy, vy were in O-critical sets, say Vi, V; respectively, then V; U Vo U {v}
would break sparsity. Label the vertex which is not in a O-critical set x. Note that
any symmetric copy of z is also not in a 0O-critical set.

Let 0 <4y < iy <2 and W be a set which contains {v"x,v"2x}. First we note
that W and 42~ W are not O-critical since they each contain a copy of x. Suppose
for a contradiction that W and ¥2~"W are 1-critical. Then W U~2~4T¥ contains

{vrx,y2z,v*2 1} and is not O-critical; and W N ~2~4W contains {7z} and is
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also not O-critical. By Lemma 5.2.1, kyyio-aw and Eynyin-ay must both be 1.
Observe that v227% is the third and final element of C3, and y?2~“ W is 1-critical, so
again, by Lemma 5.2.1, kqyyyia-inwyus2ie—nw and Kqyuyiz—iw)ns2i—nw must both
be 1. However, since G is Cz-symmetric, 3 divides both |W U W U +?WW| and
ipr (W U~AW U~2W). Then since ig, (A) = 2|A| — k4, 3 would have to divide the
criticality of W U~W U ~?W, which is a contradiction. Therefore any {y"z,~"2x}
with distinct i1,45 € {0, 1,2} is not contained in a 1-critical set.

Let W be a set which contains {z,yz,y?z}. We know from the above W is not
0 or 1-critical. Assume for contradiction it is 2-critical. Then W U ~W contains
{z,yz,v*r} and so is not l-critical; and W N yW contains {x,yz,y*z} which is
also not 1-critical. By Lemma 5.2.1, kwy,w and kwnyw must both be 2. Similarly,
W U~yW U~2W is 2-critical. However, as before G is Cs-symmetric, so 3 would have
to divide the criticality of W U ~W U ~?W, which is a contradiction. This proves
any set containing {x,yx,y*z} is not a 2-critical set. Hence, there are no sets which
would break sparsity conditions of our graph class by performing a 1-reduction at

v, adding a loop at a neighbour. O]

Having established this result for C5-symmetric graphs, we extend this to odd
order cyclic symmetric groups.

The two 1-reductions we perform have similarities in their proofs, where we
build an inductive argument on the number of symmetric copies of neighbours of v.
Since some of these ideas overlap, they will be shared between the two proofs where
possible. The significant difference between the two proofs is that adding an edge
means we must check both edge sparsity and sparsity are preserved, whereas adding
a loop does not require the edge sparsity condition to be checked. To begin with we
derive a technical lemma which is used in the inductive step of both arguments.

Let A C V and j be a positive integer less than or equal to n. Define X;(A)
to be the set with elements being j copies of A under action ~y, written X;(A) =
{¥"A,. . 49A i <o <i; €{0,...,n—1}}. We will write X; for X;(A) and
X, for X;(A) where the context is clear. Let ¢ : X; — Z,, ({1 A,...,75A}) =
{i1,..., 4}
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Lemma 5.3.3. Let n be a positive odd integer, (G, ¢) be a Cy,-tight graph and let X
be defined as above. If for A C N(v), X is not in a 0-critical set for all X; € Xy,

then X; is not contained in a (j — 1)-critical set for all j < n.

Proof. We proceed by induction on j and begin by noting that the case when j =1
is trivial. Assume no X is contained in a (j — 1)-critical set for all j < k. We will
show any Xj, is not contained in a k-critical set. Fix Xy 1 € X1 and write X =
¢(Xp41). For notation, write V' X = ¢(7' Xp11) and v XUV X = ¢(v X4 1UY Xpp1)
and v*X N+? X similarly. By the induction hypothesis, any set containing X, also
contains k or fewer copies of z, so is not j-critical for any j < k. Suppose for a
contradiction that Xy, is contained in a k-critical set, say W. We will show that
Ur) v W has 2| U, v'W|—a edges for some a < n. Since |JI—) 7'W is symmetric,
n divides | U;:Ol v'W|. As our graph class has no fixed edges or loops, this gives a

contradiction. Initially, we assume that X generates Z,.

Observe that if ¥*X C X U---U~* !X and XU - U1 X = X U---Uy"*X
then

kWU---U'yitﬂW = kwu--witW'

Therefore, to bound ky...;n-1y our main focus is the case when v*X ¢ X U--- U
=1 X. First, when v2X € X we have |X N+ X| < |X]| < |X U~y"X|. By the
induction hypothesis, any set containing ¢~*(X N~ X), such as W N~ is not
contained in a (|X N~"X| — 1)-critical set. This implies kyn,ay > [ X Ny X].

Lemma 5.2.1 implies that

kWU’y“W = kW + k,yilw — ka,yilw — d(m ’}/il W)
<IX| =14+ "X =1 — | X Ny X| — dW, " W) (5.3.1)
< X UnX] -2
and hence the critical value for W U~ W is at most (| X U~"X| — 2).

We repeat this process with 72X ¢ X U~ X, and hence investigate (X U~ X) U
72X and (XU~ X)Ny2X. We know that ky iy = k or kyoynw < [ XUy X |2
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and k. iy = k. Since 72X ¢ X U~"X we have
(XU X)Ny2X| < | XUy X < [(XUA"X)U~y2X].

Noting that ¢~ ((X Uy X)N~"2X) is not contained in any (|(X Uy X)N~y2X]|—1)-
critical set, (as (X U~ X)N~2X C 72X we can apply the induction hypothesis),
S0

k(WUv"lW)erW > (XU 'yilX) N ’7i2X|

(as o7 H((X U1 X)Ny2X) C (W UMW) N~2), therefore

kwiyiiwoyiew = Ewoyinw + Kyew = Earusiwoiaw — AW Uy W, 42 W)
SIXUAMX] =24 72X = 1 - [(X Ua"X) Ny"X|
- (5.3.2)
—d(W Uy W42 W)

< |X Uy X Uy2X|— 3.

Thus the critical value for W U "W U ~2W is at most (|X U~y"X U~2X]| — 3).
Recalling that v*X C X U---U~*-1 X implies that

ko yieiw = kwoeoyiew,s

and noting that |[(X U---U~"'X)\ X| = n — k — 1, the case when 7"X ¢

X U---U~%1X can happen at most n — k — 1 times. Therefore, we obtain that
kWU"'U’y"71W S |X U R U 'yn_lX| —n + k

Finally since | X U---U~y"1X| =n, WU---Uy""'WW cannot be n-critical. However,
since G is C,-symmetric, n divides [W U --- U~y 'W| and n divides ig, (W U
-+~ U~™ W), However then, since ig, 1 (A) = 2|A| — ka, n divides the criticality of
WU---U~y" W, a contradiction.

Instead assume that X generates a subgroup of Z,, let m be such that m -
(X)) =nand = |(X)| > k+1. Let j1,...,7 be distinct elements of (X) so that
VO (W U -+ - UA 1Y) is non-empty for all 2 < r < [. We can apply the above
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argument, instead noting that (' X U---U~%X)\ X|=1—k — 1, so that
Fynwiw < WX U Uy X =14k =k
Let W* =41 U --- U~ W. By construction we have
W UAW* U - U™ W =W uayW u--- Uy ',

Therefore, since the criticality of the union of sets is less than the sum of the criti-

calities of those sets,
kwi.om—tw < mkw- <mk <m(k+1) <ml=n,

and we arrive at a contradiction as before. O

Lemma 5.3.4. Let (G, ) be a C,-tight graph. Suppose v is a node adjacent to
distinct vertices {v1,v2}, and v has a loop. Let v € C,, be a generator of C,. There

ezists some x € {v1,va} such that G\ /g {v'v} + Ul {vavia} is Cp-tight.

Proof. Since v € €, is a generator of C, and no element is fixed by ¢,, for any
uw €V, u,yu,..., v tu are all distinct. We will show that there is a neighbour of v
not contained in a O-critical subset of V', and that (for any k£ € {1,...,n — 1}) any
k 4+ 1 symmetric copies of that neighbour are not contained in a k-critical subset of
V.

To see there exists an « € {vy,v9} which is not in a O-critical set, suppose both
vy and vy are in O-critical sets. Let V7, V5 denote the O-critical sets containing vy, vo
respectively. Then Vi U V5 U {v} would break sparsity. The base case of induction
is now complete since, by extension, v'z is not in a O-critical set for any ¢ € [n — 1].
Indeed, we now have a set {z,vz,...,7" 'z} where no one element is contained in a
O-critical set. Hence, we have, for {z} C N(v), shown that any X;({z}) € X;({z})
is not contained in a O-critical set, so Lemma 5.3.3 implies that no X; is contained
in a (j — 1)-critical set for all j < n. Hence, the 1-reduction will not break sparsity

of G, completing the proof. n
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Lemma 5.3.5. For a positive odd integer n, let (G, ¢) be a Cy,-tight graph and let
v €V be a node adjacent to distinct vertices {vy,vs,v3}. Let v € C, be a generator
of C. There exists some x,y € {v1,va,v3} such that G\ /g {7'v} +Ur~ {72y}
15 C,-tight.

Proof. With the same arguments used in Lemma 5.2.4, we may show that there
exists a pair {zo,y0} € {{v1,v2},{v1,v3}, {ve,v3}} which is not contained in a 0-
critical set or a 3-edge-critical set. We claim that for some i, 5 € {1,2,3}, and any
choice of k + 1 elements from {{v;, v;}, {yvi,yv;}, ..., {7 tv;,v" v, }}, there is no
(k — 1)-critical set containing those k elements. We prove this by induction on k.

We have that {zg, 0} is not contained in a O-critical set. We write x; = 7',
and similarly y;. By the symmetry of G, {x;,y;} is not in a O-critical set for any
i €{0,...,n—1}. Hence the basis of induction is complete.

Write Xy ({zo,%0}) = {{zir, v}, - {2z v} i < -+ < i €{0,...,n—1}}.
Assume no X is contained in a (j — 1)-critical set for all j < k. Then, Lemma
5.3.3 completes the induction. Hence, we have shown that there is a pair {z¢, yo}
not in a O-critical set, and for any such pair, the union of any k& symmetric copies
of that pair is not contained in a (k — 1)-critical set. It remains to show is that the
lI-reduction does not violate the inequality |E’| < 2|V'| — 3.

We require an analogous reduction to Lemma 5.3.3 with edge-criticality. To
this end, for a given k-edge-critical set W, we consider the union U;:Ol ~*W, which
is a C,-symmetric set. In this case it is possible for the order of the group to
divide the number of edges in the set, so instead we will show that U?;(} ¥'W has
2| U?:_ol YW | — a edges for some a < 2n. Since U?:_Ol W is symmetric we know n
divides | U~ 7'W|. Hence it must be that a = n.

Assume no Xj is contained in a (j + 2)-edge-critical set for all j < k. Then, for a
contradiction, suppose X1 is contained in a (k+ 3)-edge-critical set. That is, there
exists a W containing k + 1 copies of {xg,yo} such that ky =k +3 = |X|+3 — 1.
We follow a similar approach to Lemma 5.3.3, however it is now vital that the
appropriate intersections be non-empty.

First take | X N2 1 X| < |X| < |X U427 X]|. By the induction hypothesis,

any set containing ¢~1(X N~271X), such as W N ~2"41 | is not contained in a
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Figure 5.11: Two C),-symmetric sets U and T, with U n-critical and T" O-critical.
The case when n = 3 is shown.

(| X N~ X |+ 2)-critical set. This implies kyynyi—iy > | X Ny27" X|+3. Lemma
5.2.1 implies that

%WUWiQ*iIW == ];W —|— ];’yi27i1W - E’Wm,yig—ilw - d(W, ")/igiil W)
<X +3 =14+ ]2 X[ +3—1—|XNAy271X]|—3 (5.3.3)
<|XUuq2 X +3-2.
Hence the critical value for W U~2""W is at most | X U~y2~1 X |43 —2. We repeat

this process with v3~1 X ¢ X U~2~1 X and hence take (X U2 1 X) U501 X
and (X U~271X) N+~ X. Continuing, we obtain

]%WuviQ*i1Wu---u'yik*i1W < ’X Uy 7ik7i1X| +3—Fk.

If X generates Z,, with the same reasoning as in Lemma 5.3.3, we can choose an

ordering 71, ..., j, of Z, such that
IE‘,YjIWU_..U,anW <X U---UymX|+3—-n+k=k+3.

Since ' WU- - -Uy" W is c,-symmetric, we have a contradiction unless k., y...uqimw =

n—1

n. Suppose this equality holds, and write U = |J]—, v'W.

Without loss of generality we may suppose {zg,y0} = {vi,v2}. If both edges
v1V3, VoU3 are present, then U:'L:_ol (v'W U {2, v;}) breaks sparsity. So suppose other-

wise. We will show that one pair from {{v1,v3}, {v2,v3}} is in neither a O-critical or
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a 3-edge-critical set. Take a pair from {{vy,vs}, {va, v3}}, say {vo, 20} If {90, 20} is

in a 0O-critical set Ty, then T = |JI' )

=0 7Ty is O-critical. We have already shown that

U is not p-critical for p € {0,...,n — 1}, hence n = ky > ky > n, therefore U must
be n-critical and i, (U) = 0. Then,

kuur < ky + kr — kynr = n — kunr.

Since i, (U) = 0, i,(UNT) = 0, so kynr = kunr > 3. This gives kyur < n — 3.
Then, U?:_Ol y'wUUUT violates the sparsity of G (see Figure 5.11 for an illustration).
Similarly, if xozg ¢ E, then {zg, 20} is not in a O-critical set, and we can apply the
inductive argument from the beginning of the proof to deduce that no k copies of

either pair is in a (k — 1)-critical set.

Now suppose {yo, 20} is in a 3-edge-critical set Ty. If z9zg € E, then
l;:UUTo = EU+ET0 — EUF‘ITO —d(U,T()) S TL+3—2— 1 =n.

Repeating this with T} = ~Tj, so EUUTOUTl < n,until T,,_; = v~ T gives ];/'UUTOU~~~UTn_1 <

n. This union with (J/—) {y%v} breaks sparsity of G. We note that the above con-
tradiction would hold with zozy ¢ E and kyng, > 3. Therefore assume 29z ¢ E
and E:UQTO = 2. Similar to the above, we arrive at a contradiction if {z, 29} is in a

3-edge-critical Sy unless kyng, = 2. Then
ksour, = ks, + k1, — ksormy, — d(So, To) < 3+3 —2=4.

By definition, edge-criticality equal to 2 implies the vertex set is a singleton. Hence
UNTyo = {yo} and UNSy = {zo}. Then UN(SoUTy) = {z0, o}, and since zoyo ¢ E,
{z0, 90} is 4-edge-critical (as depicted in Figure 5.12).

We have
kuusouny) < ko + ksour, — kunsouny) <n+4—4=n.

Repeating with (S;, T;) = (7°So,v'Tp) fori = 1,...n—1 implies that |/~ (S;UT;)UU
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Figure 5.12: C),-symmetric and n-edge-critical U with 3-edge-critical sets Sy and 7.

is n-edge-critical. Then adding v, ...,~v" v breaks sparsity of G. Therefore one of
the pairs {zg, 20} and {yo, 20} are not contained in a 3-edge-critical set. Without
loss of generality, say that it is {zo, 20}. We can now build an inductive argument,
assuming ¢ copies of {xg, 2o} are not contained in a (g-+2)-critical set for 1 < ¢ < k.
As before with {z, yo}, suppose k; + 1 copies of {xg, 2o} are contained in a (k; + 2)-
edge-critical set R. As with W, YR U --- U~ R is C,-symmetric. Hence we
have a contradiction unless l;vhl Ru-Uyim g = 1 for some ordering hy, ..., h, of Z,.
Recall that U = 47 W U ---U~"W and put R* =" RU---U~" R. Then R* is
C,-symmetric. For any set the edge-criticality is at least 2, hence by sparsity and

symmetry kyng > n. Therefore,
kuors < ku + kre — kyar- <n+n—n=n,

which, on adding U;:Ol{viv}, violates the sparsity of G. This completes the induc-

tion for one of {zg,yo} and {xg, 20}

If X generates a subgroup of Z,, let m be such that m - |[(X)| = n. Then, with
[ = {X)| > k + 1, there is an ordering ji, ..., 7 of (X) such that

kinwoeopnw < VXU UX |43 -1+ k=k+3.
Let W* =AW U---U~%W. By construction we have

W*UAW*u-- U™ "W =W usW uU---U~y""'W.
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Whenever n > 3 is odd, we have that
m(k+3)=m(k+1)+2m < ml+2m=mn+2m < 2n.

Hence,

kWU---U’y”_IW - mk7j1WU,,,U7jlW < 2n,

and since W U --- U~y" W is C,-symmetric we may repeat the argument in the

paragraph above to obtain a contradiction. O

It was only in the final paragraph of the proof where the proof does not apply
to an arbitrary cyclic group. Consider a Cy,-tight graph G, and the set X, =
{{z0,y0}, {®m, ym}} which is contained in a 4-edge-critical set . Then assuming
each of the sets are disjoint, W U---U~™ 1V is 4m = 2n-edge-critical. A different
approach is therefore required in these groups.

We can now present our main results.

Theorem 5.3.6. Let n be a positive odd integer. A graph (G, ¢) is Cy-tight if and
only if every C,-symmetrically connected component of G can be generated from

(Pr, ) or (LC,, y,) by symmetrised 0-extensions and 1-extensions.

Proof. Any C,-symmetrically connected component generated from one of the base
graphs by symmetrised 0-extensions and 1-extensions is C),-tight. For the converse,
we show by induction that any C),-tight graph G' can be generated from symmet-
rically connected copies of our base graphs. We may assume by Lemma 5.2.8 that
G is C,-symmetrically connected. Suppose the induction hypothesis holds for all
graphs with |V| < m. Now let |V| = m and suppose G is not isomorphic to one of
the base graphs in Figure 5.3. For a tight graph, 2 < 6(G) < 4.

A degree 2 vertex is reducible by Lemma 5.3.1. A degree 3 vertex can have a loop
and an edge incident to it or be adjacent to three vertices. The former is reducible
by Lemma 5.3.1 and the latter by Lemma 5.3.5. When 6(G) = 4, it can be shown
(see the proof of Theorem 5.2.9) that there exists a vertex w € V incident to a loop
and adjacent to two vertices. Then w is reducible by Lemma 5.3.4, completing the

proof. n
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Theorem 5.3.7. Let n be a positive odd integer. A graph (G, ¢) is Cy-isostatic if
and only if it is C,-tight.

Proof. Since C,,-isostatic graphs are tight, necessity follows from Theorem 3.8.3. In
Lemma 5.1.4, the base graphs (P,, ¢,) and (LC,,v,) (n = 5 depicted in Figure
5.3) are C,-isostatic. Hence the sufficiency follows from Theorem 5.3.6 and Lemmas

5.1.1 and 5.1.3 by induction on |V|. O
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Chapter 6

Further Research

In many respects the most natural continuation of my studies would have been to
consider a reflection symmetry for linearly constrained frameworks in R2. The ex-
tension operations that we expect to be required for a classification were given in
Section 5.1. We will discuss the difficulties that arise from our methods of classifying
linearly constrained Cs-symmetric isostatic graphs. We consider reduction opera-
tions for Cs-tight graphs. We recall Cs-tight graphs have two alignments of fixed
linear constraints, one perpendicular to the mirror which is represented positively
in P/ and one along the mirror which is represented negatively in P;, and the total
number of such loops representing each case is counted by [, and [, _ respectively.
From Table 3.12 we have (with e,, v, the number of fixed edges and vertices by the
reflection) that e, + [, = [, — and there is no restriction on v, besides that each
fixed loop must be incident to a fixed vertex, trivially giving v, > max{l, 1, l, _}.

In order to differentiate between the different possibilities for the image of a
linear constraint by the reflection in our figures, we will identify linear constraints
not fixed by the mirror by loops without signage, those fixed with normals which
are preserved by the mirror by loops with a plus sign within, and those fixed with
normals inverted by the mirror by loops with a minus sign in.

Here we introduce our base graphs for Cs-tight graph with such notation (see
Figure 6.1). We show five small Cs-symmetric graphs that are tight. These are,
reading left to right, top to bottom: (P;,wy) with two fixed loops, one which has

its normal preserved and the other having its normal inverted; (P;,w;) with no
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(P1,wo) (Pryw1) (Pa, wo)

(LCs,w3) (LCy, wa)

Figure 6.1: Some C;-tight base graphs.

fixed loops; (P2, ws) with no fixed elements; (LC3,ws3) with one fixed edge, one fixed
vertex, and one fixed loop which has its normal inverted; and (LCjy,ws) with two
fixed vertices and two fixed loops, one of each kind. These could form the base

graphs of a recursive construction.

We will again consider reduction operations previously seen, namely symmetrised
0-reduction, symmetrised 1-reduction, and additionally for C,-symmetry, fixed 0O-
reductions and Cj-reductions. Like in (2,2)-Cs-tight graphs, much extra consider-
ation is required around fixed vertices. In this setting, we also have fixed edges
and loops, which prove to be a significant problem for a graph classification like in
Section 4.5. As is often the case one of the most difficult part of this problem is
reducing vertices of degree 3. In Figure 6.2 we give some of the variations in neigh-
bours of a degree 3 vertex. In this figure we omit a fixed vertex with 3 neighbours
all fixed since we believe this case should not arise once O-reductions have been per-
formed. In Figure 6.3 we demonstrate a Cs-tight graph in which all nodes lie on the
mirror. This was not encountered when we studied the (2,2)-Cs-tight graphs. In
this particular graph, a reduction of a fixed vertex to a fixed edge would preserve
the e, + I, + = l,_ constraint, since the node is already incident to a fixed edge.

Another natural question to ask, is if there exists analogous results to Theorem
4.6.3 for our characterisations of isostatic linearly constrained frameworks in the
plane. If ), acts freely on the vertices, edges and loops, we conjecture that an

infinitesimally rigid C,,-symmetric linearly constrained framework in R? will always
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00060
TPo >

Figure 6.2: Some possibilities for nodes in a C,-tight graph. In the bottom right
graph v is a fixed vertex.

Uy U2 Us Uy
U1 V9 Vs V4

Figure 6.3: A Cj-tight graph where each node {v;,vs,v3,v4} lies on the mirror.
Some edges are shown incomplete, with wuy, us, u3, u4 forming a K, and similarly
the other vertices not on the mirror form a K, with their translational copies (as
drawn).
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Figure 6.4: A Cj3-symmetric rigid graph with no spanning isostatic C3-symmetric
subgraph.

have a spanning isostatic subframework with the same symmetry. If so, generic
infinitesimal rigidity of C,-symmetric linearly constrained frameworks in R?, where
C,, acts freely, can be characterised in terms of symmetric isostatic subframeworks.

This is in general not true; Figure 6.4 provides a small counterexample.

Further to this, when we first undertook our study of symmetric linearly con-
strained frameworks, we planned to investigate rigidity in R?. Hence given more
time, symmetric linearly constrained frameworks in R? would likely have been the
next point of study in this thesis. Here, there is the widest selection of groups to
choose from. Once again the inversion group appears the most likely to give promis-
ing results. There are no fixed edges to consider, and either there is no fixed vertex
or loop, or the only fixed vertex will be pinned at the origin by d hyperplanes. While
it would be natural to begin the study with the three dimensional case, one would
hope that the results of [8, 20] could be used to give analogous results for similarly

defined graphs in d dimensions.

One may instead choose to return to the symmetry of isostatic frameworks on sur-
faces. While new complexity would likely arise, it is possible that to give characteri-
sations of (2, 2)-Cy,-tight and (2, 2)-Cy,-tight graphs requires no new techniques from
those used in Chapter 4. One likely source of further difficulties comes when per-
forming 1-reductions on such graphs. Checking for k-critical sets, for k € {3,4,5,6},
which contain 1, 2, 3 and 4 (respectively) of the pairs of endpoints for the edges to
be added in the reduction will require a careful approach. However, this is similar

to the work undertaken in Section 5.3 considering the k-edge-critical sets.

Both the cone and elliptical cylinder present as natural best options to classify
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the class of (2, 1)-7(I')-tight graphs (notation to specify which surface would appear
useful). From our research, order two groups are the least problematic to work with,
and all of the groups with isostatic frameworks in this setting are order 2. All of the
groups contain one fixed edge (an odd number is guaranteed given the total edge
parity and groups being order 2), which is different to anything studied in this thesis.
The inversion and half-turn present as the best groups to first approach given the
difficulties that can arise with fixed vertices. In particular, two fixed vertices can be
adjacent which will change the problem from the cylinder case.

As seen in [10], there is a precise geometric correspondence between infinitesimal
rigidity in the plane and that on the sphere, which has been extended to symmetric
frameworks. A similar geometric correspondence between infinitesimal rigidity of
normed planes and the cylinder looks likely to exist. It would be interesting to
investigate whether an extension to symmetric frameworks can also be made here.
Indeed, for ¢ € (1,00), ¢ # 2, isostatic frameworks in the normed plane 62 have
a ‘generic’ characterisation which is (2,2)-tight just as the cylinder does. In the
plane setting, the isometries differ to those on the cylinder, which one would expect
to allow different groups to express minimally rigid graphs, and the representation

theory to give different fixed edge and vertex counts.
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