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Abstract

In this paper we present a framework in which the relational description of General Relativity can
be used to smoothly continue cosmological dynamical systems through the Big Bang without invoking
quantum gravity effects. Cosmological spacetimes contain as a key dynamical variable a notion of scale
through the volume factor v. However no cosmological observer is ever able to separate their measuring
apparatus from the system they are measuring, in that sense every measurement is a relative one and
measurable dynamical variables are in fact dimensionless ratios. This is manifest in the identification of
a scaling symmetry or “Dynamical Similarity” in the Einstein-Hilbert action associated with the volume
factor. By quotienting out this scaling symmetry, we form a relational system defined on a contact
manifold whose dynamical variables are decoupled from scale. When the phase space is reduced to shape
space, we show that there exist unique solutions to the equations of motion that pass smoothly through
the initial cosmological singularity in flat FLRW, Bianchi I and Quiescent Bianchi IX cosmologies.
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1 Introduction

One of the biggest conceptual and practical problems in contemporary cosmology is that of singularities in
General Relativity (GR). The Hawking-Penrose theorems [1] establish that a wide class of spacetimes are
geodesically incomplete. Without going into the details of measures on a space of theories, this is generally
taken to mean that maximally extended space-times without any singularities are a set of measure zero.
Solutions to the Einstein Field Equations (EFE) provide the metric structure and manifold geometry at each
point in spacetime, when the EFE become indeterminate, the spacetime structure cannot be defined. In this
sense there is a boundary beyond which physics cannot be deterministically continued which we know as a
singularity. Typically this is characterised by some component of the Ricci tensor growing arbitrarily large [2],
although this is not always the case. The most comprehensive understanding of singularities is provided by
the Hawking-Penrose theorems, in which geodesic incompleteness necessitates a spacetime singularity, there
will be a boundary beyond which a null or timelike geodesic terminates after finite affine length [1}3]. This
poses a problem for General Relativity. Many physical solutions are bound to contain a point region beyond
which physics cannot be continued in a deterministic manner. In particular, cosmological solutions to GR
contain a Big Bang singularity, characterised by the vanishing of the scale factor and the infinite growth of
the Hubble parameter. Study of the Big Bang has been at the centre of contemporary cosmology research [4].
In most modern literature, attempts to resolve spacetime singularities invoke a quantisation of gravity, be
it perturbatively through string theory [5H7] or non-perturbatively through Loop Quantum Gravity [813].
These resolutions can be broadly fit into two camps. In the first camp the singularity is avoided dynamically
through, e.g. the introduction of a new type of matter, or repulsive force at small scales. In the second,
the space-time geometry is replaced by a quantum counterpart such as a quantum foam. In both cases
the resolution requires that GR be ‘corrected’ in the neighbourhood of the singularity. The need for these
corrections informs two key aspects in the study of quantum gravity. In the first the necessity of replacing
GR by a quantum counterpart is underlined by the presence of singular points at which the theory needs to
be corrected. In turn this means that that such points are the focus of where quantum theories of gravity
should provide observable deviations from GR.

In this work, we present an approach to the resolution of spacetime singularities in an entirely classical
manner, appealing to the relationalist framework of Shape Dynamics (SD) [144f15]. A key dynamical variable
in the cosmological sector of GR is the scale factor a. The scale factor however, is not a physical observable.
One never measures (or more precisely, is not able to measure) the size of the universe a, only the size
compared to some reference scale a/ays. Any measurement of the size of universe is a relative one, as our
measuring apparatus is indeed part of the system we are attempting to measure. The relationalist framework
laid out by Barbour and Bertotti [16] seeks to track only the intrinsic change of a dynamical system. This has
formed the foundation of the Shape Space, and recently, Dynamical Similarity [17] approach to cosmology.
In this paper, we synthesise recent work on the Shape Dynamics formalism [18,/19] and Dynamical Similarity
to show how, starting with the ADM description of Hamiltonian GR, one can move formally to a description
of cosmology with equivalent physical dynamics that never makes reference to a notion of absolute scale. In
this description the dynamical system of physical observables defined on the phase space manifold remains
well defined through the initial cosmological singularity and in this sense it is resolved classically. In this
description the principle mathematical objects, namely the Hamiltonian and contact structure, remain finite
and well defined, which hints at a rigorous route to quantisation.

This classical resolution is possible because we relax the requirement that our physical system consists of a
pseudo-Riemannian geometry at all times. With the elimination of scale from our system we form a physical
entity which, away from the singularity, can always be embedded within a pseudo-Riemannian framework
through the additional assignment of scale. However, while this assignment breaks down at the singularity,
crucially the integrability of the equations of motion does not. Therefore within this framework the singularity
is not an endpoint of physics, but rather a point at which the pseudo-Riemannian description in terms of a
three dimensional spatial manifold with volume is no longer appropriate. The paper is structured as followed.
In section [1.1]| we detail the mechanics of contact manifolds, which will be used to describe the phase space
of dynamical systems later on. In section we describe dynamical similarities, which deal with the fact
that, physically measurable quantities in cosmology are insensitive to the overall volume v ~ a3 represents a
redundancy in the description of the system. The formalism of dynamical similarities will be used to quotient
out the redundancy of the scale factor, moving from the even-dimensional symplectic manifold description



in canonical ADM General Relativity, to a system defined on an odd-dimensional contact manifold with
no reference to the scale factor. This constitutes the “Contact Reduction” formalism. Section [2.2] gives a
brief overview of the ADM formalism and the homogeneous spacetimes with which we will be concerned.
In sections [2.4] and [2.5] we show that flat FLRW and Bianchi Cosmologies can be contact-reduced to form
dynamical systems that are fully decoupled from scale. In section [3] we show that the equations of motion
of the new contact-reduced systems, when projected to Shape Space satisfy the Picard-Lindel6f theorem in
a neighbourhood of the initial singularity. Thus there exists unique solutions to the equations of motion
that pass smoothly through the singularity. In section [d] we provide numerical solutions to the equations
of motion for all of the cosmologies considered in this paper. In section [§] we discuss the results and how
this formalism fits into the wider literature of attempts to resolve spacetime singularities, particularly with
respect to quantisations of GR.

1.1 Contact Mechanics

Typically Lagrangian systems in physics admit an equivalent Hamiltonian description, defined on a symplec-
tic manifold (M, w). In GR it is possible, although not trivial, to find such a Hamiltonian description. It is
non-trivial because GR does not admit a natural time parameterisation which is needed for the Hamiltonian
description. Choosing a particular time parameterisation breaks general covariance of the theory. However,
by assuming the spacetime manifold to be globally hyperbolic, so that is has the topology M = R x ¥, where
3 is a 3-dimensional orientable manifold. The globally hyperbolic spacetime manifold can be foliated by
spacelike hypersurfaces X; labelled by a parameter ¢ € R. This is the basis for the ADM formalism [20},21],
which provides a Hamiltonian description of GR by considering the evolution of these hypersurfaces with
the parameter t.

The tools of symplectic geometry can be used to write Hamilton’s equations of motion in a coordinate
invariant way, which is obviously useful in the context of the ADM formalism as we will be interested in
dynamics on spatial 3-manifolds ¥;. A symplectic manifold (M,w) is a 2n-dimensional manifold M along
with a non-degenerate, closed 2-form w called the symplectic structure. If H : M — R is a time-independent
Hamiltonian function on M, then Hamiltons equations of motion are generated by the symplectic form

iXHw =dH (1)

Henceforth we shall assume all Hamiltonian functions in this paper to be time independent, but the standard
results can be trivially extended to time-dependent Hamiltonians [22}/23]. Typically, we work within a context
where the even-dimensional manifold in question is a cotangent bundle T*@Q of the configuration space Q.
We may always find local Darboux coordinates (g;,p’) on the cotangent bundle such that there is a natural
symplectic structure [24}/25|

w=dg; N\ dpi (2)
and the unique Hamiltonian vector field satisfying [1] is
OH 0 0H 0
Xg=——-—— (3)
op* 9q;  Og; Op’
The solutions to Hamiltons equations of motion are then integral curves of the Hamiltonian vector field
OH ; 0H
= = 4
6= P 94 (4)

The natural symplectic form admits a Poisson bracket structure on the cotangent bundle manifold, such
that the time evolution of any smooth function F'(g;,p*) € C°°(M) is given by

dF
Symplectic geometry is concerned with even dimensional manifolds, but in this paper we will make use
of symmetry-reduced models where one degree of freedom, namely the scale factor v has been removed.
The manifolds on which such systems live are odd-dimensional, so we will need the mechanics of contact
structures [22}23},26].



Like a symplectic manifold, a contact manifold (M, n) is a pair consisting of an odd-dimensional manifold
M with dim(M) = 2n 4 1 and a non-degenerate 1-form 7 called the contact form, satisfying

n A (dn)" #0 (6)

Physical paths of the system on the contact manifold are again integral curves of a unique Hamiltonian
vector field Xy satisfying
77;XH77 =dH — R(H)nv ’iXH77 =H (7)

where R is the Reeb vector field. This is a unique vector field satisfying
n(R)=1, dn(R)=0 (8)

Just as in the symplectic manifold case, if M = T*Q x R, where T*Q is the cotangent bundle, it is always
possible to find local Darboux coordinates in which the contact form is

n=—dS + p'dy; (9)
where (g;, p*, S) are local coordinates on M. In these local Darboux coordinates, the Reeb vector field is

0

R=—— 10
and the unique Hamiltonian vector field satisfying [7] is
0H 0 oOH OHY\ 0 OH 0
Xy =— — — . '— —H | — 11
"= o g (aqﬁp as)apz+<p op )as (11)
The integral curves satisfied by physical paths on the manifold are then
. OH
ql - apl
; oH OH
5o _ 12
b o P o5 (12)
. OH
S=p'— —
p api

The contact Hamiltonian equations of motion are a natural generalisation of the standard symplectic Hamil-
ton equations of motion. If the contact Hamiltonian is independent of S, one recovers the symplectic
equations of motion for (¢;(t), p’(t)). The time evolution of any smooth functions F € C>°(M) is generated
by a natural Poisson bracket-structure admitted by the Hamiltonian vector field

dF OF .
E = XH[F] = % + {FvH}(qi,pi) +p {FvH}(S,pi) (13)

where {-,-}(4,p) denotes the standard Poisson bracket defined by

OF 0G  OF 0G

FChan = 5,5y ~ap ag (4

It is well known that in the symplectic case, the Hamiltonian is conserved along its flow, expressing energy
conservation of the system. Consequently Liouville’s theorem holds and the Lie drag of the symplectic
volume form w™ is zero along the physical paths of the system.

[,XHUJn =0 (15)
Likewise the symplectic form itself is also conserved

Lx,w=0 (16)



For a contact system this is not necessarily the case that the Lie drag volume form n A (dn)™ along the
Hamiltonian vector field is generally conserved. There is however an analogy to the Liouville theorem, the
Lie drag can be shown to be explicitly [27]

Ly (0 A (d0)") = —(n+ )22 (A (dn)") a7)

While the contact form itself is not conserved along Hamiltonian flows, it is conserved along the Reeb
direction Lxrn = 0, which follows trivially from the definition of the Reeb vector field in eq. [§| and Cartan’s
identity Lrn = d(irn) + irdn.

From equation [I3] one can see that the total time derivative of the Hamiltonian is

dH OH

aw ~ Mos 18)

the time derivative of the Hamiltonian and Lie drag of the volume form along Hamiltonian flows are both
in general non-zero unless the Hamiltonian is independent of the global phase space coordinate S or H = 0
everywhere.

Just as how in the symplectic case, one can just as equally start with a Lagrangian function L : TQ — R
such that the physical paths on the manifold satisfy the Euler-Lagrange equations

d (0L oL
=) - = — 1
dt <5Qi> 0¢; 0 (19)

if and only if they are stationary paths of the action

sz/L@wnwmu (20)

and use a Legendre transformation FIL : TQ — T*Q to go between the Lagrangian and symplectic Hamil-
tonian [28] H(q,p) = p'¢; — L(q:, i), assuming that the Lagrangian is regular and convex.

In the case of contact mechanics, one can start with a Lagrangian function on an odd-dimensional (2n+1)
manifold L : TQ x R — R, and define a contact form 7. The tangent bundle T'Q comes naturally equipped
with a canonical endomorphism F : TQ) — T'Q, which in the local Darboux coordinates may be expressed
as

0
E=dg® 67611 (21)

This allows the formation of a contact form associated with the Lagrangian.

nL = —dS + E*(dL)
oL 22
= —dS+ ——dg (22)
9gi
where (g;,¢;) are the bundle coordinates on T'Q and S is global the coordinate on R. On any contact
manifold, there exits a unique Reeb vector field R satisfying
Given the contact form the Reeb vector field satisfying [8| expressed in the local coordinates is

0 - 0%’L 0
Ry, =—-——+WY 23
L= a5 T 94,05 04, (23)
where W% is the inverse Hessian
= 827[’ (24)
Y 94045

which is assumed to be regular. To achieve the Herglotz equations of motion, which are generalised Euler-
Lagrange equations, one takes the physical paths on the manifold to be the integral curves of a unique
Lagrangian vector field £, satisfying

I1(&r) =dEL + [EL — RpEr)ng (25)



where I}, is a the vector bundle isomorphism I, : T(T'Q x R) — T*(T'Q x R) admitted by the contact form
nL
IL (U) = (i’U’r/L)nL - iv(dnL) (26)

and E, is the scalar energy of the system defined by

. 0L
Ep = qiai(j -L (27)

the integral curves of £;, satisfy the Herglotz equations of motion [23.29)

i(ﬂ) oL DL OL 28)

94;) g 9S8 dq;

which reduce the standard Euler-Lagrange equations for ¢; and ¢; in the case L(q;, ¢;, S) = L(q;, ¢;). We refer
the reader to appendix [A]for a more detailed outline of the geometric derivation of the Herglotz equations of
motion, and references [29-31] for it’s derivation from the variational principle. The integral curves satisfy
the Herglotz equations of motion [28]if and only if they are stationary paths of the action.

S= /L(qi,qi,S)dt (29)
As one would expect, these two geometric descriptions of the Euler-Lagrange and Hamiltonian equations
of motion are equivalent. Given a contact form n = —dS + p'dg; on T*@Q x R and a Legendre transform

FL:TQ xR — T*Q x R of a Herglotz Lagrangian function L(qg;, ¢;, S) defined as

. ; . OL
FL(qiaQi7S) = (qiapz7s)a ]91: 8(] (30)
the pullback of n by FL is explicitly
. oL
FL*(n) = —dS + afqui =L (31)

thus a Legendre transformation moves between the contact Hamiltonian and contact Lagrangian equations
of motion.

2 Contact Reduction Theory

2.1 Dynamical Similarity

Here we present how scale invariance can be used to reduce a theory from a symplectic manifold to a contact
manifold. For a formal mathematical exposition see [32]. Scale invariance is an important aspect of the
analysis of dynamical systems in cosmology. In any cosmological measurement, the scale factor is never
directly observable as we are only able to infer relative changes. Consider for example the Kepler problem
as in [33]. We consider the Lagrangian of two unit mass particles interacting through Newtonian gravity

_ Ll Lo, G
L—2r +2r0 +r (32)

where 7 is the separation in the centre of mass frame. There exists a coordinate transformation that moves
between indistinguishable solutions of the equations of motion. In particular this coordinate transformation
is a multiplicative rescaling by a non-zero constant A

r—Ar, t— A3t (33)

Under this rescaling, the action

S = /L(r,f‘,é)dt (34)



transforms also by a multiplicative rescaling S — AzS and hence the equations of motion whose solutions
are critical paths of the action 65 = 0, remain unchanged. This is an example of a dynamical similarity |17,
which is a scaling symmetry of the dynamical system. As we will see in sections 2.2 and 2.3, Lagrangians of
relevant cosmological models exhibit a dynamical similarity associated with the scale factor. In this section
(2.1) we show how the identification of a dynamical similarity can be used to quotient out a redundant
symmetry of the symplectic phase space, and define a system with equivalent dynamics on a contact manifold
phase space.
Consider a symplectic system with Lagrangian L(q;,¢;) : TQ — R and action

5= / g, d2)dt (35)

integrated over physical paths v of the tangent bundle manifold T'Q of a configuration space @), parameterised
by time over some interval I C R. The physical curves v on T'QQ are tangent lifts of curves 4 on the
configuration space. In this paper we will consider Lagrangians that have a configuration space scaling
symmetry (CSSS). We define a CSSS to be a vector field D on @ x I such that

e For all curves 4 : I — () whose tangent lifts are stationary paths of the action D# are also stationary
paths of the action.

e DL = AL, where A € R and D is the tangent lift of the CSSS

The scaling symmetry D moves between curves on configuration space @, which represent indistinguishable
solutions of the equations of motion as the Lagrangian scales by a multiplicative constant A which we call the
degree of the CSSS. The CSSS is defined only up to a non-zero scalar factor, which we may fix by demanding
that D preserves the Lie drag of the Lagrange one-form

OL
— = 2= g,
Lopr = pr, pr 94, (36)

7

Consider a scaling symmetry of one of the configuration space variables x € @ and possibly of the time
coordinate t € I and write the new coordinates under the scaling symmetry as

(z,%) = (Az, Bt) = (Dz,Dt), D = D,d, + D, (37)

Thus the CSSS can be written locally w.l.o.g. as

_ 0 0
D=Ax— + Bt— 38
e + ot (38)
which has tangent lift acting on the Lagrangian DL = AL
0 0 0 0
D=Ax— A—B)i— — Bj;=—— + Bt— 39
Tge t AT Bligs - Blige + By (39)

where ¢; € @ are the configuration space coordinates unaffected by the scaling symmetry. We next make a
coordinate and lapse transformation )
p=xx, dr=p Bdt (40)

under which the CSSS is isochronal (B = 0) and has tangent lift

0 0 9] 0
D=4 <x6x + xl@m’) ~Tgo x’%, Normalising A =1 (41)
where ’ denotes derivatives w.r.t. the new time coordinate 7. We know show that given a Lagrangian function
L :TQ — R with a CSSS D of degree 1, it is possible to construct a Herglotz Lagrangian LY : TQ xR — R
that describes the same dynamics on TQ/D. Firstly, consider the converse. Let L (q, ¢, S) be a Herglotz
Lagrangian, and define

oL"
L=¢ (LH—i—p'S), /):—W (42)



Since LY is a Herglotz Lagrangian, the physical paths on the manifold satisfy eq Thus one can show
that the original tangent bundle coordinates (g, ¢) satisfy the Euler-Lagrange equations generated by L.

d (8L\ 0L d (9L*\ oL¥ LM
clt(az;)_aq‘dt(aq)_aq T 5
_d (aL aLH> oL oLH 0 (43)

AT 28 04

Thus the dynamics of all (¢,4) € TQ generated by L and L¥ are equivalent. Lastly make a change of
coordinate z = e”, under which the Lagrangian becomes

L=aL" 43S (44)
The Lagrangian |44] clearly has a scaling symmetry of degree 1 given by
D = 20, + 10; (45)

Now consider the converse, let L : TQ) — R be a Lagrangian with the scaling symmetry [45| of degree 1. By
the definition of D we have DL = L thus

oL oL
. -7 4
T + o (46)
We identify the partial derivatives as
oL 1 oL
H _ P = = —
L7 = oz’ S 2 PP~ B (47)

where L7 (q,q,S) : TQ x R can be shown to be a Herglotz Lagrangian with equivalent dynamics to L. The
physical paths satisfy the Euler-Lagrange equations generated by L, which can be written in terms of L.

d(or\ _or
dt \ 9¢ dq

d (oL" oLH# . oL" oLt

— =) = - L7 b g — Lo ——— = 4
xdt( 94 ) g Ova T 504 = T 55 50 (48)
d (oL"\ oL" arL"aL”
dt \ 9q dq oS 0¢

Thus the physical paths also satisfy the Herglotz equations of motion generated by L on the symmetry
reduced manifold TQ/D.

2.2 Cosmological Space-times

In this section we present a brief review of the ADM formalism of General Relativity and cosmological
spacetimes of interest in this paper, namely Bianchi (I and IX) and flat FLRW. We refer the reader to [21]
for more detail.

Within the framework of General Relativity, spacetime is assumed to be a 4-dimensional Lorentzian
differentiable manifold M with metric g,,. The manifold is assumed to be globally hyperbolic, so that it
has the topological structure of R x ¥ where ¥ is a spatial 3-manifold. Since M is globally hyperbolic, it
can be foliated by such spacelike hypersurfaces. The full spacetime metric may be decomposed as

_ (N,Ni—N? N,
I = < N; %‘j) (49)

where the shift vector N?, lapse function N and spatial 3-metric 7;; fully determine the 4-dimensional
spacetime metric g,,,,.



With the 3+1 foliation of spacetime described above, one may start with the Einstein-Hilbert action and
decompose it into dynamical variables defined on the 3-geometry

S = /d4x\/ng
9 (50)
= /d%Nﬁ (3R(v) + K2+ Ky K9 — 2V, K — ND%N)

where 2R is the Ricci scalar associated with the spatial 3-metric 7ij, Kij is the extrinsic curvature of the
spatial spatial slice 3, given by

P

Kij = =777 Vene = 57z (DilN; + D;N; — 435) (51)

1
2N
K =v;K i is the extrinsic curvature scalar, D; are the spatial covariant derivatives and V,, K is the covariant
derivative along the normal vector to the spatial 3-manifold n*, normalised to n#n, = —1. It is important
to note that the objects v;;, K;; and D; are non-zero only on the spatial 3-manifold and therefore only have
Latin subscripts. The action in eq. is equivalent to

S = / d*zN\7 [°R(v) + Ki; KV — K?] (52)

up to boundary terms that have no effect on the equations of motion as their variation can be set to zero.
Thus we have the Einstein-Hilbert Lagrangian

L=Ny7[’R(y)+ Ki;K" — K?| (53)

from which we may find the conjugate momenta of the dynamical variables {N, N, ~;;}. Firstly one sees
immediately that the lapse N and shift vector N have no conjugate momenta as their velocities do not
enter into the Lagrangian. We will see that the lapse and shift vector actually turn out to be non-dynamical
variables, as variation of the action with respect to them results in constraint relations which are fundamental
to the Hamiltonian description of GR. On the other hand, the conjugate momenta to the spatial 3-metric is
given by

o
871 7

wt

= V7 (K4 — KY) (54)

The Hamiltonian density can then be obtained from a Legendre transform H = 7%/4;; — £, giving the
Hamiltonian

1 . 1 : ij
VA (W”m‘j - 27T2> - W3R(7)] + 2/E d*z 7" DiN; (55)

The term in the second integral of eq [55| can be written in terms of a spatial covariant derivative of 7% up
to a boundary term which we may neglect. Thus the Hamiltonian that is conventionally presented in the
ADM literature is

H= BrH = A3z N [
¢ PN

1
ﬁ

As usual, the physical paths on the solution space are the stationary paths of the action. Requiring the
variation of the action [52| with respect to the lapse and shift vector produces

H= d?’a:N[
P

y 1 i 1y
(W”m - 27T2> - WSR(W)] B 2/ &’z N*Dimy; (56)
=

VI'R(7) = KjyK" — K? = VA (W Imij — 27r2> =0 (57)
Di’/Tij =0 (58)

10



respectively. These are constraint equations which must be satisfied by solutions to the equations of motion.
The first constraint eq[57]is known as the Hamiltonian constraint and eq[58]is the diffeomorphism constraint.
The expression of the ADM Hamiltonian [55] can be written in terms of the constraints by defining

H[N] = . d*x N L% (wiﬂ'mj - ;7?2> - ﬁSR(y)] ~ 0 (59)

D[N?] = —2/E d*x N'Di;; =0 (60)

Where = 0 denotes zero for solutions of the equations of motion which lie on the spacelike hypersurfaces ;.
Thus the Hamiltonian is written as _
H =H[N]+D[N*]~0 (61)

In this sense the lapse function and shift vector are non-dynamical Lagrange multipliers. The spatial 3-metric
7i; and conjugate momentum 7 satisfy Hamiltons equations of motion

. oH ii oOH
Yij = Orii’ = _37” (62)

2.3 Homogeneous Cosmologies

In this paper we will be concerned with spatially homogeneous cosmological spacetimes. The isomotries of
a spatially homogeneous but not necessarily isotropic spacetime are captured by the Bianchi classification
[21,[341|35], which we will describe briefly here. A spatially homogeneous spacetime M = R x ¥ is one for
which there exists a Lie group G such that for any point p on the spatial 3-manifold, every point q € ¥
lies in the group orbit of p. In other words, Vp, q € ¥; there exists a unique g € G such that ¢ = g(p). the
group isomotries on the spatial manifold have 3-independent Killing vector fields £, as their infinitesimal
generators satisfying the commutation relation

[€as &) = Capée (63)

where C¢, are the structure constants of the Lie group G. Up until this point we have worked in a coordinate
basis e; = 0;, ! = dx’. Note that where the spatial slice is non-compact, we replace ¥; with a fiducial cell -
a compact region within the spatial slice which encodes all information due to homogeneity. The existence
of the Killing vector fields on a homogeneous spacetime implies the existence of a non-coordinate basis e,
satisfying the same commutation relation as the Killing vector field

[easep] = CSec (64)

that is invariant under the group action generated by the Killing vector fields. The Bianchi classification is
thus the identification of all (inequivalent) Lie groups of dimension 3. This classification is of course well
known and has been studied extensively in the literature. Type A Bianchi cosmologies are those which
admit a Hamiltonian description and are thus the only ones we will be concerned with in this paper. Their
structure constants may be decomposed as

C;b = Eabdcdc (65)
where €,54 is the Levi-Civita symbol and C% is a symmetric matrix, fully characterised by its eigenvalues
ny,na,n3 € {—1,0,1}. In this paper we will be concerned with the Bianchi I and Bianchi IX models which
are described by the eigenvalues n; = 0 and n; = 1 respectively.

11



In the case of a Bianchi I cosmology, the structure constants are all identically zero and the invariant
basis coincides with the coordinate basis. The Hamiltonian constraint in this case can be written as

1

H[N] = /E d*xN [\ﬁ (Hﬂ'mj - ;#ﬂ (66)

as the 3-Ricci scalar is everywhere zero. The invariant basis coinciding with the coordinate basis also means
that the diffeomorphism constraint is satisfied trivially.

D[N = -2 / d3xN*D oy (t) = 0 (67)
3¢
Thus the Bianchi I Hamiltonian can be written as
n 1 1
H — |z ab b — = 2
BI= s <27T Tab = 57 ) (68)

where n = th d3zN is the lapse function spatially integrated over the fiducial cell. The integration over the

fiducial cell takes us from field theory of GR with an infinite number of degrees of freedom (although a finite

number per point), to a particle theory with a finite number of degrees of freedom. This is a non-dynamical

Lagrange multiplier and so can be set to unity without loss of generality. The remaining degrees of freedom

can be used to work in the Taub gauge where the metric and it’s conjugate momentum are diagonal. In

particular we choose
u w2
Yap = adiag (e_ach i "t VE e ﬁy) (69)
—1 73: Dz p z— L Dz 4 —z— L p 2

7 = ot dia [(——i— Y +D)e \/3,(—1— Y —|—D>e ~/§7(—y+D)e\/§y} 70

el\72 Taus 2> " o3 V3 (70)

where « is an overall scale factor and x,y are the Misner anisotropy parameters with conjugates D, p, and
py respectively. In this choice of variables the Bianchi I Hamiltonian becomes

502 ) - 507 )

|
vl

2 2

To this Hamiltonian into the form that is conventionally used in the literature we make a final change of

variables , ur
o = l/§7 D = 7 (72)
where v is the volume factor and it’s conjugate momentum 7 is the known as the York time. In these

variables, the Bianchi I Hamiltonian is

3 1
HBI = V_l _§1/2T2 + 5 (pi +p§) (73)

The Bianchi IX cosmology is not as straightforward, as in this case the structure constants are given by
the Levi-Civita symbol C¢, = €5,. A choice of the invariant 1-form basis in terms of the coordinate basis is
given by

w! = —sinrdf + cosrsin @ do

w? = —cosrdf —sinrsinf do (74)
w3 = dr 4 cos 0 do

Where (7,0, ¢) are spherical coordinates. The Hamiltonian and diffeomorphism constraints from eq
and [60| (which are written in the coordinate basis) become

Nsin6 1 1
H[N] = /Et d?’fﬂ% {Tmz ~3 (Try)? + 7% — §7r2 (75)
D[N®] = *2/ d?x N sin gezbﬁbc%c (76)

=
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Just as in the Bianchi I case, the spatially integrated lapse function can be packaged into a variable n

n= [ d*xzNsinf (77)
3¢
which enters as a Lagrange multiplier, and thus the overall factor of n can be set to unity in both the
Hamiltonian and diffeomorphism constraint giving

1 1 1
H= \—ﬁ <Tr72 —5 (Try)” + %7y — 27r2> ~0 (78)

N = —265, 1%y = 0 (79)

The diffeomorphism constraint can be written in terms of a commutator that strongly suggests the same
gauge fixing should as in the Bianchi I case should be used here

[, Yep] = 0 (80)

To this end we impose the Taub gauge where the 3-metric and conjugate momentum are diagonal and choose
the same Misner anisotropy parameter variables as in eq’s |69 and Following the same transformation of
variables one arrives at the Bianchi IX ADM Hamiltonian

3 1
Hpix =v™! —§V272+§(Pi+2732/)+1/%vs($»y) (81)

where the function V(x,y) is the “shape potential” given by

Vi(z,y) = f(—V3Bz +y) + f(V3z +y) + f(—2y)

3 _ = 82
fle) = geVE e 2

The shape potential originates from the 3-Ricci scalar on the spatial hypersurface, which in the chosen
coordinates is simply the volume factor multiplied by a “scale-free” part 3R(y) = V‘ng(m, y). There is an
important comparison between the Bianchi IX and Bianchi I Hamiltonian. One may view the Bianchi IX
Hamiltonian as determining the dynamical evolution of a massless particle in 2-dimensions (z,y) under a
potential V(x,y). The Bianchi I cosmology can be seen as the potential-free case of a Bianchi IX evolution
(or vice-versa with Bianchi IX being viewed as Bianchi I evolution under a particle potential).

2.4 FLRW

In section 2.1 we established that it is possible to reduce the standard symplectic description of a system to a
contact one when there exists a scaling symmetry D such that the Lie drag of the Lagrangian moves between
indistinguishable solutions Lp, £ = AL. In this section we will describe the process of contact-reducing the
flat (k = 0) FLRW (+ free massless scalar field) Lagrangian by removing a redundant, non-physical degree
of freedom, the volume factor v leaving a dynamical system which is described in therms of the physical
relational quantities such as the Hubble factor v//v. We start by considering the action of a scalar field
minimally coupled to the FLRW metric

S = /R/E d*zy/—g (R + %q's? - V(¢)> (83)

where the spacetime M = R x ¥, is foliated by spacelike hypersurfaces ¥;. The metric g,, is the FLRW
metric with line element ds? = —dt? + a(t)?(dz? + dy? + dz?). This is a homogeneous and isotropic universe.
The condition of isotropy will later be dropped to study Bianchi cosmologies.

The Ricci scalar associated with the FLRW metric is

(g)j 0
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In terms of the volume factor v(t) = a(t)® the action is

N 2
1.
5= /d4xu [(Z) + 5 - V() (85)
As is customary, we have set to zero the boundary term due to . The Lagrangian
cov|-2(9) L v (50)
v 3\v 2
exhibits a scaling symmetry of the volume factor
_ [ 2(v 1., .

The CSSS that generates this scaling symmetry is D = vd, with tangent lift D = vd, + 79, By acting
on the Lagrangian with D one sees clearly that this is already a scaling symmetry of degree 1 (therefore no
coordinate transformations are required before forming the Herglotz Lagrangian). As per section 2.1, there
exits a Herglotz Lagrangian £ given by eq [47| which describes the same physics as £ on the symmetry-
reduced contact manifold 7Q/D. In the following sections we will switch notation from S — h to describe
the global coordinate on the contact manifold.

1. 4v

h=—ipur = ~3,
’ o 3, 1 (88)

H(, - 2 P2
h = —— = —h — —
L5a,q,h) = 5 = gh” + 50" = V(9)
The contact Hamiltonian given by the Legendre transformation and contact form are
c 3 2 1 2

In the contact formalism, scalar field has been decoupled from the redundant scale factor variable in the
symplectic system, however this still does not make (h, ¢) the correct choice of coordinates to describe the
manifold geometry near the Big Bang singularity. These variables still diverge as we approach the Big Bang.
We will show in section [3] that making a compactification onto shape space provides a suitable description in
which the dynamical variables, contact form and Hamiltonian are well defined through the Big Bang. The
Herglotz equations of motion for the Lagrangian 88| are

d (oLt oct oLt orcH - 3 .
. " . 3 9 1 \9
h=rc = h=2h*+ 56"~V (9) (91)

In this example it’s quite clear how a contact manifold is a useful description of frictional systems. The
equation of motion for ¢(¢) [90] can be seen as a driven harmonic oscillator with a time dependant frictional
term h(t). In this case the oscillator is being driven by its potential V(¢) with friction generated by the
Hubble factor h(t).

In the potential-free case these equations can be solved exactly, with solution

2
5 G =do+ nli (92

It is explicitly clear that there still exits a divergence of the dynamical variables as we reach the big bang

at ¢ — 0. In the shape space representation, the dynamical variables of the contact Hamiltonian/Herglotz
Lagrangian will remain well defined.
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2.5 Bianchi
2.5.1 Vacuum Bianchi

The ADM Hamiltonian of a type A Bianchi cosmology with shape potential V(z,y) is given by [211[36}37]

3 1
Hp=v"! —§V27’2 + 3 (pi +P3) + V%Vs(%y) (93)

where (z,y) are the anisotropy parameters with conjugate momenta k;, v is the scale factor with conjugate
7 (York time). For Bianchi I the shape potential is everywhere zero and for Bianchi IX it is given by

Vi(z,y) = f(—V3Bz +y) + f(V3z +y) + f(—2y)

p) _ = 94
fle) = geVE e oy

whilst Bianchi cosmologies are most easily studied in the Hamiltonian/ADM formalism, for the purpose of
applying the contact-reduction scheme outlined in section 2.1 we will use Lagrangian given by the Legendre
transformation ,

1% 1. . _2

L=v [3 <1/> +§(x2+y2) -v ng(x,y)] (95)

In the Bianchi I case Vs = 0 the Lagrangian reduces to
2 (\* 1
L= il = (2 -2
V[?)(V) +2(as+y)

which is identical in form to the FLRW Lagrangian except we have the anisotropy parameters as our dynam-
ical variables rather than a scalar field. Contact-reducing this Lagrangian thus follows the exact same steps
as in part 2.2. For this section we will show the contact-reduction with the general non-zero shape potential.
starting with the Bianchi Lagrangian eq we see that there is a scaling symmetry v = A7, t = At under
which the Lagrangian transforms as

(96)

_ %
Cdt

2 7\? 1 2
L=\v [—3>\2ﬁ (’;) + §A*2ﬁ(o:’2 +y?) - A317Vs(:c,y)] . q (97)

We require 5 = 1/3 in order for the shape potential term to scale the same with A as the other two terms in
the brackets. Making the CSSS vector field

9

_ o 1

The CSSS is only defined up to a non-zero constant factor, so with foresight we will choose to work with
D= Vo, + —t— (99)

which has tangent lift
p-3,9 ,0 1,0 1,0 10
= Vo " 2%0:  2Yay T 2'ar
This is a non-isochronal scaling symmetry with degree 1/2, therefore we require a coordinate transformation
and reparameterisation of the time variable in order to form an isochornal, degree 1 scaling symmetry.
Consider the transformation p = V3, dr = p_%dt under which the action becomes

(100)

N\ 2
S = /ﬁ(u,v,x, x)dt = /p l—; (Z) + %(m’z +y?) = Vi(z,y) | dr, ¢ = e (101)
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We identify the transformed Lagrangian
30\ 1
L=p [—2 (f;) + 5@ +y?%) = Vi(a,y) (102)

which clearly has a scaling symmetry D = pd, + p’'d, of degree 1. Thus there is a Herglotz Lagrangian £#
on TQ/D given by

1, oL !
h=—ipur = ? = _3£

’ 52 1 ’ 1 (103)
L:H(vavh) = aip = éhz + i(xg + y/2) - Vs(xvy)

In this contact manifold description, the volume factor of the universe becomes decoupled in the Lagrangian
from the anisotropy parameters and shape potential. Herglotz equations of motion for this system are similar
in form to those of the FLRW with scalar field in section 2.2, but with a shape potential of the anisotropy
parameters rather than a scalar field potential. The Kasner universe is the vacuum Bianchi I cosmology,
which corresponds to the potential-free case Vi = 0 for which the equations of motion reduce to (we now use
the ordinary ¢ to denote time derivatives rather than ¢')

.1 1
h=—h*+ - (2* + 9°)
16 2 (104)
These equations can be solved analytically, with solutions
3
h(t) = - (105)
q(t) =qo+ Cylnlt], Y C7=3 (106)
q

At this point we note that, whilst the quantities h(t), z(t), y(¢) may diverge as t — 0, relational quantities
like x(t)/y(t) remain finite, as well as
_1 a(t)
h(t)e % %a € (107)
This will motivate our choice of variables when we project the system onto shape space in section 3.
Once the Herglotz Lagrangian has been obtained it is possible to move to the contact Hamiltonian
representation by a Legendre transformation

.1, 1
HE = —h?+ 5 (0% +p;) + Va(w,9) (108)
with contact form
n = —dh + pydx + pydy (109)

The Hamiltonian representation will be used in making the projection to shape space in section [3]

2.5.2 Minimally Coupled Scalar Field

The case of a scalar field minimally coupled to a Bianchi cosmology changes the procedure slightly, since the
scalar field potential V(¢) couples to the scale factor differently to the shape potential Vi (z,y)

L=v [2 <Z> +%q§2+%(¢2+y2) — vV, (z,y) — V(9) (110)

In the case of Bianchi I, the shape potential is everywhere zero and thus the Lagrangian reduces to a form
that immediately has a scaling symmetry of degree 1 associated with the scale factor v. Therefore the exact
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same procedure may be followed in section 2.2, whereby the contact Hamiltonian for Bianchi I 4+ matter is
given by

1 1 1
Gr = —ghQ + 5% +py) + 5P+ V(9) (111)

For Bianchi cosmologies with a shape potential that is not everywhere zero, the scaling symmetry we pre-
1 —
viously identified in section 2.2.1 v = Ap, t = A2t is not a symmetry for this Lagrangian in eq However,
the scaling symmetry can be restored by introducing a velocity term k and forming a new Lagrangian

N
L.=v l—; <Z> + %d)Q + % (&% +9%) — l/gvs(x,y)] —\/VkV(9) (112)

The new variable k is a cyclic coordinate with constant momentum, it is possible to choose an appropriate
boundary condition for k such that the equations of motion generated by L coincide with those generated by
the new Lagrangian £,. The advantage of working with L, is that it has the scaling symmetry we require in
order to make a contact-reduction. The equations of motion generated by the original Lagrangian [110] are

4d 2(0\° 1,5 o 1. 1.
S (0)=5(5) rae e gi-pivve
4
d

( Q) 7’/%8(1‘/?97 q=2,Y (113)
& (v6) = w0,V (6)
and the equations of motion generated by the new Lagrangian L, are
ad (v 2(0\° 1,5, o 1., 1.
‘m( )—3(V) Ty @) gt gV
%(ch):—yéaqu, q=2,Y
i 114)
d . 1 vk (
— =——t\| ==0,V
dt (”¢) 2\ V(g)™? 2
1
C=—= VV.((b), C = constant
2 k
One can see that choosing the boundary condition C = —% restores the original equations of motion.

Choosing a boundary condition on 4k = C~2V(¢)v is equivalent to choosing an overall scale of the potential
field potential V(¢), which would have to be chosen in order to specify a solution. So while it may appear
at first that the new Lagrangian L, requires additional information to specify a solution compared to £, in
in fact does not, only the choice in scale of the potential is made explicit through k, rather than implicit in
the definition of V(¢). The new Lagrangian £, now generates the same dynamics as the original in eq
whilst retaining the desired scaling symmetry v = \p, t = A3t Choosing to work with the CSSS

_ 3 0 10
p-2,9 .19 115
> o0 "2 o (115)
we have the tangent lift
3 0 o 1.0 1.0 1.0 1.0 1.0
D=—v—+4+v——-—-b——=9=—— -¢— — -k—+ =t— 11
2 oy TVar T 2%0:  2Yay 2¢a¢> 2"k T2 o (116)
We again make a coordinate transformation and reparameterisation of the time coordinate under
p:I/%, dt:p*%dT (117)
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which the action transforms as

I\ 2
1 1
S = /L*dt = /p [2 (’;) +5 (z” +9y?) + §¢/2 — Vi, y) — VEV(9)| dr (118)
and identify the transformed Lagrangian as
3(p ! 2 2 1.
L=p 3\, +§(5C +y )+§¢ = Vi(z,y) = VE'V(9) (119)

This has scaling symmetry D = pd, + p'0, of degree 1, hence there is a Herglotz Lagrangian given by

1 /
h=—ipur = 32
P P

(120)
oL 1 1 1
LHzithQ - 12 /2 - /2_‘/5 _ L'V
9 — 6 +5 (@ +y7) + 50 (z,y) (9)
The contact Hamiltonian obtained from a Legendre transformation and contact form are
1 1 1 V(o)
HE = ——h*+ = (P} +p;) + 5p5 + Valz,y) —

o/ g We )+ ops +Valwy) = (121)

1N = —dh + prdk + pydp + prdx + p,dy

The cast the Hamiltonian into the form that will be used for the shape space projection, we make one last
parity transformation of the py momentum and absorb the factor constant factor 4p, — —py so that we may
work with a positive pg. Thus we arrive at

1, 1 1 1%
HE = ——h® + o (p3 + ;) + 505 + Vi(z,y) + (4)
6 2 o2 Pk (122)

1
n=—dh— Zpkdk + ppdd + prdx + pydy

We now have contact Hamiltonians for FLRW + scalar field, vacuum Bianchi and Bianchi + scalar field
cosmologies. Although the overall scale factor of the universe v(t) is decoupled from the dynamical variables
in the contact description, as demonstrated through the cases of potential-free FLRW and Kasner solutions,
the dynamical variables still diverge at the initial singularity. There is no apriori reason why this choice of
coordinates on the contact manifold should be a suitable one for describing the universe at the Big Bang.
In section 3 we will outline a procedure that projects the system onto shape space. We will then prove
that the equations of motion have unique solutions in a neighbourhood of the initial singularity via the
Picard-Lindelof theorem.

3 Shape Space Projection and Proof of Existence and Uniqueness
Through 5 =7/2

In the following section we will take the symmetry-reduced models of FLRW and Bianchi I and IX on
contact manifolds, and describe the procedure for projecting them onto shape space. The configuration space
coordinates of the symplectic systems that one starts with have as their spatial manifolds, ¥ n-dimensional
real space R”. In forming the contact system, this space is quotiented by a scaling symmetry resulting in
n-dimensional real-projective space RP". An important property of the gnomonic projection is that it maps
straight lines in the plane to great circles on the sphere. Thus we see the geodesic motion of a free particle
in the plane represented by a great circle in shape space coordinates. For a concrete example of this, we
refer the reader to appendix [C}

The projection onto shape space of the contact Hamiltonian systems under consideration is a gnomonic
projection of the dynamical variables in RP™ onto the unit sphere S™. The dimensionality n will depend
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on the number of dynamical variables. The gnomonic projection constitutes of a compactification of RP™
onto an n sphere. In choosing the sign of the triads used to describe the geometry, we implicitly decide on
an orientation of the manifold, which does not affect the physical dynamics. The gnomonic projection maps
points on the surface of an n-sphere to a tangent plane at one of the poles by drawing a straight line from the
centre of the sphere through the surface point and intersects it with the plane. We must form a double cover
in order to describe both orientations of the real projective space. In n = 2 dimensions, this consists of two
distinctly oriented tangent planes at antipodal points of an S? surface. The gnomonic projection maps the
asymptotic boundaries of the planes to the equator of the sphere, forming a border between the two planes.

We first consider the cases of FLRW with one and then two scalar fields and show how the compactification
to shape space works in the simplest cases. Once the Hamiltonian has been written in shape space variables,
we show that there exist unique, smooth solutions to the equations of motion at the big bang, which is
mapped to the equator of S™ under the gnomonic projection. We then progress to the Bianchi I and IX
cosmologies at show the same result.

3.1 FLRW + 1 scalar field

We start with the contact Hamiltonian and contact form derived in eq [89) for FLRW + a minimally coupled
scalar field

3 1
HE=—Zh>+ —p2 +V
gt Pt V() (123)
1 = —dh + pedo
Consider the mapping of ¢ on the real line onto S* through a gnomonic projection
6= |tan | (124)

Under the gnomonic projection, the initial singularity is mapped to |§| = 7/2. We will also make a trans-
formation of the Hubble factor h(t).

h = semtaltanBl o — Sign(tan 3), a = constant (125)

Although we expect h(t) to diverge as we approach the singularity, the global coordinate m(t) will tend to
a finite value. Next we compute the transformed contact form

n=—h (dm + sasec? Bdﬂ) + spg sec? Bdp (126)

We may divide both the contact form, and shortly the Hamiltonian by a non-zero factor, as this is equivalent
to making a change of lapse. In particular we choose

o Pe _ 2
n—)sh— sdm—i—(h a)sec Bdp

(127)
= —sdm + (sx —a) sec? Bdf

where we have defined x = py/|h|. From the contact form the ps momentum associated with 3 can be
identified as

pg (sx —a) sec? 3 (128)

In these new variables the contact Hamiltonian is
1 3
HE = §h2 (p% cos* B+ 2apg cos? B + a* — 4) + V() (129)

The constant a may be set freely, a convenient choice of a = v/3/2 cancels the constant term in eq which
diverges like k2. Finally, choosing to divide the contact Hamiltonian by a factor of h? cos? 3 (equivalent to
a change of lapse) we arrive at the shape space Hamiltonian for FLRW + a minimally coupled scalar field

_ He _1 2 2 @ —2m
H= o B 5P oS 6+ 5 pg +U(B)e

U(B) = V(B)e V3Itnflgec? g

(130)
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Heuristically, we see that provided the potential V(8) does not grow faster than the exponential factor

e’\/g| tan 3|, any divergence from the potential and the sec? 3 factor as 8 — m/2 will be exponentially
suppressed, keeping U () finite at the initial singularity. The contact Hamiltonian equations of motion for

this system [12] are
V3

B =pg COS2 B + 7
ps = p% cos Bsin B + (2sUpg — OgU) 2™ (131)
m—= —s (?pg + 2U€2m>

Where in the last line we have used the fact that the ADM Hamiltonian of general relativity satisfies the
constraint H := 0 on the spacial hypersurfaces ;. In the potential free-case this system of ODE’s can be
solved exactly. Firstly the Hamiltonian constraint must be satisfied at all times.

1
ip% (pg cos® B+ \/3) =0 (132)
Thus there is one non-physical diverging solution pg = —+/3sec? B and one that remains finite at the initial

singularity ps = 0. Although in this case the finite solution is a constant pg = 0, we will show shortly that
this not need the case, one may have a finite solution with non-zero potential and momentum. The pg =0

solution gives
. V3 V3
= t) = —t

=== B)=Po+ (133)

m=0 = m(t) =mg
Thus we reach the initial singularity at 8 = 7/2 in finite proper time. At this point the dynamical variables,
Hamiltonian and contact form remain finite and well defined. In the next section 2.2, we will prove in detail
that the Picard-Lindeldf theorem is satisfied in a neighbourhood of g = 7/2.

3.2 FLRW 4+ 2 Scalar Fields

In anticipation of projecting the vacuum Bianchi contact Hamiltonian, which contains two dynamical fields
x(t) and y(t), we shall first show how the projection to S? works with a contact FLRW + 2 scalar fields
cosmology. The contact-reduction results of section 2.2 can be arbitrarily extended to n scalar fields in the
usual way. The field ¢ is simply replaced with a vector of fields ¢ and gf)z becomes the Euclidean norm

squared of Q The contact Hamiltonian for FLRW + 2 scalar fields is thus

3 1
HE = —gh?+ 5 (01 +13) +V(61,02) (134)

In section 3.1 we had a single field and made a gnomonic projection of the real (projective) line onto S*,
here there are two fields and thus it required a gnomonic projection of RP? to S? given by

(52) =1eans (Ge) (135)

and a projection of the momenta into polar coordinates

() =» () (130

We make the same transformation of the Hubble factor as in eq but now with the foresight to fix
a=+3/2

h = semtEltansl o Sign(tan 3) (137)
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The contact form under this transformation becomes
V3 2 2 .
n=—h|dn+ =5 sec B | + spcos(d — a) sec” Bdf + psin(f — a)| tan B|do (138)

again defining the variable ratio xy = p/|h| and scaling the contact form by the non-zero factor ﬁ gives

n— % = —sdm + |sycos(fd —a) — \gﬂ sec? Bdf + x| tan B|sin(f — a)do (139)

and identify the momenta
P = [SX cos(f — a) — ?1 sec? 3 (140)
Do = x| tan 5] sin(f — «) (141)

Returning to the contact Hamiltonian, it is written in terms of the new variables as

1 3
HE = —§h2 (x2 — 4) + V(a,B) (142)
Once more, rescaling by the non-zero factor h=2 sec? 3, we arrive at the shape space Hamiltonian for FLRW

+ 2 scalar fields
He 1 V3 Pa

H=-—5—5—=-pscos’ B+ -—pg+ + U(a, B)e™ ™
h2cos? 3 oPs p 9 bs 2sin? 8 (c, B)e (143)
U(e,B) =V (e, ﬁ)e_\/gl tan Bl goc? 8
With equations of motion

. DPa
“= sin’ g3
. 3
B = ppcos® B+ g
Do = (QSUpa - aaU) e—2m (144)

g = p% cos Bsin B + (2sUpg — 9pU) e 2™
m=—s <\g§pﬁ + 2U62m>

Just as with the single field case in section 3.1, we can analyse the potential-free cosmology analytically. In
this case the equations of motion reduce to

& = Pa

sin? 3
: 3
6211)560826—1—£

2

Do = constant (145)

D3 :p% cos Bsin 8
V3

= =8P

The Hamiltonian constraint H := 0 must also be enforced. For the shape space Hamiltonian {143 we can
think of the constraint as a quadratic equation in pg

sin? 3 cos? Bp?; + /3 sin? Bpg + Pl =0 (146)
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with solutions

V3 4
pg = sec? B —-1+4/1— gp?l cot? B (147)

At a first glance it may seem that both solutions become undefined at 8 = 7/2 due to the factor of sec? 3,
but if one considers the series expansion of the p; solutions, valid for tan? 8 > 4p? /3

pg = ? sec? 3 [—1 + (1 — 2p2 cot? B — %cot4 B 4 O(cot® B))}
2 (148)

_ 2 4

- Q\fsm 3 [ + pa cot” 8+ O(cot 5)}

In the series expansion it is clear that pg is finite through the initial singularity at § = 7/2. Just as pg has
been parameterised in terms of 5 in equation [148] we may also look for the solution a(s).

do_ o _ 2o (149)
ds B sin? /3 —4p2 cot? 3
Equation [I49] has the solution )
P ot B = sin[v2(ag — a)] (150)

V3

Thus we have a solution of dynamical variables, Hamiltonian and contact form that remain well defined
through the initial singularity. Furthermore, equation [150]is the equation of a great circle on shape space.
This is to be expected since the potential-free motion corresponds to a straight line in the (¢1, ¢2) plane and
gnomonic projections map straight lines in the plane to great circles on the sphere.

3.3 Bianchil

3.4 Vacuum Bianchi

We know turn to the case of a contact-reduced vacuum Bianchi spacetime with shape potential Vi(x,y). As
shown in section 2.3, the contact Hamiltonian is given by

1 1
He =~ 4 5 (8% +9°) + Vil ) (151)
By simply inspecting the Hamiltonian, it is clearly functionally the same as the FLRW + 2 scalar field
Hamiltonian in eq. [[34 The projection to shape space thus follows the exact same procedure as that
described in section 3.2, setting a = 1/4/3 to account for the coefficient of f% on the Hubble factor. The
shape space Hamiltonian for a vacuum Bianchi cosmology is thus

2

"= lp’g cos” f + ﬁpﬁ * 2owrp TU@AT (152)

U(a,B) = V(a,ﬁ)e_ﬁltanﬁl sec2 B8

with equations of motion
Pa

sin? 3
. ) 1
B = pgcos” B+ 7
Do = (2$Upa — 8aU) e~ 2m (153)
Pp = pjcos Bsin B+ (2sUpsg — 9pU) e "

1
—npg + 2Ue_2m)
(\/ﬁp o

o=

m=—s
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The Kasner solutions thus correspond to great circles on S2 given by

V3pa cot B = sin[2(ap — )] (154)
The Picard-Lindel6f theorem states that, given an ordinary differential equation of the form

r'(t) = f(t,r), r(to) =10 (155)

there exists a unique, local solution if f(¢,7) is continuous in ¢ and locally Lipschitz continuous in r. This
extends to a system of ODE’s

ri(t) = fi(t,x), 7i(to) =7i0 (156)

where the functions f;(¢,r) are required to be continuous in r and locally Lipschitz continuous in r;. The
Picard-Lindelof theorem applies immediately to the equations of motion [I53] the RHS’s are not explicitly
dependant on time and are locally Lipschitz around § = m/2 provided that the potential U(«, ) are its
derivatives are locally bounded around 8 = 7/2. Assuming that the potential satisfies these conditions, there
exists a unique local solution of the equations of motion that continues smoothly through the big bang. In
the case of the vacuum Bianchi I cosmology, this is satisfied trivially as the shape potential is everywhere
zero. However for Bianchi IX the shape potential is such that the exponential suppression in U(a, 3) is killed
off exactly. The shape potential is given by

1 =2 _a 1 _a
Vi(w.y) = 3759 (62 4¢3 — e Y (67 4 %) 4 2 Y — o0 (157)
In terms of the shape space coordinates («, 3) this can be written as

Vi(a, B) = %efl(aﬂtanﬁ\ n %efg(aﬂtanﬁ\ _ fs(@ltan gl _ fa(e)|tanp| %ef5(a)|tan,8| _ fo(@ltangl (15g)
The functions f;(«) are given by

2 2
fila) = —=sina+ 2cosa, fo(a) = —=sina — 2cos

V3 V3

1 1
fala) = ——=sina+cosa, fa(o) = ———=sina —cosa (159)

V3 V3
1 s = lsina
f5(0[):*ﬁSIHOé, fﬁ(a)* \/g

One can see that clearly, some of these functions will surpass f;(a) = 2/v/3, cancelling the exponential
suppression of e valtanhl iy Ula, B).

In figure [1| we plot the functions f;(«) over the entire range 0 < « < 2x. Fro all values of «, there is at
least one functions that is greater than or equal to 2/4/3. So it is not possible in vacuum Bianchi IX to find
a subset of a € [0, 27] for which the exponential suppression in U(a, () is not cancelled out.

The fact that local Lipschitz continuity is not in general satisfied for the Vacuum Bianchi IX cosmology
should not come as a surprise, as it is well known that Bianchi IX cannot achieve quiescence without the
presence of a matter field [21,[37,|38]. The spacetime geometry goes through infinitely many Kasner epochs
before reaching the singularity.

3.5 Bianchi + Scalar Field

Having seen in section in section 3.3 how Lipschitz continuity fails in the case of vacuum Bianchi, we are
now motivated to consider the shape space projection of the contact Bianchi 4 scalar field Hamiltonians.

The simplest case is that of Bianchi I 4 scalar field, since the shape potential is everywhere zero. The
contact Hamiltonian for such a system is given by eq. [IT]]

. 1, 1 1
Br=—gh*+ 5 +py) + 5

S 7+ V() (160)
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Figure 1: Plots of the functions f;(«) — 2 for 0 < a < 2m.

S

with contact form
1N = —dh + pedd + pgdr + pydy

The configuration space variables (¢, z, %) are projected onto S* through the gnomonic projection
10) cos 7y Do cos
x| =|tan | [ sinycosa |, pr | =p | sinfcosy
y sin vy sin « Dy sin 6 sin v

and the Hubble factor is transformed as

1
h=semtvaltanfl g Sign(tan 3)

Under this set of transformations, the rescaled contact form and Hamiltonian become

n— % = —sdm + poda + padf + pydy
c 1 1 p2 p2
H _ BI — 2 0082 4+ + a 4 y + U, , 6_2m
BI = 17coszp ~ 3PP BE APt o sants taamzp T VB

Us(B,7) = Vip(B,7)e” 5" Pl sec? 8

The equations of motion generated by the shape space Bianchi I Hamiltonian [165| are

Pa

&= —F—5—
sin? B sin” v

. 1
B =pgcos® B+ —=

V3

sin’ 8
Do = (2SU¢pa - aocU¢) e—2m
2 2
. . cos p5 cos 3 _
B = pcos Bsin f 4+ —a 52 T+ (25Upps — 0pUp) e 2"
sin® B sin” y sin” 8
2
. cos _
Dy = _Pa 2080 (2sUgp, — O,Ug) e 2™

sin? Bsin® v
1
m = —s| —=ps + 2U. e_2m>
(ﬂpﬁ ’
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The right hand sides of the equations of motion are locally Lipschitz continuous around 8 = 7/2 provided
that the field potential does not grow faster than the exponential suppression in Uy(8,7) i.e.

(Vcﬁ(ﬁ,w)e_%“anﬁ') =0 (167)

lim
B—=3

Since the right hand-sides of the equations of motion are locally Lipschitz continuous, by Picard-Lindelof
there exists a unique local solution to the initial value problem.

In section 2.3.2 the contact Hamiltonian and contact form for a Bianchi cosmology with non-zero shape
potential and field potential is shown to be

V(e)
Pk (168)

¢ Lo 1,9 o 1,
H :_éh +§(Px+py)+§]3¢+vs($,y)+

1
n=—dh— Zpkdk + ppdd + prdx + pydy

This had to be handled differently to the vacuum Bianchi case as the shape potential and field potential
terms scale differently with . We now show the projection of this system onto shape space. In doing so, we
will see how the well known conditions for Bianchi IX quiescence translate to the shape space representation.
Beginning with the gnomonic projection of (¢,z,y) onto S3, and writing the momenta in terms of polar
coordinates

0] cos 7y Do cos
z | =|tang| | sinycosa |, pe | =p | sinfcosy (169)
y sin v sin « Dy sin € sin v

along with the transformation
1
h=semtvaltandl g Sign(tan j3) (170)

and finally we define the variables x and 2 as

b= _2Lr (171)

X= 177 =TT
A 4lh|

the rescaled contact form then becomes

L _sdm — asec? BdS + Qdk + x cos 8d¢ + x sin 6 cos ydx + x sin 0 sin ¢dy

sh (172)
= —sdm + Qdk + poda + pgdf + pydy
We identify the shape space momenta as
Do = X| tan 8| sinysin O sin(v — «)

Pp
Py = x| tan B| [— sin~y cos @ + cosysin 6 cos(y) — a)]

sec? [ [sx (cos~y cos @ + sinysin § cos(v) — a)) — a] (173)

The re-scaled shape space Hamiltonian is therefore

He 1 1 J o —om |, Us(Byy) _
H=—5——s—=_—picos’ B+ —=pp + = +—2 +U(a,B,y)e 2™ 4 222 Le=3m
h2 cos? 8 2P g \/§p5 2sin’ Bsin®y  2sin?f (o 8,7) sQ

U(Oé, ﬁv’y) = ‘/S(OQ Ba 7)6_%‘ tanB| SGC2 B
Us(B,7) = Vip(8,7)e V3 ten Pl sec? B

(174)
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The equations of motion generated by the shape space Hamiltonian are
Pa
sin? B sin” v

: 1
2
=ppcos”p+ —
B =ppcos” 3 7

d:

=P
sin’® 3
k= —%6_3"]
Do = [(z%gd)e_m + 2SU> Do — 8QU} e 2m (175)
Pg = p% cos Bsin 8 + sif??;(;isnﬁz 5 ps,i:lgsﬁﬂ + {(?)gd)e_m + 23U> pg — 0gU — %85U¢ e m

2 —-m
. D;, COS Y 3Us e —om
= _fta 71 e 2 - -
Py sin? Bsin® v + {( Q° + SU> Py = U sQ 67U¢] c
Q= (3Uge™™ 4 2sQU) e ™

1 33U, _.
m=—s|—=pg+ ZUeQm) _ 2P —3m
(ﬁp ’ Q

The right-hand sides of the equations of motion will be locally Lipschitz continuous around S = /2
provided that |Q2] > 0, and the potentials U and U, and their derivatives are locally bounded around 5 = /2.
One see’s that the conditions on the potentials will be satisfied if V; and V; do not grow faster than their
exponential suppression. In particular, the condition

. —\/§| tan S| —
Jim (Vo(5,7)e )=0 (176)

is the direct translation to shape space of the field potential quiescence condition for mixmaster behaviour
to end in a finite number of bounces in Bianchi IX.

In section |3.4] it was established that in the vacuum Bianchi IX model, for any given value of «, there
was always at least one function f;(«) such that f;(a) —2/v/3 > 0 and thus the potential

U(a, B) = 8602620160"’(0‘)_%)““6' (177)

diverges at § = 7/2. In the case of Bianchi IX + a scalar field, the anisotropy parameters are given by
x = |tanf|sinycosa, y = |tan|sinysina (178)

and the potential term in the shape space Hamiltonian becomes

Ua, 5,7) = sec? B3 e /1075 1o (179)

where the functions f;(«) as defined as they were in eq. with coefficients ¢;. One can now use the
additional degree of freedom ~ € [0, 7] to ensure exponential suppression at § = /2. Define the set

M_{ max  fi(a)|i = 1,2...,6} (180)

0<a<2m

Then the exponential suppression will be retained for any a € [0, 27] if

2
siny < —=————— (181)

V3 sup(M)
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The form of all functions f;(c) are known and the supremum of M is sup(M) = 4/+/3. Thus we have the
quiescence condition

. 1
siny < 5 (182)

The conditions under which unique solutions passing through the big bang for the various Bianchi (and
FLRW) cosmologies now been established. In the next section we present numerical solutions to the equations
of motion for various example models.

4 Numerical Simulations

In this section we will present numerical solutions to the equations of motion for a variety of the models
discussed in this paper. It will be shown that there exist solutions who pass smoothly through the big bang.
Under the gnomonic projection, the initial singularity of General Relativity is mapped to 8 = 7/2. The
contact Hamiltonians are defined on a contact manifold 7*@Q x R where T*(@ is an 2n-dimensional cotangent
bundle. The gnomonic projection maps the dynamical variables on T*Q to S™.

4.1 FLRW + 1 Scalar Field

The simplest model we can consider is that of FLRW + 1 scalar field. The gnomonic projection in this case
maps the dynamical variable ¢ onto S'. The shape space Hamiltonian for this model is given by eq

1 3
H = ip/% cos? 3 + gp/g +U(B)e 2™

Up) = V¢(,6’)e_‘/§| tan | go02 8

(183)

In section 3.1 it was shown that the free-field solution is exactly solvable, constant, everywhere-zero momen-
tum pg and linear solution for 8(t)
V3

B(t) = Bo+ -t (184)
The system reaches the Big Bang in finite coordinate time
1
ts = —=(m —20) (185)

V3

We will consider the numerical solution for a scalar field in a harmonic potential. In the shape space
representation this potential is

V(g) = %¢2 = %tanzﬁ (186)

The potential function U(S) is locally Lipschitz continuous around S = m/2, and so Picard-Lindeldf is
expected to hold here.

In figure[2) we plot the numerical solution Hamiltonian for the FLRW + scalar field in a harmonic potential
model. The Hamiltonian constraint requires H := 0, this is satisfied within machine precision, in this case
on the order of 10~7. The initial conditions are chosen at ¢t = 0 as

V3
ps =5 sec? 3

p(0) = %7 1+\/1 §U(ﬂ)€’2’"00825

m(0) =0

(187)

where the pg momentum is determined by the Hamiltonian constraint H := 0.

In ﬁgurewe plot the numerical solution of 3(t), transformed so that it intercepts the t-axis exactly when
B = /2. We see explicitly that the solutions pass through 8 = /2 in finite coordinate time. As shown in
eq[I85] the time at which the free field system passes through the big bang can be calculated analytically, as
ts =~ 1.4 for these particular initial conditions. The harmonic potential solutions and free-field solutions lie
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Figure 2: Plot of the numerical solution Hamiltonian for FLRW + Harmonic Potential over the time domain
tel-1,8].

.t — ¢ Potential Solution
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= e Free Field Solution
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Figure 3: Plot of 23(t) — 1 for both the free field (red, dashed) and harmonic potential (blue) models.
Showing explicitly that both solutions pass through 5 = n/2 at approximately ¢, = 1.5.

very close together, particularly near 8 = w/2 which is to be expected as the potential becomes exponentially
suppressed close to the big bang and thus the harmonic potential model becomes approximately free.

The other dynamical variables for this model are the momentum pg and frictional global coordinate
m(t). In the free field case the momentum is everywhere zero and m(t) is a constant, which for the initial
conditions [[87 is also zero.
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Figure 4: (3, pg) phase space plot for the numerical solution of the FLRW + harmonic potential model.

The phase space of the numerical solution to the harmonic potential model is plotted in figure The
numerical solution of pg(f8) is m-periodic, with a cyclical structure as the spatial manifold undergoes inversions
of orientation and Sign(tan 8) changes between 1 and -1. The momentum also has the expected characteristic
exponential suppression where |tan 8| — co. Most importantly, the momentum is well defined through

B=mx/2.

Figure 5: Numerical solution of m(t) for the FLRW + harmonic potential model.

Lastly, we plot in figure |5| the numerical solution for m(t) for the harmonic potential model. This solution
also displays a periodic structure and remains well defined through the big bang.

As well as simple toy models such as a harmonic potential, it is also possible to find numerical solutions
for more complicated potentials, provided that they satisfy the conditions for Lipschitz continuity of U(S3).
As an example, consider the Quartic Hilltop potential

12 (nfplﬂ (188)

which has been of particular interest in inflationary cosmology [39-45]. The parameter A is required to
be very small, A < 1074, in order for the inflationary predictions of the Quartic Hilltop potential to be
consistent with 2018 Planck data [42]. A is a constant energy density scale. In shape space the Quartic
Hilltop potential becomes (in units where my = 1)

Vou (o) = A

Vo (8) = A(L - Atan® ) (189)

The Quartic Hilltop potential is well known to be unbounded below with no stable vacuum. One stabilised
version of the potential which has been investigated in detail is the Quartic Hilltop Squared (QHS) model [41],
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with potential

_ o\
Vous(¢) = A ll —A (m_pz) ] (190)

2
Vors(B) — A (1 — Atan? B)
For both the Quartic Hilltop and Quartic Hilltop Squared potentials, the potential function U(f8) is clearly

still locally Lipschitz continuous around 8 = m/2. So there will exist a unique local solution that passes
through the big bang.

Quartic Hilltop Potential Solution

QHS Potential Solution

Figure 6: Plot of the numerical solutions Hamiltonian for the FLRW + Quartic Hilltop (green) and Quartic
Hilltop Squared (blue) models with initial conditions

In figure [6] the numerical solution Hamiltonian for Quartic Hilltop and Quartic Hilltop Squared models,
which are approximately zero to within machine precision over the time domain. The initial conditions
are taken as those in eq the energy-density scale is chosen as A = 1/3 and the potential parameter
is A = 1072, We have chosen a A a few orders of magnitude larger than what is actually required for
observational consistency for illustrative purposes that become apparent when one examines the numerical
solutions of the dynamical variables.

— Quartic Hilltop Potential Solution

Iy . . A ——— Free Field Solution

— (QHS Potential Solution

Figure 7: Plots of %B(t) — 1 for the free field (red, dashed), Quartic Hilltop (green) and Quartic Hilltop
Squared (blue) models, showing explicitly that the system evolves through f = 7/2 in finite coordinate time
ts ~ 1.5.

In figure [7] we plot the numerical solutions for the free-field, Quartic Hilltop and Quartic Hilltop Squared
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models, again transformed so that they intercept the t-axis exactly when 5 = 7/2 at t; =~ 1.5 . For a
small potential parameter A\ the QH and QHS potentials are approximately equal far from the QHS vacuum
expectation value, and thus the solutions lie almost on top of each other. An even smaller value of X closer to
what is required for observational consistency with inflationary measurements would force these two solutions
closer together.

Figure 8: (3, pg) phase space plot for the numerical solutions of the Quartic Hilltop (green) and Quartic
Hilltop Squared (blue) models.

Although the numerical solutions for §(t) are almost indistinguishable, the solutions of the momentum
pa(t) displayed in the phase space diagram of figure [8| are quite distinct, particularly in a neighbourhood
around 8 = /2. Both momenta go to zero at the big bang and are thus well defined.

Figure 9: Numerical solution of m(t) for the Quartic Hilltop (green) and Quartic Hilltop Squared (blue)
models.

In figure 0] we plot the numerical solutions of the final dynamical variable, the frictional global coordinate
m(t) for the Quartic Hilltop and Quartic Hilltop Squared models. Just as for the other dynamical variables,
the QH and QHS solutions are approximately equal far from the big bang but distinct in a neighbourhood
around ts &~ 1.5. For both models m(t) is well defined through the big bang. Thus all dynamical variables,
the Hamiltonian and contact form are well defined through the big bang.

4.2 FLRW + 2 Scalar Fields

In this section we present examples of a higher dimensional system than that of section 4.1. In the case of
FLRW + 2 scalar fields, the shape space projection maps the scalar fields onto S2. The evolution of the fields
can be visualised as a path on S2. We showed in section 3.2 that the free-field case was exactly solvable,
with the solutions being great circles on S? The shape space Hamiltonian and equations of motion for
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FLRW + 2 scalar fields are

_ He I 2 V3 Pi
_h2c0525_2p5ms p+ 2 Z

U, B) = V(a, B)e~ V3108l sec? g

+U(a, B)e>™

H
2sin? 3 (191)

Pa
sin’ g

d:

. 3
B =ppcos® B+ %
Pa = (25Upa — 9,U) e (192)
Ps = p% cos Bsin B + (2sUpg — OpU) e 2™

m=—s <\é§pg + 2Ue_2m>

In this example we consider a two-field harmonic potential, which has the following forms in field-space
and shape shape respectively

V(¢1,2) = % (67 + ¢3)

Vg(o, B) = %tan2 Jé]

(193)

— ¢° Potential Solution

Free Field Solution

Figure 10: Numerical solution Hamiltonians for the free field (red, dashed) and two-field harmonic potential
(blue).

In figure [I0] we plot the numerical solution Hamiltonians for the free-field and harmonic potential models

for the initial conditions at ¢t =0
4 p2
—144/1— = cos? & L 2Ue2m
\/ 3 p (sin2 B8 )]

B0) =1, ps(0) = ?S%ZB

194
o(0) = (194)

m(0) =

Both solutions are stopped just as they become numerically unstable due to the machine precision of the
discretised equations of motion becoming insufficient . This point occurs at different times for each
solution, with the harmonic potential solution running for much longer than the free-field solution.

In figure[I1]we plot the numerical solutions of 3(t) for the free-field (red, dashed) and harmonic potential
(blue) models. Both solutions pass smoothly through S = 7/2 in finite coordinate time. We see the
characteristic exponential suppression of the potential function U(«, 3) near 8 = 7/2, making both solutions
approximately equal near the big bang.

In figure we plot the (8,pg) slice of the full 4-dimensional phase space (o, 3, pa,pg), for the free
field and harmonic potential numerical solutions. In this figure it is easier to see why the Hamiltonians

™
T pal0)=05
0
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pgith
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----- Free Field Solution

1.4

Figure 12: (8, pg) phase space plot for the free-field (red, dashed) and harmonic potential (blue) numerical
solutions.

are becoming numerically unstable, particularly for the harmonic potential solutions. As §(¢) approaches
0,7 the momentum starts to oscillate rapidly. It is unlikely that this is the true behaviour of the system,
but rather due to the numerically instability of solving a still system of coupled ODEs. Despite this, the
momentum remains well defined at the big bang.

33



= - " — ¢ Potential Solution

Free Field Solution
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(a) Parametric plot of (8(t), a(t)) for the
free-field (red, dashed) and harmonic po-
tential (blue) numerical solutions.

Figure 13

0 _—_t

¢ Patential Solution

02 \ | Free Field Solution

(b) Parametric plot of (B(t),pa(t)) for
the free-field (red, dashed) and harmonic
potential (blue) numerical solutions.

The parametric plots of (8(t), a(t)) and (8(t), pa(t)) are presented in figures and respectively for
the free-field and harmonic potential numerical solutions. Both dynamical variables a(t) and p,(t) remain
well defined through 8 = 7/2. In particular, in the free-field case p, is simply a constant. In figure we
see that the two solutions are approximately equal near 8 = 7/2, again due to the exponential suppression of
the potential close to the big bang. The potential suppression is also manifest in figure[I3b] for the harmonic
potential solutions, the p, becomes approximately constant near 5 = /2.

Figure 14: Parametric plot of (8(t), m(t)) for the free-field (red, dashed) and harmonic potential (blue)

numerical solutions.

Lastly in figure [14] we plot the global frictional variable m(t) parameterised by 5(¢) for the free-field and
harmonic potential solutions. Both solutions remain well defined through the big bang at f = 7/2 and

display the characteristic potential suppression.
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Figure 15: Free-field (red, dashed) and Harmonic potential (blue) numerical solutions of («(t), 5(t)) plotted
as a path on S2. The solid red line is the shape space equator 3 = /2, corresponding to the big bang under
the gnomonic projection.

In figure we plot the free-field and harmonic potential solutions (a,3) as a path on S?, with the
equator at § = 7/2 corresponding to the big bang under the shape space gnomonic projection. Recall that
we showed explicitly in section 3.2 how the free-field solution is a great circle on shape space [150] This
can be seen clearly in figure [I5] The great circle is incomplete due to the numerical solution being stopped
just before it becomes unstable. Most importantly figure [L5| shows clearly how the system evolves smoothly
through the shape space equator.

4.3 Bianchil

We will now look at numerical results in the shape space representation of the Bianchi I cosmology, which
contains flat FLRW geometries at the S? poles of shape space 8 = 0, 7. The vacuum case simply corresponds
to the Kasner solution. The Kasner cosmology is exactly solvable, with the solutions being great circles on S2.
In figure[I6] below, we present the numerical solution of one such Kasner cosmology, which are parameterised
by a single constant momentum p,, [154
We will now consider in more detail, the case of Bianchi I + a scalar field. In this particular case.
The shape space projection now maps the dynamical variables onto S3, as we start with the anisotropy
parameters and a single scalar field. We will consider the case of a free-field and harmonic potential. With
the Hamiltonian and equations of motion given by eq’s [I65] and [I66] respectively. Reproduced here for
convenience.
H 712 2B+i + p?x 4 p’zY +U(6 )72m
PETPB e P AP T S Bsin?y  2sinZp 0V C (195)

Us(B.7) = Ve(B,m)e” V5! ™l sec?
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Figure 16: Numerical solution of («(t), 5(t)) to the vacuum Bianchi I (Kasner) equations of motion m
showing a great circle solution (blue) passing smoothly through the shape space equator (red) 5 = /2.
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The harmonic potential in field space and shape space is given by

Py

V(p) = 5
(197)

1
Va(8.7) = 5 tan? Beos?q

For this examples, we look for a numerical solution to the equations of motion [196] subject to the
following initial conditions at ¢t = 0.

a(0) = o7, pa(0) =01
4 2
B(0) =11, pg(0) = - sec? —1+\/1—30052,3(siigﬁ+2Ue—2m>] (198)
10) =T py(0)=1
m(0) =0
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For this section and the following, we provide the Hamiltonian numerical solution plots in appendix [B| In
particular, one may find the numerical solution Hamiltonian for Bianchi I 4 free-field and harmonic potential
models in figure [37}

Just as for the FLRW + 2 scalar fields model, we also see in Bianchi I 4+ matter that the free-field
solution becomes numerically unstable faster than the harmonic potential model and has to be stopped after
a shorter time. We next check the numerical solutions of 8(t) to confirm that the solutions pass through the
big bang in finite coordinate time.

— ¢ Solution

' Free Field Solution

Figure 17: Numerical solution of 5(¢) for the Bianchi I 4 free-field (red, dashed) and harmonic potential
(blue) models.

In figure we plot the numerical solutions of 3(¢) for the free-field and harmonic potential model. Both
solutions pass smoothly through the big bang at 8 = 7/2. In this case the there is a bigger difference between
the free-field and harmonic potential solutions over the entire time domain. This is due to the fact that the
initial conditions for each solution are slightly different. We choose pg to be set by the Hamiltonian constraint
‘H := 0 (This choice is arbitrary, in principle we could have chosen any of the other dynamical variables).
This means that given a set of initial o, po,,py and m, the boundary condition on pg is determined by

V3
ps =5 sec? 3

-1+ \/1 - %(3052 Ié] ( P + 2U(a7ﬁ)e2m)] (199)

sin’ 3

The potential term U(a, 8) is non-zero for our chosen initial conditions in the harmonic potential case, and
thus the initial pg will be different in the free-field and harmonic potential cases.
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(a) Phase space plot of (3(¢), pg(t)) for the numerical (b) Numerical solution of pg(t) for the numerical so-
solutions of the Bianchi I + free-field (red, dashed) lutions of the Bianchi I + free-field (red, dashed) and
and harmonic potential (blue) models. harmonic potential (blue) models.

Figure 18

In figure the numerical solution of ps parameterised by 5(t) ((8,pg) slice of phase space) for the
free-field and harmonic potential models. Both solutions, as expected pass smoothly through the big bang
at 8 = w/2. In figure we plot pg(t) parameterised by the time coordinate. This plot shows explicitly
that the initial pg’s at t = 0 are quite different for each model, so it is no surprise that the numerical
solutions differ by quite a large amount as compared to some of the previous examples, even near the big
bang singularity where the potential is exponentially suppressed.

ait)

= I-‘ — q:z Potential Solution | \ — ¢2 Potential Solution

Free Field Solution ;' Free Field Solution

0 - 0 -

(a) Parametric plot of (8(t), a(t)) for the Bianchi I + (b) Parametric plot of (B(t),pa(t)) for the Bianchi
free-field (red, dashed) and harmonic potential (blue) I + free-field (red, dashed) and harmonic potential
numerical solutions. (blue) numerical solutions.

Figure 19

In figures and we plot the numerical solutions of a and p,, respectively, parameterised by 5(t).
As we expect, both solutions pass smoothly though the big bang at 8 = 7/2 along with some other expected
features. In figure we see that the free-field p, momentum is everywhere constant, as it should be since
Pa = 0 everywhere for zero-potential. Likewise, near the big bang where the potential becomes exponentially
suppressed, the harmonic potential p, momentum becomes approximately constant.
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(a) Parametric plot of (8(t),y(t)) for the Bianchi I + (b) Parametric plot of (3(¢),py(t)) for the Bianchi
free-field (red, dashed) and harmonic potential (blue) I + free-field (red, dashed) and harmonic potential
numerical solutions. (blue) numerical solutions.

Figure 20

In figures and we plot the numerical solutions of v and p, respectively, parameterised by 5(t).
We again see that the numerical solutions are well-defined through the big bang at § = w/2. Additionally,
we see a small oscillatory behaviour in v around v = 7/2. The interpretation of this will becomes clear when
we look at the original configuration space variables (¢, z,y, ) shortly.

mit]

14

N — ¢ Potential Solution
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Figure 21: Parametric plot of (5(t), m(t)) for the Bianchi I + free-field (red, dashed) and harmonic potential
(blue) numerical solutions.

The last dynamical variable to check is the global frictional coordinate m(t), which we plot in ﬁgure for
the free-field and harmonic potential models. In both models the numerical solution is well defined through
the big bang at 8 = 7/2. Thus all dynamical variables, the Hamiltonian and contact form are well defined
through 8 = 7/2 as we expect due to the potential function U(«, §,) being locally Lipschitz continuous
around 8 = /2.

In the case of a Bianchi + scalar field cosmology, the shape space projection is a compactification onto
S3 (rather than S? as in the FLRW case), thus we can think of solutions a path on S3. One way to visualise
this is to consider constant «, 3 or « slices of S3, which are S? surfaces.
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— ¢ Salution

----- Free Field Solution

Figure 22: Constant + slice of the Bianchi I + matter S3 shape space. The (a, 3) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plotted as paths on the S? surface. The solid red line is the
S? slice equator at 3 = /2 which corresponds to the GR singularity.

In figure vve plot a constant + slice of the full % shape space with the free-field and harmonic potential
paths plotted on the surface. The equator is the line § = m/2 which represents the big bang, both solutions
pass smoothly through the shape space equator. However the paths are not symmetric on either side of the
equator, despite there being a symmetric (or no) potential, since this is only a constant - slice of the full S3
shape space, on which the path would be symmetric either side of the big bang. Likewise we could also look
at constant o and constant (3 slice of shape space.

— ¢ Solution — ¢° Salution

..... Free Field Solution ===== Free Field Solution

(a) Constant « slice of the Bianchi T + matter S* (b) Constant 3 slice of the Bianchi I + matter S*

shape space. The (v, 3) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plot-
ted as paths on the S? surface. The solid red line is
the S? slice equator at 3 = /2 which corresponds
to the GR singularity.

shape space. The (v, ) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plot-
ted as paths on the S? surface. The solid red line is
the S? slice equator at o = m/2 which does not cor-
respond to any GR singularity.

Figure 23

In figures and we plot constant a and S slices of the full S% shape space respectively. In the
constant « slice, the solid red line is again the 8 = 7/2 equator, representing the initial GR singularity. The
solution path passes smoothly through the big bang equator for both solutions. In the constant ( slice, the
solid red line is the o = 7/2 equator, which does not correspond to any GR singularity and thus the system
passing through this line is not of any particular significance in relation to GR singularities.

In this section we have seen examples of the shape pace dynamical variables and mathematical structures
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remain well defined through the big bang, as was to be expected from the potential function U(c,3,7)
satisfying the conditions for Lipschitz continuity. It is still the case however that the original configuration
space dynamical variables ¢, x, y are ill-defined though the big bang. One may transform back to the original
variables and see this explicitly for the numerical solutions.
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Figure 24: Plot of the original scalar field variable ¢(t) = |tan 3(¢)|cos~(t) for the Bianchi I + free-field
(red, dashed) and harmonic potential (blue) numerical solutions.

In figure [24] we plot the scalar field under the shape space projection for the free-field and harmonic
potential numerical solutions. Since §(t) passes smoothly through § = 7/2, the scalar field diverges at
the big bang due to the |tan 3| factor in the gnomonic projection, but is well defined on either side of
the big bang. We also see oscillations of the scalar field around the vacuum ¢¢ = 0 on both sides of the
GR singularity, although they are more pronounced on the right-half plane. In shape space, these vacuum
oscillations manifest as 7 oscillating around v = 7/2 as seen in figure

06
0.4 | X 1k , J
‘..A\ — ¢° Solution / —— ¢ Solution
0.2 : Free Field Solution — [ 2 ' Free Field Solution
) 3:_ ;
(a) Plot of the original anisotropy parameter z(t) = (b) Plot of the original anisotropy parameter z(t) =
| tan B(¢)] siny(t) cos y(¢) for the Bianchi I + free-field | tan 3(¢)| siny(t) sin y(¢) for the Bianchi I + free-field
(red, dashed) and harmonic potential (blue) numer- (red, dashed) and harmonic potential (blue) numer-
ical solutions. ical solutions.
Figure 25

In ﬁguresand we plot the anisotropy parameters z(¢) and y(t) given by the shape space projection
for the free-field and harmonic potential numerical solutions. The anisotropy parameters also diverge at
the big bang. One would expect from solving the original configuration space equations of motion generated
from the Herglotz Lagrangian

1 1, . 1.
£t = 6h2+§(x+y)+§¢—V(¢) (200)
that the anisotropy parameters are related to each other by a linear relationship y(z) = yo + Cyz. in figure
we display the parametric plot (x(t),y(t)) and see that indeed this linear relationship is satisfied. Each
solution has two straight line branches, as the system evolves through the big bang the spatial manifold
undergoes an inversion of orientation and moves from one branch to the other.
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Figure 26: Parameteric plot of (x(t), y(t)) for the Bianchi I 4 free-field (red, dashed) and harmonic potential
(blue) numerical solutions. As the system evolves through the Big Bang at §(ts) = 7/2, the spatial manifolds
orientation inverts and system moves between straight line branches.

4.4 Quiescent Bianchi IX

In this section we look at a numerical example of quiescent Bianchi IX cosmology and show that it continues
smoothly through the big bang in the shape space representation. Unlike Bianchi I, the Bianchi IX cosmology
has a non-trivial Lie algebra, which leads to generally non-zero shape potential and contains flat FLRW
cosmologies. In shape space potential function U(c, 3,+) for Bianchi IX is given in equation with the
functions f;(a) defined in equation The flat FLRW-cosmologies are contained at § = 0,7 and 7 = 0, 7.
However the time parameterisation we have chosen, implicit in the re-scaling of the contact Hamiltonian by
h=2sec? B is not suited for investigating these sub-geometries as the Hamiltonian is undefined for 3,7 = 0, .

We will consider Bianchi IX cosmologies minimally coupled to a scalar field in the free-field (massless)
and harmonic potential cases. As we have already shown, in the case of a everywhere-zero field potential,
the shape space Hamiltonian is

1 1 P P _
H — 2 COS2 + _ + a + Y + U o, B3, e 2m
2% P \/?jpﬁ 2sin? Bsin®y  2sin’® B (a,8,7)

Ul(a, B,7) = sec? ﬂzcie(fi(a) Sin'}’*%)“;anﬁ‘

K2

(201)

In section 3.5 we showed that, including a generally non-zero field potential changes the shape space Hamil-
tonian to

L ! P & - Us(B,7) -
H==picos’ B+ —ps+ - + >+ Ula, S, e 2m y 2 1 pm3m

2P y \/gpﬁ 2sin? Bsin®y  2sin’® B (o 5,7) sQ
Ula, 8,7) = sec? 83 cie /(@)1= 5 l1ansd (202)

Us(B,7) = Vi (B,7)e V311l sec? 5

as additional degrees of freedom (k,§2) are required in order to retain the original scaling symmetry of the
action. We consider the numerical solutions to the equations of motion subject to the following initial
conditions at ¢ = 0. Simply for demonstrative purposes, we have chosen to use the Hamiltonian constraint
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to determine the initial condition on p,, rather than pg as in previous sections.

1 o L, 1 P 1 _ Us _
a(0) = 3 pa(0) = |s1nBs1nfy|\/—2 (2p5 cos2 B + im + %pg +Ue2m 4 ¢ 3m>
1
B(0) = ?r, ps(0) — 0.5 03)
7(0)=gm  py(0)=01
m(0) =0

=
w

o

Figure 27: Plots of 23(t)—1 for the Bianchi IX 3(¢) numerical solutions, including the free-field (red, dashed)
and harmonic potential (blue) models.

In figure [27 we plot 23(t) — 1 where 3(t) is the Bianchi IX numerical solution for the free-field and
Harmonic potential models, showing explicitly that the system passes through the Big Bang at § = m/2.
In the free-field case, the discretised system equations of motion become numerically unstable shortly after
passing through the Big Bang.

"
'

— ¢? Solution

————— Free Field Solution

Figure 28: Plots of In |ps(¢)| parameterised by S(¢) for the Bianchi IX pg(¢) numerical solutions, including
the free-field (red, dashed) and harmonic potential (blue) models.

In figure we plot In|pg(t)| parameterised by B(t), one can see clearly that in both cases the pg
momentum is well defined through 8 = 7/2. In this particular case we choose to plot the logarithm as the
free-field and harmonic potential solutions of pg differ by approximately two orders of magnitude near the
big bang.
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(a) Parametric plot of (8(t),a(t)) for the Bianchi (b) Parametric plot of (8(t),pa(t)) for the Bianchi
IX + free-field (red, dashed) and harmonic poten- IX + free-field (red, dashed) and harmonic potential
tial (blue) numerical solutions. (blue) numerical solutions.

Figure 29

In figures and we plot the numerical solutions of the shape space coordinate o and associated
momentum p,, respectively, parameterised by 8. In both figures we see that the dynamical variables remain
well defined through the big bang at § = w/2 as we expect. In the case of Bianchi I, p, is constant for
free-field solutions as the equation of motion for p, contains only terms with factors of Uy and 0U,. However
in the Bianchi IX case, which contains a shape potential which is not everywhere zero, the equation of motion
for p, contains terms which have factors of the shape potential function U as well as the field potential Uy,
so even in the free-field case where Uy = 0, the momentum p,, is not constant for all time as we see in the
numerical solution of figure 295

— ¢” Potential Solution

----- Free Field Solution L ==

(a) Parametric plot of (B(¢),y(t)) for the Bianchi (b) Parametric plot of (8(t),p,(t)) for the Bianchi

IX + free-field (red, dashed) and harmonic poten- IX + free-field (red, dashed) and harmonic potential
tial (blue) numerical solutions. (blue) numerical solutions.
Figure 30

In figures @ and @ we plot the numerical solutions of v and p., parameterised by 8 for the Bianchi
IX + free-field and harmonic potential models. Both dynamical variables remain well defined through the
big bang at 8 = 7/2. In addition to the shape degrees of freedom, for the Bianchi IX + matter cosmology
we also have the additional degrees of freedom k and its associated momentum Q(t) which were introduced
to retain the scaling symmetry of the symplectic Lagrangian when there is a field potential present.
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(a) Parametric plot of (3(t), k(t)) for the Bianchi IX (b) Parametric plot of (8(t), (t)) for the Bianchi IX
+ harmonic potential numerical solution. + harmonic potential numerical solutions.

Figure 31

In figures and we plot the numerical solutions of k and § parameterised by £(t) for the Bianchi
IX + harmonic potential model. Both dynamical variables are well defined through the big bang at § = /2.
One one can see from the plot of (k,8) that the numerical solution becomes unstable shortly after passing
through the big bang as k — co.

The last dynamical variable is the frictional global coordinate m(t), plotted in figure m is also well

Figure 32: Parametric plot of (5(t), m(t)) for the Bianchi IX + harmonic potential numerical solution.

defined through the big bang and displays the characteristic “cusp” its time-derivative changes sign as the
system passes through the big bang, due to the overall factor of Sign(tan 3) in the equation of motion m

Thus we demonstrate that as expected, all dynamical variables, the Hamiltonian and contact form remain
well defined as the system passes through the Bianchi IX big bang when the quiescence conditions are

satisfied.
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Once more can visualise the evolution of the cosmology in terms of a paths on S? slices of the full S°
shape space.

— @* Potential Solution

----- Free Field Solution

Figure 33: Constant + slice of the Bianchi IX + matter S* shape space. The («, 3) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plotted as paths on the S? surface. The solid red line is the
S? slice equator at 3 = /2 which corresponds to the GR singularity.

Figure displays a constant gamma S? slice of shape space. The free-field and harmonic potential
solutions are plotted in red/dashed and blue respectively. Both solution paths pass smoothly through the
big bang, represented by the solid red equator at § = /2.

— ¢ Potential Solution — ¢ Potential Solution

_____ Free Field Solution ===== Free Field Solution

(a) Constant « slice of the Bianchi IX 4 matter S*
shape space. The (v, ) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plot-
ted as paths on the S? surface. The solid red line is

(b) Constant 3 slice of the Bianchi I + matter S°
shape space. The (v, ) solutions for the free-field
(red, dashed) and harmonic potential (blue) are plot-
ted as paths on the S? surface. The solid red line is

the S? slice equator at o = m/2 which does not cor-
respond to any GR singularity.

the S? slice equator at 8 = /2 which corresponds
to the GR singularity.

Figure 34

Figures and display constant o and constant 3 S? slices respectively. In figure the equator
is still at 8 = 7/2 corresponding to the big bang, which both paths cross smoothly. However in figure
where a constant 3 S? slice is displayed, the equator is at o = 7/2. which does not correspond to any GR
singularity.

Having numerically solved the system in the shape space representation, one can then transform back to
the original configuration space dynamical variables of the scalar field ¢ and anisotropy parameters (z,y). In
particular, it is much easier in this representation to see explicitly, the quiescence behaviour of the cosmology.
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Figure 35: Plot of the original scalar field variable ¢(t) = |tan 8(t)| cosy(¢) for the Bianchi IX + free-field
(red, dashed) and harmonic potential (blue) numerical solutions.

Firstly we plot in figure the scalar field ¢ = |tan 8| cos~y for the free-field and harmonic potential
numerical solutions, which as expected is undefined at the big bang. Note that the free-field and harmonic
potential solutions pass through the big bang at different coordinate times. From figure [27] one can see that
the free-field model passes through the big bang at approximately ¢ frce ~ 5.9 and the numerical solutions
becomes unstable very shortly after, so the divergence is hard to see in figure s plot of ¢(t). The harmonic
potential model passes through the big bang at ¢, 4> ~ 4.2 and the numerical solution does not becomes
unstable until a few coordinate time units later. Thus the divergence in ¢(t) can be seen much clearer for
the harmonic potential model in figure

// Final Kasner Epoch

Y
Fotential Wall Collisions 1

(b) Numerical solution of the anisotropy parame-
ters (z(t),y(t)) for the Bianchi IX + free-field (red,

(a) Numerical solution of the anisotropy param- dashed) and harmonic potential (blue), over subset
eters (z(t),y(t)) for the Bianchi IX + free-field of the time domain ¢ € [0,ts] (ts being the time at
(red, dashed) and harmonic potential (blue) mod- which each model passes through the big bang sin-
els. With the anisotropy parameters given by x = gularity). With the anisotropy parameters given by
| tan 8| siny cos a, y = | tan S| sinysin . x = |tan S| sin~y cos o, y = | tan 3| sinysin a.

Figure 36

In figure [36a] we plot the anisotropy parameters for the Bianchi IX + free-field and harmonic potential
numerical solutions, over the full time domain. Transforming back to the original configuration space vari-
ables makes it much easier to see the quiescent behaviour of the Bianchi IX cosmology. In particular, in
figure we plot the anisotropy parameter numerical solutions on a subset of the time domain, from ¢ = 0
until ¢ = t,, where ¢4 is the time at which the models pass through the big bang singularity in shape space.
Here we see explicitly Tuab transitions and the bounces of (z,y) off the shape potential wall before being
set off one one final Kasner epoch, which the cosmology remains on until it reaches the big bang and spatial
contact manifold undergoes and inversion of orientation.
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5 Discussion

The notion of a singularity in General Relativity is a subtle one. Generally speaking, in classical field theo-
ries we tend to think of singularities as points at which physical quantities become indeterminate and grow
unboundedly. In GR, we solve the Einstein Field Equations for the spacetime manifold and its endowed
metric structure. In this sense we can’t think of a singularity in general relativity as a point on the manifold
where the curvature invariant grows unboundedly, as the Einstein Field Equations need to be solved in an
neighbourhood of that point in order to define the spacetime manifold and metric. Therefore the contem-
porary interpretation of a singularity in GR is that of a boundary to the spacetime manifold on which the
curvature invariants become indeterminate [47,/48]. In this work we show how the physical quantities of
the cosmological dynamical system and the mathematical structures which generate dynamics (Hamiltonian
and contact form) and be smoothly continued across this boundary that stitches two identical, oppositely
spatially oriented cosmologies together.

Hawking and Penrose showed that singularities in General Relativity are of a generic nature [1}[47,/48],
the theory breaks itself with relatively lenient requirements for timelike and null geodesic incompleteness.
The fact that singularities occur so generically in GR is the main motivating reason to believe that the
theory is incomplete. Many hope that the key to resolving singularities in GR lies at the quantum level,
and there is a large school of thought that singularities are where one should look to for effects of quantum
gravity. Whilst GR is perturbatively non-renormalisable, non-perturbative approaches like loop quantum
gravity [49] have been successful in resolving spacetime singularities at the quantum level [8-13]. Within the
Loop Quantum Gravity framework, the singularities of FLRW (flat, open and closed) [11,[50H52], In much of
the literature, it is assumed that quantum effects are necessary to resolve singularities in GR, particularly
the initial cosmological singularity due to the small length scales involved |13}/53]. In the relational dynamics
approach however, the Hamiltonian makes no reference to the overall length scale of the universe, which
is not a physically observable. The shape dynamical system is subtly different from general relativity in
that the fundamental gauge symmetry is that of spatial conformal invariance of the metric, rather than
local diffeomorphism invariance [14,|15,54] and its configuration space is an equivalence class of conformal
3-geometries, rather than the space of Riemann 3-geometries.

In this paper we shown how one may form a relational, shape space description of flat FLRW, Bianchi
I and Quiescent Bianchi IX cosmologies that contains no reference to the scale factor v, by identifying a
dynamical similarity scaling symmetry associated with the scale factor in the Einstein Hilbert action. While
the curvature invariant remains divergent at the initial singularity, in this relational description the system
remains autonomous and well defined at the initial singularity and in this sense it is resolved at the classical
level. In the literature, homogeneous and black-hole interior spacetime have been continued through their
GR singularities |18//55] by forming dimensionless dynamical variables with equations of motion generated by
the usual symplectic ADM Hamiltonian. Deterministic continuation through the singularity is established
by investigating integrability of the equations of motion. In this work we first form a fully relational contact
system by quotienting out the scaling symmetry and forming a symmetry-reduced contact manifold with
physically equivalent dynamics to the original symplectic manifold. The equations of motion in the relational
system are generated directly from a contact Hamiltonian, which makes no reference to the overall scale of
the universe. A gnomonic projection is performed which compactifies the phase space onto space space, the
dynamics of this contact system can thus be viewed as equivalent to the motion of a particle evolving on the
surface of a sphere. Under this gnomonic projection, the initial GR singularity is mapped to the equator.
We then investigate the integrability of this system and have shown that there exist unique solutions to
the contact Hamiltonian equations of motion in the shape space description which evolve smoothly through
the big bang. Moreover, the mathematical structures that generate time evolution, namely the Hamiltonian
and contact form remain well defined. This is a key development both in terms of defining the solution
space, and when considering potential quantisations of the theory. In this manner we are able to define a
classical Hamiltonian that is well defined across the big bang, which may be of particular interest in canonical
quantisations of GR, where the Hamiltonian and symplectic structure are of fundamental importance. Similar
work has also been performed in modified gravity theories, where the initial singularity in Bianchi I solutions
is replaced by a bounce. In [56] the authors show that in such models the Kasner plane can be compactified
onto a sphere and derive transition rules for the quasi Kasner exponents through non singular bounces.
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Shape Dynamics presents a possible new path to a towards a quantum theory of gravity, in particular
it offers a solution to the fundamental problem of time in the canonical approach to quantum gravity [57],
in which the Hamiltonian constraint when quantised demands a stationary wavefunction. Shape Dynamics
manages to decouple dynamical evolution from scale and admits unambiguous evolution in terms of the York
time [58},/59].

Alongside showing analytically that cosmological dynamical system on a contact manifold may be con-
tinued uniquely through the initial singularity, in this work we have provided complete numerical solutions
of the relational equations of motion for each of the cosmologies described above. These numerical solutions
show the asymptotic potential-free behaviour near the big bang corresponding to great circles which con-
tinue smoothly through the shape space equator. In the case of the Bianchi spacetimes, these great circles
represent Kasner solutions. As a result of the analytical treatment, we see that the Mixmaster behaviour
of Bianchi IX cosmologies must be resolved to quiescence by the introduction of a suitable matter field (in
this case a scalar field) in order for the equations of motion to satisfy the Picard-Lindelof theorem near the
initial singularity. In other words, Bianchi IX quiescence must be achieved in order for the dynamical system
to have a unique, smooth continuation through the big bang. In the numerical solution examples given for
quiescent Bianchi IX in section 4.4, we see explicitly the final Kasner epochs and Taub transitions before
the system passes through the initial singularity.

There exists in the literature a number of works on the quantisation of classical contact Hamiltonian
systems from the geometric perspective. In the work of [60] the authors implement a BRST quantisation
regime of time dependant Hamiltonian systems which are described by a contact phase space, in which general
covariance is implemented from the ground up. In this quantisation regime, each point in the phase space
is a fibre of an underlying vector bundle, with its own copy of canonical quantum mechanics. The operator-
valued connection which allows comparison of quantum wave functions at different phase space points in
the nilpotent BRST charge Q% =0 (up to a factor of —ih). The nilpotency imposes a flat connection
as a consequence of geometric quantisation. BRST quantisation of contact Hamiltonian systems is also
explored in [61]. In [62] quantisation of contact manifolds describing thermodynamics systems, which have
odd-dimensional state spaces, is studied. Quantisation is implemented through generalising the canonical
commutation relations to Legendre bracket structures. The work of [63] establishes a direct contact analogue
to the Kostant-Souriau quantisation of symplectic manifolds [64].

In the canonical quantisation of symplectic Hamiltonian systems, dynamical variables are promoted to
operators and the natural Poisson bracket induced by the symplectic structure is replaced with a commutator
structure. Within the context of GR, this means promoting dynamical elements of the metric to operators,
this includes the volume factor. We present a reformulation of cosmological solutions of GR in which the
scale factor has been eliminated and dynamics remain well defined at the initial GR singularity. That the
scale factor can be removed at the classical level, leaving behind a autonomous dynamical system that is
well defined at points on the manifold in which GR breaks down suggests that the contact system may be a
more appropriate starting point for quantisation. At this point it is an open question as to how one would
implement the contact reduction of a covariant field theory exhibiting a dynamical similarity associated with
the metric.
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Appendices

A Herglotz Equations of Motion

Recalling equations 25| & [26] the Lagrangian vector field is the unique solution of

It(§r) = dEL + [EL — R Er]nr (204)
where the vector bundle isomorphism Iy (v) is defined by
I(v) = (iwnL)nz — io(dnz) (205)
Expanding the Lagrangian vector field in local Darboux coordinates, we write
0 0 0
§p=Aig—+ Bim +Cog (206)

dq; 0¢; 0S
where the coefficients (A;, B;, C) are to be determined by enforcing &, as the solution to equation The
physical paths are the flow of the Lagrangian vector field. Once the coefficients are found we will have

Gi=4, §=B;, S=C (207)
starting with the definition of the vector bundle isomorphism, we have
I (€r) = (ig,ne) no — ig, (dnr) (208)

The lagrangian contact form is given in equation and thus using the local Darboux expansion of the
Lagrangian vector field one finds

oL 0L 0L 8 /oL

oL 0 (0L
A;W,;:dg; C—-—A—+A— - ds
! Jq+[ i 85(8%)]
where W;; is the Hessian of the Lagrangian defined in eq.
The energy of the Lagrangian system Fj and the Reeb vector field are given in equations &
respectively, repeated here for convenience

oL
B =2 L 210
L= lige (210)
1o} - 0%L 0
=——+ WY 211
Rr =55 "W 54,85 9 (211)
We may therefore calculate the RHS of equation to be
niey — o L OLOL 9L oL oLoL]
LSL) = 1% 0q;04; U 0q; 0q;  0q; G 0q; 0S e (212)
q;Wijaq; qi aqlas qi aQi
Comparing equations & one has A; = ¢;, C = L and the B; coefficients must satisfy
2L L L OL 2L
B;Wi; = 0 OL | OLOL ;O (213)

“Ug0q, " 04 0405 04,08
We now use the fact that the physical paths on the manifold are integral curves of £, and thus B; = ¢;.
Equation 2I3] can then be written as

d (0L oL oL

— 214

i (3) &0

04i)  dai 0405
yielding the Herglotz equations of motion. Of course this is not the only way to arrive at the Herglotz

equations. It can also be arrived by starting with a variational principle. We refer the reader to [29}/31] and
section IT of [30].
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B Bianchi Numerical Solution Hamiltonians

— ¢* Solution

Free Field Solution

-4 = 1070

Figure 37: Numerical solution Hamiltonian for the Bianchi I + free field (red, dashed) and harmonic potential
(blue) models. The discretised equations of motion for the free-field model become numerically faster than
the harmonic potential model thus the numerical solution is valid over a smaller time domain.

In figure we plot the numerical solution Hamiltonians for Bianchi IX, the numerical solution Hamil-
tonians are larger in magnitude than the previous cases we have looked at in this paper, however the Hamil-
tonian itself is still much smaller than the individual terms that it is comprised of. For example consider the
first term in the Hamiltonian R0T]

Ly o
Hi = P cos B (215)

The relative size of H/H; is typically small except where H; — 0, as demonstrated in figure @

— ¢ Solution

— ¢° Solution

Free Field Solution e ‘ . I,“- it
Ay | Free Field Solution
| |
[
(a) Bianchi IX numerical solution Hamiltonian for i
the free-field (red, dashed) and harmonic potential (b) Plot of the ratio #/H1 for the Bianchi IX numer-
models. ical solution Hamiltonians.
Figure 38

C Gnomonic Projection Example

Consider the motion of a free-particle in two dimensions, in the standard symplectic mechanics context. The
Lagrangian for such a system is simply

L= % (& +97) (216)

and the solutions, which are straight lines on the R? plane are of course obtained trivially. The solutions are
characterised by two constant momenta (p,,p,) each associated with one of the coordinates on the plane

x(t) = xo +pat,  y(t) =yo + pyt (217)
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In this appendix we show explicitly how, after making a gnomonic projection to shape space, the solutions
of the equations of motion are great circles on S?. Recall that the gnomonic projection is a compactification
onto the surface of a sphere, in this case a 2-sphere. This projection takes a unit sphere tangent to the plane
at the origin and draws a straight line from a point P(x,y) on the plane to the centre of the tangent sphere.
P(z,y) is then identified with the coordinates on the 2-sphere (¢, 3) where the line intersects the sphere.
The shape space coordinates are the angle subtended from the pole 8 and the azimuthal angle «. Explicitly

the projection map is written as
x cos o
(y> = |tan f| <sina> (218)

In these shape space coordinates the Lagrangian in
1 /.
L= 3 (ﬂ2 sec’ B+ &% tan? B) (219)
From which one may find the canonical momenta

Do = &tan® B, pg= Bsect B (220)

and obtain the Hamiltonian through a Legendre transformation

H=Lp3cos’ B+ P (221)
PR 2tan? j3
One may now simply use the symplectic Hamiltons equations of motion [23]
OH ; oH
L O 222
“=gp P 4, (222)
to obtain »
S a , .a _ 0 223
“ tan? 8 P (223)
B = Ps cos® 3, Ps = Qp?j cos® Bsin 8 + p? cos f (224)

“sin® 8
In symplectic mechanics, the Hamiltonian is a conserved, constant quantity and therefore one may determine
that

da & _ Pa (225)
ds B sin®B/2H — p2 cot? 3
Equation [C] has the solution
cos(a — ) = Pa (226)

V2H tan 8

which is the equation of a great circle on the 2-sphere, whose orientation relative to the R? is controlled by

Pa/V2H.

References

[1] S. W. Hawking and R. Penrose, “The Singularities of Gravitational Collapse and Cosmology,” Proceed-
ings of the Royal Society of London Series A, vol. 314, pp. 529-548, Jan. 1970.

[2] C. Clarke and A. Krélak, “Conditions for the occurence of strong curvature singularities,” Journal of
Geometry and Physics, vol. 2, no. 2, pp. 127-143, 1985.

[3] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time. Cambridge Monographs
on Mathematical Physics, Cambridge University Press, 2 2023.

[4] A. R. Liddle, An introduction to modern cosmology, Third Edition. 2015.

52



[5]

G. Horowitz, “Singularity resolution in string theory,” in APS April Meeting Abstracts, APS Meeting
Abstracts, p. B7.003, Apr. 2008.

M. Natsuume, “The singularity problem in string theory,” 2001.

G. W. Gibbons, G. T. Horowitz, and P. K. Townsend, “Higher-dimensional resolution of dilatonic
black-hole singularities,” Classical and Quantum Gravity, vol. 12, p. 297-317, Feb. 1995.

B.-F. Li and P. Singh, “Loop Quantum Cosmology: Physics of Singularity Resolution and its Implica-
tions,” 4 2023.

R. Gambini, J. Olmedo, and J. Pullin, “Quantum black holes in Loop Quantum Gravity,” Class. Quant.
Grav., vol. 31, p. 095009, 2014.

R. Gambini, J. Olmedo, and J. Pullin, Quantum Geometry and Black Holes. 2023.

A. Ashtekar, T. Pawlowski, and P. Singh, “Quantum nature of the big bang,” Phys. Rev. Lett., vol. 96,
p- 141301, 2006.

M. Bojowald, “Absence of singularity in loop quantum cosmology,” Phys. Rev. Lett., vol. 86, pp. 5227—
5230, 2001.

M. Bojowald, “Loop quantum cosmology,” Living Rev. Rel., vol. 8, p. 11, 2005.
F. Mercati, “A Shape Dynamics Tutorial,” 8 2014.

J. Barbour, “Shape Dynamics: An Introduction,” in Quantum Field Theory and Gravity: Conceptual
and Mathematical Advances in the Search for a Unified Framework, pp. 257-297, 2012.

J. B. Barbour and B. Bertotti, “Mach’s Principle and the Structure of Dynamical Theories,” Proc. Roy.
Soc. Lond. A, vol. 382, pp. 295-306, 1982.

D. Sloan, “Dynamical similarity,” Physical Review D, vol. 97, June 2018.

T. A. Koslowski, F. Mercati, and D. Sloan, “Through the big bang: Continuing Einstein’s equations
beyond a cosmological singularity,” Phys. Lett. B, vol. 778, pp. 339-343, 2018.

D. Sloan, “Scalar Fields and the FLRW Singularity,” Class. Quant. Grav., vol. 36, no. 23, p. 235004,
2019.

R. Arnowitt, S. Deser, and C. W. Misner, “Dynamical structure and definition of energy in general
relativity,” Phys. Rewv., vol. 116, pp. 1322-1330, Dec 1959.

R. Jha, “Introduction to Hamiltonian formulation of general relativity and homogeneous cosmologies,”
SciPost Phys. Lect. Notes, vol. 73, p. 1, 2023.

J. M. Isidro and P. d. Cérdoba, “On the contact geometry and the poisson geometry of the ideal gas,”
Entropy, vol. 20, p. 247, 2018.

M. de Ledén and M. Lainz, “A review on contact Hamiltonian and Lagrangian systems,” 11 2020.
V. L. Arnold, Mathematical methods of classical mechanics. 1978.

A. Bravetti, H. Cruz, and D. Tapias, “Contact Hamiltonian mechanics,” Annals of Physics, vol. 376,
pp. 17-39, Jan. 2017.

A. Bravetti, M. de Leén, J. C. Marrero, and E. Padrén, “Invariant measures for contact hamiltonian sys-
tems: symplectic sandwiches with contact bread,” Journal of Physics A: Mathematical and Theoretical,
vol. 53, no. 45, p. 455205, 2020.

A. Bravetti and D. Tapias, “Liouville’s theorem and the canonical measure for nonconservative systems
from contact geometry,” Journal of Physics A: Mathematical and Theoretical, vol. 48, p. 245001, May
2015.

53



[28]
[29]

[30]
[31]

[32]

[33]
[34]

[35]

[36]

[37]
[38]

[39]

[40]

[41]

[42]

[43]

[44]
[45]

[46]

[47]

[48]

[49]

A. C. Silva, “Lectures on symplectic geometry,” Lecture Notes in Mathematics, vol. 1764, 2001.

M. de Leén and M. Lainz Valcazar, “Singular lagrangians and precontact hamiltonian systems,” Inter-
national Journal of Geometric Methods in Modern Physics, vol. 16, p. 1950158, Oct. 2019.

D. Sloan, “New action for cosmology,” Physical Review D, vol. 103, Feb. 2021.

J. Gaset, M. Lainz, A. Mas, and X. Rivas, “The herglotz variational principle for dissipative field
theories,” 2022.

A. Bravetti, C. Jackman, and D. Sloan, “Scaling symmetries, contact reduction and poincaré’s dream,”
Journal of Physics A: Mathematical and Theoretical, vol. 56, no. 43, p. 435203, 2023.

D. Sloan, “Scale symmetry and friction,” 2021.

L. D. Landau and E. M. Lifschits, The Classical Theory of Fields, vol. Volume 2 of Course of Theoretical
Physics. Oxford: Pergamon Press, 1975.

G. MONTANTI, M. V. BATTISTI, R. BENINI, and G. IMPONENTE, “Classical and quantum features
of the mixmaster singularity,” International Journal of Modern Physics A, vol. 23, p. 2353-2503, July
2008.

A. Corichi and D. Nufez, “Introduction to the ADM formalism,” Rev. Mez. Fis., vol. 37, pp. 720-747,
1991.

C. W. Misner, “Mixmaster universe,” Phys. Rev. Lett., vol. 22, pp. 1071-1074, May 1969.

A. Ashtekar, A. Henderson, and D. Sloan, “A Hamiltonian Formulation of the BKL Conjecture,” Phys.
Rev. D, vol. 83, p. 084024, 2011.

Y. Akrami et al., “Planck 2018 results. X. Constraints on inflation,” Astron. Astrophys., vol. 641, p. A10,
2020.

L. Boubekeur and D. H. Lyth, “Hilltop inflation,” Journal of Cosmology and Astroparticle Physics,
vol. 2005, p. 010, jul 2005.

J. Hoffmann and D. Sloan, “Squared quartic hilltop inflation,” Phys. Rev. D, vol. 104, no. 12, p. 123542,
2021.

K. Dimopoulos, “An analytic treatment of quartic hilltop inflation,” Physics Letters B, vol. 809,
p- 135688, 2020.

R. Kallosh and A. Linde, “On hilltop and brane inflation after planck,” Journal of Cosmology and
Astroparticle Physics, vol. 2019, p. 030, sep 2019.

A. D. Linde, “Inflationary Cosmology,” Lect. Notes Phys., vol. 738, pp. 1-54, 2008.

A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure. Cambridge University
Press, 2000.

V. Ardourel and J. Jebeile, “Numerical instability and dynamical systems,” Furopean Journal for Phi-
losophy of Science, vol. 11, pp. 1-21, May 2021.

R. Steinbauer, “The singularity theorems of General Relativity and their low regularity extensions,” 6
2022.

A. D. Rendall, “The Nature of spacetime singularities,” 100 Years Of Relativity : space-time structure:
Einstein and beyond, pp. 76-92, 2005.

T. Thiemann, “Modern canonical quantum general relativity,” 2001.

54



[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]
[60]

[61]
[62]

[63]

[64]

A. Ashtekar, T. Pawlowski, and P. Singh, “Quantum Nature of the Big Bang: An Analytical and
Numerical Investigation. 1.,” Phys. Rev. D, vol. 73, p. 124038, 2006.

A. Ashtekar, T. Pawlowski, P. Singh, and K. Vandersloot, “Loop quantum cosmology of k = 1 frw
models,” Phys. Rev. D, vol. 75, p. 024035, Jan 2007.

Lukasz Szulc, W. Kaminski, and J. Lewandowski, “Closed friedmann-robertson—walker model in loop
quantum cosmology,” Classical and Quantum Gravity, vol. 24, p. 2621, apr 2007.

A. Ashtekar and A. Barrau, “Loop quantum cosmology: from pre-inflationary dynamics to observa-
tions,” Classical and Quantum Gravity, vol. 32, p. 234001, nov 2015.

”

H. Gomes and T. Koslowski, “Frequently asked questions about shape dynamics,” Foundations of

Physics, vol. 43, p. 1428-1458, Nov. 2013.

F. Mercati and D. Sloan, “Traversing through a black hole singularity,” Phys. Rev. D, vol. 106, no. 4,
p. 044015, 2022.

M. de Cesare and E. Wilson-Ewing, “A generalized kasner transition for bouncing bianchi i models in
modified gravity theories,” Journal of Cosmology and Astroparticle Physics, vol. 2019, p. 039-039, Dec.
2019.

E. Anderson, “The problem of time in quantum gravity,” 2012.

J. Barbour, T. Koslowski, and F. Mercati, “The solution to the problem of time in shape dynamics,”
Classical and Quantum Gravity, vol. 31, p. 155001, July 2014.

J. Barbour, T. Koslowski, and F. Mercati, “A gravitational origin of the arrows of time,” 2013.

G. Herczeg and A. Waldron, “Contact geometry and quantum mechanics,” Physics Letters B, vol. 781,
p- 312-315, June 2018.

R. Casals, G. Herczeg, and A. Waldron, “Dynamical quantization of contact structures,” 2021.

S. Rajeev, “Quantization of contact manifolds and thermodynamics,” Annals of Physics, vol. 323,
p. 768-782, Mar. 2008.

S. Fitzpatrick, “On the geometric quantization of contact manifolds,” Journal of Geometry and Physics,
vol. 61, p. 2384-2399, Dec. 2011.

K. Wernli, “Six lectures on geometric quantization,” 2023.

55



	Introduction
	Contact Mechanics

	Contact Reduction Theory
	Dynamical Similarity
	Cosmological Space-times
	Homogeneous Cosmologies
	FLRW
	Bianchi
	Vacuum Bianchi
	Minimally Coupled Scalar Field


	Shape Space Projection and Proof of Existence and Uniqueness Through = /2
	FLRW + 1 scalar field
	FLRW + 2 Scalar Fields
	Bianchi I
	Vacuum Bianchi
	Bianchi + Scalar Field

	Numerical Simulations
	FLRW + 1 Scalar Field
	FLRW + 2 Scalar Fields
	Bianchi I
	Quiescent Bianchi IX

	Discussion
	Appendices
	Herglotz Equations of Motion
	Bianchi Numerical Solution Hamiltonians
	Gnomonic Projection Example

