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Abstract

The source of a simple kG-module, for a finite p-solvable group G and an algebraically closed field k
of prime characteristic p, is an endo-permutation module (see [Pu1] or [Th]). L. Puig has proved,
more precisely, that this source must be isomorphic to the cap of an endo-permutation module
of the form

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R), where MQ/R is an indecomposable torsion endo-trivial

module with vertex Q/R, and S is a set of cyclic, quaternion and semi-dihedral sections of the
vertex of the simple kG-module. At present, it is conjectured that, if the source of a simple module
is an endo-permutation module, then it should have this shape. In this paper, we are going to give
a method that allow us to realize explicitly the cap of any such indecomposable module as the
source of a simple module for a finite p-nilpotent group.



1 Introduction

1978, E. Dade introduced the concept of endo-permutation module, in the field of modular repre-
sentation theory (see [Da1]). The study of these modules occupy at present an important position
in representation theory, as they seem to appear very often. In particular, they appear as sources
of simple modules for p-solvable groups, as it has been proved in [Pu1] and section 30 in [Th]. This
fact raises then the following question: is any indecomposable endo-permutation module the source
of a simple module, for some finite group? In other words, given a prime p, a finite p-group P , k
an algebraically closed field of characteristic p and an indecomposable endo-permutation module
M with vertex P , does there exist a finite group G having P as p-Sylow subgroup and a simple
kG-module L, such that M is isomorphic to a direct summand of the restriction of L to P? We
can’t answer this question at the moment. However, if we consider a large subfamily of torsion
endo-permutation modules, then we are able to realize explicitly these modules as sources, as we
will prove later. Let us also point out that, in order to realize explicitly such situations, we took
some inspiration from Dade’s methods, used in [Da2].

Let us fix the notations and recall some basic facts we are going to use. Let p be a prime,
O a complete discrete valuation ring, with quotient field K of characteristic 0 and residue field
k, algebraically closed, of characteristic p (K is supposed to be “big enough” for the considered
groups). If G is a finite group, H a subgroup of G, M a kG-module and N a kH-module, then
we write M↓G

H the restriction of M from kG to kH, N↑G
H the induction of N from kH to kG and

TenGH N the tensor induction of N from kH to kG. Moreover, if H /G and L is a k[G/H]-module,
then we denote by InfGG/H L the inflation of L from k[G/H] to kG. Recall that if g ∈ G, then
gN , also written g ⊗N , is the conjugate module of N by g and has a structure of k[ gH]-module
given by gh · gn = g(h · n), for all h ∈ H and n ∈ N , where · denotes the action of H on N and
gh = ghg−1. If MK and M ′

K are two KG-modules, then we have a scalar product (over K) defined
by

(MK ,M
′
K)G =

∑
g∈G

Tr(g,MK)Tr(g−1,M ′
K),

where Tr(g,MK) is the trace of the K-linear automorphism corresponding to the action of g
on MK . Note that we consider only finitely generated modules. In case MK and M ′

K are sim-
ple KG-modules, then the orthogonality relations give MK

∼= M ′
K ⇐⇒ (MK ,M

′
K)G = 1 (else

(MK ,M
′
K)G = 0). We admit that the reader is familiar with elementary notions of representa-

tion theory of finite groups and we come now to endo-permutation modules. A kP -module M is
endo-permutation if the P -algebra EndkM is a permutation kP -module (i.e. there is a P -invariant
k-basis). Moreover, if M is indecomposable, we say that it has vertex P if M is not projective
relative to any proper subgroup of P . If M is an endo-permutation kP -module with at least one
indecomposable direct summand M0 with vertex P , then this summand is unique, up to isomor-
phism and it is called the cap of M . This allows us to define an equivalence relation on theses
modules:

M ∼ N ⇐⇒M0
∼= N0.

We write D(P ) the abelian group formed by the equivalence classes of endo-permutation kP -
modules having an indecomposable direct summand of vertex P and we call it the Dade group
of P . The composition law is given by [M ] + [N ] = [M ⊗ N ], the neutral element is the class
of the trivial kP -module k (containing also all permutation kP -modules having a trivial direct
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summand) and −[M ] = [M∗], where M∗ = Homk(M,k) is the dual of M . We denote by Dt(P )
the torsion subgroup of D(P ) and by T (P ) the subgroup of D(P ) consisting of equivalence classes
of endo-trivial kP -modules, i.e. kP -modules M such that EndkM ∼= k⊕L, for a free kP -module L
(notice that equivalence classes of endo-trivial modules are smaller than the corresponding classes
in D(P )). For instance, the syzygies Ωn

P (k), n ∈ Z of the trivial module are indecomposable endo-
trivial kP -modules with vertex P . The structure of D(P ) is strongly related to the structure of
T (P ), as it can be noticed in the following theorem, due to Dade (see [Da1]), which classifies all
endo-permutation modules in the case of an abelian p-group.

Theorem 1.1 [Dade, [Da]] Let P be an abelian p-group.

1. T (P ) is generated by [Ω1
P (k)]. Thus T (P ) is trivial, if |P | = 2, cyclic of order 2, if P is cyclic

of order ≥ 3, and infinite cyclic otherwise.

2. D(P ) is isomorphic to the direct sum of the groups T (P/Q), where Q runs over the set of
proper subgroups of P .

Now that we have recalled all the notions we are going to use, we can explain how we are
going to proceed to realize endo-permutation modules as sources. We start by constructing some
examples of finite p-nilpotent groups G having a given p-group P as p-Sylow subgroup. Then we
build, for each group G, a simple kG-module with vertex P and determine its source, that we
know to be endo-permutation. Then we prove that, in a sense that will become clear later, the
operations of inflation, tensor induction and tensor product provide us a kind of “tools” that allow
us to realize explicitly many other situations from known ones. Finally we note that the previous
examples, combined with these “tools”, lead us directly to the main result:

Theorem Let p be a prime, P a finite p-group and k an algebraically closed field of characteristic p.
Then any indecomposable endo-permutation kP -module M with vertex P that is a direct summand
of a kP -module of the form

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R), where MQ/R is an indecomposable

torsion endo-trivial module with vertex Q/R, and S is a set of sections of P that are cyclic, or also
quaternion or semi-dihedral, in case p = 2, can be explicitly realized as source of a simple module
with vertex P for some finite p-nilpotent group.

To conclude this introductive section, we would try to justify our choice for concentrating on
torsion endo-permutation modules. At present, it is conjectured that, if the source of a simple
module is an endo-permutation module, then its class should be a torsion element in the Dade
group. This result has already been proved for finite p-solvable groups (cf. [Pu1]). Moreover, it
is also conjectured that there are no other indecomposable torsion endo-permutation modules as
the ones that are isomorphic to the cap of a module of the form

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R),

as in our main theorem. Hence, if both conjectures hold, then we would have proved that any
endo-permutation module that can be the source of a simple module, namely any torsion endo-
permutation module, can be explicitly realized as the source of a simple module for a finite p-
nilpotent group. Let us finally point out the fact that, in a talk given at the LMS Durham
Symposium on representations of finite groups and related algebras (01-11 July 2002), Jon Carlson
proved a result on T (P ) which implies that the second conjecture holds for p odd.
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2 Construction of finite p-nilpotent groups

Let p be a prime number and P a cyclic, quaternion or semi-dihedral p-group. Following Dade’s
ideas, exposed in [Da2], we are going to build a finite p-nilpotent group G = Q o P , with P as
p-Sylow subgroup and Q an extra-special q-group of exponent q and order q3, if P is cyclic or
quaternion, and q5, if P is semi-dihedral, for a “well chosen” prime number q.

Let us recall some useful properties about automorphisms of extra-special q-groups of order
q3 and exponent q, for an odd prime q. Let Q be generated by two elements x and y of order
q, and set z = [y, x], where [y, x] = yxy−1x−1. Then z has order q and generates the center of
Q, which coincides with the subgroup Q′ generated by the commutators. The quotient Q/Q′ is
a symplectic Fq-vector space of dimension 2, for the symplectic form [ , ] induced by taking the
commutator of two elements. In the basis {x̄, ȳ} of Q/Q′ (if g ∈ Q, we write ḡ its class in Q/Q′),

[ , ] corresponds to the matrix
(

0 1
−1 0

)
. Then, the group Aut(Q/Q′) of automorphisms of Q/Q′

is the symplectic group Sp2(Fq), which coincides with SL2(Fq). Let AutQ′(Q) be the subgroup of
Aut(Q) formed by the automorphisms of Q which are the identity on restriction to Q′. We have
a group homomorphism

π : AutQ′(Q) −→ SL2(Fq) , π(ϕ)(ḡ) = ϕ(g̃), ∀ g̃ ∈ ḡ ∈ Q/Q′ and ∀ϕ ∈ AutQ′(Q).

Moreover, π is surjective. Indeed, let us consider

ϕ : Q −→ Q ψ : Q −→ Q

x 7−→ xy and x 7−→ x

y 7−→ yz y 7−→ xy.

It is easy to check that ϕ and ψ belong to AutQ′(Q) and, since SL2(Fq) is generated by

e =
(

1 0
1 1

)
and f =

(
1 1
0 1

)
(see Theorem 2.8.4 in [Go]), the surjectivity of π is immediate.

We also notice that Ker(π) is isomorphic to Q/Q′. Indeed, the two following maps are injective
group homomorphisms:

conj : Q/Q′ −→ Ker(π) and τ : Ker(π) −→ HomFq
(Q/Q′, Q′)

ḡ 7−→ conj(ḡ) ϕ 7−→ τ(ϕ),

where conj(ḡ)(h) = g̃h = g̃hg̃−1 and τ(ϕ)(ḡ) = g̃−1ϕ(g̃), for a representative g̃ ∈ ḡ, ∀ ḡ ∈
Q/Q′, ∀h ∈ Q and ∀ϕ ∈ Ker(π). As Fq-vector space, Q′ is isomorphic to Fq. This implies
that HomFq

(Q/Q′, Q′) is isomorphic to the dual of Q/Q′ and thus to Q/Q′ as Fq-vector space. In
particular, it follows that |Ker(π)| ≤ |Q/Q′| and so conj and τ are isomorphisms. We get then a
short exact sequence:

0 −→ Q/Q′ −→ AutQ′(Q) −→ SL2(Fq) −→ 0.

Moreover, if p and q are distinct prime numbers and P is a p-subgroup of SL2(Fq), then we get
another short exact sequence by restriction:

(∗) 0 −→ Q/Q′ −→ π−1(P ) −→ P −→ 0.
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It follows from the Schur-Zassenhaus Theorem (see Corollary 8.40 in [CR]) that this sequence
splits, because Q/Q′ and P have coprime orders and Q/Q′ is abelian. So we have an injective map
σ : P −→ AutQ′(Q), such that πσ = IdP .

Recall that SL2(Fq) has order q(q2 − 1) and its 2-Sylow subgroups are generalized quaternion.
Thus the 2-subgroups of SL2(Fq) are either generalized quaternion or cyclic. From now on, we will
drop the word “generalized” in the expression “generalized quaternion group”.

Lemma 2.1 Let p and q be two distinct prime numbers, P be a finite cyclic p-group or, if p = 2,
cyclic or quaternion, such that P is isomorphic to a subgroup of SL2(Fq), and let Q be an extra-
special q-group of order q3 and exponent q. Then there exists an injective group homomorphism
σ : P −→ Aut(Q). Moreover, we can choose σ such that the restriction of σ(u) to Q′ is the identity
morphism, for all u ∈ P .

Following Dade’s ideas (cf. [Da2]), if we choose a prime number q such that q ≡ −1(mod |P |),
then, by the above Lemma, P identifies with a subgroup of Aut(Q), whose elements fix Q′. This
defines a semi-direct product G = Q o P , where P is a p-Sylow subgroup, acting by conjugation
on the normal q-subgroup Q and Q′ centralizes P . We can also notice, in case p = 2 and P is
quaternion, that we can also consider a 2-nilpotent group, with the same features, if we take a
prime number q with q ≡ |P |

2 +1(mod |P |) (then P identifies with a 2-Sylow subgroup of SL2(Fq)).
The choices of congruences for the prime q will be motivated in section 4. Let us state some
properties of the p-nilpotent groups G = Qo P .

Lemma 2.2 With the same notation as above, the group G satisfies the following properties.
a) We can choose a section σ : P −→ π−1(P ) of (∗) such that σ(w) has order p and no fixed

point on Q \Q′, for a generator w of the unique subgroup of P of order p. In other words, w and
g ∈ Q commute if and only if g ∈ Q′.

b) The normalizer N of P in G is equal to Q′ × P .
c) P is a trivial intersection subgroup of G.

Proof . a) Assume that P is cyclic of order pn, generated by u and write w = up
n−1

. As σ is
injective, σ(u) has order pn, and so σ(w) has order p.

If σ(w) has a fixed point on Q\Q′, then π(σ(w)) ∈ SL2(Fq) has an eigenvector for the eigenvalue

1 and so is conjugate to a matrix of order p of the form A =
(

1 a
0 1

)
, for an a ∈ Fq. But then,

we have Ap = Id ⇐⇒ pa = 0 ⇐⇒ a = 0, since p is invertible in Fq. It follows that A = Id, which
contradicts the fact that A has order p. Thus σ(w) has no fixed point on Q \Q′.

Now, if p = 2 and P is a quaternion 2-group, then, as before, we can choose σ such that σ(w)
has order 2, i.e. σ(w) = − Id. So 1 is not an eigenvalue of π(σ(w)), i.e. σ(w) has no fixed point
on Q \Q′.

b) As G is p-nilpotent, we have N = CG(P )×P and so we just need to verify that CG(P ) = Q′.
By construction, Q′ centralizes P , so we have CG(P ) ≥ Q′. Conversely, if g ∈ CG(P ), then, in
particular, g and w commute. By a), it implies that g ∈ Q′.

c) Let g ∈ Q and s ∈ gP ∩ P . There exists s′ ∈ P such that s = gs′ and so [g, s′] = 1. Indeed,
[g, s′] = gs′(s′)−1 = s(s′)−1 ∈ P and [g, s′] = g(s

′
g)−1 ∈ Q as Q /G. Thus [g, s′] ∈ P ∩Q = {1}. It

follows, by a), that g ∈ Q′, if s′ 6= 1, i.e. s 6= 1, as w is contained in any non trivial subgroup of P .
�
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Now, we are going to construct a finite 2-nilpotent group with a semi-dihedral 2-Sylow subgroup
P = <u, v | u2n−1

= v2 = 1, vu = u2n−2−1> of order 2n, with n ≥ 4. Consider a prime number
q ≡ 2n−1 − 1(mod 2n) and

Q =
〈
x1, x2, y1, y2 | xqi = yqi = 1, yixi = xi[yi, xi], [x1, x2] = [y1, y2] = [xi, yj ] = 1, ∀ 1 ≤ i 6= j ≤ 2

〉
an extra-special q-group of order q5, of exponent q and center Q′ = <z = [y1, x1] = [y2, x2]> cyclic
of order q. We can also consider Q as the central product of two extra-special q-groups Q1 and Q2

of order q3, of exponent q and center Q′, where Qi is the subgroup of Q generated by xi and yi,
for i = 1 and 2. There are three maximal subgroups in P , one of which is quaternion, call it R,
generated by u2 and uv. The previous results allow us to consider a section σ : R −→ AutQ′1(Q1) of
the split exact sequence (∗) above. Notice that we get another injective map σ̃ : R −→ AutQ′2(Q2)
defined as follows. Let θ be the isomorphism Q1 −→ Q2 mapping x1 to x2 and y1 to y2 (and
consequently θ(z) = z) and let λ be the automorphism of R, mapping u2 to (u2)−1 and (uv) to
(u2)2

n−3−1(uv) (it is bijective since λ2 = Id). Then, if

σ : R −→ AutQ′1(Q1) , we set σ̃ : R −→ AutQ′2(Q2)
u2 7−→ σ(u2) u2 7−→ θσ

(
λ(u2)

)
θ−1 = θσ(u2)−1θ−1

uv 7−→ σ(uv) uv 7−→ θσ
(
λ(uv)

)
θ−1 = θσ(u2)2

n−3−1σ(uv)θ−1.

Consider then
P −→ AutQ′(Q),
u 7−→ σu

v 7−→ σv,

where σu|Q1 = σ̃(uv)θ , σv|Q1 = θ , σu|Q2 = σ(uv)θ−1 and σv|Q2 = θ−1,

and where σg|Qi
denotes the restriction of σg to Qi, for g ∈ {u, v} and i = 1 and 2.

This is well defined and extends the maps σ : R −→ AutQ′1(Q1) and σ̃ : R −→ AutQ′2(Q2).
Indeed, we have: (

σ2
u

)∣∣
Q1

=
(
σu
)∣∣
Q2

(
σu
)∣∣
Q1

=
(
σ(uv)θ−1

)(
σ̃(uv)θ

)
=

= σ(uv)σ(u2)2
n−3−1σ(uv) = σ(u2)2

n−3+1σ(uv)2 = σ(u2)2
n−3+1σ(u2)2

n−3
= σ(u2)

and (
σ2
u

)∣∣
Q2

=
(
σu
)∣∣
Q1

(
σu
)∣∣
Q2

=
(
θσ(u2)2

n−3−1σ(uv)
)(
σ(uv)θ−1

)
=

= θσ(u2)2
n−3−1σ(uv)2θ−1 = θσ(u2)−1θ−1 = σ̃(u2).

We also have σ2
v = Id and σvσu = σ2n−2−1

u , since
(
σuσv

)∣∣
Q1

= σ(uv) and
(
σuσv

)∣∣
Q2

= σ̃(uv). It
follows that the subgroup of AutQ′(Q) generated by σu and σv is semi-dihedral of order 2n. In
other words, we get a finite 2-nilpotent group G, which is the semi-direct product of P by Q.

Moreover, using the same argument as in the proof of the previous Lemma, we have CQ(P ) = Q′

and so NG(P ) = Q′ ×P . The next result shows two differences between this construction and the
previous one.

Lemma 2.3 P has two conjugacy classes of elements of order 2. Moreover, P is not a trivial
intersection subgroup of G.
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Proof . Observe that all non-central elements of P of order 2 can be written as a product u2av, for
an integer 0 ≤ a < 2n−3. Now, for any integer b, we have

ub

v = ub( vu)−bv = u2b(1−2n−3)v.

Thus, all non-central elements of order 2 are conjugate in P , by a power of u, and so P has two
conjugacy classes of subgroups of order 2: one containing only the center and the class containing
all the others subgroups of order 2.

For the second statement, consider the conjugacy morphism by the non-central element v of P
of order 2, i.e. the map σv described above. We have σv(x1x2) = x1x2, i.e. v ∈ x1x2P ∩ P , but
x1x2 6∈ NG(P ) = Q′ × P .

�

Notice that if gP∩P 6= {1}, then gP∩P is conjugate to <v>. Indeed, any non-trivial subgroup of P
which does not contain <w> has order 2 and must then be a conjugate of <v>. As <w> ≤ gP ∩P ,
if and only if g ∈ NG(P ), we deduce that gP ∩ P is conjugate to <v>.

Let us summarize the situation. We have build p-nilpotent groups of the form QoP , where Q
is an extra-special q-group of exponent q, for a prime number q satisfying the following data:

• If P is cyclic, then we choose q ≡ |P | − 1(mod p|P |) and Q of order q3.

• If P is quaternion, then we build two finite 2-nilpotent groups by choosing two distinct prime
numbers q: first q ≡ |P | − 1(mod 2|P |), and then q ≡ |P |

2 + 1(mod |P |). In each case, Q has
order q3.

• If P is semi-dihedral, then we choose q ≡ |P |
2 − 1(mod |P |) and Q of order q5.

3 Construction of simple kG-modules

Let us first recall some basic facts about the simple kQ-modules, where Q is an extra-special q-
group of order q1+2m and exponent q for a prime number q, distinct from p = char(k), and an
integer m ≥ 1. Write x1, . . . , xm, y1, . . . , ym the generators of Q satisfying the relations xqi = yqi =
1, yixi = xi[yi, xi], [yi, xi] = [yj , xj ] and [xi, xj ] = [xi, yj ] = [yi, yj ] = 1, ∀ 1 ≤ i 6= j ≤ m. Let also
z = [y1, x1] be the generator of the center Q′ of Q (which coincides with the subgroup generated
by the commutators) and let A be the elementary abelian normal subgroup of Q of rank m + 1,
generated by x1, . . . , xm and z. We know, by Proposition 7.7 in [Hu], that Q has q − 1 simple
kQ-modules of dimension qm and q2m simple kQ-modules of dimension 1. Let us describe them.
Let ω ∈ k be a primitive q-th root of unity and consider the degree 1 representation given by:

ψ : A −→ k∗

xi 7−→ 1, 1 ≤ i ≤ m

z 7−→ ω.
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We have gψ 6= ψ, ∀g 6∈ A. In terms of modules, if we write kψ the kA-module of dimension 1 defined
by a · λ = ψ(a) · λ, ∀a ∈ A, ∀λ ∈ k, then this is equivalent to saying that kψ � gkψ. It follows
by Clifford theory (see Chapter 11 in [CR]), that the induced kQ-module L = kψ↑Q

A is simple, of
dimension qm. As k is supposed to be algebraically closed, we have q − 1 distinct primitive q-th
roots of unity in k and so we get q−1 non isomorphic simple kQ-modules of dimension qm. On the
other hand, we get the q2m simple kQ-modules of dimension 1 by considering the representations

ρ : Q −→ k∗

xi 7−→ ωi, 1 ≤ i ≤ m

yi 7−→ θi, 1 ≤ i ≤ m

z 7−→ 1,

where ωi and θi, 1 ≤ i ≤ m are q-th roots of unity in k.
Before going further, recall that, as kQ is semi-simple, the decomposition map induces a bijec-

tion between simple kQ- and KQ-modules (see [Se]). In other words, we can lift in characteristic
0 any simple kQ-module L into a unique simple KQ-module LK (up to isomorphism). It follows
that if MK is a simple KQ-module which lifts another simple kQ-module M , then L ∼= M , if and
only if LK ∼= MK , if and only if the scalar product (LK ,MK)Q = 1 (otherwise (LK ,MK)Q = 0).
In our situation, M is a simple kQ-module of dimension 1, if and only if M↓Q

Q′
∼= k, where k denotes

the trivial kQ-module. From the above description of the simple kQ-modules, we can also notice
that any kQ-module M of dimension qm is simple, if and only if M↓Q

Q′
∼= (kω)q

m

, where kω is the
kQ-module of dimension 1 defined by z · λ = ωλ, ∀λ ∈ k, for a primitive q-th root of unity ω
(otherwise M↓Q

Q′
∼= kq

m

). So we have proved:

Lemma 3.1 Let L and M be two kQ-modules of dimension qm, lifted to the KQ-modules LK
and MK , respectively. Assume that L is simple. Then, L and M are isomorphic if and only if
(LK↓Q

Q′ ,MK↓Q

Q′)Q′ = q2m.

The next question that we are going to discuss handles with extension of modules. Indeed, we
have constructed simple kQ-modules, but we are interested in simple kG-modules. In order to get
some simple kG-modules, we are going to use Theorem IX.4.1 in [Fe], that proves that our simple
kQ-modules extend uniquely to kG. Let us recall this statement.

Theorem 3.2 Let G = QoP a finite p-nilpotent group, where Q is a p′-group and P is a p-Sylow
subgroup of G. Let k be a splitting field of G and let L be a simple P -invariant kQ-module i.e.
uL ∼= L for all u ∈ P . Then there exists a unique simple kG-module L̃, up to isomorphism, such
that L̃↓G

Q
∼= L. Moreover, L̃↓G

P is an endo-permutation module.

Proof . See Theorem IX.4.1 in [Fe].
�

Let us turn back to the constructed simple kQ-module L. To prove the existence of a unique
extension L̃ of L, it suffices to verify that L is P -invariant. Let u ∈ P and consider the kQ-modules
L and uL of dimension qm, withm = 1, if P is cyclic or quaternion, andm = 2, if P is semi-dihedral.
Recall that uL is a kQ-module for the action of Q given by g ·u⊗ l = u⊗( u

−1
g · l), ∀ g ∈ Q, ∀ l ∈ L.
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Lemma 3.1 tells us that L ∼= uL if and only if ( uLK↓Q

Q′ , LK↓
Q

Q′)Q′ = q2m. But z acts on L by the
scalar matrix ω Id, and so does it also on uL, as u and z commute. Thus we have

( uLK↓Q

Q′ , LK↓
Q

Q′)Q′ = q−1

q−1∑
i=0

Tr(zi, uLK) Tr(z−i, LK) = q−1

q−1∑
i=0

(qmωi)(qmω−i) = q2m.

We conclude then that L is P -invariant and extends to a unique (up to isomorphism) simple
kG-module L̃ of dimension qm. Moreover, as dim(L̃) and p are coprime, L̃ has vertex P .

4 Source of L̃

In this section we are going to determine, up to isomorphism, the sources of the simple modules L̃
we constructed in the previous section. We know, by Theorem 30.5 in [Th], that these sources are
indecomposable endo-permutation modules. Moreover, Theorem 8.39 and Remark 8.41 in [Pu1]
imply that these sources belong to a subset of the set of torsion endo-permutation modules. But,
as this latter result is not published, we will not use it in our argumentation. We use the previous
notation and set X |Y , if X and Y are two modules such that X is (isomorphic to) a direct
summand of Y . We want to find an indecomposable endo-permutation module S, with vertex
P , satisfying L̃ |S↑G

P and S | L̃↓G
P = (L̃↓G

N)↓N
P (by transitivity of restriction), where N = NG(P ).

It follows, by uniqueness of the cap of an endo-permutation module, that the module S we are
looking for must be a direct summand of the restriction to P of the Green correspondent M of L̃,
i.e. M is the unique indecomposable direct summand with vertex P of L̃↓G

N such that L̃ |M↑G
N .

The next lemma shows that M↓N
P is an indecomposable kP -module, and so M↓N

P is the source
S of L̃.

Lemma 4.1 Let N = A× P be a finite group where A is an abelian p′-group and P is a p-group,
and let V be an indecomposable kN -module. Then, V ↓N

P is indecomposable.

Proof . As A is of order prime to p, the group algebra kA is semi-simple. Thus, we can write
V ↓N

A
∼=
⊕
Sni
i , where Sni

i denotes the isotypic component of V ↓N
A corresponding to the simple

kA-module Si, for all i. The group P permutes the isotypic components of V ↓N
A transitively, since

V is indecomposable, and trivially, since P centralizes A. Thus V ↓N
A
∼= Sn for a simple kA-module

S and an integer n ∈ N. Moreover, we have dimS = 1 because A is abelian and S simple.
Since V is a kN -module and N = A × P , we have a group homomorphism N −→ Autk(Sn)

inducing a morphism

P −→ AutkA(Sn) ∼= GLn(EndkA S) ∼= GLn(k).

Hence, there exists a kP -module W of dimension n, satisfying V ∼= S ⊗W , as kN -modules, for
the action of N given by (au) · (s⊗ w) = (a · s)⊗ (u · w), ∀ a ∈ A, ∀u ∈ P, ∀ s ∈ S and ∀w ∈W .
Then we have V ↓N

P
∼= W dimS = W and the result follows, because W is indecomposable, since

V ∼= S ⊗W is.
�
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Consider the Green correspondent M of L̃ and write

(∗∗) L̃↓G

N |M↑G

N↓G

N
∼= M ⊕

( ⊕
g∈[G/N ], g 6=1

gM↓ gN
gN∩N↑N

gN∩N︸ ︷︷ ︸
(I)

)
.

It follows from (∗∗) that L̃↓G
N is isomorphic to the direct sum of M and of indecomposable direct

summands of (I).

4.1 Cyclic case

Assume that P is cyclic. In the finite p-nilpotent group G we constructed, P is a trivial inter-
section subgroup (see Lemma 2.2). So the direct summands in (I) have trivial vertex, i.e. they
are projective kG-modules and their dimension is divisible by |P |. We then get from (∗∗) the
congruence dim L̃ ≡ dimM (mod |P |). Since dim L̃ = q and since M↓N

P
∼= S, the choice of q implies

that dimS ≡ −1 (mod |P |). As S is indecomposable and Ω1
P (k) is the unique indecomposable

kP -module with dimension congruent to −1 modulo |P |, we must have S ∼= Ω1
P (k).

4.2 Quaternion case

Assume that P is quaternion. In both finite p-nilpotent groups having P as 2-Sylow subgroup, P
is a trivial intersection subgroup. So, as in the cyclic case, the direct summand in (I) have trivial
vertex, i.e. they are projective and their dimension is divisible by |P |. If q ≡ |P | − 1 (mod 2|P |),
then the relation (∗∗) implies dimS ≡ −1(mod |P |). If q ≡ |P |

2 + 1 (mod |P |), then (∗∗) implies
dimS ≡ |P |

2 + 1 (mod |P |). Let us prove that in both cases S is endo-trivial.
Set P = <u, v | u2n−1

= 1, u2n−2
= v2, vu = u−1> (so |P | = 2n) and w = u2n−2

for the unique
element of P of order 2, i.e. the generator of the center Z of P . Lemma 2.9 in [CaTh] tells us that
it suffices to prove that S↓P

Z is endo-trivial and so we just need to know how w acts on L̃. As the
calculations are the same for both congruences of q, we don’t need to distinguish the cases.

Since − Id is the unique involution of SL2(Fq), it corresponds to the action of w on Q and
so there exist two integers a and b such that 0 ≤ a, b < q, wx = x−1za and wy = y−1zb. Since
L = kω↑Q

<x,z> for a primitive q-th root of unity ω, we can consider the k-basis {yi ⊗ 1 | 0 ≤ i < q}
of L̃. Set w · yi ⊗ 1 = ω(i−l)b(y−i−a ⊗ 1

)
, ∀ 0 ≤ i < q, where l is the unique integer with 0 ≤ l < q

and 2l ≡ −a(mod q). This action extends to Q o <w> by setting (gw) · yi ⊗ 1 = g · (w · yi ⊗ 1),
for all g ∈ Q and for all 0 ≤ i < q. This gives L̃ the (unique, by Theorem 3.2) structure of
Qo<w>-module, as it satisfies:

1 · yi ⊗ 1 = w2 · yi ⊗ 1 = w · ω(i−l)b(y−i−a ⊗ 1) = yi ⊗ 1,

(wx) · yi ⊗ 1 = (x−1zaw) · yi ⊗ 1 = ω(i−l)b−i(y−i−a ⊗ 1) = w · (x · yi ⊗ 1) and

(wy) · yi ⊗ 1 = (y−1zbw) · yi ⊗ 1 = ω(i+1−l)b(y−i−1−a ⊗ 1) = w · (y · yi ⊗ 1).
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The matrix of the action of w is

(w, L̃) =


ωlb

· · · 0
ω−lb

ω−(l+1)b

0 · · ·
ω(l+1)b

 ,

with a unique non-zero element, equal to 1, on the diagonal, in the (l, l) coordinate, i.e. an
eigenvector for the eigenvalue 1. We also notice that the other columns of the matrix pair to form
q−1
2 Z-invariant subspaces Wi = k<yi ⊗ 1, y−i−a ⊗ 1>, for all i strictly between l and q−1+2l

2 ,
and on which Z acts freely. As all these subspaces intersect trivially, their sum is direct and form
then a kZ-submodule of L̃↓G

Z . Counting the dimension, we deduce that L̃↓G
Z decomposes as a

direct sum k⊕ (kZ)
q−1+2l

2 and consequently we have S↓P
Z
∼= k⊕S′, for a free kZ-module S′, by the

Krull-Schmidt Theorem. Thus S is endo-trivial.
Let us recall that there are eight indecomposable endo-trivial kP -modules with vertex P (up to

isomorphism), whose dimensions determine their orders in the Dade group and allow us to recover
generators of T (P ) (see Section 6 in [CaTh]). Indeed, up to isomorphism, two have dimension
|P | − 1 and order 4: Ω1

P (k) and its dual Ω3
P (k); one has dimension |P | + 1 and order 2: Ω2

P (k)
(which is self-dual); two have dimension |P |

2 +1 and order 2: an “exceptional” indecomposable endo-
trivial kP -module V with vertex P and its dual; two have dimension |P |

2 − 1 and order 2: Ω1
P (V )

and its dual; and the trivial kP -module, of dimension 1. So, comparing S with the elements in this
list we draw the following conclusions. For q ≡ |P | − 1 (mod 2|P |), we have dimS = |P | − 1 and S
is isomorphic either to Ω1

P (k), or to Ω3
P (k), i.e. [S] has order 4 in D(P ). For q ≡ |P |

2 +1 (mod |P |),
we have dimS = |P |

2 + 1 and S is isomorphic either to V , or to its dual and [S] has order 2 in
D(P ). In particular, we notice that the classes of the two modules realized as sources generate all
T (P ).

4.3 Semi-dihedral case

Assume that P is semi-dihedral, say P = <u, v | u2n−1
= v2 = 1, vu = u2n−2−1> of order 2n, and

use the same notation as in section 2. Recall that P is not a trivial intersection subgroup of G, and
that the direct summands of (I) have trivial vertex or vertex cyclic of order 2, conjugate to<v>. So,
their dimension is divisible by 2n−1 and the relation (∗∗) implies that dimS ≡ 1(mod |P |

2 ). We want
to prove that S is isomorphic to the endo-trivial kP -module Ω1

P

(
Ω1

P/<v>(k)
)

of dimension |P |
2 + 1.

By injectivity of restriction and results of section 7 in [CaTh], we must show that Ω2
R(k) |S↓P

R and
that S↓P

E is endo-trivial, where R is the maximal quaternion subgroup of P and E is an elementary
abelian subgroup of P of order 4 (recall that E is unique up to conjugacy).

For i = 1 and 2, consider the simple kQi-modules Li of dimension q satisfying Li↓Qi

Q′
∼= (kω)q,

for the same primitive root ω appearing in the simple kQ-module L. We assert that the k-vector
space X = L1⊗L2 is a kQ-module for the action given as follows: ∀ g ∈ Q, ∃ gi ∈ Qi, i = 1, 2 such
that g = g1g2. We set then g · l1 ⊗ l2 = g1 · l1 ⊗ g2 · l2, ∀ l1 ⊗ l2 ∈ X. This action is well defined, as
g1g2 = h1h2, if and only if there exists 0 ≤ a < q such that g1 = h1z

a and g2 = h2z
−a, and then
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we have g1g2 · l1⊗ l2 = h1z
a · l1⊗h2z

−a · l2 = ωaω−a(h1 · l1⊗h2 · l2) = h1h2 · l1⊗ l2. Moreover, we
have 1 · l1⊗ l2 = l1⊗ l2 and

(
(g1g2)(h1h2)

)
· l1⊗ l2 = (g1g2)

(
(h1h2) · l1⊗ l2

)
, ∀ gi, hi ∈ Qi, ∀ i = 1, 2

and ∀ l1 ⊗ l2 ∈ X.

Lemma 4.2 X is isomorphic to L and consequently X is a simple kQ-module which extends to
the kG-module L̃.

Proof . By Lemma 3.1, X ∼= L, if and only if (XK↓Q

Q′ , LK↓
Q

Q′)Q′ = q4, as X and L have dimension
q2 and L is simple. We have zi · (l1 ⊗ l2) = (zi · l1)⊗ l2 = ωi(l1 ⊗ l2), ∀ l1 ⊗ l2 ∈ X and it follows
then that (XK↓Q

Q′ , LK↓
Q

Q′)Q′ = (LK↓Q

Q′ , LK↓
Q

Q′)Q′ = q4.
�

Let H = QoR and Hi = Qi oR, i = 1 and 2. By construction, H1 and H2 are isomorphic to
the 2-nilpotent group constructed for the quaternion case, with q ≡ |R| − 1(mod 2|R|).

Lemma 4.3 Let L̃i be the extension of the simple kQi-module Li to the 2-nilpotent group Hi, for
i = 1 and 2. Then L̃1 ⊗ L̃2 is the unique simple kH-module (up to isomorphism) that extends X,
for the action of H given by g1g2s · l1⊗ l2 = g1s · l1⊗ g2s · l2, ∀ l1⊗ l2 ∈ L̃1⊗ L̃2, ∀ gi ∈ Qi, i = 1, 2
and ∀ s ∈ R. Moreover, L̃1 ⊗ L̃2

∼= L̃↓G
H.

Proof . By definition of the external tensor product, L̃1 ⊗ L̃2 is a kQ-module for the action
componentwise of Q (see definition 10.15 in [CR]) and it is also a kR-module for the diagonal action
of R. So we just need to check that both actions are compatible, i.e. if s ∈ R, gi ∈ Qi, i = 1, 2
and l1 ⊗ l2 ∈ L̃1 ⊗ L̃2, then (sg1g2) · l1 ⊗ l2 = s · (g1g2 · l1 ⊗ l2). We have:

(sg1g2) · l1 ⊗ l2 = ( sg1
sg2s) · l1 ⊗ l2 = sg1s · l1 ⊗ sg2s · l2 = sg1 · l1 ⊗ sg2 · l2 = s · (g1 · l1 ⊗ g2 · l2).

It follows that L̃↓G
H and L̃1 ⊗ L̃2 are extensions of X to H. So they must be isomorphic, by

Theorem 3.2.
�

Consider L̃↓G
E, with E = <w, v> and B = {Yij = (yi1 ⊗ 1) ⊗ (yj2 ⊗ 1) | 0 ≤ i, j < q}, as a

k-basis of L̃. Let us write again a, b and l for the same integers as in the previous subsection,
that is 0 ≤ a, b, l < q, wx = x−1za, wy = y−1zb and 2l ≡ −a (mod q). Set v · Yij = Yji,
w · Yij = ω(i+j+a)bY−i−a,−j−a and extend k-linearly this action to L̃. It is well defined, as we have
Yij = 1 · Yij = v2 · Yij = w2 · Yij and v · w · Yij = ω(i+j+a)bY−j−a,−i−a = w · v · Yij , ∀Yij ∈ B.
Moreover, if we define gs · Yij = g · (s · Yij), ∀ g ∈ Q, ∀ s ∈ E and ∀Yij ∈ B, then we get a well
defined k[QoE]-module, as it can be easily checked that the actions of Q and E are compatible.
So, from unicity of extensions, we deduce that we have described the (unique) action of E on L̃.

Lemma 4.4 L̃↓G
E is isomorphic to k ⊕

(
k[E/<v>]

) q−1
2 ⊕

(
k[E/<vw>]

) q−1
2 ⊕ (kE)(

q−1
2 )2 as KE-

module.

Proof . Consider the following k-subspaces of L̃ ([α] denotes the integer part of the real number α):

k<Yll>, Wi = k<Yii, ω
(2i+a)bYl−i,l−i>, ∀

[
l + 1

2

]
≤ i 6= l ≤

[
q + l

2

]
,
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W ′
i = k<Yl+i,l−i, Yl−i,l+i>, ∀ 0 < i ≤ q − 1

2
, and , ∀ 0 ≤ i, j < q, with δij = δi+j,−a = 0,

Wij = k<Yij , Yji, ω
(i+j+a)bY−i−a,−j−a, ω

(i+j+a)bY−j−a,−i−a>.

There are q−1
2 distinct subspaces Wi and W ′

i , and ( q−1
2 )2 distinct subspaces Wij . They are all

permutation kE-submodules of L̃. Indeed, k<Yll> is isomorphic to the trivial kE-module, Wi is
isomorphic to k<Yii>↑E

<v>
∼= k[E/<v>] as kE-module, because v acts trivially on Wi, while w acts

freely, and that is true for any integer i such that
[
l+1
2

]
≤ i 6= l ≤

[
q+l
2

]
. The same argument

shows that W ′
i is isomorphic to k[E/<vw>] as kE-module, ∀ 0 < i ≤ q−1

2 . The subspaces Wij

are free kE-modules of rank 1, as they are isomorphic to k<Yij>↑E
1 . Moreover, all these modules

intersect trivially, as the vectors Yij are linearly independent (over k) and no one appears in two
different subspaces k<Yll>, Wi, W

′
i or Wij . It follows that the kE-submodule they generate is a

direct sum and it has dimension 1 + ( q−1
2 ) · 2 + ( q−1

2 ) · 2 + ( q−1
2 )2 · 4 = q2 = dim L̃. So we have

L̃↓G
E
∼= k ⊕

(
k[E/<v>]

) q−1
2 ⊕

(
k[E/<vw>]

) q−1
2 ⊕ (kE)(

q−1
2 )2 .

�

In particular, we deduce from this that L̃↓G
Z
∼= k⊕

(
kZ
)( q2−1

2 ), as kZ-modules, and so S↓G
Z
∼= k⊕F ,

where Z = <w> is the center of P and F a free kZ-module.

Lemma 4.5 Let P be a semi-dihedral 2-group, Z be its center and M an indecomposable endo-
permutation kP -module with vertex P . Suppose that the restriction M ↓P

Z is an endo-trivial kZ-
module. Then M is endo-trivial.

Proof . As M is indecomposable with vertex P , Proposition 2.1.2 in [Pu2] implies that M is endo-
trivial, if and only if DefNP (Q)

NP (Q)/Q ResPNP (Q)([M ]) = [k], for all non-trivial subgroups Q. If Q is a
non-trivial subgroup of P , then either Q contains Z, or Q is conjugate to <v> and its normalizer
is conjugate to E. In this latter case, NP (Q)/Q is cyclic of order 2 and D(NP (Q)/Q) = {[k]}. It
follows that DefNP (Q)

NP (Q)/Q ResPNP (Q)([M ]) = [k].

Suppose that Q contains Z. Then we can decompose the map DefNP (Q)
NP (Q)/Q ResPNP (Q) as the

composition DefNP (Q)/Z
NP (Q)/Q ResP/ZNP (Q)/Z DefPP/Z . By hypothesis, M ↓P

Z is isomorphic to k ⊕ F , for a
free kZ-module F . Let A = EndkM . Then A is isomorphic to k⊕F ′ as kZ-module, for a free kZ-
module F ′. Thus we have, DefPP/Z([A]) = [AZ/AZ1 ] = [k] = [Endk k], and so DefPP/Z([M ]) = [k]. It

follows that DefNP (Q)/Z
NP (Q)/Q ResP/ZNP (Q)/Z DefPP/Z([M ]) = [k] and hence M is endo-trivial. Recall that

AZ denotes the k-subalgebra of A formed by all fixed points of A under the action (by conjugacy)
of Z, and AZ1 is the image of the relative trace map A −→ AZ , ϕ 7→ ϕ+ wϕ, ∀ϕ ∈ A.

�

Let us apply these results to the indecomposable capped endo-permutation kP -module S. Since
S↓P

Z
∼= k⊕F , Lemma 4.5 implies that S is endo-trivial. Moreover, as S↓P

E | L̃↓G
E, Lemma 4.4 implies

that S↓P
E∈ [k].

Consider S↓P
R. We can write L̃↓G

R
∼= (L̃1⊗L̃2)↓H

R
∼= (L̃1↓H1

R )⊗(L̃2↓H2
R ), by transitivity of restriction

and Lemma 4.3. From the previous subsection, we know that L̃i↓Hi
R has an indecomposable direct
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summand Si with vertex R, isomorphic to Ω1
R(k) or to Ω3

R(k), for i = 1 and 2. We claim that
S1

∼= S2. Indeed, consider the isomorphism ϕ from H1 to H2, mapping hs to θ(h)λ(s), ∀h ∈ Q1

and ∀ s ∈ R. Let Resϕ(L̃2) be the kH1-module obtained by restriction of L̃2 via ϕ, i.e. where g · l
is defined as the element ϕ(g) · l, the latter “·” denoting the action of H2 on L̃2, for all g ∈ H1 and
for all l ∈ Resϕ(L̃2).

We have

Tr(zi,Resϕ(L̃2)↓H1
Q′ ) = Tr(ϕ(zi), L̃2↓H2

Q′ ) = Tr(zi, L̃2↓H2
Q′ ) = qωi = Tr(zi, L̃1↓H1

Q′ ),

for all 0 ≤ i ≤ q − 1 and so
(
Resϕ(L̃2)↓H1

Q′ , L̃1↓H1
Q′

)
Q′

= q2. Then, Lemma 3.1 and Theorem 3.2

imply that Resϕ(L̃2) is isomorphic to L̃1, since they both extend L1 to H1.
Hence, we have L̃1↓H1

R
∼=
(
Resϕ(L̃2)

)
↓H1

R
∼= Resλ(L̃2↓H2

R ), since the restriction of ϕ to R is λ.
Consider then the commutative diagram of kR-modules (with exact rows)

0 −→ Ω1
R(k) −→ kR −→ k −→ 0
λ↓ λ↓ Id↓

0 −→ Ω1
R(k) −→ kR −→ k −→ 0

We deduce from this that Resλ(Ω1
R(k)) ∼= Ω1

R(k) and more generally that Resλ(Ωn
R(k)) ∼= Ωn

R(k) for
all integers n. Therefore we have Resλ(L̃2↓H2

R ) ∼= L̃2↓H2
R . In other words, we have L̃1↓H1

R
∼= L̃2↓H2

R

and it follows that S1
∼= S2. Thus Ω2

R(k) |S1 ⊗ S2 and so Ω2
R(k) | L̃↓G

R.
Finally, S is an endo-trivial kP -module and its restrictions to R and E belong to the classes of

Ω2
R(k) and k respectively. By injectivity of the restriction T (P ) −→ T (R) ⊕ T (E) (see Theorem

2.8 in [CaTh]), we conclude that S is isomorphic to the indecomposable endo-trivial kP -module
Ω1

P

(
Ω1

P/<v>(k)
)
, of dimension |P |

2 + 1.

5 Inflation, tensor induction and tensor product

In the previous section, we explicitly realized a few examples of endo-permutation modules as
sources of simple modules for finite p-nilpotent groups. Now, instead of going on with explicit
examples, we are going to provide tools that will allow realizations of many other modules.

5.1 Inflation

Let P ′ be a normal subgroup of P and write P̄ the quotient P/P ′. Let M be an indecomposable
endo-permutation kP̄ -module with vertex P , such that we can explicitly construct a finite p-
nilpotent group G having P̄ as p-Sylow subgroup and a simple kG-module L with source isomorphic
to M . We are going to prove that we can explicitly realize InfPP̄ M as source (recall that this is
an indecomposable endo-permutation kP -module with vertex P , see Proposition 3.17 in [Da1]).
Write G = Q o P̄ , where Q is a finite p′-group, and σ : P̄ −→ Aut(Q) the group homomorphism
corresponding to the conjugation of elements of Q by elements of P in G. Consider the map
σ′ : P −→ Aut(Q), u 7→ σ(ū), ∀u ∈ P . It is a group homomorphism and so defines a finite
p-nilpotent group G′ = Q o P . Moreover, as σ′(u) = IdQ, ∀u ∈ P ′, the subgroup {1} × P ′ is
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normal in G′ and the quotient is isomorphic to G. Let L′ = InfG
′

G L. It is a simple kG′-module
with vertex P and its source is isomorphic to InfPP̄ M . Indeed, we have by hypothesis M |L↓G

P̄ , and
so InfPP̄ M | InfPP̄ (L↓G

P̄ ) ∼= L′↓G′
P .

5.2 Tensor induction

Let C be a subgroup of P and M an indecomposable endo-permutation kC-module with vertex
C, such that we can explicitly construct a finite p-nilpotent group G with a p-Sylow subgroup
isomorphic to C, and a simple kG-module L with source isomorphic to M . Write G = Q o C,
where Q has order prime to p. Suppose moreover that the restriction L↓G

Q is a simple kQ-module.
In this section, we are going to realize the cap of TenPCM as source of a simple module for a
finite p-nilpotent group having P as p-Sylow subgroup. The constructions we are going to do
involve a choice of a set of representatives of the left cosets of P/C. We can avoid this if we take
the functorial point of view of tensor induction, introduced by S. Bouc (see Remark 5.1 below).
However, since we didn’t introduce this formalism before, we prefer to write here a direct proof.

Let [P/C] = {v0, . . . , vr} be a set of representatives of the left cosets of P/C and assume
v0 = 1. For each 0 ≤ i ≤ r, we formally define a group viQ = { vig | g ∈ Q}, where the composition
law is given by vig vih = vi(gh), ∀ g, h ∈ Q. Let H =

∏r
i=0

viQ. We let P act on H as follows.
Let ( vihi)ri=0 ∈ H and u ∈ P . As left multiplication by u acts by permutation on [P/C], there
exists an unique σu ∈ Sr+1 (where Sr+1 acts on {0, . . . , r}), such that uvi = vσu(i)c(u, i) for a
unique c(u, i) ∈ C, ∀ 0 ≤ i ≤ r. We set then u( vihi)ri=0 =

(
vi( c(u,σ

−1
u (i))hσ−1

u (i))
)r
i=0

. We can then

check directly that 1h = h and that (uu′)h = u( u
′
h), ∀h ∈ H, ∀u, u′ ∈ P (as σuu′ = σuσu′ and

c(uu′, i) = c(u, σu′(i))c(u′, i), ∀ 0 ≤ i ≤ r). So we have a p-nilpotent group G′ = H o P , in which
the groups viQ, ∀ 0 ≤ i ≤ r are all conjugate. Moreover, for all 0 ≤ i ≤ r, the k[ viQ]-module
vi(L↓G

Q) is simple and so, as k is algebraically closed, the external tensor product L̃ =
⊗r

i=0
vi(L↓G

Q)
is a simple kH-module.

Set, for all u ∈ P and for all x = ⊗ri=0xi ∈ L̃, u ∗ x =
⊗r

i=0
vi
(
c(u, σ−1

u (i)) · xσ−1
u (i)

)
, where

· denotes the action of G on L. Then, L̃ turns out to be a kP -module if we extend this action
k-linearly to L̃. Indeed, ∀u, u′ ∈ P and ∀x = ⊗ri=0xi ∈ L̃, we have 1 ∗ x = x et u ∗ (u′ ∗ x) =

= u∗

(
r⊗
i=0

vi
(
c(u′, σ−1

u′ (i)) · xσ−1
u′ (i)

))
=

r⊗
i=0

vi

(
c(u, σ−1

u (i))·
(
c(u′, σ−1

u′ (σ−1
u (i))) · xσ−1

u′ (σ−1
u (i))

))
=

=
r⊗
i=0

vi

((
c(u, σ−1

u (i))c(u′, σ−1
u′ (σ−1

u (i)))
)
· xσ−1

u′ (σ−1
u (i))

)
=

r⊗
i=0

vi
(
c(uu′, σ−1

uu′(i)) · xσ−1
uu′ (i)

)
=

= (uu′) ∗ x.
Then, if we set (hu) ∗ x = h · (u ∗ x), ∀h ∈ H, ∀u ∈ P and ∀x ∈ L̃, the actions of P and H are

compatible, and so L̃ becomes a kG′-module. Indeed, ∀h ∈ H, ∀u ∈ P and ∀x ∈ L̃, we have:

(uh) ∗ x =
r⊗
i=0

vi
(
c(u,σ−1

u (i))hσ−1
u (i)

)
· (u ∗ x) =

r⊗
i=0

vi

(
c(u,σ−1

u (i))hσ−1
u (i) ·

(
c(u, σ−1

u (i)) · xσ−1
u (i)

))
=

14



=
r⊗
i=0

vi

(
c(u, σ−1

u (i))hσ−1
u (i) · xσ−1

u (i)

)
= u ∗ (h · x).

Moreover, we have L̃↓G′
P
∼= TenPC(L↓G

C), as they are isomorphic as k-vector spaces (of dimension
(dimL)r+1) and as the action of P on the generators coincides on both modules. As the k[ viC]-
module viM is a direct summand of vi(L↓G

C), for all 0 ≤ i ≤ r, it follows that TenPCM | TenPC(L↓G
C)

as kP -modules and so the source of L̃ is isomorphic to the cap of TenPCM .

Remark 5.1 If we consider the functorial point of view of tensor induction introduced by S. Bouc
in [Bo], then we do not need to choose a set of representatives of the left cosets of P/C. Indeed, the
group H we defined above is isomorphic to the group HomC(P,Q) of C-equivariant maps from P
to Q, where we consider P and Q as left C-sets for the left multiplication inside P and respectively
for the action of C on Q (i.e. conjugation inside G).

Similarly, the kH-module L̃ is isomorphic to a quotient of kHomC(P, {L}), where {L} denotes
the underlying C-set of L (in the notations of [Bo], we have L̃ ∼= tP (L)). Then, applying Lemma 9.9
and Remark 9.10 of [Bo], we get the same result we proved above (namely, that L̃ is a simple kG′-
module and its source is isomorphic to the cap of TenPC L) and this proof does not involve any
choice of representatives.

Remark 5.2 Let G = QoC be a finite p-nilpotent group, with Q having order prime to p, and C
a p-group, and let L be a simple kG-module. We can drop the additional hypothesis we made above,
namely that L↓G

Q is a simple kQ-module, if we modify the construction of L̃ as follows. If S is a
simple kQ-module belonging to a block e of kQ and I = {g ∈ G | gS ∼= S} is the inertial subgroup
of S, then, by Clifford theory, we know that S can be extended to a simple kI-module S̃ (which
belongs to the block e of kI). Moreover, the relative trace from I to G sends e on a block b of kG
and the k-algebras kIe and kGb are Morita equivalent. This equivalence lets S̃ correspond to the
simple kG-module IndGI (S̃). It follows that, if L is a simple kG-module, then its restriction to kQ
is not a simple module, in general. However, L↓G

Q is a finite direct sum ⊕ri=0
viS of conjugate simple

modules (we can assume that v0 = 1), having conjugate inertial subgroups Ii, which are strictly
contained in G. We also know that L ∼= IndGI0 S̃ and so, in this situation, instead of constructing
the simple kG′-module L̃ using L↓G

Q, we consider the simple kQ-module S. Notice, however, that
in every situation we realized until now, the additional hypothesis we make here was fulfilled.

5.3 Tensor product

Let C be a family of indexes (e.g. C is a set of conjugacy classes of non-trivial cyclic subgroups of
P ). Suppose that for each C ∈ C there is an indecomposable endo-permutation kP -module MC

with vertex P , such that we can explicitly construct a p-nilpotent group GC = QC o P (QC of
order prime to p) and a simple kGC-module LC with source isomorphic to MC . We prove the
following result.

Theorem 5.3 If LC↓GC
QC

is a simple kQC-module, ∀C ∈ C, then there exists a p-nilpotent group
G and a simple kG-module L̃ with source isomorphic to the cap of ⊗C∈CMC .
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Proof . Let G =
(∏

C∈C QC
)

o P , where P acts diagonally on
∏
C∈C QC , i.e.

u(hC)C∈C = ( uhC)C∈C , ∀u ∈ P, ∀(hC)C∈C ∈
∏
C∈C

QC .

This is a well defined semi-direct product, as P ∩
(∏

C∈C QC
)

= {1}, 1(hC)C∈C = (hC)C∈C
and (uu′)(hC)C∈C = ( (uu′)hC)C∈C = ( u( u

′
hC))C∈C = u( u

′
(hC)C∈C), ∀u, u′ ∈ P and ∀(hC)C∈C ∈∏

C∈C QC . The external tensor product (over k) L =
⊗

C∈C(LC ↓
GC
QC

) is a simple k[
∏
C∈C QC ]-

module, as k is algebraically closed. Moreover, we can extend L to a simple kG-module L̃, by
letting P act diagonally: u · ⊗C∈ClC = ⊗C∈Cu · lC , and setting then

(
(hC)C∈Cu

)
· ⊗C∈ClC =

(hC)C∈C ·
(
u · ⊗C∈ClC

)
, ∀u ∈ P, ∀ (hC)C∈C ∈

∏
C∈C QC and ∀ ⊗C∈C lC ∈ L̃, where · denotes the

action of P on the kGC-module LC , ∀C ∈ C. Next calculation shows that the actions of P and∏
C∈C QC are compatible:(
u(hC)C∈C

)
·⊗C∈ClC= ( uhC)·u·⊗C∈ClC = ⊗C∈Cu·hC ·lC = u·⊗C∈ChC ·lC = u·(hC)C∈C ·⊗C∈ClC .

So we get a finite p-nilpotent group G, with P as p-Sylow subgroup and a simple kG-module L̃,
with vertex P , because the dimension of each LC , and thus the dimension of L̃, is prime to p.
By hypothesis, MC is a direct summand of LC↓GC

P , ∀C ∈ C. It follows that
⊗

C∈CMC is a direct
summand of

⊗
C∈C(LC↓

GC
P ), which is clearly isomorphic to L̃↓G

P as kP -module. Hence, the source
of the simple kG-module L̃ is isomorphic to the cap of ⊗C∈CMC .

�

Let us apply this to the following two examples.

Corollary 5.4 Let p = 2 and P be a quaternion 2-group. Then every indecomposable torsion endo-
permutation kP -module with vertex P can be explicitly realized as source of a simple kG-module
for a finite 2-nilpotent group G having P as 2-Sylow subgroup.

Proof . It follows by [CaTh] that every indecomposable torsion endo-permutation module belongs
to the class of an endo-trivial module. More precisely, we have T t(P ) ∼= Z/4Z×Z/2Z, where Z/4Z
is generated by the class of a module of dimension |P |−1 and Z/2Z by the class of an “exceptional”
endo-trivial module, of dimension |P |

2 + 1. Thus, as we noticed in section 4, the classes of the two
modules we realized in section 3 generate the whole torsion subgroup Dt(P ) of D(P ) and so, by
Theorem 5.3, every indecomposable torsion endo-permutation kP -module with vertex P can be
explicitly realized (up to isomorphism).

�

Corollary 5.5 Let p be an odd prime and P a metacyclic p-group. Then every indecomposable
torsion endo-permutation kP -module with vertex P can be explicitly realized as source of a simple
kG-module for a finite p-nilpotent group G having P as p-Sylow subgroup.

Proof . By the main theorem of [Ma], the set {[TenPC InfCC/Φ(C) Ω1
C/Φ(C)(k)], C ∈ C} , where C is

the set of conjugacy classes of non-trivial cyclic subgroups of P , forms a basis of the F2-vector
space Dt(P ) (all torsion elements have order 2). In other words, every indecomposable torsion
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endo-permutation kP -module with vertex P is isomorphic to a direct summand of a kP -module
of the form ⊗C∈C′ TeninfPC/Φ(C) Ω1

C/Φ(C)(k), where C′ ⊆ C. In section 3, we realized explicitly
Ω1

C/Φ(C)(k) as source, as C/Φ(C) is cyclic of order p. Thus, by subsections 5.1 and 5.2, we can do
the same for the cap of each TeninfPC/Φ(C) Ω1

C/Φ(C)(k), where C ∈ C, and this construction satisfies
the hypothesis of Theorem 5.3. It follows that every indecomposable torsion endo-permutation
kP -module with vertex P can be explicitly realized as source.

�

6 Conclusion

If we sum up the results we obtained in the previous sections, then we come to the following
conclusion.

Theorem 6.1 Let p be a prime, P a finite p-group and k an algebraically closed field of character-
istic p. Then the cap of any kP -module of the form

⊗
(Q/R)∈S TenPQ InfQQ/R(MQ/R), where MQ/R

is an indecomposable torsion endo-trivial module with vertex Q/R, and S is a set of sections of
P that are cyclic, or also quaternion or semi-dihedral, in case p = 2, can be explicitly realized as
source of a simple module with vertex P for some finite p-nilpotent group.

Proof . By section 5, if we know how to realize explicitly MQ/R, ∀Q/R ∈ S, then we are able to
realize the cap of a tensor product

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R). Thus, it is enough to check that

we have an explicit realization for any indecomposable torsion endo-trivial module with vertex P ,
for a finite cyclic, quaternion or semi-dihedral p-group P . And, in fact, we just need to consider
a set of modules whose classes generate the torsion subgroup T t(P ) of T (P ), as tensor product
corresponds to linear combination in D(P ). If P is cyclic, then T t(P ) is generated by the class of
Ω1

P (k), that we realized as our first example. If p = 2 and P is quaternion, then the statement is
proved in Corollary 5.4. Finally, if p = 2 and P is semi-dihedral, then, T t(P ) is cyclic of order 2,
generated by the class of the module we realized explicitly in the semi-dihedral example. So the
statement is proved.

�

Let us now take into account Theorem 8.39 and Remark 8.41 in [Pu1]. We can sum up them
into the following statement: let p be a prime, k an algebraically closed field with characteristic
p and G a finite p-solvable group having a p-Sylow subgroup P and a simple kG-module L with
vertex P . Then, the source of L is the cap of a module of the shape

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R),

where the set S and the modules MQ/R are as in Theorem 6.1. Hence, the following corollary is
straightforward.

Corollary 6.2 Let p be a prime, P a finite p-group and k an algebraically closed field of charac-
teristic p. Then any indecomposable endo-permutation kP -module M with vertex P that can be a
source of a simple module with vertex P for a finite p-solvable group can be explicitly realized as
source for a finite p-nilpotent group.
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Finally, we would like to come back to the last remark of the introduction to draw the main
consequence of our theorem, in case both following conjectures hold, namely that, if the source of
a simple module is an endo-permutation module, then its class should be a torsion element in the
Dade group, and that there are no other indecomposable torsion endo-permutation modules as the
ones that are isomorphic to the cap of a module of the form

⊗
Q/R∈S TenPQ InfQQ/R(MQ/R), as in

our main theorem. Following Jon Carlson’s recent result, this latter conjecture holds for p odd and
so, if the first conjecture is also true, then we would have proved that any torsion endo-permutation
module is the source of a simple module and it can be explicitly realized as it for a finite p-nilpotent
group (p odd).
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