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The paper proves transportation inequalities for probability measures on spheres for
the Wasserstein metrics with respect to cost functions that are powers of the geodesic
distance. Let p be a probability measure on the sphere 8™ of the form du = e~V @) dx
where dz is the rotation invariant probability measure, and (n —1)I +HessU > ky 1,
where ky > 0. Then any probability measure v of finite relative entropy with respect
to u satisfies Ent(v | pu) > (ky/2)Wa(v, p)?. The proof uses an explicit formula
for the relative entropy which is also valid on connected and compact C*° smooth
Riemannian manifolds without boundary. A variation of this entropy formula gives

the Lichnérowicz integral.
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1. Transportation on the sphere

Optimal transportation involves moving unit mass from one probability distribution to another,

at minimal cost, where the cost is measured by Wasserstein’s distance.

DEFINITION Let (M, d) be a compact metric space and let u and v be probability measures
on M. Then for 1 < p < oo, Wasserstein’s distance from p to v is W, (v, ), where

Wy (v, )P = iI;f{//MXM d(z,y)Pr(dzxdy) : m € Prob(M x M)} (1.1)

where the probability measure 7 has marginals v and p. (See [8], [14].)

Transportation inequalities are results that bound the transportation cost W (v, 1)? in
terms of u, v and geometrical quantities of (M, d). Typically, one chooses p to satisfy special
conditions, and then one imposes minimal hypotheses on v. In this section, we consider the
case where (M, d) is the unit sphere S? in R3, and obtain transportation inequalities by vector
calculus. In section two, we extend these methods to a connected, compact and C'*° smooth
Riemannian manifold (M, d).

On S2, let 6 € [0,27) be the longitude and ¢ € [0, 7] the colatitude, so the area measure
is dr = sin ¢ dpdf. Let ABC' be a spherical triangle where A is the North Pole; then by [10]
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the Greens function G(B,C) = —(4m) 1log(1 — cosd(B,C)) may be expressed in terms of
longitude and co latitude of B and C via the spherical cosine formula. A related cost function
is listed in [14], p 972.

PROPOSITION 1.1. Let p and v be nonatomic probability measures on S?. Then

Wi () < /s NG~ v) @) | da (1.2)

Proof. The Greens function is chosen so that V- VG(B,C) = §p(C) — 1/(47) in the sense of
distributions. Given non-atomic probability measures 4 and v on S2, their difference p — v is

orthogonal to the constants on S?, so for a 1-Lipschitz function ¢ : 82> — R, we have

/ (@) (u(dx) — v(de)) = / o(@)V - VG (i - v)(x)da
SQ

S2
_ 5 Vo(z)-VG(u — v)(z)ds (1.3)

so by Kantorovich’s duality theorem [8], the Wasserstein transportation distance is bounded
by

Wi () < /S VG~ v)(@)ldr. (1.4)

DEFINITION Suppose that p is a probability measure and v is a probability measure that is
absolutely continuous with respect to u, so dv = vdu for some probability density function

v € L'(p). Then the relative entropy of v with respect to pu is

Ent( | ) = [ ogoly)vidy) (1.5)

where 0 < Ent(v | p) < oo.

—U(x)

Suppose that u(dz) = e dx is a probability measure and v is a probability measure

that is absolutely continuous with respect to u, so dv = vdu. We say that a Borel function
¥ : S? — S% induces v from p if [ f(y)v(dy) = [ f(¥(x))u(dz) for all f € C(S*R). McCann
[12] showed that there exists ¥ that gives the optimal transport strategy for the W5 metric;
further, there exists a Lipschitz function ¢ : S — R such that ¥(z) = exp,(V(x)) where

exp, : T,S? — S? is the exponential map on the tangent space at z. Then

Walw, ) = /S (W (), ) () = /S V(@) ). (1.6)

Talagrand developed T}, inequalities in which W), (v, 1)? is bounded in terms of Ent(v | p),

as in [14] p 569. In [5] and [6], the authors obtain some functional inequalities that are related
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to T}, inequalities. Here we offer an approach that is more direct, and uses only basic differential
geometry to augment McCann’s fundamental result. The key point is an explicit formula for

the relative entropy in terms of the optimal transport maps.

LEMMA 1.2. Suppose that v has finite relative entropy with respect to u, and let
H = Hess,(z) and A= Hess,d(z,y)?/2 at y=V(z). (1.7)

Then the relative entropy satisfies

mwme/

. (trace (H — log(A + H)) — log Jexp, (Vi (2))

+/01(1 —t)j—;U(\I!t(x))dt>p(dm). (1.8)
where A is positive definite, H is symmetric and A + H is also positive definite, and
trace (H —log(A+ H)) > 0. (1.9)
If 1) € C?, then equality holds in (1.8).

Proof. To express the relative entropy in terms of the transportation map, we adapt an

argument from [1]. We have Ent(v | u) = [, logv(¥(z))p(dx), where the integrand is
logv(V(x)) =U(¥(x)) — U(x) —log Jg(x), (1.10)

where the final term arises from the Jacobian of the change of variable y = ¥(z), where ¥ = ¥
and U, (z) = exp, (tVi(x)). We compute this Jacobian by the chain rule for derivatives with
respect to x. Specifically by [6] p 622, we have Hess(1)(z) + d(z,y)?/2) > 0 and

log Ju () = log Jexp, (Vtp(2)) + log det Hess(¢(z) + d(z,y)?/2) (1.11)

where Jeyp_ is the Jacobian of exp, : T,S%? — S? and Hess = D?E is the Hessian, where the

expression is evaluated at y = exp, Vi (z). For z € S? and 7 € R? such that z -7 = 0, we
have 7 € T,,;S? and

exp, T = cos(||T||) = + SHIH(H;’—H)T, (1.12)
T
see [5]. By a vector calculus computation, one finds
sin ||V ()|
Jexp, ((IVO(@)]) = =577 (1.13)
o V()]
Then by spherical trigonometry, we have
sin ||
cosd(exp, 7,1) = (eos|r]) cos d(o, ) + 17 ), (1.14)



so we have (V, cosd(x,y),7) = (y,7) and (Hess, cosd(x,y)7,7) = —(cosd(x,y))||7||*; so

1 d(z,y) d(z,y) (y, 7)?
A7, 7) = = (Hess,d(x,y)*r,7) = ’ 7| + <1 - - > - ; 1.15
(A7) = 5 (Hess.d(a,g)?r.m) = LS Py o) fem s KGR
hence A is positive definite and is a rank-one perturbation of a multiple of the identity matrix.
Note that the formulas degenerate on the cut locus d(x,y) = ; consider the international date

line opposite the Greenwich meridian.

We have
Ent(v | p) = /s2 (U(\I/(a:)) —U(x) — log J\I,(gj))e_U(I)dm (1.16)
in which
1 d2
U(¥(z)) = U(z) = (VU(z), Vi (2)) +/0 (1 = 1) =5 U(We(z))dt, (1.17)

and we can combine the first two terms in (1.16) by the divergence theorem so
/ (VU (@), Vi(a))e U @dz = [ V- Vi(z)e V@ da. (1.18)
S2 s2
Hence we have

2

But(v | ) > [ (V- Vote) ~log (@)ulde) + [ (1= 0 Z5U @) utdo). - (119)

in which the Alexandrov Hessian [6], [14] p 363 satisfies

trace Hess, ¢ (x) < V- Vy(x) = Apy(z), (1.20)

where Ap1) is the distributional derivative of the Lipschitz function 1; so we recognise (1.8).

We have an orthonormal basis

Vi) (x) Vip(x)
R T _ 1.21
{o mo@r®* ™o (1-21)
for R? in which the final two vectors give an orthonormal basis for 7,S2. Then
Vi(z)  Vip(x)
A , —1 1.22
AT To@T/ (1-22)
and Vi(a) Vo) | da.y)
X x o Z, y
Al @)™ * TPo@T) = mndeeg)’ (1.23)
hence A and H have the form
R 0 R /B]
A= o1 |, H= 1.24
{0 LT } [5 k (1.24)
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with respect to the stated basis of T,S?.
The function f(z) = x —1 —logz for > 0 is convex and takes its minimum value at
f(1) = 0. Since A + H is positive definite, as in [1] Corollary 4.3, we can apply the spectral

theorem to compute the Carleman determinant and show that
—longet(A—i—H) = trace (A+ H — I —log(A+ H)) >0 (1.25)
SO

trace (H — log(A + H)) = trace (A+ H — I —log(A + H)) + trace (I — A)

V()]
tan Vo) = (1.26)

>0+1~—
PROPOSITION 1.3. Suppose that the Hessian matrix of U satisfies
HessU(x) + 1 > kyl (x € S?) (1.27)
for some kyy > 0. Then p satisfies the transportation inequality

K
Ent(v | p) > TUWQ(I/, w)?. (1.28)

This applies in particular when p is normalized surface area measure.

Proof. Considering the final integral in (1.8), we have

PUL) — 5o sin(t] V() )+ cos(e[ V(@) V() (1.29)
which has constant speed Haqja;t(m)\] = ||V¢(z)|| and (aqjatfm),\llt(:r» = 0; also
%U(\Dt(z)) = (HessU o xyt@)a‘l’af’“’), 8‘1’55’“’)> V@) (VU)o By(a), Wy (), (1.30)

where the final term is zero since VU o W;(z) is in the tangent space at U;(x), hence is

perpendicular to ¥;(x). We therefore have

But(v ) > [ (~logdgt(4+ 1) + K(IV3 (o))

+ /01(1 — t)<HessU o \IIt(g;)a\Igt(x)’ aqj{;t(x)>dt>u(dm) (1.31)

where K : [0,7) — R is the function

Ka)=1-

« d
+ log — = — (a log
tan sina  do

). (1.32)

sin «



By [9] 8.342, we have a Maclaurin series

log S.a —logD(1+ 9) +1ogr(1 - —>
11 « T
= mgzl @ (la| < ), (1.33)

K= 32 @ CEm) o, 5(2) o o (1.34)

2
o = —.
m2mm, w2 2

Hence we can use (1.31) and (1.8) to obtain the stated result

Ent(v | p) > %U /52 IV (@) u(dz) = %UWz(% ). (1.35)

When p is normalized surface area, U is a constant and the hypothesis (1.27) holds with

liU:1.

2. Transportation on compact Riemannian manifolds

Let M be a connected, compact and C*° smooth Riemannian manifold of dimension n without
boundary, and let g be the Riemannian metric tensor, giving metric d. Let u(dx) = e U@ dy
be a probability measure on M where dz is Riemannian measure and U € C?(M;R). Suppose
that v is a probability measure on M that is of finite relative entropy with respect to pu.
Then by McCann’s theory [12], there exists a Lipschitz function ¢ : M — R such that
U(z) = exp, VY(z) induces v from u. then we let U;(x) = exp,(tVi(z)). We proceed to
compute quantities which we need for our extension of Lemma 1.2.

Given distinct points z,y € M, we suppose that x = exp, {, and for w € T, M introduce

V(s,t) = exp, (t(€ + sw)) (2.1)

so that t — (s, t) is a geodesic, and in particular v(0,¢) is the geodesic from y = +(0,0) to
x = (0,1). When y = exp, Vi)(x) for a Lipschitz function ¢ : M — R, we can determine &

as follows. Let ¢(z) = —1b(z) and introduce its infimal convolution

¢°(y) = inf{(1/2)d(y, w)* — p(w)} (2.2)
which is attained at z since y = exp, Vi)(z) = exp, —Vé(z). Now ¢<(z) = ¢(z), so

¢(x) = inf{(1/2)d(z, w)* — ¢°(w)} (2.3)
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where the infimum is attained at y since ¢(x) + ¢°(y) = d(x,y)?/2. By Lemma 2 of [12], ¢¢ is
Lipschitz and

z = exp, (=V¢“(y)). (2.4)
The speed of v(0,t) is given by
0
|50]| = 196 Wl = dly. exp, =V () = d(w,) = d(w,exp, ~Vo(@)) = [Ve(@)]. (2:5)
Let R be the curvature of the Levi-Civita derivation V so

R(X,Y)Z =VyVxZ—-VxVyZ— Viv,x14 (X,Y,Z €T, M).

Then 5
Y(s,t) = —~(s,t 2.6
(5,1) = 1705, (26)
satisfies the initial conditions
5)4
Y(S, O) = O, E(O, O) = w, (27)

and Jacobi’s differential equation [4] (2.43)
0%y oy oy
Sr+R(5LY)S =0 2.
0t2+R<0t’ o =" (28)
By calculating the first variation of the length formula [13] p 161, one shows that

%<Hessxd(a:, y¥)2Y (0,1),Y(0, 1)> - g<%(o, 1),Y(0, 1)). (2.9)

Assume that there are no conjugate points on y(s,t). Then by varying w, we can make Y (0, 1)

cover a neighbourhood of 0 in 7, M. Let

A= %Hessxd(a;, y)Q‘ (2.10)

y=exp,, Vi (a)’
and

H = Hessy(x). (2.11)
Let Jexp, (v) be the Jacobian of the map T, M — M given by v — exp,(v), as in [3] (3.4).
LEMMA 2.1. Suppose that W;(x) = exp,(tVi(z)), where ¥y induces the probability measure

v from p and gives the optimal transport map for the Wy metric. Then the relative entropy

satisfies

Ent(v | ) > /

y <trace (H —log(A+ H)) —log Jexp, (Vib(2))

R S DT ER
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where H is symmetric and A + H is also positive definite. If » € C?(M;R), then equality
holds in (2.12).

Proof. This is similar to Lemma 1.2. Here we have
trace (H — log(A+ H)) = —log dgt(A + H) + trace( — A)
> trace(I — A), (2.13)
and by standard calculations [13] p32 we have

82
w[](qjt(x)) = <HessU oWy (z)

OV (x) OVy(x) >

% ot (2.14)

since W¢(z) is a geodesic.

The the curvature operator is the symmetic operator Ry : Y — R(Z,Y)Z. If M has

nonnegative Ricci curvature so that Rz > 0 as a matrix for all Z, then we have
—log Jexp, (VY(x)) > 0. (2.15)

by (3.4) of [Ca].

The following result recovers the Lichnérowicz integral, as in (4.16) of [1] and (1.1) of [7].
This integral also appears implicitly in the Hessian calculations in Appendix D of [11]. Let
|H|| s be the Hilbert—Schmidt norm of H.

PROPOSITION 2.2. Suppose that 1) € C*(M;R) and V. (z) = exp,(TVi(z)) induces a prob-
ability measure v, from p such that W, is the optimal transport map for the Wy metric.
Then

2

]
Eut(vr |0 = G [ (IHess @)l + trace Reyo

+ (Hess U (z) Vi (z), Vq/)(x)>)u(dm) +O(r%)  (r—04). (2.16)

Proof. For small 7 > 0, we rescale 1 to 7¢ and consider y = exp, 7V (z); then we return to
r along a geodesic 7, (t) = exp, (—tV(—79)%(y)) for 0 <t < 1 with constant speed 7| Vi) (z)].
Observe that 7 (z) = (=79)¢(y) — 72|V (2)||?/2, and V,d(z,y)?/2 = —exp;ly = -7V ()
and Vyd(z,y)?/2 = —exp, 'z = V(—79)°(y) by Gauss’s Lemma. We choose the basis of
Ty, M so that the first basis vector points along the direction of the geodesic v, (0), so that

dvy, dvy, 0 0
—Y) — = Y t 1). 2.1
r(Gev)oe=10 s (0<t<1) (2.17)
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Then the Jacobi equation reduces to a first-order block matrix equation with blocks of shape
(1+(n—1))x (1+(n—1))in a (2n) x (2n) matrix

0 0 1 0
T A A A S
0 0 0

To find the limit as 7 — 0, we can assume that S_g(_;y)e(y) is constant on the geodesic, and
may be expressed as 725 where 725 = S, gy (2) has shape (n — 1) x (n —1). The functions
cosa and sina/« are entire and even, so cos+/s and sin+/s/\/s are entire functions, hence

they operate on complex matrices. So the approximate differential equation has solution

1 0 1 O\f

Y1) |0 cos v/ S 0 sinTvS 0

[V(l)} = o 0 1 | | (2.19)
0 7vVSsinTv/S 0 cosTVS

Hence by (2.9) we have
1
A= {o ng } = (1+O(r)I, (2.20)
tan 7v/S

which gives rise to the approximation

T\/g 7'2

trace(l,, — A) = trace (In,l — m) = Etraee(S) + O(14) (1 — 0+), (2.21)
T

and likewise we obtain

sinTv'S = 7——2trace(S) +O(1). (2.22)

— lOg Jexpz (va(x)) = — lOg det W 6

From (2.19), we have

~logdet(A + 7H) = %trace((A I+ TH)) + O()

-2
= Etrace(HQ) +O(7?)

2
= S [[Hess v ()35 + O(+*), (2.23)

so the result follows by Lemma 2.1.

We conclude with a transportation inequality which generalizes Proposition 1.3 to the

unit spheres S™. See [2] for a discussion of measures on product spaces.

THEOREM 2.3. Let M = S™ for some n > 2, and suppose that
(n—1)I +HessU(x) > kyl (x € S™) (2.24)
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for some ky > 0. Then
Ent(v | p) > L Wa(v, pn)?. (2.25)

Proof. In this case, the curvature operator is constant, so we have Syy )Y = ||V (z)||?Y, so
trace Ryy(x) = (n— 1)[| V(). (2.26)

Thus the result follows with a similar proof to Proposition 1.3 using data from the proof of

Proposition 2.2.
Acknowledgement I thank Graham Jameson for helpful remarks concerning inequalities.
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