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Abstract

In this thesis, we develop a new method to account for the vibrational renormal-
isation of electronic structure by both thermal and quantum lattice vibrational
effects. Atomic configurations are randomly sampled based on quasiharmonic
phonon calculations within density functional theory, and the excitation energy at
each configuration is evaluated using fixed-node diffusion quantum Monte Carlo.
We demonstrate that the developed technique is efficient and has the potential to
be applied to a wide range of materials. We report the zero-point renormalisation of
the band gap for benzene, monolayer and bulk hBN, bulk Si and C-diamond. The
proposed approach within quantum Monte Carlo is found to be sufficient to capture
the quantum effect of zero-point motion and improve the agreement with experiment
gap results. We also investigate the temperature-dependent renormalisation of
the direct band gap of benzene, bulk Si, and C-diamond arising from harmonic
vibrational effects within density functional theory. We study an impurity of a
single hole in ideal, dilute weakly doped 2D homogeneous electron gas modelling a
van der Waals heterostructure of a MoSe; monolayer embedded in flakes of hBN.
This allows us to investigate the effect of a finite concentration of charge carriers that
interact via a periodic Keldysh interaction on the formation of a negative trion. The
quantum Monte Carlo results of relaxation energies and pair correlation functions
at a range of low densities are reported. Our results indicate that the screening
effects of the surrounding electron gas on the formation of a negative trion are
weak. We perform ab initio calculations of the defect formation energy for silicon
substitution and Stone-Wales defects in monolayer graphene and the atomisation
energy of bulk silicon, with the aim of benchmarking the accuracy of the widely used
density functional theory method in these types of calculations. Our results show
that the density functional theory significantly underestimates the defect formation

energy and overestimates the atomisation energy of bulk silicon.
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Chapter 1

Introduction

1.1 Electronic structure calculations

1.1.1 Many-particle Schrodinger equation

In the last few decades, many theoretical studies using first-principles (ab initio)
methods have enhanced our understanding of the various physical properties of a
broad range of quantum systems and the qualitative and quantitative behaviour of
electrons in condensed matter. In order to study the electronic structure properties
of materials it is important to solve accurately the many-body Schrodinger equation.
However, finding an exact solution to the Schrodinger equation remains the greatest
challenge for electronic-structure methods that grow exponentially with the system
size. Although an exact solution to the Schrodinger equation is only available for
the smallest system sizes, there are a wide range of approximate methods useful
for examining systems with a larger number of electrons. All results and equations
are expressed in Hartree atomic units (h = |e| = m, = 4me = 1) unless otherwise
specified.

In a non-relativistic quantum system, the dynamics of the particles are governed

by the time-dependent Schrédinger equation, which is given by
0 -
i, Y{ri}, (Rr}, 1) = HU({r:}, {Rr}, 1), (1.1)

where the wave function W({r;}, {R;},t) contains all the information specifying the

state of the system; r; is the coordinate of electron ¢ and Ry is the coordinate of



nucleus I. The wave function must be antisymmetric in the coordinates of the
same-spin electrons to satisfy the Pauli exclusion principle.
The non-relativistic Hamiltonian H for a system containing N electrons and M

nuclei is given by,

H = T.+T,+Vyp+Vie +V,
1 & 1 L v2 M o7 ZIZJ
SRV R R 0
i=1 I=1 i=1 I=1 1<J I<J

where Z and m are the atomic number and the nuclear mass, respectively, and r
is the separation, where ¢, j and I, J refer to electrons and nuclei, respectively.
The first two terms are the electron and nuclear kinetic energies respectively;
the third term is the electron—nucleus interaction; and the two remaining terms
represent the electron—electron and nucleus—nucleus interactions. Equations (1.1)
and (1.2) have a large number of degrees of freedom. Hence, solving the Schrédinger
equation exactly for any realistic system is generally impossible, and to tackle this
problem approximations are needed. Various numerical approaches for solving the
Schrodinger equation have been developed, and an overview of some of them is

presented in Sec. 1.2

1.1.2 Born-Oppenheimer approximation

The adiabatic or Born-Oppenheimer (BO) approximation [7] allows simplification of
the many-body Schrédinger equation. As nuclear masses are substantially heavier
than electron masses, the nuclei are relatively slow, thereby allowing decoupling
of the electronic motion from the nuclear motion. Thus, the wave function can be
written as a product of an electronic and a nuclear wave function. Since the electrons
move instantaneously in response to the nuclei, the electronic eigenfunction can be
written parametrically in terms of the nuclear position, and the time-dependence
of the electronic wave function can be ignored. Under these assumptions, the wave
function of a stationary state can be obtained by solving the non-relativistic time-

independent electronic Schrodinger equation, which is given by

HaV,(R) = E,(R)¥,(R) (1.3)



where E,, and ¥, (R) are the energy eigenvalues and eigenfunctions, respectively, of
the electronic Hamiltonian ]:Iel. The 3N-dimensional vector R = (ry, ro, ..., ry)
denotes the coordinates of all the electrons. The ground-state is a stationary
state with the lowest energy that can be determined via the variational principle,
by minimising the total energy with respect to all possible variations in ¥(R).
Therefore, the electrons remain in their instantaneous ground-state for any ionic
configuration [8], and we only consider the energy associated with the electronic
ground-state. The non-relativistic BO Hamiltonian for the electronic degrees of
freedom is

. IS, 11 K&z

Helz—§ZVi+§ZE—ZZ—+EI, (1.4)

i=1 i#] i=1

where E; is the nucleus—nucleus interaction term that contributes to the total
energy of the system as a constant offset. A complete quantum description of the
nuclei motion can be included by solving the Schrodinger equation for the nuclei,
which is an important many-body problem. The fundamental form of the nuclear
Hamiltonian can be written as

N 1
Hyp = E —%Vi + En(R), (1.5)
R,k K

where x denotes the different atoms within a primitive unite cell, m, is the mass of
atom k, R; denotes the position vectors of the unit cell and E,(R) is known as the

‘BO energy surface’. More details are given in Chapter 2.

1.2 Electronic structure methods

1.2.1 Hartree-Fock (HF) theory

The HF approximation [9, 10] is an important starting point for many modern
methods of performing electronic structure calculations. The HF theory was
developed to approximately solve the electronic Schrodinger equation Eq. (1.3).
For an N-electron system, the many-electron wave function is an antisymmetric
function under particle exchange formed by a single determinant made up of any

choice of single-electron spin orbital ¢; known as a ‘Slater determinant’. The function



is denoted as

¢1(x1)  P1(x2) ... P1(xn)

1 | d2(x1)  ¢a(x2) ... da(xn)
Ug(X) = ——=| ' L (1.6)
N -
on(x1) On(x2) ... On(xn)
where X = (x1,Xs,...,Xy), X; = {r;,0;} denotes the spatial-spin coordinates of

electron i and (N!)~'/2 is a normalisation factor. The antisymmetric property
ensures that the Slater determinant vanishes when two same-spin electrons coincide
and that the Pauli exclusion principle will be satisfied. It also implies that each
electron moves independently in an effective potential that feels the average effect of
other electrons via the repulsive Coulomb interactions and the exchange interaction.
The exchange interaction effects arise due to the antisymmetric form of the wave
function. This description does not account for any correlation between electrons
that will result in electrons avoiding each other, which is often referred to as
the ‘independent particle theory” or ‘mean-field theory’. Within the variational
principle, one can obtain a numerical approximation of Eq. (1.3) by minimising the

HF energy with respect to changes in the orbitals’ parameters, as follows:
(Us|H|Ws) > Eo, (1.7)

where Ej is the exact ground-state energy. The derived HF equations are eigenvalue
equations that can be solved using initial orbitals with the constraint that the single-
electron spin orbitals remain orthonormal, (¢;|¢;) = d;;, and then refined iteratively

until self-consistency is reached. Because of this, it is called the ‘self-consistent field

(SCF) method’.

1.2.2 Beyond Hartree-Fock

In general, the HF theory accounts for the exchange effects of the antisymmetric
wave function but overlooks the electronic correlations resulting from the electron—
electron Coulomb interaction. Due to the absence of electronic correlation effects,
the HF method significantly overestimates the gap between the occupied and
unoccupied states. Although correlation effects account for a small fraction of the

total energy, they are important. Electronic correlation effects can be included



by using post—HF methods in quantum chemistry. These methods construct
a more complicated many-electron wave function using a linear combination of
determinants, thus forming the so-called ‘multi-determinant wave function’. This
provides significant further variational freedom in the wave function for a given
system size and can recover a large fraction of the correlation energy [9, 10]. However,
the main problem with such expansions is that the number of required determinants
grows very rapidly with the system size, making it difficult to achieve comparable
accuracy in different systems and in different system sizes. For example, the CISD
(configuration interaction singles and doubles excited method), scales with system
size as O(N®) [11], where N is the particle number. Similarly, the coupled cluster
with single, double and perturbative triples (CCSD(T)) method is an accurate

method but computationally expensive.

1.2.3 Density functional theory

The density functional theory [12, 13] (DFT) is a theory that pertains to correlated
many-body systems. DFT allows replacement of the complicated N-electron wave
function and the associated Schrodinger equation with the much simpler electron
density n(r) and its associated calculational scheme. It was first proposed by
Hohenberg and Kohn (1964), [14] who stated that all properties of a many-body
system are uniquely determined as functionals of the ground-state electronic density
no(r) that is uniquely defined by the external potential ve. For a know ng(r), the
Hamiltonian and hence the wave functions and ultimately all properties of the system
are uniquely determined by ng(r).

The Hamiltonian of the interacting electron system in an external potential vy

in which the electrons move
H = —EZV?‘FZUext(ri) +12i )

245 i 2 iy |

= T4 Ve + Ve (1.8)

The unique ground-state wave function 1 that has a global minimum value of energy
E is determined by solving the Schrodinger equation with this Hamiltonian. Within
the variational principle, the ground-state energy can be obtained by minimising the

total energy of the system E|[n(r)] with respect to variations in the density function
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n(r) under the constraint that the number of electrons be kept fixed, as follows:

/ n(r)dr = N. (1.9)

For a given external potential determined by n(r), the total energy as a function of

n(r) is

Eux[n(r)] = W|T + Vie|t)) + @[Vt |))
— Fuxln(r)] + / Ve (r) ()P, (1.10)

where 1 is the ground-state wave function uniquely determined by ground-state
charge density n(r) via the external potential determined by n(r). Fux[n(r)] is a
universal function of the density, which includes all internal energies, namely, kinetic
and potential energies. If the obtained density function n(r) is exact, the evaluated
energy E is the exact ground-state energy. However, there are two main problems.
First, Fuk[n(r)] is universal to all systems, and its exact form is unknown. Second,
there are no known formulas for calculating the wave function directly from the

density.

1.2.3.1 Kohn-Sham equations

The Kohn-Sham (KS) scheme [15] provides a practical way of implementing the
density-functional theory, which has become the basis of many of the current
methods of treating electrons in real systems. The basic idea of the KS formalism
is to replace the complicated interacting many-body system that obeys the
Hamiltonian Eq. (1.2) with a simpler non-interacting auxiliary system with N
independent single-particle equations that can be solved more easily, with the same
ground state density as the exact system.

Due to their non-interacting nature, the independent-particle wave functions can
be expressed as a Slater determinant of a set of single-particle orbitals ¢;(r), which
are defined in Eq. (1.6). In this formula, the electronic density is written in terms

of N orthonormal orbitals:

n= Z i (r)]? . (1.11)



The independent-particle kinetic energy 7T is given as a functional of the orbitals as

follows:
N

Tfn(e)] = 5 S (V200 (112

=1

The long-range Hartree energy or the electrostatic potential energy is

Euln(r)] = % / / %drdr', (1.13)

The KS energy functional FEkg is defined by rewriting the Hohenberg-Kohn

expression for the ground-state energy functional as
Exslnf®)] = Tne)] + Eufn(m)] + [ Voulon(®)dr + Bxcln(r)). (119

where V. is the external potential due to the nuclei and any other external fields
and the exchange-correlation energy Exc[n(r)] includes all the many-body exchange
and correlation interaction effects and is explicitly modelled as a density functional.
The KS auxiliary system for the ground state can be solved by minimising the energy
in Eq. (1.14) with respect to the orbitals ¢; that define the density n(r). This leads

to the following set of single-electron equations called the KS Schrodinger equations:
Hysoi(r) = ey (r), (1.15)

where ¢; denotes the eigenvalues and fIKS is the effective Hamiltonian computed as
Hys = —%W + Vis(r), (1.16)

with an effective potential Vg also known as a ‘self-consistent field” that is obtained
using the variation of the energy functional Eq. (1.14) with respect to n(r) under
the condition in Eq. (1.9).

- 5By 0Bxc
Vis(r) = Veulr) + 505 + 50

= ‘/ext(r) + VH(I') + ch(r) (117)

The KS potential Vks, given by Eq. (1.17), depends on the electron density n(r),
but n(r) depends on the KS eigenstates ¢;(r). Therefore, Eq. (1.15) with a potential
Eq. (1.17) must be solved self-consistently with the resulting density. Once the DFT
computations have reached convergence, the KS many-body wave function can be
constructed as a compact single Slater determinant of KS single-particle orbitals, as

shown in Eq. (1.6).



1.2.3.2 Local-density approximation and beyond

The most challenging part of DFT is constructing functionals that correctly describe
the exchange and correlation effects. The exact form of Exc[n(r)] can be reasonably
approximated as a density functional. The simplest (non-trivial) approximation
is local-density approximation (LDA), proposed by Kohn and Sham [15]. In this
approximation, the general inhomogeneous electron system is considered locally
homogeneous and has the same exchange-correlation (XC) energy as an equivalent
volume of a homogeneous electron gas (HEG) with the same density. The LDA

exchange-correlation functional reads:

BERn(w)] = [ nlw)ekn(r) . (119

where e£584 is the XC energy per electron of HEG at density n. This functional has

yielded impressively good results for a wide variety of materials, especially for weakly
correlated materials, such as simple metals and semiconductors [16]. However, it fails
in many situations due to its inability to describe non-local exchange and correlation
effects in van der Waals systems, inhomogeneities of density in weak inter-molecular
bonds, strong local correlation in strongly correlated systems, and band gap energies
[10].

Attempts to improve the LDA functional have been somewhat successful.
Generalised gradient approximations (GGA), such as the PBE (Perdew-Burke-
Ernzerhof) functional [17], are currently the most popular functionals that introduce
the non-locality of density. In this class of approximation, the XC functional involves
an expansion of the electron density in terms of the gradient that describes the
spatial inhomogeneity of the density. More accurate available approximations are
the hybrid functionals such as B3LYP (Becke, 3-parameter, Lee-Yang-Parr) [18, 19].
The XC functionals are built as a combination of the exact exchange term from
Hartree-Fock theory and a density functional.

Unfortunately, the DF'T method with local and semi-local exchange-correlation
functionals fails to describe the nonlocal, weak interatomic van der Waals (vdW)
interactions. The vdW interactions are caused by the electrostatic interaction of
atomic dipolar fluctuations, which tend to the classical dipole-dipole interaction

(1/r9) at long-range distances. These interactions play a crucial role in determining



the structure, stability and function of a vast range of materials. Therefore, an
accurate description of vdW interactions is necessary for advancing our knowledge
of several areas of chemistry, biology and condensed matter. Improvements for
the GGA and hybrid DFT exchange-correlation functionals have been proposed
to approximately describe the long-range vdW interaction [20, 21]. Using the
Tkatchenko-Scheffler (TS) vdW technique [22], which computes the vdW energy
corrections from the ground-state electron density of a molecule or solid and
reference values for the free atoms, an accurate determination of long-range vdW
interaction may be obtained. Further development of the TS-vdW scheme was
achieved by including the long-range screening effects of vdW interactions using
pairwise self-consistent-screening energy [23]. In general, having access to reliable
benchmark data for vdW bonded systems is essential for the development of vdW
correction techniques for DFT. Such benchmark data can be gathered via QMC

methods.

1.2.4 Quantum Monte Carlo methods

Quantum Monte Carlo (QMC) simulation is a powerful stochastic electronic-
structure technique that is capable of providing a direct and highly accurate
treatment of electron correlation and of stochastically solving the many-body
Schrodinger equation. Its establishment opened the possibility of dealing with larger
systems with several hundreds of electrons. QMC methods can be applied to a
wide variety of systems and are capable of accurately evaluating many properties.
Several types of QMC methods have been applied to problems in solid-state physics
in recent years, but in this thesis, for continuum models of electrons in solids, we
use variational quantum Monte Carlo (VMC) and diffusion quantum Monte Carlo
(DMC) [24, 25]. Both VMC and DMC are variational methods, as the evaluated
energy is an upper bounds on the exact ground-state energy. The VMC and DMC
methods have the advantage of having a zero—variance feature: whenever the trial
wave function is the exact eigenstate the statistical fluctuations in the estimated
energy reduce to zero and the evaluated energy is the true eigenvalue. Another
attractive feature is that the fixed-node DMC method is not affected by finite basis

set errors and depends only on the nodal surface of the trial wave function [20].



These methods are intrinsically parallel without loss of efficiency and scale as the
third power of the system size O(N?), which is highly favourable in contrast to
other correlated wave-function methods [24]. The CASINO software package [25]

was used for all QMC calculations reported in this thesis.

1.2.4.1 Monte Carlo integration

Monte Carlo (MC) integration is a more efficient method of evaluating the high-
dimensional integrals encountered in realistic electronic structure calculations than
conventional quadrature methods such as Simpson’s rule. The estimated error in
the evaluation of high d-dimensional integral using Simpson’s rule poorly scales with

4/d_wwhere M is the number of sampling points within

integer dimensionality as M~
the integration region. In contrast, the estimated errors in MC integration show the

scaling of M~/2. Consider a definite integral of the form

_hiAﬂRMR, (1.19)

where R is a multi-dimensional vector, €2 is the region of configuration space in
which we are interested and g(R) is a non-trivial multidimensional function.
In general, suppose we have a defined function w(R) ~ |g(R)| in region Q and a

positive normalised function P(R),
PR) = (1.20)

where P(R) is a probability density function. The MC integration of Eq. (1.19) is

then carried out by decomposing g(R) into a product of two functions,

I:/ﬁmmRz/ﬂmeMR (1.21)

where f(R) is the real function that can be evaluated in Q. This method is called
the importance sampling transformation method because f(R) is averaged over a
set of sampling points that are chosen by probability P(R). Therefore, the integral [
can be evaluated by the average f(R) over a large but finite M uncorrelated random

vectors R; distributed according to P(R) as

1
I'~ MZf(Ri) = (f)- (1.22)

i=1
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The rewriting of the integral I in the form of Eq. (1.22) substantially reduces the
fluctuations in f(R) = g(R)/P(R) compared to those initially contained in g(R),
which increases the efficiency of the MC integration by sampling more frequently
from the region where the integrand is large. The standard error bar of the estimate

value [ is + =, and the variance is

Q

1_1 YR = ()™ (1.23)

=1

=

Here, f denotes the mean value of the function f.

Importance sampling allows for a significant reduction in the number of
stochastic steps required to achieve a certain level of accuracy by sampling
configurations from a well-defined probability distribution P(R). However, for the
non-trivial P(R), the normalisations of these multidimensional probability densities
may not be known and are so complicated that they cannot be sampled directly.

These obstacles can be overcome by utilising the Metropolis algorithm.

1.2.4.2 Metropolis algorithm

lvd

The importance sampling MC scheme using the Metropolis algorithm [27, 28] is
an acceptance-rejection method that allows for sampling from an unnormalised
probability density function without knowledge of the normalisation constant. In
this method, a set of random walkers is efficiently generated with a particular choice
of transition probability 7. The transition probability satisfies the principle of
detailed balance in configuration space such that the probability of moving in a
given direction has the same probability as in the opposite direction, as shown

below:
TR+ R)PR)AR '+ R)=T(R«+ R)P(RHAR + R/). (1.24)

where A(R <+ R’) is the acceptance probability of a move from R’ to R. This

approach generates a sequence of sampling points according to the following steps:

1. Generate a walker at a random position R’.

2. Propose a trial move from R’ to R with the transition probability density
T(R«+ R/).

11



3. Accept the move to the new configuration R with the following the probability:
TR + R)P(R)
TR+ R)PR)J’

If the trial move is accepted, the new position R becomes the next point on the

AR < R’) = min {1, (1.25)

walk; otherwise, R’ becomes the next point on the walk. Most trial moves in
regions with lower probability are rejected, and a sufficiently long equilibration

is needed.

4. Repeat step (2) onward until the required number of samples has been

collected.

A common choice of T" is a Gaussian with an appropriate width and mean centred
on the current position of the walker. Although the Metropolis algorithm correctly
samples the target distribution P(R), the consecutive configurations are serially
correlated. The serial correlation of the sampled configurations complicates the
calculation of the statistical error bars on the estimated value. This issue can be
addressed using the reblocking analysis, see Sec. 1.2.9.1.

In practice, all initial configurations generated before attaining equilibrium must
be deleted since they are dependent on the starting point. The duration of the
equilibration time can be determined from the number of steps necessary to verify
that all transient effects of the initial distribution have vanished. Therefore, the root-
mean-square (RMS) distance diffused by a particle in a period 7" of an imaginary
time must be greater than the longest relevant length in the system. The RMS

distance diffused is given by

RMS = \/2dDANpoveT, (1.26)

where d is the dimensionality, D = 1/(2m) is the diffusion constant for a particle of
mass m, A is the acceptance rate (around 1 in DMC and 1/2 in VMC) [25], Npnove
is the number of steps, and 7 is the width of the move proposal probability density.
Once the equilibrium is attained, the configurations are distributed according to the
desired probability P(R), and the detailed balance condition Eq. (1.24) is satisfied.
Therefore, P(R) is a stationary point of the Metropolis algorithm and the proposal
transition probability 7" is ergodic, in which any point in the configuration space
can be reached from another point in a finite number of moves, the algorithm will

converge exponentially rapidly to that stationary point.
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1.2.5 Variational Monte Carlo method

The variational Monte Carlo (VMC) method is a simple and elegant QMC
algorithm. It is based on the incorporation of the variational principle and
the Monte Carlo integration scheme discussed in Sec. 1.2.4.1 to evaluate the
expectation values. Consider a many-electron wave function U7 (X), where X =
({r1,01},{r2,02},....,{ry,on}) and r; is the spatial coordinate of electron ¢ with
spin o; € {1,}}. Assume that U7(X) is an eigenfunction of the total spin operator
S, =N 5., with eigenvalue (Ny — N,)/2, where Ny + N, = N. The expectation

value of a spin-independent operator A with respect to Ur(X) is

(Wr|Alwr) 3, [ Ua(X)AT(X)dR
(Ur[Or) Zf’q’T )PdR

where the sums are obtained over all spin configurations such that the number of

(A) = (1.27)

electrons with a spin-up is Ny and those with a spin-down is N|. For fermion
particles, the U is antisymmetric under an exchange of electrons. As a result of

the antisymmetry of U7, X can be replaced by

— ({I‘h 1} {I'Nm 11, {I'NT-H, 1} {rw, i}) (1.28)

without modifying (A). The spatial wave function can be defined as

Ur(R) = Vr({ry, 1}, . {rn, TH AN, 4 o {1, (1.29)

which is only antisymmetric under the exchanges of positions of same-spin electrons.
Therefore, electrons of different spins are treated as distinguishable particles, and
W, can now be called the trial wave function. The terms in the spin sums in Eq.
(1.27) are identical; hence, the spin sums cancel each other out, and the expectation
value of the operator A is given by

[ W5(R)AV,(R)dR

(4) = / |‘1’T )|?dR

(1.30)

The ground-state energy can now be evaluated using the VMC method as an
expectation value of the Hamiltonian with respect to the trial wave function ¥r(R)

as follows:
g (R (R)
(Ur(R)|[¥r(R))

J 19 (R)PELIR
> L 1.31
[orR)PdR =7 (1.31)
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where R = (ry, ry, ..,ry) is a 3N-dimensional vector that will be referred to
hereupon as an electron configuration, Ey ;¢ is the VMC energy, which is an upper
bound of the true ground-state energy FEy, and H is the many-body Hamiltonian.

We have used the importance sampling transformation

Evme = /P(R)EL(R)dR7 (1.32)
where
p(R) = “‘\I‘,IJTT((P?JL = (1.33)

is the probability distribution function at R and the local energy,
Ep =V HUyp. (1.34)

In the VMC method, the probability distribution p(R) is sampled using a random
walk procedure, such as the Metropolis MC algorithm 1.2.4.2. After an equilibration
period, the local energy is accumulated along the walk and averaged over these

sample points. The VMC expectation value is given by

M
1
Bvve =57 > EL(Ry). (1.35)
=1
The variance of energy is
2 1 = 2
= Gr-D > (EL(Ry) — Evue)’, (1.36)

i=1
where M refers to the number of generated configurations R; after the equilibrium
phase has been reached [24, 29]. In practice, this method involves the generation
of trial moves that are accepted or rejected according to the Metropolis algorithm,
in which each trial move is sampled from a Gaussian distribution with a variance
chosen to ensure that the acceptance probability is around 50% [24]. In general, the
VMC method is most often used to optimise the trial wave function parameters (see
Sec. 1.2.7) that are varied to minimise the energy variance of local energy (see Sec.

1.2.8) and as a preliminary step for DMC simulation [29].

1.2.6 Diffusion Monte Carlo method

The accuracy of the VMC results is limited by the quality of the wave function.

This limitation can be overcome using a more accurate method such as the diffusion
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Monte Carlo (DMC) method. DMC is a projector method that takes advantage of
the imaginary—time Schrodinger equation to project out the electronic ground-state

component from the trial wave function.

1.2.6.1 Imaginary-time evolution

The imaginary—time Schrédinger equation (ITSE) is

—%@(R,T) = (H - Er)®R,7)

_ _%v%p(R, )+ (V(R) — Er)®(R.7), (1.37)

where ®(R,t) = is a function of the 3N-dimensional configuration vector R of all
N electron coordinates and 7 = it is the imaginary time, V is the 3N-dimensional
gradient with respect to R, V(R) is the potential energy and Er is a constant
reference energy that is used to control the walker population during the simulation
[24].

A general solution ®(R, 7) of Eq. (1.37) is

oo

O(R,7) =Y citi(R) exp[—(E; — Br)7l, (1.38)

=0
where ¢; is a set of expansion coefficients, and F; and ¢;(R) are the ith eigenvalue
and eigenfunction of the Hamiltonian H, respectively. By choosing Er = Eq with
the initial condition ¢y # 0, we get rid of the imaginary-time dependence of the wave
function at large imaginary time 7. In the limit of 7 — oo, the stationary solution
(R, 7 — 00) = cppo(R) is projected and the excited states die away exponentially
relative to the ground state.

Considering only the kinetic term, the ITSE in Eq. (1.37) is reduced to a diffusion
equation in the 3N-dimensional configuration space, whereas eliminating the kinetic
term from Eq. (1.37) results in a rate equation. At the short-time J7 propagator,
the DMC algorithm can be simulated by taking a set of configurations initially
distributed as ®(R,0) and randomly moving through the diffusion process. The
rate process is interpreted as a “birth/death” algorithm is used to kill the walkers
in regions of high V' and replicate those in low V regions. After a long period of
evolution in imaginary time, all the excited-states components will die away and

leave just the wave function of the ground state.
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However, this algorithm suffers from two serious limitations. First, the Coulomb
potential V(R) suffers from divergences at coalescences. The resulting divergence
leads to significant fluctuation in the walker population and hence to poor statistical
estimates of expectation values. This poor behaviour can be addressed using
importance-sampling transformation [25]. The second issue is the fermion sign

problem, addressed in Sec. 1.2.6.2, which affects all projector QMC methods.

1.2.6.2 The fermion sign problem

This problem arises from the assumption that ® is interpreted as a probability
distribution that is positive everywhere. This is valid for bosonic ground states, but
the antisymmetric nature of many-particle fermionic wave functions necessitates
both positive and negative regions. This is known as the ‘fermion sign problem’,
and it impacts the DMC method, in which configurations are distributed according
to the wave function ®. The VMC method is unaffected by the fermion sign issue
because the distribution of walkers therein is governed by |¥r|?, which is positive
everywhere.

Taking the probability density of the walker population in non-importance
sampled DMC to be |®| results in the so-called fixed-node approximation [30]. The
nodes of the DMC wave function are taken to be almost correct and are fixed to the
nodes of the trial wave function during the imaginary—time evolution, which divides
the configuration space into nodal pockets. This approximation is equivalent to
imposing an infinite repulsive potential barrier on the nodal surface of the trial
wave function, which is strong enough to cause the wave function to be zero on the
nodal surface. The Schrodinger equation in Eq. (1.37) is solved within each nodal
pocket subject to the boundary condition that the wave function becomes zero on
the nodal surface.

For complex wave functions, the fixed-phase approximation [31] results from
forcing the complex wave function to have the same phase as the trial wave function.
This approximation is the complex generalisation of the fixed-node approximation.
The fixed-node approximation is for special cases in which the trial wave function is
real and has a phase that is equal to 0 or 7 at each point in the configuration space.

Although both approximations are uncontrolled, their performance is remarkable.
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In the fixed-node approximation with an antisymmetric trial wave function, the
ground-state DMC energy obeys the variational principle, with the error positive
and second-order in the nodal surface error [32]. Similarly, the excited-state DMC
energy is variational under the fixed-phase approximation with a trial wave function
that transforms as a one-dimensional irreducible representation of the symmetry
group of the Hamiltonian [33]. The fixed-node approximation can be efficiently

implemented via importance— sampling transformation.

1.2.6.3 Importance-sampling transformation

The importance-sampling transformation in the DMC algorithm make use of the
trial wave function W7 to bias the random walk to form the mixed distribution
fR,7) =P[R, 7) Ur(R) > 0 rather than (R, 7), where the DMC wave function
®(R,7) and the trial wave function Ur(R) have the same nodal surfaces. By
substituting ®(R,7) = V7' (R)f(R,7) into Eq. (1.37), the importance-sampled

imaginary-time Schrodinger equation (ISITSE) then can be written as
3} 1
- Ef(Ra T) = —§V2f(R, 7)+ V- [vpb(R)f(R,7)] + [EL(R) — Er]f(R,7), (1.39)

where V = (V1, Vy,..., V) is the 3N-dimensional gradient and vp(R) is the 3N-

dimensional drift velocity given by
vp(R) = U7(R) 'V (R). (1.40)

The three terms on the right side of Eq. (1.39) describe diffusion, drift and branching
processes, respectively.

The corresponding integral form of Eq. (1.39) can be written as
F(R, 7+ 67) = /G(R — R, 67) (R, 7) dR/ (1.41)
with an importance-sampled Green’s function defined as
G(R/ + R, 67) = (R/|e TFHELR)-Er)| RY, (1.42)

where F' = (%)152 +iP - vp(R) is the Fokker-Planck operator, P is momentum
operator, and the Green’s function G(R < R’,d7) is the solution of Eq. (1.39) and
satisfies the initial condition G(R < R’,0) = §(R — R’). Using the Trotter-Suzuki
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formula [34],

GR «R,67) = (R/|eTF+ER-E)|R)

!
TEL<R )—Er
2

_ <R/|ef5 6767}%6—57-4EL<R2)*ET + O<673)|R>

_5TEL(R/)*ET EpL(R)
2

(R F|R) e 2 4+ O(67%). (1.43)

= €

Within short-time-step approximation, the Green’s function is approximated as the
factorisation of a product of the drift—diffusion and branching components, which is

as follows:
GR <+ R,07) = G4R <+ R ,07) Go(R <+ R, 67) (1.44)

where

R — R — drvp(R/))?
20T

G4(R « R/, 07) = (2m67) 3N 2 exp | — (1.45)

is the drift-diffusion Green’s function, and
)
Gy(R + R/, 67) = exp {—%[EL(R) + E (R) — 2B,]} (1.46)

is the branching Green’s function. This simplification of the Green’s function
converges into the exact Green’s function in the limit 67 — 0 [29]

Within this method, the DMC algorithm becomes more stable due to the
replacement of the potential V(R) by the local energy EL(R) in the branching
factor. This is convenient because E(R) is almost constant and is close to the
ground-state energy. This reduces the population fluctuations significantly. Using
the importance—sampling, the fixed-node approximation is implicitly enforced by the
representation of f(R, 7). The f(R,7) is positive everywhere in the configuration
space and can now be interpreted as a probability distribution. As a result, whenever
a walker approaches the wave function node, the drift velocity grows and prevents the
walker from crossing the nodal surface. Also, sampling the wave function becomes
more efficient because the drift velocity guides the walkers toward large regions of
U so that the more important part of the wave function is sampled more often [24].

The importance-sampling DMC algorithm starts with an initial distribution of

configurations that is drawn from the distribution f(R,0) = |U7(R)|?, as in the
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VMC method. These configurations then evolve such that they sample the mixed
distribution f(R,7) propagated depending on Eq. (1.44). In the drift-diffusion
process, each walker is drifted from its old position R’ over the distance vp(R’)d7
and diffused by a three-dimensional vector x of Gaussian random numbers with

variance 07 and a zero mean, such that
R=R'+x+ vp(R')oT. (1.47)

The importance-sampled Green function can be interpreted as a transition probabil-
ity density for the stochastic imaginary-time evolution of walkers in the configuration

space. The detailed—balance condition can then be read as
GR «+ R, 7)|¥(R)|? =GR + R,7)|¥r(R)|?, (1.48)

where detailed balance follows from the Hermiticity of the Hamiltonian [25]. In
the limit of small time steps, the detailed-balance condition is violated due to the
approximation that the drift velocity vp is constant over the walkers’ move. This
issue can be solved by including Metropolis—style acceptance-rejection steps in Gy.
The detailed-balance condition is reimposed by requiring that a trial move from R’
to R is accepted with the following probability:

G4(R' + R, 7)|¥7(R)|?

Poceept (R R’) = mi 17
w(B e R) =min |1 G R R )0 (R

(1.49)

Each attempt to cross the nodal surface of the mixed distribution, will be rejected,
and the walker will remain in its original position. In this process, it has been found
to be more efficient and faster to use an electron—by—electron algorithm in which one
electron at a time is moved rather than to use the configuration-by—configuration
algorithm, particularly for large systems [35].

In real calculations, using a finite imaginary-time step in the Green’s function
in Eq. (1.44) leads to time-step bias in DMC calculations. This bias is linear in the
limit of a sufficiently small time step and can be largely removed via extrapolation
to zero—time step by performing a linear fit of the DMC energies evaluated as a
function of 7. The choice of the time-step for DMC calculations is guided by the
shortest length scale Lgy.n in the system of interest. For a d-dimensional system,

the root—mean—square (RMS) distance diffused by an electron in each time-step,
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vV dt, should be less than Lgy.n.

The branching process is simulated by allowing the growth and decay of the
mixed distribution over periods of imaginary time by adjusting the reference
energy Er that appears in Eq. (1.46) throughout a simulation to keep the
configuration population under control and close to the target population. This
introduces inevitable positive systematic population-control bias into the DMC
energy. This bias is inversely proportional to the population size and can be removed
simultaneously with time-step bias extrapolation [35]. After a period of equilibration
in which the length is determined using Eq. (1.26), the excited-state contributions
die away; hence, f(R) has the desired ground—state mixed distribution. The walkers
can be further propagated in imaginary time to accumulate and average the needed
quantities, particularly the DMC energy, using the mixed estimator
(g0l H| )

(o] ¥r)

o J SR EL(R) dR
T—00 f f(R, 7') dR

LS m) (0

Epest = Epnmc

Q

where M is the set of walkers of f(R,7) that are propagated in the statistics-
accumulation phase. Aside from the fixed-node error in the DMC ground-state
solution, the mixed estimator is accurate for operators that commute with the
Hamiltonian.

For operators that do not commute with the Hamiltonian, the systemic errors in
both the VMC and DMC estimates are linear to the error in the trial wave function.
The unbiased estimates can then be obtained using the extrapolated technique [30]

as follows:
(S)ext = 2(S)prc — (S)vwic, (1.51)

where S denotes the operator that corresponds to the physical quantity of interest,
and the accuracy of the extrapolation depends on the quality of the trial function.
The error in the extrapolated estimate is quadratic in the error in the trial wave

function.
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1.2.7 The trial wave function

The appropriate choice of trial wave function is important in both the VMC and
DMC methods. The VMC method relies entirely on the trial wave function, whereas
the DMC method depends only on the quality of the nodal surface of the wave
function [29]. An accurate trial wave function that considers the relevant correlations
in the system is important to avoid a large statistical noise, time-step bias, and
population-control bias.

The many-electron wave function can be constructed as a product of a
small number of antisymmetric Slater determinants and a positive, symmetric
parametrised Jastrow factor [37]. The number of determinants required to retrieve
a given fraction of the correlation energy with a multideterminant wave function
increases exponentially with the system size, making it challenging to converge the
results. However, the use of a single determinant for periodic systems has been found
to be effective in maintaining the correct symmetry and retrieving a substantial
fraction of the correlation energy [24]. The single-determinant Slater-Jastrow wave

function for a fermionic system is formally written as:

Up(R) = /®Wl(r, .., TNT)Wg(rN¢+1a TN,

= ®yyR), (1.52)

where J(R) denotes the Jastrow correlation factor and Wy is decomposed into a
product of spin-up and spin-down determinants usually constructed using DFT or
HF calculations.

The antisymmetric feature of the Slater determinant ensures that the fermionic
symmetry of the wave function is satisfied under the exchange of the position vectors
of same-spin electrons. The Jastrow factor must be a positive symmetric function
under exchange of same-spin positions to maintain the nodal surface defined by the
Slater part of the trial wave function [29]. In the absence of the Jastrow correlation
factor, the QMC calculations with only Wg are reduced to the HF level. The
inclusion of the Jastrow factor provides a description of the dynamical correlation
effects between the particles, so that the correlation energy can be estimated as the

difference between the HF energy and the best available QMC energy.
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1.2.7.1 The standard Jastrow factor

The general form of the Jastrow factor for N electrons and N,,, nuclei, such as that

developed by Drummond et al. [37], is written as

N ZO’I’LS N zons N N_].. N
J(R) :Z rzy Z ZXI rz[ Z Zf] rzlur]17r1])+z Z p(rij)7
1>] I=1 =1 I=1 i>j =1 j=i+1

(1.53)
which is sum of electron—electron (u), electron—nuclear (y) and electron—electron—
nucleus (f) terms and additionally of the cuspless plane-wave expansion (p) term
for periodic systems. The terms r;;, ri;, 7; and 7 are the electron—electron and
electron—nuclei separation vectors and the position vectors of the electrons and
nuclei, respectively. The two-body u term behaves according to the cusp conditions
(see Sec. 1.2.7.2), but also causes an unintended change in the electronic charge
density: the electrons are pushed from a high density region toward a lower one.
However, the correct DFT or HF form of the charge density can be retrieved using
the single-body x function.

In periodic systems, QMC calculations are performed on simulation cells subject
to periodic boundary conditions. In such systems, the separation vectors are
evaluated under the minimum-image convention [29]. Hence, the u, y and f terms
should be truncated at a distance less than or equal to a radius of the largest sphere
that can be inscribed in the Wigner-Seitz simulation cell to eliminate the sums over
the images. However, the truncation of the u term at the edge of the periodic cell
reduces its efficiency in capturing long-range correlations. The inclusion of the p
term adds greater variational freedom in the corners of the simulation cell, which
allows the correct description of correlation in the corners of the simulation cell
[37, 38].

The functional form of the Jastrow factor components should be parametrised
efficiently using power expansions with optimisable coefficients. For example, the

two-body u term in the Drummond-Towler-Needs Jastrow factor is written as

rij + ZO‘ITU> (1.54)

where L, is the cut-off distance, C' is the truncation order, © is a Heaviside step

(_Lu)c u

u(rij) = (rij — Lu)“O(Ly — r35) % (040 +

function, oy are optimisable parameters and I';; is a constant determined by the

22



cusp conditions. In this expression, if C' = 2, the gradient of u is continuous but the
second derivative and thus, the local energy, is discontinuous; and if C' = 3, both
the gradient and the local energy are continuous. The complete description of the
Jastrow factor can be found in the original paper [37] and the CASINO manual
[38].

1.2.7.2 The Kato cusp conditions

The components of the Jastrow factor of Eq. (1.53) should be chosen to enforce
the Kato cusp conditions [39]. These conditions define the behaviour of the many-
body wave function at the coalescence points. For a system of charged particles, the
Coulomb potential energy suffers from divergence whenever two particles coincide.
However, the true eigenstate of the Hamiltonian has a smooth and constant local
energy throughout the configuration space. To neutralise the singularity of the trial
wave function at the coalescence points, an equivalent and opposite divergence in
kinetic energy must be forced to cancel out the divergence in the potential energy.
For any two particles with charges ¢; and ¢; and masses m; and m; interacting via

the Coulomb potential, the Kato cusp condition is

OJ(R) _ 2ai45tij _
87"1']' d+1 W

(1.55)

where j1;; = m;m;/(m;+m;) is the reduced mass and d represents the dimensionality.
The positive and negative signs in the denominator are for the indistinguishable and
distinguishable particles, respectively. For the Jastrow factor of Eq. (1.53), the Kato
cusp conditions can then be written as conditions I';; = % for unlike-spin electrons
pairs, I';; = }1 for like-spin electron pairs, and I';; = —Z for the electron-—nucleus

cusp.

As mentioned above, fixed-node approximation is applied to overcome the
fermion sign problem in the DMC method. Consequently, the quality of the DMC
energy obtained with merely the Slater-Jastrow wave function is limited by the
accuracy of the trial wave function Wg(R) nodes. One can of course go beyond the
standard form of the Slater-Jastrow wave function to optimised the shape of the
nodes by improving the orbital component of the wave function using a higher-order

technique such as backflow transformation (1.2.7.3). In recent years, a remarkable
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improvement in accuracy has been seen through the introduction of pairing orbitals
[10, 41} (Sec. 4.2.1) and multideterminant expansion [25, 42] (Sec. 1.2.7.4) for

characterising excited and degeneracy states in QMC calculations.

1.2.7.3 Backflow transformations

Introducing backflow transformations can incorporate further correlation effects in
the trial wave function and leads to further variational freedom in the antisymmetric
part of the trial wave function Wg(R) [43-45]. The Slater determinant orbitals
are evaluated by transforming the coordinate positions R in Eq. (1.52) into
the new collective coordinates X(R) = (x;, X2, ..., X,), the so-called ‘quasiparticle’

coordinates, which are given by

where §;(R) is the backflow displacement vector for particle 4, which is a function

of the position of all the other electrons in the system, given by

N Nion N N Nion
(R) = Z n(r5)rs5 + Z Z p(rir)rir + Z Z[‘P(Tu, i1, Tij)Tij
i#j I=1 i=1 it I

+0(rir, 71,735 (1.57)

In this expression, ¢ takes a form developed by Lépez Rios et al. [46] analogous to the
parametrisation of the Jastrow factor in Eq. (1.53) where electron-electron 7(r;;),
electron-nucleus p(r;;) and electron-electron-nucleus ®(r;r,rjr,ri;), 0(rir, 751, 7ij)

are correlation functions.

1.2.7.4 Multideterminant (MD) expansions

Using a linear combination of a few determinants, also known as a multideterminant

expansion, significantly improves the trial wave function, expressed as:

Nyet

Uyin(R) = /™Y ", det[n (x])] det[in (x))], (1.58)

where ¢, are coeflicients. The use of a multi-determinant wave function in the
modelling of extended systems is impracticable since the number of determinants
required to reach a specific level of accuracy grows exponentially with the system

size.

24



1.2.8 Wave function optimisation

In the VMC and DMC methods, the statistical efficiency and accuracy of the results
are determined by the quality of the trial wave function [24]. Typically, the most
expensive part of VMC and DMC computations is the repetitive evaluation of the
trial wave function and its gradient. As a result, it is important to use an appropriate
trial wave function that is as precise as possible and yet can still be evaluated quickly.
VMC simulations are often used to optimise the wave function by minimising the
VMC energy or its variance.

The VMC method is typically used to optimise the many-electron trial wave
function that includes a set of free parameters {a} defined in Eq. (1.53) by
minimising the required cost function with respect to the values of these parameters.
For instance, one can minimise the variance of the local energy as follows:

JZ2R)]P|EL(R) — Bvuel” dR
J1r(R)]* dR ’

(1.59)

2 _
O-E_

Ideally, the local energy Er(R) for the exact trial wave function is the true eigenstate
energy with zero variance. The variance minimisation approach [47, 48], is carried
out via a correlated—sampling scheme in which a set of configurations distributed
according to |Ur(R)|? is generated and used to optimise the parameters. The
procedure is iterated until the parameters converge to optimal values of the wave
function with low variance of the local energy (self-consistency).

The variance minimisation method effectively optimises the linear parameters
of the Jastrow factor, but it performs badly when optimising parameters that
modified the nodal surface of the trial wave function. Changing these parameter
values throughout the optimisation cycle will shift the nodal surface across the
configurations, which will cause the local energy to diverge whenever a configuration
coincides with the nodal surface. A similar technique that can be useful in this
situation involves minimising the mean absolute deviation (MAD) [19] of the local
energies from the median local energy instead of the variance.

Another approach is the energy minimisation method. The approach proposed
by Nightingale and Melik-Alaverdian [50] changes the stochastic optimisation issue
into the diagonalisation of the Hamiltonian matrix in a finite basis set. The hard

integral evaluation in the diagonalisation procedure is replaced by a more stable
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least-squares fitting. This method works very well for linear parameters in the trial
wave function and it was extended by Umrigar et al. [51, 52] to optimise nonlinear
parameters in the trial wave function.

In this scheme, the resulting VMC energies are usually lower than those
obtained using the variance minimisation method [29]. This method is also useful
for optimising parameters that modify the nodal surface, such as the backflow
parameters. The resulting optimised wave function significantly improves the
efficiency of the importance—sampled DMC algorithm [53]. In this thesis, the
variance minimisation method was used to generate initial trial wave functions, after

which energy minimisation was performed to obtain the final trial wave functions.

1.2.9 Source of uncertainty in VMC and DMC calculations

1.2.9.1 Serial correlations

The estimated value in the Monte Carlo framework has its associated statistical error
that determines the confidence intervals of the estimate. Although serial correlation
has no impact on estimated values, it complicates the calculation of the statistical
error bar in the mean estimate. Serial correlation affects both VMC and DMC, but
it is more severe in DMC due to the use of a small time step to reduce the effect of
the Green’s function approximation. For an accurate estimate of the error bar one
must correct for serial correlation. The reblocking approach is a straightforward and
effective technique for eliminating serial correlation [54]. For a sufficient sized data
set, serially correlated data are repeatedly divided into blocks of successive pairs.
The data within each pair are averaged to produce a new data set with half the
number of points. As the block length increases, the standard error of the mean
increases until it hits a plateau, at which point the block averages are completely
independent of one another and the standard error in the mean is correctly estimated

[25].

1.2.9.2 Pseudopotentials in the QMC

All-electron DMC calculations scale with atomic number Z from Z°% to Z55 [53,

55, 56]. Thus, all-electron QMC calculations are feasible only for light atoms with

26



atomic numbers Z < 10 and have been found to be prohibitively expensive for
extended systems of atoms. The existence of core electrons results in two inevitable
issues. The first issue is that both the kinetic and potential energies are large near
the nucleus, which causes large fluctuations in the local energy. Second, the variation
over the short length scale in the wave function close to the nucleus of a heavy atom
requires the use of a smaller time-step to converge the results in the linear-time
step bias regime. These issues are normally addressed by using pseudopotentials to
remove the chemically inert core electrons and nucleus from the problem and create
an effective potential to reproduce their effect on the valence electrons.

The use of non-local pseudopotentials in DMC calculations introduces further
errors because the non-local pseudopotentials cannot be applied to the implicit
probability distribution of the many-body wave function [25]. This issue is often
solved by utilising locality approximation, in which the non-local component of the
pseudopotential (VNL) acts on the trial wave function rather than on the DMC
wave function, so, VNL is replaced by q/;lVNLq/T. The leading-order error in this
approximation is of second order in the wave function error, which impacts the
stability of the DMC computations due to the loss of the variational property.
An alternative solution is the implementation of the semi-locality approximation
‘T-move scheme’ introduced by Casula et al. [57] for dealing with non-local
pseudopotentials in DMC calculations.

In this thesis, the non-local Trail & Needs Dirac-Fock (TNDF) pseudopotentials
[58, 59] were used in VMC and DMC calculations with the plane-wave cut-off
energy values determined in [60]. The T-move scheme [57] has been used in DMC
calculations to ensure that the variational principle is obeyed. For plane-wave DFT
calculations, the local channel for the TNDF pseudopotentials must be chosen to
have an s angular-momentum to avoid ghost states. This problem arises from the use
of the Kleinman-Bylander representation of pseudopotentials in the plane-wave DF'T
calculations [61]. In contrast, the QMC calculations do not employ the Kleinman-
Bylander representation, and the local channel of the pseudopotentials with the

highest angular-momentum component can be selected [60].
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1.2.9.3 Fixed-node error

In theory, the DMC method is an exact approach, but its accuracy is restricted
by the uncontrolled but variational fixed-node approximation used to deal with
the fermionic nature of the anti-symmetric many-body wave function. The use
of fixed-node approximation with a trial wave function that transforms as a one-
dimensional (1D) irreducible representation (irrep) of the full symmetry group of
the Hamiltonian provides a variational principle with respect to the lowest-lying
eigenstate that transforms as that 1D irrep. Therefore, the DMC energy fulfils
the variational principle only for the ground state and a few excited states. For
the excited state that corresponds to degenerate states, the trial wave function
transforms as a multi-dimensional irrep of the full symmetry group, which may
lead to a DMC energy lower than the lowest energy of the exact eigenstate of that
symmetry. A weaker variational principle can be realised again by selecting a trial
function that transforms as a 1D irrep of a subgroup of the full symmetry group. In
this case, the DMC energy is an upper or equal bound on the eigenvalue of the lowest
exact eigenstate with the specified subgroup symmetry. Thus, the fixed-phase DMC
can estimate excited-state energies by using a suitable trial wave function [25, 33].
However, the use of the fixed-node approximation introduces inevitable positive
fixed-node errors that scale as second—order in the error in the trial wave function’s
nodal surface, which can be reduced by using a good trial wave function. The use of
backflow transformations in DMC calculations can recover a significant fraction of
the fixed-node errors, where backflow does not involve changing the nodal structure

[46].

1.2.9.4 Finite-size errors

The main source of finite-size (FS) errors in the many-particle approaches, such
as QMC, is the performance of the computations in a simulation cell of limited
number of unit cells subject to periodic boundary conditions rather than infinite
cells. Unlike single-particle methods, explicitly correlated methods require the use
of a supercell as the long-range of electrons correlation may exceed the primitive cell.
The supercell approach allows the removal of unwanted surfaces and preserves lattice

transitional symmetry but includes the periodic image interaction effects [25]. This
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issue can be addressed by calculating the DMC energy at different system sizes and
then extrapolating the results to an infinite system size. In addition, performing
computations in a finite unit cell involves approximating the continuous integral
over the first Brillouin zone by summing over a discrete set of k-point wave vectors
with a fixed electron number. This results in oscillatory single-particle finite-size
errors, which cause the QMC energy per atom to vary as the size of the system is
altered. This issue can be mitigated by using the canonical-ensemble twist averaging
approach [62], which involves averaging the energy over offsets to the grid of k-
vectors. Further discussion of the effects of finite size can be found in the following

chapters.
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Chapter 2

Vibrational renormalisation of
quantum Monte Carlo band gaps
via random sampling of normal

coordinates

2.1 Introduction

First-principles electronic-structure calculations have been widely used to examine
electronic band structures over the past four decades. Density-functional theory
(DFT) approaches using the local density approximation (LDA) and generalised—
gradient—approximation exchange—correlation (XC) functionals often succeed re-
markably well in describing ground-state properties. However, even if an XC
functional that produces the exact ground-state energy were used, DFT would
still fail to provide exact band gaps [13], and it is well known that in practice,
DFT significantly underestimates gaps. This issue has prompted much research
on the calculation of electronic band gaps using more sophisticated methods, such
as DFT with hybrid exchange-correlation functionals [63, 64] and GW many-body
perturbation theory [65-68]. Second-order Mpller-Plesset perturbation theory has
been found to be unreliable for band-gap calculations [69]. Quantum—chemistry—
based approaches, such as similarity—transformed equation of motion coupled—

cluster methods, have been used to compute energy gaps for small clusters of atoms
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in order to determine bulk band gaps [70], but such cluster calculations inevitably
suffer from surface effects, and successful calculations rely on the examination of
carefully selected finite clusters. In this study, we focus on quantum Monte Carlo
(QMC) methods, which have been shown to be applicable to a broad range of systems
and can accurately predict a wide range of ground-state and excited-state properties
[24, 71]. QMC has previously been used to investigate the energy gaps of several
molecular and crystalline systems [72-75].

Many theoretical methods are devoted to investigating the electronic—structure
modification induced by electron—phonon coupling using first-principles approaches.
The Allen—Heine-Cardona theory, known also as the quadratic approximation,
[76, 77] evaluated the zero-point renormalisation and temperature dependence
of band structure by taking the thermal average over an ensemble of atomic
displacements based on the perturbation theory framework. This approach has been
applied in many first-principles calculations [78-84]. The ab initio frozen-phonon
approach allows for the inclusion of electron—phonon effects by computing the change
of the electronic eigenvalues due to atomic displacements along the normal modes
[81, 83-88]. Alternatives to perturbational methods for the study of electronic and
vibrational properties have succeeded in capturing the nuclear quantum effects and
solving the electronic problem based on the framework of the Born—Oppenheimer
approximation. Path-integral molecular dynamics (PIMD) [89] has been combined
with electronic—structure methods to examine the effect of electron—phonon coupling
on the band gap [90, 91]. More recently, Monte Carlo (MC) integration methods
[92, 93] have been used widely [94-99]. Acceleration techniques for the MC sampling
scheme has been developed, such as the thermal lines method proposed by Monserrat
(2016) [100] and one-shot method by Zacharias and Giustino (2016) [101].

Over the past decades, several studies have investigated the incorporation
of vibrational-renormalisation corrections in first-principles calculations. These
studies have shown that for systems with light atoms or weak bonding, zero-point
atomic vibrations can have a significant effect on properties such as electronic
band gaps and thermodynamic stability, highlighting the importance of including
vibrational corrections in any comparison between theoretical and experimental

results [102, 103]. In many cases, vibrational renormalisation results in a significant
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decrease in electronic band gaps. In the case of diamondoids, a frozen-phonon
approach based on DFT calculations has been used to account for vibrational effects,
resulting in a correction to the static nucleus energy gap of between —0.1 and —0.3
eV [104]. Vibrational renormalisations of electronic band gaps at the DFT level
have recently been shown to be as high as —0.4 eV for diamond and —0.03 eV
for silicon [99]. The vibrational-renormalisation correction has been found to be
very strong in the case of hexagonal ice, resulting in a significant decrease in the
electronic band gap of more than —1.5 eV [105, 106]. Monserrat et al. [97] calculated
the effect of electron—phonon coupling in molecular crystals of CH,, NH3, H,O, and
HF, revealing strong zero-point effects on the band gaps ranging from —1.0 eV
in NH; to —2.0 eV in CHy. Recent work by Hunt et al. [107] has evaluated the
DFT vibrational renormalisation of the gaps of monolayer and bulk hBN. The
vibrational corrections were found to be significant in both the monolayer (—0.73
eV) and the bulk (—0.40 eV) at 300 K. Because DFT already underestimates
band gaps, including vibrational-renormalisation corrections generally exaggerates
the disagreement with experimental results. It is therefore essential to combine
vibrational-renormalisation corrections with more accurate methods for calculating
static-nucleus band gaps.

Post-DFT methods have also been used to investigate the vibrational renormali-
sation of band gaps. For example, using the GoW} corrections to the LDA band gap
within the many-body perturbation theory, the zero-point renormalisation of the
direct band gap of diamond has been determined to be —0.2 eV [81]. A larger
zero-point correction of —0.6 eV has been obtained using Allen-Heine-Cardona
perturbation theory and a scissor operator equivalent to the GW correction [79].
Monserrat [99] has evaluated the zero-point vibrational correction and temperature
dependence of the direct band gap of silicon, diamond, TiO,, LiF, and MgO using
the many-body GyW, approximation via the mean thermal line. The zero-point
renormalisation results in a large correction to the direct gap of diamond (—640
meV, LiF (=500 meV), and MgO (—210 meV) and in a slight decrease in silicon
(=52 meV) and TiOy (—150 meV).

Seeking a more accurate approach to electronic structure, several recent studies

have used the diffusion Monte Carlo (DMC) technique to compute the ground-

32



state and excited-state energies for atomic configurations generated by molecular
dynamics (MD). The first implementation to combine the QMC method and the
ab initio MD simulation was introduced by Grossman and Mitas (2005) [LOS].
This approach evaluates the electronic energy within the QMC method along the
nuclear trajectories that are generated using the DFT/MD method. More recently,
Azadi et al. [109] has used DMC-PIMD calculations to evaluate the harmonic and
anharmonic effects on the quasiparticle and excitonic band gaps of dense hydrogen
at finite temperature. Coupled electron-ion Monte Carlo is an ab initio method
based entirely on QMC algorithms [110, 111]. In this approach, the electronic
problem is solved within the Born—-Oppenheimer approximation using an electronic—
ground—-state QMC calculation, and the ionic degrees of freedom are sampled with
a Metropolis algorithm at a fixed temperature [112—114]. However, the application
of these method is focussed on the study of phase transition diagrams rather than
the electron excitations.

The true potential energy surface is typically approximated by a quadratic
function with a single minimum at the equilibrium point with fixed lattice vectors.
In this quasiharmonic approximation, the vibrational Hamiltonian separates into
a set of independent harmonic—oscillator Hamiltonians, one for each normal mode
(see Sec. 2.2.2); quanta of vibrational energies are referred to as phonons. Small
deviations from the ideal quadratic potential energy at fixed lattice vectors, referred
to as anharmonicity, result in phonon-phonon scattering and thermal expansion
effects. In this study, however, we focus on harmonic vibrational effects on the
electronic structure, neglecting anharmonic effects as a small correction to a small
correction.

Therefore, this chapter focuses on the vibrational renormalisation of band gaps
at zero and finite temperature by developing a methodology that accounts for
vibrational effects with the QMC technique in order to achieve quantitative accuracy

in gap calculations.
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2.2 Theoretical background

2.2.1 The vibrational Schrodinger equation

A complete quantum description of the nuclei vibrations can be provided by solving
the Schrodinger equation for the nuclei, which is an important many-body problem.

Starting from the eigenvalue problem for a system of coupled electrons and nuclei,
HY,({r,R}) = E,¥,({r,R}), (2.1)

where {r} are the electron coordinates, {R} are the nuclear coordinates, H is the
fundamental Hamiltonian defined in Eq. (1.2) and Ej is the total energy of the sth
eigenstate of the coupled system. The full solutions wave function ¥, can be written

as the product
v,({r,R}) = szz {RHV;({r} : {R}), (2.2)

where ¥;({r} : {R}) is the electronic wave function that describes a complete set of
electronic states at each nuclear coordinates {R} and x,({R}) are the expansion
coefficients that depend on the nuclear coordinates. Inserting Eq. (2.2) into the
time-independent Schrédinger equation with the total Hamiltonian of Eq. (1.2),
multiplying from the left by Wi({r} : {R}), and integrating over the electron
variables r, we obtain

[Z_Q;LH

R,k

e — B ({R}) — Eo|x({R}) = Z Cirx({R}), (2:3)

where k denotes the different atoms within a primitive unit cell, m,, is the mass of
atom r, R; denotes the position vectors of the unit cell, and E&°({R}) is electronic

energy. The Cj; are the matrix elements given by

Cii’({R}) = Ay <{R}) + Bii ({R})
= —Z Ui({r} : {RDIVu[ Vs ({r} : {R})V

Ui({r} : {RP)VETs ({r} : {R})). (2.4)

and describe the electrons’ transitions between the electronic states.
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Under the Born-Oppenheimer (BO) approximation [7], a small change in the
nuclear positions affects the electronic state only adiabatically; the electrons remain
in their given electronic state as the nuclei move. In contrast, the nuclei can be
affected only by the time—averaged adiabatic electronic potential. This assumption
is valid only for materials with nuclei that are heavy enough for the lattice vibration
energy to be much lower than the electron’s excitation energy between the electronic
levels. The nonadiabatic Cj; terms in Eq. (2.4) can therefore be neglected. The

nuclear motion now can be described by a purely nuclear Schrodinger equation:

Z _271% Vi 4+ EX({RY) | X ({R}) = HunXni({R}) = EXPx({R}),  (2.5)

R,k

where n denotes the nuclear state and EYIP and E¥ are, respectively, the vibrational
energy and the electronic total energy result from solving the electronic Schrodinger
equation as a function of nuclear positions, known as the ‘BO energy surface’.
Using the harmonic approximation, the nuclear motion problem of Eq. (2.5) can be
described classically with a set of simple independent harmonic oscillators. Some
phenomena, such as thermal expansion, cannot be explained with this method,
which is a significant limitation. In this thesis, the treatment of lattice vibration

effects will be limited to the harmonic approximation.

2.2.2 Lattice dynamics

Suppose atom £ in the [th unit cell is displaced from its equilibrium position x({x) by
a small amount u(lx) compared to the lattice spacings. The instantaneous positions

of the atoms are
R(lk) = x(Ik) + u(lk). (2.6)

Under this condition, the BO potential can be expanded in a power series with
respect to the atomic displacement u(lx) to give what is known as the Taylor
expansion, that is,

6= 00+ Y Gull)ualln) + 5 3 uallm)us(lms s Yus(Un') +.... (27)

lka lka
I's'B
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with

9¢
g (Ik) o
D*¢
Oug(lk) Oug(l'k’) |,

Pa(lk) = (2.8a)

Gap(lr; U'K) = (2.8b)

where the subscript 0 means that the derivatives are evaluated at the equilibrium
configuration; ¢y = E°°(x) is the static equilibrium potential energy of the crystal;
®o(lk) is the gradient of potential energy (—1 force) that acts on atom k in the
direction av = z,y, z and vanishes at the equilibrium configuration; and ¢,z(lx;l's’)
is the interatomic force constants matrix given by the second derivative of the
potential energy with regard to atomic displacement. This coefficient gives the
negative force that exerted on atom (lx) in the Cartesian direction o when the
atom at (I'’) is displaced in the direction § by a small distance, and all other
atoms are in their equilibrium positions. This is called the harmonic approximation;
it approximates the potential energy surface as a quadratic function of the ionic
displacements. The high-order terms of expansion are neglected within the harmonic
approximation [8, 115].

The classical harmonic vibrational Hamiltonian for the system with N number

of atoms per unit cell can be written as

1 .2 1 ! ! ! !
H = ¢y + 3 lg; M, (1k) + 5 lg; G (165 UK Vua (1K) us(I'K), (2.9)
Uk’

where M, is the mass of atom k. The classical equation for the motion of the lattice

18

Mg (1 ap(lk; Uk ug(I'K'). 2.10
) = 5 = =3 el (1) (2.10)
This equation is composed of an infinite homogeneous set of coupled linear

differential equations. Eq. (2.8b), indicates that ¢,s(lx;I's") satisfies the symmetry

condition

bap(lk; U'K") = ppa(U'K; IK). (2.11)

Lattice periodicity dictates that the lattice must coincide with itself if it is translated
relative to itself by a lattice vector R;. This indicates that ¢ns(lk;{'k") does
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not depend on [ and I’ separately but on the relative positions of cells [ and ['.
Furthermore, the translation of the entire system by the arbitrary constant amount
u(lk) = d, in which all atoms are displaced from their equilibrium position by d,

will not change the potential energy. This can be expressed as

D galls) = 0

> baplls;l'n') = 0. (2.12)
Je
The general solution of the equation of motion (Eq. [2.10]), as below for u(lx) is
a superposition of harmonic travelling waves with various wavevectors k in the BZ

and mode label j [116], where
Zujk k) exp(ifk - Ry — w;(k)t]), (2.13)

where u;j (k) is the displacement vector independent of unit cell [, because according
to Bloch’s theorem, the displacements on different lattice sites differ only by the
phase factors. Substituting Eq. (2.13) in Eq. (2.10), the vibrational problem is
reduced from the infinite set of equations of motion to a set of 3N linear homogeneous

equations in 3N unknowns u,(k'):

M, w3(k) wic(k) = Y apllis;Us') (') explik - (R; — Ry)). (2.14)
V'

where N is the number of atoms in the primitive cell. Consider a periodic crystal
of volume V' = Ly x Ly x L3 and N, unit cells. Applying the Born—von Karman
periodic boundary condition, in which u(l + L;a;) = u(l) for each of the primitive
lattice vectors a;, restrict the allowed values of the wave vectors k to a set of discrete

values
kK, = —b;, h;=,0,.L—1 i=1723, (2.15)

where b; are reciprocal lattice vectors that satisfy b, - a; = 27d;;. This results in
the decoupling of the motion equations at different k vectors. Now, the equations

of motion can be written in the compact form
w? (k) (r ZD k! [k (), (2.16)
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where D,p is the element of the mass-reduced Fourier-transformed-dynamical

matrix of the force constants that is given by
Dos(kK'[k) = (MMo) ™2 > das(l; ') exp(ik - [R; — Ry]), (2.17)
l

where exp(ik-[R; —Ry]) is the phase factor that represents any atomic wave motion.
For each wave vector k, the solution of Eq. (2.16) can be obtained by solving the

secular equation
det| Dos(rr'|k) — w3(k) Gap e | =0, (2.18)

which yields a set of 3N independent harmonic oscillators (branches) each corre-
sponding to an eigenvector e(x|kj). The frequencies w = w;(k), j = 1,2,...,3N
are known as the dispersion curves. Following from Eq. (2.17) and using Eq. (2.11),

it can be seen that

Dgo(K'k|k) = D} g(kr"k). (2.19)
Thus, the dynamical matrix is Hermitian, and its eigenvalues w?(k) are always real.
The equation of motion can be expressed in vector form as

W(Ke(rlkj) = Y D(rr'k)e(x'|kj) (2.20)

K

The eigenvalues of the dynamical matrix give the squares of the normal mode
frequencies w,;(k), and the eigenvectors e(x’|kj) are known as polarisation vectors
that give the pattern of atomic displacement and consist of the displacement vector
weighted by the square root of the atomic mass. The use of these mass-weighted
variables in the equation of motion (Eq. [2.20]) allows us to find a solution for
w? instead of M,w?. Therefore, the eigenvectors should be chosen to satisfy the

orthonormality condition, where

S et wlkj)e(slkj’) = by (2:21)
Moreover, Eq. (2.17), indicates that

Dos(kk'|=k) = D} 5(rr'[k), (2.22)

which implies that the dynamical matrix is a symmetric matrix. Similarly, taking

the complex conjugate of Eq. (2.20), where wjz-(k) is always real, we can state that

e(r/[kj) = € (| —k;) (2.23)
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and that due to the time-reversal symmetry,
w?(k) = wi(—k). (2.24)

Furthermore, the solutions of Eq. (2.20) describe collective modes or excitations as
a complete set of linearly independent (orthogonal) atomic motions associated with
each wave. These motions are complex in general. Real displacement patterns can
be evaluated by taking the real and imaginary parts, which corresponde to linear
combinations of the eigenvectors at +k and —k [8, 115].

We can simplify the problem further by formulating the harmonic Hamiltonian
in terms of a new set of coordinates—mormal coordinates gjx that are linked to the
atomic displacements u(lx) through the expressions

T Z\/ <ol (k[kj)u(lr)e R, (2.25)

pln

\/7 Z (klkj)gjxe

where N}, is the number of primitive unit cells, which is chosen to be equal to the

u(lk) = ek R (2.26)

number of wave vectors that are commensurate with lattice supercell, and ¢k is
the normal coordinate of branch j at wavevector k. Eq. (2.26), indicates that
the collective atomic displacement is the superposition of normal mode motions

weighted by coefficients e(x|kj)ex R

. The total number of normal-mode frequencies
in the crystal is 3V, N, in which all the atoms at each frequency vibrate with the
same phase. Accordingly, the normal mode coordinate g;x gives an independent
description of the crystal vibration mode with one normal-mode frequency w; (k).

In view of these definitions, the classical Hamiltonian of the lattice as a function

of the normal coordinates [115] is

1 :
H, = 5 Z [q?k + w?(k)q?k} ) (2.27)
kj
This Hamiltonian is a summation of terms for noninteracting (uncoupled) simple
harmonic oscillators, each of which corresponds to a normal mode w;(k) of the

lattice. Thus far, we have formulated discussions in terms of classical mechanics.

2.2.2.1 Quantisation of normal modes

In the landscape of the BO approximation, the nuclei are heavy classical particles

that perform small vibrations around their respective equilibrium positions. Never-
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theless, a nuclear subsystem must be viewed as a quantum system and described by
a wave function whose square modulus defines the probability density of the nuclear
locations. For the given vibrational state, the mean value of these calculated nuclear
coordinates can be observed experimentally. The complete quantum description of
the nuclei is thus given by the Schrodinger equation for the nuclei. The vibrational
Schrodinger equation for the mode jk can be written as

—cas t+ oW

[ 1o 1 2<k>q2} Y€)= Eny ()], (2.28)

with the corresponding well-known solution

1/2
wnjk(Q) = (M) 6_%wj(k)q2Hn < wj(k)Q> ) (2.29)

722m)
where n is the occupation number of the normal vibrational mode, H,, is the nth

Hermite polynomial, and &,;(k) is the total energy of the nth excited state of branch

7 at k given by the discrete set of values

1

Enji(K) = <n+§> wi(k), n=01,2.... (2.30)

Because the Hamiltonian is separable, the overall vibrational wave function can be

written as a simple product of single-oscillator wave functions
jk

The classical term ‘normal’ mode is replaced with analogous term ‘Phonon’, which
is used to describe the quanta of the ionic displacement field. Phonons are boson
quasiparticles, with a symmetric wave function under particle exchange, which can
exist in the same state at the same time, unlike fermions, which are subject to
Pauli’s exclusion principle. Phonons adhere to Bose-Einstein statistics, whereby

the expected number of phonons in a particular vibrational state is determined by
np(wi;, T) = [expw;(k)/kgT) — 17, (2.32)

where kp is the Boltzmann constant.
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2.3 The vibrational renormalisation of the band

gap

First-principles techniques have been used mainly to calculate physical properties
within the static lattice approximation, in which the electronic Schrodinger equation
is solved with fixed nuclear positions under the BO approximation. In particular,
this is the case for calculations of electronic band gaps because of the difficulty of
describing electron—phonon interactions [79, 100]. However, nuclear motion due to
both thermal and quantum effects alters the electronic band structure of crystalline
materials by altering the equilibrium lattice parameters [117] and by providing a
distribution of nuclear positions within each unit cell [76, 77].

In this section, we will discus the vibrational renormalisation of band gap
energy. Calculating the band gap requires a determination of the electron’s
transitions (ezcitations) energy from the valence band to the conduction band.
Because electronic transitions are instantaneous on the timescale of nuclear motion,
vibrationally renormalised electronic excitation energies are obtained by averaging
excitation energies over the distribution of nuclear coordinates in the initial
electronic state. Such vibrational renormalisations of optical and excitonic gaps
are approximately equal to the effects of including vibrational free energies in
quasiparticle bands. The resulting zero—point renormalisation of the band gap,
therefore, is sizeable enough to be comparable to the size of the thermal shift of the

band gap at room temperature.

2.3.1 The nuclear thermal average

From the theory of statistical mechanics, it is straightforward to apply general
formulas to show that the equilibrium distribution of the nuclear configurations
can be treated within Boltzmann quantum statistics. Assuming that the nuclei are
distinguishable particles, the probability that a given vibrational state s with energy
E, will be occupied can be determined by Boltzmann or Gibbs distribution, as

P(E;) = %eXp (—=BEy), (2.33)
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where § = 1/(kgT) is the reciprocal temperature, T is temperature, kg is
Boltzmann’s constant and Z is the normalisation factor, known as the partition

function and defined as
Z = exp(—BE,). (2.34)

For a quantum system with many particles, the thermal density matrix operator (or
thermal propagator) p with a basis of a complete set of eigenstates U; of H can be

written as
p=e =N |w)e PP, (2.35)

The probability of state ¢ with eigenstates ¢; of H can be written as

po = (W) =  exp (). (236)

We can thus write the quantum expression for the canonical partition function as
Z = (Wi|p|¥;) = Tx[g]. (2.37)

Therefore, the thermal average of any quantum operator A can be easily expressed

using the density matrix p:

A = (A = 2 Y (Alwe s (2.38)
1 ~ Tr[pA]
— ETr[pA] = Tr[ﬁ] . (2.39)

During the optical transitions between the initial and final states, the system
must satisfy the Franck-Condon (FC) principle [118], in which the time required
for an optical transition between vibrational sublevels of two electronic states is
substantially less than the time required for the lattice to relax at a constant distance
between nuclei. Following this scheme, let the BO potential energy surfaces in the
electronic ground state and some particular electronic excited state be V45(R) and
Vin(R), respectively. Let the corresponding distributions of nuclear coordinates be
po(R) and p,,(R), respectively. Thus, at finite temperature, it is convenient to
write a general formula of these distributions, which arise due to both thermal and

quantum effects, according to the canonical Boltzmann distribution. Assuming that
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the system is in a particular electronic state ¢, the canonical distribution function

for the nuclear configuration R can be written as !

T |IR) (R exp (— 81 |
oo ()

>, Wi (R)* exp (=B En,)
Zn eXp (_5En,i> 7

where H; is the nuclear Hamiltonian for the BO potential energy surface Vi(R) and

pi(R)

(2.40)

E,; and VU, ;(R) are the energy eigenvalues and eigenfunctions of ]31'Z The trace
operation refers to the sum over all the states of the system with a given number
of particles. The index ¢ = 0,1, .. is here used to identify one electronic state for
different nuclear configurations R, and n is the entire set of associated vibrational
quantum states.

Using Eq. (2.38), the vibrational average of an observable A(R) can be written

A(T) = ZiiZ<‘Pn,¢(R)!A(R)!‘Pn,¢(R)>€5E""'- (2.41)

This expression can be clearly related to the FC principle [118], which evaluates the
thermal average where the electron transition between electronic states i — ¢’ (i.e.
excitations) are allowed at the instantaneous frozen nuclear configuration R. Thus,
at every temperature, even absolute zero, the atoms in a crystalline solid can be
seen as frozen but randomly displaced from their equilibrium lattice sites, resulting
in a distribution of electronic excitation energies with a mean value that differs from
the static-nucleus gap.

The adiabatic BO approximation can be invoked by restricting the electronic
wave function to a single electronic state in the BO approximation, typically the
ground electronic state. Hence, Eq. (2.41) is reduced to considering only the
electronic—ground state, expressed as

~ 1

A(T) = Z D (T o(R)AR)[ W0 (R))e 0, (2.42)

n

where Zy = > e PPn0 and where E, o and ¥,, o(R) are the nuclear eigenvalues and

eigenfunction in the BO ground electronic states. Using the form of the harmonic

IThe trace operator is re-expressed on the basis of the nuclear degrees of freedom because it is

invariant regarding the basis set choice.

43



eigenfunction defined in Eq. (2.29), the harmonic vibrational thermal average can

be rewritten as
~ 1 94 _BE,
AT) = 70 En /dR|\IJn7O| AR)e 0, (2.43)

The vibrational thermal average in Eq. (2.42) has been evaluated in the literature
using the quadratic approximation, known as Allen—Heine—Cardona theory [76, 77],
molecular dynamics, path integral molecular dynamics [89] and Monte Carlo
methods [92, 93]. In this work, the vibrationally renormalised expectation value

is evaluated using the random sampling algorithm, as described in Sec. 2.4.

2.3.2 Band—gap renormalisation

Within the adiabatic approximation, the quantum and thermal effect of lattice
fluctuations on physical properties can by demonstrated by simulating the harmonic
atomic motion. At a particular nuclear configuration R, the lattice is almost frozen
during electron transitions between initial and final states. Using the previous
definitions in Sec. 2.3.1, we can now address the vibrational renormalisation of

the band gap for the system at a finite temperature from two different perspectives.

2.3.2.1 Optical absorption and emission gaps

In studying the fundamental physical properties of semiconductor materials, the
optical simulation of electron excitations across the band gap from the occupied
state into the unoccupied state is crucially important [119-121]. The electronic
transitions between the ground state and excited state are assumed to be dipole-
allowed. During the interaction of radiation with matter, the system undergoes
a series of transformations that include absorption and emission, accompanied
by changes in the state of the system. For an equilibrium system, the electron
transitions start whenever the absorbed or emitted photon energy is equal to the
energy gap between the valence and conduction band. Such inter-band transitions
can provide the desired absorption (emission) edge to calculate the static-nucleus

absorption ASH¢ and emission gaps A4 ag follows:

ASHC — 1/ (Rg) — Vo(Ry) (2.44)

abs
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AL = Vi(Ry) — Vo(Ry), (2.45)

where Ry and R are the equilibrium nuclear configurations in the electronic ground
state and excited state, respectively.

Thus far, we have referred mainly to the optical transitions of electrons between
electronic or quasiparticle states. However, these transitions are subject to thermal
shifts induced by the interaction of electrons with the lattice. According to the
FC principle, the radiative (optical-induced) electronic transitions (absorption or
emission) between initial and final levels are assumed to occur while maintaining the
atomic configurations characteristic of the initial state, so the energy of a photon that
is absorbed or emitted at nuclear configuration R is equal to the energy gap Vi(R)—
Vo(R). The nuclear configuration R fluctuates in time and in space throughout the
crystal, so that the electronic transition of interest gives rise to a distribution of
photon absorption and emission peaks. If the FC approximation is valid and the
absorption or emission bands are narrow, such that we can meaningfully identify a
peak corresponding to the electronic transition of interest, the distribution of photon
energies is well characterised by its mean [76, 77].

The mean optical absorption gap is
B = [ IA(R) = Vo(R)] ol R) R (2.46)
Likewise, the mean emission gap is
Bun = [ WA(R) = Va(R)] s (R) dR. (2.47)

The vibrational renormalisation corrections of the absorption and emission gaps
can be now calculated as AStatic — A cand AStatic — A Tn principle, vibrational
renormalisation can be of either sign; in practice, for the commonly encountered
situation in which the excited-state BO potential energy surface has a shallower
minimum than the ground state, renormalisation is negative. For a situation
in which the Stokes shift A,ps — Aem is small, we simply refer to vibrational
renormalisation of the optical gap. However, the FC approximation breaks down
in any material that exhibits a significant Stokes shift, meaning that the optical

absorption and emission gaps differ significantly. This typically arises from a large

difference between the equilibrium nuclear configurations Ry and R in the electronic
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ground and excited states caused by the lattice relaxation between the electron

excitation and the subsequent emission transitions.

2.3.2.2 Electron addition and removal gaps

In the static-nucleus approximation, the atoms are fixed at their equilibrium
configurations R, in which both the nuclear and electronic entropies are neglected.

The static-nucleus quasiparticle gap may thus be evaluated as
Ayie = Bp — Ea = Vi(Ry) + V- (R-) — 2V4(Ry), (2.48)

where E; = V_(R_)—Vs(Ry) is the ionisation potential and £4 = Vo(Ro) — Vi (Ry)
is the electron affinity. R4 is the equilibrium nuclear configurations of the system
with one additional and one fewer electron, respectively. Under conditions of
constant pressure, V; and V. are Gibbs free energies. The atomic structure is
allowed to relax after the addition or removal of an electron, resulting in a small
contribution to the static—nucleus ionisation potential and electron affinity. However,
this contribution largely cancels out the static—nucleus quasiparticle gap. Likewise,

the static-nucleus excitonic gap can be calculated as
AZatC = V1 (Ry) — Vo(Ry). (2.49)

In the vertical excitations of an electron, the equilibrium nuclear coordinates of the
excited state are assumed to be the same as that of the ground state. Within this
assumption, the static-nucleus excitonic gap is equal to the static-nucleus optical
absorption and emission gaps.

During thermodynamic calculations (for occupancies of excited states and
transport calculations, etc.), the thermal shift of electronic energy levels due to the
lattice vibrations can be understood as the free energy differences upon electronic
excitation [122, 123] rather than the average of a gap over nuclear coordinates.
Therefore, at a given temperature and system volume, the shift in the energy of a
nearly empty conduction band is & = F, — Fj, where Fj is the Helmholtz free energy
of the system in the electronic ground state and F', is the Helmholtz free energy
in the presence of an additional electron in a specified state. Likewise, the shift in

the energy of a filled valence band is £ = Fy — F_, where F_ is the Helmholtz free
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energy of the system with an electron removed. The quasiparticle gap is
Agp = Fy + F_ = 2F, (2.50)

which is the difference between the conduction-band minimum and valence-band

maximum. In a similar way, we can define an excitonic gap
A, =F — F, (2.51)

as the change in free energy when an electron is excited. In semiconductor
materials, the difference between A, and A is the exciton binding energy. The
vibrational renormalisation corrections of the quasiparticle gap and excitonic gap

can be evaluated as Aq, — ASH and Ay — AS2HC) respectively.

2.3.2.3 Brooks’ theorem

Based on the previous discussion, the vibrational effects in quasiparticle and exci-
tonic gaps have different physical origins to those of the vibrational renormalisation
of optical absorption and emission gaps. Nevertheless, these two viewpoints are
brought together by Ref. [124] as Brooks’ theorem [122]. According to Brooks’
theorem, the thermal shift in electronic energy levels arises when the change in
the phonon occupancy is equal to the thermal shift of phonon energies resulting
from changes in electronic occupancy. In other words, the effects of electron—
phonon interactions on the electronic band structure of solids can be computed
by renormalising either the phonons or the electrons. As the electronic transitions
occur at fixed nuclear coordinates, each configuration R yields an energy gap equal
to U(R) = V1(R)—V,(R) and a probability, defined by the nuclear wave function as
|, o(R)|*, that is assumed to be populated according to the Boltzmann distribution
Eq.(2.36). The thermal average of the optical absorption gap can be calculated as

an expectation value:

Duve = (Too(RIUR) T, 0(R). (2.52)
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Considering U(R) as a small perturbation, we can now apply the first-order

perturbation theory to the optical absorption gap in Eqgs. (2.46) as follows:

e_BEn,O
Aabs = Z Z() \/[‘/vl(R) - ‘/O(R)] |\Ijn7[)(R)|2 dR
76En,0
~ Y (Bui = Bug) + OV = Vo), (2.53)
0

For the optical gap, an analogous form of the thermal average of a band gap
over the initial-state ensemble can be written in terms of the Helmholtz free energy
[123]. At constant pressure P and finite temperature 7', the thermal probability
that a system with volume 2 will promote an electron from the ground state to the

first excited state is
Pon = €XP [/B(FO - En,O - PQ)], (254)

where Fj is the ground—state Helmholtz free energy. The Helmholtz free energy can

be expressed in terms of the partition function in the canonical ensemble as

1
F,=—=InZ,. (2.55)
B
The thermal average of the excitonic gap Eq. (2.51) can be calculated as
-1
Aex = 5 [In(Z1) — In(Zo)]
1
~ ) ¢ (B = Eng) + O(Vi = Vo), (2.56)
0 n

where we have inserted a first-order Taylor expansion of In(Z;) in E,, ; — E, o, where
Zy =3, e PEnr = N e BEnoe=BEn1-Eno)  Hence A & Aoy Likewise, Ay ~
Aey. For materials in which the exciton—binding energy is negligible because excited
quasiparticles are delocalized, the quasiparticle gap can be estimated to be equivalent
to the excitonic gap and, therefore, the optical absorption and emission gaps. This
result is sometimes referred to as Brooks’ theorem. In a material with a large
Stokes shift, Brooks’ theorem is unlikely to hold because the optical absorption and
emission gaps will not be in agreement with the excitonic gap. This results from a
significant dissimilarity between the equilibrium nuclear configurations Ry and R,

in the electronic ground and excited states.

48



2.4 Method development

2.4.1 Neumann acceptance/rejection procedure

The expectation value of the band gap and any other properties with respect to
the vibrations of the atoms in a solid at temperature 7" can be determined via MC
sampling of the normal coordinates. Although the VMC technique is an elegant
and straightforward approach to accurately sampling vibrational wave functions,
the resulting atomic configurations are serially correlated. For independent normal
modes, this issue can be avoided by using the Neumann acceptance/rejection
procedure.

The energy of a normal mode of frequency w is treated as a discrete random
variable that occupies the harmonic-oscillator energy levels according to the

Boltzmann distribution p(n) = %6_(”+%)w5, where 3 = kBLT, Z =3 jem /2wl —

1
2sinh(%">

This distribution specifies the probability that the normal mode will be in a

is the canonical partition function, and kg is Boltzmann’s constant.

particular vibrational quantum state n as a function of temperature. The inverse
transform approach is used to sample randomly from the Boltzmann distribution

the vibrational state n. This technique is as follows:

1. Generate a random number u € [0,1) distributed according to the uniform

probability distribution function.

2.8et n =n'if F(n' —1) < u < F(n'), where F(n) = >_,_,p(n) is the
cumulative probability function. Equivalently, we may set n = floor(F~!(u))+
1, where the inverse of I is

F(u) = —iw In[1— Zu (e'&”/2 — e*ﬂ‘“m)} -1 (2.57)

The collective atomic displacements [Eq. (2.26)] are evaluated within the harmonic
approximation by sampling the vibrational wave function [Eq. (2.29)]. The
Neumann acceptance/rejection approach is an effective method for sampling from a
complicated target distribution f(g). This technique requires a comparison function

g(q) from which random values of ¢ are drawn, which satisfies

flq) <ecglg)  forall g, (2.58)
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where ¢ > sup[f(q)/g(q)] is a positive scaling factor that can be adjusted to ensure

that the comparison function exceeds the entire target function.

2.4.1.1 Sampling the ground state

The harmonic oscillator’s ground-state wave function, and hence the ground-state
distribution of normal coordinates in each mode, is a simple Gaussian function.
Hence, in the ground state, the normal coordinates for each mode can be sampled
using the Box—Muller algorithm [125].

The target distribution f(g), as shown in Fig. 2.1, is a harmonic-oscillator

probability distribution:

(6] k —a2g?
£(a) =) winla) = (C38)ese (2.50)
where of(k) = wj(k). The comparison function g(q) is a normal distribution

with the correct asymptotic behaviour for the harmonic oscillator probability
distributions f(q), allowing for efficient sampling of the tail of the f(q). The
probability density is given by

glg) = e € ¢, (2.60)

where £ is a constant given by

1
o2

Here ¢y is a positive real constant selected to guarantee that the comparison function

&= =Cp Of. (2.61)

covers the entire target distribution. The standard deviations of the Gaussian and

harmonic-oscillator eigenfunctions are represented by o, and o, respectively:

1 [2n+1 [ 1
_1 d o — 2.62
op=_\—5 and o Yo (2.62)

in which the scaling constant ¢ can be calculated for the ground state as

99 (2.63)

C=Cy =
gf
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Figure 2.1: Histogram for sampling the vibrational normal coordinates of the ground

state harmonic oscillator.

2.4.1.2 Sampling excited states

For the nth excited state of each normal mode, the target distribution f(q) takes

the form
B Vw
© ply/m

This is a multimodal distribution, with n + 1 maxima. As Fig. 2.2 shows, an

f@) = ()] e~ H2(\/wq). (2.64)

appropriate comparison function is

o) = Jfimax 2 if |q] S'qmax (2.65)
Jrax €XP(=(|q| = qmax)”/(20?)) otherwise |,

where o = \/% is the standard deviation and g, is the position of the maximum
of the target distribution that is obtained using the cubic spline interpolation of
the range of points [0, ¢o], where ¢q is the positive classical turning point at energy
(n + 1/2)w. For known @max, the fuax = f(¢max) 18 the maximum value of the
target function. We find that the comparison function [Eq. (2.65)], shown as the
black curve in Fig. 2.2(b), spans the full range of our target distributions. We have

verified that for a very large number of points ¢ sampled from g¢(q), in every case

9(q) = f(q).
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In this method, the comparison function ¢(g) is a combination of three
distributions: two half-Gaussian functions and one uniform distribution in the range
[—max; qmax]. Each distribution has an associated probability (a), so the overall
g(q) in the range [—@max, Gmax] can be broken into a combination of three easily
generated distributions ¢;, g2, and g3. Let g; and g5 be the left- and right-hand half
Gaussians in Fig. 2.2, and let g3 be the uniform distribution in the center. Then
a; = as = aV/2mo fmax/2 and a3z = 2a finax@max, Where the constant « is determined
by the normalization condition a; 4+ as + az = 1. The random sampling method for

the given harmonic excited state n is as follows.

1. Select one of the functions with probability a;, where ). a; = 1, as follows:

(a) Draw a random number s from a uniform distribution on [0, 1).

(b) If s < a; then
{sample from G = ¢;}
else if s < a; + ay then
{sample from G = g}
else if s < a; + as + a3 then
{sample from G = g3}
end if

2. Draw a random number X from the chosen function G using the Box-Muller
transformation for g; and g or the uniform probability distribution function

for gs.

3. Shift X by the mean of chosen distribution G and then calculate both f(X)
and g(X).

4. Draw a random number Z from a uniform distribution on [0, g(X)).

5. If Z < f(X), accept, and set ¢ = X. Otherwise, return to step 1.

52



—f(q)
—9(q)

Frequency (arb. units)

400 200 0 200 400
Normal mode coordinate (a.u.)

Figure 2.2: Histogram of the acceptance/rejection technique for sampling normal

vibrational coordinates from the 10th excited state of the harmonic oscillator.

2.4.2 Unfolding the band structures of periodic systems

To investigate the effects of the vibrational motion of atoms on electronic band
structures, calculations of excited electronic states in periodic supercells containing
randomly sampled atomic configurations are performed. As we increase the system
size, the representative supercell Brillouin zone (SCBZ) gets smaller, resulting in
dense blocks of complicated electronic bands. To identify the valence and conduction
bands, we need to unfold the hidden primitive cell character in supercell eigenstates.

The supercell lattice vectors can be written as
a; = Z Sijas, (2.66)
J

where af is the j** primitive lattice vector and Sj; is a nonsingular integer matrix.
The supercell defined by S contains N, = | det(S;;)| = €2/, primitive cells, where
()5 and €2, are the volumes of the supercell and primitive cell, respectively. In the
case of non-degenerate static-nucleus states, unfolding the band structure would
be a straightforward procedure by projecting the primitive-cell eigenvectors of a
wavevector k;, and band m onto all the folded supercell states V3, as (\Ilglkp|\llflks>,

where the maximum overlap indicates the correct supercell band.
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Consider a system in its static nuclear configuration, where the electronic states
are g,-fold degenerate or nearly degenerate, i.e. pseudodegeneracy. In this case,
the orbitals in the supercell are identified by examining the overlap between the
supercell orbital and the linear combination of primitive-cell degenerate orbitals.
The primitive-cell eigenvector can be written in the form of a linear combination of

degenerate states:

In
‘\I’%kp> =191 + Cad2 + -+ + ¢, Pg, = Z Cidi, (2.67)
subject to the orthonormality constraint
(Wi, [Vne,) = O (2.68)

where {¢;} are linear coefficients that should be chosen to maximize the square
modulus of the overlap between the supercell and primitive-cell eigenvectors. This

can be done using the method of Lagrange multipliers:

0 :
e W [V

gn
2y |c,-|2] —0, (2.69)
leading to a set of equations
(A—-XNC=0, (2.70)

where ) is the eigenvalue, C is a vector of coefficients ¢;, and A is an g, X g, Hermitian

matrix given by

(W, 61)] (D1 Vo ) (Wi [02) -+ (1| Vo N (Wi, |9.)
A (02 Vo ) (Wrn 1) (W, [62)]7 :
(D | Wae ) (e [ 01) a a (W, |Dg.)

(2.71)
At this point, the constructed primitive-cell eigenvector Eq. (2.67) is used to perform
the overlap with the supercell eigenvector. The solution of Eq. (2.70) can be obtained
simply by using the LAPACK routine zheev. Figure 2.3 shows an example of the
overlap results for unfolding the threefold degenerate valence and conduction bands

at the center simulation cell of the static-nucleus Si 4 x 4 x 4 supercell.
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Figure 2.3: Square absolute overlap for unfolding the threefold degenerate valence
and conduction bands at the I' point of a 4 x 4 x 4 supercell of the static-nucleus

bulk Si.

For a periodic system with a plane wave basis set, the orbitals may be written

as

Voae(r) =Y Con(Gexpli(k + G) - 1], (2.72)
G

where G is a reciprocal lattice point, k is a Bloch wavevector that lies in the
first Brillouin zone (BZ), n is the band index, and C,x is a Fourier coefficient.
The supercell eigenstates are generally superpositions of the Bloch states of the
underlying primitive cell. Therefore, a wavevector kg of the SCBZ is said to unfold
into N, wavevectors k;, of the primitive-cell BZ (PCBZ) if there exists a set of N,

distinct reciprocal lattice points G of the supercell such that
k, =k, + G.. (2.73)

The supercell reciprocal space with a mesh of Gy that is compatible with the
translational symmetry of the primitive cell can be remapped to PCBZ by matching
the supercell and the primitive-cell Bloch basis functions that fulfill

ki + Gs =k, + G,. (2.74)
Substituting Eq. (2.73) into Eq. (2.74), the unfolded SC basis function is a
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partial function with a subset of the supercell reciprocal lattice points (G.) that

defined by
G.=G,+GY (2.75)

at particular k,, where all Gy vectors that do not satisfy Eq. (2.74) are zeroed out.
As a result, the supercell’s basis function at kg can be decomposed into subsets of
unfolded functions that correspond to Eq. (2.73) of the primitive cell. The unfolded

supercell states can be written as
Uy = Co (G expli(k + GL) - 1] . (2.76)
G/

For greater efficiency, both G, and Gy are sorted into stars of equal magnitude and
then remapped within each star. Using the overlap procedure enables a full recovery
of the hidden primitive-cell band structure of a system. This can be accomplished
by projecting the primitive-cell Bloch states of a fixed k;, that satisfy Eq. (2.73) onto

all the unfolded supercell states:

<\Ij$nkp|\piks> = ZZCgkp(Gp) st(G;)QS(Skp-i-Gp,ks—i-Gg

Gp G
= Q> % (Gp)C o, oy (Gp + GY), (2.77)
Gp

where the maximum overlap should indicate the correct band. For an ideal supercell
structure with no degeneracy, the overlap procedure would identify the supercell

states unambiguously.

2.4.3 Random selection method

Freezing in random lattice vibrations generally lowers the lattice symmetry to the
trivial group that contains only the identity operation. Consequently, in most cases,
the electronic-state degeneracy will be removed. Applying the band unfolding
technique, we can determine an appropriate orbital in the supercell containing a
randomly sampled atomic configuration by looking for the maximum overlap of
each supercell orbital with the desired static-nucleus primitive-cell orbital (or set
of degenerate primitive-cell orbitals). Effectively we assume that only one supercell
orbital has a non-negligible overlap with the primitive-cell orbital of interest, and

that the electron remains in that state as the nuclei move.
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Alternatively, supercell orbitals may be identified using a random selection
approach based on the square absolute overlap with the desired static-nucleus
primitive-cell orbitals. These square absolute overlaps give the probabilities that an
electron initially in the desired static-nucleus orbital ends up in the corresponding
supercell orbitals, assuming an instantaneous change in the nuclear positions. Since
the nuclei in fact move slowly on the electronic time-scale, it is more reasonable
to use this MC approach to select between the N = g, supercell orbitals with the
largest overlaps with g,-fold degenerate static-nucleus primitive-cell orbitals.

The random selection method is as follows.

1. Let y = Zfil a(i) be a sum of the N squared absolute overlaps of target
“offset” atomic configuration orbitals with the linear combination of the g,-

fold degenerate orbitals of the reference “static” atomic configuration.
2. Generate a random variable s taken uniformly from y.

3. If s <a(l) then
return {The random selected band is the band with square absolute
overlap a(1)}
else if s < a(1) + a(2) then
return {The random selected band is the band with square absolute

overlap a(2)}

2.5 The optical band gap in single—particle—orbital
theories

The excitonic (optical) gap is the energy at which the onset of absorption or emission
of photons occurs. In an N-electron system, the optical gap can be written as the
difference between the electron affinity (the amount of energy needed to create an
anion from a neutral atom or molecule) and the ionisation energy (the amount of
energy needed to remove an electron from its orbital). In first—principle calculations,
this can be defined as the energy difference between the eigenvalue at the bottom

of the conduction band (LUMO) and the eigenvalue at the top of the valence band
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(HOMO). In the HF approximation, the excitation energy can be examined using
Koopmans’ theorem [126]. Assuming the orbitals are frozen, the orbitals of the
remaining electrons cannot respond to the removed or added one. The ionisation

energy (1) and electron affinity energy (A) are given by

= Ey—Ena

A = Ey.i—Ey. (2.78)

In the HF approximation, the ionisation energies are relatively plausible, but the
electron affinity energies are not, because the empty states are meaningless and
unbounded, resulting in an overestimation of the predicted band gap. In addition,
the HF theory is insufficient for making reliable predictions of band gaps because it
neglects the electrons’ correlation energy.

In DFT, the Kohn—Sham eigenvalues are evaluated as the derivatives of the total

energy with respect to the occupation of a state:

- dEtotal - / dEtotal dn(r)
E; = = dI’ .
dn; dn(r) dn;

(2.79)

This derivative is discontinuous due to the discontinuous nature of the exchange—
correlation energy, which is a function of the density. Therefore, the HOMO-LUMO
gap from the KS-DFT differs from the exact band gap. The DFT optical gap can

be written as
AEx =&y + A:vc y (280)

where €, is the KS eigenvalue band gap and A, is the additional contribution
of the derivative discontinuity of the exchange—correlation energy. This well-
known problem is called band-gap discontinuity. As a result of this discontinuity,
the band gap is underestimated in the DFT calculations. Even with the exact
KS eigenvalues obtained from a high-quality exchange-correlation function, the
accuracy of the calculated gap remains questionable [127]. Because the reliability
of DFT band-gap calculations has been questioned in recent years, the theory
describing the vibrational renormalisation process should depend on accurate static
gap calculations instead. Currently, the most accurate computations for gaps in
materials are based on fixed-node DMC, in which the calculated energies are merely

a function of the nodes of the many-body trial function.
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2.6 Summary

In this chapter, we introduced a new method based on the random sampling of the
vibrational normal coordinates from the nuclear wave functions. The incorporation
of the classical treatment of ion displacements and the quantum treatment of
electrons allows the efficient exploration of the configurational space within the
adiabatic approximation. Furthermore, we developed an efficient method to unfold
the electronic band structure with negligible computational expense, which takes
into account the degeneracy of orbitals. In addition, we proposed the random
selection approach based on the MC technique for determining the vibrational
offset band structure. Using the proposed methods, the harmonic zero-point
renormalisation and temperature-dependence of the optical gaps for a range of

materials are presented in the next chapter within the QMC and DFT methods.
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Chapter 3

Application of vibrational

renormalisation of the band gap

In many materials with light atoms, the vibrational corrections of band gaps caused
by the quantum effects of zero-point motion and temperature dependence are
significant. The treatment of these effects on the electronic band structure has a long
history. In the previous chapter, we gave a brief summary of current developments
in this area, an outline of the theory, and a formal description of the proposed
technique. In this chapter, at the harmonic level, we calculate the zero-point
renormalisation of the band gap in molecular and crystalline systems using both the
DFT and QMC calculations. In addition, we examine the temperature-dependent
renormalisation of the direct band gap of benzene, silicon, and diamond arising
from harmonic—disorder effects using our proposed method with first—principle DF'T

calculations.

3.1 Computational methodology

3.1.1 DFT calculations

3.1.1.1 Geometry optimisation, phonon calculations, and band-structure

calculations

All of our DFT calculations were implemented using the CASTEP plane-wave-basis

code [128]. These calculations were performed using the Perdew—Burke-Ernzerhof
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(PBE) generalised gradient approximation and ultrasoft “on the fly” pseudopoten-
tials [129] to represent the nuclei and core electrons, unless otherwise stated. For
benzene, the geometry-relaxation, phonon, and band-structure calculations were
performed using both the PBE and the LDA exchange-correlation functionals for
comparison and a plane-wave cutoff energy of 740.15 eV. The phonon calculations
were performed using the method of finite displacements in supercells [130] with
atomic displacements of about 107® to 1072 A from the equilibrium position.
The vibrationally renormalised highest occupied molecular orbital (HOMO)-lowest
unoccupied molecular orbital (LUMO) band gaps were found to be independent of
the size of the atomic displacement in the phonon calculation.

For bulk silicon and carbon diamond, we used the DFT-LDA lattice parameters
a = 3.529 and 5.394 A, respectively, taken from Ref. [100]. The phonon and band-
structure calculations were performed using LDA exchange—correlation functionals
for consistency with Ref. [100]. The phonon calculations were performed using
the method of finite displacements in supercells [130] with atomic displacements of
amplitude 0.005 Aand plane-wave cutoff energies of 305.77 and 566 eV, respectively.
The calculations used a 16 x 16 x 16 Monkhorst—Pack k-point grid centred at I'
for 2-atom primitive cell and a set of phonon g-point grids commensurate with the
supercell size 2x2x 2, 3x3x 3 and 4 x 4 x4 for C-diamond and 3x3x3 and 4 x4 x4
for Si-diamond. The Si calculation with a g-point grid of size 2 x 2 x 2 was found
to be insufficient to capture all the relevant phonons in the supercell, resulting in
negative frequencies. The DFT-LDA band-structure calculations were implemented
at different system sizes (containing 2N, atoms, where NV}, is the number of primitive
cells), using norm-conserving pseudopotentials (again, for consistency with Ref.
[100]) and plane-wave cutoff energies of 348.31 and 1001.4 eV, respectively.

In the case of monolayer hBN, all of our DFT calculations were performed
using norm-conserving pseudopotentials. We used the DFT-PBE lattice parameter
a = 2.512 A reported in Ref. [107]. The phonon calculations were implemented
using density—functional perturbation theory [131] with phonon wave vectors
commensurate with supercell size, a 32 x 32 Monkhorst—Pack k-point grid centred
at T, a plane-wave cutoff energy of 700 eV, and an artificial periodicity of 26.46 A.

Our DFT-PBE electronic-band-structure calculations were performed for different
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system sizes (containing 2N, atoms) using a plane-wave cutoff of 680 eV and an
artificial periodicity of 21.17 A in the out-of-plane direction. For bulk hBN, we
used Tkatchenko—Scheffler dispersion-corrected [23] to include the van der Waals
interlayer interaction. DFT-PBE phonon calculations with the DFT-PBE in-plane
lattice parameter a = 2.512 A [107] and the experimental out-of-plane lattice
parameter ¢ = 6.6612 A [132] were performed. The calculations were performed

for supercells containing Np = 9 and 18 primitive cells.

3.1.1.2 DFT orbital generation for QMC trial wave function

The DFT calculations were used to generate orbitals for our QMC trial wave
functions using Trail-Needs Dirac—Fock pseudopotentials with s chosen as the local
channel to ensure the elimination of ghost states [60]. These orbitals were re-
represented by 3D B-splines (blips) on a grid. For benzene, the DFT orbitals were
obtained using both PBE and LDA functionals and a plane-wave cutoff energy of
2176.9 eV. For silicon and carbon diamond, the DFT-LDA orbitals were generated
using different supercell sizes, a single k-point at I', and plane-wave cutoff energies
of 1088.456 and 1632.6840 eV, respectively. For hBN, we used the same lattice
parameters as in our pure DFT calculations (see Sec. 3.1.1.1), with a plane-wave

cutoff energy of 2721 eV.

3.1.1.3 The vibrational renormalisation of degenerate band edges

The vibrational renormalisation of the band gap due to electron-phonon coupling
can be defined in three different ways, as shown in Table 3.5: (i) Ay, denotes
the quantum average band gap between the valence band and conduction band
with maximum overlap between the g,-fold static-nucleus and offset geometry band
structures; (ii) Ajanq indicates the quantum average of the band gap that results
from the random selection method presented in Sec. 2.4.3; and (iii) A is the quantum
average of the band gap calculated as the mean value of all direct transitions between
the gV® highest eigenvalues associated with the valence band maxima (VBM) and
the g&B lowest eigenvalues associated with the conduction band minima (CBM). In

the case of a molecule system, Ay, is the quantum average HOMO-LUMO band

gap.
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3.1.2 QMC calculations

3.1.2.1 DMC calculations

Our QMC calculations were carried out using CASINO [25], in which we employed
trial wave functions of the Slater—Jastrow (SJ) type with a single Slater determinant
containing Kohn—Sham orbitals obtained from the DFT calculations; (see Sec.
3.1.1.2). We used a flexible Jastrow factor consisting of isotropic electron—electron,
electron—nucleus, and electron—electron—nucleus polynomial terms and, for periodic
systems, plane-wave electron—electron terms [37]. The wave function free parameters
were optimised via minimisation of the variance of the energy [47, 48] followed by
minimisation of the VMC energy [52]. For benzene, we also performed calculations
using Slater—Jastrow—backflow (SJB) trial wave functions [16]. Where backflow was
used, the Jastrow factor and backflow function were optimised together via VMC
energy minimisation. We used Trail-Needs Dirac-Fock pseudopotentials, selecting
the highest available angular momentum channel d as the local potential. Although
the use of pseudopotentials introduces a bias into DMC calculations, the T-moves
method ensures that this bias is positive [60, 133], resulting in some cancellation of
errors in band-gap calculations.

The fixed-node DMC calculations were performed to compute the ground- and
excited-state energies. The DMC energy is exact if the nodal surface of the trial
wave function is exact; otherwise it is an upper bound on the exact ground-state
energy. For each excited state, an appropriate wave function can be constructed by
choosing the occupancies of the single-particle orbitals in the Slater determinants of

QMC wave functions.

3.1.2.2 Optical band gap

The optical gap can be calculated as the difference between the total energies
acquired by promoting an electron to an excited state and the total energy of the
ground state. Therefore, the excited state can be selected by occupying single-
particle orbitals in the Slater determinant in the trial wave function. The optical

gap, then, is given by
AEx(kva kc) = E;v(kva kc) - EN> (31)
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where Ey is the ground-state energy and FEY, is the excited-state total energy of a
system in which an electron has been promoted from an occupied state at wave vector
k, to an unoccupied state at wave vector k.. This promotion may be accompanied by
a spin flip for triplet excitations. In the present study, we consider only the singlet
excitations that correspond to the optical absorption gap. Our calculations also
utilised the multideterminant trial wave functions to be examined in the calculations
of the benzene molecules. In the QMC calculations of optical gaps, both Ey and
E}, must be assessed between pairs of k-points that are simultaneously represented

in the grid of the crystal momentum k that is commensurate with the supercell.

3.1.2.3 Random errors in the vibrationally renormalised gap

The standard error in the vibrational average of the excitation energy falls off as
one over the square root of the number of atomic configurations sampled. Averaging
over QMC calculations simultaneously reduces error bars due to the QMC sampling
of electronic configurations and the sampling of atomic configurations; hence, the
total cost of vibrationally renormalised QMC calculations may be sublinear in the
number of atomic configurations. Indeed, if the computer time for a QMC gap
calculation is dominated by DMC statistics accumulation, vibrational averaging is
almost “for free.” Furthermore, averaging over atomic configurations introduces
trivial parallelism. Nevertheless, QMC gap calculations are much more expensive
than their DFT counterparts, and it is thus possible to obtain significantly smaller
error bars on vibrationally renormalised DFT energy gaps. We therefore used the
DFT gaps as a control variate to reduce the statistical error bar of QMC gaps by
fitting

Apmc(R) = (Apuc) + ¢[Appr(R) — (Appr)] (3.2)

to the DMC energy gaps at different atomic configurations; Apyc(R) and the
Appr(R) are the DMC and DFT gaps at atomic configuration R, ¢ and the
renormalised DMC gap (Epyc) are fitting parameters, and (FEppr) is the DFT

renormalised gap with a fine sampling of atomic configurations.
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3.1.2.4 Finite-size errors

To simulate an extended system, QMC simulations were performed using finite
simulation cells subject to periodic boundary conditions. The simulation cell’s
size was constrained by both practical and computational considerations. These
constraints resulted in finite-size (FS) errors that can be significant and represent
one of the main barriers to the application of accurate QMC methods to solids [134].
Achieving high accuracy in QMC simulations of extended systems relies heavily on
quantifying and correcting these errors.

We reduced FS effects by obtaining vibrationally renormalised gaps in different
supercell sizes and extrapolating the results to infinite system size. Extrapolation
to infinite system size uses scaling laws obtained by considering the screened
electrostatic interactions between periodic images of excited quasiparticles or
excitonic complexes [75, 135]. Such extrapolation not only removes much of the
systematic error in the gap, but also helps to average out some of the quasirandom
FS errors in energy gaps.

In a finite simulation cell, only a discrete set of vibrational wave vectors is
commensurate with the periodic boundary conditions, leading to quasirandom
FS effects in vibrational properties. For this reason, when evaluating the QMC
vibrational renormalisation of the hBN gap, we evaluated a correction to the
DFT vibrational renormalisation in a finite cell, which is then applied to the
DFT vibrational renormalisation reported in Ref. [107]. This approach allowed us
to focus on the difference between DFT and QMC vibrational renormalisations.
The DFT renormalisation reported in Ref. [107] was itself determined via MC
sampling of normal coordinates in finite cells to evaluate a correction to the DFT
renormalised gap obtained by assuming a quadratic dependence of the gap on the
normal coordinates; the latter approach enables the use of much larger system sizes

[136].

3.1.2.5 Backflow

To address the effect of fixed-node errors in our calculations of excitonic gaps,
we carried out some DMC gap calculations using backflow transformations with

polynomial electron-electron and electron-nucleus terms. The inclusion of backflow
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reduces the static-nucleus DMC optical gap of benzene by 0.07(2) eV. The energy
difference is less than the effect of different geometry structures from LDA and
PBE. In monolayer hBN, we find that backflow lowers the static-nucleus DMC
direct gap by 0.02(2) eV and the indirect gap by 0.01(2), which are not statistically
significant. In contrast, backflow lowers the static-nucleus DMC optical gap of Si
3x3x3 bulk and C diamond 2 x 2 x 2 bulk by 0.22(7) and 0.091(22) eV, respectively,
as shown in Table 3.1. These effects are expected to influence the vibrationally
renormalised gap results to a comparable extent. However, the use of backflow
correlation significantly increases the computational cost of QMC calculations, which

can be highly demanding in vibrational-renormalisation calculations.

Table 3.1: Static-nucleus direct gaps in eV with and without backflow.

System SJ-DMC  SJB-DMC
Benzene 5.679(18)  5.610(7)
Si (3 x 3 x 3) 3.83(5)  3.61(5)
C(2x2x2) 7.112)  7.02(1)
hBNY (3 % 3 x 1) 6.214(19)  6.20(2)
RBNidr (3 % 3 x 1) 5.953(19)  5.94(2)

3.2 Results and discussion

3.2.1 Molecular system: Benzene

Benzene is a planar nonlinear molecule with Dg;, symmetry and a large energy gap,
found to be about 4.9 eV [137] experimentally in gas-phase measurements. Recent
DFT-PBE calculations revealed that vibrational effects reduce the static-nucleus
gap by 0.5 eV [98]. Table 3.3 shows the energy gaps of benzene obtained via DFT
with two choices of functional (LDA and PBE) and different wave functions with
which to assess the accuracy of the DMC gaps. All the calculations were performed
using a large simulation cell of volume 3507.4 A3 to ensure the elimination of the
contribution of periodic images. Figure 3.1 illustrates the temperature dependence

of benzene’s optical gap over a wide temperature range (from 0 to 1800 K) based
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on two different density functionals.

At 0 K, the atoms vibrate around their equilibrium positions as a result of
quantum effects only, leading to zero-point renormalisation of band gaps. The
DFT-PBE and DFT-LDA zero-point corrections to the band gap are —0.429(7)
eV and —0.418(9), respectively. The renormalised band-gap curves showed a
monotonic decrease with temperature, as illustrated in Fig. 3.1. At low temperature,
renormalised band-gap curves are quadratic and governed by both the quantum
and classical effects of lattice vibrations. However, at very high temperature, the
renormalised band gaps shows a linear asymptote of temperature dependency that
is dominated by classical effects. This relation can be well described by fitting to

the Bose-Einstein law [1, 5]:
AT) = By —a[1+2(e77=1) '], (3.3)

where a and © are the fitting parameters given in Table 3.7. In general, both the
DFT-LDA and DFT-PBE results exhibit a significant underestimation of the band
gap due to the derivative discontinuity in the XC potential for the excited state

[138].
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Figure 3.1: Temperature dependence of the vibrationally renormalised optical gap of

benzene. The solid lines are the fit with the Bose-Einstein statistical factor, where

fitting parameters are reported in Table 3.7.

In benzene the HOMO and LUMO are two-fold degenerate, so that we have to

consider the different ways in which the orbitals at each randomly sampled atomic
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configuration can be identified as corresponding to the static-nucleus HOMO and
LUMO. The vibrational renormalisation of the band gap due to electron-phonon
coupling can be defined in three different ways (see Sec. 3.1.1.3), as shown in
Table 3.2. As a result of the local deformation of interatomic bonds caused by the
presence of lattice vibrations (electron-phonon coupling), the bands are shifted to
their vibrational renormalised values. Therefore, the PBE-DFT A, Arang and
A gaps showed that there are significant vibrational renormalisations of about
—0.428(7), —0.121(1) and —0.11(2) eV, respectively.

In Fig. 3.2, we report the vibrational renormalised (blue curve) eDOS average of
benzene at room temperature. The static-nucleus band gap can be easily calculated
between the 2-fold degenerate HOMO and LUMO bands, which were represented
by two vertical black lines. The inclusion of the harmonic vibrational effects led to
increase in the valence eigenvalue by around 0.14 eV, but significantly reduced the
conduction eigenvalue by 0.28 eV as a result of the strong electron-phonon coupling.
We found that these strong effects substantially removed the band edges degeneracy,
as shown in Fig. 3.2 by the orange and red vertical lines. The renormalised HOMO-
LUMO gap can be effectively inferred using the renormalised eigenvalues to be the
highest occupied band energy and the lowest unoccupied band energy, respectively.
Consequently, the minimum Ay, gap edge accurately represents the renormalised

optical gap of benzene.

Table 3.2: The vibrationally renormalised optical gaps in eV for benzene at room

temperature for different choices of the renormalised band gap.

Method Avib Arand A
DFT-PBE 4672(7) 4.98(1) 4.99(2)
SJB-DMC SD (PBE) 5.184(3) - -
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Figure 3.2: The vibrational renormalisation average of electronic density of states
(eDOS) of benzene at room temperature (blue curve). The black vertical lines are
the 2-fold degenerate static-nucleus HOMO and LUMO bands. The orange and red
vertical lines are the two highest renormalised valence eigenvalues and two lowest

renormalised conduction eigenvalues, respectively.

For vibrationally renormalised QMC gap calculations, we performed the calcula-
tion for 24 random distribution of nuclear coordinates. The VMC and DMC results
obtained using the trial wave function with different level of accuracy are reported
in Table 3.3. All the VMC gap results are upper bounds on the DMC gap energies,
as shown in Fig. 3.4. All the DMC calculations were performed using time steps
7 =0.01, 0.04, and 0.16 a.u. with the corresponding target walker populations being
varied in inverse proportion to the time step. The total energies of both ground and
excited states were extrapolated linearly to zero time step, as shown in see Fig. 3.3.
To improve the nodal surfaces of our wave functions, we also carried out calculations
using SJB wave functions. As shown in Table 3.3, the inclusion of backflow reduces
the static-nucleus SJ-DMC band gap by 0.07(2) eV.

Multideterminant trial wave functions with a few determinants of 2-fold de-
generate ground- and excited-states at the single-particle level were also used in
our calculations. The use of multideterminant expansions to characterise electron
promotion between degenerate states was statistically insignificant, resulting in a
0.01(1) eV reduction in the static-nucleus SJB-DMC band gap. We also performed
SJB-DMC calculations using the DFT-LDA geometry, which showed a larger gap
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than SJB-DMC using the DFT-PBE geometry by 0.14(2) eV. We found that the
SJB-DMC ground-state energy obtained using PBE-DFT geometry and orbitals
is lower than that calculated with LDA geometry and orbitals by 0.01(1) eV,
which is statistically insignificant. The energy difference, however, is less than the

vibrational-renormalisation correction to the band gap.
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Figure 3.3: DMC total energies of benzene against DMC time step 7 at the static-
nucleus structure. The dashed lines show linear fits to the energy as a function of

time step.

For vibrationally renormalised DMC gap calculations at zero temperature, the
inclusion of a multideterminant expansion to describe the electron promotions from
HOMO to the LUMO degenerate or nearly degenerate states introduced additional
improvement into the trial wave function and reduced the excited-state energies,
leading to a lowering of the renormalised SJB-DMC energy gap from 5.183(3) eV
to 5.146(3) eV. At a randomly sampled atomic configuration, the degeneracy of
the HOMO and LUMO states is lifted. The excited states can thus be correctly
determined by promoting an electron from the HOMO to the LUMO using a
single-determinant (SD) wave function in QMC calculations, leading to a zero-
point renormalisation of —0.427(8) eV. We found that employing a few-determinant
expansion in the excited-state calculations lowered the vibrationally renormalised
band gap by 0.037(5) eV with respect to the SD wave function, which is negligible

compared to the attributable vibrational corrections.

70



Our results demonstrate a strong correlation (correlation coefficient p = 0.98)
between SJB-DMC (SJB-VMC) and DFT-PBE gaps at randomly sampled atomic
configurations, as shown in Fig. 3.4, justifying our use of DFT gaps as a control
variate to reduce the statistical error bar of QMC gaps [Eq. (3.2)]. For the purpose
of comparison, we performed SJB-DMC calculations of vibrational renormalisation
based on the DFT-LDA structure. The SJB-DMC zero-point correction was found to
be —0.443(17) eV. Ideally, the two zero-point SJB-DMC corrections based on PBE-
and DFT-LDA geometries should be identical; therefore, the discrepancies that arose
were due to the DFT functional approximations and the errors inherent in the
DFT evaluation of the harmonic vibrational frequencies of benzene [139]. This issue
introduced a further source of error in our calculations, that is, the DF'T evaluation of
the harmonic normal mode frequencies of benzene. The vibrational renormalisation
of the SD SJB-DMC optical gap at room temperature did not differ significantly
from the zero-point vibrational renormalisation. However, it was found that the use
of multideterminant wave functions was necessary to preserve the symmetry of the
wave functions and retrieve the vibrational renormalisation of the band gap at room
temperature. Our calculations using multideterminant wave functions significantly
reduced the vibrational renormalisation of SJB-DMC optical gap to 5.087(3) eV,
which was in good agreement with experimental results [137]. Additional sources of
error in the VMC and DMC gaps included the neglect of anharmonicity effects and

the use of pseudopotentials.
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Figure 3.4: Benzene vibrationally renormalised gaps using SJB-VMC (red circles)
and SJB-DMC (black circles) against DFT-PBE gaps, for different atomic

configurations.

Table 3.3: Static-nucleus and vibrationally renormalised excitonic gaps in eV for

benzene at 0 K. An asterisk (*) denotes the vibrationally renormalised gaps at

room temperature.

Method Agtatic Ayip
DFT-PBE 5101 4.672(7) 4.673(7)"
DFT-PBE [9§] 5.106 4.653
DFT-LDA 5179  4.761(9) 4.724(9)"
SJ-VMC SD (PBE) 5.93(1)

SJB-VMC SD (PBE) 5.89(1) 5.415(4)
SJB-VMC MD (PBE) 5.76(1)

SJ-DMC SD (PBE) 5.68(2)

SJ-DMC SD (PBE) [98] 5.63(4)

SJB-DMC SD (PBE) 5.610(7) 5.1827(34) 5.184(3)*
SJB-DMC SD (LDA) 5.75(2) 5.302(3)
SJB-DMC MD (PBE) 5.600(7)  5.1460(34) 5.087(3)*
Exp. (T = 300 K) 4.9 [137]
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3.2.2 2D crystalline system: monolayer hexagonal boron
nitride

Of the materials in the family of 2D atomic crystals, hexagonal boron nitride
(hBN) was one of the first to be mechanically exfoliated from bulk phases [140].
It is a dielectric, insulating material possessing Dg;, space group symmetry with a
honeycomb lattice structure based on spy covalent bonds that complements graphene
and the transition metal dichalcogenides in electronic and optical properties [141].
In contrast to graphene, which has no band gap, hBN exhibits a wide band gap in
the m bands because the inversion symmetry is broken by the mismatch between the
boron and nitrogen sublattices [142]. Recent advances in experimental approaches
for merging graphene and other 2D materials to form van der Waals heterostructures
have garnered significant interest owing to their remarkable properties. Because
hBN is atomically flat and electrically inert, it has been found to be an exceptional
substrate for graphene when the lattice misalignment angle is large [141, 143]. At
small misalignment angles, the moiré superlattice potential can radically change the
low-energy electronic properties of graphene. Examples include the appearance of
second-generation Dirac points and the formation of Hofstadter’s butterfly states in
the presence of an applied magnetic field [144, 145].

Recently, many theoretical and experimental studies have investigated the
atomically thin hBN sheets consisting of a single to a few monolayers due to
the unique properties associated with their 2D structure and high crystal quality
[107, 146-153]. For 2D monolayer materials, in-plane screening modifies the form of
the Coulomb interaction between charges, resulting in strong long-range Coulomb
interactions that heavily influence the band gap in these materials. The main
feature of interest here is the enhancement of the electron—phonon interactions
in these 2D systems [154] and its effect on the band gaps. As a consequence of
the strength of electron—phonon coupling in 2D materials, studies have identified
considerable vibrational renormalisation of band gaps for both monolayer and bulk
hBN [107, 155]. Despite this increasing interest in hBN and the vast number of
studies dedicated to this material, the fundamental issues of the nature of its band

gap and the effect of including electron—phonon interactions remain controversial.
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Utilising our newly developed random sampling technique along with the DFT and
QMC calculations, we investigated the vibrational renormalisation of optical band
gaps in both monolayer and bulk hBN.

The phonon dispersion in hBN obtained from DFT-PBE calculations along the
high-symmetry directions I' - K — M — T is illustrated in Fig. 3.5(a). The
calculations showed that artificial imaginary frequencies were introduced into the
flexural acoustic phonon modes around the I' point, a phenomenon frequently
observed in first-principles lattice dynamics calculations for 2D materials [107, 1506].
This was not an issue for wave vectors commensurate with the supercells that we
used to sample normal mode coordinates. Our results were consistent with the

phonon dispersion curves reported in Ref. [107].
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Figure 3.5: (a) DFT-PBE phonon dispersion curves for monolayer hBN and (b)
DFT-PBE electronic band structure for monolayer hBN.

Table 3.4 summarises our final DFT-PBE and SJ-DMC static-nucleus and
vibrationally renormalised optical band gaps at 0 K. We calculated the promotion
of electrons from K, — K. and K, — I'. at different system sizes. The direct
and indirect optical gap calculations were performed in supercells of size 3m x 3n
centered on the I' point, where m and n are integers. In a 4 x 4 supercell of hBN,
only the K, — K, excitonic gap was calculated by shifting the supercell Bloch vector
k, point to the K point of the primitive-cell BZ. Both the valence and conduction
bands of supercells were identified using the band-unfolding procedure described in
Sec. 2.4.2. Averaging over harmonic nuclear vibrational motion reduced the static-

lattice band gaps. Our DFT-PBE band-structure calculations predict a direct band
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gap (K, — K.), as shown in Fig. 3.5(b). The DFT-PBE K, — K. and K, — T
energy gaps with a fine k-point mesh are 4.636 eV and 4.654 eV, respectively. For
the larger system size 6 x 6 x 1 (72 atoms), harmonic vibrational effects increase
the valence band eigenvalue at K, by around 0.034(2) eV and reduced that of the
conduction band by more than 0.089(1) eV at K. and by 0.069(4) eV at I'.. This
indicates that electron-phonon coupling is stronger than hole-phonon coupling. Our
DFT zero-point correction for the minimum gap K, — K. was —0.125(3) eV and
for the K, — I'. gap was —0.103(4) eV. However, the DFT calculations significantly
underestimate the band-gap results.

All the SJ-DMC calculations were performed using time steps 7 = 0.04 and 0.16
a.u. and target populations that were varied inversely with time step 7. To account
for systematic F'S errors, the energies of optical gaps were calculated at different
supercell sizes. Using DFT-PBE calculations, the O(N}; 1) FS error was dominant
in the K, — K. and K, — I'. excitonic gaps of the isolated hBN sheet, as shown in
Fig. 3.6. We therefore extrapolated our SJ-DMC optical gaps to the thermodynamic
limit using an order O(N, 1) scaling. Physically, this scaling is appropriate because
the simulation cell size is comparable to the exciton Bohr radius [L07]. In agreement
with the observation in Ref. [107], our SJ-DMC calculations show that the isolated
hBN sheet is an indirect semiconductor. For the static-nucleus direct optical gap,
there is a statistically significant difference between our DMC result and earlier work
[107] despite using a similar range of supercell sizes. This is probably due to the
fact that our results were accurately converged to the limit of infinite system size
with a lower estimated error bar. We found that the static-nucleus results of the

direct and indirect optical gaps were 8.06(3) eV and 6.88(5) eV, respectively.
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Figure 3.6: DF'T-PBE renormalised excitonic gaps of monolayer hBN against N L

where N, is the number of primitive cells in the supercell.

Figure 3.7 shows a plot of the SJ-DMC vibrational renormalised excitonic band
gaps for both direct and indirect gaps against system size. The SJ-DMC vibrational-
renormalisation results were obtained for 24 random atomic configurations. The
energies were then extrapolated linearly to zero time step, and the results were
then averaged over atomic configurations using Eq. (3.2). The DMC optical gaps
of supercells of various system sizes were extrapolated to the thermodynamic limit
of infinite system size using O(N; ") scaling. The zero-point renormalisation of the
direct optical gap K, — K. was around —0.61(4) eV slightly larger than the DFT
result of the earlier work [107]. In contrast, the inclusion of zero-point motion effects
induces a slight decrease in the indirect gaps by around —0.08(5) eV in disagreement
with [107]. Our results show that the inclusion of the vibrational effects improves

the agreement with the experimental result.
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Table 3.4: Static-nucleus and vibrationally renormalised optical gaps for monolayer

hBN at 0 K.
SJ-DMC (eV) DFT-PBE (eV)
Gap Superceu Astatic AVib Astatic Avib Exp'
3x3 6.214(19) 5.924(13) 4.591 4.560(2)
4 x4 6.802(29) 6.594(14) 4.6305 4.5347(16)
K, — K.
6 x6 7.61(3) 7.074(12) 4.639 4.514(3)
9x%x9 8.43(8) -
8.6(2) [107], 8.06(3)  7.46(2)
3x3 5.953(19) 5.710(13) 4.606 4.632(3)
K, > T,
6 x6 6.49(4) 6.524(12) 4.658 4.555(4)
9x%x9 7.19(8) -
6.9(3) [107], 6.88(5)  6.80(2)
VBM—CBM 6.1(3) [157
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Figure 3.7: SJ-DMC vibrationally renormalised excitonic gaps of monolayer hBN

against N~ !

, where [V, is the number of primitive cells in the supercell.
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3.2.3 3D crystalline systems

3.2.3.1 Si and C diamond

Si and C in the diamond structure are semiconductors with indirect band gaps and
a face centered cubic lattice with a basis of two atoms. The valence-band maximum
is at the I' point, and the conduction-band minimum is on the line connecting the I'
and X points of the BZ. The effects of electron-phonon interactions on the electronic
band structure represent one of the fundamental properties of the semiconductors
that have been extensively investigated experimentally and theoretically over the
last few decades [I, 75, 79, 81, 86, 102, 158-165]. Understanding electron-
phonon coupling in these materials continues to be very important for more
recent technological applications [166, 167]. Si and C diamond, therefore, offer
an ideal foundation for benchmarking the vibrational renormalisation of QMC
band-gap results. Using our approach, we investigated the zero-point harmonic
renormalisation and temperature dependence of the direct I'y, — I'. excitonic gap in
both materials.

Table 3.5 shows the DFT-LDA vibration renormalisation of the direct band gap
using three different methods. Our C diamond 2 X 2 x 2, 3 x 3 x 3 and 4 x 4 x 4
supercell Ay, results show that there is a substantial difference of around —0.05(2)
eV, —0.29(1) eV and —0.286(9) eV, respectively, from the static-nucleus band gap.
These vibrational renormalisation corrections are a clear indication of the strength of
the electron-phonon coupling effects. In contrast, the Si bulk results demonstrated
a marginal difference between the gaps, implying weak electron-phonon coupling.
In both systems, the direct optical band gaps of Si and C diamond correspond to
the minimum A, gaps.

Figure 3.8 shows the calculated zero-point normalization and T-dependence of
the DFT-LDA direct band gap of Si and C diamond with the static band gap
as a reference. The calculations were carried out using large simulation cells
containing 128 atoms. The ground and excited states were determined by finding
the orbitals that have the maximum overlap with the “target” static lattice orbitals
(see Sec. 2.4.2). The Si and C diamond DFT-LDA static-nucleus direct band gaps

with fine k-point sampling are 2.545 eV and 5.556 eV, respectively. Electron-
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Table 3.5: Zero-point vibrational renormalisation of direct band gaps of Si and C

diamond at 0 K for different choices of the renormalised band gap.

C diamond (eV) Si diamond (eV)
supercell Ao Bua A Aw Awa A
2% 2 % 2 5.40(2)  5.41(2) 541(2) - ; ;
3% 3x3 5.24(1) 5.316(9) 5.30(1) 2.487(3) 2.480(3) 2.480(2)
4x4x4 5.261(9) 5.35(2) 5.36(5) 2.506(2) 2.504(2) 2.502(2)

phonon interactions introduce temperature-dependence into the electronic band
structure. In particular the band gaps of many semiconductors exhibit the well-
known monotonic decrease with temperature [168]. This relation can be well
described using the phenomenological expression of the Bose-Einstein law [1, 5],
where the fitting parameters are given in Table 3.7. As Fig. 3.8 shows, the T-
dependence of the direct band gap in bulk Si is relatively small compared to that in
C diamond. The zero-point renormalisation corrections for the larger supercell size
(4x4x4) are —0.03(2) eV for Si and —0.286(9) eV for C diamond in agreement with
DFT-LDA vibrational corrections in Ref. [99]. The insets in Fig. 3.8 also illustrate a
comparison with experimental results [1, 2]. All the DFT-LDA results substantially
underestimate the direct band gap in both materials, and the use of a post-DFT
method (DMC in this work) is critical to restoring the agreement with experiments.

Our final DFT and DMC energy gap results for Si and diamond are shown in
Table 3.6. The fixed-node DMC results were obtained using real trial wave functions
constructed at the I' point of the simulation supercell. The SJ-DMC static-nucleus
band gaps were 3.83(5) eV for Si and 8.653(11) eV for C diamond. DMC calculations
were performed for 24 randomly sampled atomic configurations using time steps
7 = 0.04 and 0.16 a.u. and target populations that were varied inversely with time
step 7. Figure 3.9 shows the linear correlation between the DFT and DMC zero-
point motion renormalisation of optical gaps as a function of atomic configuration.
DFT band gaps can therefore be used as a control variate when evaluating the DMC
band-gap energy. To investigate the convergence of the results as a function of cell
size and to account for F'S errors, the calculations were performed using different sizes

of fixed supercell shape. The results were then extrapolated to the thermodynamic
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Figure 3.8: T-dependence of the direct energy gap of (a) Si (4 x 4 x 4 supercell) and
(b) C diamond (4 x 4 x 4 supercell). The blue lines represent the DFT-LDA static-
nucleus band gap with a set of k-points grid that commensurate with the supercell
size. The red circles indicate DFT-LDA results, which have error bars of around
0.002 eV. The black dashed lines in the inset show curves fitted to the experimental
results of Ref. [1] for Si and Ref. [2] for C diamond.
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limit assuming the errors scale as O(Ny, Y 3), because the supercells are much smaller
than the exciton Bohr radius, implying that the electron-hole pair is unbound and
hence that the systematic finite-size error is a screened simulation-cell Madelung
constant [75].

The SJ-DMC vibrational-renormalisation calculations of C diamond show a
significant reduction in the direct band gaps. The zero-point correction of the direct
band gap A is about —1.0(1) eV, larger than previously reported GW corrections
in Refs. [79] and [81]. In addition, the random selection direct optical gap Ayana
was calculated in order to explore the harmonic vibrational effects on the band edge
degeneracies. Our SJ-DMC A, ,nq results showed a insignificant difference of around
0.2(2) eV from the direct optical gap Ay The large vibrational renormalisation
indicates strong electron-phonon coupling effects. The incorporation of harmonic
vibration correction significantly improves the agreement with the experiment, and
the remaining discrepancy can be attributed to the neglect of anharmonic effects and
the use of pseudopotential. In contrast, the vibrational-renormalisation correction
of the Si band gap was relatively small, in agreement with the DFT results in Table
3.5. We found that the SJ-DMC zero-point correction to the Si band gap is —0.12(5)
eV for a simulation cell containing 54 atoms. This indicates the weak effects of the
electron-phonon coupling on the silicon direct band gap.

Comparing the vibrational renormalised SJ-DMC optical gaps with experimental
results for silicon and diamond shows overestimate of around 0.31(2) eV and 0.39(7)
eV, respectively. There are several sources of uncertainty in our calculations,
including the use of pseudopotentials, the neglect of anharmonic effects, the
unquantified fixed-node errors resulting from the use of a single determinant wave
function, and the residual finite-size errors in diamond or the untreated finite-size
effects in the case of silicon. In addition, the backflow results in Table 3.1 indicate
that the fixed node errors significantly impact the static-nucleus DMC gaps. The
neglect of the treatment of these effects in the vibrational renormalisation gap

calculations introduces an additional source of errors in the results.
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Figure 3.9: SJ-DMC vibrationally renormalised direct optical gap of C-diamond
2 x 2 x 2 bulk against DFT-LDA gaps, for different atomic configurations. The error

bar at each atomic configuration is around 0.06 eV.

Table 3.7: The values of resulting parameters from the fit of the T-dependence

band-gap energies to the Bose-Einstein law [1, 5].
System Ag (V) a(meV) OK
Ce¢Hg (DFT-PBE) 4.851 171.98  1006.67
Ce¢Hg (DFT-LDA) 4.96 210.73 1122.2
Si (DFT-LDA) 2512 5009  153.89
C (DFT-LDA) 5.35 68.73 763.77

3.2.3.2 Bulk hBN

Bulk hBN, also known as white graphite, is a wide-band-gap semiconductor with
high chemical and thermal stability. Bulk hBN consists of monolayer hBN layers
that are bonded by weak interplanar van der Waals force. This stacking is an
AA" arrangement with experimental interatomic spacing of 6.6612 A [132], in which

the prime symbol indicates that the atoms in the same vertical sublattice sites of
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the hexagonal lattice layers are of different species. The experimental estimate
of the nature (direct—indirect crossover) and magnitude of the bulk hBN band
gap has long been a point of contention, with findings varying across studies.
Experimentally measured band gaps range from 4.3 to 7.1(1) eV [148, 150-153].
Recent experimental work by Watanabe et al. [153] has determined that bulk hBN
is a direct semiconductor with an excitonic gap of 5.822 eV. Recent research
conducted by Cassabois et al. [148] has revealed that bulk hBN is in fact an indirect
semiconductor with an excitonic gap of 5.955 eV.
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Figure 3.10: The DFT-PBE electronic band structure for bulk hBN.

In the Fig. 3.10, the PBE-DFT band structure for bulk hBN is plotted along
high-symmetry directions of the BZ. The static-nucleus DFT-PBE energy gaps with
a fine k-point sampling for K, — K, and K, — I'. optical gaps were 4.890 ¢V and
5.278 eV, respectively. In Table 3.8, we report the PBE-DFT and SJ-DMC gap
results for bulk hBN supercells. We observe that both the direct and indirect gaps
of bulk hBN decreased with the increase of the number of layers. This trend of
decreasing band gaps was attributed to the increased dispersion of electronic bands
caused by interlayer interactions [170]. The DFT band-structure calculations were
performed using supercells containing 36 and 72 atoms at the gamma point. Our
results showed that the DFT calculations not only underestimated the band gaps
but also yielded an incorrect conduction band minimum. In the DFT-PBE band-
structure calculations, the bulk hBN had a direct optical gap (K, — K.) with a
zero-point correction of around —0.066(2) eV. The vibrational renormalisation of
the indirect gap (K, — I'¢) was approximately —0.046(3) eV.

Within the static-nucleus SJ-DMC gap calculations, we found that a supercell
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of bulk hBN containing N, = 9 primitive cells has an indirect optical gap, in
agreement with the latest experimental observation [148] and QMC study by Hunt
et al. [107]. Our results show that the static-nucleus SJ-DMC optical gap between
the top of the valence band at K and the bottom of the conduction band at I' is
6.90(2) eV. In contrast, the static-nucleus SJ-DMC direct (K, — K.) gap is around
7.04(2) eV. The SJ-DMC vibrational renormalisation calculations were performed
for 24 atomic configurations with time steps 7 = 0.04 and 0.16 a.u. and target
populations that were varied inversely with time step. The band-unfolding procedure
was performed to identify the valence and conduction bands and the final gap results
were obtained by averaging over the atomic configuration using Eq. (3.2). The SJ-
DMC zero-point vibrational corrections for the minimum band gap K, — I'. was
—0.12(2) eV and for the K, — K. gap was —0.28(2) eV. Our results show that the
inclusion of the vibrational effects in SJ-DMC calculations alters gaps by significant
fractions compared with the PBE-DFT vibrational corrections. These large SJ-
DMC zero-point corrections indicate strong electron-phonon coupling effects and
the inefficiency of DFT calculations in describing them. These effects are expected
to substantially modify the optical gaps for larger supercell sizes and enhance the

agreement with the experimental results.

Table 3.8: Static-nucleus and vibrationally renormalised optical gaps for bulk hBN
at 0 K.

SJ-DMC (eV) DFT-PBE (eV)
Ga Supercell Exp.
P P Astatic Avib Astautic Avib P
Ix3x1 7.04(2) 6.876(6) 4.863 4.826(3)
K, - K.
I x3x2 4.582 4.516(2)
8.3(1) [107]
Ix3x1 6.90(2) 6.772(8) 5.239 5.219(4)
K, —>T,
3 x3x2 5.154 5.108(3)
8.2(5) [107]
VBM—CBM 5.822 [153] 5.955 [148}
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3.3 Conclusion

In summary, we performed DFT and QMC calculations to determine the static-
nucleus and vibrationally renormalised band gaps for a range of materials. The
zero-point renormalisation and the temperature dependence effects were included in
the calculations using the proposed method. The vibrational renormalisation results
of benzene band gap showed that the implementation of a superior wave function
with a backflow function and multideterminant expansions substantially improves
the agreement with the experimental results. The SJ-DMC renormalised direct gap
calculations of C-diamond gave the largest vibrational correction in our presented
calculations by around —1.0(1) eV, whereas bulk Si showed small but non-trivial
vibrational corrections. We have also investigated the vibrational corrections of
the optical gaps of monolayer hBN at different system sizes. Our results showed
that the inclusion of the zero-point motion effect significantly decreases the direct
gap by around —0.61(4) eV, but the indirect gap is only marginally reduced. The
vibrational renormalisation of bulk hBN showed a seizable correction of band gaps
and a larger range of supercell sizes are needed to improve the agreement with the

experimental results.
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Chapter 4

Quantum Monte Carlo study of
trion formation in weakly doped

monolayer MoSes encapsulated by

hBN

4.1 Introduction

In recent years, the rapid development in the fabrication and control of quasi-two-
dimensional semiconductor heterostructures has led to the production of truly two-
dimensional (2D), atomically thin semiconductors [140]. Extensive research has
been dedicated to investigating the functional properties of these materials. At
thermodynamic equilibrium, the intrinsic charge carriers of these systems encounter
reduced out-of-plane electrostatic screening, resulting in the formation of electron-
hole pairs (neutral exciton) via Coulomb attraction, generally with exciton binding
energies ranging from tens to hundreds of meV [147, 171, 172]. Under finite
doping, the weak out-of-plane electrostatic screening and the strong 2D geometrical
confinement result in the emergence of new many-particle phenomena such as trions
[173]. The rich physics resulting from the Coulomb interaction between electrons
and holes in these materials offers a wide range of potential novel optoelectronic
applications.

Monolayer transition metal dichalcogenides (TMDCs) are very promising nanos-
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tructures of the 2D-periodic thin layer semiconductors that can be easily exfoliated.
Their remarkable electronic and optical properties attract a lot of interest [174—
177]. The pre-existing finite concentration of charge carrier for these materials led
to the emergence of an abundance and variety of excitonic complexes that were
observed as distinct lines in their photoluminescence (PL) spectra [175, 176, 178—
180]. The unusual nature of excitonic complexes in 2D TMD materials shows
strong binding energies that have been the subject of many theoretical studies
[172, 181-186]. As a result of their nature of strong excitonic effects, as well as their
promising optoelectronic application, TMDCs have become attractive materials for
many studies. Recent experimental investigations have demonstrated that the lowest
energy peak in the PL spectra of a doped TMDC monolayer is often induced by trions
(negative and positive) [187-190]. Their distinct band structure of direct band gap
at K and K’ points of the hexagonal Brillouin zone associated with the spin and
valley degrees of freedom, allowing for the investigation of various trion states (dark
and bright) in 2D TMDC [185, 191, 192].

Recent experiments investigated high-quality van der Waals heterostructures
based on TMDC monolayers encapsulated in hexagonal boron nitride (hBN)
layers [193-195]. The results showed that the hBN encapsulation of TMDC
materials isolated them from the effects of the substrate and sharply narrowed their
photoluminescence linewidth, allowing access to their intrinsic optical properties.
These homogeneous dielectric environments induced additional screening effects that
influenced the exciton binding energy and renormalised the free-particle bandgap
in TMDC materials [196, 197]. Moreover, both the polarisation effects of these
thin layers and their weak dielectric screening mutually contribute to modifying
the interaction form between charge carriers from the Coulomb interaction to
the so-called Keldysh interaction [198-200]. The Keldysh interaction behaves
logarithmically at a short distance and it reduces to the Coulomb form (1/r) at
long range. Over the past decade, many works have studied the binding energies of
isolated excitonic complexes in 2D semiconductors using the Keldysh interaction
[181, 183-185, 201], but the effect of the surrounding charge carriers on these
species remains ambiguous. In this chapter, I will present the quantum Monte

Carlo simulations of a single hole in ideal, dilute weakly doped 2D homogeneous
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electron gas (HEG) modelling (MoSey). This allows for investigation of the effect of
a finite concentration of charge carriers that interact via the Keldysh interaction on
the binding energy of negative trions.

In the study of 2D HEG, it is more convenient to work in a scaled set of units
that are physically appropriate for the system. In Hartree atomic units (A = |e| =
m. = 4mey = 1), lengths are in terms of the Bohr radius ag, masses are in terms
of the bare electron mass m,, and energies are in terms of Hartree (Ha). In this
chapter, effective Hartree atomic units are used unless otherwise stated. The lengths
are given in unit of the exciton Bohr radius as af = (¢/u) ag, where € is the static
dielectric constant (relative permittivity) of the host material, yu = mmj} /(m’+m})
is the reduced mass of the electron-hole pair, and m; and m} are the hole and
electron effective masses, respectively. The energy is given in terms of the exciton
Hartree Ha" = (p1/€*) Ha, where the exciton Rydberg (Ry*) is 1R} = Ha"/2. There
are three important length scales in our calculations including the Coulomb exciton
Bohr radius ag, the Keldysh interaction length scale 7y and the density parameter

rs of the 2D HEG.

4.1.1 Keldysh interaction

It is important to consider the electrostatic screening effects in describing the
interactions between charge carriers in 2D semiconductor materials. In the 2D
TMDs thin sheets, the polarisation effects of a confined structure alter the Coulomb
electrostatic interactions to Keldysh interaction form. Consider a 2D semiconductor

sheet of zero thickness at z = 0 that contains a charge density

p(r) = plz, 1)3(2), (4.1)
and embedded in an isotropic medium of permittivity €. The electric displacement

field D that results due to this charge is given by
D = cE+P=—-Vop+P (4.2)

where E is the electric field, ¢ is the electrostatic potential, and P = P (x,y)d(z)
is the polarisation vector, where P (z,y) is the in-plane polarisation. The P, can

be written as
P, = —KV[¢(2§', Y, 0)]7 (43)
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where P has no component in the z direction because the charge lies in-plane and
k is the in-plane susceptibility of the material.

Now, using Gauss’s law, where V - D = p(z,y)d(z), gives

eVZh = —pd(2) — K(V?[¢(x,y,0)])d(2). (4.4)
By taking the Fourier transform of Eq. (4.4), we find

o(q, k) = p(aq) —6 (ZZ f(;,)z =0) (4.5)

but

oaz=0) = o [ ola bk
1

= 2 [p(q) — kg’d(q, z = 0)]. (4.6)

Then, by rearranging for ¢(q,z = 0), the in-plane electric potential can be written

as

¢(q,2=0) = % (4.7)

For a 2D semiconductor that contains point charges ¢; and g;, the electrostatic

potential energy is given by

vlg) = q(2¢ + kq)  2eq(1+17.q)

where 7, = k/(2¢) is the Keldysh interaction screening length parameter. Taking

the inverse Fourier transform of Eq. (4.8), the potential energy can be written as

v(r) = %V<L) (4.9)

drer, Ts

where r is the particle separation, and

(1) = 5lm() -5 () o

where H,(z) is a Struve function and Y,,(x) is a Bessel function of the second kind
(Neumann function). The interaction in the expression in Eq. (4.10) is known as
the Keldysh interaction [200]. At long range (r >> r,), this potential reduces to

the Coulomb interaction:

v(-) ~ (4.11)



However, at short range (r << r,), the interaction is approximately logarithmic:
V(L) ~ og(2r. /1) ] = log (L) (4.12)
Ty exp (y)r
where 7 is Euler’s constant. We refer to the interaction potential of Eq. (4.12) as
the logarithmic interaction. For a system of N electrons (and holes) interacting via
the Keldysh interaction, the Schrodinger equation is
D SRS SRV () P 1)

2my; = 4mer, Ty

(2
where m; and ¢; are the band effective mass and charge of particle i, 7;; is the

separation of particles ¢ and j, and E' is the energy eigenvalue.

4.1.2 Lattice sums

To model HEG in 2D material, the Keldysh interaction must be carried out in finite
simulation cells subject to periodic boundary conditions. Therefore, it is necessary
to provide a means for addressing the lattice sum for two-particle interactions of the
form

v(r) = ZUK(|I‘—R|) (4.14)

R

where R is the 2D lattice translation vectors. The Keldysh interaction is logarithmic
at short range; however, it behaves identically to the Coulomb interaction at long
range. This implies that the 2D periodic Keldysh interaction can be rewritten as a
typical Coulomb interaction plus a correction Av. This correction is equal to the
difference of the finite Keldysh potential and the Coulomb potential Av = v — ve
summed over periodic images. The difference between Keldysh and Coulomb
interactions falls off as (r~%) at long range [4], and thus, summation of this difference
over all periodic images of a pair of particles yields an absolute convergence.

Therefore, Eq. (4.14) becomes
v(r) =Y ve(lr —=R))+ ) Av(lr - RJ) (4.15)
R R

As the Keldysh interaction reduces to the Coulomb interaction at long range,
this indicates that the long-range Keldysh behaviour inherits the same issue as

the long-range Coulomb interaction in which the sums over the periodic images
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do not converge completely. This problem can be overcome using the standard
solution Ewald method [202]. In the CASINO software package [25], the Coulomb
lattice sums of the 2D periodic system are evaluated using the standard 2D Ewald
method developed by Parry [203], in which the lattice sum in Eq. (4.14) is replaced
with the Ewald interaction potential plus Madelung constant (particle self-image
energy). Therefore, the implementation of the Keldysh interaction in periodic
systems requires an Ewald-like version. Additionally, the Madelung constant must
be modified to ensure that the average electrostatic potential within the simulation
cell is fixed at zero. All these required expressions were developed by R. J. Hunt
[4]. The resultant Ewald-Keldysh interaction is well suited for simulating the HEG

in 2D semiconductors [38].

4.1.3 Model material parameters

For free-standing MoSe,, the hole and electron effective masses are respectively m; =
0.44mq and m; = 0.38mq [204], where my is the free electron mass. The Keldysh
screening parameter is r, = 39.79 A[205]. The encapsulation of MoSe, in hBN
introduces additional screening, where the dielectric constant of the surrounding
medium e = 4¢, [206], decreases the Keldysh screening parameter to r, = 9.9475 A =
1.7858 a;. The size of the exciton in 2D materials with the Keldysh interaction
between the charges is ro = \/7./(2p) [185]. For the embedding a MoSe; monolayer
in flakes of hBN, the exciton size is o = 4.2 a.u.. Using the Wigner-Seitz radius r;,
which is the average radius of the circle containing one electron, the densities were

determined by

m?1.06616 x 108 1.01 x 107cm ™"
rs = = : (4.16)
€ vn vn

where r; is in effective Hartree atomic units and n is the number density in

experimentally relevant units of cm™*.
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4.2 QMC calculations

4.2.1 Trial wave functions

The calculations were performed using Slater-Jastrow (SJ) and Slater-Jastrow-
backflow (SJB) [40] trial wave functions. The main results were obtained using
the plane-wave (PW) orbitals for each particle. The trial wave function forms using

PW orbitals are as follows:

Uiy = e/®det [ekiTr]det [k
\I;ISDJV]V3 — /B et [eikr(er(R))]det [eikr(rﬁC(R))] (4.17)
where ¢/®) is the Jastrow factor [37] that is used to provide a description of the

electron—hole and electron—electron correlations, R is the particle coordinates, ((R)
is the backflow displacement [46], and ry and r| denote the positions vector of the
1th spin up and down electron.

We also tested another type of orbital called a pairing orbital (Pair), which was
suggested by Spink et al. [3]. The trial wave function form is defined in terms
of a product of Slater determinants containing pairing orbitals ¢; that describe
the electron-electron and electron-hole correlation. The trial wave functions using

pairing orbitals can be written as

U, = o ™det [gi(x] — ry)ldet [6,(r} — 1)

Pair
VB = e/™det [0i(r] — i+ ((R))ldet [¢i(r; — 1 +((R))]  (4.18)

where rj, is the position vector of the hole. The pairing orbitals take a flexible form

with optimisable parameters as

¢i(r) = explug, (r)] exp {iG; - r[1 — ng,(r)/r]}, (4.19)
where ug, (r) refers to the orbital-dependent electron-hole Jastrow factor and 7g,
is the orbital-dependent electron-hole backflow function, where G; indicates the
1th shortest reciprocal lattice vector. The full description of the paring orbitals
components can be found in [3].

For a system of particles interacting via the Ewald-Keldysh interaction, satisfying
the Kato cusp conditions at coalescence points requires adding a minimal cusp-

satisfying term to the ordinary two-body Jastrow u term [4] to become
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Tii c
UK<Tij) = —( — ﬁ) @(LuK — rij)Fg-rfj IOg (Tz'j)7 (420)

where L,k is the cutoff distance of the ux term, C'is the truncation order, and the
pairing coefficient F%- for distinguishable pairs of particles of masses m; and m; and
charges ¢; and g; is given by

K — _Ggminy
Y 2r(my +my)

(4.21)
For indistinguishable particle pairs, the value of the pairing coefficient Fg is halved.

For all the trial wave function types, the Jastrow function was composed of
the electron—electron u term and p term in the case of PW orbitals, whereas the
backflow function consisted of the cuspless two-body polynomial n function [46].
We also performed tests using the cuspless PW backflow II term, which is similar to
the p term for describing the long-range correlations [38]. The Jastrow exponents
components were first optimised using the VMC variance-minimisation method [18],
and then all parameters including the pairing orbitals and backflow parameters
were optimised using the VMC energy—minimisation method [52]. The optimisation

calculations of wave function parameters were performed separately for each wave

function and system used.

4.2.2 DMC time step and target population

The DMC total-energy calculations were performed using a hexagonal simulation cell
subject to the periodic boundary for systems with N, = 54, 62, and 110 electrons
over a range of low densities. The DMC time steps were chosen to be small enough
to ensure the time-step linear regime. The reasonable choice of time steps 7 are such
that the typical diffusion distance /27 should be much smaller than the smallest
physical length scale in the system. The smallest physical length in the model of the
fluid phase of the single hole in the 2D HEG is the exciton Bohr radius. The target
walker populations were varied inversely with respect to the time step, enabling
simultaneous extrapolation to infinite population and zero time step. Our main

results were obtained using simulation cell area A = 7r2N,.
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4.2.3 Electron—hole relaxation energy

In the context of the photoluminescence experiments, consider an n-doped semicon-
ductor system with a finite concentration of charge carriers in the conduction band,
which undergoes an electron photoexcitation across the band gap. A single hole
in a homogenous N.-electron gas will bind with two electrons to create a negative
trion. In response to the creation of the trion via photoexcitation, the remaining
(Ne — 2) electrons in the interacting electron gas system rearrange themselves in
the new potential. The (N, — 2)-electron gas system then relaxes into a new state
of ground-state energy Eupg(n.—2). The minimum photon energy required in the
photoexcitation process can be calculated as the sum of electron—hole correlation
energy, the Fermi energy of electron gas, hole energy at the Fermi wave vector, and
quasiparticle band gap [25].

In the optical absorption spectra, the change in the band gap due to photon
absorption can be inferred by calculating the energy gained by allowing the
creation of the electron-hole pair. In the theoretical modelling of creation of
excitonic complexes in the 2D dilute electron gas system interacting via the Keldysh
interaction, the electron—hole correlation energy, known also the relaxation energy,

can be evaluated as

Er = Entuec.) — Eueav.) (4.22)

where Ej i urq(n.) is the total energy of the system that contains a single hole in a
2D HEG of area A and Eugg(n,) is the total energy of the pristine 2D HEG of the
same area containing the same number of electrons. In the limit of low density, the
electron—hole correlation (relaxation) reaches the energy of an isolated trion, and

Ehiupav) can be approximated as
Eninecv) = Fuegav-2) + Ex- + E¥™, (4.23)

where Ex- is the total energy of a negative trion and EY™ is the energy acquired
by immersing the trion in HEG. At low density, E¥™™ is roughly equivalent to the
Fermi energy of the HEG. For an infinite 2D HEG, the Fermi energy is given by

(4.24)



where € is the energy per electron as a function of ry. The Fermi energy Er is equal
to the energy required to pluck one electron from a HEG system of constant area
in the thermodynamic limit [3]. Therefore, the relaxation energy Eq. (4.22) can be

reexpressed as

Er ~ —2Ep+ Ex- + E¥™
~ —FEp+ Ex-. (4.25)
In this study, the electron-hole relaxation energy is calculated directly using Eq.

(4.22).

4.2.4 Pair-correlation function

The electron—hole pair-correlation functions (PCFs) were calculated by binning the

electron—hole distances r sampled in VMC and DMC calculations as

(1) = 5 (D00 = mal = 1), (4.26)

which approaches unity when r >> r,. The DMC PCFs were obtained at different
time steps and then averaged. For an operator that does not commute with the
Hamiltonian, such as the PCF, the errors in the VMC and DMC expectation values
are linear in the error in the trial wave function. Therefore, the leading-order finite
size errors that result from the dependence of PCF on the trial wave function can

be removed by extrapolated estimation [30]

9en (1) = 29pMc (1) — gvmc(r), (4.27)

where gpve and gyyc are the DMC and VMC PCFs, respectively. The errors in
the extrapolated estimate Eq. (4.27) are quadratic in the error in the trial wave
function.

The short-range PCF data at zero inter-particle distance, known as the contact
PCF, can be inferred by extrapolating the electron-hole PCFs to zero separation
for each system at each r, value. To perform the extrapolation, we fitted In[ges(7)]
to the polynomial satisfying the Kimball’s cusp conditions suggested by Drummond

et al. [207] for the electron-hole PCF at short range. A compatible form for the
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Keldysh interactions can be written as

In gen(r) = ap + L (r) + agr® + asr® + ... 4+ agr®, (4.28)
T
where ag, as, ... and ag are fitting parameters. The cusp term in Eq. (4.28) was

obtained from the electron-hole cusp condition in Eq. (4.21). The estimated contact
PDF is ¢.,(0) = exp (ap). To compute the error bars on ge,(0), we used the method
outlined in Refs. [3, 207] by assigning a constant error ¢ to the PCF data and

defining its value as

NIy [93;5(7";)0; gen(ro)]” _ | (4.29)

where d indicates the number of degrees of freedom.

4.2.5 Finite—size effects

The largest common source of the bias in the QMC calculation is the finite-size
effects that are incurred mainly due to the use of finite simulation cells subject
to periodic boundary conditions (PBCs), causing the expectation values to depend
on the shape and size of the used supercell. For 2D systems of N_-electrons, the
dominant PBC finite-size errors result from quasirandom single particle momentum
quantisation effects, the neglecting of long-range correlations, and the artificial
distortion of the exchange-correlation hole surrounding the electrons. The single-
particle finite-size error can be effectively reduced using the Monte Carlo twist—
average (TA) method; see Sec. 5.2.3 for more details. The residual systematic
error arising from finite-size effects in the energy per particle was found to scale
as O(N~5/%) with system size [134]; hence, it can be removed via extrapolation to
infinite system size. In our calculations, the energies per particle were calculated
at different system sizes of N, = 54, 62, and 110 electrons in hexagonal lattice
at a range of low electron densities, which will introduce an inevitable finite-size
effect. Therefore, it is important to extrapolate the relaxation energy results at
each density to the thermodynamic limit assuming that the systematic finite-size

effects are O(N_ 1) by fitting the relaxation energy data to

Er(N,) = Er(c0) + CN 1, (4.30)
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where Er(co0) and C' are fitting parameters. Such scaling was used in Ref [3]. The
relaxation energy is effectively a defect formation energy of a single hole in the
electron gas, see Chapter 5 for more discussion of finite-size effects.

To examine the quasirandom single-particle errors that arose from the momentum-
quantisation finite-size effects in the relaxation energy, we implemented the TA
method for a system of 54 electrons at r, = 15 a.u. and simulation cell area N mr2.
The TA method was performed using 24 offsets randomly sampled throughout the
first Brillouin zone, in which both the pristine 2D HEG and single-hole doped 2D
HEG systems have the same set of twists. The Jastrow factor and backflow function
were independently optimised at each twist. In the DMC simulations, a full-length
period of equilibration is undertaken at each of the twists with the same amount
of samples followed by a period of the statistics accumulation for the given target
accuracy. Therefore, averaging the energy over a set of twists will effectively reduce
the statistical noise as ora/ /N1, where oy is the obtained average error on one
twist and Nta is the number of twists.

The comparison between the non-twist (ks = 0) and TA SJB-DMC energies is
reported in Table 4.1. During the TA simulation, the energy per particle varies as the
twist offset is changed, where the energy difference between the TA and non-twist
results shows the convergence with cell size. Moreover, the use of the Hartree-Fock
(HF) energies as a control variate leads to improving the accuracy of the TA energies
[208]. The use of an HF control variate reduced the standard error in the TA DMC
energy per particle. However, we found that the uncertainty due to the statistical
noise in the energy per particle results were cancelled out in the calculations of the
relaxation energies. The twist average relaxation energy was calculated at each twist
and then averaged over the set of twists. As shown in Table 4.1, the twist-averaged
and non-twist relaxation energy results were close. Therefore, there is no point in
adding the complexity involved in the TA method when a single, longer, and non-
twist calculation can obtain an equivalent result. Thus, all the main calculations

were performed using a simulation-cell Bloch vector of k, = 0.
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Table 4.1: Energies from SJB-DMC simulation in 54 electrons at ry = 15 a.u.. The
COV refers to that we used the HF kinetic and potential energy of the Keldysh
2D HEG as control variates when averaging over a set of twists. The twist average

relaxation energy was calculated at each twist and then averaged over the set of

twists.
k,=0 TA
i hole-2D HEG 2D HEG  hole-2D HEG 2D HEG
DMC energy(a.u./particle) —0.056634(3)  —0.0529602(5) —0.056702(3) —0.053030(3)
DMCCOV energy(a.u./particle) - - —0.056701(2) —0.0530284(4)
DMC relaxation energy (a.u.) —0.2550(2) —0.2550(1)

4.3 Results and discussion

4.3.1 Trial wave function and simulation cell area choice

Table 4.2 show the energies per particle evaluated using VMC and DMC with

U3IB and UEIB) for a single hole immersed

different trial wave functions (U3, U3! 2B

Pair
in a 2D HEG at N, = 62 electrons and r, = 15 electron density. As shown in
Table 4.2, the VMC and DMC energies with the SJB wave functions are lower than
those with the SJ wave functions. The inclusion of the backflow function has a
more profound effect on the VMC than on the DMC results, in which the energy
difference in VMC results is equivalent to four times the difference in the DMC
results. Hence, we used the backflow function in all our production calculations.
The PW orbitals were found to be relatively insensitive to optimising the cutoff
length of the n backflow term, and the usage of the II backflow component had an
insignificant effect on the results.

The VMC and DMC results of pairing orbitals with only the n backflow term

showed dependence on the optimisation of the n cutoff length to recover the expected

behaviour as the lower bound or equivalent to those in the PW orbital results.

However, we found that using the long-range IT backflow term in W8 calculation is
important to improve the trial wave function by retrieving more correlation effects

and maintain the agreement with W3E results. It can be seen that the pairing
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orbitals W3 generally gave lower energies than the PW orbitals W32 but with
negligible energy differences, indicating that the DMC energies are highly accurate.
The DMC calculations using U2 wave functions were found to be more expensive
than the DMC using U2 wave functions with almost identical results. Therefore,
we used the UEE with only the n backflow term in all our main calculations.

Table 4.3 shows the SJB-VMC and SJB-DMC results for two different choices of
simulation cell area, mr?(N, —1) and 7r2N,. The cell area mr?(N, — 1) has been used
previously in Ref. [3] to ensure that the electron charge density is correct at the long
range far from the doped impurity [209, 210]. As illustrated in Table 4.3, the two
mentioned cell areas show a noticeable energy difference in the energy per particle
for the single hole in 2D HEG and pure 2D HEG systems, which is expected to
vanish in the limit of the infinite system size. However, the relaxation energies and
on-top PCF results were found to be almost identical in both cell areas. The SJB-
VMC relaxation energy data showed a small energy difference of about —0.00086(8)
a.u.. In the more accurate calculations, the SJB-DMC relaxation energy results
were insensitive to the used cell area with a negligible energy difference of around
0.0003(4) a.u.. In any case, finite size effects result from the choice of simulation
cell area will be removed in the extrapolation to the thermodynamic limit, in which
the energies become independent of the cell area and number of electrons and are

only functions of r,. Therefore, we used simulation cells of area A = 7r2N, in all

our main calculations.
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Table 4.2: The VMC and DMC results for a system of N, = 62 electrons at ry = 15
and area A = N.mr2. The results show the effect of optimising the backflow cutoff

lengths and including the backflow I term at different level of the trial wave function.

Method WF  EPF optimised 1T present Energy (a.u./part.) Variance (a.u.)

u

VMC U3, F F —0.055263(1) 0.02453(3)
VMC 03 F F —0.0553345(9) 0.02316(3)
DMC WSl F F —0.056181(4)
DMC W F F —0.056182(4)
VMC  USE F F —0.055553(1) 0.02480(3)
VMC U3 T F —0.055556(1) 0.02386(3)
DMC  URE F F —0.056257(4)
DMC  UPE T F —0.056257(4)
VMC 0B F F —0.0555296(9) 0.02453(3)
vMC  wgB T F —0.0555654(9) 0.02429(3)
DMC  uglB F F —0.056243(4)
DMC  UPB T F —0.056257(4)
VMC U3 F T —0.055555(1) 0.02456(3)
VMC  USE T T —0.055558(1) 0.02501(3)
DMC O3B F T —0.056269(4)
DMC U3 T T —0.056256(4)
VMC 0B F T —0.055589(1) 0.02531(3)
VvMC 0B T T —0.055599(1) 0.02487(3)
DMC  wgB F T —0.056269(4)
DMC  UPB T T —0.056268(4)

Pair
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Table 4.3: The SJB-VMC and SJB-DMC results for a system of N, = 62 electrons

at r, = 15 and k, = 0 using different simulation areas.

Nerr? (Ne — 1)mr?

Method hole-2D HEG ~ 2D HEG ~ hole-2D HEG 2D HEG

VMC energy (a.u./particle) — —0.055553(1) —0.0528702(2) —0.0558644(9) —0.0532006(2)

VMC variance (a.u.) 0.02480(2)  0.000653(4)  0.02430(3)  0.000643(2)
DMC energy (a.u./particle)  —0.056257(4) —0.0530508(8) —0.056576(4) —0.0533803(9)
VMC relaxation energy (a.u.) —0.22188(6) —0.22102(6)

DMC relaxation energy (a.u.) —0.2550(3) —0.2547(3)

On-top ger(0) 62.3(1) 61.8(2)

4.3.2 The electron-hole relaxation energies

Table 4.4 shows the relaxation energies of a single hole immersed in 2D HEG for
different system sizes at a range of low charge densities. We calculated the electron—
hole relaxation energy using Wl¥ wave function, N zr? simulation cell area and
k, = 0 Block wave vector. The SJB-DMC relaxation energies are plotted against
the inverse of system sizes in Fig. 4.2. Our DMC data show that the relaxation
energy results converged well with system sizes and the single-particle finite size
effects are negligible. Using the fitting form from Ref. [207], the relaxation energy

data can be well fitted to a function form, as follows,

A,1T_1 + AO + A17”S + EX— BQ?”2
Er(ry) = s s 4.31
R(rs) 1+ Byry + Bar? (431)

where A_; = 110.864, Ay = —6.41894, A; = —1.64917, By = 9.10327 and B, =
0.689267. The EX = —1.213 Ry is the energy of the isolated negative trion, which
was calculated using parameters in Sec. 4.1.3 and a supplied utility from Ref. [185].
In addition, the energy of the isolated exciton is EX¥ = —1.1194 R} in Keldysh
interaction. The fitting form of electron-hole relaxation energy reaches the energy
of the isolated negative trion at extreme low densities. Fig. 4.1 shows the electron-
hole relaxation energy along with the total energies of negative trion and neutral
exciton.

Fig. 4.3 illustrates that the sum of the relaxation energy and the Fermi energy of
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the 2D HEG approaches the total energy of an isolated negative trion at the extreme
low carrier density. The Fermi energy data were obtained using the parameterisation
of the paramagnetic Fermi fluid energy €(r) reported in Ref. [1]. The PCFs results,
as illustrated in Sec. 4.3.3, indicate that for r, length larger than the trion radius,
the effect of the surrounding electron gas screening on the interaction between the
trion’s charge carrier is weak, resulting in the formation of the trion. Therefore,
the results in Fig. 4.3 imply that Eq. (4.25) is not exact at the range of used ry
values. In the optical absorption spectra, the change (renormalisation) in the band
gap AE, due to the photon absorption and the electron-hole pair correlation effects

can be understood as
AE, = Eeye — B — (Er + Er), (4.32)

where F... is the minimum energy required to create an electron-hole pair via
photoexcitation and Ej, = k%/(2m;) is the kinetic energy of a hole at Fermi
wave vector kr. At the finite concentration of charge carriers, this change is well
approximated to the energy of an isolated negative trion.

The QMC study for the isolated negative trion and electron-hole relaxation
energies in 2D HEG of free standing material have been reported previously [3].
Using parameterisation of the fitting function (S16) in Ref. [3], the total energy
of the isolated negative trion with mass ratio my/m. = 1.158 in the presence of
screened Coulomb interaction is E)C(_ = —4.477 Ry, lower than the E%_ by around
3.264 R;. This large difference in the results might be due to the dependence of the
trion state on the host environment, as screening by material encapsulation reduced
the Keldysh screen parameter (r*) resulting in an increase in the negative trion total
energy.

Figure 4.1 shows also the electron-hole relaxation energy at high densities by
interpolating the data from Ref. [3] at mass ratio my/m. = 1.158 plus a correction
obtained by considering the energy difference between the Keldysh and Coulomb
interactions. The correction was evaluated using the exact trion energies as FX_ —
E$_. The validity of this correction originates from the fact that the localised nature
of an isolated negative trion dominates the low-density limit where the long-range
Keldysh interaction reduces to Coulomb interaction. In addition, the relaxation

energy can be approximated to Eq. (4.25) at extreme low densities (rs — o00). It
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is also important to point out that the Fermi energy Fr is only weakly dependent
on the form of the screened interaction. Er at high densities is dominated by the
kinetic energy, which is the same for both interactions, whereas at low densities
the difference between Fermi energies of the Keldysh and Coulomb interactions is
insignificant because the Keldysh interaction behaves identically to the Coulomb
interaction. Fig. 4.1 demonstrates that the relaxation energies at high densities
are well approximated by the correction (E_fg_ — Egg_), showing some consistency
with our results at low densities. It also illustrates that the localised form of the
negative trion does not arise at high densities due to the strong screening effects by

the electron gas, as the electron-hole relaxation energy diverges towards —oo.

Table 4.4: System-size dependence of the SJB-DMC electron-hole relaxation energies

calculated using PW orbitals in a.u. for a range of densities.

rs (a.u.)
Ne 15 20 25 30 35
54 —0.2550(2) —0.2689(3) —0.2766(3) —0.2858(4) —0.2880(4)
62 —0.2550(2) —0.2689(5) —0.2778(3) —0.2835(4) —0.2885(2)
110 —0.2543(3) —0.2687(4) —0.2780(3) —0.2844(4) —0.2883(4)
oo —0.2538(6) —0.2685(9) —0.2793(7) —0.2832(9) —0.2885(8)
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Figure 4.1: Relaxation energy data as a function of density parameter (rs) of a hole
immersed in 2D 110-electron gas. The dashed black line shows the least—squares fit
of the SJB-DMC relaxation energy to Eq. (4.31). The dashed green and red lines
are the total energy of the neutral exciton and negative trion, respectively. The
blue curve is the interpolation of electron-hole relaxation energy at high density
from Ref. [3] of mass ratio my,/m. = 1.158 plus the difference between the Keldysh

and Coulomb trion total energies (EX_ — E.).
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Figure 4.2: Relaxation energy data against the inverse of the system size for a hole
immersed in HEGs at different density parameter (r5). The dashed fitting lines
shows the linear least—squares fit of the DMC data.
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Figure 4.3: The sum of the relaxation energy and the Fermi energy of HEG as a
function of the density parameter ry. The Fermi energy data of HEG were obtained
using the parameterisation of the paramagnetic Fermi fluid energy in Ref. [4].
The blue dashed line is the total energy of isolated negative trion in the Keldysh

interaction.

4.3.3 Pair correlation functions (PCF)

4.3.3.1 The total PCF data

The total electron-hole PCFs were evaluated using the extrapolated estimation of
Eq. (4.27) due to the small but statistically significant differences between the VMC
and DMC results; the DMC PCFs were averaged over different time steps. We found
that the effect of the extrapolated estimate at low densities is significant, as seen in
Table 4.5. The total electron-hole PCFs g.p,(r) are plotted for N, = 110 at different
densities in Fig. 4.4 and for different system sizes at r; = 20 a.u. in Fig 4.5. The
importance of the electron-hole PCF is that its value at r represents the proportion
of the electronic density at a distance of r from the hole to that of the surrounding
electron gas. Therefore, the first measured minimum of the electron-hole PCF gives
a very direct indication of the degree of isolation of the localised trion. For the low-
density limit, our results show that all of the g.,(r) data have regions less than one
and become more pronounced at the lowest density, which indicates the localisation

of the negative trion in this region away from the surrounding electrons.
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Figure 4.5: The total electron-hole PCF g.;(r) as a function of the system size at a

density parameter (r; = 20) of the electron gas.

4.3.3.2 On-top pair density

Adapting the fitting function from Ref [207] slightly to a compatible form for the
Keldysh interaction, we extrapolated all the total electron-hole contact PCF results
by fitting Eq. (4.28) to In [gen(r)] on the short range 0 < r < r,/2 and then estimated
the contact PCF as g.;(0) = exp [ap]. The uncertainty in g.,(0) data as estimated
using Eq. (4.29) with N — 1 degrees of freedom, where N is the number of data
fittings minus the number of fitting parameters in Eq. (4.28). It is clear that the
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contact PCF's increase rapidly as the density decreases, as shown in Table 4.6. Large
values of g.,(0) at low densities suggest a strong electron-hole correlation and the
formation of the negative trion. Using the fitting form from Ref. [207], we fit the

electron-hole contact PCF at low-density limit to:
gen(0) = 1+ 1.23r, + a1 + agr? + azr’® + agr®® + agr?, (4.33)

where a; = 128.687, ay = —188.778, az = 124.459, ay, = —32.372 and a5 = 3.04482
are the fitting parameters. The electron-hole contact PCF results are plotted against
rs in Fig. 4.6. We also compared the contact PCF obtained for different system
sizes at various low density parameter (1) in Fig. 4.7. The g.,(0) is particularly
important in constructing the local and semilocal exchange-correlation functionals
for use in DFT calculations to describe a single hole embedded in inhomogeneous
systems [211, 212]. It is also important to determine the recombination rate for
hole immersed in a HEG, in which the g.,(0) is proportional to the electron-hole

recombination rate.

Table 4.5: Contact PCF for a single hole in 2D 110-electron HEG at r, = 15 using
different methods.

Method 9en(0)

SJB-VMC  35.7(1)
SJB-DMC  48.15(2)
Extrap. 60.5(1)

Table 4.6: System-size dependence of the calculated contact PCF data using W2

for a range of densities.

rs (a.u.)
15 20 25 30 35
54 63.5(2) 107.4(3) 161.8(3) 228.5(5) 263.5(5)
62 62.3(1) 105.7(2) 161.3(2) 213.8(3) 288.7(2)
110 60.5(1) 107.7(1) 166.7(4) 229.9(2) 313.2(4)

Ne
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Figure 4.6: The electron-hole contact PCF, g.,(0), at a range of density parameter
(rs) values. The ge,(0) results were obtained by extrapolating to the thermodynamic
limit using the scale N=!. The dashed line shows the results obtained by fitting the

extrapolated g.,(0) data at different density parameter (rs) values to Eq. (4.33).
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Figure 4.7: Electron-hole contact PCF ¢.,(0) as a function of the inverse of the

system size for a range of density parameter (r,) values of the electron gas.

4.4 Conclusion

In summary, QMC calculations were performed to simulate finite concentrations of
charge carriers interacting through the Keldysh interaction in 2D materials. At the
low density limit, the electron-hole relaxation energy, PCF and the contact PCF were

calculated. The calculated electron-hole relaxation energy was found to approach
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the isolated trion energy at extreme low densities. In addition, the relaxation energy
results show some consistency with the earlier work using Coulomb interaction at
high densities. Our results indicate that the screening effects of the surrounding

electron gas on the formation of trion in the range of used r, values is weak.
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Chapter 5

Point defect in graphene

5.1 Introduction

Graphene !, a sheet of carbon atoms arranged in a honeycomb structure, is one of the
most intriguing materials for future technological applications [214-216]. However,
the production of large, defect-free graphene layers on insulating substrates remains
a considerable technical difficulty [217]. Point defects may occur spontaneously
during the synthesis of graphene, or they can be deliberately injected into pure
graphene through processing [218]. As point defects can have a significant effect on
the electrical and optical properties of graphene [219, 220], it is vital to understand
their structure and features to comprehend fully the performance of graphene-
based devices. Graphene defect structures have been observed using high-resolution
transmission electron microscopy and related techniques [221, 222]; however, these
approaches inevitably produce more defects. Theoretical approaches have played
an important role in graphene defect research. In particular, density functional
theory (DFT) has been utilised in a large number of studies to examine defect
formation energies and other features in a variety of applications and devices,
including graphene [223-225], graphite [0, 226, 227] and other two-dimensional (2D)
or layered materials [228-230].

The Dirac point at the Fermi level of pure graphene is the most significant char-

!This work was done in collaboration with D. M. Thomas and N. D. Drummond. Only minor
modifications were introduced to Ref. [213]. The pristine graphene QMC total energies used in

this work were calculated by D. M. Thomas [213].
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acteristic of its electronic structure. Many types of defects at finite concentrations
break the sublattice symmetry or shift the Fermi level, significantly altering the
electronic properties of graphene [231]. Substitutional impurity atoms are among
the most common defects in graphene, and they have been extensively studied
using DFT [232]. Several studies [233-235] have shown that nitrogen and boron
impurities in graphene act as donors and acceptors, respectively. DFT has been
used to investigate the electronic and magnetic properties of a graphene sheet doped
with iron, cobalt, silicon, and germanium impurities at a 3% concentration, finding
that the substitution of a carbon atom with silicon or germanium can open a band
gap in the electronic spectrum of graphene, while the insertion of iron or cobalt
produces a metallic phase [236]. Silicon substitutions (SiSs) in graphene are an
attractive approach for engineering the band structure [237]. The silicon atom,
which has the same number of valence electrons as carbon, has been shown to be
able to modulate the electronic structure of graphene without significantly changing
its carrier mobility [220].

Stone-Wales (SW) defects in graphene are some of the most commonly observed
intrinsic topological defects [231]. SW defects influence the electronic, structural,
chemical and mechanical properties of graphene [238-243]. SW defects result in the
tendency for monolayer graphene to bend; therefore can be used in the fabrication
of nonplanar carbon nanostructures [244]. SW defects show mutual attraction [245],
and the formation of SW defects clusters at high temperature is one of the first steps
in the melting of graphene [246]. SW defects have also been observed to migrate
over the graphene lattice. The SW migration energy barrier can be determined by
the activation energy barrier F, of thermally induced processes and by the threshold
energy of the electron irradiation processes [247]. Once again, DFT has played a
key role in elucidating the properties of SW defects.

The most significant thermodynamic attribute of a point defect is its formation
energy £f, which can be calculated as the free energy difference between the defective
material and the pristine material, in addition to any changes in the energies of atom
reservoirs that are added or subtracted when the defect is generated. For instance,
the defect formation energy of an SiS defect is equal to the difference between the

free energy of a large region of graphene containing a single SiS defect and the free
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energy of the corresponding large region of pristine graphene, plus the free energy
per atom of graphene and minus the free energy per atom of bulk silicon.

This chapter focuses on the quantum Monte Carlo (QMC) calculations of
the formation energies of isolated SiSs and SW defects. Using first—principles
density functional calculations, the energy barrier to SW defect formation has been
investigated. Our aim is to provide a QMC assessment of defect-formation energy
to evaluate the validity of the DF'T method, which has been widely used in studies
of graphene defects. Because this work necessitates the calculation of the energy
per atom of both graphene and bulk silicon, we also take this opportunity to report

the QMC atomisation energy of bulk diamond-structure silicon.

5.2 Computational methodology

5.2.1 Defect formation energies

The investigation of the changes in the free-energy surface of graphene provides a
substantial understanding of the formation and migration of defects. The ‘pure’
formation energy P! of an isolated defect in graphene is defined as the free-energy
difference between a large graphene layer with a single defect and an analogous sheet
of pristine graphene. The pure defect formation energy is approximately equal to
the sum of the difference between the static-nucleus electronic ground-state energies
of defective and pristine graphene, which we evaluate using both DFT and DMC,
and the temperature-dependent difference in vibrational Helmholtz free energies,
which we evaluate using DFT.

The defect formation energy £' can be calculated as the summation of £Pf and
the changes in the free energies of the reservoirs of the atoms that are added or

removed. For the SW defect and SiS, these are:
Ehs = &b+ o — ps (5.1)
géw = gé)\fzw (5.2)
where the chemical potentials yc and ug; are the Helmholtz free energies per atom of

monolayer graphene and bulk diamond-structure silicon, respectively. The chemical

potential is defined as the sum of the static-nucleus electronic ground-state energy
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per atom and the temperature-dependent Helmholtz free energy per atom. Because
the pure defect generation energy is dependent on the pseudopotentials chosen, it
has no physical significance in itself. However, it is important from a theoretical
standpoint to distinguish between the finite-concentration and finite-size effects
caused solely by the calculations in the finite simulation subject of the periodic
boundary conditions from the finite-size errors in the energy per atom of graphene

and silicon.

5.2.2 Free energies of atomisation

The atomisation energy of a solid is an important quantity used to evaluate the
binding strength and thermal stability of a crystal. It is defined as the energy
required to release an atom from a solid. We calculate the free energy of the
atomisation of bulk silicon as the difference in the energy of an isolated, spin—
polarized silicon atom in its 3P, ground state and the Helmholtz free energy per
atom in bulk silicon. This provides a pseudopotential-independent (in principle) free
energy per atom that can be used to compare the stability of different condensed
phases. Note, however, that the temperature dependence of the free energy of the

reference gaseous atomic state is neglected.

5.2.3 Twisted periodic boundary conditions

Calculations of infinite periodic crystals in one-particle theories, such as DFT, can
be simplified to calculations of a single primitive cell that is subject to Bloch
boundary conditions. The expectation values can then be calculated per unit cell by
integrating them over the entire first Brillouin zone (BZ) or, equivalently, averaging
them over a discrete set of dense points in k-space. However, this approach cannot be
implemented in many-particle methods, such as QMC, as the long range of electrons
correlation may exceed the primitive cell size. Therefore, QMC calculations must
be performed in simulation cells comprised of several primitive cells that are subject
to the periodic boundary conditions described in [26]. For a supercell that contains

N electrons, the Hamiltonian must obey:

~

H(ry,...,r; + Ry, ooiTy) = f](rl, ey Ty ey TN (5.3)
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A ~

Hri+R,,...,t;+R,, ...ty +R,) = H(ry,...,T4, ..., TN) (5.4)

where r; is the electronic coordinate of electron ¢, and R, and R, are the primitive
cell and supercell lattice vector, respectively. As a result of these translational
symmetries, the many-body wave function of the simulation cell must satisfy the

following many-body Bloch conditions:

WU, (11, .o, v) = Ug, (11, .., ') XD (iks : Zri)7 (5.5)

=1
where k; is the supercell Bloch wave vector that lies within the supercell first BZ.

Uk, is an invariant function under the translation of any electron through a vector

R..

N
, 1
\I/kp(rl, . I'N) = Vkp(rl, ....,I'N) exp (ka : N ZI’Z‘), (56)

i=1
where R, is a primitive cell Bloch wave vector that lies within the first BZ of the
primitive cell. Vj, is an invariant function under the simultaneous translation of all
N electrons by a vector R,,. The use of a supercell Bloch vector k, # 0 is referred
to as the twisted boundary condition [62], where the wave function picks up a phase
exp (ik, - Rs) whenever a single particle is translated by a supercell lattice vector
R..

The trial wave function should be selected to fulfil Eqs. (5.5) and (5.6)
simultaneously, with Uy, and Vi, differing only by a phase factor. To do so, the
one-particle orbitals in the Slater determinant must be chosen to be of Bloch form
Uy (r) = uk(r) exp [tk - r|, where uyx has the periodicity of the primitive cell. The
twisted boundary conditions require that for a supercell consisting of [ x m x n
primitive cells, the single-particle orbitals must be generated for a single primitive
unit cell with an [ x m x n Monkhorst-Pack grid [248] offset from the origin by
the supercell Bloch vector (twist) k,, which lies within the supercell BZ. The twist
offset k, is permitted to vary randomly across the first BZ of the simulation cell.
For a fixed number of electrons, the total expectation values are computed as an
average over all twist vectors k, that are uniformly distributed over the supercell BZ.
This approach is called the canonical-ensemble twist averaging (TA) method [62],
and it has been shown that this method of averaging greatly reduces the oscillatory

single-particle finite-size effects of ground-state expectation values [134].
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5.2.4 The activation energy for the SW transformation

Defects migration is typically regulated by an activation barrier that varies with the
type of defect and grows exponentially with the temperature [247]. The activation
barrier refers to the amount of energy that reactants must obtain prior to producing
the products. Hence, the activation barrier energy of SW transformation can be
calculated as the difference between the ground-state energy of the transition state,
which is a saddle point with an energy maximum in the direction of the reaction
coordinate and minimum energy in all other directions, and the energy of the pristine
graphene ground state. Using modified geometry optimisation techniques, such as
the synchronous-transit approach for searching reaction pathways, the saddle point
in defect reactions can be determined. The maximum energy along the reaction
pathway is referred to as the activation energy F,, and the accompanying structure
is referred to as the transition state. The obtained barriers energy can be then used
to study the relation between the reaction rates under experimental conditions and
the temperature. Using a simple Arrhenius equation, the lifetime ¢ of a state can

be calculated as:

% = Aexp (;}ﬁf) (5.7)

where A is the characteristic optical phonon frequency, kg is the Boltzmann constant
and T is the deformation temperature. The pre-exponential A can be estimated

using the Vineyard formula [249].

5.2.5 DFT calculations

5.2.5.1 Total energy, geometry optimisation and phonon calculations

Using the plane-wave-basis code CASTEP [128], DFT calculations were performed
using the PBE generalised gradient approximation exchange-correlation functional
[17]. Nuclei and core electrons were represented by ultrasoft pseudopotentials [129]
in the calculations of total energy, geometry optimisation, and phonons. The
plane-wave cutoff energies of 556 eV and 305 eV were used for graphene sheets
and bulk silicon, respectively. The geometry structure for each defective graphene

was optimised to a force tolerance of 0.0025 eV A~! using lattice vectors equivalent
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to a pristine graphene carbon-carbon bond length of 1.42 A [250, 251]. Using
Monkhorst-Pack grids with about (51/v/N) x (51/+/N) points, the total energies
of defective graphene layers were computed for supercells of N primitive cells in a
VN x /N arrangement including a single defect. All the 2D DFT calculations were
performed using an out-of-plane artificial periodicity of 30 Bohr. Our bulk silicon
calculations used 17 x 17 x 17 Monkhorst—Pack k-point grids.

The vibrational contributions to the free energy were calculated using the DFT
finite-displacement supercell method. All geometric structures were optimised to
minimise the forces on atoms below 0.0005 ¢V A~' The phonon calculations were
carried out with atomic displacements of 0.005, 0.01, 0.015, 0.02, and 0.025 bohr,
and 5 x 5 Monkhorst—Pack supercell k-point grids were used. The final energies

were obtained by extrapolating linearly to a zero atomic displacement.

5.2.5.2 QMC orbital generation

The used structures were fixed to the DFT-PBE geometries produced from ultrasoft
pseudo-potentials and the fine k-point grid. The DFT orbitals were generated using
PBE relaxed graphene supercells consisting of 3 x 3, 4 x 4 and 5 x 5 primitive cells
with an artificial periodicity of 30 bohr. The plane-wave cutoff energy for the smaller
two supercells is 3401 eV, and the plane-wave cutoff energy for the larger supercell
is 2231 eV. These cutoff energies are such that the DFT energy per atom converges
to within the chemical accuracy limits of 0.1 mHa and 1.59 mHa [60], respectively.
Trail-Needs Dirac-Fock pseudopotentials [58, 59] were used to represent the nuclei
and core electrons with the s channel being chosen to be the local component when
the pseudopotentials are re-represented in Kleinman-Bylander form [61]. For bulk
silicon, supercells of 2 x 2 x 2, 3 x 3 x 3 and 4 X 4 x 4 primitive cells were used with

a plane-wave cutoff energy of 2231 eV for all system sizes.

5.2.5.3 The SW transition state calculations

All the transition state calculations were performed using the plane-wave-basis
code CASTEP [128]. The calculations were performed using the relaxed DFT-PBE
geometries generated by ultra-soft pseudo-potentials, a fine k-point grid and an

artificial periodicity of 30 Bohr. Using the same parameters, the SW transition
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state calculations were performed using supercells consisting of 3 x 3 x 1,5 x5 x 1
and 6 x 6 x 1 arrangements of primitive cells with a plane-wave cut-off energy
of 348.31 eV and fine k-point grid. Starting from a fully optimised reactant (pure
graphene) and product (SW) structures, we employed the linear synchronous transit
maximum method (LST maximum) [252] to locate the initial intermediate image.
A more refined saddle point search was performed using an iterative sequence
of quadratic synchronous transit maximisations (QST) in conjunction with the
conjugate gradient minimisations method [252] until the true transition state was
located. Finally, the nudged elastic band technique (NEB) [253] was utilised to
validate the transition state and evaluate the energy profile and structural images

along the transformation pathway of the SW defect in the graphene sheets.

5.2.6 QMC calculations

5.2.6.1 Trial wave functions

The QMC calculations were performed using the trial wave functions of Slater-
Jastrow (SJ) form. Using the TA method, different sets of orbitals were constructed
for each twist. The plane-wave orbitals were re-represented on a blip (B-spline)
basis [254] to improve the computational efficiency of the QMC calculations and to
eliminate the undesirable periodicity in the out-of-plane direction. The Jastrow
factor consisted of polynomial electron-electron, electron-nucleus and electron-
electron-nucleus terms, in addition to a plane-wave electron-electron term [37]. The
trial wave functions were optimised by first minimising the energy variance [47, 48]
and subsequently the energy expectation value [52]. For each supercell size, the
wave function optimisation was conducted at a single, randomly selected twist, and
the resultant optimised Jastrow factor was then used for all twists. The Trail-
Needs Dirac-Fock pseudopotentials [58, 59] were used with the d angular momentum

channel chosen to be local.

5.2.6.2 DMC calculations

To remove the biases caused by using finite time steps and populations of

configurations, the DMC calculations at each twist were performed using time
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steps of 7 = 0.04 and 0.16 Ha™!, with the corresponding target walker populations
being varied inversely to the time step. The target population was at least 256
configurations in all cases. The DMC energies were then extrapolated linearly to
a zero time step and infinite population. Concerning the DMC total energies of
defective graphene, Fig. 5.1 shows that the usage time steps are not small enough
to be in the linear-bias regime. Nevertheless, as shown in Fig. 5.2, the non-linear

parts of the time-step bias cancel out in the calculation of the pure defect formation

energy at each twist.
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Figure 5.1: DMC total energies per supercell of (a) SiS, and (b) SW defects in a
3 x 3 supercell of graphene against the DMC time step 7 at a single, randomly

chosen twist ks. The dashed lines show quadratic fits to the energy as a function of

the time step.
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Figure 5.2: DMC pure formation energies of (a) SiS and (b) SW defects in a 3 x 3
supercell of graphene against the DMC time step 7 at the twist kg used in Fig. 5.1.
The dashed lines show linear fits to the pure formation energy as a function of the

time step.

For bulk silicon calculations, the DMC energies per atom were calculated using
the time steps of 7 = 0.01, 0.04 and 0.16 Ha™!, enabling linear extrapolation to
eliminate the time-step bias in the total energy per atom. Once again, the target

walker population was altered inversely with the time step.

5.2.7 Finite-concentration and finite-size effects

5.2.7.1 Periodic supercells

The main source of uncertainty in our defect formation energy results is the need to
use finite simulation cells subjected to periodic boundary conditions with a single
point defect in the supercell in the DMC calculations. This results in many physical
differences from the dilute limit of isolated point defects in a large graphene sheet.
In the first place, the modelling of periodic supercells induces finite-size effects
at a given defect concentration. These finite-size errors in DMC total energies
include quasi-random, oscillatory, single-particle finite-size errors due to momentum
quantisation. This issue can be resolved by using the canonical-ensemble TA method
[62]. The leading-order long-range finite-size error in the kinetic energy per electron
largely cancels out the pure defect formation energies. Second, there are finite-
concentration effects resulting from the fact that we are modelling a periodic array

of point defects rather than a single defect. The leading-order systematic finite-
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concentration error in isolated defect-formation energy arises from unwanted elastic
interactions between defects and screened electrostatic interactions between periodic
images of defects [255]. Additional non-systematic finite-size errors result from
the interactions between charge-density oscillations surrounding defects. Using an
appropriate fitting function, we extrapolate the results to an infinite cell size to
decrease systematic effects and average out non-systematic effects.

For the calculation of chemical potentials and atomisation energy, the ground-
state energies per atom must be determined. In a finite supercell, these calculations
suffer from finite-size errors including (i) quasi-random single-particle finite-size
errors due to momentum quantisation effects and (ii) systematic finite-size errors
due to the evaluation of the long-range interaction between each electron and the
surrounding exchange-correlation hole using the Ewald interaction instead of 1/r

[256], as well as the neglect for long-range two-body correlations [134, 257].

5.2.7.2 Single-particle finite-size effects

In the finite supercell subject to periodic boundary conditions, the replacement of
the continuous integral over the first BZ by a sum over a discrete set of k-points
induces fluctuations in the energy per particle as a function of system size due to
single-particle finite-size effects. Similar energy oscillations are often seen in QMC
simulations, albeit with a different amplitude. Because momentum quantisation is
a single-particle effect, the fluctuations in the QMC energies as a function of twists
are generally proportionally ‘correlated’ to the corresponding fluctuations in the
DFT energies. DFT energies can therefore be utilised as a control variate (CV) for
calculating the twist-averaged (TA) DMC energy.
The TA energy Ef4c was determined by fitting:

Epnc(ks) = Ebyic + b [Eppr(ks) — EDier] (5.8)

to the DMC energy Epnc(ks) at twist kg, where b is a fitting parameter, Eppr(ks)
is the corresponding DFT energy and Efi¢. is the DFT energy calculated using a
fine k-point mesh. The use of DFT energy with the fine k-point as a covariate in
Eq. (5.8) simultaneously eliminates the noise result from momentum quantisation

due to using a finite number of twists and the residual errors in TA energy. Using

this approach removes most of the quasirandom noise resulting from momentum
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quantisation. The residual long-range errors are many-body effects that cannot be
removed by TA method.

All our graphene and bulk silicon DMC calculations were performed using
random twists of 24 each. In the calculations of defect formation energy, the total
DMC and DFT energies F(ks) in Eq. (5.8) were replaced with the DMC and DFT
pure defect formation energies £P(k,). The calculations of both pure and defective
graphene were performed at identical twists; therefore, the twist-sampling error in
the pure defect energy is far lower than the error in the total energies. There are
two highly different sources of (quasi-)random error in the TA-DMC energy for
a given supercell: the statistical error from the Monte Carlo simulation and the
residual momentum quantisation error that is not fully removed by fitting Eq. (5.8)
to EPI(k,). By utilising the same set of random twists for both defect and pristine
graphene computations, it is more likely that momentum quantisation errors and
statistical errors in pure defect formation energy will be significantly cancelled out
than in the total energy. In our calculations, we also minimise the mean bias using
Eq. (5.8) with all the twists to obtain the TA energy, and we only use twist-blocking
method proposed in Ref. [213] to estimate the error bar for the TA formation energy.

5.2.7.3 Long-range finite-size effects

To account for the finite-size effects and long-range finite concentration, the DMC
calculations have been performed at different supercell sizes and then the results
were extrapolated to an infinite system size using scaling law. In the case of the
SiS, there is some charge transfer from the silicon atom to the graphene sheet,
giving the defect a dipole moment. Defects in neighbouring supercells lead to
the inclusion of unwanted electrostatic dipole—dipole interactions. The screened
interaction between charges in a 2D semiconductor is of Rytova-Keldysh form
[198, 200], which is logarithmic at a short range, before crossing over to a 1/r
interaction at a lengthscale typically of the order of many tens of A. The supercell
sizes that we study here are comparable to this length scale. Rytova-Keldysh dipole—-
dipole interaction energies go as 3 at long range and as r~2 at a short range, which
leads to finite-concentration errors that go as O(N~!) in small supercells, then as

O(N73/2) in very large supercells.
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The SW defect, on the other hand, is a neutral defect with no dipole moment,
as it does not require a charge transfer between atoms. However, these defects
have a quadrupole moment, resulting in weak electrostatic interactions between
periodic images that decay rapidly as O(N~2-N~%2). Furthermore, elastic finite-
concentration effects result from the interaction of periodic images of point defects
through the long-range strain and stress field, which depend on the size and shape
of the unit cell used [255]. In general, assuming the defects induce isotropic stress,
the elastic finite-concentration effects on the energy scale as O(N ™).

In summary, the scaling of the elastic finite-size error (and the electrostatic finite-
size error in the case of the SiS) suggests that TA pure defect formation energies £P!

should be extrapolated to the thermodynamic limit by fitting:
EPI(N) = EP(00) + CN 7, (5.9)

where C' and EP!(00) are fitting parameters. Using DFT calculations, we confirm
in Fig. 5.3 that O(N~!) systematic finite-concentration errors are dominant in SW
and SiS defects in graphene.

For the bulk silicon results, the energy per atom was extrapolated to an infinite

system size by fitting the TA energies per atom (ep(N))1a to:
{ep(N))Ta = ep(00) + ¢ N7, (5.10)

where ep(00) and c are fitting parameters, and v = 1 for bulk silicon [257].
Graphene defect formation energies were computed using Eqs. (5.2)-(5.2) after
dealing with the finite-size effects in the pure defect formation energy and chemical

potentials separately.
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Figure 5.3: DFT pure formation energies of (a) SiS, and (b) SW defects in graphene
against the reciprocal of the supercell size N. Fine k-point grids were used in each
supercell. Ultrasoft pseudopotentials were used. The dashed lines show fits of Eq.
(5.9) to the data.

5.3 Results and discussion

5.3.1 Atomic structures

5.3.1.1 SiS

We used a carbon-carbon bond length of 1.42 A in all our pristine graphene
calculations [250, 251], and we used the exact same supercell lattice parameters
for our pristine and defective graphene calculations. Replacing a single carbon atom
using a silicon atom results in a defect of C point group, rather than Dsy,, due to a
Jahn-Teller distortion [231]. The DFT-PBE-relaxed geometry in Fig. 5.4 shows the
silicon atom bonded with three carbon atoms and lying above the graphene plane

due to partial sp® hybridisation.
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Figure 5.4: (a) Top-down and (b) in-plane views of the DFT-PBE-relaxed SiS

structure in a 5 x 5 supercell. The silicon atom is shown in blue.

5.3.1.2 SW defect

In graphene, an SW defect is formed by an in-plane rotation of a single carbon—
carbon bond 90° across its midpoint. This transforms four hexagonal unit cells into
two pentagons and two heptagons, as shown in Fig. 5.8, with the same number
of carbon atoms as pristine graphene and without any dangling bonds. The SW
rotation compresses or stretches many bonds, resulting in a wave of significant
vertical displacement of carbon atoms around the defect, as shown in Fig. 5.5. The
relaxed lattice will adopt either a ‘sine-like’ buckled structure, in which the two
rotated carbon atoms are slightly displaced in opposite out-of-plane directions, or a
‘cosine-like” buckled structure, in which the two rotated carbon atoms are slightly
displaced in the same out-of-plane direction. The ‘sine-like’ structure is the lower-

energy configuration [258, 259] and is the structure studied in this work.
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Figure 5.5: (a) Top-down and (b) in-plane views of the DFT-PBE-relaxed “sine-like”

SW defect structure in a 5 x 5 supercell.

5.3.2 Defect formation energies

Figure 5.6 shows the DMC and DFT defect formation energies as a function of the
reciprocal of the system size with different methods to handle the quasirandom finite-
size effects. Both the DF'T and DMC calculations used Dirac-Fock pseudopotentials.
The silicon and carbon chemical potentials were considered the energy per atom
of bulk silicon and monolayer graphene, extrapolated to an infinite system size.
Therefore, the variation in the results with system size that is shown in this figure
only arises from the finite-concentration and finite-size effects in the pure formation
energy. The DMC results obtained using the TA method are either performed
directly without using a control variate (CV) or by using the DFT results as a CV
by fitting to Eq. (5.8). The error bars on the ‘TA-DMC with CV’ data were obtained
using Gaussian propagation of errors through the fit of Eq. (5.8) to the DMC results
at all 24 twists. We also employed a twist-blocking technique [213] to get a standard
error estimate that accounts for both Monte Carlo random errors and finite-twist-
sampling random errors. The ‘“TB-DMC’ data were obtained by grouping the data
of 24 twists into six blocks of four twists. Figure 5.6 demonstrates that the use of

a CV significantly reduces the random errors in the DMC energy data. However,
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the use of a twist-blocking approach to account for the remaining twist-sampling
errors does not affect the random error estimate significantly. The DFT results are

obtained with a fine k-point mesh and the TA-DFT results were calculated in the

same fashion as the TA-DMC results without a CV.
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Figure 5.6: DFT and DMC formation energies against reciprocal of supercell size
N, using different methods for dealing with momentum quantisation errors, for (a)
SiS, and (b) SW defects. The red dashed lines show an unweighted least-squares fit
of Eq. (5.9) to the TB-DMC data.

In theory, the most accurate way to obtain the TA energy is to fit Eq. (5.8) to
formation energies in a single block of all the twists and then to use TB to obtain the
error bars. We found that the difference between the TA and TB mean energies is
negligible in practice; thus, we only used the TB-DMC mean energies for the finite-
size extrapolation. However, the TB errors are not large enough to quantify the
quasirandom finite-size errors in the formation energies at different supercell sizes.
This finite-size noise must thus originate from such effects as the enforced supercell
commensurability of Ruderman-Kittel oscillations in the density and pair density
rather than momentum quantisation. Quasirandom finite-size effects are larger in
the DMC formation energies than in the DF'T results, presumably because of the
explicit treatment of correlation in QMC methods. Performing DMC calculations
on a larger range of supercell sizes and presumably shapes would be straightforward
but expensive method to decrease these errors. The error bars on our DMC results
were obtained using the unweighted least-squares fit of the TB-DMC energy data.

Our final DFT and DMC defect formation energies are shown in Table 5.1, along
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Table 5.1: Theoretical static-nucleus formation energies for various point defects in
monolayer graphene. The carbon and silicon chemical potentials are the energies
per atom of graphene and bulk silicon, respectively. Results without citations were
obtained in the present work. ‘NTBM’ refers to a nonorthogonal tight-binding
model. To compare with experimental results, the vibrational free energies reported

in Table 5.3 should be added to the static-nucleus data reported in this table.

Defect formation energy (eV)

Method

SiS SW
DFT-PBE 3.77 [237], 6.85 [260]!, 3.59 4.71 [259], 4.32
DFT-LDA 4.66 [261]2, 4.86 [262], 5.42 [259)]
NTBM 4.60 [239]
DMC 4.0(5) 5.82(3) [259] , 5(1)
DMC-corrected DFT 4.4(1) 4.9(1)

! Reference [260] uses the ground-state energies of isolated atoms as chemical
potentials; for comparison with the other defect formation energies reported in this
table, the atomisation energies of graphene and bulk silicon should be, respectively,
added to and subtracted from the formation energy of Ref. [260)].

2 This work extrapolates DFT energies at different system sizes in the same fashion

we do here. All other cited DFT works are performed at finite supercell size.
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with DFT results from the literature. At each system size, we evaluate a correction
to the DFT formation energy as a difference between the TB-DMC result and the
DFT result with a fine k-point grid. The DMC corrections to the defect formation
energies in different supercells, including the chemical potentials extrapolated to
the thermodynamic limit, are given in Table 5.2. The DMC-corrections to the
DFT defect formation energy of the Si-substitution and SW defects were around
0.8(1) eV and 0.5(1) eV, respectively. In general, the difference between the DFT
and DMC formation energies is expected to be dominated by short-range effects,
with systematic finite-concentration errors (due to electrostatic and elastic effects)
similar in DFT and DMC; this is confirmed by the similar gradients of the fitted
lines in Fig. 5.6. However, the difference between DF'T and DMC shows quasirandom
fluctuations as a function of system size, which suggests that the best scheme for
using DMC to evaluate defect formation energies is to average the difference between
TB-DMC and fine-k-point DFT formation energies obtained in multiple supercells
and then to apply the resulting correction to DFT results extrapolated to the diluted
limit of infinite supercell size. Averaging over multiple supercells is clearly necessary,
because the difference between the DMC and DF'T results obtained in different cell
sizes in Table 5.2 fluctuates randomly by an amount that is significantly larger than
the error bars on the individual differences. This is congruent with the finding of

Ma et al. [259] concerning the SW defect in the graphene sheet.
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Table 5.2:  DMC corrections to the static-nucleus formation energies for Si
substitution and SW defects. Corrections were evaluated as the difference between
defect-formation energies calculated with TB-DMC using Eq. (5.8) and DFT-PBE
using a fine k-point grid. The DFT calculations use ultra-soft pseudopotentials
rather than the Trail-Needs Dirac-Fock pseudopotentials used by the QMC

calculations.

DMC correction to formation energy (eV)

Supercell g W
3x3 1.07(9) 0.65(2)
4x4 0.54(9) 0.27(2)
5x5 0.91(9) 0.70(3)
Mean 0.8(1) 0.5(1)

The DMC literature result for the SW formation energy [259], which has a
comparatively tiny standard error, was only calculated in a 5 x 5 supercell with
no attempt to control finite-size effects; our standard error is larger because it
accounts for quasirandom finite-size effects. DFT-PBE significantly underestimates
the formation energy for both defects. The DFT-PBE differences in the zero-
point vibrational energies and Helmholtz free energies at 298 K between defective
and pristine graphene for the SiS and SW defects are shown in Table 5.3. These
vibrational free-energy contributions should be added to the static-nucleus defect-
formation energies in Table 5.1. The vibrationally corrected DMC defect-formation

energies are 3.6(1) and 4.4(1) at 298 K for SiS and SW defects, respectively.

Table 5.3: DFT-PBE vibrational contributions to the Helmholtz free energies of the
formation of various point defects in monolayer graphene. The contributions are

extrapolated to the dilute limit.

Vib. contrib. to form. energy (eV)
Temperature (K)

SiS SW
0 —0.44 —0.49
298 —-0.41 —0.47
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5.3.3 SW transition state

Our PBE-DFT calculations predict that the true transition state corresponds to
the intermediate geometry, with two carbon atoms being displaced out of the plane
in different directions and two broken carbon bonds, as shown in Fig. 5.8c. The
NEB method has been used to generate a set of images between the reactant and
product structures of the system and then to optimise them to the minimum energy
pathway. The energy diagram in Fig. 5.7 illustrates the calculated energy barrier as
a function of the bond rotation from 0 to 90. The PBE-DFT values for the formation
and activation energies of the SW transformation are illustrated in Table 5.4. The
high-barrier energy is a result of the extensive atomic rearrangements, including the
breakage of two carbon bonds in the transition state. The high activation energy
for the SW transition state indicates that the formed SW defect will remain stable
under normal conditions and it is unlikely, even at high temperatures, to restore the

graphene structure to its pristine state after the SW defect has formed [247].

Table 5.4: The PBE-DFT activation barrier energy F, and defect formation energy
for SW defects in graphene monolayer sheet Egw. The DFT results in [6] were
obtained using the DFT-PW91 functional.

Supercell  E, (eV)  Egw (eV)

3x3 9.68 6.84
5 x5 9.2[6], 9.44 4.80], 5.2
6 % 6 9.394 4.8983
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Figure 5.8: The Stone-Wales transformation: (a)-(d) show the intermediate images
for the corresponding reaction coordinates at different rotation angles of the central
bond from 0° to 90° with respect to the loading direction. (c) The atomic

configurations of the SW transition state.
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5.3.4 Bulk silicon atomisation energies

For bulk silicon, we used DFT-PBE lattice parameters of 5.469 A. DMC atomisation
energies are plotted against system size in Fig. 5.9 for bulk silicon, showing that
finite-size effects are largely removed by extrapolation. The DFT-PBE vibrational
Helmholtz free energies per atom at 0 K and 298 K were found to be 61.9 meV /atom
and 36.1 meV /atom for silicon bulk, respectively. We also take this opportunity to
compare the bulk diamond-structure silicon results to the silicene, the 2D allotrope
of silicon. Silicene, the silicon counterpart of graphene, is a honeycomb structure
of silicon atoms with slightly buckled hexagonal sublattices that result from mixing
sp? and sp? hybridization. The dynamical stability of free-standing silicene has
been demonstrated theoretically using DFT calculations [263, 264]; however, in
practice it can only be synthesized experimentally on metal surfaces [265-267].
The fundamental issue for any attempt to use silicene in practical devices is its
lack of thermodynamic stability. Our vibration results indicate that the vibrational

effects stabilise silicene [213] more than bulk diamond-structure silicon at room

temperature.
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Figure 5.9: TA-DMC static-nucleus atomisation energies of bulk silicon against N1,
where N is the number of primitive cells in the supercell. The atomisation energies
are defined with respect to the DMC spin-polarised *Py ground states of an isolated

silicon atom.

The vibrational corrected DMC atomisation energies for bulk silicon extrapolated
to infinite system size, are reported in Table 5.5, along with DF'T results. We found
the vibrationally corrected SJ-DMC atomisation energy to be 4.4815(6) eV and
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4.5073(6) at 0K and 298 K, respectively. We evaluated our DFT and DMC results
considering the results reported in the previous literature [268-271]. Both LDA-
DFT and PBE-DFT calculations significantly overestimated the atomisation energy
of bulk silicon in DFT compared with DMC. Compared to the earlier DMC works
[268, 270], there is a small but statistically significant difference from our DMC
result. This disagreement probably arises from the fact that the earlier works did
not use TA. The DMC and DFT-PBE results are in reasonable agreement with the
experimentally determined atomisation energy of bulk silicon. In comparison with
the silicene’s DMC atomization energies results, bulk silicon is energetically more
stable than silicene by a huge margin of 0.7522(5) eV /atom [213]. This quantifies the

significant thermodynamic challenge involved in producing free-standing silicene.

Table 5.5: Helmholtz free energies of THE atomisation of bulk silicon. The DFT-
PBE vibrational free-energies reported in Sec. 5.3.4 have been subtracted from our
static-nucleus atomisation energies. Results without citations were obtained in the

present work.

Atomisation energies (eV/atom)

Method

Bulk silicon
Temperature 0K 298 K
DFT-LDA 5.34 [268], 5.3 [269], 5.29 5.31
DFT-PWI1 4.653 [268]
DFT-PBE 4.55 4.58
GFMC 4.51(3) [269]*
DMC 4.62(1) [268], 4.63(2) [270], 4.4815(6) 4.5073(6)
Experiment 4.62(8) [271, 272]

I Green’s function Monte Carlo method.

5.4 Conclusion

In summary, we used the DMC method to investigate the accuracy of DFT in first-
principles studies of point defect formations in monolayer graphene. The DMC

and DFT calculations of defected graphene were performed for different simulation
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cells. We found that DFT and QMC defect formation energies are affected by both
systematic and quasirandom finite-concentration effects. Although the systematic
finite-concentration effects in both QMC and DFT are similar, (so such that they
can be eliminated by extrapolation using an appropriate scaling law), the residual
quasi-random errors in our DMC formation energy are significant. These errors
can be reduced by taking the difference between the TA QMC and DFT formation
energy over different cell sizes, then applying that as a correction to DF'T formation
energies extrapolated to infinite system size.

Our results suggest that DFT-PBE underestimates the formation energies of
isolated silicon substitutions and Stone-Wales defects by a significant margin of
order 1 eV. Vibrational contributions to the free energies of the formation of point
defects in graphene have also been found to be non-negligible. Thus, there are
many factors to balance when evaluating defect formation energies in 2D materials
from first principles. We have also investigated the SW defects’ transition state
and the associated activation barrier energy at different system sizes. We found
that the energy barrier of SW transformation is as high as 9.3 eV due to the
atomic rearrangement caused by the 90° rotation of a single carbon—carbon bond.
We also calculated the DMC atomisation energies of bulk silicon to be in good
agreement with experimental results. Our results indicate that the DFT-PBE
calculations significantly overestimate the bulk silicon atomisation energy. We have
also compared the QMC atomization energies of bulk silicon and monolayer silicene,

finding that bulk silicon is more stable than silicene by 0.7522(5) eV per atom.

135



Chapter 6

Conclusions

QMC methods are accurate many-body approaches that can be applied to a wide
range of extended condensed materials or molecules. In this thesis, we have studied
the electronic, vibrational and optical properties of several materials using QMC
methods. In Chapter 1, we briefly reviewed the electronic structure methods most
commonly used in continuum condensed matter physics problems—namely, Hartree-
Fock theory, density functional theory and variational and diffusion quantum Monte
Carlo.

In Chapter 2, we developed a new methodology that accounts for the vibrational
effects on electronic structure based on the random sampling of the vibrational
normal coordinates from the nuclear wave functions within the BO approximation.
We started with a brief summary of the current developments in this area and
then outlined the vibrational renormalisation theory. We assumed that the atoms
in a crystalline solid can be considered frozen but randomly displaced from their
equilibrium lattice positions due to the quantum and thermal effects of lattice
vibration, resulting in a distribution of electronic excitation energies with a mean
value that differs from the static-nucleus gap. On the timescale of nuclear motion,
electronic transitions are instantaneous; therefore, the vibrational renormalisations
of optical gaps are obtained by averaging gap energies over a set of randomly sampled
atomic configurations. The formal description of the proposed technique was then
discussed in detail. We presented an efficient method to unfold the electronic band
structure of crystalline systems with negligible computational expense, considering

the electronic states’ degeneracy.
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In Chapter 3, we explored the application of our developed random sampling
method and employed the unfolding algorithm for electronic band structures.
Atomic configurations were randomly sampled based on quasiharmonic phonon
calculations within density functional theory, and the excitation energy at each
configuration was evaluated using QMC. The zero-point renormalisation and
temperature dependent effects were calculated for a range of materials. Our
presented method is based on supercell computations, which can be computationally
expensive for a larger system size. Nevertheless, the number of needed atomic
configurations sampled to reach convergence within QMC calculations is significantly
reduced to a small number (24) of random configurations by using the DFT
renormalised gaps as a control variate to reduce the statistical error bar of QMC
gaps. Our results show that averaging the band gap over atomic configurations
reduces statistical error bars, and the additional cost of vibrationally averaging QMC
calculations is relatively small. The vibrational renormalisation of the benzene band
gap shows a noticeable dependency on the DFT functionals used to produce the
harmonic vibrational phonons and generate the geometry and the orbitals for the
QMC calculations. The energy difference between the PBE and LDA functionals
renormalised gaps was approximately —0.119(5) eV, introducing a further source
of error into our QMC gap calculations. The implementation of a superior wave
function with a backflow function and multideterminant expansions in the benzene
calculations substantially improved the agreement with the experimental results.

In the calculations of bulk Si and C-diamond renormalised band gaps, the phonon
frequencies and bond lengths of semiconductors have been stated to be accurately
described by the LDA-DFT functional [16]. Using the LDA structure and phonon
frequencies, we reported the static-nucleus and vibrationally renormalised direct
gaps of bulk Si and C-diamond. The SJ-DMC renormalised gap calculations of
C-diamond gave the largest vibrational correction in our presented calculations by
around —1.0(1) eV, which indicates strong electron-phonon coupling effects. On
the other hand, the SJ-DMC renormalisation calculations of bulk Si direct gap
show small but not trivial vibrational corrections, which indicate the weak effect of
electron-phonon coupling on the band gap. The vibrational correction of the direct

optical gap of monolayer hBN was about —0.60(4) eV, whereas the indirect optical
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gap correction exhibited a small reduction. We also investigated the quantum effect
of zero-point motion on optical gaps of the vdW system of bulk hBN. We calculated
the quantum effect of zero-point motion on the optical gaps of bulk hBN. It is clear
that the SJ-DMC renormalisation corrections for the bulk hBN band gaps are not
negligible for the size of the studied system. In all our gap calculations, the DFT
method significantly underestimated the band-gap energy.

In Chapter 4, we performed QMC calculations to simulate finite concentrations
of charge carriers interacting through the Keldysh interaction in 2D materials. At
the low density limit, the electron-hole relaxation energy, PCF and contact PCF
were calculated. The calculated relaxation energy showed some consistency with
earlier work using Coulomb interactions. For a range of density parameter r, values
larger than the size of an isolated trion, the results indicated the formation of the
negative trion. Our results also showed that the electron-hole relaxation energy
approached the isolated negative trion energy at extreme low densities. The findings
of pair correlation functions, particularly the electron-hole contact PCF, will be of
advantage in calculating the electron-hole recombination rate.

Finally, in Chapter 5, we considered the properties of point defect formations
in monolayer graphene-namely, the silicon substitutions and Stone-Wales defects—to
benchmark the accuracy of the widely used DFT method in the study of point defects
in graphene sheet. The defect formation results showed that the residual quasi-
random finite-size errors in our DMC formation energy were significant. Therefore,
we suggested that the best way to calculate the defect formation energies is to use
the difference between the TA QMC and DFT formation energy as a correction to
DFT formation energies extrapolated to infinite system size. Our results showed
that DFT-PBE underestimates the defect formation energies of isolated silicon
substitutions and Stone-Wales defects by a significant margin (1 eV). Moreover,
the PBE-DFT activation energy for the SW transformation was as high as 9.3 eV,
in good agreement with earlier work. The DMC atomisation energy of bulk silicon
was also estimated and found to be in excellent agreement with the experimental

data.
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