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Inference on the extremal behaviour of spatial aggregates of precipitation
is important for quantifying river flood risk. There are two classes of previ-
ous approach, with one failing to ensure self-consistency in inference across
different regions of aggregation and the other imposing highly restrictive as-
sumptions. To overcome these issues, we propose a model for high-resolution
precipitation data, from which we can simulate realistic fields and explore
the behaviour of spatial aggregates. Recent developments have seen spatial
extensions of the Heffernan and Tawn (2004) model for conditional multi-
variate extremes, which can handle a wide range of dependence structures.
Our contribution is twofold: extensions and improvements of this approach
and its model inference for high-dimensional data; and a novel framework for
deriving aggregates addressing edge effects and sub-regions without rain. We
apply our modelling approach to gridded East-Anglia, UK precipitation data.
Return-level curves for spatial aggregates over different regions of various
sizes are estimated and shown to fit very well to the data.

1. Introduction. Fluvial flooding is typically not caused by high intensity extreme rain-
fall at single locations, but by the extremes of precipitation events which are aggregated over
spatial catchment areas. Accurate modelling of such events for both the present and the fu-
ture can help to mitigate the financial impacts associated with floods, for example if river
defences are built to withstand a T−year event of this kind. Approaches to quantifying the
tail behaviour of spatial aggregates exist in the literature; however, these techniques are of-
ten simplistic or make unrealistic assumptions about the behaviour of the process for which
they are trying to model. We present a novel methodology for making inference on the tail
behaviour of spatial aggregates, which we apply in the context of extreme precipitation ag-
gregates.

We define a spatial process {Y (s) : s ∈ S} for some spatial domain S . Our interest lies in
the upper tail behaviour of the spatial aggregate RA on regions A⊂S ⊂R2,

(1) RA =

∫
A
Y (s)ds,

for different, possibly overlapping, A, and the joint behaviour of (RA,RB) for A,B ⊂
S . Typically, the data we would have available for inference are realisations of Yt =
(Yt(s1), . . . , Yt(sd)) for t = 1, . . . , n, which are observations of said process {Y (s)} at d
sampling locations s = (s1, . . . , sd) ⊂ S at n sampling times. Note that s need not be point
locations; they can instead be non-overlapping grid-boxes. Data produced by climate models
are often available in this form and observations of Y (si), i= 1, . . . , d, correspond to spatial
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aggregates themselves, as they are typically presented as an average over the grid box si. In
these circumstances, the integral in (1) can be replaced with the equivalent summation, but
our methodology is still applicable; see Section 4.

Modelling extreme rainfall events over different spatial aggregation regions is difficult
due to spatially-localised and high intensity convection rainfalls. For summer precipitation,
convection events are the primary cause of extreme spatial aggregates of rainfall, even over
regions much larger than the scale of convection events. This poses significant challenges
when using data from any observation network of rain gauges, with such localised events
being either recorded at a single rain gauge or missed entirely, with the latter more likely if
the network is sparse or the observation window is short. In contrast, radar networks provide
spatially complete coverage but are comparatively short in duration and have their own is-
sues, such as calibration and attenuation (Harrison, Driscoll and Kitchen, 2000). The use of
climate/numerical models to provide inference on extremes of real-world processes is now a
standard approach, see e.g., Cooley and Sain (2010); Northrop and Jonathan (2011); Brown
(2020) and Huser and Wadsworth (2020), which we adopt. However, early generation climate
models failed to model convective rainfall due to insufficient spatial resolution. Currently, the
only viable approach to capture the physics driving extreme convection events, and any future
changes, is to use a new generation of high-resolution climate models that explicitly resolve
convection (Kendon et al., 2014). In addition to enabling the study of extreme convective
rainfall events, these models reproduce well the empirical properties of observational data,
benefit from long temporal runs, have no missing data, and provide the opportunity to explore
future climatic change scenarios.

We are interested in modelling extreme aggregated precipitation data for regions in East-
Anglia, UK. We use data from the UKCP18 local model projections (Kendon et al., 2019;
Met Office Hadley Centre, 2019). Analysing such high-resolution data poses significant new
computational challenges given the large number of sites in our chosen domain, with d= 934
exceeding the vast majority of previous spatial extremes studies. The lack of missing data
enables us to perform simple and fair comparisons of our approach with existing methods.

We assume that both the full marginal behaviour, and dependence, of {Yt(s)} is station-
ary with respect to time. Marginally, the upper tail behaviour of Y (s) is assumed to be
characterised by a generalised Pareto distribution (GPD) with scale and shape parameters,
υ(s) > 0 and ξ(s), respectively, that vary smoothly over s ∈ S (Davison and Smith, 1990).
Dependence in {Y (s)} is characterised through a marginal transformation to the process
{X(s) : s ∈ S}, which has standardised margins; see Section 2.2. Letting FY (s)(·) and FX(·)
be the marginal CDFs of {Y (s)} and {X(s)}, respectively, we rewrite (1) as

RA =

∫
A
Y (s)ds=

∫
A
F−1Y (s) {FX [X(s)]}ds.

We focus on the situation where {X(s)} is a stationary process; an assumption that we
find holds well for our application (see Section 4.4). If this assumption did not hold,
both non-parametric, and parametric, methods exist that account for non-stationarity in ex-
tremal dependence (Huser and Genton, 2016; Castro-Camilo and Huser, 2020; Richards and
Wadsworth, 2021), and these methods can easily be incorporated into our methodology.

As RA is essentially a sum of variables, a natural starting point is to consider extreme
value theory for sums, i.e., when A is a finite collection of indices. Consider the case where
ξ(s) varies over A and let ξA = maxs∈A ξ(s). If ξA > 0, then Breiman’s lemma (Breiman,
1965) gives that the upper-tail ofRA is determined solely by the behaviour at sitesA∗ = {s ∈
A, ξ(s) = ξA}. Connected results are given by Richards and Tawn (2021) for ξA ≤ 0. When
the value of ξA −maxs∈A\A∗ ξ(s) is small, convergence to the limiting extremal behaviour
of RA will be slow as the behaviour at the sites not in A∗ is completely ignored. Another
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perspective is to view RA as an infinite sum, and so the central limit theorem may apply
when ξA < 1

2 (which ensures finite marginal variances); which if correct would imply that
the upper-tail distribution of RA should be increasingly more likely to be exponential as
‖A‖ increases, i.e., ξ = 0 (due to characteristics of maxima of Gaussian random variables),
irrespective of whether or not ξ(s) varies over A. Generally this is a false argument, due to
Breiman’s lemma, when ξA > 0; however, it is supported in certain circumstances by results
in Richards and Tawn (2021) when ξA < 0. We consider regions A which are small relative
to lags at which spatial independence occurs, so we lack sufficient independence for central
limit theorem arguments to apply.

There are three main existing modelling approaches for inference on the upper tails ofRA:
univariate methods, spatial approaches that focus on modelling all of the data, and spatial
approaches that focus on modelling only the extremes; our approach falls in the latter class,
making less restrictive assumptions than previous methods of this type.

We first consider the univariate case. Within an extreme value analysis framework, uni-
variate methods for estimating the size of T−year events are well studied and cemented in
asymptotic theory (Coles, 2001). If we can create a sample of observations of RA, we can
use univariate methods to make inference on its upper tail, i.e., fit a GPD to exceedances of
a sample of RA above some fixed threshold and then extrapolate to high quantiles. However,
creating this sample can be challenging if s are irregularly spaced point locations. Further
complications arise if we have partially missing observations of {Y (s)}. Even if these issues
are overcome, when using univariate methods we lose the information present in the margins
of {Y (s)} and dependence of {X(s)}. If the process we are considering is precipitation,
this can lead to inference that is not self-consistent and may be physically unrealistic; a trait
that can be undesirable to practitioners. To explain this further, observe that, for precipita-
tion, {Y (s)} is non-negative everywhere, i.e., Y (s)≥ 0 for all s ∈ S . Trivially it follows that
RA ≥RB for all B ⊆A⊂ S and hence return levels should be similarly ordered. This natural
ordering may not follow if we take a simple univariate approach to modelling the upper tail
behaviour of the RA and RB aggregates separately (Nadarajah, Anderson and Tawn, 1998).

In the context of precipitation aggregates, one richly studied approach has developed a
class of stationary stochastic processes to model the whole precipitation intensity process,
continuous in both time and space. These models typically describe the intensity as the accu-
mulation, at each point in time and space, over a random number of simple shaped individual
stochastic rain cells, which cluster in time and space, and move on stochastic trajectories.
These models were first developed for a single site by Rodriguez-Iturbe, Cox and Isham
(1987), then developed spatially and for fine-scale processes, see Benoit, Allard and Mari-
ethoz (2018). These models are typically estimated by optimising the fit against a range of
characteristics of observed fields. As a result, these models can capture well the broad-scale
features of typical precipitation fields. However, for deriving the upper-tail of RA, the mod-
els and their inference have limitations as there is no guarantee that models for the body of a
process fit well to the extremes. Yet it is precipitation fields that are extreme somewhere in A
that yield extremes of RA unless A is very large relative to the range of spatial dependence.

From the perspective of spatial extremal methods, RA is simply a functional of a spa-
tial field which is extreme in some way. A typical approach to modelling extreme fields is
the use of max-stable models, see Padoan, Ribatet and Sisson (2010); Westra and Sisson
(2011); Reich and Shaby (2012). These models are predominately fit to component-wise
block maxima, typically annual maxima, at sampling locations. Typically annual maxima
do not occur concurrently for all sampling locations, do not give zeros, and so aggregating
over realisations from a max-stable process is not appropriate for inference on aggregates of
extreme precipitation events. Coles (1993) rectified some of these issues by using a point-
process representation of a max-stable field to derive the spatial profile of concurrent events.
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Coles and Tawn (1996) used this formulation to derive closed form results for the tail be-
haviour of RA where the tail parameters are determined by the marginal GPD parameters
of {Y (s)} and its dependence structure; Ferreira, de Haan and Zhou (2012) formalise these
results and provide some non-parametric extensions. Further extensions of this framework
by Engelke, De Fondeville and Oesting (2018) relate not only the extremal behaviour of
{Y (s)} and the aggregates RA, but also the joint behaviour of aggregates over different re-
gions, A. de Fondeville and Davison (2021) use functional Pareto processes to model the
dependence in {Y (s)} and Palacios-Rodríguez et al. (2020) illustrate non-parametric Pareto
process modelling to simulate extreme precipitation fields, re-sampling event profiles from
observed, gridded data. All of these modelling approaches rely on the marginal shape pa-
rameters of {Y (s)} to be spatially homogeneous i.e., ξ(s) = ξ for all s ∈ A, for each A of
interest. Furthermore they all have major limitations for applications due to their restrictive
choice of dependence structure, as described below.

The co-occurrence of extremal events is often quantified through the upper tail in-
dex χ(sA, sB) (Joe, 1997) for all sA, sB ∈ S , which can be defined for {Y (s)} as
χ(sA, sB) = limq↑1χq(sA, sB), where

(2) χq(sA, sB) = Pr{Y (sB)>F−1Y (sB)
(q)|Y (sA)>F−1Y (sA)

(q)}.

Positively associated max-stable, or Pareto, processes are asymptotically dependent (Coles,
2001) at all spatial distances, i.e., χ(sA, sB) > 0 for all sA, sB ∈ S . These models are then
unable to account for cases where we have positive association, but χ(sA, sB) = 0 for some
sA, sB ∈ S which holds for all Gaussian processes when sA 6= sB ; we refer to this scenario
as asymptotic independence, i.e., the tendency for extreme events to occur increasingly inde-
pendently as the magnitude of the events gets larger.

Wadsworth and Tawn (2019) have developed a conditional approach to spatial extremes
which allows for both asymptotic dependence and asymptotic independence at different spa-
tial distances. They provide a spatial extension of the multivariate Heffernan and Tawn (2004)
model, which enables the modelling of processes given that the process is extreme at least
at one location. Dependence parameters within the Heffernan and Tawn (2004) model are
represented as smooth functions, parametric or splines, of distance between variables at
the site of interest and the conditioning site, and the residual process is driven by a latent
Gaussian process, see Section 2.2. Extensions of this approach are given by Shooter et al.
(2020); Simpson, Opitz and Wadsworth (2021); Huser and Wadsworth (2020); Simpson and
Wadsworth (2021). These papers provide alternative parametric norming functions, imple-
ment Bayesian inference, spatio-temporal extensions, and involve small numbers of sampling
locations (d < 300), so that full inference is computationally feasible. One exception is Simp-
son, Opitz and Wadsworth (2021) who detail an inference approach using INLA for much
larger d; however, this imposes restrictions on the dependence structure parameters that are
not appropriate in our application. Across the papers, they perform extremal modelling of air
and sea temperature fields and spatial wave heights, each of which is spatially smoother than
precipitation and are without the issue of zeros. In particular, their primary descriptor of the
extremal dependence comes through a location function, see (6).

Compared to the use of limit models for RA, a much better sub-asymptotic approximation
is likely to come from modelling the margins and copula of {Y (s)} and deriving the high
quantile behaviour of RA through computational methods, such as simulation. This is the
approach we take but for {Y (s)} as a continuous spatial process. We build on the spatial
conditional extremes methods and adapt this approach for modelling extreme precipitation
fields, i.e., addressing the issues caused by the zeros in the field. We present a novel and
flexible solution to the problem of modelling the extremes of spatial aggregated variables
and provide improvements to the modelling and inference of spatial extreme fields generally.



MODELLING EXTREMES OF SPATIAL AGGREGATES OF PRECIPITATION 5

Using this spatial model we construct a sub-asymptotic tail model for RA. Our approach
overcomes the problems of the existing univariate method with ordering RA over different
A and dealing with partially missing data, and is more flexible than approaches that restrict
the spatial dependence in {Y (s)} to be either asymptotic dependence or asymptotic inde-
pendence everywhere or impose that ξ(s) is constant over s ∈ A. We find that when using
Monte-Carlo methods to approximate Pr{RA > r}, that the position and size of A within S
are important considerations in the inference for RA, which require new methods to detect
and account for edge effects. Due to the high value of d in our application, there are serious
problems with evaluation of likelihood and confidence interval construction for quantiles of
RA, so we adapt recently proposed stratified sampling schemes for model fitting. We also
propose new parametric forms for the spatial dependence functions. We observe high vari-
ability in the fitted model for {Y (s)} as we move further away from the centre of an event,
which corresponds to the observed roughness in events that generate extreme precipitation,
which unlike applications for other physical processes requires specific care with modelling
the scale function, see (7). We find strong indication that our model for {Y (s)} fits well and
that we are able to handle comfortably the structure of observed extremes fields, including
their zeroes, and estimate very well the distribution of RA for our data.

The layout of this paper is as follows: Section 2 describes our model for the process
{Y (s)}. We describe methods for model inference and simulation of events in Section 3,
which includes our censoring technique for handling zero values. In Section 4 we discuss
the marginal and dependence model fits for the precipitation data, and inference on the tail
behaviour of spatial aggregates of these data. We compare the results from our approach with
those using GPD fitted to the sample aggregates and using a spatial asymptotically dependent
model in Section 4.4. We end with further discussion and model extensions in Section 5.

2. Modelling the extremes of the spatial process.

2.1. Marginal Model. The site-wise marginals of {Y (s)} can be modelled using a fitted
GPD above some high threshold and the empirical distribution below (Coles, 2001). We ex-
tend this approach by incorporating a third component, which we denote p(s), that describes
the probability that there is no rain at site s. The marginal distribution function of Y (s) for
each s ∈ S is

(3) FY (s)(y) =


p(s) if y = 0
1−λ(s)−p(s)
FY+(s)(q(s))

FY+(s)(y) + p(s) if 0< y ≤ q(s)

1− λ(s)
[
1 + ξ(s)(y−q(s))

υ(s)

]−1/ξ(s)
+

if y > q(s),

where υ(s)> 0 and FY+(s)(y) denotes the distribution function of strictly positive values of
Y (s) and p(s)≥ 0, λ(s)> 0 and p(s) + λ(s)< 1; this ensures that the marginal distribution
is continuous across components. We expect spatial smoothness over FY (s) and so define full
spatial models for the three components of (3) which also enable us to make inference about
FY (s) for all s ∈ S , i.e., including where Y (s) is not observed.

We first consider the distribution of Y (s) above q(s). Following the approach of Young-
man (2019), we fit a generalised additive GPD model (GAM) to exceedances Y (s)− q(s).
This allows us to represent the GPD scale and shape parameters, υ(s) and ξ(s), respectively,
through a basis of smooth splines. We set λ(s) = λ for all s ∈ S , allowing us to estimate q(s)
for s ∈ S . We use a non-parametric approach, and simply fit a thin-plate spline to point-wise
estimates of q(s) for the associated λ, as the parametric method of Youngman (2019) fails as
we have point masses below q(s), caused by rounding of data.



6

We estimate p(s) = Pr{Y (s) = 0} for s ∈ S as a spatially smooth surface by using a
logistic GAM (Wood, 2006); that is, we fit logit{E[p(s)]}= g(s) where g(·) is a smoothing
spline. The degree of smoothness in the surface p(s) is determined by the choice of spline
used for g. We estimate FY+(s) using the empirical distribution of strictly positive values
of Y (s), which we denote F̃Y+(s)(·). We use the site-wise empirical distribution for fitting
and recognise that, should we require simulation of Y (s) for s ∈ S \ s, we can use additive
quantile regression (Fasiolo et al., 2021) to compute the empirical distributions at unobserved
locations. This can be performed, if necessary, using only a local neighbourhood of sampling
locations, as this method is too computationally expensive for large d and so is not viable
without dimension reduction.

We use (3) to perform a site-wise transformation of the margins of the data to a stan-
dardised distribution, albeit with discrete mass in each lower-tail. For modelling depen-
dence within a process {X(s) : s ∈ S} using the Wadsworth and Tawn (2019) conditional
extremes framework, we require its margins to have standard exponential upper tails, i.e.,
Pr{X(s) > x} ∼ C exp(−x) for some C > 0, as x→∞ and for all s ∈ S . We follow
Wadsworth and Tawn (2019) and use Laplace margins. We handle discrete components in
the margins of {X(s)} using censoring techniques, see Section 2.2.3.

2.2. Dependence Modelling. Wadsworth and Tawn (2019) model the underlying ex-
tremal dependence in our standardised process {X(s)}, given that it is extreme for some
s ∈ S , by first conditioning on the process being above some high threshold u at a speci-
fied site sO ∈ S . We introduce the function h(sA, sB) = ‖sA − sB‖ for sA, sB ∈ S , where
‖ · ‖ is some distance metric (we use the anisotropic measure (12)). Under the assump-
tion that there exists normalising functions {a : (R,R+) → R}, with a(x,0) = x, and
{b : (R,R+)→ (0,∞)}, such that as u→∞, they assume that for each sO ∈ S
(4)({

X(s)− a{X(sO), h(s, sO)}
b{X(sO), h(s, sO)}

: s ∈ S
}
,X(sO)− u

)∣∣∣∣∣
(
X(sO)> u

)
d−→

({
Z(s|sO) : s ∈ S

}
,E

)
,

where E is a standard exponential variable and process {Z(s|sO)} which is non-degenerate
for all s ∈ S where s 6= sO . That is, there is convergence in distribution of the normalised
process to {Z(s|sO) : s ∈ S}, termed the residual process, which is independent of E, and
Z(sO|sO) = 0 almost surely. Characterisations of the normalising functions, a and b and the
residual process Z(s|sO) are given in Sections 2.2.1 and 2.2.2, respectively.

To make inference on the upper tail of RA for any A⊂ S we require the process {X(s)}
given an extreme value somewhere in the domain S , i.e.,

(5)
{
X(s) : s ∈ S

}∣∣∣∣(max
s∈S

X(s)> u

)
for large u. Limit (4) conditions only on observing an exceedance at a specific site sO ∈ S , so
cannot be immediately used. However, this limit provides a core building block for what is re-
quired when combined with a limiting model for {X(sO)> u : sO ∈ S}|(maxs∈SX(s)> u)
as u→∞. For a stationary process, this limiting model will be invariant to sO for all sO ∈ S
which are sufficiently far from the boundaries of S . Wadsworth and Tawn (2019) show how
simulation from process (5) can be achieved through an importance sampling method; the
outline of this is given in Section 3.3.

For the process {X(s)} to exhibit long-range independence over R2, we need conditions
on a and b and Z(s|sO) so that independence is achieved as h = h(s, sO)→∞ for any
sO ∈ S and suitably distanced s ∈ S . This requires for any fixed x > 0, that a(x,h)→ 0 and
b(x,h)→ 1 as h→∞. Further, the residual process Z(s|sO) must have identical margins to
X(s) as h→∞; in particular, we require standard Laplace margins for Z(s|sO) as h→∞.
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2.2.1. Normalising functions. For inference, we assume parametric forms for the loca-
tion and scaling functions a and b, respectively, in limit (4). Wadsworth and Tawn (2019) pro-
vide a discussion of these normalising functions and provide some suggestions for their possi-
ble parametric forms. We considered the range of parametrics forms discussed by Wadsworth
and Tawn (2019); Shooter et al. (2020), but for brevity we report only the models that pro-
vided the best fit. We let

(6) a(x,h) = xα(h), with α(h) =

{
1, h≤∆,

exp(−{(h−∆)/κα1
}κα2 ), h >∆,

where ∆ ≥ 0 and κα1
, κα2

> 0 which allows {X(s)} to be asymptotically dependent up to
distance ∆ from sO , and asymptotically independent thereafter. We also take

(7) b(x,h) = xβ(h), with β(h) = κβ3
exp(−{h/κβ1

}κβ2 )

for κβ1
, κβ2

> 0 and κβ3
∈ [0,1], and so b(0, x) = xκβ3 . Long-range independence holds for

{X(s)}, as a(x,h)→ 0 and b(x,h)→ 1 as h→∞ for fixed x > 0, whatever the parameters.

2.2.2. Residual process {Z(s|sO)}. We follow Shooter et al. (2020) by imposing that
the residual process {Z(s|sO)} has delta-Laplace margins; a random variable follows a delta-
Laplace distribution, i.e., DL(µ,σ, δ), with location, scale and shape parameters µ ∈R, σ >
0 and δ > 0, respectively, if its density is

(8) f(z) =
δ

2kσΓ
(
1
δ

) exp

{
−
∣∣∣∣z − µkσ

∣∣∣∣δ
}
, (z ∈R)

with Γ(·) as the standard gamma function and k2 = Γ(1/δ)/Γ(3/δ). The scaling by k is
used to improve identifiability between σ and δ, as the random variable has expectation µ
and variance σ2 regardless of the value of δ. Use of the delta-Laplace distribution introduces
flexibility in the marginal choice for Z(s|sO), as for δ = 1 or 2, we have the Laplace or
Gaussian distributions respectively. As with the normalising functions, we parametrise the
delta-Laplace parameters as smooth functions of distance from the conditioning site sO . That
is, Z(s|sO)∼DL(µ{h(s, sO)}, σ{h(s, sO)}, δ{h(s, sO)}), with

µ(h) = κµ1
hκµ2 exp{−h/κµ3

}, (κµ2
> 0, κµ3

> 0),

(9)

σ(h) =
√

2 (1− exp{−(h/κσ1
)κσ2}) , (κσ1

> 0, κσ2
> 0),

δ(h) = max{1,1 + (κδ1h
κδ2 − κδ4) exp{−h/κδ3}}, (κδ1 ≥ 0, κδ2 > 0, κδ3 > 0, κδ4 < 1),

for h ≥ 0. These functions satisfy the constraint that µ(0) = σ(0) = 0, which ensures that
Z(sO|sO) = 0 holds and provides a flexible modelling choice for δ. Use of the max operator
in δ ensures that the tails of Z(s|sO) are not heavier than X(s), i.e., δ{h(s, sO)} ≥ 1 for all
s ∈ S . Furthermore, long-range independence in X(s) is achieved as µ(h)→ 0, σ2(h)→ 2,
and δ(h)→ 1 as h→∞, where the variance of a standard Laplace random variable is 2.

Following the approach of Shooter et al. (2020), dependence in {Z(s|sO)} is induced
by first considering the process {W (s|sO)} = {W (s)|(W (sO) = 0)} for all s ∈ S , where
{W (s)} is a standard stationary Gaussian process with correlation function ρ(h). We set
{Z(s|sO)}= {F−1Z(s|sO){Φ[W (s|sO)]}} for all s ∈ S , where Φ(·) and FZ(s|sO) are the CDFs
of a standard Gaussian distribution and Z(s|sO), respectively. The corresponding density
function to FZ(s|sO) is fZ(s|sO), defined by (8) and (9).

To illustrate the dependence in {Z(s|sO) : s ∈ S}, we consider the joint distribution of
Z(s|sO) in a finite-dimensional setting, which we achieve by using a Gaussian copula model.
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Consider any sO ∈ (s1, . . . , sd), and without loss of generality, rewrite the sampling loca-
tions as sO, (s1, . . . , sd−1), i.e., here we illustrate with sO = sd. The joint distribution of
{Z(s1|sO), . . . ,Z(sd−1|sO)} for sO is, for z = (z1, . . . , zd−1),

(10) FsO(z) = Φd−1
{

Φ−1(FZ(s1|sO)(z1)), . . . ,Φ
−1(FZ(sd−1|sO)(zd−1));0,Σ

}
,

where Φd−1(·;0,Σ) is the CDF of a (d− 1)−dimensional Gaussian distribution with mean
0. The correlation matrix Σ must account for the conditioning W (s)|(W (sO) = 0). To create
Σ, we initialise a stationary correlation matrix Σ∗ using correlation function ρ(·) evaluated
for all pairwise distances, and we condition on observing W (sO) = 0. That is, the correlation
matrix Σ has (i, j)-th element

(11) Σij =
Σ∗ij −Σ∗i0Σ

∗
j0

(1−Σ∗2i0 )1/2(1−Σ∗2j0)1/2
.

Note the elements of Σ are normalised such that the diagonal elements are equal to one. In
our application, ρ(·) is taken to be the Matérn correlation function

ρ(h) =
21−κρ2

Γ(κρ2)

(
2h
√
κρ2

κρ1

)κρ2
Kκρ2

(
2h
√
κρ2

κρ1

)
, (κρ1 > 0, κρ2 > 0),

where Kκρ2
(·) is the modified Bessel function of the second kind of order κρ2 .

To account for spatial anisotropy in the extremal dependence structure of {X(s)} we use
the transformation of coordinates

(12) s∗ =

(
1 0
0 1/L

)(
cosθ − sinθ
sinθ cosθ

)
s,

where θ ∈ [−π/2,0] controls rotation and L > 0 controls the coordinate stretching effect;
with L = 1 recovering the isotropic model. We define our distance metric ‖sA − sB‖ =
‖s∗A − s∗B‖∗, where ‖ · ‖∗ denotes great-circle, or spherical, distance.

2.2.3. Extensions for censored precipitation data. The non-zero probability of zeroes
for precipitation Y (s) causes the X(s), for all s ∈ S , to have non-zero mass at a finite lower
endpoint. Consequently, the Gaussian copula and delta-Laplace marginal model described
in (10) are not appropriate for the transformed precipitation data in these lower tail regions.
To circumvent this issue, we apply censoring at all points where Yt(s) = 0 for all s ∈ S and
t= 1, . . . , n; an approach adopted by Benoit, Allard and Mariethoz (2018), albeit for small d.
A spatially-varying censoring threshold c(s) is attained by transforming p(s) in Section 2.1
to the Laplace scale, using c(s) = F−1L {p(s)}, where FL(·) is the standard Laplace CDF. We
then assert that Yt(s) = 0⇔Xt(s)≤ c(s), which in turn implies that Zt(s|sO) ≤ c(sO)t (s)

where c(sO)t (s) is dependent on the value observed at the conditioning site and given in (13).
For inference, the number of censored components varies at each time point; the number,

locations and censoring values can all vary, with a maximum value of d− 1 locations with
censoring. If the number of censored components is large, it is clear from (10) that evaluation
of a censored distribution function will be computationally expensive. We take a pseudo-
likelihood approach to inference, which we detail in Section 3.1; this requires only a bivariate
density. We also detail its multivariate analogue; although this is not used for inference, it has
a variety of uses, i.e., infilling of extreme events with missing observations or inference at
sites s ∈ S \ s. These features are detailed in Appendix A of the Supplementary Materials
(Richards, Tawn and Brown, 2021).

3. Inference and Simulation.
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3.1. Model Fitting. Our censored triplewise likelihood approach for model fitting is
based on the pseudo-likelihood approach of Padoan, Ribatet and Sisson (2010); their pair-
wise approach provides unbiased estimation of model dependence parameters. Recall that
some observations are right-censored at different sampling locations with varying rate of
occurrence over time. To define a single likelihood contribution at time t, we begin by con-
sidering a single conditioning site amongst the observed sites si ∈ (s1, . . . , sd) such that
yt(si) > F−1Y (si)

{FL(u)} and hence xt(si) > u. We then define the set of all such times by

T (si) = {t = 1, . . . , n : xt(si) ≥ u}. For the observed sites, we define hi,j = h(si, sj) for
i, j = 1, . . . , d with i 6= j. Then for each site sj , j = 1, . . . , d, j 6= i, we define the residual for
time t ∈ T (si) for conditioning site si as

(13) z
(si)
t (sj) =

{
[xt(sj)− a{xt(si), hi,j}]/b{xt(si), hi,j ,} if xt(sj)> c(sj),

c
(si)
t (sj), otherwise,

where a and b are described in Section 2.2.1, and c(si)t (sj) = c(sj)−a{xt(si),hi,j}
b{xt(si),hi,j} is the cen-

sored residual for site sj with conditioning site si and t ∈ T (si). The full pseudo-likelihood
is given, for residuals z(si)t with conditioning site si and parameter vector ψ, by

LCL(ψ) =

d∏
i=1

∏
t∈T (si)

LsiCL(ψ;z
(si)
t ) =

d∏
i=1

∏
t∈T (si)

∏
∀j<k;j&k 6=i

gsi(z
(si)
t (sj), z

(si)
t (sk), c

(si)
t (sj), c

(si)
t (sk))

J(z
(si)
t (sj), z

(si)
t (sk), c

(si)
t (sj), c

(si)
t (sk))

,

(14)

where LsiCL is the censored likelihood contribution for si and the bivariate density g is defined
in Appendix A of the Supplementary Materials (Richards, Tawn and Brown, 2021). The
Jacobian term is

J
(
z
(si)
t (sj), z

(si)
t (sk), c

(si)
t (sj), c

(si)
t (sk)

)
= b{xt(si), hi,j}1{zt(sj)>c

(si)
t (sj)}b{xt(si), hi,k}1{zt(sk)>c

(si)
t (sk)},

where 1{·} is the indicator function. The parameter vector ψ contains all parameters of the
normalising functions a and b, the residual parameter functions µ,σ and δ, the correlation ρ
and the anisotropy. Estimation of ψ can be achieved by maximising (14).

3.2. Stratified sampling regime. Clearly, maximising (14) is computationally infeasible
if d is large, as evaluation of (14) requires (d− 1)(d− 2)

∑d
i=1 |T (si)|/2 evaluations of g(si),

which can require double integrals and grows as O(d3n). We detail a stratified sampling
regime to create a pseudo-likelihood that circumvents the computational issue. To construct
a sub-sample of data that can be used to estimate the parameters ψ via pseudo-likelihood
estimation, we first need to consider what these parameters represent. These parameters con-
trol characteristics of the dependence functions described in Sections 2.2.1 and 2.2.2, which
are functions of either distance to the conditioning site hi,j or pairwise distances hj,k for
si, sj , sk ∈ s. Thus, we construct our sub-sample by drawing triples of sites (si, sj , sk) ∈ s;
there are d(d − 1)(d − 2)/2 possible triples of sites, and our sub-sample must adequately
represent the distribution of the distances in the full data. However, not all distances can be
represented in the sub-sample. If we pick triples randomly, then we are more likely to pick
sites with larger pairwise distances. This has two disadvantages: pairs with larger distances
are not informative about the dependence parameters, as at these distances the process may
exhibit near-independence, and we are also unlikely to learn about the dependence for small
distances, as less pairs with smaller pairwise distances are sampled. To ensure this is not the
case, each triple (si, sj , sk) is chosen so that the distances hi,j , hi,k and hj,k do not exceed a
specified threshold. This is a natural extension of the approach of Huser and Davison (2013)
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who suggest using only pairs of locations that are within some low distance hmax > 0 of
each other - we instead impose this constraint on triples. We investigate the reliability of our
approach in Appendix B of the Supplementary Materials (Richards, Tawn and Brown, 2021).

To sub-sample ds� d(d− 1)(d− 2)/2 triples of locations for inference, we begin by uni-
formly sampling a conditioning site si ∈ (s1, . . . , sd). A pair of sites are then drawn randomly
from the set {sj , sk ∈ s \ si, j < k : max{hi,j , hi,k}< hmax} without replacement, and the
process is repeated. In sampling in this way, only sites within distance hmax of the condition-
ing site are used for inference. That is, we estimate the spatial functions of the dependence
parameters for hi,j < hmax and hi,k < hmax, and so hj,k < 2hmax only, and then extrapolate
to larger distances. There is a trade-off involved in choosing the value of hmax: if too low,
then extrapolations to larger distances are likely to be poor; if too high, fit at small distances
is compromised. In Section 4.3, we describe a heuristic technique for choosing hmax and
we find that this works well in practice. The number of triples ds is chosen to be as large as
possible, whilst pseudo-likelihood estimation remains computationally feasible.

3.3. Simulation of an event. We now detail a technique that will allow us to draw reali-
sations of {Y (s) : s ∈ S}. First, we note that the model in Section 2.2 does not describe the
dependence in all of {Y (s)}; instead, it describes
(15){
Y (s) : s ∈ S

}∣∣∣∣(max
s∈S

{
F−1L (FY (s){Y (s)})

}
> v

)
≡
{
F−1Y (s)(FL{X(s)}) : s ∈ S

}∣∣∣∣(max
s∈S
{X(s)}> v

)
,

for v ≥ u with u used for fitting in Section 3.1. Thus, to create a realisation of {Y (s) : s ∈ S},
we draw realisations of (15) with probability

(16) Pr

{
max
s∈S

{
F−1L (FY (s){Y (s)})

}
> v

}
,

and otherwise draw realisations of

(17)
{
Y (s) : s ∈ S

}∣∣∣∣(max
s∈S

{
F−1L (FY (s){Y (s)})

}
< v

)
.

As we do not expect realisations of (17) to contribute to the tail behaviour of RA, we simply
draw realisations of (17) from the observed data. We estimate (16) empirically; although this
could be inferred using the parametric model of Section 2. If S does not correspond to the set
of sampling locations, then we would have to approximate (17) though some form of infilling,
i.e., using the quantile regression technique (Fasiolo et al., 2021) discussed in Section 2.1.

We now describe a simulation technique that will allow us to draw realisations of (15).
That is, the field {Y (s) : s ∈ S} given that an extreme value above a threshold is observed
anywhere in the domain. This threshold varies with s and corresponds to the relative quan-
tile v on the Laplace scale. Wadsworth and Tawn (2019) detail the procedure for achiev-
ing this. There are three steps: drawing conditioning sites sO ∈ S , simulating the fields
{Y (s) : s ∈ S}|(F−1L (FY (sO){Y (sO)})> v) using the fitted model described in Section 2,
and then using importance sampling to approximate (15), see Algorithm 1, Step 2. The first
step requires random sampling of conditioning sites sO for some sO ∈ S ; we do this uni-
formly, which provides a good first approximation of the occurrence of these sites in S and
then improve on this via the importance sampling regime described below.

To simulate N realisations from process (15), we follow Wadsworth and Tawn (2019) and
draw an initialN ′ >N realisations of the process {X(s) : s ∈ S} on the Laplace scale. Then,
using importance sampling, we sub-sampleN realisations from {X(s) : s ∈ S}|maxs∈SX(s)> v,
and transform the margins of the sample to the original scale, {Y (s)}. The sub-sampling
regime adds extra weight to realisations for which the conditioning site is near the boundary
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of the domain. This is to alleviate the edge effect caused by not using conditioning sites out-
side of the boundaries of S . A discussion of a related issue is given in Section 3.4. We found
that setting N ′ ≈ 5N was sufficient for our application, although this may be dependent on
the size of S and value of N .

Algorithm 1 Simulating (15)
1. For i= 1, . . . ,N ′ with N ′ >N :

a) Draw a conditioning location s(i)O from S with uniform probability density 1/|S|.

b) Simulate E(i) ∼Exp(1) and set xi(s
(i)
O ) = v+E(i).

c) Simulate a field {zi(s|s
(i)
O ) : s ∈ S} from the residual process model defined in Section 2.2.2.

d) Set {xi(s) : s ∈ S}= a{xi(s
(i)
O ), h(s, s

(i)
O )}+ b{xi(s

(i)
O ), h(s, s

(i)
O )} × {zi(s|s

(i)
O ) : s ∈ S}.

2. Assign each simulated field {xi(s) : s ∈ S} an importance weight of{∫
S

1{xi(s)> v}ds
}−1

,

for i= 1, . . . ,N
′
, and sub-sample N realisations from the collection with probabilities proportional to these

weights.
3. Transform each {xi(s) : s ∈ S} to {yi(s) : s ∈ S} using the marginal transformation (3). If xi(s)≤ c(s), set

yi(s) = 0, where for some s
′
∈ S , yi(s

′
) is above its FL(v)-th quantile.

3.4. Inference on Spatial Aggregates. Using the sample of realisations of {Y (s) : s ∈ S}
generated in Section 3.3, we make inference about the tail behaviour of RA in (1) or the
corresponding sum; here we focus on the latter, but a discussion of the integral is given in
Section 5. The possible size of the aggregation region A in relation to the region S is of
particular interest. Trivially, we require A ⊆ S . However, we cannot have A = S , as if we
did, the simulation algorithm will never generate an event for which the conditioning site lies
outside of the boundaries of S , but we still observe an extreme event somewhere insideA. To
avoid such edge-effects, we require the boundaries of A to be far enough inside the interior
of S , such that the distribution (15) does not change if the size of S increases. Informally,
we require a buffer zone between the boundaries of A and S which is large enough, such
that any event with conditioning site outside of S has negligible effect on the distribution
within A. We select the width τ of this buffer zone by using the measure χq(sA, sB) given
in (2) and stationarity. We choose τ such that for any s ∈ A and sO ∈ R2 \ S , such that for
h(s, sO) > τ , we have χq(sO, s) < γ for small γ > 0 and for all large q; that is, we have a
small probability, less than γ, of observing a large event at s given that there is an extreme
event at any site outside of S . This measure can be evaluated empirically or by simulating
from the fitted model; we take the latter approach in Section 4.4.

4. Application.

4.1. Data. We consider data consisting of average hourly precipitation rate (mm/hour)
taken from the UK climate projections 2018 (UKCP18) (Lowe et al., 2018). Data are from
a convection permitting model which produces values over hourly intervals between the
years 1980 and 2000, using the observed atmospheric conditions. The sampling locations
are (5km)2 grid boxes corresponding to the British National Grid from Ordnance Survey
(OSGB). The spatial domain S of interest is East-Anglia, UK (see Figure 1) and only data
sampled over land have been included, leaving 934 sampling locations. Each observation cor-
responds to the average over the assigned spatio-temporal grid-box. The data represent the
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average in each grid-box, and so a natural quantity of interest is R̄A :=RA/|A|, rather than
RA, but we present results on RA as this variable must satisfy the ordering constraints dis-
cussed in Section 1. To remove any seasonal effect observed in the data, we use summer, i.e.,
July-August, observations only, leaving 43200 fields1. We chose to take summer precipita-
tion events as these typically exhibit higher intensity than winter events (Sharkey and Winter,
2019). We treat the centre of each grid box as a sampling location, and as the grid-boxes are
non-overlapping and contiguous, we can approximate the integral RA in (1) using a sum. We
use the great-circle distance as our distance metric described in Section 2.2.2.

4.2. Marginal Analysis. Initial analysis shows that the data consists of 8.7% hours with
zero precipitation, but much of the data with non-zero values exhibits noise around zero
produced by the climate model. Thus, the data less than 1× 10−5mm/hour were set to zero2,
increasing the average number of dry hours to 83.7%. Figure 1 gives a spatial map of the
estimated probability of zero precipitation p(s) within a given hour; this is estimated using
the logistic regression GAM detailed in Section 2.1. We observe some spatial variation in
p(s), with slightly lower estimates being found along the north-east coast.

We fit the spatial marginal model detailed in Section 2.1. We take λ(s) = 0.005 for all
s ∈ S in (3) and the corresponding GPD threshold q(s), estimated using a thin-plate spline,
is illustrated in Figure 1 with q(s) varying roughly over S ; larger values are found along
the east coast. The GPD GAM model with spatially smooth estimate parameters is then fit
to site-wise exceedances above q̂(s) at each site; a spatial map of the shape parameters is
given in Figure 1. We take the approach of Youngman (2019) and use as many knots as is
computationally feasible in the thin-plate splines, which is 300. This creates a potentially
overly rough spline which may overfit the data and not capture true physical smoothness;
however, our primary interest is in the dependence structure when studying aggregates as
this is the novel element of our model, so we chose this approach to ensure that the empirical
marginal distributions are as well modelled as possible. We observe ξ̂(s) > 0 for all s ∈
S , and so the marginal upper tails are unbounded at each site. Q-Q plots of the marginal
fits at five randomly sampled locations are presented in Figure S3 of the Supplementary
Materials (Richards, Tawn and Brown, 2021), all showing good fits. To evaluate the fit over
all locations, we use a pooled Q-Q plot, transforming all data onto standard exponential
margins using the fitted model, see Figure S3. Again the fit is remarkably good, although
confidence intervals are not provided due to the spatial dependence in the pooled data.

4.3. Dependence Model. All dependence models are fitted by taking the exceedance
threshold u in (4) to be the standard Laplace 98% quantile. This leaves 864 fields for fit-
ting the extremal dependence model given an observed extreme at a single conditioning site.
A lower threshold u was considered; however, we found that this leads to poorer model fits
as the data exhibits a partial mixing of dependence structures. We believe this is due to the
presence of multiple data generating processes in the climate model. Precipitation is typi-
cally generated by either high intensity events with localised spatial profiles, i.e., convective
cells, or low intensity events with much large spatial profiles, i.e., frontal storms (Thomassen
et al., 2020). In the absence of covariates to distinguish between these events in the data, we
use a higher exceedance threshold to remove any frontal events; this is discussed further in
Section 5. The empirical estimate (and 95% confidence interval) for the probability in (16) is
0.273 (0.257,0.290); this corresponds to the proportion of all observed fields used for fitting

1Note that the UKCP18 data uses a 360 day calendar, and so each month is composed of 30 days.
2This level of precipitation would be recorded as zero by a rain gauge.
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FIG 1. Spatially smoothed marginal distribution parameter estimates for East Anglia. Left: p̂(s), centre: q̂(s),
right: ξ̂(s). υ̂(s) is illustrated in Figure S2 of the Supplementary Materials (Richards, Tawn and Brown, 2021).

when we pool over all 934 conditioning sites. Confidence intervals for (16) were created us-
ing a stationary bootstrap (Politis and Romano, 1994) with 1000 samples and expected block
size mK , here taken to be 48 hours. To compute a single bootstrap sample, we repeat the
following until a sample of length greater than or equal to n is obtained; draw a starting time
t∗ ∈ {1, . . . , n} uniformly at random and a block size K from a geometric distribution with
expectation mK , then add the block of observations {yt(s) : s ∈ S, t ∈ {t∗, . . . , t∗+K − 1}}
to the bootstrap sample. However, in cases where t∗ is generated with t∗ +K − 1 > n, we
instead add {yt(s) : s ∈ S, t ∈ {1, . . . , t∗ +K − n− 1} ∪ {t∗, . . . , n}}. We then truncate the
sample to have length n.

We proceed with an initial analysis by fitting a simple version of the model of Section 2.2
to these data. We fit the model with two caveats: we make the temporary assumption that
the residual process {Z(s|sO)} is independent at all distances; and evaluate a sequence of
“free" pairwise parameter estimates (Wadsworth and Tawn, 2019) for the normalising func-
tions and those functions that describe the marginal characteristics of {Z(s|sO)}. That is,
we fit individual parameters, i.e., α(sO)

si etc. for i= 1, . . . , d with si 6= sO , rather than a spa-
tial function α{h(s, s0)}, and we do this for seven different conditioning sites sO sampled
randomly over S . This approach can be used to assess the stationarity of {X(s)}; if we ob-
serve clear disagreement in the parameter estimates for the different conditioning sites, then
the assumption of stationarity of {X(s)} is unlikely to be appropriate. We find no evidence
for non-stationarity in the parameter estimates presented in Figure 2; while we observe some
volatility in the free parameter estimates, the general patterns appear to be the same regardless
of the choice of conditioning site. We use the spatial structure in the free estimates to motivate
our choice for the forms of the parameter functions detailed in Sections 2.2.1 and 2.2.2.

Using the sampling method described in Section 3.2, the full spatial fit uses ds = 5000
triples of sites with each sampling location being used as a conditioning site at least once.
As the estimates of α and β in Figure 2 decay quickly with increasing spatial distance, i.e.,
for any distance greater than 25km, α ≈ 0 and β < 0.5; this illustrates that the underlying
process Y (s) exhibits fairly localised strong extremal dependence. This suggests that we
should focus on modelling extremal dependence locally, as this will be the driving factor of
the aggregate behaviour. A distance of 25km in the anisotropic setting corresponds a distance
of at most 28km in the original setting, and so we set hmax = 28km. Although 5000 triples
of sites represents a very small proportion of all possible triples, we observe a good model fit
from Figure 2, which shows that, even at distances greater than 28km, the fitted parametric
functions for the dependence parameters correspond well to the sequences of free estimates.
We fitted a variant of (9) for δ, without the max operator constraint, and found the best fit was
achieved with this δ function. That gave values for δ{h(s, sO)} < 1 at the two closest sites
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FIG 2. Estimates of parameters that determine the extremal dependence structure plotted against inter-site dis-
tance h, which is calculated under the anisotropy transformation for the full spatial model. Estimates from the free
fits described in Section 4.3 are given by the black points, parametric spatial functions are given in red (asymp-
totically independent model) and blue (asymptotically dependent model). Bottom right: estimates from model for
χq(s, sO) in (2) with q = 1/(24× 90). Distances (km) are given in the spatial anisotropy setting.

to sO . We found that this had negligible effect on the analysis, but clearly form (9) would be
more ideal.

Figure 2 can be used to make further inference about the underlying dependence struc-
ture of the precipitation process. For example, we find that ∆ in (6) can be taken to be zero
without restricting the quality of the fit and similarly we can set κδ4 = κβ3

= 1. The estimate
∆ = 0 suggests that the process is asymptotically independent at even the closest distances as
asymptotic dependence requires both α(h) = 1 and β(h) = 0 for all h, which the estimates
in Figure 2 suggest is not the case; a fit imposing asymptotic dependence is discussed later.
Furthermore, we found that incorporating spatial anisotropy into the dependence model im-
proved the overall fit; stronger extremal dependence was found along an approximate −10◦

bearing, reducing by at most 7% over different directions. Parameter estimates (and stan-
dard errors) are provided in Table S1 in the Supplementary Materials (Richards, Tawn and
Brown, 2021). Although not illustrated in Figure 2, ρ decays quickly with distance, with
ρ(100)≈ 0.2.

To further support the choice of hmax, we estimate χq(s, sO) in (2) for sO ∈ S in the centre
of S , taking q corresponding to a one-year return level probability, and look to see how far
away s must be for χq(s, sO) to be less than γ for small γ > 0 (see Section 3.4). We estimate
χq(s, sO) by simulating 5× 104 replications, using Algorithm 1, from the fitted model and
this is illustrated in Figure 2, bottom-right panel; for γ = 0.1, we find that a distance of hmax
is sufficient and so we set τ = hmax in Section 3.4, discussed further in Section 4.4.

Figure 3 illustrates six extreme fields: three realisations from the model defined in (15)
and three observations from the data. Fields are chosen such that the site in the centre of S
exceeds its 99.9%-quantile but the maximum over the entire field does not exceed 30mm/hr;
this is to make it easier to compare the spatial structure in the fields. Realisations from the
model appear to replicate the roughness in observed events well. Furthermore, in Figure 3
we observe that replications from the model are able to exhibit some of the different phys-
ical properties of extreme precipitation. For example, the top-left panel displays a spatially
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flat event whilst the other two illustrate localised extreme events; multiple sub-events in the
top-middle and a single sub-event in the top-right. Further diagnostics for fitted extremal de-
pendence models have been proposed in the literature, e.g., by Blanchet and Davison (2011),
Huser and Wadsworth (2020); however, our focus lies on inference for aggregates and so we
present diagnostics for these variables only.
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FIG 3. Extreme precipitation fields (mm/hr). Top-row: realisations from the fitted model described in (15). Bottom-
row: observed fields from the data.

As α quickly goes to zero with distance, all extremal dependence is instead exhibited
through β. This is atypical of fits of this model for other applications (Wadsworth and Tawn,
2019; Shooter et al., 2020; Simpson and Wadsworth, 2021), where the α function drives
the extremal behaviour of their modelled processes, e.g., temperature and sea wave heights.
Having β controlling extremal dependence would suggest that the process that generates the
extreme precipitation we are modelling is somewhat rough; this concurs with the observed
fields containing an extreme value shown in Figure 3, and consistent with the spatial nature
of strong convective rainfall. To illustrate this, we note that, for small h= h(s, sO), we have
α(h) ≈ 0 and β(h) ≈ 1, then E[X(s)|X(sO) = x] ≈ µ(h)x and Var(X(s)|X(sO) = x) ≈
x2σ2(h), and so the largest events at sO are the most variable. This has not been observed
in other applications as the extremal dependence in these processes is typically quite smooth
with Var(X(s)|X(sO) = x)≈ σ2(h) as β(h)≈ 0 when h is small. Even at the largest h value
possible in S , the process {X(s)} does not exhibit independence; although α and β tend to
zero the residual process does not attain standard Laplace margins with δ(h) = 1.

Existing literature for approaches that rely on modelling the underlying process to make
inference the extremal behaviour of spatial aggregates of precipitation typically use mod-
els that only allow for asymptotic dependence (Coles, 1993; Coles and Tawn, 1996; Buis-
hand, de Haan and Zhou, 2008). We fit such a model to illustrate that imposing asymp-
totic dependence may lead to poor inference for the tails of spatial aggregates. We term
this the “AD model" and the model described above as the “AI model". To specify the
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AD model, we fix α(h) = 1 and β(h) = 0 for all h and we change σ(h) in (9) to
σ(h) = κσ3

(1− exp{−(h/κσ1
)κσ2}) with κσ1

, κσ2
, κσ3

> 0, as we no longer require that
σ(h)→

√
2 as (h)→∞. The corresponding µ(·) and δ(·) functional forms remain the same

and the spatial anisotropy setting described in (12) is still used. To fully capture the behaviour
of µ(·), we found we had to take hmax = 75km. The estimated spatial functions for the AD
model are illustrated in Figure 2. With α and β fixed, we observe that the other parameters are
forced to compensate for this misspecification. For example, we observe a strictly negative
µ function; this is to compensate for fixing the α value too large for the data. Given this, we
re-estimated the free parameters with α = 1 and β = 0 fixed and observed good agreement
between the spatial functions and these new estimates. However, this does not imply that
the model as a whole fits well, this is emphasised in Section 4.4 where spatial aggregates of
simulated fields {Y (s)} are studied.

4.4. Diagnostics and tails of spatial aggregates. Q-Q plots, presented in Figure 4, assess
how well the tails of the simulated distributions compare against the tails of the empirical
distribution of the spatial averages. Confidence intervals given for the simulated quantiles
are derived by applying to the observations the stationary bootstrap with expected block
size of 48 hours. We evaluate a sample of 50 parameter estimates by applying the proce-
dure described in Section 3.2 to stationary bootstrap samples of the data; note that we keep
hmax = 28km, but use different, randomly selected triples of sites for each sample. Only
50 estimates were derived due to the computational resources required for fitting. For each
parameter set estimate, we draw 5× 105 realisations of {Y (s) : s ∈ S} using the regime de-
scribed in Section 3.3. Then R̄A is calculated for each sample and for each region A; per
the discussion in Section 4.3, each A is at least τ = 28km away from the boundaries of S .
Figure 4 illustrates generally very good fits for the tails of R̄A with nested regions A. The AI
model appears to slightly underestimate the true magnitude of the largest aggregates for the
largest regions; while this may suggest that the model is not capturing dependence at further
distances from the conditioning site, Figure 2 suggests that the model fits well even at the
furthest distances. This leads us to suspect that there is a mixture of events present in the
data when we consider large spatial regions for aggregation, and that the model is not flex-
ible enough to capture these mixtures, see Section 5. To illustrate the benefits of using our
approach, Figure 4 also illustrates the same diagnostics for the AD model described in Sec-
tion 4.3 for the smallest and largest regions. The AD model provides much poorer fits than the
AI models, as it always overestimates the quantiles; this suggests that the AD model overes-
timates the dependence within the original process even for the smallest aggregation regions.
A similar plot for non-overlapping regions is illustrated in Figure S6 of the Supplementary
Materials (Richards, Tawn and Brown, 2021); here we observe some underestimation in the
largest estimated return levels for the regions closest to the east coast, which is a possible
indication of non-stationarity along this coast.

As discussed in Section 1, obtaining physically consistent return level estimates of spa-
tial aggregates is essential. We compare two methods for achieving this: (i) performing a
long-run simulation from our model, deriving empirical estimates of return-levels from these
replicates; (ii) fitting a GPD to the observed aggregate tails and extrapolating to the desired
return-level. Ideally, we want to use only the former approach as this mitigates the potential
issues with using method (ii) discussed in Section 1; however, for computational efficiency,
we perform a shorter run for method (i) with 5× 105 realisations and use a fitted GPD to ex-
trapolate to the largest return-levels. Figure 5 presents estimates of return level curves for RA
over the nested regions, illustrated in Figure 4, using methods (i) and (ii), top-left and top-
right panels, respectively. For each regionA, a GPD is fitted to exceedances of the respective
sample RA above the 99.9% quantile and return level curves are estimated from these fits. In
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FIG 4. Q-Q plots for model, and empirical, R̄A of regions of increasing size. Left: AI model, right: AD model.
Probabilities range from 0.7 to a value corresponding to the 20 year return level. 95% confidence intervals are
given by the blue dashed lines. Q-Q plots for all six regions for the AD model are given in Figure S5 of the
Supplementary Materials (Richards, Tawn and Brown, 2021). Centre: aggregate regions A with corresponding
areas (125,525,1425,2425,3350,5425)−km2. Regions 1-6 are coloured red, green, blue, cyan, purple, yellow;
regions include both the coloured and interior points.

the top-right panel of Figure 5, we observe intersection in the return level curves estimated
for the two smallest regions using method (ii). This problem does not arise using the compu-
tationally efficient version of approach (i), e.g., in the top-left panel of Figure 5, where we
have 5× 105 × 20/43200 ≈ 231, and 20, years of data for inference, respectively. Further-
more, the confidence intervals produced by method (i) are tighter, as more data are used for
extrapolation; we illustrate this in the bottom-left panel of Figure 5, where we overlay return
level estimates RA using both methods, for a single region A. Confidence intervals are de-
rived for both methods by fitting a GPD to 50 bootstrap samples of RA: in method (i), these
are the samples as described at the top of this section; for (ii), we perform a simple bootstrap
of the observed data, assuming temporal independence. A higher exceedance threshold for
approach (i) was considered, but we found that the difference in estimates was negligible;
to support the use of the 99.9% quantile, we illustrate a pooled Q-Q plot in Figure 5, trans-
forming exceedances from all 50 bootstrap samples onto standard Exponential margins using
their respective GPD fits and observe an excellent overall fit.

A further point of interest for practitioners is inference on the joint behaviour of (R̄A, R̄B)
for different regions A,B ∈ S . We investigate this joint behaviour for the different aggregate
regions given in Figure 4. Figure 6 illustrates realisations of pairwise (R̄A, R̄B) for both
model and empirical estimates with nested regionsA,B, showing that the model captures the
joint distributions well; a similar figure is given for non-overlapping regions in Figure S7 of
the Supplementary Materials (Richards, Tawn and Brown, 2021), in which we observe that
extreme events do not typically occur together. This suggests that the extremal behaviour of
the aggregates is driven by spatially-localised events. Further evidence for this can be found
in Figure 6 for aggregates over nested regions; if the extremes of RA were driven by events
with a spatial profile that encompassed S , then we would not observe weakening extremal
dependence between aggregates over the smallest, and increasingly larger, regions. Instead,
we would observe no change in the strength of extremal dependence.

5. Discussion. We have presented extensions of the Heffernan and Tawn (2004) and
Wadsworth and Tawn (2019) models for modelling the extremal dependence for precipitation
data. As illustrated in Section 2.2, this model provides flexibility over existing models for
extreme precipitation as it can capture asymptotic independence. Simulating from this model
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FIG 5. Top: Estimated return level curves of RA using the model (left) and observations (right). Colours cor-
respond to the regions illustrated in Figure 4. Bottom-left: return level estimates for Region 6 in Figure 4 using
methods (i) and (ii) in black and red, respectively. 95% confidence intervals for the methods are given by the
coloured dashed lines. Bottom-right: Q-Q plot for pooled GPD fit for approach (i), over all 50 bootstrap samples,
on standard Exponential margins. 95% tolerance bounds are given by the dashed lines.
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FIG 6. Plots of 2× 104 realisations of pairwise (R̄A, R̄B) for nested regions A,B, illustrated in Figure 4. Black
points are model estimates, red points are from the data. The regions A,B are labelled on the respective panels.

is simple, and replications can be used to make reliable inference about the tail behaviour of
spatial aggregates of the underlying process once issues linked to edge effects are addressed.
This approach circumvents an issue that is common with independent inference on the tails
of spatial aggregates over different regions, namely that they run the risk of making inference
that is inconsistent with the physical properties of the process.

A particular drawback of our approach is that inference using the full likelihood is com-
putationally infeasible. To overcome this issue, we proposed methods for model fitting and
assessing parameter uncertainty that are based on a pseudo-likelihood approach which re-
quires specification of a hyper-parameter hmax. We found that these methods worked well
in our application, as we were able to choose a suitable hmax quite low for which the model
fits well in a reasonable time-frame, see Figure 2. This is because our data exhibits fairly
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localised extreme events; in applications where this is not the case, a larger hmax will be
required which could potentially lead to more samples being required for fitting.

Data used in Section 4 are from a climate model, which means that sampling locations
are comprised of non-overlapping grid-boxes, rather than point locations. In our application,
we take RA to be the corresponding summations, rather than the integrals defined in (1);
however, this is not to say that our approach cannot be used if we require inference on the tail
of an integral. We have detailed a fully spatial model for both the dependence and marginal
behaviour of {Y (s)}, and so it is possible to create a sample of {Y (s) : s ∈ S} where S is
not necessarily the sampling locations. We can then approximate RA by specifying S as a
fine-grid and taking the sum of {Y (s) : s ∈A}.

When considering spatial aggregates over the largest regions A, we find that our approach
slightly underestimates the largest events, see Figure 4. Whilst this may be caused by bound-
ary effects, it could also be caused by a complexity of the data generating process that is
not captured by the model. As the size of A increases, it becomes less likely that the tail
behaviour of RA is driven by a single type of extreme event. There are two possible areas
of complexity that are missed for regions that are sufficiently large: (i) multiple occurrences
of localised high-intensity convective events (Schroeer, Kirchengast and O, 2018), whereas
we modelled single occurrences in Section 4; (ii) events consisting of a mixture of localised
high-intensity convective and widespread low-intensity non-convective, events. Our data ap-
pears to exhibit these; recall in Section 4.3 we remarked that we considered a lower threshold
u in (4) for modelling, but we found that this was not feasible as the data exhibits mixtures of
dependence. A higher threshold had to be specified to remove observed fields that exhibited
long-range spatial dependence to improve model fitting. Further improvements can be made
to inference on the tails of RA by modelling frontal events. To illustrate this, consider that
we model RA|(maxs∈SX(s) > v), i.e., RA given an extreme event somewhere in S , and
undo said conditioning using the data. We do not model RA given that there is no extreme
event anywhere in S , i.e., such as caused by a frontal event. As the size of A grows, we will
increasingly find that these events will drive the extremal behaviour of RA; this could be fur-
ther explanation behind the underestimation in Figure 4, and so should be incorporated into
the model. We also considered another measure of the extremal dependence in Appendix C of
the Supplementary Materials (Richards, Tawn and Brown, 2021), which suggests improve-
ment may be possible using mixture modelling. A possible approach to this problem is to
incorporate covariates on precipitation field type into the model.
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ing through the STOR-i Doctoral Training Centre and Engineering and Physical Sciences
Research Council (grant EP/L015692/1). Simon Brown was supported by the Met Office
Hadley Centre Climate Programme funded by BEIS and Defra. The authors are grateful to
Robert Shooter of the Met Office Hadley Centre, UK, and to Jennifer Wadsworth and Emma
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SUPPLEMENTARY MATERIAL

Supplement:
(doi: COMPLETED BY THE TYPESETTER; .pdf). Supporting material is provided for
methodology proposed in the main text. Additional figures are provided as diagnostics for
model fits in our application. The data can be downloaded from the CEDA data catalogue,
see Met Office Hadley Centre (2019). Code that supports our findings can be found in the
Jbrich95/scePrecip repository on GitHub.

http:/github.com/Jbrich95/scePrecip
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