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Analogue Hawking temperature of a laser-driven plasma

C. Fiedler, D. A. Burton

o We develop a method for extracting effective metrics from field equa-
tions governing underdense laser-driven plasma.

o A suitable choice of parameters leads to an effective spacetime confor-
mally related to the Schwarzschild spacetime.

o An expression for the analogue Hawking temperature is obtained in
terms of the laser-plasma properties.
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Abstract

We present a method for exploring analogue Hawking radiation using a laser
pulse propagating through an underdense plasma. The propagating fields in
the Hawking effect are local perturbations of the plasma density and laser
amplitude. We derive the dependence of the resulting Hawking temperature
on the dimensionless amplitude of the laser and the behaviour of the spot
area of the laser at the analogue event horizon. We demonstrate one possible
way of obtaining the analogue Hawking temperature in terms of the plasma
wavelength, and our analysis shows that for a high intensity near-IR laser
the analogue Hawking temperature is less than approximately 25 K for a
reasonable choice of parameters.
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1. Introduction

Hawking radiation [1] is a well established theoretical prediction that a
black hole will evaporate, emitting a thermal spectrum of radiation in the
process. The temperature of this radiation, called Hawking temperature,
is inversely proportional to the mass of a black hole and thus it is very
small, eluding experimental searches. However, it has been discovered that
black holes are not the only phenomena that can generate Hawking radia-
tion. Analogue gravity [2] investigates non-gravitational analogues of general
relativity in various physical systems such as fluids [3, 4, 5], dielectric media
6, 7], and Bose-Einstein condensates [8]. In these systems, the field equa-
tions can be written as a massless wave equation on an effective background
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spacetime. Experiments performed in the context of analogue gravity include
water waves [9, 10, 11, 12, 13, 14], ultra-cold quantum gases [15, 16, 17, 18],
optics [19, 20, 21, 22, 23|, and polaritons [24]. Since experimental study of
black holes is not feasible, analogue models provide the opportunity to test
theoretical aspects of black hole physics in a laboratory environment.

The interest in analogue gravity is not only to reproduce gravitational
phenomena in some analogue model, but to indirectly probe the simplifica-
tions that underpin calculations of black hole evaporation. Deviations of real
analogue models from their simplest forms may shed light on the deviations
that are likely to appear in the corresponding gravitational systems. See ref.
[2] for a detailed discussion of the applicability of analogue models in this
context.

To our knowledge, the prospect of using laser-driven plasma to study
analogue black holes has not been thoroughly investigated. In this article
we obtain the analogue Hawking temperature of a laser-driven underdense
plasma. In the second section, we briefly describe how to obtain the non-
linear field equations that underpin the work. In the third section we show
that, under certain conditions, two effective Lorentzian metrics emerge when
the field equations are linearised about an exact solution. In the fourth
section we determine required properties of the fields in order to attain an
effective metric analogous to the Schwarzschild metric, and we calculate the
associated analogue Hawking temperature corresponding to using an intense
near-1R laser. In the final section we summarise presented work.

2. Laser-driven plasma

Quantities with tilde over them denote dimensionful variables which will
be made dimensionless for convenience in the analysis. To first approxi-
mation, the properties of the plasma electrons can be described by a local
energy-momentum relation and a continuity equation arising from charge
conservation, whilst the laser pulse satisfies a local dispersion relation and
conservation of wave action (i.e. conservation of classical photon number).
This approach is underpinned by a separation of the laser-plasma dynamics
into slowly evolving parts and rapidly oscillating parts that arises because
the length scale of the internal oscillations of the laser pulse (i.e. the wave-
length of the laser) is much shorter than the envelope of the laser pulse and
the plasma wavelength. The rapidly oscillating quantities enter the slow
dynamics via their local averages.



The relativistic energy-momentum relation
E? — *p? — ?e*(A]) = mict (1)

is satisfied by the averaged motion of the plasma electrons, where E is the
local relativistic energy of the averaged motion, p is the local relativistic
kinetic momentum of the averaged motion and Ag is the vector potential
of the laser pulse. The angle brackets in (1) denote averaging over the fast
internal oscillations of the laser pulse, and the third term on the left-hand side
arises because eA, can be identified with the momentum of fast oscillatory
motion in the plane orthogonal to the direction of propagation of the laser
pulse. The dispersion relation

wy — kg = wy (2)

is satisfied by the local angular frequency wy and the local wave vector kg of
the laser pulse. The local plasma frequency w, is given by
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where 7 is the local Lorentz factor of the averaged motion (i.e. E = m.c*y),
and n is the averaged number density, of the plasma electrons. Note that F,
p, (A2), wo, ko, wy, n, and v are fields.

The above physical quantities are coupled together by the conservation
of wave action

Oi((Af)wo) + V- ((Af)ko) = 0 (4)
and the continuity equation 9 + V - (nv) = 0, i.e.

Oi(w?E) + AV - (w?p) =0 (5)

where p = m.yv. The symbol V denotes the gradient operator with respect
to &, g, 2. The system of field equations (1), (2), (4), (5) was previously used
in a self-consistent model [25] of the interaction between the laser pulse and
the plasma wake it excites, in the context of electron acceleration.

If the forces due to the magnetic field sourced by the averaged current are
negligible in comparison to the forces produced by the laser pulse then the
flow of electrons can be chosen to be irrotational; thus, p can be expressed in



terms of a potential U as p= VU, Furthermore, if the electric field sourced
by the averaged charge density can be neglected then one can determine
using £ = —0;¥. The expression

P2 (A2) = (8;0) — A(VT)? — m2c! (6)

for (A2) is then obtained from (1). For completeness, it is straightforward to
show that (1) alongside the expressions £ = —0;¥, p = VU, v = p/(m.7)
solve the local equation of momentum balance

2

Op+ (v - V)p=—-—V(A2) (7)
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where the force on the electrons is due entirely to the laser pulse. The term
on the right-hand side of (7) is the relativistic version of the “ponderomotive
force” exerted by the laser pulse, which is a fundamental concept in laser-
driven plasma-based electron acceleration [27]. See ref. [28] for a derivation
of the relativistic ponderomotive force using the method of multiple scales.

The conservation of wave action, equation (4), emerges when the vec-
tor potential of the laser pulse is subject to the eikonal approximation [25].
Hence, the local angular frequency and local wave vector of the laser pulse
can be expressed in terms of the phase ® of the laser pulse as kg = V@,
wo = —0;P; hence the expression

w2 = (8;9)% — A(VP)? (8)

for w? follows from (2).

Expressing (4) and (5) entirely in terms of ®, ¥, and fundamental con-
stants, gives the Euler-Lagrange equations for ® and ¥ obtained from the
Lagrangian density £ = gow;(Ag)/2. Thus, we have the action

S[d, ¥ 6%% /d‘lgz{((agci)? _ (V)R

) o (9)
(0;9)% — A(VU)? — 04)}.

The implications of (9) can be readily analysed by introducing a dimensional
reduction, and the details of the reduction follow from the properties of
standard models of laser pulses used in laser-plasma physics (see, for example,
ref. [26]). In such models, the pulse envelope is expressed as a product of a
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Gaussian function of Z — v,t, where v, is the group speed of the pulse, and
Gaussian functions of z, . The widths of the Gaussians in Z, ¢ depend on Z,
and are affected by the plasma. Indeed, the interaction between the pulse and
plasma is vital as it is used to control the behaviour of the pulse; for example,
the diffraction length of a pulse propagating through a suitably pre-formed
plasma channel is, by design, many multiples of the vacuum diffraction (i.e.
Rayleigh) length [26, 27]. Therefore, we introduce the approximation

[ didzt(ad) ~ A} (A Hagmo (10)
where, in general, A depends on (%,) and is given by
max{w; (Ad)}ag [ didy

{w2 (A Hizg=o
The domain § is the region on which wﬁ (A2) is non-zero, and [ dzdy is the
cross-sectional area of the laser pulse (spot area). The quantity max{... }z;
is the maximum value of the bracketed function in (Z, %), and the line & =

g = 0 lies along the centre of the laser pulse. Hence, the action (9) has the
approximate form

A:

(11)

T g 1 / Py B2 209 8)\2
S[P, V]~ —= [ dtdzZA{((0:P)” — ¢*(0:D
6.9~ 2 (@) - *(0:0)) o)
((879)? = *(9:9)? — m*c*) }a=p=o,
when the derivatives in the z, § plane are negligible.

The above considerations suggest a relativistic bi-scalar field theory given
by the action

S[®, U] = %h / d*x/=nAn* 0,20,®(n°" 0, V0, ¥ + 1), (13)

where 7, is the background Minkowski metric with signature (—,+), and
p,v = 0,1. The fields ®, ¥, A, 7,, and the coordinates 2° = ¢, z' = z are
dimensionless. The action (12) is obtained from (13) using the substitutions

t=—, i=1 A=1A
) e (14)



where the length scale [, has been introduced to facilitate the non-dimensionalisation
and has no direct physical significance. The field equations arising from the
variation of the action (13) are

0,(AD, D DO"T) = 0, (15)
0,(A(D, V" + 1)0"®D) = 0, (16)

where indices are raised using the background metric. Egs. (15), (16) allow
us to derive two effective metrics through a linearisation process.

3. Effective metric derivation

Consider the perturbed fields U = Uy+eW¥;+O(e?), & = Oy+eP, +O(e?),
where € is the perturbation parameter and ®,, ¥, solve eqs. (15), (16)
exactly. Field egs. (15), (16) in first order of € give

0,(2A0, 00" ©10" ¥ + AD, Py0" PO V1) = 0, (17)
GM(2A(8V\1108”\111)8“<I>0 + A(&,\IJOGV\PO + 1)6“@1) - 0, (18)

respectively. The perturbations ®,, ¥, are coupled and, in general, their field
equations (17), (18) cannot be readily expressed in a manner that reveals one
or more effective metrics. However, a pair of effective metrics follows from
considering high frequency perturbations of the form ¥; = Re(aexp(iK/¢)),
®; = Re(bexp(iK/€)), where ¢ is a parameter that facilitates the approxi-
mation. In this case, the lowest order of € yields

A@MK[%a“\Ifo&,CI)Oa”K + a@”K@,,CI)OGVCI)O] =0. (19)
A@MK[2a8“¢)0&,\IJ08”K + b@“K(@,,\Iloﬁ"\Ifg + 1)] =0. (20)
These equations can be written as the matrix

(A@MK&‘K@UCI)O@”CDO 200, K 0" W0, K 0" ¥y >

2N, K MWD, K"y A, KK (8, VoW + 1) (21)

acting on (a,b)T. The determinant of the matrix in (21) must be zero so that
a, b are non-zero. The determinant can be factorised to give two effective

metrics gf“fi 4 ng,f’f whose inverses are
ggflf/,—l- = SA{WMUnVT(aa(I)OaT‘PO + a7'(1)080‘110>—i_

V770,000, Wy + 170, 005 2an™ ),

(22)
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e = M0 0" (05P00; ¥ + 0,20, Vo) —
V070,000 + 1)1700, Bods @™},

(23)

where the constant s satisfies s> = 1 and has been introduced for convenience
later in the analysis. It is straightforward to confirm that the determinant of
the matrix (21) can be written as gfy , K, K, g% K, K., where K, = 0,K.
Note that raising and lowering indices is done with the background metric
n*”. The properties of the effective metrics depend on the properties of the
fields ®g, ¥y. We will present a regime in which one of these effective metrics
is conformally related to the Schwarzschild metric.

4. Analogue Schwarzschild spacetime

It will now be shown that the Z coordinate introduced in section 2 can be
associated with the radial coordinate of a spherically symmetric spacetime.
In particular, to obtain an effective metric that is conformally related to the
exterior Schwarzschild metric, the ratio of the diagonalised effective metric
components must be identified with the ratio of the Schwarzschild metric
components (1 —2GM/(c*r)) and (1 — 2GM/(c?r))~t.

The spot area of the laser pulse is commonly expressed as a function
of z only [27] and, in practice, the local plasma density is a controllable
function of z. Hence, it is admissible to choose A to be a function of z only.
Furthermore, we will focus on the properties of a long laser pulse whose
longitudinal envelope is substantially larger than the distance over which the
changes in the local plasma density are appreciable. Hence, for simplicity,
we neglect the dependence of the unperturbed longitudinal envelope on the
phase of the laser pulse. The unperturbed, scaled, phase of the laser pulse
and the unperturbed dimensionless momentum potential are then of the form
Oy = Yot + he(z), Yo = vt + hyg(z) for some constants vg, vy and some
functions hg, hy. The properties of hg, hy are determined from those of the
desired effective spacetime geometries, and the corresponding local plasma
density and local laser intensity can then be constructed using (6), (7).

Introducing two transformations 7o = ast & f4(2) for some constants a4,
and choosing f(z) such that the effective metrics become diagonal, gives the



requirement

oy az? (2hphty = /(=3 (HE =3 +1)
B B ? - 2 2\(h2 _ 2 . (yohl+rahy)?
Zvere F /(s =28 =7 + 1) 2hiyhy £/ (G —3) (WG =3 +1)

(24)
where the dimensionless quantity zg corresponds to the horizon in the Schwarzschild
metric, prime denotes derivative with respect to z, and 4 corresponds to
e+ Eq (24) suggests using scaled variables he = ~Yoha, hy = Yohy. Now
egs. (15), (16) yield the relationship

B(e* = (Wy)*)hy = (1 — (he)*) My, (25)
where (3 is a constant of integration and € = (v — 1)/~%. Note that
(Ry)* <e® < 1 (26)

is required, where the upper bound comes from the definition of £, while
the lower bound is required so that the effective metric components do not
become imaginary. Introducing the field h = ﬁ(p /e and choosing f = 1/¢
results in i = h from eq. (25). Furthermore h? < 1 is required by (26). Tt
is now instructive to consider the individual components of the inverses of
the effective metrics in ¢, z coordinates which are given by

Get = = M0 (2 F [e|(1 — h?)), (27)
et = SMyeye(2eh® £ ]e|(1 = 1?)), (28)
got.x = —5Aveye (1 +€)h. (29)

Note that by definition A > 0, thus the choice s = —1 is required in order
to match the signatures of the effective metrics to the background metric in
regions where both effective metrics are Lorentzian. Furthermore the ggg .
component and the off-diagonal terms, as well as A, will be non-zero for
all values within the constraints (26). However equating gelflf 4 to zero and
solving for h leads to a horizon if € is chosen appropriately. The value of h
when (28) equals zero satisfies h? = ||/(|e] F 2¢). When ¢ is positive, there
will be no horizon in gl ., while there will be a horizon at h* = 1/3 in glg _.
The converse is true for € < 0. Since these two outcomes are equivalent, the
case of ¢ < 0 will be assumed henceforth without loss of generality. Also note
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that it can be shown that det(gly ) < 0 for =1 <e <0and 1/3 < h* <1,
thus both effective metrics are Lorentzian. Only glg | is of interest and will
be explored further, as the other effective metric does not contain a horizon.

Let v = —¢ for convenience. All of the above considerations let us write the
right-hand side of eq. (24) as

a*(1— 3h2)? 12
v(1—3h?)(2—v(l—h?)—(1—v)2hn*

(30)

Note that the numerator is always positive, and the denominator is propor-
tional to the determinant of g/ , and as such (30) is always negative for
1/3<h?<1land 0 <v < 1. Thus eq. (24) will always have a solution for
h(z) in the specified range. An expression for a, is obtained by matching
the limit of 2z — oo to h — 1, yielding

ai::(lify>2. (31)

An algebraic solution to eq. (24) can be found since it is a quadratic equation
in h2, however the solution is cumbersome and a simpler approach is available
for establishing the behaviour of the laser-driven plasma. By taking the
square root of eq. (24), differentiating with respect to z and evaluating at
z = zg gives W|g = —ay(1 — v)/(6rzg), where |g indicates evaluation at
z = zg, and h|g = 1/4/3 has been used. The constant a, must be negative
because h? > 1/3, I/|s > 0, thus the negative root of eq. (31) is required,
and hence

C1l-wv1
—31+VZSI

Introducing the dimensionless amplitude of the laser pulse ag given by ag =
ev/(A2)/(mec) and using eq. (6) gives an expression for v:

\/§a0
V2 + 3ad

Note that A oc [A(1 — h?)]7! follows from eqs. (15), (16). It follows that
N'|s = 0 and it is straightforward to show that (A”/A)|s = 9h™|s, which can

be used to obtain
N 1—v A
Z8 = =
L+v \ d2A/dz?
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The effective metric ggf'f + is conformally related to the Schwarzschild
metric. However, the conformal factor is regular at the event horizon, and
the surface gravity and Hawking temperature are independent of this con-
formal factor [29]. By construction Zg = GM/c* and thus, using Ty =
hed /(8tkpG M), the analogue Hawking temperature is given by

he 14+v  [d2A/dz?
Ty = L . 35
B Sakpl—v |~ A (35)

S

The Hawking temperature can be calculated if the dimensionless amplitude
ao and the laser cross-sectional area A near Z = Zg are known. Since A’'|s = 0,
A can be expressed as

[2

L 1(3 — 30)2

A=l (14352 0 - a), (36)
where [ has dimensions of length. It follows that (A/(d?A/dz?))|s = I?, and
thus the Hawking temperature is given by

B he 14+v1
C 8rkpl—v]

H (37)

For practical reasons, [ cannot be less than approximately the plasma wave-
length A,, and the dimensionless amplitude should satisfy ay < 1. As an
example A, ~ 30 pum is achievable [27] for maintaining an intense near-IR
laser pulse propagating through a plasma. This results in v < 0.77, the mass
of the effective black hole satisfies M > 5.1 x 10?* kg, and the associated
Hawking temperature satisfies Ty < 25 K.

5. Conclusion

We obtained the analogue Hawking temperature of a laser-driven plasma
system. Perturbed field equations governing a laser-driven plasma were lin-
earised, and the perturbations were assumed to have high frequency in order
to derive two effective metrics. The required properties of the fields were
found such that one of the effective metrics is conformally related to the
Schwarzschild metric. An expression for the Hawking temperature associated
with the analogue black hole has been derived. This temperature depends
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on the values of the dimensionless amplitude and the laser spot area near the
analogue event horizon. We have presented one possible way of determining
the spot area in terms of the plasma wavelength, with which we demonstrated
that for a high-intensity near-IR laser the analogue Hawking temperature is
less than approximately 25 K.

In common with standard analytical treatments of laser-driven plasma
accelerators, our results are based on a ‘cold’, collisionless, model of the
plasma electrons. However, a comparison of our results and typical plasma
temperatures suggests that a detailed model of the laser-driven plasma is
needed to confidently identify signatures of the analogue Hawking effect.
The temperature of the plasma electrons in a laser-driven plasma accelerator
is ~ 5x10° K [27], which is ~ 2x 10 times larger than the expected analogue
Hawking temperature.

Even so, for comparison, it is claimed [30] that an analogue Hawking tem-
perature of 1.2 nK has been measured in an atomic Bose-Einstein condensate,
although these results are disputed [31]. Whilst it is clear that identifying
the analogue Hawking effect in a laser-driven plasma accelerator is a signif-
icant challenge, the fact that our results show that its analogue Hawking
temperature is ten orders of magnitude larger than that of a Bose-Einstein
condensate suggests that further investigation is deserved.
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