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We consider Ewens random permutations of length n conditioned to have no cycle longer than
n? with 0 < 8 < 1 and study the asymptotic behaviour as n — co. We obtain very precise
information on the joint distribution of the lengths of the longest cycles; in particular we
prove a functional limit theorem where the cumulative number of long cycles converges to a
Poisson process in the suitable scaling. Furthermore, we prove convergence of the total variation
distance between joint cycle counts and suitable independent Poisson random variables up to a
significantly larger maximal cycle length than previously known. Finally, we remove a superfluous
assumption from a central limit theorem for the total number of cycles proved in an earlier paper.
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1. Introduction

In uniform random permutations, long cycles occupy almost all the available space.
Indeed, it is a standard textbook exercise to show that in a permutation of length n, the
probability to find an index i in a cycle of length k is equal to 1/n, which in turn means
that cycles of a length below volume order play no role asymptotically as n — oco. Of
course, much more is known about uniform (and Ewens) random permutations, including
the precise distribution of long and short cycles. We refer to [1] and the references therein.

It is interesting to see how the behaviour of random permutations changes when the
uniform measure is changed in a way that favours short cycles. Various such models
have been studied in recent years. Many of them are motivated by the model of spatial
random permutations [5], which by its close connections to Bose-Einstein condensation
[25] has a significant physical relevance. In this model, a spatial structure is superimposed
on the permutations, and the importance of that spatial structure is measured by an
order parameter which physically is the temperature. It is conjectured that this order
parameter mediates a phase transition between a regime of only short cycles and a
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2 V.Betz et al.

regime of coexistence of long and short cycles. Despite some successes in the explicitly
solvable annealed case without interaction between different cycles [7], and significant
recent progress (using the method of reflection positivity) in a closely related model
with such interaction [18, 24], many of the most relevant questions in spatial random
permutations remain to be answered.

A somewhat more direct and in general easier to analyse way to suppress long cycles
is to introduce cycle weights or hard constraints on cycle numbers. Cycle weights appear
in an (uncontrolled) approximation of the interacting Bose gas by a variant of the free
one [6], but have also been studied intensively in their own right, both in cases where
the cycle weights do not depend on the system size n [8, 13], and in cases where they do
[10, 12]. In the latter case, it has been shown in the cited papers that one recovers the
model treated in [7] by a suitable choice of cycle weights, and the methods of analytic
combinatorics used in [10, 12] yield very precise information about the asymptotic cycle
distribution in various regimes.

The present paper deals with the other option of constraining permutations, namely
to completely disallow certain cycle lengths. Again, a distinction has to be made between
cases where the set of disallowed cycle lengths is independent of the permutation length
n, and those where it depends on n. In the first case, a significant amount of information
has been obtained in the works of Yakymiv (see e.g. [26, 27]); our interest lies in the
second case. Using precise asymptotic results by Manstavi¢ius and Petuchovas [20], in
[3, 4] we investigated the case where a permutation of length n is prevented from having
any cycles above a threshold a(n) that grows strictly slower than volume order. While
the results in these papers were reasonably detailed, some interesting questions and fine
details have been left out.

It is the purpose of the present paper to settle a significant portion of them. We will
describe our results in detail in the next section. Here, we only briefly sketch what is
new.

One difference to [3] is that we generalise the base model we constrain, from uniform
random permutations to the model of Ewens permutations. The latter originally appeared
in population genetics, see [14], but has now become a rather standard model of random
permutations. It shares many features and techniques with uniform permutations, and
classical results about uniform and Ewens random permutations include convergence
of joint cycle counts towards independent Poisson random variables in total variation
distance [2], the convergence of the renormalized cycle structure towards a Poisson-
Dirichlet distribution [17, 23], and a central limit theorem for cumulative cycle counts
[11].

In the context of the methods we use, the difference between the Ewens measure
and uniform random permutations is not large, see [22] for details. What should be
considered the main contribution of the present paper compared to [3, 4] are the following
three items: firstly, we obtain much more precise asymptotics for the distribution of the
longest cycles in various regimes (Propositions 2.2 and 2.3, and Theorem 2.5). For this,
we consider the number of cycles of length «(n) and distinguish the cases where this
number is diverging, is converging to a positive number and is vanishing. Secondly, we
extend the validity of the joint Poisson approximation (in variation distance) to the
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whole regime of cycles of length (o(a(n)) (Theorem 2.8). We achieve this by replacing
the Poisson random variables with fixed expectation by Poisson random variables with
an expectation depending on n. Finally, we remove a spurious additional assumption for
the central limit theorem for cycle numbers that was present in [4], see Theorem 2.9. We
achieve this by a more preciser saddle point solution.

The paper is organised as follows: in Section 2, we introduce the model, give our results
and compare them to previously existing ones. In Section 3, we prove those results.

2. Model and Results

2.1. The symmetric group and the Ewens measure

For n € N, let S,, be the group of all permutations of the set {1,...,n}. For ¢ € S,, and
m € N, we denote by C,, (o) the number of cycles of length m in the cycle decomposition
of o into disjoint cycles. Note that we typically write C,, instead of Cy, (o). Let n — a(n)
satisfy the condition
n® < a(n) <n* (2.1)
with a1, a2 € (0,1). We denote by S, o the subset of S,, of all permutations ¢ for which
all cycles in the cycle decomposition of ¢ have length at most a(n). In other words,
0 € Sy if and only if C,, (o) = 0 for m > a(n). For ¢ > 0, the Ewens measure on S,
with parameter ¢ is defined as
[Ty 96
P, = = . 2.2
T F P rw—y (22)
Note that the case ¥ = 1 corresponds to the uniform measure. Further, let P, , denote
the measure on S, , obtained by conditioning P,, on S, o, i.e.

Pp o [A] =P, [A]Sh.q] for all A C Spa. (2.3)
Inserting the definition P,,, we obtain for o € S,, ,, that
B Hn _ 9Cm (o) . B 1 n Con(0)
Pp.q o] = mZnT with  Z,., = — Z H 9 . (2.4)

© 0€Sn,a m=1

Also, we write E,, for the expectation with respect to P,, and E,, , for the expectation
with respect to Py, 4.

2.2. Notation

If two sequences (a,,) and (b,) are asymptotically equivalent, i.e. if lim, o ay, /b, = 1,
we write a,, ~ b,. Further, we write a,, = b,, when there exist constants c;,cy > 0 such
that

c1b, < a, < cob, (2.5)
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for large n. We also use the usual O and o notation, i.e. f(n) = O(g(n)) means that there
exists some constant ¢ > 0 so that |f(n)| < ¢|g(n)] for large n, while f(n) = o(g(n)) means
that for all ¢ > 0 there exists n. € N so that the inequality |f(n)| < ¢|g(n)| holds for all
n > n.. We further say that

fn(t) = O (gn(t)) uniformly in t € T, as n — oo

if there are constants ¢, N > 0 such that sup,cr, |fn(f)] < c[gn(t)| for all n > N.

2.3. Expected cycle counts

Here we recall some of the results from [4] and [22] that are crucial for the following.
Let x,, o be the unique positive solution of the equation

a(n)

n=19 Z x{ha, (2.6)
=1

and

xm
m =g, 2.7
pon () 2= 97 (27)
For the case where m is replaced by an integer-valued sequence (m(n)),en, we simplify
notation and write fi,,,(,) instead of fi, () (n). For any such sequence that satisfies m (n) <
a(n), we have
En,a [Om(n)] ~ Hm(n) as n — o0. (28)

This was proven for ¢ = 1 in [4, Proposition 2.1], and for ¥ # 1 in [22] along the
same lines. In view of (2.8) it is clear that we are interested in information about the
asymptotics of solutions to equations like (2.6). The following result provides it:

Lemma 2.1. Let 0 < ¢; < c2 < oo be fixed, but arbitrary real numbers. For ¢ € [c1, c2],
let x,, o(c) be the solution of

a(n)

en =19 Z (xn,a(c))j. (2.9)

j=1

We then have uniformly in ¢ € [¢1, c2] as n — oo

o (n) log (zp.a(c)) = log <19 o 7 log (195’(‘”)» +0 (k’g(log(”))) . (2.10)

a(n log (n)

In particular,

. a(n) cn cn
> = ~
Tnalc) 2 1, A tna(c) =1 and (zn0(c) Yo (n) tog <19a (n)>
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Random permutations without macroscopic cycles 5

for large n. Furthermore,

) i
Z j(mma(c))j ~ ga(n). (2.11)

Lemma 2.1 is a special case of [20, Lemma 9] and follows immediately by inserting
our assumptions in [20, Lemma 9]. We thus omit the proof.

2.4. Asymptotics of longest cycles

The first set of results that we present deals with the asymptotic (joint) distribution of
the longest cycles under the measure P, o. Let ¢, = {i (o) denote the length of the k-th
longest cycle of the permutation 0. We already know that for fixed K € N, under the
probability measures P, o, we have as n — oo

(01,05, .. 0x) -5 (1,1,...,1), (2.12)

1
a(n)

where —%5 denotes convergence in distribution (see equation (2.14) in [4] or [22]). We will
significantly improve on this information.

It turns out that the behaviour of the longest cycles depends on the expected length
given in (2.8). In other words, we have to look at the behaviour of pi4(,) in the three
regimes

Ha(n) = 00, Ha(n) = p With g >0, and gy — 0.

A discussion about which regime happens when in case of «(n) = n® can be found in
Section 2.2 of [4].

We start with the simplest case f14(,,) — 00. This case only occurs if a (n) = o((n logn) z),
see Proposition 2.4 below. In this case, the distribution of the random vector (¢1,...,£¢k)
becomes degenerate:

Proposition 2.2.  Suppose that ji,(n) — 00. Then, for each K € N, we have

nli%rr;o]Pnya (01, 02,...,lg) # (a(n),a(n),...,a(n))] = 0.

A similar proposition was proven in [4, Theorem 2.8] and [22] under the additional
assumption that a(n) > n710 for § > 0. The reason why we can omit this assumption
here is our improved central limit theorem, Theorem 2.9. We give the proof of Proposition
2.2 in Section 3.2.

Next, we now look at the case fi,,(,) — p with g > 0. We find
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Proposition 2.3. Suppose that pio ) — p with p >0 as n — oco. We then have for all
d € Ny and all k € N that

(d+1)p

1
Ppolle = a(n) —d] 2225 —/ vF e Vdw. 2.13
ali=at - 2= o | (213)

In other words, a(n) — £, converges in distribution to |u~'X|, where X is a gamma-
distributed random variable with parameters k and 1 and |xz] = max{n € Z; n < x}.

The proof of this proposition is given in Section 3.3. Moreover, the proof allows for
deriving the joint distribution of the longest cycles, but the notation of results in this
case is cumbersome.

Finally, we have the case where the expected number of cycles vanishes. Here we obtain
the most interesting results, namely a functional convergence of the cumulative numbers
of long cycles to a Poisson process, on the correct scale. By considering the jump times
of this Poisson process, we establish limit theorems for f;. Let us start with a small
observation.

Proposition 2.4. We have, as n — oo,

nlogn

Ha(n) = W (2.14)

Proof. Inserting the definition of ji4(y), see (2.7), and using Lemma 2.1, we obtain

a(n)
Tn,a n n nlogn
Ho(n) = 0—— ~ log ( ) R~ . (2.15)
7 Tam) T (@m)? " \Wam)) T (a(n)?
This completes proof of this proposition. O

nlogn

This proposition immediately implies that ji(,) — 0 if and only if CIC) LA 0 as
n — 0o. We now define

dy (n) = max{a(n) —{ t Jo} (2.16)

Note that d¢(n) = a(n)(1+o0(1)) and h t( )J — 00 if iq(ny — 0 for fixed t. We now have

Theorem 2.5. Suppose that o,y — 0 and define for t > 0

a(n)

Pt = Z Cj.

j=di(n)+1

Then the stochastic process {P;,t > 0} converges under P, , as n — oo weakly in
D[0,00) to a Poisson process with parameter 1, where D [0,00) denotes the space of
cadlag-functions.
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This theorem is proved in Section 3.4. It immediately implies the following corollary.

Corollary 2.6. Let K € N be given, a(n) be as in (2.1) and suppose that p,,) — 0.
We have convergence in distribution of

,ua(n) . (a(n) —Zl,fg —gl,...,fK _EK—I)

under P, ., to independent exponentially distributed random variables with parameters 1.
In particular, jiq () (o (n) — £) converges in distribution to a gamma-distributed random
variable with parameters k£ and 1.

Proof. The claim is a consequence of the convergence established in the proof of Theorem
2.5 since the limit distribution is the distribution of the jump times of the Poisson process
(see, e.g. [19, p.5]). O

2.5. Total variation distance

Here we study the joint behaviour of the cycle counts C,, in the region m = o(a(n)).
Recall that the total variation distance of two probability measures P and P on a discrete

probability space § is given by |[P — P|jry = > weaP(w) —P(w))4.

Theorem 2.7 ([4, Theorem 2.2]). Let b = (b(n)), be a sequence of integers with b(n) =
o(a(n)(log n)*l). Let Py, y(n),a be the distribution of (C1,...,Cyy)) under the uniform
measure on Sy o, and let I?Pi’b(n) be the distribution of independent Poisson-distributed
random variables (Zy, ... Zyy)) with IEb(n) (Z;) = % for all j < b(n). Then there exists
c < oo so that for all n € N, we have

a(n)

- logn
P —P < — .
H n,b(n),a b(n)”TV ~cC ( n + b(n) O[(TL))

In the special case a(n) > /nlog(n), Judkovich [16] has computed the above total
variation distance using Steins method and obtained a slightly better upper bound.

On the full symmetric group Sy, a similar result as Theorem 2.7 holds with b(n) = o(n),
see [2]. A natural question at this point is thus if one can replace b(n) in Theorem 2.7
by b(n) = o(a(n)). Recall, we have seen in equation (2.8) that

m

E,.[C 9 lme
n,o [ m(n)} ~ 7 as n — oQ.

Using Lemma 2.1, we immediately see that E, , [Cm(n)} ~ E[Z,] if and only if m =
o(a(n)(logn)~*). Thus b(n) = o(a(n)(logn) ') is the most one can expect in Theorem 2.7.

To overcome the problem with the expectations, we replace the random variables Z; with

)

fixed expectation by random variables Yj(" with an expectation depending on n so that

Ena [Conny] ~E {Yrg”)] for all m = o(a(n)). (2.17)
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However, to simplify the notation, we write Y; instead of Yj(n). We now have

Theorem 2.8. Let b = (b(n)), be a sequence of integers with b(n) = o(a(n)). Let
Pp,.9.6(n),a be the distribution of (C1, ..., Cyy) under P, o on Sy o. Further, let @b(n) be
the distribution of independent Poisson-distributed random variables (Y1, ..., Yyn)) with
EY;] = pj(n) for all j < b(n) and p;j(n) as in (2.7). Then

5
~ aln 12
IPr.0.6(n),0 — PomyllTv = O (n‘ <§1)) ) , (2.18)

where € > 0 is arbitrary. Further, if b(n) = o(a(n)(logn)~!) then

IPs9.6(n).0 — PogyllTv = O ( (2.19)

The proof of this theorem is given in Section 3.5.

2.6. Central Limit Theorem for Cycle Numbers

For the proof of Proposition 2.2, we require a central limit theorem for the cycle counts
in the case E[C,,] — oo. The main result of this section is to establish this theorem.
Explicitly, we prove the following.

Theorem 2.9. Let my : N — N for 1 <k < K such that my (n) < a(n) and my, (n) #
M, (n) if k1 # ko for large n. Suppose that

for all k. We then have as n — oo

V Mg (n) (TL) T V ,u"mK(n) (TL)

with N1,..., Ng independent standard normal distributed random variables.

<Cm1(n) — Mmy(n) (TL) CmK(n) — Bmg (n) (TL)) i} (Nh ., NK) ,

This theorem was proven in [4] under the additional assumption
) , m(n)
n"1Za(n) 2 —nd . (2.20)

In Section 3.6 we present a proof that does not require the addidional assumption.
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3. Proofs

3.1. Generating functions and the saddle point method

Generating functions and their connection with analytic combinatorics form the backbone
of the proofs in this paper. More precisely, we will determine formal generating functions
for all relevant moment-generating functions and then use the saddle-point method to
determine the asymptotic behaviour of these moment-generating functions as n — oco.

Let (an),cy be a sequence of complex numbers. Then its ordinary generating function
is defined as the formal power series

o0
f(z):= Z anz".
n=0
The sequence may be recovered by formally extracting the coefficients

[2"] [ (2) i= an

for any n. The first step is now to consider a special case of Pélya’s Enumeration Theorem,
see [21, §16, p. 17], which connects permutations with a specific generating function.

Lemma 3.1. Let (g;),;en be asequence of complex numbers. We then have the following
identity between formal power series in z,

= Qij — 2 i C;
exp ZT :ZHZH%]’ (3.1)
j=1 k=0 = o€Sy j=1

where C; = Cj(0) are the cycle counts. If either of the series in (3.1) is absolutely
convergent, then so is the other one.

Extracting the nth coefficient yields

n > g% 1 “oc
ow (X2 ) < 1 X I a2
j=1

" o€S, j=1

With this formulation, the parameters (g;) can depend on the system size n. For instance,
setting ¢; = ¥ 1{j<a(n)}, We obtain

a(n)

%
Zpo=[2"]exp [V — (3.3)
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with Z, o as in (2.4). Similarly, we can get an expression for the moment generating
function of C,,,), where (m(n))nen is an integer sequence with m(n) < a(n). Indeed,
setting gm(n) = ve® and q; = U 1 <q(n)} for j # m(n), we get

a(n) i

1 zm(n) z
E, o [e5Cmm] = Z"] exp (19 e’ —1 ) exp | 9 — 1. 3.4
o [ooe] = e (v 1) pOE IER

Zn,a m(n)

Jj=1

In view of (3.3) and (3.53), we can compute the asymptotic behaviour of Z, ,, (and similar
expressions) by extracting the coefficients of power series as in (3.3) and (3.53). One way
to extract these coefficients is the saddle point method, a standard tool in asymptotic
analysis. The basic idea is to rewrite the expression (3.2) as a complex contour integral
and choose the path of integration in a convenient way. The details of this procedure
depend on the situation at hand and need to be done on a case by case basis. A general
overview over the saddle-point method can be found in [15, page 551]|. An important part
of this computations is typically to find a solution of the so-called saddle-point equation.

We now treat the most general case of the saddle point method that is relevant for
the present situation. Let ¢ = (¢j,n)1<j<a(n),nen be a triangular array. We assume that
all g;,, are nonnegative, real numbers and that for each n € N there exists a j such that
gj.n > 0. We then define z,, 4 as the unique positive solution of

a(n)

n= Z qj,n:c{w. (3.5)
j=1

Let further

a(n)

Apn 7= Apn,ag = Z Qj,njpilxi,qv (3.6)
j=1

where p > 0 is a natural number. Due to Equation (3.5),
Apn <1 (a(n)" (3.7)
holds for all p > 1. Note that (3.7) may not hold for p = 0. We now define

Definition 3.2. A triangular array q is called admissible if the following three conditions
are satisfied:

1. It satisfies

a (n)1og (2n.q) ~ log (a 7(2)) .

2. We have

Ao = na(n).
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3. There exist a non-negative sequence (b(n)), oy and constants 6,c > 0 such that
b(n)/a(n) <1—146 and g;n > c >0 for all j > b(n) hold for n large enough.

Note that condition (1) implies in particular that z, 4 > 1 and that z,q — 1 as
n — oco. Let B,(0) denote the ball with center 0 and radius r in the complex plane.

Definition 3.3. Let q be an admissible triangular array. Then a sequence (fy), cy of
functions is called admissible (w.r.t. q) if it satisfies the following three conditions:

1. There is 0 > 0 such that f, is holomorphic on the disc B,, s (0) if n € N is large

enough.
2. There exist constants K, N > 0 such that
sup | fu (2)| < 0" | f (2nq)] (3.8)
ZGGBwnﬁq )
for alln > N.
3. With the definition
_ 5 - fylL T, eiw
T ) T 1 L o | Y

lpl<n™ 12 (a(n)) " 12 [ fn (%n,q)|
we have ”|fn”|n — 0 asn — oo.
We are now in the position to formulate our general saddle point result.

Proposition 3.4 ([4, Proposition 3.2]). Let g be an admissible triangular array and
(fn)nen an admissible sequence of functions. Then we have as n — oo

OL(TI) . . )\O,n
ey | 3 et | = BERIC (1o (M1 ) ) 10
j=1 n,q RO

Note that the implicit constants in the O(.) terms in (3.10) can depend on K, N and
¢ from the above definition of admissibility. However, we require for our computations
only the leading term in (3.10). Also we will not vary the values of K, N and §. Thus
we need only the existence of K, N and §, but not their values. We therefore can safely
omit the dependence on K, N and 4.

In view of Proposition 3.4, we see it is important to understand the asymptotic
behaviour of z,, 4 and A;, as n — oo. Lemma 2.1 will be very useful for this purpose.

3.2. Proof or Proposition 2.2

We have by assumption jiq(,,) — 00. Thus we can apply Theorem 2.9. We conclude that

C _
Zam) 7 Ha(n) 4, N, (3.11)
Ha(n) (n)
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where N is a standard normal distributed random variable. Since a(n) is the maximal
cycle length, we have

Ppo [(El,fg,...,&() * (a (n) ,a(n),...,a(n))] =Py a [Ca(n) < K] .

Using (3.11), we get

Ca(n) — Ha(n) < K — pan) (n) | nooo

]Pn,a [Ca(n) < K] = ]P)n,a 0,
vV Ha(n) V Ha(n) (n)
and the claim follows.
3.3. Proof of Proposition 2.3
As a first step, we state
Proposition 3.5. Let (mg(n))nen, k = 1,...,d, be integer sequences satisfying 1 <
mi(n) < a(n) and mi(n) # me(n) for k # £. Suppose that
Mmk(n) — Uk € [0700[
for all k. Then
d
(le(n)v ey Cmd(n)) — (Yl, ey Yd) (312)

where (Yk)gzl a sequence of independent Poisson distributed random variables with parameters
E[Yi] = pug for alk=1,...,d.

This proposition was proven in [4], but we give the proof of this proposition for the
case d = 1 for the convenience of the reader.

Proof. Let d = 1. We argue here with the moment generating function. We saw in (3.53)
that we have for s > 0

1 a(n)

E [ <C )} [ n] (19( s ) z'rm(n)) 9 Z 2J (3 13)
na € MM | = z'lex e’ —1)—— | ex — . .
’ Zn,a P )ml(n) P j=1 J

We now apply Proposition 3.4 to compute the asymptotic behaviour of this expression

in the case s > 0. According to [28], this is sufficient to prove the proposition. We use
Zm1(n)

q = (gjn) with ¢; = V1<) and fu(z) = exp (19(65 -1 ml(n)). We thus have

to show that g and the sequence (f,)nen are admissible, see Definitions 3.2 and 3.3.
Inserting the definition of q, we immediately get that the corresponding saddle point
equation is given by (2.6), hence the solution is x,, . The admissibility of g then follows
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immediately from Lemma 2.1. It remains to show that (f,,),en is admissible. All f,, are
entire functions and hence we can choose any § > 0. Since s > 0, we have for all » > 0
and ¢ € [—m, 7]

| fu(re')] < [ fu(r)]-

Thus the second condition is fulfilled with K = 0. For the third condition, we use

falz) = d(e* = 1) (2)

zm1(m) . . . .
and that pi,,, () = 19% Inserting this and that s, (,) — 1 immediately shows that
the third condition is fulfilled. So we can apply Proposition 3.4. Using that E,, . [esc’"l(")} =
1 for s = 0, we obtain

E, o [esc’"l(”)] — exp ((e® — 1)p1). (3.14)
This completes the proof. O

Now we turn to the proof of Proposition 2.3. In this proof, we write jiq,)(n) instead of
o). Let j € Ng be arbitrary. Using the definition of ji,,(n) in (2.7) with m = a(n) — 4,
we get

Ha(n) (n) _ « (n) —J N

n,x

Ha(n)—j (n) @ (n) ’
Since fio(n)(n) — p by assumption, we get that

n—o0
,u‘(x(n)—j (n) — U
for all j € Ny. Proposition 3.5 therefore implies that the cycle counts (Ca(n)_j)

d
Jj=0

0<j<d
converge in distribution to a sequence (Zj);lzo, where (Z;)9_, is i.1.d. Poisson distributed

with parameter u. We now have, as n — oo,

d—1
an(n)—i <k- 1] — P

i=0

Poolls <a(n)—d =P,

d—1
ZZ,-gkl].

=0

By the independence of (Z;) the random variable Zztol Z; is Poisson-distributed

with parameter du. Thus,

0<i<d’

oo

= - an (dp)’ 1 k-1
P Z;<k-1| = e~ = :—/ v e Vdu,
2.7 2T T w

where I'(s) denotes the gamma function. The last equality follows by partial integration
and induction. We now have

Poollk=an)—d =Ppols <a(n)—d —Ppo[ly <a(n)—(d+1)].
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14 V.Betz et al.

This implies

lma(m)—d 2= [T e
HDn,oz lp=0a(n)—d == 7/ v e Vdo.
F(k) dp

The claim is proved.

Remark 3.6. The proof of Proposition 2.3 can also be used to compute the limit of

P [(6)ie) = (o () — )i,

as n tends to infinity since the event in question only depends on a finite number of cycle
counts Cy(n)—;- It is, however, cumbersome to provide a closed form for such probabilities:
The reason for this is that the stochastic process (Kk)gzl is not Markovian, i.e. the
distribution of ¢4 depends non-trivially on the distribution of the random vector (ék)i;i.
This is why we only provide the readily interpretable results for one individual ¢, at a

time in the proposition.

3.4. Proof of Theorem 2.5

We will first prove certain auxiliary results, assuming that p,(,) — 0. Inserting the
definition of jiq(n), see (2.7), we get

u (n) _ﬁwif;&n) B (xn’a)a(n)*Lt/Ma(mJ — a(n) x—Lt/ua(n)J
e dy (n) a(n) = [t/pam)] O 2 m) = [t pam] '
We now have
a(n) n—00 1

a(n) = [t/tam)]
locally uniformly in ¢ since 1/pq(n) = 0 (a(n)) by Equation (2.14). By Lemma 2.1 and
Equation (2.14), we have as n — oo

([t i) 0 )
e (0 (122)) 1. 19

locally uniformly in ¢ > 0. Altogether, we have locally uniformly in ¢ that

Mdt(n) (’I’L) ~ /'Loz(n)~

Furthermore, the function m — pu,, (n) is increasing for m > %. This follows by

computing the derivative with respect to m of p,, (n) in (2.7) and using Lemma 2.1. We
thus have locally uniformly in ¢

a(n

Z

n—oo t

Ha(n)

fim (1) Pa(n) =t (3.16)

m=d¢(n)+1
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Random permutations without macroscopic cycles 15

In order to establish convergence as a stochastic process, we begin by proving convergence
of the finite-dimensional distributions. More precisely, for 0 = tg < t; < ... < tx and

K € N, consider the increments (Ptk - Ptk_l)szl. We now have

Ptk _Ptk—l == Z Cj (317)

K K diy_y
E,.q [H exp (sk (Ptk — Ptk:—l) > =E, . |exp Z eSk of
k=1 k=1 j=dy, +1
1 K Ty Wy
= [2"] exp Z (e —1) Z —z7 | exp Z -z, (3.18)
Zn,(x,’& =1 j=di, +1 J j=1 J

where s, > 0 for all 1 < k < K. Equation (3.18) follows immediately with Lemma 3.1
and a small computation using q; = ve’* for d;, < j <dy,_,.
We will apply Proposition 3.4 with ¢ = (g;,») with ¢; = ¥ 1;<q(n)} and the perturbations

K dij_y 9
fn(2) =exp Z (e’ —1) Z —27
k=1 j=di, +1

To do this, we have to check that the array q and the sequence (f,)ncn are admissible,
see Definitions 3.2 and 3.3. The array q is admissible by Lemma 2.1. Let us now look at
(fn)nen- The functions f,, are entire. Thus we can use any ¢ > 0. Further, all coefficients
of the Taylor expansion of f,,(z) at z = 0 are non-negative since all s > 0. This implies

|fr (2)] < fn (xn9) forall z € C with |2] =z, 9.

It remains to check condition (3.9). We have

K dtk—l
i)=Y (e =1) > 9277 fu(2).
k=1 Jj=d¢, +1

We thus have for all z € C with |z| = =, 9 that

) | =
N s dal
o) | S22 7D 2 Yo
= Jj=di, +1
K a(n)_Ltkfl/Ha(n)J
<0zt 3" (e — 1) 3 1. (3.19)
k=1

j=a(n)— \_tk/#a(mJ +1
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16 V.Betz et al.

Using the definition of p,(,) in (2.7), we see that we have locally uniformly in sy,

f/ (Z) ( a(n) tK )
L = O ’19.%‘ = O aln .
fn (xn,ﬁ) n.9 Ha(n) ( ( ))
Inserting this into (3.9), we obtain
/ i
|||fn“|n = n_l% (Oé (’I’L))_% sup m(‘rni’qe){

7 |fn (fn,q)|

ll<n™ 12 (a(n)) T
. alm)\ /12
(a(n)) 2 O0(a(n) =0 <<()) ) — 0.

This implies that the sequence (f,)nen is admissible, so we can apply Proposition 3.4 to
(3.18). Observe that Equation (3.16) entails

|

fo

<n T

N

dij_y a(n)—|tk—1/pn]
n—oo
> win) = > pj (n) —— ti, — ti—1
J=dyy, +1 j=o(n)—[tr/pn]+1
for all k. Since we use for all s; the same array q, including the case s = ... =sg =0,

we get with Proposition 3.4 that

K K diy_y
Ena H exp (sk (P, — Pi._,) )1 ~ fn (Tn9) = exp Z (e —1) Z wi(n)
k=1 k=1 j=dg, +1

K
— Z exp[(e®* — 1) (tg — tr—1)].
k=1

This implies that the increments (P, — Py, _,)&_, converge in distribution to independent
random variables (Z1, Zs, ..., Zk), where Zj, is Poisson-distributed with parameter t; —
tr—1. Thus the finite-dimensional distributions of P, converge weakly to the finite-dimensional
distributions of the Poisson process with parameter 1.

To prove that the process {P;,t > 0} converges to the Poisson process with parameter
1, it remains to establish the tightness of the process {P;, ¢ > 0}. By [9, Theorem 13.5
and (13.14)], it is sufficient to show for each T' > 0 that

En [(P= Pu)? (P — P)?] = O ({12~ 11)?) (3.20)
uniformly in ¢,t1,t5 with 0 < ¢t; < ¢t < t5 < T. Note that we can assume that
“tf S #ti(l) > 1. Otherwise (P, — P,,)* (P, — P,)> = 0 and the above equation is

trivially fulfilled. Let n be large enough such that dr (n) > 0. By Equation (3.18), we
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Random permutations without macroscopic cycles 17

have

0? o?
Epo [(P,— P.)* (P, — P 2} =2 2 E,. [ s1(Pi=Piy)+s2(Piy—P1)
o |[(Pe = Py)™ (B, ) 952952 ™ ¢

81252:0
1 9 o Wy
= ———[2" 111G, 2 _1)G, —27
Zoog 05 052 [2"] exp ((e )Gty (2) + (e ) Gty (2)) €xp 2—31 JZ
= s1=582=0
with Gy, uw (2) 1= Zj;gf(n)ﬂ ?zj for 0 < u < w < T. Calculating the derivatives and

entering s; = so = 0 gives

a(n)

1 g .

En.o [(Pt*Ptl)Q (P, — P)?| = Z [2"] gn () exp Z }zﬂ
n7a) j:l

with
In (2) = Gty 1 (2) (L4 Gy i (2) Gutty (2) (L + G, (2)) -

We now apply again Proposition 3.4. We use here the perturbations (g, ),cn and as before
q = (¢jn) With g; = 9 1j<q(n)}- Thus we only have to show that (g,)nen is admissible.
All g,, are entire and we thus can use any 6 > 0. Further the coefficients of the Taylor
expansion of ¢,(z) at z = 0 are all non-negative. Thus |g, (z)| < g, (]z|) for all z. It
remains to check condition (3.9). We use here an estimate which is similar to the one in
(3.19). We have for z € C with |z| = z,, ¢ that

du(n) ‘ dy(n) ‘ a(n)=[u/pan)]
G ()= Y 0 <o Y i) <ol 3 1
Jj=dw(n)+1 Jj=dw(n)+1 j:a(n)—Lw/;La(n)J+1

= 19.1‘5’(:91) (Lw/ﬂa(n)J - I_U/IUJQ(”)J) .

Similarly, we have

du(n) lfj 9 dy(n)
|Gn,u,w(xn,19)| =9 Z n',19 > xiwﬁ(”)+1 Z .
i=d J du(n) ’ .
It j=duw(n)+1
U du(m)+1

Using (3.15) and the definition of d,,(n) in (2.16), we get
e < du(m)a M1 < o(n) exp (o (TO‘(”)>) =0 (a(n)).
: n

) Ghuw (2)
Grw(Tn0)
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18 V.Betz et al.

This estimate is uniform in u,w with 0 < u < w < T. Inserting this inequality into (3.9)
then gives

n

7 aln 5/12
I wwlln <7772 (@ (1) "2 O (a(n)) = O <<()) ) 0.
We thus have

5/12
a(n
W9ulln < 20Gutstlln + 2GonttzIn = O ((51)) ) | (322

This estimate is uniform in ¢,t1,t; with 0 < t; < t < t5 < T. This implies that the
sequence (g, )nen is admissible. Proposition 3.4 then implies that

B (P P (P = 2] = ono) (140 (22 4 gl ) ) < 200 ).

Using the definition of g, and an estimate similar to (3.21), we get

2 2

dy, (n) di, (n)

gn (Tn9) < Z ﬁle,ﬁ I+ Z éxfm,ﬁ

J=diy(ny+1 J=diy(ny+1
2 2
<2(di, (n) = di, ()" iy (142 (dey (n) = diy (1)) pra(n)) -

Using the definition of d;(n) in (2.16) and that 0 < ¢; <ty < T, we obtain

9n (Tn9) <2(1+2T)*(de, (n) — dy, (n)

=2(1 +2T)? Qusz - Lta(n D
e

<2(1+2T)? <

- e
Ha(n) o(n)
<B(1+27)2 (ty — t1)°.
Note that we used for the last equation the assumption ut? - u ( S > 1. This shows

that (3.20) holds. This completes the proof.

3.5. Proof of Theorem 2.8

The proof follows mainly the ideas in [2], where the case of uniform permutations is
treated, and is also similar to the proof of Theorem 2.7 in [4].
In order to establish Theorem 2.8, we have to introduce some notation. We set,

di(ny = |Pr.g.0(n).0c — Bogmy TV (3.23)
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Random permutations without macroscopic cycles 19

Let (Y;) be as in Theorem 2.8 and set for by, by € N

ble. Z ne (3.24)

j=b1+1

Further, let C}, = (Cl, Co,. .., Cb(n)) the vector of the cycle counts up to length b(n),
Y, = (V1,Ys,....Ym), and ¢ = (c1,¢2,...,cpn)) € N*™ a vector. We then have for
all ¢

PpolCy=c =P [Yb =T\, = n} . (3.25)

The proof of this equality is the same as for the uniform measure on S, in [2] and we
thus omit it. As in [4, Section 4.2], one can use (3.25) to show that

© P {Tb(n) =n— r}
n (n)a(n)
Aoy = S P [Ty = 7] [ 1~ o : (3.26)
r=0 P |:T0a(n) = ’fl:| I
where (y)4+ = max(y,0). We will split this sum into pieces. We have
P (7 n—rl
diy <P [T550, > 0B [T, [] + max 1= b(n)((ii?) ’
1<r<pE [T )] P [TOa(n) n] .
where p = p(n) > 1 is arbitrary. We now have
Lemma 3.7. Let p > 1. Then,
(n) (n) (n) 1P = plog(p)
P (150, = oB 150, |] < exp (E 750 )
Proof. We set m :=E {To(gl()n)}. We then have for all s >0
(n)
E eSTan)]
(n) _ ST(n),,L s |:
P [T, > pm] =B [Tt > eorm] < L. (3.27)
The independence of the Y; and m = Z;’("l) Jpi(n) =19 Z x 7.9 imply that
- b(n) b(n) ‘ b(n) ‘ s
log (E [ TOb(’L>:|) Z i (n) (e’ — 192 z) 19/ e??dr < 192 mi’ﬁ/ M gy
j=1 0
(n)s -1 b(n)s
< m/ Mgy = m S < me . (3.28)
0 b(n) b(n)
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20 V.Betz et al.

We thus have P [Tégl() )= pm} < exp (mg(b;;)s - spm). We now use s = ﬁlog (p),

which is by assumption non-negative. Inserting this into the above inequality completes
the proof. O

In order to choose a suitable p, we have to determine the asymptotic behavior of

E [Té&) )} Using the definition of p;(n) in (2.7), we get

b(n)

(") b(n) _
|:T0(1:L()n i| Z]:U’J =4 Z mn a = ﬁxn,a%. (329)
Jj=1 ’

We know from Lemma 2.1 that x,, o, — 1 and

. o W\ Pl
n ~ 1 . .

e~ (G (3 ) (330
If b(n) = o(a(n)/log(n)) then (zn.)*™ — 1 and thus IE[ o )] ~ b(n). However,

( )

log

we can also have b(n) > ¢
immediately obtain

i o NG
E [nggn)} ~ log((rz) (Wlog (ﬁa(n))) . (3.31)

This implies that we have for n large

for some ¢ > 0. Using that z, o — 1 ~ log(zn,q), we

(n) a(n)n®
< < —F— .
<E[T4] < o] (3.32)

a(n)
log(n)

where ¢ > 0 can be chosen arbitrarily. In view of (3.32) and b(n) = o(«a(n)), we use p =
log?(n) in Lemma 3.7. With this choice of p, we immediately get that P [ T > pE {Té;’()n)ﬂ =
O(n=") where A > 0 is arbitrary. Inserting this into (3.26), with A = 2, we get

P [T(") y=n-— r}

dyny < max 1- b(")z(: +0(n7?). (3.33)
r<pE [To(ly;(n)] P |:T0a(n) = 7’?,:| +

We look next at T((n )) (n)" Using that that all Y; are independent, we get that the
(n)

probability generating function of T( Ya(n) is
a(n)

(n) .
]E |:ZTb(n)a(n):| = exp Z u] (n)(zj — 1) . (334)

j=b(n)+1
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Random permutations without macroscopic cycles 21

Using that p1;(n) = ﬁw, we get

a(n) a(n)

P[Tb((”n))a(n) :n—r} =exp | — Z wi(n) Tz 2 exp | 9 Z fzj
j=b(n)+1 j= bn)+1

Similarly, we obtain

n 1 .
P {Téazn) = } = exp Z i (n xz’a | exp Z; exp | ¢ Z 27
Jj=1 Jj= b(n)+1

Thus we have to determine for r < pE {Téb() )} the asymptotic behaviour of

a(n) a(n)
[z2"] 2" exp | ¥ Z fzj and [2"]exp 192 —2 exp [V Z fzj )
j=b(n) +1 j=b(n) +1

We do this with Proposition 3.4. We use for both the triangular array
q= (qj,n)lgjga(n),nEN with qjn = 9 ]]-{b(7z)+1§j§a(n)}' (335)

Furthermore, we use the perturbations f ,,(z) = 2" for the first and f2 ,,(2) = exp (19 Z?(”l) ; J)

for the second expression. We thus have to show that g and f;,(2) and fa,(z) are
admissible, see Definitions 3.2 and 3.3. We now have

Lemma 3.8. Let b =o(a(n)) and define z,, to be the solution of the equation
n=v Y . (3.36)

We then have z, o < #p < Zpa—pn) and [T, — Tpo| = O (—) Furthermore the

a(n)

triangular array q in (3.35) is admissible.

Proof. We have by definition that z, o < z,. Further, =, o_; is the solution of

a(n)—>b(n)
n= Z (Tn,a—b)’.
j=1

Since a(n) < n, we have z,, > 1 and z,,o—p > 1. This implies that =, < z, a—s.
Lemma 2.1 now implies

|z, —

1
=Zpn — Tna < Tna—b— Tna = @ () .
a(n)
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22 V.Betz et al.

Further, z,, o and z, o—p are admissible by Lemma 2.1. Thus z,, o < z,, < 2, o—p together
with Equation (2.10) immediately shows that ,, fulfills Condition (1) in Definition 3.2.
Furthermore, we also get

~—

log(n

lo
log(z,,) ~ d 2, —1~ . 3.37
og(n) o) 4@ a(n) (3.37)
To see that z,, fulfills Condition (2), one uses (3.37) and the identity
d
) d d+1 d
Y e == _alat- )foralldeNq;éO (3.38)
— g—1  (¢g—1)
J
Condition (3) is obvious. Thus q is admissible. O

We now can show

Lemma 3.9. The sequences (f1,n)nen With f1, = 2" is admissible for all r = o (n%

Further, (f2,)nen with fo,, = exp (19 Z?(:"f %ZJ) is admissible.

ok

).

o1l

Proof. We start with (f1 ,)nen. Since all f; ,, = 2", the first two conditions of Definition 3.3
are fulfilled with 6 = N =1 and K = 0 for all ». We now have

_5 A
I f1nlln <n77= (a(n)” 2 vyt

Since z, — 1, we have || — 0 if and only if r = o(n7® (a (n))%) This completes
the proof of the first half of the statement. For (f2 ,)nen, we also have only to check the
third condition. Lemma 2.1 implies that x,, — 1 > clog(n)/a(n) for some ¢ > 0. Since
Tn,o < Tp < Tpa—p and b= o(a(n)), we get with Lemma 2.1

‘f (n) b(n) _1
|f22:(xn 2::0 = #bl = O(n‘a(n)) for all z with |z| = z,,

where € > 0 can be chossen arbitarily small. We thus have || fa.,[l. < n*%“(a(n))%.
Since a(n) < n% with ag < 1, we see that || f2,,]ln — 0 for € > 0 small enough. O

We know from (3.32) that E {Té:()n)} < 'T(Eg()” for each € > 0 and n large enough. This

shows that we can use Proposition 3.4 to compute P [ b((n)a(n) =n— 7’} and P [Tézzn) = n}
for r < pE [T(") } We thus have

0b(n)
(n) _ _ b(n
PN =n =7 = ;
=, 2l exp | —¥ Z ) | @+ Rn), (3.39)
P [Tg;;gn) - n]
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Random permutations without macroscopic cycles 23

where
—0( aln )+|||f1n||n+||f2nn|n).

Note that the implicit constant in the error term in Proposition 3.4 only depends on the

used K, N and §. Since we use for each r < pE [ é;l()n)] the same K, N and 6, we get

that R,, is uniform in r. We now have to distinguish the two cases b(n) = o(«a(n)) and
b(n)=o <I:g(2:3)) for the error terms in (2.18) and (2.19). In the case b(n) = o(a(n)), we
get with (3.32) and the proof of Lemma 3.9 that

r pE[ Ob(n:| . [an) i
S Ea)E C nbam)E (” (%) )

for each € > 0. We thus have that R, is as in (2.18). In the case b(n) = o (ﬁg((’g)), we

have E { T ] b(n). Using this, we immediately get that R,, is as in (2.19).

0b(n)
It thus remains to compute the asymptotic behaviour of the main term in (3.39). We
thus need an estimate for xb(") :cEL(Z). Unfortunately, the bounds obtained from the

Lemmas 3.8 and 2.1 are not strong enough. To overcome this issue, let us consider for
y € R the equation

Ve ™Y = py. (3.40)

It is straightforward to see that this equation has for #(n) > e two solutions. We denote

these by yn, a0 and yp,o With 0 < Y 0.0 < Yn,o- It is straightforward to see that yy, o0 ~ %

and yp, o ~ % as n — oo. We have

Lemma 3.10. We have

a(n) Yn.o = log < ﬁa’”(bn) log ( M”(n)» +0 <1"1‘5()1gc’(‘g7f)71)> . (3.41)

Furthermore, we have for b = o(a(n)) that

1 b (M)yn o
1 n,a) = Yn,a TN 1 n) = Yn,«a 0 ) 42
0g(Tn,a) = Yn,a + O <nlog(n)) and log(z,) = yn,a +O (nlog(n)) (3.42)

We first complete our computations of the main term in (3.39) with Lemma 3.10 and
then give the proof of Lemma 3.10. We have

191)(213)1( '*IJ *19 "z):l/ vido =9 /In b(n)ildv< v /xn WP dy
j=1 ] Tn n,e v — 1 o (En,a -1 Tn,a
_ ((xn)b(") ) (mn,a>b<">+1) _ (3.43)
Tna—1\ b(n)+1 b(n)+1
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24 V.Betz et al.

We use (3.42) and get for some € > 0

()" = (n,0) = () (exp ((6(n) + 1) 0g 20 ~logana)) ~ 1)

= (na)P ! (exp ((b(n) +1o (%)) B 1)

= (Tn,a)" ™M (b(n) +1)O (eb(n)ya) _

nlogn

Equation 3.41 and Lemma 2.1 imply that e®(™¥ne = O (n€) and (,,)°™+ = O (n),
where ¢ > 0 can be chosen arbitrarily small. Using this and (3.37), we get

03 L —ad ) =0 ((b(") + 1>6b(")y"’“<”3n»a>”(”)*1) _o <b<n>+1> .

J nlog?(n) nl=2¢log?(n)

j=1

Inserting this into (3.43) gives

(n)

PlTam =n—T 1

Tatoy }Zexp(o(lbgn)z»ujLRn)
P [TO(Z) ):n} nt=2¢log®(n)

(n

This equation together with (3.33) completes the proof of Theorem 2.8.

Proof of Lemma 3.10. We start with (3.41). We insert the approach

1 e e )

with v € R into (3.40). This leads to the equation

g (ot ) et =tow (s tow (50 ) ) et (an

Note that we have

log(y) < log(ylog(y)) < (1 +¢€)log(y) (3.45)

for all € > 0 and y large enough. Using this, it is straightforward to see that equation
(3.44) has exactly one solution in the region v > 0 and that this solution has to be

0 (ﬁ) as n — o0o. To obtain a lower bound for v, we use the inequality e* < 1+ 2x for

0 <z <log?2. Thus v is larger than the solution v’ of the equation

log (%) (1+ 2a(n)v) = log ( ﬁa’zn) log ( M”(n)» +a(n). (3.46)
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A simple computation gives

IOg log (#)
o = Jatn) (3.47)

2a(n)log (#(n)) + a(n)

This establishes a lower bound for v. For an upper bound, we argue similarly with
1+ ax < e” for x > 0. This completes the proof of (3.41).

We prove (3.42) only for z,. The asymptotics for z,, o, then follows immediately by
inserting b = 0 into the asymptotics for xz,,. The defining equation (3.36) of x,, has exactly
one solution can be rewritten as

19(33”)0‘(") — 19(xn)b(") =n (1 — (xn)_l) . (3.48)
We now insert x,, = e¥. This gives
e MY — gebmy — (1—eY). (3.49)

The equation (3.49) has exactly one solution in the region y > 0. Further, both sides of

(3.49) are monotone increasing functions of y. Inserting y = vy, o + Gy With ¢> 0 into

(3.49) and using (3.41) shows that the RHS of (3.49) behaves like

n (1 - e—ywiﬁm) ~ azln) log <ﬁozn) log (ﬁa”(n)» . (3.50)

On the other hand, the LHS of (3.49) behaves like

a?n) log (19;;”)) . (3.51)

Using (3.45), we immediately see that the solution of (3.49) has to be in the interval
[Yn,a — ﬁ, Yn,a T+ ﬁ] We now use the approach y = y,, o + v. Clearly, we must have

P im o ats) _ g b (ki) -, e

v=o0 (ﬁ) We now argue as for (3.41). To get a lower bound for v, we use 1+ < e

and 1 — e™® < z. This leads to the equation
PeMna (1 4+ a(n)v') — ;wb(”)yw = n(Yn,o +0).

Using the definition of y,, o in (3.40), we immediately get

3196b(n)yn,a 3ﬁeb(n)yn,a 319€b(n)yn,a
© 20e(Mynaq(n) — 20 20y, aa(n) — 2n o log(n)

l
v

The upper bound is obtained similarly. This completes the proof.
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3.6. Proof of Theorem 2.9

We give here the proof for the case K = 1. The reason is that the arguments for the
cases K > 1 and K = 1 are almost identical, but unfortunately the notation for the
case K > 1 is more cumbersome. We thus write m(n) and fi,,,(,) instead of mi(n) and
fmy (ny(n). This mainly simplifies the notation, but does not change the argument used.
As in [4], the proof will be based upon point-wise convergence of moment-generating
functions. Replacing s by —=—— in (3.53), we get

VHm(n)
s
M, (s) :=Ep o |exp Conin 3.52
(s) [ < it >>] (3.52)
L e [ o7 200 4 3 “ (3.53)
= z"]exp | JeVvHmn + — 1. .
Zna m(n) 1<j<a(n),
j#m(n)

In order to determine the asymptotic behaviour of M,,(s), we apply Proposition 3.4 with
the triangular array g = (¢jn)1<j<a(n),nen With

0 if j > a(n)
¢jn = S Vexp (s/ /um(n)> if j =m(n) (3.54)
¥ otherwise,

together with f,(z) = 1 for all n. We thus have to show that q and the sequence (fy;)nen
are both admissible, see Definition 3.2 and 3.3. The sequence (fy,)nen is admissible for
all triangular arrays. Thus we have only to show that g is admissible. Hence, we have to
study the solution x,, 4 of the equation (3.5). Since this solution depends on the parameter
s, we write x, q(s) instead of z, 4. Also, we will write Ay ,(s) for Ag . a,q With A2y a.q
as in (3.6). We now show

Lemma 3.11. Let g be as in (3.54) and z, 4(s) be defined as in (3.5). Suppose that
Pom(n) = 00 With fin,(n) as in (2.7). Then we have, locally uniformly in s € R, that

o (n) 10g (Tn.q (5)) ~ log ( ﬁa”(n) log ( ﬁa”(n)>) . (3.55)

In particular, if n is large enough,

Tnq(s) >1and lim z,4(s) = 1.
n—o0

Furthermore, we have
A2, (8) ~ na(n) (3.56)

locally uniformly in s with A2 ,,(s) = A2 n.q,0 a8 in (3.6).
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Proof. We use Lemma 2.1 to prove Lemma 3.11. Recall that =, (c) is defined in (2.9)
for ¢ > 0 as the solution of

a(n)

cn =19 Z (xnya(c))j.

j=1
Furthermore z,, 4(s) is the solution of the equation

s a(n) ,
n=1a (e VEmn) 1) (gcn,q(s))m(n) +9 Z (2n,q(s))”. (3.57)
j=1

We now assume that 0 < s < U with U > 0 an arbitrary, but fixed real number. Since
eVvimn) > 1 we get

Tnq(8) < Tn,al(l) = Tn,as (3.58)

where z,, o is as in (2.6). Using the definition of fi,(,) together with s < U and fiy,(n) —
0o, we obtain for n large

oo m(n) 2U mmy 20U m(n)
(em - 1) (Zn.q(s)) < \/W(Ina) = 73 m(n)(zn,q)
< 27% a(n) (zna)"".

Applying Lemma 2.1 for z,, o = ®n,(1), we get for n large
s m(n 4
(e\/m _ 1) ()" <3 Jntog ( n > < pl/2+e,
a(n

for € > 0 small. Inserting this into (3.57), we get

[

9 (xn,q(s))j —n—29 (e./u;(n) _ 1) (xmq(s))m(n) > ’I’L(l _ n—1/2+e). (359)
1

n

—~
Z

<.
Il

Using the definition if z,, o(c), we see that
Tna (1207 25) < aq(5) < 2all). (3.60)

Applying Lemma 2.1 to 2, o (1 — n='/2*¢) and 2,, o (1) immediately completes the proof
for 0 < s < U. The argumentation for —U < s < 0 is similar and we thus omit it. O

Lemma 3.11 implies that z, 4(s) with g in (3.54) is admissible. Thus we can apply
Proposition 3.4. We obtain for each s > 0 that

1 exp(hy(9))

Zn,a \/ 271'/\2,7,(5)

M, (s) = (1+0(1)), (3.61)
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where

a(n)

— e Tn.q(s)) ™™ Tnq(s))’
hn(s) =1 (ev“T"(") - 1> (77;7:(qr(z))) + Z (n’Jq_()) —nlog(znq(s)). (3.62)
j=1

Since M, (0) = 1, we have
1 exp(hn(0) nooo

Zn,a \/ 27T)\2$n (0)

Our aim is to use this result to complete the proof of Theorem 2.9. We observe from
(3.56) that the leading coefficient of As ,(s) is independent of s. Therefore, we have
proven Theorem 2.9 if we can show that for each s > 0

1.

2
hn(8) = i (0) + /i) + % Yo(l)  asn— oo (3.63)
We begin with the derivatives of x,, q(s)

Lemma 3.12. The function s — z, 4(s) is for each n infinitely often differentiable.
Further, we have

s m(n)
x;hq(S) = _eXp (\/m) (xn,q (S)) . (364)

xn,Q(S) \/Mm(n))‘Q,n(s)

Proof. Let n be fixed. Since all coefficients of g in (3.54) are non-negative and not all
0, it follows that the equation (3.5) has for each s > 0 exactly one solution. Thus the
function s — x,,4(s) is a well defined function on [0, 00). Applying the implicit function
theorem to the function

. (n)
g(s,x) =9 (ev”’"m) - 1) ™™ 4y Z !
j=1

and using that %g(s, x) > 0 for z > 0 completes the proof. O
Applying Lemma 3.12 to h,(s), we obtain

Lemma 3.13. We have

Vi e (g ()™

n(s) = s m () ; (3.65)
” 1 / B (m(n))Q /(g 2

h’n(’s) - ,um(n) (5) )\2’”(8) (hn( )) ’ (366)
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Proof. Equation (3.65) follows immediately from (3.62) and the definition of z,, 4(s).
Equation (3.66) and (3.67) follow from Lemma 3.12, equation (3.65) and the definition
of Az ,(s), see Definition 3.2. O

m

Equation (3.63) now follows by using 2, 4(0) = zp.a, tm = 1996"7"" and Lemma 3.11.
This completes the proof of Theorem 2.9.
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