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Abstract

In this paper, we continue the study of abelian subalgebras and
ideals of maximal dimension for finite-dimensional supersolvable and
nilpotent Lie algebras. We show that supersolvable Lie algebras with
an abelian subalgebra of codimension 3 contain an abelian ideal with
the same dimension, provided that the characteristic of the underlying
field is not two, and that the same is true for nilpotent Lie algebras
with an abelian subalgebra of codimension 4, provided that the char-
acteristic of the field is greater than five.
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1 Introduction

Throughout, L will denote a Lie algebra of finite dimension n over a field F.
Denote by a(L) the maximal dimension of an abelian subalgebra of L, and by
B(L) the maximal dimension of an abelian ideal of L. These invariants have
been the subject in much interest in many areas. For example, they are very
useful invariants in the study of Lie algebra contractions and degenerations.



There is a large literature, in particular for low-dimensional Lie algebras,
see [7, 2, 14, 17, 6], and the references given therein.

The first author dealing with the invariant a(g) was Schur [16], who
studied in 1905 the abelian subalgebras of maximal dimension contained in
the Lie algebra of n x n square matrices. Schur proved that the maximum
number of linearly independent commuting nxn matrices over a algebraically
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Borel subalgebras in the general linear Lie algebra gl(n) ( where [z] denotes
the integer part of a real number x). Initially, this result was obtained only
over an algebraically closed field such as the complex number field. Almost
forty years later, in 1944, Jacobson [8] gave a simpler proof of Schur’s results,
extending them from algebraically closed fields to arbitrary fields. This
fact allowed several authors to gain insight into the abelian subalgebras of
maximal dimension of many different types of Lie algebras.

More specifically, for semisimple Lie algebras s the invariant a(s) was
completely determined by Malcev [13]. Since there are no abelian ideals in
s, we have f(s) = 0. The value of « for simple Lie algebras is reproduced
in table 1. More recently much interest has focused on the study of abelian

closed field is ["2] + 1, which is the maximal dimension of abelian ideals of

Table 1: The invariant « for simple Lie algebras

s dim(s) a(s)
Ap,n>1] nn+2) | [(Z2)%]
Bs 21 5
Byn>4|n@n+1) | " 4
Cpyn>2|n2n+1) %
D,,n>4|n2n—-1) %
Go 14 3
Fy 52 9
Fg 78 16
By 133 97
Ey 248 36

ideals in a Borel subalgebra b of a simple complex Lie algebra. It has
been shown that «(s) = B(b), and this number can be computed purely in
terms of certain root system invariants ([18]). Furthermore, Kostant found
a relationship between these invariants and discrete series representations of
the corresponding Lie group, and to powers of the Euler product ([10, 11].



In fact,there are many more results concerning the invariants a and g for
simple Lie algebras and their Borel subalgebras.

We shall call L supersolvable if there is a chain 0 = Ly C Ly C ... C
L, 1 C L, =L, where L; is an i-dimensional ideal of L. The ideals L&) of
the derived series are defined by L(O) = [, L(:++1) = [L(k),L(k)] for k£ > 0;
we also write L? for L) and L3 for [L? L]. It is well known that every
supersolvable Lie algebra is also solvable. Moreover, these classes coincide
over an algebraically closed field of characteristic zero (Lie’s theorem). There
are, however, examples of solvable Lie algebras over algebraically closed field
of non-zero characteristic which are not supersovable (see for instance [9,
page 53] or [1]).

A number of authors have studied these invariants for solvable Lie alge-
bras (see [4, 5, 3, 15] and the references contained therein). In particular,
Burde and Ceballos showed that, for a solvable Lie algebra L over an al-
gebraically closed field of characteristic zero, a(L) = S(L) ([3]). They also
gave an example to show that this was not true if the field was not alge-
braically closed. Nevertheless, it is worthwhile to explore the extent to which
the algebraic closure and characteristic of the field are necessary for these
two invariants to be equal. It would seem most likely that algebraic closure
would be unnecessary for supersolvable Lie algebras. This was investigated
by the author and Ceballos in [5] where, in particular it was shown that
every supersolvable Lie algebra, L, of dimension n with a(L) = n — 2 also
satisfies (L) = n—2 and that the o and [ invariants also coincide for nilpo-
tent Lie algebras L with a(L) = n — 3, provided that F' has characteristic
different from two. An example is also given to show that this last result
does not hold even over algebraically closed fields in characteristic two.

The current paper seeks to extend these results further; in particular
answering question 1 in [5], and has the following structure. In section 2
we give some general results concerning maximal abelian subalgebras. In
section 3, we show that every supersolvable Lie algebra, L, of dimension
n with a(L) = n — 3 also satisfies (L) = n — 3 provided that F' has
characteristic different from 2.. In the final section we show the o and
invariants also coincide for nilpotent Lie algebras L with «(L) = n — 4,
provided that F' has characteristic greater than 5.

2 Some general results

If S is a subalgebra of L we call the biggest ideal of L contained in S the
core of L, and denote it by Sp; the smallest ideal of L containing S is called



the ideal closure of S, and is denoted by S¥. Clearly ST = > S(ad L)} =
St o S(ad L) for some r € N. We will denote the centre of L by Z(L) =
{r € L:[x,y] =0,Vy € L} and the centralizer of a subalgebra A of L by
CL(A) = {z € L: [z, A] = 0}. First we give some relationships between A"
and Ay, when A is an abelian subalgebra of L.

Proposition 2.1 Let L be a Lie algebra over any field F' and let A be an
abelian subalgebra of L. Then Ap C Z(AL).

Proof. Suppose that [Ar, A(ad L)¥] = 0 for some k& > 0. Then

[Ar, A(ad L)*H) = [AL, [A(ad L)*, L]]

A(ad L)*, [L, Ar)] + [L, [AL, A(ad L)*]]

N
_CJ'_"_‘

Hence [Af, AY] =0 and A, C Z(A%). O

Corollary 2.2 Let L be a Lie algebra over any field F' and let A be a maz-
imal abelian subalgebra of L. Then A = Z(AL).

Proof. This follows immediately, since A + Z(A%) is abelian and Z(AF) is
an ideal of L. OJ
Next we show that if A is an abelian subalgebra which is an ideal of a

maximal subalgebra of L then A’ is nilpotent. First we need a lemma.

Lemma 2.3 Let S be a subalgebra of L with S¥ = >"1_  S(adL)!, and let
N be any ideal of L in which S is an ideal. Then Zf:o S(adL)" is an ideal
of N forall k=0,...,r.

Proof. Suppose that Z?:o S(ad L) is an ideal of N. Then

k+1
[Z S(adL)i,N] = !
=0

=0

k
> S(ad L), L] N

k k
C [[L,N],ZS(adL)i + [NV S(ad L)i] L
o =0 =0
C> S(adL)"
=0

Since S is an ideal of N the result follows from a simple induction. [J



Theorem 2.4 Let L be a Lie algebra over a field F, let A be an abelian
subalgebra of L and let N be an ideal of codimension one in L in which A
s an ideal. Then

(i) AL =3""_, A(adx)® for somer € N and any x € L'\ N;

(i1) Ef:o A(adzx)" is a nilpotent ideal of N of class f(k) for k=0,...,7,
provided that, for k > 1, F' has characteristic zero or p > f(k—1)+1
where f(k) < k(k+1)(2k+1)/6 + 2k; and

(iii) A* is a nilpotent ideal of L of class f(r) provided that F has charac-
teristic zero or p > f(r —1) + 1.

Proof.

(i) Itisclear that L = N+Fzand ) |_, A(adz)’ C AL, But >!_, A(ad z)!
is an ideal of N, by Lemma 3.1, and so of L. The reverse inclusion
follows.

(ii) Clearly this is true for £ = 0. Suppose it holds for & = m and put
=", A(adz)". Then >7"t! A(adz)’ is an ideal of N, by Lemma
3.1. Moreover, D = adx |y is a derivation of N, and so

mal fm~+1)+1
(Z Aad xy') = (I + D(I))fm+D+1 — g,
=0

provided that F' has characteristic zero or p > f(m) + 1, by [12, The-
orem 1].The result follows.

(iii) This is immediate from (ii).

O

As Maksimenko points out, the bound on f(k) is rough and increases
rapidly: f(1) =3, f(2) =20 and f(3) = 2910. So this bound is unlikely to
be particularly helpful in proving results.

Lemma 2.5 Let L be a Lie algebra over a field F', let A be a maximal
abelian subalgebra of L and suppose that A is nilpotent and (AL)(Q) = 0.
Then either

(i) (AF)3 =0; or



(ii) dim((AY)? + Z(AL))/Z(AF) > 2.

Proof. First suppose that ((A¥)? + Z(A*))N A = Z(AY). Then we have
that (AF)2 N A+ Z(AY) = Z(AL) and (AF)2N A C Z(AL). Tt follows that
[AL) A] C Z(AL), whence [(AL)2, A] C [AL,[AF) A]] = 0 and (AL)2+ A is an
abelian subalgebra of L. The maximality of A then yields that (AX)? C A,
from which (A¥)2 C Ap = Z(A¥) and (AF)3 = 0.

It follows from the above that if (i) does not hold, then (A%)? ¢ A and
(A1) + Z(A)) N A # Z(AF), which gives case (i4). O

Lemma 2.6 Let L be a supersolvable Lie algebra and let A be a mazximal
abelian subalgebra of L for which A* = L. Suppose that A is an ideal of
a mazimal subalgebra M of L. Then L = L?*4+A where dimL? = 1, and
a(L)=dimL—1= B(L).

Proof. We have immediately that L = ALY C L? + A, so L = L? + A. Let
K be a subspace of A which is complementary to L? in L. Then K is a
subalgebra of L = L?+K and L? is complemented in L. Tt follows from [20,
Theorem 3.4] that

L L?> . K+1® K+ L®
= + an
L L® L® L®)

. L

is a Cartan subalgebra of o
As Cartan subalgebras are self-normalising we must have that K + L) =
A+L® and M+ A+ L3 = A+ L®, whence M C A+ L®. But now
L? is nilpotent, so ¢(L?) = L) C ¢(L) € M, by [19, Lemma 4.1], so
M = A+ L®. Since L is supersolvable, M has codimension one in L and so
L® has codimension one in L?. Hence L? = L®) 4 Fz = ¢(L?) + Fx = Fx
for some x € L. Hence dim L? = 1 and Cp(L?) is an abelian ideal of
codimension one in L. The result follows. [

We will also need the following result, which is proved in [5, Lemma 2.5].

Lemma 2.7 Let L be a supersolvable Lie algebra and let A be a maximal
abelian ideal of L. Then Cp(A) = A.

3 Supersolvable Lie algebras of dimension n with
a(l)=n—3

. In this section we extend [5, Theorem 4.1] to supersolvable Lie algebras,
thereby answering Question 1 in that paper. First we need the following
Lemma which will be used several times.



Lemma 3.1 Let L be a supersolvable algebra over a field F' with an abelian
subalgebra A of mazimal dimension. Let A* = Fey + ...+ Fen, + Z(AL)
(m > 2). Suppose that dim(A*)%2 = r < m —2. Then there exists an abelian
ideal B of L of dimension dim Z(A") + 1 with B C A*. Moreover, if B

is a mazimal abelian ideal of L, then, for each set {e;,...,e; .} of r+1
distinct elements of {ea,...,em} there exist \; ..., N, € F', not all zero,
such that
r+1
B = Z(AL) + Z)\ijeij.
j=1

Proof. The ideal B exists because L is supersolvable and so there is a one-
dimensional ideal B/Z(A") of L/ Z(A") with B C AF. Put B = Fb+Z(AL).

Then [e;,,b],. .., [e;,.,,b] are linearly dependent, since dim(A%)? = r. Hence
there there exist A;;,...,A;,,; € F, not all zero, such that

r+1

Z )\ij [eij, b] =0.

=2

If B is a maximal abelian ideal of L then Z;S Aisei; € CL(B) = B, by
Lemma 2.7. OJ

Theorem 3.2 Let L be a supersolvable Lie algebra over a field of charac-
teristic different from 2 with an abelian subalgebra A of maximal dimension.
Suppose that (L) = dim AY — 2, and that A is an ideal of a mazximal ideal
N of L. Then (L) = dim A" — 2.

Proof. Case A: Assume first that AY = Fey + Fes + A where e3 = [e1, e4],
es = [e1,e3]. By replacing ej by ej — ajse3 — ajzeq we can assume that
le1,ej] = >y ajie; for 5 < j < n. In particular, this holds if A + [A, e1] is
a subalgebra of codimension one in A”, and AL = A + [A,e1] + [[A, e1], e1].
Then

les, ej] = [[e1, eq], 5] = —[[ea, e;],e1] — [[ej,e1],ea) =0 for 7 >5 (1)
Also
[e2, €] = [le1, €3], 5] = —[les, ], e1] — [[ej, ea], €3]
= ajuleq, e3] for j > 5. (2)



If agg # 0 for some k£ > 5 , interchange e5 and e, and then replace e; by
asgej — agges for j > 6. Then

lea,ej] =0 for j > 6 (3)
les,ej] =0 for j > 5. (4)
Hence dim Z(AF) > dim A* — 4. Now
[e1, [es, ea]] = —[es, [ea, e1]] — [ea, [e1, €3]] = [e2, 4], and (5)
[e1, [e2, e5]] = —[e2, [e5, e1]] — [e5, [e1, e2]]
= asaler, eq] + assles, e5] + aaales, es]. (6)

But [e2, e5] = asaleq, €3], so (2), (5) and (6) yield
2as4(e2, e4] = (a5 + a2)[es, ea] = asa(ass + aa2)les, ea]. (7)

If 54 = 0 we have that [es, e5] = 0, so dim Z(AY) > dim A — 3 and Lemma
3.1 implies that B(L) = dim AV — 2.

So suppose that asy # 0. Then (AL)? is spanned by [es, e3] and [e3, ea],
whence dim(A%)? < 2. Lemma 3.1 implies that there is an abelian ideal B of
L of dimension dim A” — 3 inside A and B = Aze3+ A\geq + Ases + Z(AL) =
poes + praeq + pses + Z(AL) for some A3, A\, As, o, pia, pts € F' and where not
all of the \'s or u's are zero. Thus \3 = us = 0 and B C A. If B is a
maximal abelian ideal of L we have eq,e5 € C(B) = B, a contradiction.
Hence B(L) = dim A" — 2.

Case B Suppose now that A” = A + [A, e1]; we can assume that A" =
Fey + Feg + A where ex = [eq, eq], e3 = [e1,e5]. Again, by replacing e; by
ej — ajoeq — ayges, we can assume that [er, e;] = > 7, ajie; for 6 < j < n.
Then,

[e2, ¢5] = [[e1, eal, ¢5] = —[les, ¢j], e1] = [[ej, ea], ea] = 0 for j > 6, (8)
[e2, e5] = [es, e4] and 9)
les, ] = [ler; es), ¢5] = —lles, ¢j]; ea] = [[ej, ea], e5] = 0 for j > 6. (10)

Hence dim Z(A%) > 4.

If ago # 0 then replace es by [e1, e3] and we are in Case A. Similarly, if
aog # 0 then replace eg by [e1,e2] and we are in Case A again. So we can
assume that asg = ags = 0. Now

[e1, [e2, e5]] = —[e2, [e5, e1]] — [es, [e1, €2]]

= [e2, e3] + ansles, €s] (11)
[e1, [e3, ea]] = —[es, [e4, e1]] — [ea, [e1, €3]]

= [e3, e2] + az3[es, ey] (12)



Then (9),(11) and (12) imply that

2[ea, e3] = azsles, es] — aanlen, e5] = (33 — a22)les, e4] (13)
Now,
le1, [e2, e3]] = —[e2, [e3, e1]] — [e3, [e1, e2]]
= (o2 + a33)[e2, e3] + (az5 — aaq)les, ea] + azales, e4]
+ agsles, es] (14)

Then (13),(14) imply that

2(a22 + aiz3)[e2, e3] + 2(ags — aa)les, ea] + 2asale, e4] + 2a95(es, €3]

= (a33 — a2)[es, ea] + asz(as3 — o) les, es] (15)
which yields
(035 — a35) + 4(ass — aoa))[es, ea] + daza[ea, es] + daosfes, e3] = 0. (16)

If at least one of the coefficients in (16) is non-zero, then dim(A*)? < 2 and
we can argue as in the last paragraph before Case B.
So suppose that all of the coefficients in (16) are all zero; that is,

o34 = 0, Qo5 = 0, Ck§3 + 4dags = 0552 + 4avoy. (17)

Using Lemma 3.1 there is an abelian ideal B = °0_, Nje; + Z(A") where
not all of the \'s are zero. Now

[61, Aoeo + Azeg + \geq + )\565]
= Ao(aa2es + aaaeq) + Az(asses + asses) + Agea + Ases
= k(A2e2 + Ages + \geq + Ases + 2)

for some k € F, z € Z(AL). This yields

Xocias + Ay = ks (18)
A3ass + As = ks (19)
Aocvas = kA (20)
Asass = ks (21)

Substituting (20) into k x (18) gives A2(k? — aaok — ag4) = 0. Similarly,
substituting (21) into k x (19) gives A\3(k? — assk —ags) = 0. If Ay = 0



then Ay = 0 and B = Aze3 + Ase5 + Z(AL). We must have A3 # 0, since,
otherwise, A5 = 0 also. If A5 # 0 then Agzez — A\se5 € CL(B), so B is not
a maximal abelian ideal of L and S(L) = dim A — 2. If A5 = 0, then
B = Fe3 + Z(Al) and (13) implies that 2es + (a33 — azs)es € Cr(B) and
so B is not maximal again.

So assume that Ay # 0. Similarly we can assume that A3 # 0. Thus

o — 99 £ 4/ 0%2 + 4oy 33 + 4/ 0%3 + 4ass (22)
B 2 B 2 '

But now (17) implies that g2 = gz and agq = aszs. Also, (18), (19) give
Mg = pAo and A5 = puAs, where p =k — aiag, so

B = Xa(ea + peq) + Az(es + pes).

But now (es + pey), (es + pes) € Cr(B) by (9) and (13). It follows that B
cannot be a maximal abelian ideal of L, completing the proof.
O

Corollary 3.3 Let L be a supersolvable Lie algebra of dimension n, over a
field F' of characteristic different from 2, with o(L) = n — 3. Then B(L) =
n—3J.

Proof. Let A be an abelian subalgebra of L with dim A = n — 3. Then
AY o L by Lemma 2.6. Let N be a maximal subalgebra of L containing A%.
We can suppose that A is an ideal of N, by [5, Corollary 3.6]. If A # N,
then A has codimension one in A" and the result is given by [5, Corollary
3.2]. So suppose now that N = A*. Then a(L) = dim A” — 2 and the result
is given by Theorem 3.2. [J

4 Nilpotent Lie algebras of dimension n with a(L) =
n—4

Here we show that when L is nilpotent and (L) =n —4 then B(L) =n—4
provided that F' has characteristic different from 2, 3 and 5.

Theorem 4.1 Let L be a nilpotent Lie algebra of dimension n over a field F

of characteristic different from 2,3,5 with a(L) =n—4. Then B(L) =n—4
also.

10



Proof. Let A be an abelian subalgebra of L with dim A =n—4, let N be a
maximal subalgebra of L containing A and suppose that A is not an ideal of
L. Then N is an ideal of L and A is an abelian subalgebra of N of maximal
dimension and codimension 3 in N. By Theorem 3.2 we can assume A is an
ideal of N. Furthermore, we can assume that N = A%, so that Z(N) = Ay,
Let e5,...,e, be a basis for A, and let L = Fe; + N. We consider three
cases.

Case A: Suppose first that N = Feg+ Fes+ Fey+ A where e4 = [eq, e5],
es = [e1,e4], e2 = [e1,e3]. In particular, this is the case if A + [A,eq] is a
subalgebra of codimension two in N, so that N = A+ [A,e1]+ [[4, e1], e1] +
[[[A,e1], e1],e1]. Relpacing e; by e; — ajoes — ajseq — ajses we can assume
that [eq, e;] = > 1" - ajie; for j > 6. Then

ea, e5] = [[e1, e5], €] = —[[es, ejler] — [[ej, e1], es]
— 0 for j > 6. (23)
Also
les, €] = [[e1, ea], e5] = —[[eq, e5], e1] — [[ej, e1], ea]
= ajs|es, eq] for j > 6 (24)

If ags # 0 for some k > 6, interchange eg and e, and then replace e; by
agse; — ajseg for 7 > 7, so we can assume that

les, €] = [ea, ;] =0 and a5 =0 for j > 7 (25)
Moreover,
[e2, €5] = [[e1, €3], 5] = —[les, e5], e1] — [[ej, €1], €3]
= ajeleq, e3] for j > 7 (26)

If age # 0 for some k > 7, interchange ey and e, and then replace e; by
aree; — ajeer for 7 > 7, so we can assume that

[e2, €] = 0 and ajg = 0 for j > 8, (27)
as before.
Now
le1, [e3, ee]] = —[e3, [es, e1]] — [es, [e1, €3]]
= agsles, es) + agsles, eg] + [e2, eq]
le1, [e5, ea]] = —[es, [ea, e1]] — [eq, [e1, e5]] = [es, 3], so
[62, 66] = 2065 [65, 63] + a6 [66, 63] from (24) (28)

11



Moreover

[e1, [e2, e6]] = —[e2, [es, e1]] — [eq, [en, €2]]
= agsle2, es] + asslez, es] + agrlea, er] + anzles, eg]
+ az3es, eg]
[e1, [e5, es]] = —[es, [e3, e]] — [es, [en, €3]]
= [es, e2] + [e4, €3] s0
205 e, ea] = 2ae5es, e2] — ass(aeses, es] + aeses, es] + [e2, eq))
+ agsles, ea] + agsles, e2] + agrer, ea] + aasles, e2]
+ a3es, €3]
= 3ags[es, e2] + assses, e3] + (adg + ao3)les, €3]
+ (2066 + v22)[e6, €2] + agrler, ea] (29)

If ags = 0 we have that ) " o Fe; is an ideal of L and so is contained in
Z(N). But now L has an abelian ideal of dimension dim N — 3. So assume
that ags # 0. Then equations (24), (25), (26), (27), (28) and (29) imply
that N2 is spanned by [e2, e3], [e2, e],[e2, e5], [e3, e5] and [e4, e5], and so has
dimension at most five.

Case A1 Suppose that e; € Z(N), so that dim(N/Z(N) < 5. Then 4 >
dim([L, N] + Z(N)) > 3, since eg, e3,e4 € [L, N] + Z(N).

(1) Suppose first that dim([L, N]+Z(N)) = 3, so ags = aas = aus = e = 0.
Then [e1,e2] € [L, L, [L,[L,N]]]] + Z(N) = 0, so aga = a3 = a4 = 0 and
Fey + Z(N) is an abelian ideal of dimension dim N — 4. Then

[e1, [e2, €3]] = —[e2, [es, e1]] — [es, [e1, e2]] = 0

[e1, [e2, ea]] = —[e2, [e4, e1]] — [ea, [e1, €2]]
= [e2, €3]

[e1, [e2, e5]] = —[e2, [e5, e1]] — [es, [e1, €2]]
= [e2, e4]

[e1, [e2, e6]] = —[e2, [es, e1]] — [es, [e1, €2]]

= ags ez, e5) + agslea, e

Hence, Feg, e3]+ Flez, e4] + Flea, es] + Flea, eg] is an ideal of L of dimension
at most 4. It follows that

0= [ex, [ex, [e1, [e1, [e2, eq]]]]]

= app0us €2, €3] + 04(2360465 lea, eq] + 04260465 [e2, e5] + &ég[ez, e

12



If age # 0 we have that agses + aggagses + a%6a65e5 + ag666 € Cr(Fey +
Z(N)) and L has an abelian ideal of dimension dim NV — 3.

So suppose that ags = 0. Then (29) gives 2aps(es, e4] = 3ags|es, ea].
Multiplying both sides by e; then yields 2ags]es, €4] = 3ags|eq, e2], whence
bagslea, e4] = 0. If ags = 0 there is an ideal of dimension dim N — 3, as
in the paragraph immediately preceeding Case Al. If ags # 0 then eq4 €
Cr(Fey+ Z(N)) and again L has an abelian ideal of dimension dim N — 3.
(ii) So suppose that dim([L, N] + Z(N)) = 4. Then there is an n; € N
such that N = F'ny + Fng + Fnsg + Fng + Fns + Z(N) where ny = [e1,n1],
nz = [e1, na], ny = [e1,n3], ns = [e1,n4] and [e1, ns] € Z(N). Now

[e1, [n1, no]] = —[n1, [n2, e1]] — [n2, [e1, n]] = [n1, n3]
[e1, [n1, ns]] = —[n1, [n3, e1]] — [n3, [e1, m]] = [n1, 4] + [n2, 3]
[e1, [n1, na]] = —[n1, [ng, e1]] = [na, [e1, m]] = [n1, 5] + [n2, n4]
[e1, [n2,n3]] = —[n2, [n3, e1]] — [ns, [e1, na]] = [n2, n4]
[e1, [n1,n5]] = —[n1, [ns, e1]] — [ns, [e1, n1]] = [n2, ns]
[e1, [n2,n4]] = —[n2, [n4, e1]] — [n4, [e1, no]] = [n2, 5] + [n3, 14
[e1, [n2, n5]] = —[n2, [n5, €1]] — [ns, [e1, na]] = [ng, ns]
le1, [n3, nal] = —[ng, [ng, e1]] — [n4, [e1, n3]] = [n3, n5]
Since dim N? < 5,
0= [e1, [e1, [e1, [e1, [e1, [n1, na2]l]]]] = 5[ns, ns)]

Clearly Fns + Z(N) is an abelian ideal of L and n3 € Cp(Fns + Z(N), so
L has an abelian ideal of dimension dim N — 3.

Case A2 If ayg = 0 we are in Case Al. So suppose that azg # 0. Then
[e2, e7] = argles, e3] Multiplying both sides of this by e; gives

le1, [e2, e7]] = —[e2, [e7, e1]] — [e7, [e1, €2]]
= arelez, eg) + arrlez, er] + aaales, e7]
= 2a76065]e5, €3] + (e + a7 + aaz)azgles, e3] by (28)
= azglet, [e6, €3]]
= areaeses, e3] + areaes|es, €3] + arsles, e2]
= areeses, e3] + areaes e, e3] + 2argaes[es, es] + arsasles, e
= areaes|es, es)
Hence
3agsles, es] = (aes + arr + ag2)|es, es).

13



If ags = 0 we can argue as in the last paragraph before Case Al, so assume
that ags # 0. Then we have that dim N? < 4. Suppose that B = Fb+Z(N)
is a maximal abelian ideal of L. We have, by Lemma 3.1, that there exist
\i € F, not all zero, such that 37_, \je; € O(B) = B. But now e7 € Z(N)
and we are in Case Al.

There are two further cases.

Case B: Suppose that N = Fey + Fes + Feqs + A where e4 = [eq, eg],
es = [e1,e5], ea = [e1,es3]. In particular, this is the case if A+ [A,eq] is a
subalgebra of codimension one in N, and N = A+ [A, e1] +[[A4, e1], e1] with
es, eq, A spanning [A,e1] + A and eq, A spanning [[A, e1], e1] + A. Replacing
ej by e; — ajoes — ayzes — ajueq for j > 7, we can assume that [e1,e;] =
Yoigayie; for 2 < j <4, and [eq, e5] = D1 - ajie; for 7 < j < n. Then,

les, e5] = [le1, e5], e5] = —[[es, ej], e1] — [[ej, e1], e5] = 0
for j > 17, (30)

e, €5] = [[e1, eq], e5] = —[[eq €j], e1] — [[ej, e1], e6] = 0
for j > 7, (31)
and  [e3,e6] = [ea, e5]. (32)

Also
lea, e5] = [[e1, es], e5] = —[[es, ¢j], e1] — [[ej, e1], es]

= Odj5[€5, 63] + Oéjﬁ[eﬁ, 63] for j > 7. (33)

If ags # 0 for some k > 7, interchange ey and e, and then replace e; by
arsej — ajser for j > 8, so we can assume that

le2, €j] = agles, e3] and a5 = 0 for j > 8. (34)

Similarly, if agg # 0 for some k > 8, interchange eg and e; and then replace
ej by agsej — ajgeg for j > 9, so we can assume that

[e2, €] = 0 and ajg =0 for j > 9. (35)

Hence dim Z(N) > dim N — 7.
Replacing e4 by eq4 — agoes and eg by eg — agoes we can assume that
aygo = 0.

Claim: N? is spanned by z; = [es,e5],20 = [e3,e4], 23 = [e3,e5],24 =
[e3, e6) and z5 = [ey, €6]. In particular, N3 = 0.
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Put S = Y7 | Fz. Tt suffices to check [eg, 3], [ea, e4] and [eg, eg]; the
rest are covered by (30)-(35). Now,

le1, [e3, e6]] = —es, [es, e1]] — [es, [e1, €3]] = [es, e4] + [e2.e6] and (36)
[e1, [ea, es]] = —[ea, [e5, e1]] — [es, [e1, e]]

= [eq, e3] + ausles, es] + aualeq, €5 (37)

S0 [e2, eg] = 2[eq, €3] + ausles, es] + auales, eg] by (32) (38)

which gives that [es, e6] € S. Also

[e1, [e2, e6]] = —[e2, [es, e1]] — [es, [e1, €2]]

= [ea, e4] + aaales, eg] + aasles, eg] + a2alea, e (39)
[e1, [e4, €3]] = —[e, [e3, e1]] — [es, [e1, e4]]

= [e4, e2] + auales, e3] + ausles, e3] + augles, €3] (40)
[e1, [es, es]] = —[es, [es, e1]] — [es, [e1, €3]] = [e2, e5], (41)

which shows that [ea, e4] € S (provided that the characteristic of F' is not
3). Finally,

[e1, [e2, e5]] = —[e2, [es, e1]] — [es, [e1, ea]

= [eg, €3] + analea, e5] + aasles, es] + aaalea, es] (42)

from which we have that [ez,e3] € S. As A is an ideal of N and (A +
[A4,e1])> € A, N? is contained in A and hence in Z(N). It follows that
N3 =0 and N? has dimension at most five.
Case B1 Suppose that e7,eg € Z(N). Then 4 > dim([L, N] + Z(N)) > 3,
since eg, e3,e4 € [L, N] + Z(N).
(i) Suppose that dim([L, N]4+ Z(N)) = 3, so ags = aiog = g5 = g = 0.
Then Fley,es) C [L, [L, [L, A*]]] + Z(N) which has dimension dim Z(N) +1.
Suppose further that [ey, ea] = 0, S0 ag2 = o3 = gy = 0 and Fea+Z(N)
is an abelian ideal of dimension dim N — 4. Then

[e1, [e2, e3]] = —[e2, [es, e1]] — [es, [e1, e2]] = 0 and
[617 [6’2, 64]] = _[623 [64, 61“ - [647 [617 62]
= auslez, e3] + auales, eq]

Hence, Fleg, e3] + Fleg, eq] is an ideal of L. It has dimension at most two,
S0

0 = [e1, [e1, [e2, e4]]] = auauales, es] + aylea, ed.
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If ags # 0 we have [e2, ayzes + agqeq] = 0. It follows that ayses + aqqeq €
CL(Fea+Z(N)) and L has an abelian ideal of dimension dim N —3. If ayq =
0, equations (38)-(41) give [ea,eq] = 2[eq, €3] + ausles, e5] and 3[e2, e4] =
aysles, es], whence [eg, 3e4 —ayzes] = 0. Then 3eq4 —ayses € Cr(Fea+Z(N))
and again L has an abelian ideal of dimension dim N — 3.

So suppose now that [e1, es] # 0. Then Fley, eo]+Z(N) = [L,[L, [L, A¥]]]+
Z(N). Hence

le1, [e1, e2]] = ana(ages + aazes + aages) + aazes + aos(auzes + auges) + 2z,

where z € Z(N). Since this must belong to Z(N) we have

Oé%g +a3=0 (Z)
Qoo0iog + agoyz =0 L (m)
o4 + Qg =0 L (731)

3 .
99 = —Q44 and 04240443 = 0422 .......... (Z'U)

since a4 = 0 implies that age = g = 0 and [e1, ea] = 0. Suppose first that
ay3 = ayq =0, s0 Feqg + Z(N) is an abelian ideal of dimension dim N — 4..
Then (38)-(41) give [e2, eg] = 2[e4, €3] and 3[ez, e4] = 0 and again L has an
abelian ideal of dimension dim N — 3. So suppose that at least one of ays
and ayy is non-zero. If any of g, aing or oy is zero then they are all zero,
so we can assume that they are all non-zero.

Now
[e1, [e2, €3]] = —[e2, [es, e1]] — [es, [e1, e2]]
= aaolea, e3] + anyfes, 4] (43)
[e1, [e2, ea]] = —[e2, [e4, e1]] — [ea, [e1, €2]]
= ayslea, e3] + auules, e4] + aalea, eq] + ansles, e4]
= 43 [62, 83] + o3 [63, 64] by (iV) (44)
le1, [e3, eq]] = [e2, e4] — aaaes, e4] by (40) and (iv) (45)

It follows that K = F'lea, e3]+F[ez, e4]+F'e3, e4] is an ideal of L of dimension
at most three. Thus [e1, [e1, [e1, [e2, e3]]]] = 0. Now

[e1, [e1, [e2, €3]] = adglea, e3] + agaanyes, ea] + azsausfes, e3] + azsansles, ed)

= a3y (1 + ag)lez, e3] + aagaaales, eq] + aasasles, eq] by (iv)
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whence

0 = aiy(1 + az)le2, €3] + adgaas(1 4 o) ez, e4] + aoaazsaqses, e3]
+ iaoa30i4 [63, 64] + Qiaq0ia3 [62, 64] — (12200230024 [63, 64]

= a3, (1 + 2092) [e2, €3] + anaaiylea, eq] by (i)

This implies that [es, e3] and [e2, e4] are linearly dependent and K has di-
mension at most two. But then [e1, [e1, [e2, e3]]] = 0 which shows that all
three are linearly dependent. It follows that dim N 2 < 3. Hence

Ailes, [e1, ea]] + Azles, [e1, ea]] + As[es, [e1, e2]] + Aaleq, [e1, e2]] = 0
for some \; € F', not all zero (i = 1,2,3,4). Thus,
A1e3 + Aoeq + Ages + Ageg € CL(F[el, 62] + Z(N))

and L has an abelian ideal of dimension dim N — 3.

(ii) Suppose now that dim([L, N]+ Z(N)) = 4. Then we proceed exactly as
in Case A1(ii).

Case B2 If a75 = arg = agg = 0 we are in case B1, so we now consider the

situation when at least one of these is non-zero.
(1) Suppose that agg =0, so eg € Z(N) and dim Z(N) < dim N — 6. Then

0= [61’ [€4a 67]] = _[643 [677 61]] - [67, [617 64]]

= arsled, es] + azeleq, eq) (46)
Also, multiplying (46) by e; and using (37) gives

0 = arsleq, e3] + azsouales, es] + arsauses, es) + argaas(es, e
+ argouales, esl
= asleq, e3] + argouslea, es] + arsausles, es] using (32) (47)

If a5 # 0 equations (46) and (47) imply that dim N2 < 3. Now there exists
an abelian ideal B = Fb+Z(N) C N. If this is a maximal abelian ideal then,
by Lemma 3.1, there exist \; € F', not all zero, such that B = 21714 Aiei+Ar.
But then ey € C(B) = B and we are in case B1. Thus, there is an abelian
ideal C'= Fce+B C N. Suppose that this is a maximal abelian ideal of L. As
above there exist y1; € F, not all zero, such that 37_, yse; € Cp(Fe+Z(N)).
It follows that ey € C(C') = C and we are in case Bl again. If this is not
maximal then there is an abelian ideal of dimension dim N — 3.
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So suppose that azs = 0. Then azg # 0 and (46) implies that [eq, eg] =0
giving dim N? < 4. Now we can argue as in the previous paragraph using

Yig hiei and g e
(i) Suppose that agg # 0. Then

0= [e1, [e4, es]] = —[eq, [es, e1]] — [es, [e1, ea]] = asp[ea, €] (48)

so [eq,e6) = 0 and dim N? < 4. Moreover, (46) implies that ays = 0 or
[es,e5] = 0. The latter yields that [e2,es] = 0 (using (32)) and we are in

Case B2(i). If ars = 0 then [e9, azges — agger] = 0, so, replacing eg by
arges — agger we can assume that [eg,eg] = 0 and we are in Case B2(i)
again.

Case C: Suppose that N = Feg + Fes + Feq + A where eq4 = [e1, e7],
es = le1,ep], ea = [e1,e5]. In particular, this is the case if N = A +
[A,e1]. Replacing e; by e; — ajoes — ajzeg — ajaer we can assume that
le1,ej] = D - ajie; for j > 8. Then, as before, Feg + ...+ Fe, C Z(N)
and dim Z(N) > dim N — 6. Now

0 = [e1, [es, ee]] = —[es, [es, e1]] — [es, [e1, €3]]

= [es, e3] + [e2, 6] (49)
0= [61, [65, 67]] [ 5, [6 € H - [67, [617 65]]

= [es, ea] + [e2, €7] (50)
0= [61’ [66’ 67“ [ 65 [6 € H - [67’ [617 66]]

= leg, e4] + [e3, 7] (51)

If ags # 0 we can replace es by [e1, es] and we are in Case B, so we can
assume that aes = 0. Likewise, if a4 # 0 we can replace eq by [e1, es], so
we can assume that agy = 0. Similarly, we can assume that

030 = i34 = oy = oz = 0.
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Then, multiplying each of (49)-(51) by e; gives

[e1, [e2, es]] =
[e1, [e3, es]]
[e1, [ea, er]] =
[e1, [ea, es]]
[e1, [e3, er]]

[e1, [ea; es]] =

Equations (52)-(57) yield

—[e2, [es, e]] — [es, [e1, €2]]
= [ea, e3] + aaz(ea, eg)
= [ 7[6 H - [657 [61’63“
= [e3, ea] + az3[es, es]
—lea, [e7, e1]] — [er, [e1, e2]]
= [ea, eq] + aazlea, e7]
= —[ea, [es, e1]] — [es, [e1, e4]]
]
[e7,
]
[es,
]

= [eq, €2] + auales, es]

= —[es, [er, e1]] — [er, [e1, e3]]
= [es, e4] + assles, e7]
—[ea, e, e1]] — [es, [e1, ea]]

= [eq, €3] + aualea, eg]

Substituting (58) back into (52) gives

le1, [e2, e]] =

whence

(ader)"([e2, e6]) =

and nilpotency gives

[e2, e6] = [e2,e3] =0  or
Similarly,
[e2, e7] = [e2,e4] =0  or

[es,e7] = [es,ea] =0  or

1
5(0422 + as3)|e2, eq),

— (22 + a33) ez, eq]

27’
o = —Q33 and [62, 63] = 0[33[62, 66]
99 = —Q44 and [62, 64] = 044 [627 67]
33 = —0iy4 and [63, 64] = Ol44 [637 67]

(i) Suppose that dim([L, N] + Z(N)) = 3, so

Qo5 = Q26 = Qo7 = Qi35 = (36 = Q37 = Qi = Qe = g7 = 0
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. Then [e1, e3] = awges and nilpotency requires that age = 0. Similarly,
a3z = aygq = 0 and (58),(59),(60) imply that Fes + Fes + Feqs+ Z(N) is an
abelian ideal of dimension dim N — 3.

(ii) So suppose now that dim([L, N] + Z(N)) = 4, so [L,A] + Z(N) =
Feg+ Fes + Fey+ Fa+ Z(N), where a € A. Then [e1,a] = fra + Paea +
Pses + Baeq + z, where §; € F (1 < i < 4) and z € Z(N). We must have
at least one of (52, 83, 84 non-zero, by nilpotency. If 5; # 0 for 2 <1 < 4, by
replacing e; by [e1,a] we can assume that a = e;;3. By symmetry we can
suppose that a = es.

Then Feg + Fes + Z(N) is an ideal of L. Hence nilpotency gives that
le1,e2] = [e1, [e1,e5]] € Z(IN). We then have that Feg + Fes + Fes + Z(N)
is an ideal of L, whence

(ad 61)3(63) = a33a35€9 + a§363 + a§3a35e5 +z€ Z(N),

where z € Z(N). This yields that ags = 0. Similarly, aus = 0, so (58), (59,
(60) give [e2, e3] = [e2, e4] = [e3,€4] = 0.

If ags = 0 then B = Fey + Feg + Z(N) is an abelian ideal of L and is
not maximal, since e4 € C(B). Similarly if ays = 0. If neither is zero, then
B = Fey + F(asses — agseq) + Z(N) is an abelian ideal of L and, again, is
not maximal, since e3, eq € Cp(B).

(iii) Finally suppose that dim([L, N] + Z(N)) =5, so [L,N]+ Z(N) =
Fegs + Fesg + Fey+ Fay + Fas + Z(N) for some ay,ay € Fes + Feg + Fer.
If [e1,a1] and [e1, az] are linearly dependent, there exists a non-trivial linear
combination z = ZZ:5 Aie; such that [e;,z] = 0. But this implies that
€9, €3, e4 are linearly dependent. So, by symmetry we assume that a; = ej
and ag = eg. Hence K = 20, Fe; + Z(N) is an ideal of L.

We have that [e1,eq] € K, so let [er,eq] = 20, agie; + 2 (z € Z(N)).
The coefficient of e4 in (ad el)k(e4) is 0/24 and nilpotency gives that ayy = 0,
so [e1,e4] € A. Moreover, (62) and (63) imply that [eq, e4] = [e3,e4] = 0.
Now ey, e7 and Z(N) generate L. Put e; = ny. Then L = e; + 3.0, n; +
Z(N), where [e;,n;] = njy1 for 1 < i < 5 and [e;,ng] € Z(N). Then
ng = [61, 64] € AN K = agzes + augeq, ng = 5 + gp€3, SO

[ni,n3] =0 and  [n2,n4] =0.
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le1, [n1, ns]] = —[n1, [ns, e1]] — [ns, [e1, ma]] = [n1, na] + [n2,n3] =0 (64)
le1, [n1,n4]] = —[na, [n4, e1]] — [n4, [e1,n1]] = [n1, n5] and
le1, [n2, ns]] = —[na, [ns3, e1]] — [ns, [e1,n2]] =0 so

[n1,n5] =0 (65)
[e1, [n1, ns]] = —[n1, [ns, e1]] — [n5, [e1, ma]] = [n1, 6] + [n2, 5] =0 (66)
le1, [n1,ngl] = —[n1, [ne, e1]] — [ne, [e1, n1]] = [n2, ne] and
le1, [n2, ns]] = —[na, [ns, e1]] — [ns, [e1, n2]] = [ne, ng] + [ns3,n5] so

2[ng, ng] + [n3,n5] =0 (67)
le1, [n2, n6]] = —[n2, [ne, €1]] — [ne, [e1, n2]] = [n3, ng] and (68)
le1, [n3, ns]] = —[ns, [ns, e1]] — [ns, [e1, n3]] = [ns, neg] + [n4,n5] so

3[ns, ne] + [n4,ns] =0 (69)
le1, [n3, ngl] = —[ns, [ne, e1]] — [ne, [e1, n3]] = [n4, ng] and
[e1, [na, ns]] = —[n4, [ns, ea]] — [n5, [e1, m4]] = [n4, m6] s0

4[ng,nel =0 (70)
[e1, [n4, ne]] = —[n4, [ne, e1]] — [n6, [e1, 14]] = [n5,m6] = 0 (71)

Also

[e1, [n2, na]] = —[n2, [n4, e1]] — [n4, [e1, n2]] = [n2, 5] + [n3,n4] =0 (72)
[e1, [n3, na]] = —[ns, [n4, e1]] — [n4, [e1, ns]] = [n3,n5] so

[n2,ne] + 2[ng,ns] =0 (73)

Then (67) and (73) imply that [na, ng] = [n3,ns] = 0. But now (68) gives
[n3,m6] = 0 and (69) then yields that [n4,n5] = 0. Together with (70) and
(71) this shows that Fnyg+Fns+Fng+Z(N) is an abelian ideal of dimension
dim N — 3, completing the proof. [J

This, of course, leaves open the question of whether the restrictions on
the characteristic are necessary: 2 needs to be excluded as shown in [5],
and probably 3, but the author is unsure of 5. Also whether the above
result holds for supersolvable algebras, and whether these results hold more
generally. However, the equations become increasingly complex and so more
powerful methods may be required to tackle these questions.
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