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COUNTING MONOCHROMATIC SOLUTIONS TO DIAGONAL
DIOPHANTINE EQUATIONS

SEAN PRENDIVILLE

ABSTRACT. Given a finite colouring of the positive integers, we count monochro-
matic solutions to a variety of Diophantine equations, each of which can be
written by setting a diagonal quadratic form equal to a linear form. As a
consequence, we determine an algebraic criterion for when such equations are
partition regular. Our methods involve discrete harmonic analysis and require a
number of ‘mixed’ restriction estimates, which may be of independent interest.
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1. INTRODUCTION

A substantial portion of Ramsey theory concerns properties which persist under
finite partitions, such as the property of solving a pre-determined Diophantine
equation.

Definition 1.1 (Partition regular). Given a polynomial P € Z[xy, ..., z4] we say
that the equation P(xy,...,zs) = 0 is partition regular if for any finite partition
of the positive integers N = C} U --- U C, there exists C; and infinitely many
(z1,...,25) € CF such that P(xy,...,2,) = 0. One may think of a partition
into r parts as a colouring with r colours, in which case we call (z1,...,x,) a
monochromatic solution.

Rado [Rad33] completely characterised which linear forms P = ajzq +- - -+ asxs
are partition regular: it is both necessary and sufficient that there exists I # ()
such that ), , a; = 0. There are few results for non-linear Diophantine equations.
For instance, it is a longstanding problem of Erdés and Graham [Gra07, Gra0§]

to determine whether the Pythagorean equation is partition regular.
1
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Perhaps the first truly non-linear result is due to Bergelson [Ber96|, asserting
partition regularity of the equation x — y = 2z2. We prove a counting version of
Bergelson’s theorem, which is prototypical of the results of this paper.

Theorem 1.2. For any r-colouring C1 U ---U C, = {1,2,..., N} there exists a
colour class C; such that!

N 1o, (01, (1)1e, (2) >, N¥2' (1 - 0,(1)). (L.1)
r—y=22
The lower bound in (1.1) is far from the total number of solutions to the equation
r —y = 2% in the interval [N] = {1,2,..., N}, which is of order N*/2. However,
the order of magnitude in (1.1) is optimal, as can be seen from the colouring

Cl — (Nl/Q,N], o ’ Cr—l — (Nl/QT—I’Nl/Qr—Q]’ Cr — [Nl/%_l]_ (12)

Proposition 1.3. There exists an r-colouring of [N] with at most O(N®/?") monochro-
matic solutions to the equation v — y = 2>.

The argument underlying Theorem 1.2 utilises the Fourier-analytic regularity
lemma of Green [Gre05], which has a convenient formulation due to Green and Tao
[GT10]. The robustness of the regularity lemma allows us to prove the following
generalisation of Theorem 1.2.

Theorem 1.4 (Linear counting theorem). Let aq, ..., a5 b1,...,by € Z\ {0} and

suppose that there exists I # O such that ) .., a; = 0. For any r-colouring Cy U
-+ UC, = [N] there exists a colour class C; such that

> Loy (1) - 1oy (s)le; (1) -+ 1oy (ye)

171+ asTs=b1yT 4+ +bry?
>, NUHsH=227(1 6 (1)), (1.3)
(Here we have suppressed the dependence of implicit constants on a; and b;.)

Turning to equations without linear terms, Chow, Lindqvist and the author
[CLP] have classified partition regular diagonal equations

azh + - aat =0. 1.4
1 s

This classification is subject to the caveat? that the number of variables s is suffi-
ciently large in terms of the degree k, but is otherwise identical to Rado’s criterion:
it is both necessary and sufficient that there exists I # @ such that >, ; a; = 0.
For squares (k = 2) we require s > 5 at present. The methods of [CLP] do not
yield a lower bound on the number of monochromatic solutions to (1.4), though
it was conjectured [CLP, §3.1] that such a result should be true. The original
motivation for the present paper is to settle this conjecture affirmatively.

Theorem 1.5. Let ay,...,as € Z \ {0} with s > 5. Suppose that there exists
I # 0 such that Y, ; a; = 0. Then for any for any r-colouring [N] = C1U---UC,
there exists C' € {C4,...,C.} such that

S le(a) - le(w) > N (1= 0,(1)).

a173++asr2=0

IFor our conventions regarding asymptotic notation, see §1.5.
2The Fermat cubic illustrates that some such caveat is necessary.
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(Here we have suppressed the dependence of implicit constants on the coefficients
ai.)

A standard application of the circle method (see [Vau97]) shows that the bound
in Corollary 1.5 is optimal.

Proposition 1.6. For any ai,...,a, € Z \ {0} with s > 5 we have the upper
bound
> Lny(21) - () < N2

a173++asr2=0

Remark (Higher degree diagonal equations). The methods of this paper also
yield a counting result for higher degree diagonal equations of the form (1.4). We
restrict our attention to squares for a simpler exposition.

One consequence of celebrated work of Moreira [Morl7] is partition regularity
of the equation
amx? + -+ aw? =z, (1.5)
under the assumption that
ay +---+as;=0. (1.6)
Moreira’s methods are inductive, and locate a monochromatic solution arising
from a special two-parameter subvariety. To obtain a counting result for (1.5) by
modifying these methods seems implausible. Using an alternative approach, we
obtain a counting result for (1.5) and in addition are able to substantially relax
the assumption (1.6) on the coefficients. The price we pay for this strengthening
is that we must assume the quadratic form has sufficiently many variables.

Theorem 1.7 (Quadratic counting theorem). Letay,...,as € Z\{0} and by, ..., b
Z\ {0} with s > 3 and s +t > 5. Suppose that there exists I # 0 such
that Y ..;a; = 0. Then for any r-colouring [N] = Cy U ---U C, there exists
Ce{C,...,C.} such that

> [Tic@) [T1e() =, N2 = 0,(1)).

a1zt Fasz2=biyi+-+bye 1 J
(Here we have suppressed the dependence of implicit constants on a; and b;.)

All equations so far considered have the form

ale—i—~-~+asx§ =by + -+ by, (1.7)

where the a; and b; are non-zero integers. Another equation of this type, z+y = 2?2,

has received attention from Green—Lindqvist [GL19] and Pach [Pacl8]. They
demonstrate that z +y = 22 has infinitely many monochromatic solutions in
any 2-colouring, but that there is a 3-colouring with no monochromatic solutions
beyond (x,y, z) = (2,2,2). With this in mind, it is natural to ask the following.

Question 1.8. Let ay,...,asby,...,0; € Z \ {0} with s,t > 1. When is the
equation (1.7) partition regular?

Ideally we would like an algebraic characterisation comparable to that of [Rad33]
and [CLP], a criterion which can be easily checked by a computer. A necessary
condition is provided in work of Di Nasso and Luperi Baglini [DNLB18, Theorem
3.10].
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Proposition 1.9 (Di Nasso and Luperi Baglini). If the equation (1.7) is partition
regular, then there exists I # () such that either Y. ., a; =0 or >, ; b; = 0.

We are able to show that this condition is sufficient in all but one case.

el

Theorem 1.10 (Linear—quadratic partition regularity). Let ay,...,as,by,...,b; €
Z\ {0} with s,t > 1. Suppose that (1.7) does not take the form

a(x? — 23) = by* + cz (1.8)

for some non-zero integers a,b,c. Then (1.7) is partition regular if and only if
there exists I # 0 such that Y ,.;a;, =0 or ), ;b = 0.

This almost resolves [DNLB18, Open Problem 1] when the question is restricted
to the family of Diophantine equations given by (1.7). Our lack of knowledge
regarding (1.8) is an artefact of our methods. We believe that Di Nasso and
Luperi Baglini’s criterion is the correct characterisation.

Conjecture 1.11. For any non-zero integers a, b, ¢, the equation (1.8) is partition
reqular.

As evidence towards this conjecture, we prove that a special case of (1.8) is
partition regular conditional on the following notorious problem of Hindman.

Conjecture 1.12 (Hindman). In any finite colouring of N there is a monochro-
matic configuration of the form {z,y,x + y,zy}.

Theorem 1.13. If Hindman’s conjecture is true, then the equation

] -1k =y + 2 (1.9)

15 partition reqular.

1.1. Mixed restriction estimates. The main tools used in proving our results
are the Hardy—Littlewood circle method, the abelian arithmetic regularity lemma
and the Fourier analytic transference principle. All three of these tools are part of
discrete harmonic analysis, and key to their success are so-called discrete restric-
tion estimates®.

Colourings such as (1.2), when combined with the inhomogeneity of the equation
(1.7), force us to count solutions to equations in certain ‘skewed’ regions, where
some variables are constrained to much smaller intervals than is typical in the
circle method. This necessitates the development of some novel ‘mixed’ restriction
estimates (see Lemma 6.1), such as the following.

Theorem 1.14 (Mixed restriction). Let W be a positive integer and p > 2. Then
either N <, WY or, for any f,g: Z — C with |f], |g] < 1in) we have

p
/ Z f(z)e(Waz?) Z g()e(ay)| da <, N*2W 1 (1.10)
TIN/2<z<N N/2<y<N
We note that
2p
/ Z f(@e(War?)| da <, N*?
T

N/2<z<N

3See the introduction to [HH18] for motivation and history.
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and
2p

/11‘ Z g(y)e(ay)| da <, N*71.

N/2<y<N

Hence the obvious application of the Cauchy—Schwarz inequality does not deliver
a bound as strong as (1.10).

In addition to (1.10), we require three further mixed restriction estimates, and
to prove all four simultaneously we abstract an approach of Bourgain [Bou89).
Hence, in §4 we prove a general restriction estimate for exponential sums obeying
certain hypotheses and in §5 we verify that each of our four mixed exponential
sums satisfy these hypotheses.

1.2. The utility of counting results. In the study of partition regularity it
is often desirable to delineate between ‘trivial’” and ‘non-trivial’ solutions to an
equation, as some equations possess monochromatic solutions for uninteresting
reasons. For instance x + y = 22 has the solution (2,2,2), whilst z +y = 22
is always solved by the diagonal (z,x,z). One commonly encountered choice
of non-triviality is a solution in which all variables are distinct, but the precise
notion may depend on the application. A counting result allows one to ensure
the existence of monochromatic solutions avoiding any sparse subset of solutions.
This implies that there are monochromatic solutions of ‘generic type’, i.e. not lying
on a proper Zariski closed subset. For if all monochromatic solutions took this
form then counting arguments would likely give a power saving in the number of
monochromatic solutions when compared with the total number of solutions.

Frankl, Graham and Ro6dl [FGRS8S8| pioneered the counting of monochromatic
solutions to systems of linear equations, obtaining lower bounds of the correct
order of magnitude for all such partition regular systems. The non-linear the-
ory is much less developed, mainly due to our lack of knowledge regarding when
such equations are partition regular. The author hopes this paper encourages the
development of further non-linear counting results.

1.3. Organisation of this paper. We sketch some of the ideas behind our meth-
ods in §2. In §3 we use the arithmetic regularity lemma to prove that dense sets of
integers contain certain polynomial configurations, from which all of our counting
results are ultimately derived. We derive Theorem 1.4 from the results of §3 in
68.1.

We devote §4-7 to modifying the results of §3 to apply to dense sets of squares,
instead of just dense sets of integers. In §4 we generalise an approach of Bour-
gain [Bou89] to prove a general restriction estimate for exponential sums obeying
certain hypotheses and in §5 we verify these hypotheses for the exponential sums
of relevance. In §6 we use these restriction estimates to show how the Fourier
transform of a set completely determines the number of solutions it contains to
the equations we are interested in.

All of our counting results are derived from density results in §8. Finally in §9
we adapt an argument of Moreira to establish partition regularity of equations of
the form (1.7) which are not covered by our counting theorems. This allows us to
combine all previous results to deduce our partition regularity criteria (Theorem
1.10).
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1.4. Acknowledgements. The author thanks Sofia Lindqvist for the arguments
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1.5. Notation.

Standard conventions. We use N to denote the positive integers. For a real number
X > 1, write [X] = {1,2,...,[X]}. A complex-valued function is said to be I-
bounded if the modulus of the function does not exceed 1.

We use counting measure on Z, so that for f,g:7Z — C, we have

1l = (wa)\p)” = S S, and (9)) = 3 0l

Any sum of the form ) _ is to be interpreted as a sum over Z. The support of f
is the set supp(f) :=={zx € Z: f(x) # 0}. We write || f||, for sup, | f(z)|.
For a finite set S and function f : S — C, denote the average of f over S by

SESf Zf

SES

We use Haar probability measure on T := R/Z, so that for integrable F,G :
T — C, we have

LS |pda); -(/ 1 |F<a>|pda)%,
(F,G) : /T F(a)G(a)da, and (F*G)(a) = /T Fla— B)G(8)dB.

We write ||| for the distance from o € R to the nearest integer min,cz | — n.
This remains well-defined on T.

Definition 1.15 (Fourier transform). For f : Z? — C with finite support define

f:T%— C by
= f(n)e(a - n)

Here e(/3) stands for ™. We sometimes write e,(a) for e(a/q).
Given integrable F' : T? — C write

A

F(n) = /Td F(a)e(—a - n)da.

Definition 1.16 (Smooth/rough numbers). We say that an integer n is w-smooth
if all of its prime divisors are at most w. We say n is w-rough if all of its prime
divisors are at least w.

Asymptotic notation. For a complex-valued function f and positive-valued func-
tion g, write f < g or f = O(g) if there exists a constant C' such that |f(x)| <
Cg(x) for all xz. We write f = Q(g) if f > g. The notation f =< g means that
f<gand f>g.

We write f = o(g) if for any € > 0 there exists X € R such that for all z > X
we have |f(z)] < eg(z).
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Local conventions. The following are idiosyncratic to this paper, and may not be
adhered to elsewhere.

Definition 1.17 (Quadratic Fourier transform). Given f : Z — C with finite
support, define the quadratic Fourier transform by

= Z f(z)e(az®

Definition 1.18 (Non-singular linear form). Let ¢;,...,¢; € Z. We call a poly-
nomial of the form

L(zy,...,x5) = 121 + ... CsTg
a linear form. We say the linear form is non-singular if ¢; # 0 for all . If
x = (x1,...,x5) € Z*, then it will be convenient to use the shorthand

L(z?) := L(x3,. .., 2%).

Remark (Dependence of implicit constants on linear forms). A number of results
in the remainder of the paper concern three non-singular linear forms Ly, Lo, L3.
Throughout we suppress dependence of implicit constants on the number of vari-
ables and the coefficients of the L;. One may think of all data associated to the
L; as being O(1).

2. A SKETCH OF OUR METHODS

As with the author’s previous two papers on partition regularity [CLP, CP], we
first exhibit the method underlying our results with a proof of Schur’s theorem.

2.1. The regularity approach to Schur’s theorem.

Theorem 2.1 (Schur). For any r-colouring C;y U ---UC, = {1,2,..., N} there
exists a colour class Cj and x,y,z € C; such that x +y = z.

We sketch a proof of this using the Fourier-analytic regularity lemma (Lemma
3.3) originating in [Gre05]. The take-away of the regularity lemma is that we can
find a Bohr set

B:={z € [N]:|qz||; <nfori=1,...,d} (2.1)

such that each colour class C; is approximately invariant under shifts by B, so
that

ley(z +y) = 1g; (). (2.2)
We have been deliberately vague about the nature of the approximation in (2.2).
There is an important trade-off to keep in mind: the closer one wishes the ap-
proximation (2.2), the smaller the resulting Bohr set (2.1). The nature of the
approximation (2.2) allows us to conclude that for any colour classes C; and C;

we have
2210 e (x4 y) ~ Zlc Zlc (2.3)

xz€[N]yeB z€E€[N] yEB
Using Cauchy—Schwarz the right-hand side of (2.3) is at least
N7YCiP’|C; N BY.
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By the pigeon-hole principle there exists a colour class C; with |C; N B| > |B|/r
and hence for all ¢ we have

D e (@)Y e, (y) = ‘CJALB‘. (2.4)

z€[N] yeB

The obvious strategy is to now take i := j in (2.3) and (2.4), to yield

D e @)oo (@ +y) = > 1o, (@)’ e,y /|CT|JJB|. (2.5)

z€|N]yeB z€[N] yeB

The drawback with this approach is that the error term in (2.3) is of the form
eN|B|. Hence in order to use (2.5) to deduce the existence of a monochromatic
solution to z +y = z, we need the lower bound in (2.5) to be of order N|B|. This
may not happen: imagine the situation in which the colour class C; is equal to
the Bohr set B (for the purposes of this sketch, | B| should be thought of as o(V)).
The problem we have encountered is that the colour class C; which is good for the
regularity lemma (as it has large intersection with the Bohr set B) may not be a
dense colour class (which we need for the lower bound in (2.4) to be useful).

Our solution to this problem is twofold. By adapting the regularity argument
outlined above, we first prove an asymmetric version of Schur’s theorem.

Theorem 2.2 (Asymmetric Schur). Let § > 0 and Ay, ..., As C [N] each with
|A;| = ON. Then for any colouring [N] = Cy U ---UC, there exists a colour class
C; such that for any A; we have

> 1a(@)le, ()1a,(2) S50 N (1= 057.5(1)).

rt+y==z

Next, in order to deduce Schur’s theorem from this asymmetric version, we
‘cleave’ colour classes into those which are dense and those which are sparse. Fix
a growth function F. A combinatorial argument allows us to find a density 1/M
with M = O, #(1) such that for every colour class C; one of the following holds:

e cither C; is 1/M dense, in that |C;| > N/M,

e or C; is 1/F(M) sparse, in that |C;| < N/F(M).
We have ‘cleaved’, in that we have found a threshold parameter M such that each
colour class is either extremely dense in terms of M, or extremely sparse in terms
of M, there are no intermediate colour classes.

Having cleaved, we apply our asymmetric Schur theorem, taking the sets A; to

be those colour classes which are 1/M dense. This yields a colour class C; such
that for any 1/M dense colour class C; we have

> lo(@) e, (W)1e(2) >, N2
r+y=z

We would like to take ¢ = j in the above, but we can only do this if C; is 1/M
dense. Let us see why this is so. A counting argument shows that

|C(]|‘]V2 Z 1Cz<x)1cj<y)102<z)
T+y==z

Hence
‘Cj‘ > M N. (2.6)
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Provided we have chosen our growth function F so that the implicit constant in
(2.6) is larger than 1/F (M), we deduce that C; is not 1/F (M) sparse, hence it
must be 1/M dense, by cleaving.

2.2. Adapting this to Bergelson’s theorem. Using quadratic Bohr sets in
place of Bohr sets, it is relatively simple to adapt the regularity argument under-
lying Theorem 2.2 to prove the following.

Theorem 2.3 (Asymmetric Bergelson). Let 6 > 0 and Ay,...,As C [N] each
with |A;| = 0N. Then for any colouring [NY?] = Cy U --- U C, there exists a
colour class C; such that for any A; we have

Y L @)aW)le,(2) 506 N2 (1= 05,,4(1)). (2.7)

r—y=z2

The problem now is how to cleave? Notice that (2.7) counts z € C; N [N'/2],
and the density/sparsity of C; on the interval [N*/2] may be independent of the
density/sparsity of C; on [N] (see the colouring (1.2)). To overcome this we find
M = O, 7(1) and scales Xi,..., X, > X? such that C; is 1/M dense on [X;] if it
is C; is 1/F (M) dense on [X]. Averaging, there is a translate a; + [X?] such that
if C; is 1/F(M) dense on [X] then C; is 1/M dense on a; + [X?]. We then take

A={re[X?Y q,+x€C}

in Theorem 2.3, and apply a similar argument to that given for Schur’s theorem.
We note that key to the success of this strategy is the translation invariance of
the linear form x — y, in that

(x+a)—(y+a)=2z iff z—y=-=2

This is a property enjoyed by any linear form whose coefficients sum to zero.
Unfortunately, the same is not true of a quadratic form whose coefficients sum to
zero. Overcoming this is the subject of the next subsection

2.3. The W-trick for squares and linearisation. To prove Theorem 1.7, when
the coefficients of the quadratic form satisfy Rado’s criterion, we combine our
‘cleaving’ strategy with the following asymmetric density-colouring result.

Theorem 2.4 (Quadratic density—colouring result). Let § > 0 and let r be a
positive integer. For any sets of integers Ay, ..., As C [N] each satisfying |A;| >
ON and for any r-colouring By U ---U B, = [N] there exists B € {By,..., B}
such that for all A € {Ay,..., A} we have

Z La(x1)1a(22)18(y)15(21)18(22) >ors N?(1 = 05,5(1)).

Ty —x%:y2+21 +2z2

This is a representative special case of Theorem 7.1, which we have stated for
simplicity. Using a Fourier analytic transference principle (see [Prel7]), we deduce
Theorem 2.4 from a [inear density—colouring result, where we have removed the
squares from the x; variables.

Lemma 2.5 (Linear density—colouring result). Let 6 > 0 and let r be a positive
integer. For any sets of integers Ay, ..., Ay C [N?] each satisfying |A;] = 6N? and
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for any r-colouring By U ---U B, = [N] there exists B € {By,...,B,} such that
forall A € {Ay,..., A} we have

Z La(21)1a(22)1(y)18(21)1(22) >srs N°(1 = 05,5(1)).

z1—x2=y2+21+22

This is superficially similar to the strategy employed in [CLP], but without
the presence of the strongly structured ‘homogeneous sets’ (more properly termed
multiplicatively syndetic sets, see [Cha]). The lack of such structure presents
additional obstacles too technical to discuss here. We refer the interested reader

to §7.

3. A LINEAR DENSITY RESULT

The aim of this section is to count solutions to equations of the form (1.7)
when certain linear variables are constrained to dense sets, and the remaining
variables are constrained to a colouring. We eventually use this density result to
derive both our linear counting result (Theorem 1.4) and our quadratic counting
result (Theorem 1.7). Before stating this we remind the reader of our conventions
(Definition 1.18) regarding linear forms.

Theorem 3.1 (Linear density result). Let Ly, Lo, Ly denote non-singular linear
forms, each in s; variables with s1 > 2 and s1 + so = 3 (we allow for s, = 0 or
s3 = 0). Suppose that Ly(1,...,1) = 0. For any 6 > 0 and positive integer r,
there exists 7 >, 5 1 such that for any positive integers W and N, either N <5, w
1 or the following holds. Suppose that W = 1 or s3 > 0. Then for any sets
Ay, ..., A, C [N] with |A;| = 0N for all i, and any r-colouring Cy U --- U C, =
[n(N/W)Y2 (N/W)Y2?], there exists C; such that for all A; we have

> La, (1) -+ 1a,(26) 1o (1) - 1oy (Usy) 1y (21) -+ - 1oy (25)
Li(z)=WLa(y?)+Ls(2)

> nNler%(32+33)*1W*%(82+83)'

We prove Theorem 3.1 using Fourier analysis and the arithmetic regularity
lemma. To state the regularity lemma we require the following.

Definition 3.2 (Lipschitz constant on T¢). We say that F : T¢ — C is M-
Lipschitz if for any «, 3 € T¢ we have

[Fla) = F(8)| < M in lla; = Bl

Lemma 3.3 (Arithmetic regularity). Let e > 0 and let F : N — N. For any func-
tions f; - [N] = [0,1] withi = 1,...,7 there exists M <. r, 1 and decompositions
fi:fiStrJFfisml*fiunf (I<i<r),

with the following properties.

(Str). There existd < M and 0 € T?, such that for each i there is an M -Lipschitz
function F; : T¢ — [0, 1] with f$%(x) = F;(0x) for all x € [N].
(Sml). £ [N] — [—1,1] with

> f@ =0 [IF < el end £ £ >0

zE[N]
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(Unf). fmf: [N] — [—1,1] with
Yo M@ =0 and [|fM) <

z€[N]

Lim||, /F(M).

Proof. This can be proved by following the arguments of [GT10] or [Taol2]. O

To prove Theorem 3.1 we apply the regularity lemma to decompose each 14,
into a structured, small and uniform part. We eventually show that the small
and uniform parts do not contribute substantially to our count of solutions. It is
therefore necessary to show that the structured part has a large contribution.

Lemma 3.4 (Structured counting lemma). Let Ly, Lo, L3 be linear forms, each in
s; variables. Given an M-Lipschitz function F : T — [0,1] and § € T¢, define
f:Z—10,1] by

) = {F(Qx), T € [N]7

For fized 0 < n < 1/2, define the Bohr set
By :={xz € [pN] : |0;z||x < n for all i}.
For integers ¢, W > 1 let B)) denote a subset of the quadratic Bohr set

By = {z € [p(N/W)"?] : ¢ |z and |0;W2?/c Qix/cHT < foralli}.

Iy

Then
So S @G ed) o o edy ) (o L) + PR0ARE)
TE N] d;eB;
yj,2kEBY

> | By By Y ()" — Oc(nM|By|* | B[ N).
z€[N]
Proof. Suppressing dependence on L;, there exists a constant C' <. 1 such that if
d; € B1, y;, 2 € By and
CnN <z < N-CnpN (3.1)
then
r+cdy, ..., x+cds, v+ Li(d)+ w e [N].

Restricting our summation over x to (3.1) introduces an error of O.(n| By |*'| BS|*2153 N).
On restricting in this manner, each term in our summation satisfies f(x + cd;) =

f(x) + O.(nM) and

f (3 Lafd) + MR - f(@) 4 O(M).

[

The result follows. O

Lemma 3.5 (L'-control). Let Ly, Ly, Ly be linear forms, each in s; variables and
let S1, S5 be finite sets of integers, with every element of Sy divisible by c. For any
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1-bounded functions f; : Z. — C with support in [N] we have the estimate

Z Z fo(x)fi(x +cdy) - fo,(z + cds,) fo1 (:L‘+L1(d)+w>

Tr€Z d;€S1
yj,ZkESQ

< miin ||fz‘||L1[N] |G [7[ S,
Proof. This is clear from the triangle inequality for ¢ = 0 . The same argument
applies for other values of i on changing variables. O

Combining our structured count with L'-control, we can prove a version of the
structured counting lemma which allows for small perturbations in the L'-norm.
The proof follows from the standard telescoping identity

[Tot) =TT @) => (ga) = f@) [ o) [ ] f(xe)
i i i j<i k>
Corollary 3.6. Let Li, Lo, Lg be linear forms, each in s; variables. Given an
M -Lipschitz function F : T¢ — [0,1] and 0 € T?, define f : [N] — [0,1] by

f(z) = F(6x), (x € [N]).
For fired 0 < e < 1/2, define the Bohr set
By :={xz € [eN]: ||b;x|; < e/M for all i}.
For integers ¢, W > 1 let B denote a subset of the quadratic Bohr set
By = {z €| [e(N/W)Y?) i ¢ |z and 6; W:L‘2/CHT, Q-x/cHT <e/M for alli}.
Then for any function g : [N] — [=1,1] with || f — gl 1) < N we have

ST g@glrted) gl edy)g (o4 Li(d) + L)
z€[N] d;€B1
Yjs ZkEBQ

> By Byl™* Y f(2)" = Ocle| By By N).

z€[N]

The uniform part of the decomposition afforded by the regularity lemma (Lemma
3.3) has small Fourier coefficients. The next lemma shows that such functions
make negligible contribution to the count in Theorem 3.1.

Lemma 3.7 (Fourier control). Let Li, Lo, Ly denote non-singular linear forms,
each in s; variables with s1 > 2 and s1 + so = 3. Let W be a positive integer and
suppose that W =1 or s3 > 1. Then for any positive integer N > W3, 1-bounded
functions fi,..., fs, : [N] = C and set B C [(N/W)Y?] we have the estimate

> Si@y) - fo(@s)) (Y1) - 1B(ysy)1B(21) - - 1B(2,)

Ly(z)=W La(y2)+Ls(z)

i

< NSt (s2tss) =1y —5(s2+s8) iy (
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Proof. Write

and
Li(z) = cgi)xl +- 4 cg?:csi. (3.3)

The orthogonality relations give the identity

> Si(wy) - fo (2s)1() -+ - 1B(Ysy)18(21) - - - 1B(2s;)

Ly (z)=W La(y?)+L3(2)
/Hfl HlB (Wc Oé)HlB( )da. (3.4)

Let us first suppose that s; > 3. Fix distinct integers 4, j, k € [s1]. In this case
we may estimate all exponential sums involving 1z trivially, then employ Parseval
N3N ) satsa) /

to bound (3.4) by
R e
< N3N/ W) st ill, < N2/ |

Jr
2<

Henceforth we assume that s; = 2, and so sy > 1 (since s; + so > 3). Let us
deal with the case in which W =1 and s3 = 0. Then the orthogonality relations
show our count equals

o @) @) sy) - 1s(ys,)
Li(z)=L2(y?)
= / fl (c%”a) fg (cél)a> H g (c§2)a> dov.

By Holder’s inequality and the trivial bound on exponential sums, the Fourier
integral is at most

~

fi
By Parseval H fZHQ < N2 and by (say) Bourgain’s restriction estimate [Bou89]

1/3 2/3

N3(s2—

}IBHG

we have H 1 H s KN 1/3 (more elementary proofs exist for the latter). The estimate
(3.2) now follows in this case.

Next let us deal with the case that W is arbitrary, in which case we may assume
that s3 > 1, in addition to our assumptions that s; = 2 and s5 > 1. As above,
Holder’s inequality allows us to bound (3.4) by

(N/W) 1/3 2/3 (PWa)ip(Pa

ls

Hence it suffices to prove that for non-zero integers ¢ and ¢ we have the estimate

[15(cWa)ip(da)||, e N/W 1 (3.5)
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By orthogonality, the sixth power of the norm in (3.5) is bounded above by the
number of solutions to the equation
Wyt +ys + 3 =yl —v5 —yg) = (21 + 2+ 23 — 20 — 25 — ),
(i € [(N/W)?]) . (3.6)

Suppose that both sides of (3.6) are equal to Wm for some m € Z. Then the size
constraints on the right-hand side force |m| <. (N/W)Y2W 1. Hence there are
at most Oy ((N/W)Y2W =1 + 1) choices for m, and given this choice there are at

most (N/W)2 choices for (21, ..., z). Furthermore, by orthogonality the number
of choices for (yi,...,ys) is at most

= 6 = 6
/Ir ‘1[(N/W)1/2}<C&>‘ €<Oém)dOé < /T ‘1[(N/W)1/2](O[)‘ da < (N/W)2,
the latter following from (say) Bourgain’s restriction estimate [Bou89] (again, more

elementary proofs exist). The required estimate (3.5) follows. O

Lemma 3.8 (Quadratic Bohr set bound). Let 0 < n < 1/2 and o, 8 € T?. Then
for any positive integer N, either N <, 4 1 or

# o e ) fourl,
Proof. This follows from Tao [Taol2, Ex.1.1.23]. O

BixHT < n for all z} >na N.

We now begin our proof of Theorem 3.1 in earnest. Some of our summations
become cleaner if we view functions f : [N] — C as functions f : Z — C which are
equal to zero outside of [N]. We first prove Theorem 3.1 under the assumption
that we have a colouring C;U- - -UC, = [(N/W)'/?] of the full interval. We deduce
the stated version subsequently.

We apply Lemma 3.3 to the indicator functions of the sets A; for i =1,... r.
The precise values of ¢ and F in our use of this lemma are to be determined. In
this way we obtain M < r, 1 and decompositions

Lo = £ L (Q<i<n)

which satisfy the conclusions of the arithmetic regularity lemma. In particular,
there exists d < M and 6 € T¢, such that for each i there is an M-Lipschitz
function F; : T¢ — [0, 1] with f5(z) = F;(0x) for all z € [N]. Since f£'* has the
same mean as 1,4,, we have

S1

1
D@z s | X AN | =N
] ]

z€[N z€[N

Write
Li(z) = c1z1 + -+ + Cq, Ty,
and set
Li(ds,...,ds) = — (cadz + -+ - + ¢c,ds,) -
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Taking B; and By as in Corollary 3.6, with ¢ := ¢, we deduce that for ¢g; :=
5%+ feml and B) C By we have

Z Z gi(x)gi(x + c1ds) - - - gi(x + 1ds, ) gi (:c + Ly(d) + %W)

e N] d;€B1
ijzkeB

> 5 B2 BN — O(e| Byl 2| By N).

Hence we may take e satisfying e ™1 < §~%! and ensure that
y ymg

Yo Y g@aletad)--gr+ady)g <$+L1(d)+%w>

S N] d;€B1
y],zk€B2

> 69| B[ By N,
By the pigeon-hole principle, there exists a colour class C; satisfying
|C; N Bs| > | By /. (3.7)
On setting B) := C; N By and employing Lemma 3.8, we deduce that

Z Z gi(2)gi(x + c1dy) - - gi(x + 1ds,) g <:c + Ly(d) + %W)

z€[N] d;€By
y],zkEB

S50 N‘“*l(N/W) %(S2+83)_

Notice that under the assumption that ¢; | y; and ¢ | z;, we obtain an integer
solution to the equation Li(z) = W Ly(y?) + L3(2) on setting

WLy (y*)+L3(2)
c1 ?

ry = x + Ly(d) +

Ty 1= 1,
r3:=x+crds, ..., Ts =T+ C1ds,.

Using the non-negativity of g; := 7 + ff™! we deduce that for C' = C; satisfying
(3.7) we have

> Gi(x1) -+ i) g ppr NOTH(N/W)3le2ts9), (3.8)

L1(2)=W La(y?)+L3(z)
yj,2r€CN[(N/W)1/2]

Employing Lemma 3.7 and a telescoping identity then gives

> Lay(@1) - 1a,(wsy) = > 9i(z1) -+~ gi(ws,)
Ly (z)=W L2(y*)+Ls(2) Ly (z)=W La(y*)+Ls(2)
yj,zkECﬂ[(N/W)l/Q] yj,zkECﬁ[(N/W)lm}

O (NN F ()9

Hence taking F(M) sufficiently large in terms of the implicit constant in (3.8), we
conclude that for the colour class C' = C} satisfying (3.7) we have

> L, (1) -+ Lo (ay) S5, NV (N/W)B02559), (3.9)

L1(2)=W La(y?)+L3(z)
Y,z ECN[(N/W)1/2]
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This completes the proof of Theorem 3.1 under the assumption that our colour-
ing is of the full interval C;U---UC, = [(N/W)'?]. Notice that if s, +s3 = 0 then
this vacuously implies the stated version of Theorem 3.1. Let us therefore assume
that sy + s3 > 0. Let n denote the implicit constant in (3.9) divided through
by 2(sy + s3). Since the inverse image of the linear form L, has size at most
N#1=1in [N]*1, the number of solutions to the equation L;(z) = W Ly(y?) + L3(2)
with z; € [N], yj, 2 € [(N/W)Y?] and either y; < n(N/W)Y2 for some j or
2, < n(N/W)Y2 for some k is at most

(82 +83)7]N31 1(N/W) 32+33)

It follows that the bound (3.9) remains valid under the assumption that C; U- - -U
C, = [n(N/W)Y2 (N/W)¥2], as required to prove Theorem 3.1 in full generality.

4. AN ABSTRACT RESTRICTION ESTIMATE

To prove the quadratic counting theorem (Theorem 1.7) we would like to prove
an analogue of the Fourier control lemma (Lemma 3.7), which was key to our
proof of the linear counting theorem (Theorem 1.4). The main ingredients in our
proof of the Fourier control lemma were Holder’s inequality and estimates for the
LP-norm of certain exponential sums. In order to prove an analogous result for our
quadratic counting theorem (see Lemma 6.2) we require four distinct LP-estimates,
each of which involves the product of two distinct exponential sums (see Lemma
6.1). We term these mized restriction estimates. To avoid repetition, we begin
by proving an abstract restriction estimate, then verify that the four exponential
sums of relevance satisfy the hypotheses of this theorem.

In the following [—N, N] denotes an interval of integers.

Definition 4.1 (Major arc hypothesis). We say that v : [-N, N] — [0, 0o) satisfes
a magor arc hypothesis with constant K if for all 1 < a < ¢ < @ with hef(a,q) =1
and |lo — —HT < Q/N we have

) _ S
o, SR max {1, HT} + QEONT (4.1)

If K =0(1) then we simply say that v satisfes a major arc hypothesis.

Definition 4.2 (Minor arc hypothesis). We say that v : [N, N] — [0, c0) satisfies
a minor arc hypothesis if for any § > 0 we have the implication

D) =0v], = [Elq < 67°W such that lgo|lp < 5_0(1)/N] )

Here it is implicitly understood that ¢ is a positive integer.

Definition 4.3 (Hua-type hypothesis). We say that v : [-N, N] — [0, co) satisfies
the Hua-type hypothesis with exponent ¢ if we have the bound

]l < vl N7
Theorem 4.4 (Restriction estimate). Let v : [-N, N| — [0, 00) satisfy the major

and minor arc hypotheses, the major arc hypothesis with constant K. Given p >
2 there exists' ¢ = Q,(1) such that if v satisfies the Hua-type hypothesis with

4The value of & depends on the implicit constants in the major and minor arc hypotheses.
However, these are absolute constants in our applications.
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exponent e, then for any 1-bounded function ¢ : [—N, N] — C we have

I

Our proof of Theorem 4.4 follows Bourgain’s distributional approach [Bou89],
which has a nice exposition due to Henriot and Hughes [HH18].

P P ar—1
(@) da <y IVIE N

Lemma 4.5 (Distributional estimate). Let v : [-N, N| — [0, 00) satisfy the major
and minor arc hypotheses, the major arch hypothesis with constant K. Given®
0<0<1/2 and a 1-bounded function ¢ : [—N, N] — C, define

Es(é,v) = {oz eT: ’g/bl\/(oz)’ >0 ||y||1} . (4.2)
Then for any e > 0, either® N < §=9:(1)
meas(E5(¢, y)) LK A

Proof of Theorem 4.4 given Lemma 4.5. Let Es be as in (4.2) with 0 < § < 1/2.
By Lemma 4.5 with € = § — 1, either NV < 60 or

meas(Fj) <gp N7167172
It follows that there exists A < N~ such that for any § € (A, 1/2] we have

meas(Fj) <gp, N7161752 (4.3)
By dyadic decomposition

A(a)‘pd / ‘(by ‘ da + / ‘qby
T\Ea By j\Ej1—;

Since A < N~ we can take ¢ = £(p) sufficiently small in our Hua-type
hypothesis (Definition 4.3) to deduce that

o

By (4.3) we have

S / )@(a)‘pdaguyuf S 20 Pmeas(B, )
J\E21—J'

1<j<logy(1/A) 1<j<logy (1/A)

1< <logy(1/A)

@(a)) (Alfelly)? / )gbu " da < AP2||y||P N

< vl N

iy VTN Y 20l D),

j=1
The latter sum converges to an absolute constant of order O,(1) since p > 2. O

Our proof of Lemma 4.5 utilises the following divisor bound.

50ur assumption that § < 1/2 is a convenience which allows us to replace bounds of the form
O(6=9M) with §—0M),

6The careful reader will observe that the implicit constants in our conclusion depend on the
implicit constants in our major/minor arc hypotheses.
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= > 1L (4.4)

1<g<@Q
qln

Lemma 4.6. Let

Then for any integer B > 1 and any real X > 1 we have

D dn, Q)" <. Q¥ +Q°X

In|<X

Proof. We follow Bourgain [Bou89, p.307]:

- X
Yo dnQP= Y Y i< Yy (”[ql,...,q31)<

[n|<X 1<q1,..,9B<Q |n|<X 1<q1,..,9B<Q
qzln
B B B
QF + X Z <<€BQ +X ) e < QU QX
1<q<QB 1<q<QB

Proof of Lemma 4.5. Write Es := Es(¢,v) and

ov(e) e )
6(0[) — |$1\/(a)" lf ¢V(a) # 07

0, otherwise.

Then

5 |7, meas(Es) <

[ Jovte)|da= | Gv(@)dalda
= ng)(l‘)\/l/(l‘)\/y(l‘) ; e(ax)e(a)da

o\ 1/2
HyHl/2 (Zu(w)ée(ax)@da) :

x
Expanding absolute values, then using linearity of integration and the triangle

inequality, we have
2
/e(a:p)e(a)doz
Es

> v(z)

Hence we deduce the Tomas-Stein inequality

6% ||v||, meas(FE;5)* < / |D(0ry — ag)|dagdas.
Bs JB;

</ |I)(Oz1 —a2)|da1da2.
Es J Es

Consider the Fejér kernel
FN(OJ) =

a)’2 _ Z (1 — %)Jre(om),

a trigonometric polynomial of degree N — 1 which is also a probability measure
on T. Set

U(a) = (1 +e(al) + e(~aN)) Fy(a).
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For |n| < N one can check that

. _(1_ M) n <1 B |n_N\> i <1 _ |n+N\) 1
Ynln) ( NJ+ Ny Ny
One can also check that if n € Z \ [N, N] then

/T b(a)e(—an)da = 0.

Therefore the Fourier coefficients of o — ©(«) agree with those of the convolution
Uk /ﬁ(a — B)n(B)dp.
T

By Fejér’s theorem [Kat04, Theorem 3.1] these functions must be identical and
we deduce that

0 ||v]l, meas(Es)* < / [(an — az = B)Yw (B) 15, (a1)1p; (a2)dandasdfs
T3

< / |I)(Oz1 — Qg — 6)|FN(6)1E5(Ozl)lE&(OzQ)qudOZQdﬁ.
T3
Let @ > 1 (to be determined) and write

mi= J {aeT:[a-2],<@/N}. (4.5)
1<a<g<Q
hcef(a,q)=1

Our minor arc hypothesis (Definition 4.2) shows that if o € T \ 9 then |P(«a)] <
Q™Y ||v||, . Hence

/ (1 — s — B)F(8) 1, (1)L, (a)dasdasd 3
alfangeT\im
< QW |||, meas(Es)?.

It follows that either Q < 6=°M or
6% |||, meas(Es)* < / |0(on — ag — B)| Fn(8)1g, (1)1 g (a2)daydasdp.
a1 —a—BEM

Letting C' = O(1) denote a sufficiently large absolute constant, set
Q:=069<5 o0, (4.6)

Then, for any p > 1, Holder’s inequality yields

5% ||v||¥ meas(F;)* < / |D(on—aa—B)[PEN(8) 1k, (1) 1k, (2)dogdasdf.
ar—ag—BEM

Our major arc hypothesis (Definition 4.1) implies that for p € [1,2] we have the

bound

Lon(a) [P(@)[”

”V”If <LK Z q—lmax{l,Ha_gHTN}*er QO(l)N—Q(l).

1<a<g<Q



20 SEAN PRENDIVILLE
Hence for p € [1,2] we deduce that either N < §~°W or

§*Pmeas(Es)? <

Z ql/E x EsxT max{l’ HOél oy — B — %HTN}_I) Fv(B). (47)

1<a<g<@Q
Set -
pop(a) : Z q max{ a——HTN} p.
1<a<q<Q
Then we can re-write (4.7) as
§*Pmeas(Es)* < / / pop * Fn(on — az)dagdas. (4.8)
Es J Es

Using the following normalisation for inner products

(f.g) = / f(e)g(@)da

the inequality (4.8) implies that
6% meas(F;)* <r (iop* Fn, 1g, x 1_g,) .
By Parseval’s theorem [Kat04, Theorem 5.5(d)] and the convolution identity [Kat04,

Theorem 1.7] we have
- 2
i [") < 3 liga(m im0
[n|<N

(Qp* Fn, 1g; x 1 _g;) = <,UQ oEw,

Hence any p € [1,2] yields the estimate
X - 2
6P meas(Es)* <k Y ligp(n)|[1e,(n)]".

[n|<N

Recalling the definition (4.4) of d(n, @), a change of variables shows that for
any p > 1 we have
d(n, Q)

liop(n)| < d(n,Q) /Tmax{l, | N} P da < m

Hence, for any B > 1 and p € (1, 2], Holder’s inequality gives

/B
§*meas(Es)? < —————— = (Z d(n, Q) ) (Z

|n|<N n

(4.9)

1

1= B
A 2B/(B-1)
1E5 (n)} )

Applying Parseval again, together with Lemma 4.6, we conclude that for any
p € (1,2] and any integer B > 1 we have

§*meas(F;)* <k.p (QF + QN)l/Bmeas(E(;)H%.

1
(p—1N
Set B := 1+ [1/e] and p := 1+ B~!. Recalling our choice (4.6) of Q, either
QP < QN or N < 079 Tn the former case we have

meas(Es) <k.e N—lQﬁg—% < N-1§5-200),

The result follows on rescaling € to absorb the O(1) constant in the exponent. [
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5. EXPONENTIAL SUM ESTIMATES

The purpose of this section is to prove various bounds on exponential sums which
are needed to verify the hypotheses required for our mixed restriction estimates
(see Lemma 6.1). Three out of four of these mixed restriction estimates involve
the following majorant, which also plays a prominent role in [BP17] and [CLP].

Definition 5.1 (Majorant for squares). For fixed £ € [W], with W even, define
v =g : [N] — [0,00) by

2w

if = Wet9)?-¢ ¢ 7.
v(n) = Wx+¢§, ifn ‘ or some x € Z; (5.1)
0, otherwise.

Before estimating the Fourier transform of v we recall Weyl’s inequality for
squares.

Lemma 5.2 (Weyl’s inequality). Let I be an interval of at most N integers and
let a, 8 € T. Suppose that

Z e(an®* + Bn)| = ON.

nel

Then there ezists ¢ < 6~ W such that ||qally < 590 /N2.
Proof. See Green—Tao [GT08, Lemma A.11]. O

Corollary 5.3 (Coarse minor arc estimate for v). Let W be an even positive
integer, & € [W] and define v = vyw¢ as in (5.1). Suppose that

|0(a)| = ON.
Then either N < W or there exists 1 < a < ¢ < 6 DWW such that hef(a, q) = 1

and || — %HT < 67 9W/N.

Proof. Summation by parts gives that

Y fman=f(y) DY an— / 1) ( 3 an> dt

r<n<y z<n<y r<n<t
Hence
v(a) = > (Wa+&e(a(3Wa® +&x))
0< 3 Wa2+£a<N
= (\/ZWN+§2) Z e(a (%Wx2+§x))
0< i Wa2+£a<N
\/W—é
—W/ S e (a (BWa? +£)) dt
0 o<zt

Since £ € [W], one can check that either N < W or the interval {z : 0 <
sWa? + & < N} has length of order < /N/W. It therefore follows that if
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|0(a)] = 6N then there exists t < /N/W such that

> e(a(3Wa +&x))| > 0/ N/W

0<iWwa24ta<t

Applying Weyl’s inequality, there exists gy < M such that HQQQ%WHT <
§~OMW/N. Setting q := %qu then yields the result. O

Lemma 5.4 (Major arc asymptotic for v). Let W be an even positive integer,
€ € [W] and define v = vy as in (5.1). Suppose that ||qo|r = |goe — a| for some
q,a € Z with ¢ > 0. Then either N < W or

o) = Brcipeg (o (e 4.60)) [ e (o= 5) 1) at
+0 ((VWN+Wg) 4+ llaall: V)

Proof. Writing 8 := o — % and summing over congruence classes mod ¢, we have

V(o) = Z eq (a (3Wr?+£r)) Z Wz +8&e (B (sWa?+£x)). (5.2)

r=1 O<%Wx2+§x<N
z=r mod ¢

Comparing the inner sum with an integral, as in [Tao, Ex11], we have

Z Wz +&e (B (3Wa? + &) =

0<iWa24+£a<N
z=r mod ¢

q{fﬁwww+o«¢WN+W@u+NwD.

Substituting this into (5.2) gives the result. O

Lemma 5.5 (Local Weyl estimate). For any integers a,b,q with q positive we
have

Erelg€q (‘””2 + bT) | < hef(a, 9)1/26171/2-

Proof. Let qo := q/hcf(2a, q). Squaring and Weyl differencing gives

E,cigeq (ar® 4+ br) | < Enelq |Ercjgeq (a2hr))|
=q '#{helq:2ah=0mod q} = ¢ '#{h €[g] : h = 0mod g}
— ¢ 'hef (20, ¢) < ¢ thef(a,q). O

Lemma 5.6. Let W be an even positive integer and let & € [W] with hef(E, W) =
1. Then for any positive integers a and q with hef(a,q) =1 we have

0, if hef(q, W) > 1,
Erejgeq (a (%WTQ + §r)) < {ql/z (4, 51)

otherwise.
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Proof. Write ¢ = qoq1 where q; = hcf(%VV, q). Writing r = rq+ qory where r¢ € [qo]
and r, € [¢1] we have

}Ere[q]eq (a (%WTZ + fr)) ’ - ’Eroe[qo]eq (Q%WTS) By efqieq (a (§(ro + QOrl)))}
S ‘Erle[m]em (af"’l)‘ = 1ge- (5.3)

The estimate now follows if ¢; = hcf (%VV, q) > 1, since in this case ¢; 1 £ because
hef (€, W) = 1. The case when hef(3W, ¢) = 1 follows from Lemma 5.5. O

Lemma 5.7. Let W be an even positive integer and let & € [W] with hef(§, W) =
1. Then for any positive integers a and q we have

0 if LW and -L< are not coprime;
1 2 2 a, ’
g ot e < {0 L

Proof. Write ¢ = qoq1 and a = apq; where ¢; = hef(a, ¢). Summing over residues
mod ¢y we have

}Ere[q}eq (a (zWr* + 5T))} = }ETG[%]GQO (a0 (3W7r? + 5T))’ :
The result follows on applying Lemma 5.3. U

Lemma 5.8 (Refined minor arc estimate for v). Let W be an even positive integer
and & € [W] with hef(§, W) = 1. Define v = vwe as in (5.1). Suppose that

|0(a)| = 6N.

Then either N < WOW or there exists ¢ < 6-°W such that ||qal|, < 679D /N.
In particular, either N < WOW or v satisfies the minor arc hypothesis (Definition
4.2).

Proof. Applying Corollay 5.3, there exists 1 < a < ¢ < W§ 90 for which
hef(a,q) = 1 and ||a — %H’H‘ < 07°W/N. By Lemma 5.4, either N < (W/§)°W)
or

’ETG[Q]BQ (a (3Wr* + é“76))’ > 0.
Applying Lemma 5.6, we deduce that ¢ < 6 2. Finally we note that N <
(W/6)°WM implies that either N < WO or N < 679 and the conclusion of
the minor arc hypothesis is trivial if the latter holds. O

Lemma 5.9 (Linear exponential estimates). Let I C R be an interval and g € R.
Then

/e(ﬁt)dt < min {meas(]), |8]7'} .

I
If a € T then
> e(az) < min {meas(l) + 1, [lai;"}
xel
Furthermore

> e(Br) - /Ie(ﬁt)dt < 1+ |Blmeas([).

zel

Proof. The first estimate follows from integration, the second from summing the
geometric series, the third from approximating a sum by an integral as in [Tao,
Ex11]. O



24 SEAN PRENDIVILLE

Lemma 5.10 (Fourier decay). Suppose that W is divisible by 2 Hpgwp and that
hef (&, W) = 1. Define v = vy as in (5.1). Then either N < WOW or

=1, <w N

Proof. First suppose that |#(a) — 1jyj(a)| = §N. Then by the triangle inequality,
either |7(a)| > 0N or |1jn(@)| > 6N. In the latter case, Lemma 5.9 gives that
|allp < 67'/N. We claim that a similar conclusion holds under the assumption
that [D(a)| > dN.

To establish the claim we first repeat the argument of Lemma 5.8 to conclude
that either N < (W/§)°W or there exists 1 < a < ¢ < 72 with hef(a, q) = 1
such that ||a — %HT < 6 9W/N and

E ey (a (217 + £1)) /ON e((a=2)1) dt‘ > GN. (5.4)

Applying Lemma 5.6, we deduce that hcf(q, %W) = 1. Since we are assuming
that %W is divisible by all primes p < w, we conclude that ¢ > w or ¢ = 1. If
g = 1 then we may bound the integral in (5.4) using Lemma 5.9 to deduce that
|||y < 671/N, as claimed.

We may therefore conclude that the assumption |(a) — 1jyj(a)| = 6N implies
that either N < (W/§)°M, or w < 672 or

lallp < 671/N. (5.5)

Supposing that (5.5) holds, if we substitute the approximations given by Lemma
5.9 and Lemma 5.4 into the inequality |#(a) —1jx ()| = 6N, then again we deduce
that N < (W/§)°W.

To summarise: if |[#(a) — 1y ()| = 6N then either N < (W/8)°W or w < §72.

The lemma is complete on taking § := Cw~'/2 for a sufficiently large absolute
constant C, and on observing that w < 2 Hpgwp < W (by Bertrand’s postulate,
for instance). O

Lemma 5.11 (Quadratic major arc asymptotic). Let W be a positive integer,
n € (0,1/2] and define the interval

= [n(N/W)Y2 (N/W)V2].

Suppose that ||qa|| = |qa—al for some q,a € Z with ¢ > 0. Then either N < WOW
or

VN

Z e(aWa?) = W2E, ¢ e, (aWr?) / e (Bt%) dt + O (g + |lqally N). (5.6)
zel VN

Proof. Let o € 9M(a, q) and let 5 denote the least absolute real in the congruence

class @ — ¢ (mod 1). Summing over residues mod g, we have

q

Z e(aWz?) = Z eq (aWr?) Z e (BWa?). (5.7)

zel r=1 zel
z=r mod ¢
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Comparing the inner sum with an integral as in [Tao, Ex11] gives

vN
Y e (BWa?) =g w2 e (Bt?) dt +O (1 +|B|N).
zel N
z=r mod ¢
Substituting this into (5.7) gives (5.6). O

Lemma 5.12 (Quadratic exponential integral bound). For 5 € R we have

N
/ e(ﬁt2)dt' < N max {1,77|6|N2}_1 :
nN

Proof. Let us show that for 5 > 0 we have
N , 1
e(ft )dt‘ < —=.
/nN nBN

The claimed bound then follows on incorporating the trivial estimate of N, and
utilising conjugation to deal with § < 0. By a change of variables

N BN?
/17 e(pt)dt = 5_1/2/7 €<;}/>2dv.

N 2B8N2 2v

Integrating by parts shows that for 0 < x < y we have

Ye(t) —1/2

Lemma 5.13 (Major arc hypotheses). Let Wy and Wy be w-smooth positive in-
tegers such that Wy is divisible by 2] ., p. Given § € [Wi] with hef(§,Wh) =1,
define v = vy, ¢ : [N] = [0,00) as in (5.1). Givenn € (0,1/2], define the interval

= [n(N/Wo) 2 (N/ W) 2] .

Fiz non-zero integers by, by = O(1) and write B := |bi| + |ba|. Consider the
following four majorants, mapping each n € [—BN, BN]| to one of

> v@w(y), > w(@)(y),

bix+boy=n biz+baWay2=n
> v@)(y), > L@y (5.8)
biz+boy=n b1 Woz2+boy=n

Then either N < (W W5)°W or all four majorants satisfy the magjor arc hypoth-
esis (Definition 4.1), the latter with constant n~°W.

Proof. Let 1 < a < g < @ with hef(a,q) = 1 and Ha - %HT < Q/(BN). We
may choose o € R so that }oz — %’ = Ha — %HT. Our task is to bound the Fourier

transform of our majorant at a.
The first majorant in (5.8) has Fourier transform (by«)0(becr). We claim that
this is bounded in magnitude by

-1
< q*1N2 max {1, }a — %’N} + N3/2W11/2Q2.
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As 1 < B < 1, the major arc hypothesis for this majorant follows, since it has

L'-norm > N? (unless N < Wlo (1)). To establish the claim it suffices to show
that for any non-zero integer b = O(1) we have the bound

—1
5 (ba)| < q—l/QNmaX{ o — g\N} NP, (5.9)

This follows from Lemmas 5.4, 5.7 and 5.9.

Next we turn to the second majorant in (5.8). Employing Lemma 5.4 and
Lemma 5.11, either N < (W;W5)°® or this majorant has Fourier transform
bounded in magnitude by

Wz_l/Q Ercgq (ra (5Whrf + &) | |Ereigeq (b2aWar3) |

[ e g)on)an [ e (o2 ) a

Z}N}fl. Applying the
trivial bound to the second integral, it suffices to prove the bound
B eigeq (bia (3Warg + &) | [Eregeq (boaWors)| < g7'. (5.10)

By Lemma 5.7, the left-hand side of (5.10) is zero if 1W; and q/(b1,¢) are not
coprime. We may therefore assume that they are coprime. Since Wj is w-smooth
and %Wl is divisible by the primorial [] ., p, we must have hef(Ws, ¢/(b1,q)) = 1,
and so hef (bW, q) < byby. Hence Lemmas 5.5 and 5.7 combine to give the bound

’Ene[q]eq (bla (%Wﬁ“% + 57”1))’ }Erge[q]eq (bQCEWQTQ)} <<b1,b2 qil.

The major arc bound (4.1) follows with K = O(1).
We simultaneously analyse the third and fourth majorants in (5.12). Under the
assumption of our rational approximation to «, we have the lower bound

@ — %HTN}_l > QiQ

Hence using the trivial bound on the quadratic exponential sum, and Lemma 5.9
on the linear exponential sum, we obtain the major arc bound (4.1) unless

lbaar]|y < QPWR/2N7H2,
In this situation the triangle inequality implies that
bya/qll. < Q*WLAN-Y2 L QN 5.11
TS 2

Observe that if N < Q%" then (4.1) follows trivially. Assuming that this is not

the case, and that it is not the case that N < WQO(l), we deduce from (5.11) that
|bea/q||x < 1/q. The only way this can happen is if g | by. It therefore suffices to
assume that ¢ | by, so that ¢ = O(1).

In the case of the third majorant, Lemma 5.4 and the trivial bound for the
linear sum together give an upper bound of the form

/ON e (bl <a - —) ) dt‘ +O(WING?)

—1
< N*2W; % max {1, by (a _ g) ’ N} +WINQ?.

+0 (N*2W,Q?).

(N/Wy)2
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This yields the major arc bound (4.1) with K = O(1).
In the case of the fourth majorant, Lemmas 5.11 and 5.12 combine (with the
trivial bound for the linear sum) to give an upper bound of the form

-1
(o-l) e
From this we obtain the major arc bound (4.1) with K = =91, O

(N/Wa)n ™t max {1,

Lemma 5.14 (Minor arc hypotheses). Let Wi be an even positive integer and
¢ € WAl with hef(§, W) = 1. Define v = vy, ¢ - [N] = [0,00) as in (5.1). Let
Wy be a positive integer, n € (0,1/2] and define the interval

= [n(N/Wo)'/2 (N/ W) .
Fiz non-zero integers by, by = O(1) and write B = |bi| + |ba|. Consider the
following four majorants, mapping each n € [—BN, BN]| to one of

> vaw(y), > w@)L(y),

biz+bay=n biz+baWay2=n
> v@)(y), > L@)(y). (5.12)
bix+boy=n b1 Wax2+bay=n

Then either N < (W W3)°M or all four majorants satisfy the minor arc hypoth-
esis (Definition 4.2).

Proof. By the convolution identity, the Fourier transform of each of the first three
majorants is bounded in magnitude by |(bja)||I|. The result then follows for
these majorants using Lemma 5.8 and the fact that 0 < |b;| < 1.

Letting v, denote the fourth majorant, suppose that |25(cv)| > & |||, We have
|vall, > N/Ws,, unless N < W,. Hence by the convolution identity

Z e(byaWaz?) Z e(beavy)

zel yel
Thus both of the following estimates hold

> e(biaWpar?)| > 6y/N/W,  and > 6/N/W,.  (5.13)

zel

Applying Weyl’s inequality (Lemma 5.2) to the first sum in (5.13), we deduce the
existence of ¢y < 6790 such that ||gobyWaap < 6 °WW,/N. Dividing through
by qob1 W5 and cancelling common factors, it follows that there exist integers 1 <
a < ¢ < Wa6~ W with hef(a,q) = 1 and such that || — %HT < 6 OW/N. We
claim that ¢ < |bs|, hence completing our proof.

Applying the linear exponential sum estimate (Lemma 5.9) to the second sum
in (5.13), we deduce that ||byr| < 6714/Ws/N, hence by the triangle inequality
571W21/2 570(1)

Nz TN
If ¢ 1 by then ||bya/q||y > 1/q and so either ¢ > §~11/N/Ws or ¢ > §°WN. Each of
these conclusions contradict our bound of ¢ < Wo6~%W) unless N < (Wy/6)°W,
The latter implies that N < WEY or N <« 6700, If N <« 6§00 then the

> 5N/ Ws.

Z e(bay)

yel

+[baer]r <

1%l < flee = Gl
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conclusion of the minor arc hypothesis is trivial. We may therefore assume that
q | b2, which certainly implies that ¢ < |bs| (as required). O

Lemma 5.15 (Hua-type hypotheses). Let Wy be an even positive integer and
¢ € Wi]. Define v = vy, ¢ : [N] — [0,00) as in (5.1). Let Wy be a positive
integer, n € (0,1/2] and define the interval

L= [n(N/Wa)'2, (N/W2)' 2]

Fiz non-zero integers by, by = O(1) and write B := |bi| + |ba|. Consider the
following four majorants, mapping each n € [—BN, BN]| to one of

> v@w(y), > w(@)(y),

bix+boy=n biz+baWay2=n
> vl@)li(y), Y L@)(y). (5.14)
biz+b2y=n b1 Wax2+boy=n

Then either N < (W1W2)O(1/6) or all four majorants satisfy the Hua-type hypoth-
esis (Definition 4.3) with exponent .

Proof. We observe that either N < Wlo M or we have the following estimates

vy =N and |Jv|, < VNW; (5.15)
We also observe the standard divisor-type estimate: for n € Z\ {0} we have
Y o< nf (5.16)
z2—9y2=n
We begin with the first majorant in (5.14). In this case, the square of the
L?-norm is equal to the count

Z v(ny)v(ng)v(ng)v(ng).
bini+bana=binz+bany

The diagonal contribution to this count, when n; = ng, is at most

n

2
(Z V(n)2> < V% IvIE < WAN? < Wi [vll; N~

Using Cauchy—Schwarz and the divisor-bound (5.16), the non-diagonal count is
given by

Z Z v(n1)v(ns) Z v(n2)v(na)

0<|n|<BN \bi(n1—n3)=n ba(na—n2)=n

< (MNP ) > 1

0<|n|<BN \ (Wiz+£)2—(Wiy+£)2=2W1in
<. (WiNEN(WiN)® < WP |||t No-L,

We conclude that for any € > 0 our majorant’s second moment has an upper
bound of the form

2

O (WP i N=1)
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On assuming that it is not the case that N <. Wlo(l/a), this can be replaced by
an upper bound of the form

Il 2=t

This establishes the lemma for the first majorant.
We turn now to the second majorant in (5.14). In this case the square of the
L?-norm is equal to

> v(n1)v(n2)1r(y1)1r(ye)-
bini+baWay?=b1na+baWay3

Provided that N > 2W5, the diagonal contribution to this count is at most
Yo w(n) D" Lly) < [l il 7] < WiN> Wy 2 < Wy u|f TP
n y

(5.17)
Using the divisor-bound (5.16), the non-diagonal count is given by

Z Z v(ni)v(na) Z Lr(y) 11 (y2) <o (Wi W)W N2te

0<|n|<BN bi(ni—n2)=n boaWa(yi—y3)=n
< (WiWa) W |lw|f 1PN

Using a similar argument to before, this establishes the result for the second
majorant.

For the third majorant in (5.14), the diagonal contribution is the same as that
in (5.17). The non-diagonal count is given by

Z Z v(ng)v(ng) Z Lr(y1)11(ya).

0<\n|<BN bl(nlfng):n bg(ylfyg):n

Notice that if yy, y» € I then |y; —ys| < (N/W3)'/2. Hence the non-diagonal count
is in fact equal to

Z Z v(ny)v(ns) Z 1 (y1)1r(y2)

0<|n|<B(N/W2)1/2 bi(ni1—n2)=n b2 (y1—y2)=n
<o (N/Wo) PNWINE(N/W,) 2 < (WyWa) W) [l 11PN

This establishes the result for the third majorant.
For the fourth majorant in (5.14), the diagonal contribution is given by

2
<Z 1I<y>> = 11> = Wy D[N,
Yy

The non-diagonal count is given by

> o L) D L) li(ye) <. (N/Wy)'Fe
0<|n|<B(N/W2)1/2 b1 Ws(z2—23)=n ba(y1—y2)=n

< WEVIIAN.
This establishes the result for the fourth majorant. O
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6. CONTROLLING THE COUNTING OPERATOR

The purpose of this section is to prove an analogue of the Fourier control lemma
(Lemma 3.7) for the counting operator encountered in the quadratic counting
theorem (Theorem 1.7).

Before embarking on this section the reader may wish to recall the definition
of v = vy (Definition 5.1), as well as our notation for the Fourier transform
(Definition 1.15) and quadratic Fourier transform (Definition 1.17).

Lemma 6.1 (Mixed restriction estimates). Let Wi and Wy be w-smooth positive

integers such that Wy is divisible by 2] ., p. Given § € [Wi] with hef(§, Wh) = 1,

define v = vy, ¢ : [N] = [0,00) as in (5.1). Given n € (0,1/2], define the interval
L= [n(N/Wa)'2, (N/ W) 2] .

Let p > 2 and fix non-zero integers by, by = O(1). Then either N <, (W;W,)9r()
or, for any f : [N] = C with | f| < v+ v and any B C [(N/W2)'/?], we have

/

/ | 15(biWaa) 15 (boa) [Pde <y NP7'W5 P and / |f(a)|"da <, N#~1.
T T

Iy
2

f(bla)iB(bQO‘)}pda’ /}f(bla)iB(bQWQOé)}dez <, N?’Tp—lVV2 ,
T

whilst

Proof. Let us first suppose that |f| < v. Then the bounds follow from the ab-
stract restriction estimate (Lemma 4.4) in conjunction with the verification of the
major/minor /Hua-type hypotheses (Lemmas 5.14, 5.13, 5.15).

Next let us suppose that |f| < 1. We estimate ‘iB‘p and ‘iB‘p using the

trivial bound of < (N/W5)P/2. We estimate | f ‘piQ using the trivial bound of
NP=2 and | f }QP ~? with N%-2. Finally we employ Parseval to give the bound

/T fbia)fda = S 1) < .

Combining these inequalities gives the claimed bounds.

Finally, we assume the general bound |f| < 1y 4+ v. Write f = 0|f], where
|0(n)| < 1 for all n. Put f; := 6’min{|f|,1m} and fo := f— f1. Then f = fi+ f>
with | f1| < 1;n7 and | f2| < v. Applying the triangle inequality, the estimates now
follow from our previous arguments. O

Lemma 6.2 (Fourier control). For each i = 1,2,3, let L; denote a non-singular
linear form in s; variables with s; > 2, s+ $2 = 3 and s; + s + s3 = 5 (we
allow for sy = 0 or s3 =0). Let Wy and Wy be w-smooth positive integers such
that Wy is divisible by 2[],,p. Given § € [Wi] with hef(§,W1) = 1, define
v=uvw,¢: [N] =1[0,00) as in (5.1). Given n e (0,1/2], define the interval

= [n(N/Wo)'2 (N/Wo) 2] .
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Suppose that either Wy = 1 or s3 > 0. Then either N < (WiW5)°W) or for any
fi,-- s foy 1 Z — C, each satisfying | fi| < 1jn)+ v, and any B C I we have

> fil@y) - fo (@s)1(y1) - - 18(Ysy ) 18(21) - - 1, (2s,)

L1(x)=W2L2(y?)+Ls3(z)

A 1/10
<<7] NS1+%(82+53)—1W2—%(82+83) mm( ]ZVOO> '
1

Proof. Write
Li(x) = cgi)xl +-+ cg)xsi.

Case 1: s3 = 0.

In this case our assumptions imply that W5 = 1. The orthogonality relations then
show that our counting operator is equal to

Z fl(xl)"'f81(x81)13(y1)"'lB(ySQ)

Li(z)=L2(y?)
_ / [17: (") [T 15 (£70) da.
T, ;

We apply Hélder’s inequality to bound the Fourier integral by

~ ~ A

0.1 0.9

- lss
H]'BHsl-l—sg fl 00 f’ 0.9(s1+s2) fj s1+s9” (61)

JFi
Since s1 + s3 = 5, Bourgain’s restriction estimate [Bou89| gives that HiBHlersg <

N?*~% . Since 0.9(s1 + s2) > 4, Lemma 6.1 gives that
fi
The claimed bound follows on incorporating these estimates into (6.1).

Case 2: s3 > 1.

&y Nk and ||fy]|. . <, N s,

0.9
0.9(s1+s2) S1+s2

In this case we must assume that W, is arbitrary. The orthogonality relations
show our counting operator equals

> Silwy) - fo (@) 1(y1) - - 1B(ysy)1B(21) - - 1B(2s,)

Li(x)=WaLa(y?)+L3(2)
= [TL4 (%) T 16 (weel?a) T 15 () da. 62
T J k

We break into further subcases. Notice that our assumptions that s; > 2, s14+85 >
3 and s + s + s3 = 5 imply that we are in one of the following five situations.

Case 2a: s; >4, s3 > 1.
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Fix distinct 4,5 € {1,...,s,}. Applying the trivial estimate to 1z and all but one
copy of 1p, Holder’s inequality shows that the Fourier integral (6.2) is at most

R o R
f i (C )O‘) lp (Cl ii(51+i)/2 H f

k¢di.j}
Since 0.9(sy +1) > 4.5 and (51 +1)/2 > 2.5, Lemma 6.1 gives that

(N/ )3ttt 0

9(s1+1) (s141)°

£ 110.9

0.9——1— 2 11
+1 +1
Ly N7 | fill g < N

)
i (Ci‘l)o‘) 15 (Ci )H (s141)/2 < Ngiﬁwziw-

The claimed bound follows.
Case 2b: s; =3, so =0, s3 > 2.

Let {i,j,k} = {1,2,3}. Applying the trivial estimate to all but two copies of 15,
Holder’s inequality shows that the Fourier integral (6.2) is at most
(N/W3)2 (C O‘ 13( ( ) ( 04)H2_5-

The claimed bound foliows again on employing Lemma 6.1.

Case 2c: s1 =3, 59 > 1, s3 > 1.

Let {i,7,k} = {1,2,3}. Applying the trivial estimate to all but one copy of 15
and all but one copy of 1g, Holder’s inequality shows that the Fourier integral
(6.2) is at most

(N/Wy)3t fi(ea)ip(cVa) |,

( )iB (W201
The claimed bound foliows from Lemma 6.1.

Case 2d: s; =2, s =1, s3 > 2.

Let {i,j} = {1,2}. We apply the trivial estimate to all but two copies of 1p.
Holder’s inequality then shows that the Fourier integral (6.2) is at most

(N/ W) Lp (Weey”a) 1p(c7a) Ya)is(da)ll, 5
The claimed bound then foliows from Lemma 6.1.

Case 2e: s1 =2, s > 2, s3 > 1.

Let {i,j} = {1,2}. We apply the trivial estimate to all but two copies of 15 and

all but one copy of 1. Holder’s inequality then shows that the Fourier integral
(6.2) is at most

(N/Ws)? ol (Wacla) s (cf” fi(cVa)1p(Wacsa)], -

The claimed bound foliows from Lemma 6.1. ]

Lemma 6.3. Let ar,az,by,by € Z\ {0} and let n € (0,1). Given functions
f:(mN,N] — [-1,1] and g : [N] — [-1, 1] we have the bound

/’f ala a2a (bla)g(bQQ) da Loy, by 77_1N2-
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Proof. By Cauchy—Schwarz it suffices to bound an integral of the form

[ |Faa)ioe)|da

for some non-zero integers a,b. By orthogonality, this is at most the number of
solutions to the equation

a(z] —a3) =b(y1 —v2),  (z € (PN, N], y; € [N]). (6.3)

The diagonal contribution (when y; = y») yields at most N? solutions. Fix distinct
y1,Y2 € [N]. Then any solution (z1,xs) to (6.3) satisfies

o |bHy1—y2| < bl

Tr1 — T =
= = e T a) S

The estimate follows. O

Lemma 6.4 (L' control). Let ai,...,a, € Z \ {0}, by,...,b, € Z\ {0} and
C1,y...,c0 € Z\{0}. Suppose that

r>22, r+s=23, s+t=1, r+s+t=0>5.
Then for any B C [N] and n € (0,1) we have

Z Hl(WN7N}(xi)HlB(yj)HIB(Zk)

> @i} =3, by + Y cran J k
BN\ /2
<<C¢ n*O(l)NT+s+tf2 (%) ) (64)

Proof. The left-hand side of (6.4) can be written as the Fourier integral
/ H 1(77N7N} (aia) H 1B(bjOf) H 1B(cka)da.
T j k

If r + 5 > 5 then (6.4) follows from extracting |B|'/? from the Fourier integral,
then applying Holder’s inequality and the estimates
45

/1r Z e(a:z:Q) da, /TZe(axz)

z€(nN,N] z€B
These bounds are a consequence of [Bou89).
Let us therefore suppose that r 4+ s < 4, in which case we must have t > 1. We
divide into two cases.

Case 1: t > 2:

Since r + s > 3, our Fourier integral contains at least three quadratic exponential
sums, at least two of which are equal to i(nN,N] (since r > 2). Employing the
bounds 1¢,n,n) < 1) or 1p < 1y on the physical side, we may assume that our
third quadratic exponential sum is equal to i[N]. Then using the orthogonality

45
da < N?°.
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relations and Holder’s inequality, we can bound the left-hand side of (6.4) by

iBHEo (/T}i(nN,N](ala)iB(Cla)}Qda) "

([lmtentistemPaa)” ([imm@Pan) ( [Jimlaa)”

The estimate now follows from Lemma 6.3 and Bourgain’s restriction estimate
[Bou&9).

Case 2: t =1:

In this case our Fourier integral contains at least four quadratic exponential sums,
at least one of which equals 1(,y ). Proceeding as in Case 1, the left-hand side of

(6.4) can be bounded by

iBHEo (/T}i(nN,N](ala)iB(Cla)}Qda) "

( /T | L. ()] 3da) v ( /T () da) e

Again the estimate follows from Lemma 6.3 and Bourgain’s restriction estimate
[Bou89). O

Nr+s+t—5

Nr+s+t—5

7. A QUADRATIC DENSITY RESULT
The purpose of this section is to prove the following.

Theorem 7.1 (Density—colouring result). For eachi = 1,2,3, let L; denote a non-
singular linear form in s; variables with sy > 2, s1 + s9 > 3 and s1 + s34+ s3 = 5
(we allow for sy =0 or s3 =0). Suppose that Li(1,...,1) =0. Let 6 > 0 and let
r be a positive integer. Then either N <5, 1 or the following holds. For any sets
of integers Aq,..., A, C [N] each satisfying |A;| = 0N and for any r-colouring
B1U- - -UB, = [N] there exists B € {By, ..., B.} such that for all A € {Ay,..., A}

we have
Z HlA(xi)HlB(yj)HlB(zk) Sy, NOTS2Ts2)
k

Li(22)=L2(y?)+Ls(2) ¢ J

Let R, (N) denote the set of w-rough numbers in [/V], that is those integers all
of whose prime divisors exceed w. We have the following disjoint partition

N = | ¢RLN/Q).
¢ is w-smooth

For each 7 we would like to find (; which is not too large and satisfies
[4i N (G- Ru(N/G))| = §1Rw(N/G)] - (7.1)

By [CLP, Lemma A.3] there are at most 10“ N M~'/2 elements of [N] divisible by
a w-smooth number greater than M. It follows that for each A; there exists a
w-smooth number (; satisfying

G < 67 %Wexp (O(w))
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and such that (7.1) holds.
Define

W
W3:4C12"'§3Hp and W; = —

e3 (7.2)

psw
Since W; is w-smooth and divisible by the primorial Hpgw p, we can partition
Rw(N/() into congruence classes

Ru(N/G) N (§mod W) = (Wi- Z+ & N[N/G],  (§ € (Z/WiZ)™).
By the pigeon-hole principle, there exists & € (Z/W;Z)* such that
[Ain (G- (Wi Z+ &) N [N/GD)] = 5 1(Wi- Z+ &) N IN/G]|-

It follows that there exists a set A} of integers such that for every x € A} we have
G(Wiz + &) € A;, and moreover we can ensure that

ON N — &
AGWiT GW;

We define a colouring of [%} by setting

Bj:={xeN: Wz c B;}.

ON
4GW;

Al C } and |A]| > —0(1). (7.3)

It follows that

> [T 1A ] s, wm) [ ] 15, (20) =
Li(e?)=La(y?)+Ls(2) ! m -
Z H La (1) H 1B;.(ym) H lB; (2n). (7.4)
) ! m n

L1(3Wia?+&w)=W La(y?)+Ls(z
Set

ot

and let v; := vy, ¢, : [X] — [0,00) be as in (
that for every x € A} we have

N N

.1). The containment in (7.3) ensures

Define

0 otherwise.

vi(n) if n = iW;2? + &a for some x € A,
f) o= { (n) SWia 4

Then we have that

> [Tt I Lg; (Ym) 11 Lpi(z,) 2

L1 (3Wi22+&2)=W La(y2)+Ls(z)

(%)81 Z Hfi(noHlB}(ym)HlB;(Zn). (7.6)

Ll(n):WLg(y2)+L3(Z) ! m
Notice that (7.3) and (7.5) give

> s> 2 (35 om),

ne[X)]
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so that either N <., 1 or

> filn) > °X

ne(X)]

Using Lemma 5.10 and the dense model lemma recorded in [Prel7, Theorem 5.1],
there exists 0 < g; < 1[x] satisfying

i = 4|, < (ogw)™2X. (7.7)

It follows that either w <5 1 or, on comparing Fourier coefficients at 0, we deduce

that 3° ¢ v gi(x) > 62X . Thresholding, define

A= {w e [X]: gi(2) = 8},

with ¢ a small positive absolute constant. The popularity principle [TV06, Ex.1.1.4]
shows that A; > §2X. Hence by Theorem 3.1 there exists 7 >, 1 and there exists

Bj := Bjn [nN/W,N/W]|
such that either N <, 1 or for each 7 =1,...,7 we have
Z H 1 ’I’Ll Hl ym H]. Zn > nX51+ (52+53) 1W—— 82+53)
L1(n)=WLa2(y2)+Ls(z) 1

Using our lower bound for g; on A; we deduce that

Z Hg@ n; Hl (Ym H1 () >, Xs1+ 5 (s2ss) =1y —3 (sats3)

Ll(n) WLg(y2)+L3(Z) 1 m

By a telescoping identity there exist functions hy, ..., hs, € {fi, 9, fi — gi}, at
least one of which is equal to f; — g;, such that

Z <H gi(ny) — H fi(?%)) H 1z, (Ym) H lgj(zn) <
l l m n

L1(n)=W La(y2)+L3(z)
> [T ) [T 1, () [T 15,2
Li(n)=WL2(y*)+Ls(z) ! m "

By Lemma 6.2 and (7.7), either N <., 1 or the latter quantity is at most

r ~ 10
<<6 ( i — i oo) X81+%(82+83)_1W_%(82+83)
)T X

< XS1+%(82+83)—1w—%(82+83) log—3/20 w

It follows that either w <, 1 or that

Z Hf@ n; Hl ym Hl zn >>5TXS1+ L(s2+s3) IW (32+53).

L1(n)=W L2(y?)+L3(2)
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Taking w sufficiently large in terms of § and r, we deduce that either N <, 1 or,
on recalling (7.4) and (7.6), we have

Z HlA (22) ng (Ym) H1B (20) 5,

Li(22)=L2(y?)+Ls(2)

(&) X51+%(32+53)*1W7%(32+33) > NS ts2ts3—2
N " ’

This completes the proof of Theorem 7.1.

8. DEDUCTION OF COLOURING RESULTS FROM DENSITY RESULTS

8.1. When the linear form satisfies Rado’s criterion. The purpose of this
section is to prove the following strengthening of Theorem 1.4. To streamline
notation, we suppress the dependence of implicit constants on the coefficients a;

and b;.

Theorem 8.1. Let ay,...,a5,b1,...,0, € Z\ {0} with s,t > 1 and suppose that
there exists S # () such that ) _,_q a; = 0. For any positive integers r and N, either
N <, 1 or for any colouring C1 U ---U C,. = [N] there exists 1 <n < r, a colour
class C; and an interval I of length NY*"™" such that on setting M = NY/*" we
have

> | I RERED] | RIS chm[M Yi)

G1$1+'"+asxs:bly%+“'+btyt S i¢S
>, MISHsH=2 (g 1)

The utility of this result over Theorem 1.4 is that it can be used to show that
non-trivial monochromatic solutions exist, given any sensible notion of ‘trivial’.
For if the only monochromatic solutions to our equation are trivial, then the left-
hand side of (8.1) should” have order o(M!¥1+s+=2) which yields a contradiction

if N is sufficiently large in terms of r.

Proof of Theorem 8.1. Re-labelling variables, we can write our equation in the
form

Ly(2) = La(y*) + Ls(2),
where the L; are non-singular linear forms in s; variables satisfying s; + s3 = s,
s =S|, sa =t >1and Ly(1,...,1) = 0. In particular, the latter ensures that
s1 = 2, and so s1 + so > 3. It follows that the conditions of Theorem 3.1 are met
with W = 1. Let n(d,r) denote the parameter appearing in this theorem. A little
thought shows that this quantity is increasing with ¢ and 1/r, and redefining if
necessary, we may assume that 7(d,7) < min {6, 77 '}. Set

1/r when n = 0;
O =12, 15 herwi (8.2)
5M(50n-1,7) otherwise.

"For instance, any algebraic notion of ‘trivial’ is likely to deliver a power saving in this
estimate.
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Let us say that a colour class C; is good at scale n if
’CZ ﬂ (NI/Z"-H’ Nl/zni| Z ﬂ <N1/2n+1’N1/2n]

We claim that there exists 1 < n < r such that if any C; is good at scale n then
it is also good at scale m = m(i) for some 0 < m < n.
If the claim does not hold, then on defining

2 On

Sp = {i € [r]: C; is good at scale n},
we have a chain of strictly increasing subsets
0#SyC(SoUS1)C--C (SoU---US,),
the last of which must have size at least r+ 1. This contradicts the fact that every
element in this chain is a subset of {1,2,...,r}.
Given n satisfying our claim, each colour class C; satisfies the implication

oun (v ] ~

>, ‘Z N <N1/2”“, Nl/ﬂ

Im = m(i) < n with ’Ci N (Nl/Qm“,Nl/?m] ) > 6, ’Z N (Nl/z’”“, Nl/zm} ’ .
(8.3)
Fixing i € S,, let m(i) = m be such that m < n and ¢ € S,,. We can partition
(N 2mt NY 2"] into consecutive half-open intervals of integers, all of cardinality
at most N¥/2""". In this manner, provided that N is sufficiently large in terms of
r, the pigeonhole-principle yields an interval of integers I; satisfying
NV L 2 | LN Gy = L6, NV > L5, NV

Letting t; + 1 denote the smallest integer in I;, define the set
A, = {x €[NV o4t € CZ-} .

Then 4; C [NY?""] and |A;] > %(5”,1]\71/2”71 for all i € S,.

Notice that Theorem 3.1 remains valid if there are less than r sets A; of density
 (simply define new sets A; to all equal A;). Applying this result, we deduce that
there exists C'j =C;N [NI/TL] such that for all A; with ¢ € S,, we have

> Lag(z) - 1ay (@) 1e, (1) - - 1, (Us2) 16, (21) - - L, (2s5)
Li(z)=L2(y?)+L3(2)

> 1)(38p-1, P) N2t 220 0 (8.4)

Since s1, S > 1 we have the estimate

> Lag(z1) - 1ay (@) 1e, (1) - - 1, (Us2) 16, (21) - L, (2s5)
Li(z)=L2(y?)+L3(2)

g ‘éfj ‘ N(281+82+8373)/2n )

Therefore

|Cj N (Nl/Qnﬂ’ Nl/zn” > 77(%571—17 ’I")Nl/Qn _ Nl/Qnﬂ.

Hence, provided that N is sufficiently large in terms of r, we have

|Cj N (N1/2n+1’N1/2”]| 2 %T’(%én—la ’I“)|Z N (N1/2n+1’N1/2n]|.
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As 6, = in(36,-1,7), we conclude that j € S,, so we may take ¢ := j in (8.4),
completing the proof of the theorem. O

8.2. When the quadratic form satisfies Rado’s criterion. The purpose of
this subsection is to prove Theorem 1.7. Again, we suppress dependence of implicit
constants on the coefficients a;, b; and the number of variables s, t.

Proof of Theorem 1.7. Re-labelling variables, we can write our equation in the
form

Li(a?) = La(y?) + Ly(2),
where the L; are non-singular linear forms in s; variables satisfying s;+s, = s > 3,
sy = |I|, ss =t and Ly(1,...,1) = 0. In particular, the latter ensures that s; > 2.
We note that we may assume that s + s3 > 1, for otherwise Theorem 7.1 implies
that for any A C [N] with |A| > JN we have

Z HlA ZL’l >>5N81 2

2) 0o !
This yields Theorem 1.7 since every r-colouring has a colour class of density at
least 1/r.
Under the assumption that sy + s3 > 1, let C = O(1) denote the implicit

constant appearing in Lemma 6.4, so that for any B C [N] and n € (0,1) we have
the bound

Z HlnNN JlelBym HlBZn
Li(z?)=La(y?)+Ls(z)
< O Nt =2(IB|/IN)Y?. (8.5)

Let ¢y(9, ) denote the implicit constant occurring in the conclusion of Theorem
7.1. Clearly this quantity is increasing with § and !, and we may assume that

co(6,7) < min {8,771}

Set
Op 1= 2
( % ) otherwise.
Define

. 1 if |Gy = 0, N
€n() 1= _
0 otherwise.
Since 8,11 < 0y, the sequence €, = (e,(1),...,€e,(r)) € {0,1}"\ {0} is monotone
increasing in each coordinate as n increases. It follows that this sequence cannot
be strictly increasing if it has length at least r 4+ 1. Hence there exists 1 <n < r

for which €, = €,,1. In particular, for any ¢ we have the implication
|IC| =2 6, N = |Ci| = 0, ]N. (8.6)
For each C; satisfying |C;| > d, N we have
\Ciﬂ( o.N, N|| > 15 N.

Notice that Theorem 7.1 remains valid if there are less than r sets A; of density
d (simply define new sets A; to all equal A;). We may therefore apply Theorem
7.1, taking our dense sets to be those C; N (30,N, N| for which |C;| > §,N. We
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thereby deduce that there exists C; such that for all C; satistying |C;| > 6, N we

have
Z H Loincts,nn (@) H Loy (Ym) H lc,(zn)
) ! m n

L1(x2)=L2(y?)+Ls(z
> co(30,, r)NoTeetss=2 (8.7

Applying (8.5), we conclude that
C(6,/2)~ (IG5 /N)? = co(0,/2, 7

).
By our construction of the sequence 9, it follows that |C;| > 6,41 N, hence by (8.6)
we conclude that |C;| > 6, N. We may therefore take ¢ := j in (8.7), completing
the proof of the theorem. O

9. THE MOREIRA-LINDQVIST ARGUMENT

In this section we complete our characterisation of when equation (1.7) is par-
tition regular (Theorem 1.10). The methods we employ to prove Theorem 1.7 do
not, at present, succeed for all of the equations covered by Theorem 1.10. We
begin this section by adapting an argument of Moreira to cover those equations of
the form (1.7) for which the quadratic coefficients sum to zero, but for whom the
number of variables is not sufficient for us to employ Theorem 1.7. The adaptation
of Moreira’s argument was explained to the author by Sofia Lindqvist. We begin
by using this argument to prove Theorem 1.13, where the idea is perhaps more
transparent.

Proof of Theorem 1.13. We first observe that Hindman’s conjecture (Conjecture
1.12) implies the existence of infinitely many monochromatic tuples of the form
(z,y,z + y,zy). For given a finite list of such tuples, all monochromatic under
the same colour, one can introduce finitely many new colours each attached to
the = appearing in a tuple. Re-applying Hindman’s conjecture, one obtains a
monochromatic configuration under this new colouring, and since the new colour
classes introduced are all singletons (and the configuration is not), the configura-
tion is monochromatic under the original colouring (and distinct from each tuple
in the list).

Given an r-colouring ¢ : N — [r] define a new colouring ¢ by giving all odd
numbers the colour r + 1 and, if n is even, then it receives the colour ¢(n/2).
Assuming Conjecture 1.12, there exists infinitely many ¢-monochromatic tuples of
the form (z, y, x +y, zy). Since all elements of this tuple share the same parity,
we deduce that every element is even. It follows that

/2, y/2, (x+y)/2, 2y/2)

consists of integers which are monochromatic under c. Finally, we observe that

() (2 - ()2 :

Theorem 9.1. Let ay,...,asby,...,0 € Z\ {0} with s,t > 1 and

a1+...+aS:0_ (91)
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Then in any finite colouring of N there are infinitely many tuples (x1, ..., Ts, Y1, ..., Yt)
which are monochromatic and which solve the equation (1.7).

Proof. We closely follow the proof of [Mor17, Corollary 1.7]. Asis shown in [Morl17,
§6], there are integers uy, ..., us not all of which are zero and which satisfy

aui + -+ agu’ = 0. (9.2)

We claim that we may assume that a;u; + - - -+ asus > 0. If aqug +-- -+ asus, <0

then we reverse the sign of all the u;. If aju; + - - - + asus = 0 then reversing the

sign of a single non-zero u; gives aju; + - - - + asus # 0 and we proceed as before.
Let vy, ..., v; denote integers satisfying

bl'l}1+"‘+bt'l}t:0.

For instance, one could take b; = 0 for all ¢, but this is a poor choice if one wishes
to generate a monochromatic solution to (1.7) in which all variables are distinct.
Set

a:=2(ajuy + - +asus) and b:=0by + -+ b. (9.3)
Given a colouring ¢ : N — [r| define
é(n) = {c(bn/a) if a | n,

r+ (nmod a) otherwise.

Then ¢ is a finite colouring of N. Applying [Morl7, Theorem 1.4], there exists
infinitely many tuples (z,y, z) giving rise to a é-monchromatic configuration of
the form

x, z+ty, ztwy, ... , ztugy, xy, xy+tviz, ... , xy+vz. (9.4)

Since x = x + y (mod a), we must have that y = 0 (mod a). Since z = zy
(mod a), it follows that all the elements of (9.4) are divisible by a, and that the
configuration

o + ury) b +uy) by +02) bay+us) (g o
- s - ; , s e - .
is monochromatic under c.
Setting
- b(z + uy) and y; = b(ry + v;2)
a a
we obtain a monochromatic solution to the equation (1.7). U

With this in hand, we are able to complete our proof of Theorem 1.10. Since
Proposition 1.9 establishes the necessity of Di Nasso and Luperi Baglini’s criterion,
we need only show that the criterion is sufficient for partition regularity. In other
words, we wish to show that if a1, ...,as,b1,...,b; € Z\ {0} with s,¢ > 1 and one
of the following holds

(1) there exists I # () with ). , a; = 0;
(2) there exists I # () with > ._,; b, = 0.

el
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then the equation
a1l’§ + -+ asxi = b1y1 + -+ btyt (96)

is partition regular. According to our formulation of Theorem 1.10, we may assume
that (9.6) does not take the form

a(x? —x3) = by + cz (9.7)

for some non-zero integers a, b, c.

Let us first suppose that we are in situation (2). Applying Theorem 1.4 we
obtain infinitely many monochromatic solutions by letting N — oc.

Next let us suppose that we are in situation (1). If s > 3 and s+t > 5
then we may employ Theorem 1.7. Hence we may assume that either s < 3 or
s+t < 5. Supposing that s < 3, condition (1) implies that 2 > s > |I| > 2, so
that I = {1,2} = [s]. This situation is covered by Theorem 9.1

Finally let us suppose that s > 3 and s +¢ < 5. Since t > 1, we must have
s=3andt=1. If I ={1,2,3} = [s] then we are in the situation covered by
Theorem 9.1. We may therefore assume that |I| = 2, s = 3 and ¢ = 1. Hence
our equation can be written in the form (9.7), a case we do not have to deal with.
This completes our proof of Theorem 1.10.
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