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Abstract— In Klystron amplifiers, monotron oscillations may 
cause unacceptable beam instabilities. To facilitate fast and 
accurate analysis of such processes, rather than performing time-
consuming Particle-in-Cell simulations, the theory of the 
monotron oscillations has been further developed for the small and 
large signal regimes and implemented into the klystron computer 
code KlyC. This development includes full considerations of the 
space charge effects, relativistic effects and can operate with 
arbitrary field distributions of the resonant mode. The 
effectiveness of these methods, have been demonstrated through 
benchmarking against PIC codes and has shown good (at 1% level) 
agreement, whilst KlyC computation time is significantly (at least 
100 times) faster than in the PIC simulations.  

 
Index Terms—Modelling, Monotron, Oscillation, Klystron. 

I. INTRODUCTION 
monotron oscillator is a simple linear beam electron 
device which utilizes the longitudinal beam-wave 

interaction to generate the self-excited microwave power, when 
continuous electrons move linearly with an initially constant 
velocity [1~3]. Coherent microwave radiation from a resonant 
cavity generated by these oscillations has made the monotron 
oscillator the simplest RF source since its discovery.  

Large numbers of theoretical and experimental studies have 
been performed in the past in attempt to develop a 
comprehensive understanding of such transient radiation 
processes. A very basic analytical model, based on the 
assumption of an idealized gridded cavity gap, was initially 
used for the theoretical investigation of such transient radiation 
phenomenon. To simplify the analytical derivations, a non-
relativistic electron beam without space charge effects has been 
taken into account and has been used in the original studies [4, 
5]. Such a model can predict the onset of the monotron 
oscillation by calculating the beam transit angle and is useful 
for qualitative analysis.  The extended theoretical model for the 
small signal regime was developed next and included the space 
charge effects [6~9]. It significantly improved the accuracy of 
threshold current calculation. Further modifications concerned 
the arbitrary electric field distribution in the resonant cavity 
[10,11] and relativistic effects [12,13]. However, the relativistic 
effects were associated only with the beam dynamics, without 
taking the space charge field into account, thus making the 

 
 

results inaccurate. The large signal theory of the monotron 
oscillation was later targeted to simulate the RF power 
production in the regime when the beam current exceeds the 
threshold value.  Such a process is very nonlinear and to make 
these simulations the space charge effects were ignored to 
simplify the theoretical model [14]. Particle-In-Cell (PIC) 
computer codes are the most accurate tools for the simulation 
of all types of the electron devices, including monotron 
oscillator [15,16].  Design efforts on the monotron oscillator 
with simplified RF structure topology were carefully conducted 
in the PIC simulations, demonstrating that optimized device can 
deliver RF power with an efficiency up to 20% [17,18]. It was 
also reported [19] that with a more complicated RF circuit, the 
efficiency can be further increased up to 50% in PIC 
simulations.  

In high-power klystron amplifiers, the monotron oscillation 
is a parasitic effect as absolute instability, which can destroy the 
RF power generation. Thus, such instabilities should be studied 
and excluded at the early stage of klystron design [20,21]. For 
most klystrons, which adopt single gap cavities in the RF circuit, 
the threshold current of the monotron oscillation is usually 
rather high, since the effective impedance (R/Q•M2) of the 
oscillation mode is much smaller than the one of the operating 
mode. However, in the multi-cell coupled structures used in 
Extended Interaction Klystrons (EIK), for the high frequencies 
range, the mode competition can become an issue [22~26]. The 
studies into high power, high efficiency and high frequency 
klystrons at CERN implied the use of the multi-cell cavities in 
the bunching circuit to compensate for the lack of impedance in 
the structure with large beam aperture [27].  

In this paper, the hypothetical design of the high power (40 
MW), 24 GHz klystron is considered. The klystron beam 
parameters (400 kV and 190 A) for this tube were chosen 
anticipating that 50% RF power production efficiency can be 
reached in this device with perveance of 0.75 µAV-1.5. In the 
initial optimization of the bunching cavities, it was concluded 
that three coupled cells operating in the π mode provided 
sufficient impedance, beam coupling and mode separation. At 
this stage, the cell period and gap length were adjusted to 
maximize the beam coupling, thus ensuring a sufficiently large 
frequency detuning of the bunching cavities in order to maintain 
the reasonable klystron bandwidth. Next, the cavity triplet was 
examined using the PIC code CST/3D operating with DC beam. 
It was found that a monotron oscillation is excited after a few 
hundred nanoseconds at the frequency corresponding to the π 
/2 mode of the cavity triplet. Later, this effect was mitigated by 
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modifying the triplet topology (cell period and gap length). 
However, the re-optimization process appeared to be rather 
time consuming, as it involved massive simulations using a PIC 
code.  

The large signal computer code for klystron simulations 
KlyC [28,29] has recently been developed at CERN. To 
facilitate fast and reliable simulations of the monotron 
oscillation using small and large signal regimes, a new 
dedicated module has been developed and implemented into the 
KlyC. In the process, the theory of monotron oscillations has 
been revised and completed with full consideration of space 
charge effects, relativistic effects and arbitrary electric field 
patterns, which are all calculated in a self-consistent manner. 
Particle-in-Cell computer codes are the most reliable tools for 
the study of beam-wave interaction problems. However, 
because of the transient nature of monotron oscillations, 
accurate system analysis, especially in the vicinity of its 
threshold parameters, using PIC codes becomes impractical, as 
the simulation time to reach the steady state will become 
unacceptable long.  When compared to the time-consuming PIC 
simulations, the KlyC simulations based on these theoretical 
methods are much faster (almost 100 times) and accurate. 

This paper is comprised of four sections. In Section II, the 
self-consistent small signal theory is derived from the general 
beam-wave interaction equations in a resonant cavity. In 
Section III, a large signal theory based on the modified 
algorithm previously developed for the klystron numerical 
simulation is demonstrated. In Section IV, the developed 
theoretical model for monotron oscillations is benchmarked 
against the PIC simulations, using various parameters sets of 
the 24 GHz triplets as examples. The conclusion is made in 
Section V. 

II. SMALL SIGNAL THEORY 
The mathematical methods developed for KlyC (a large 

signal computer code for the klystron simulations) have been 
adopted as the premise for the small signal theory of resonant 
cavities with beam loading effects. To simplify the analytical 
derivations, a one-dimensional (1-D) approximation has been 
used, in which the particle trajectory and impedance of the RF 
cavity do not have radial dependence. In such approximation, 
DC (direct current) space charge effect can also be neglected. 
In the small signal regime, only fundamental harmonics need to 
be taken into account as a result of the linear approximation, 
whereas the whole system is dominated by the DC state. 

Consider a resonant cavity, fed by a waveguide with 
waveguide mode voltages at the input and output, 𝑉" and 𝑉#, at 
the interface between the waveguide and the cavity, at a 
distance L between the reference plane and the interface. In 1D 
approximation, the mode excitation voltage in the resonant 
cavity can be written as [28]: 
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where 𝑄%&' and 𝑄56 are the external and intrinsic quality factors 
of the resonant mode, 𝜂) is free space wave impedance, 𝑍 and 
𝛽  are the wave impedance and phase advance of the 
propagating mode in the output waveguide, 𝜔) is the resonant 
angular frequency of the mode  𝑘) = 𝜔)/𝑐  and, 𝜔  is the 
operating angular frequency. The position of the reference 
plane is determined by the condition that at this position, the 
wave amplitude will reach its maximum at the same time as the 
cavity’s electric field. N is the number of beamlets if multi-
beam Klystron is concerned. z2>z1>0 determines the integral 
region of the resonant mode. 𝑰𝒛(𝑧) is RF modulated current 
density of the electron beam at operating frequency. 𝒆𝒛(𝑧) is 
the longitudinal components of normalized eigen field of the 
resonant mode, which can be defined as:  
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where 𝐸IB(𝑧) is the electric field of the cavity mode and 𝒆 is 
the normalized value of that field. 𝑬I  and 𝑊%  are the peak 
electric field and stored energy of the cavity mode, respectively.  

Aside from the electric field of the resonant mode, an RF 
space charge field will be induced when the beam current is 
modulated. According to the simplification method used in [30], 
the 1-D space charge field can be express as: 
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(3) 

 
where Esz (z) is the RF space charge electric field at position z, 
Iz(z) is the modulated current density at position z; r1, r2 and rc 

are the inner beam, outer beam and the tunnel radii respectively. 
Here, µ0n is nth root of 0-order Bessel function and g is the 
Lorentz factor that contributes to the longitudinal contraction 
[31]. S is the cross-sectional area of beam and 𝑣% is the beam 
velocity. F>0 is a geometrical factor of the space charge effect. 
It should be noted, that relativistic effects are included in Eq. 
(3). The arrival functions the for electrons in one RF period can 
be solved from the beam dynamic equations [28], together with 
the linear approximation of the small perturbation of the 
particles velocities along their trajectories: 



 3 

 

𝑡 𝑡), 𝑧 − 𝑡) −
𝑧
𝑣%
= 𝜂%)𝑣%"c𝛾"c 

⋅ Im(𝑒-g'h 𝑑𝑥 (𝐸IBJ(𝑦) + 𝐸RBJ(𝑦))𝑒-.kl𝑑𝑦
&

)

B

)

) 
(4) 

 
where the emission plate for all electrons is z=0, 𝜂%)	is the mass 
to charge ratio of electron, 𝛽% = 𝜔 𝑣% . The arrival time t of 
electrons departing at t0 can be solved using Eq. (4). The 
modulated current can be calculated with the knowledge of 
arrival function by the integral method in [28]. The differential 
form can be rewritten as: 
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where Iz0<0 is the emission DC current. By combining Eq. (3) 
and Eq. (5a), the ordinary differential equation can be expressed 
as: 
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and 𝜔r > 0 is the plasma angular frequency, G0=- Iz0/U0>0 is 
the ratio between beam current and beam voltage. With use of 
Eq. (5b) as the initial conditions and the fact that there is no 
field from 0<z<z1, the modulated current can be solved in the 
cavity gap region z1<z< z2 as: 
 

𝐼BJ z = 𝑗𝛼 𝛾 𝛽%𝐺)e"- .k#.u B ∙ 

∙ 𝑑𝑥
B

BD

𝑒K-.u& 𝐸IB(𝑦)e#-(.k".u)l𝑑𝑦
&

BD

 

 

(7) 

By combining Eq. (1b), Eq. (2a) and Eq. (7), the mode 
excitation equation can be derived as: 
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where 𝑌%  and 𝜌  are the beam-loading admittance and mode 
characteristic impedance respectively, defined as: 
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in which the f(z) indicates the relative variation principle of 
normalized 	𝑒𝒛(𝒛): 
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In the small signal assumptions, the beam loading effect can 

equivalently change the quality factor and resonant frequencies, 
with combination of Eq. (8) and Eq. (9): 
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With combination of Eq. (1a) and Eq. (11), the small signal 

theory for the input cavity of klystron is completed. When the 
monotron oscillation is concerned, the propagating mode at the 
waveguide port should be only in one direction (free radiation), 
thus 𝑉" = 0. With such a condition, the oscillation will not build 
up, if the small signal is decaying with a positive loaded quality 
factor: 
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The threshold condition for the instability will then be 

reached when 1/Qload=0, thus: 
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The beam loading conductance (Ge) depends on the electric 

field distribution (Eq. 9a). To trigger an oscillation, the value of 
Ge should be negative and the beam current should be high 
enough to exceed the threshold. The calculation of the threshold 
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current is based on the solution of such nonlinear equations. 
When the space charge is neglected, the threshold current can 
be calculated analytically, since Ge is proportional to G0. The 
onset oscillation frequency can be solved together with the 
threshold current. 

III. LARGE SIGNAL THEORY 
When the beam current exceeds the threshold, microwave 

radiation will be generated and it will interact with the electron 
beam in a nonlinear manner [32]. In such situations, the 
monotron oscillation frequency and generated RF power level 
could be solved for the steady state of the system operation. An 
initial estimation of the oscillation frequency can be done using 
the small signal theory. Such a frequency can be adopted as a 
tentative operating frequency and can be used as a driving 
frequency in the KlyC klystron-type large signal simulations. 
The actual frequency of the oscillation will be slightly different, 
but this difference is within the fraction of a percent (see the 
next chapter). With such a small detuning, the beam dynamics, 
the beam current modulation process and the space charge field 
excitation by the modulated beam will be barely affected. At 
the same time, the electric field amplitude of the resonant mode 
strongly depends on the difference between the mode frequency 
and the beam current modulation frequency. In the simulations, 
the operating frequency used for the beam modulation will be 
kept constant, whilst the value of the oscillation frequency 
responsible for the resonant mode excitation in Eq. (1.2) will be 
solved together with the electric field amplitude. The 
convergent solution for the steady state oscillation requires that 
the RF phase has to be fixed at some arbitrary angle. If this 
angle is set to be zero, the excited mode voltage amplitude will 
be a positive real number. In simulations, the initial modulating 
mode voltage in the cavity (Eq. (2.1)) is set to be 10% of the 
beam voltage. At the first iteration, when the beam modulation 
and the space charge field excitation are solved, the oscillation 
angular frequency !’ for the next iteration is modified in a way, 
so that the cavity voltage amplitude remains as a positive real 
number: 
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With this oscillation frequency modification, the updated 
value of the mode voltage will be calculated. Such an iterative 
process will converge to some steady state values of the cavity 
mode voltage and oscillation frequency.   

When the beam current is below the threshold, the large 
signal simulations in KlyC will not yield a convergent solution. 
Through the iterations, the mode voltage will be exponentially 
decaying in attempt to approach zero value. Thus, the threshold 
current can be estimated in the large signal simulations by 
sweeping the beam current value in some discrete sequence. 
The KlyC can only simulate the converged parameters of the 
system in steady state for the case where the particles do not 
experience any radial movement. Accurate simulations of the 
monotron oscillation transient processes including radial beam 
expansion in the presence of the focusing magnetic field can be 
done using PIC codes. However, it is impractical to use the PIC 
codes to obtain the accurate value of the threshold current, as 
the simulation time will be increasing exponentially, when the 
beam current will be approaching the threshold value.  

IV. MODEL VERIFICATION 
To illustrate the application of the developed methods for 

monotron oscillation simulations, the hypothetical design of a 
high power (40 MW), 24 GHz klystron is considered. The 
klystron beam parameters are: 400 kV and 190 A. In the initial 
optimization of the bunching cavities, it was concluded that 
three coupled cells with the period of 5.8mm and 2.5 mm gap, 
operating in the π mode, provided the highest effective 
impedance and sufficient modes separation. However, the 
adjusted 0 and π /2 modes in such a circuit will be presented. 
These modes will not participate in the beam bunching process, 
because of the sufficient frequency detuning, but they could be 
dangerous, if their electric filed patterns can satisfy, at certain 
beam voltage and current, the conditions of the monotron 
oscillation excitation. The dedicated simulations using CST/3D 
PIC computer code [33] for the stand along triplet and DC beam 
configuration have been done to verify the problem. It was 
found, that monotron oscillation was excited and stabilized   
after 300 ns. The simulations have been done for the cases of 
large solenoidal magnetic field (20 T), providing the ‘frozen’ 
beam condition and moderate magnetic field amplitude of 0.6 
T (3.5xBrilluoin field) resulting in a radial beam expansion and 
beam losses, see Fig. 1. However, for both cases the oscillation 

 
Fig. 1.  Beam modulation caused by the monotron oscillation in the triplet for   
different magnetic focusing field amplitudes. Snapshots have been done at 
300ns of the simulation time. 

 
Fig. 2.  Small signal analysis of the triplet for the different beam 

voltages.TM010 0, π/2, π modes are considered. 
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frequency is almost identical (22.926(7) GHz) and is close to 
the TM010-"/2 mode frequency of the triplet (22.859 GHz). 
Also, the beam-to-RF power extraction efficiencies are close 
enough (7.6% cf. 6.9%) despite the heavy beam losses for the 
case with 0.6 T magnetic field amplitude. Therefore, the ‘frozen’ 
beam assumption adopted by KlyC was expected to be accurate 
enough for the monotron oscillation analysis. 

The internal KlyC EM module allows the calculation of the 
eigen frequencies and eigen fields of the individual and coupled 
cavities, which facilitates rapid small signal analysis in KlyC 
[29]. For TM010-"/2 mode, the predicted threshold current was 
50.7A with oscillation onset frequency of 22.873 GHz. This 
confirmed, that the system shall be unstable, when the beam 
current is 190A. The threshold current was next calculated for 
all three modes of the triplet using the small signal theory 
approximations, see Fig. 2. In these calculations, the beam 
current (I) for the different beam voltages (V) is calculated for 
the fixed beam perveance of 0.75 µAV-1.5. In Fig. 2, Ist is the 
value of threshold current predicted by the small signal theory. 
When the beam current I is larger than Ist, the monotron 
oscillation will be excited. This analysis concluded, that for the 
operating TM010-" mode the beam loading quality factor is 
always positive in the range of applied beam voltages. For the 
other two modes, the monotron oscillation can be excited in 
their specific ranges of the beam voltages.  

The large signal simulations have been done with KlyC/1.5D 
and CST/3D for three specific (see Fig. 2) values of the beam 

voltage: 120 kV, 300 kV and 400 kV. In Fig. 3 the KlyC/1.5D 
(TM010-"/2) and CST/3D results at 400kV are compared for 
the different beam current. The RF power extracted from the 
beam and the oscillation frequency detuning are in a good 
agreement (1% level) between two codes. The particles phase 
space plots simulated in KlyC/1.5D and CST/3D (steady state) 
are shown in Fig. 4. As indicated in Fig. 3, the oscillation onset 
time is increasing in PIC simulations, when the beam current is 
approaching the threshold value. The same time, in the KlyC 
large signal simulations, the number of iterations needed to 
reach the specified level of the solution convergence is also 
increased. The KlyC convergence processes for the cases of 
beam current below and above threshold are illustrated in Fig. 
5. PIC simulations of the monotron oscillation are rather time 
consuming. For example, with the beam current of 190 A, it 
takes almost two days to reach the steady state in CST/3D 
simulations using ‘office’ PC with 3.4GHz processors, 4 cores 
CPU and 8 GB RAM. To simulate 2400 ns at 60 A it will take 
three weeks, whilst with KlyC/1.5D, it will take about 10 
minutes. Therefore, it is impractical to use the PIC codes for the 
accurate simulation of the oscillation threshold current, because 
there will be no guaranty that oscillation onset time is shorter 
than the time limit imposed by the user in simulations. Contrary, 
in the KlyC/1.5D large signal simulations, the threshold current 
can be measured with good accuracy through the series of 
discrete simulations for the different beam current. In these 
simulations it was found, that the actual value of threshold 
current is 3.5% lower than the one predicted using the small 
signal approximation (49A cf. 50.7A). The oscillation 
frequencies predicted in the small and large signals simulations 
are very close, the discrepancy measured at 190 A is about 
0.03%, see Fig. 3.  The results of simulations for the cases of 

 
Fig. 4.  The photographs of the particles phase space calculated in CST/3D 

(top) and KlyC (bottom) for the operating point with V=400kV and I=190A. 

 
Fig. 3.  Comparison between KlyC large & small signal simulations (solid and 
dash lines) and CST/3D PIC simulations (circles) for the beam voltage 400kV. 
The time labels on the plot correspond to the onset time of the monotron 
oscillation in the PIC simulations. 

 
Fig. 6.  Benchmark between KlyC large signal simulation (solid line) and 

CST/3D simulation (circles) for the beam voltage 300kV. 

 
Fig. 5. The normalized mode voltages convergence as functions of the 
iteration steps in KlyC/1.5D simulations for the different beam current 

(V=400kV). 
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300kV (TM010-"/2 mode) and 120kV (TM010-0 mode) are 
shown in Fig. 6 and Fig. 7. Once again, good agreement 
between KlyC/1.5 large signal simulations and CST/3D has 
been observed. The particles phase space plots simulated in 
KlyC/1.5D and CST/3D (steady state) for 120 kV and 40 A 
beam (TM010-0 mode) are shown in Fig. 8. 

The developed technique has been used to mitigate monotron 
oscillations in the 24 GHz cavity triplet. Throughout the post-
optimization in KlyC/1.5D, it was found that the most crucial 
geometrical parameter is the cells period, as it imposes the 
strong influence on the electric field distribution of the modes. 
Finally, the 3-cell structure with a cell period of 3.8 mm has 
been adopted, due to the fact that it provided suppression of the 
monotron oscillation (I/Ist<1) in the beam voltage range up to 
500 kV, see Fig. 9. For the klystron operating point (V=400 kV, 

I=190 A), the triplet has been simulated in CST/3D up to 5000 
ns and no monotron oscillation has been found. Such a result 
gives a sufficient margin for the possible oscillation onset time, 
as the klystron is expected to operate with 1000 ns RF pulses. 
As a drawback of such modification, the effective impedance 
of the operating TM010-" mode was reduced by 30%. This will 
affect (reduce) the frequency bandwidth of the device. 

V. CONCLUSION 
The theory of monotron oscillations in linear beam devices 

was carefully reviewed and further developed for the small and 
large signals regimes. It was successfully implemented into the 
CERN made klystron computer code KlyC. This development 
includes full considerations of the space charge effects, 
relativistic effects and can operate with arbitrary field 
distribution of the resonant mode. The effectiveness of the 
methods, both, for the analytical small signal theory and 
numerical large signal simulations, was demonstrated through 
the benchmarking against the PIC code CST/3D. This 
comparison showed good (at 1% level) agreement between the 
two codes, whilst KlyC computation time is significantly faster 
(at least 100 times) than the PIC simulations. Although, PIC 
simulation will still be necessary at the final stage in order to 
investigate the effect of the realistic magnetic field. The 
developed methods can be used not only for klystron analysis, 
but also for the independent study and optimization of the 
Monotron as an RF power generator. 
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