RANDOM PERMUTATIONS WITHOUT MACROSCOPIC CYCLES

VOLKER BETZ, HELGE SCHAFER, AND DIRK ZEINDLER

ABSTRACT. We consider uniform random permutations of length n conditioned to have no cycle
longer than nf with 0 < 8 < 1, in the limit of large n. Since in unconstrained uniform random
permutations most of the indices are in cycles of macroscopic length, this is a singular condi-
tioning in the limit. Nevertheless, we obtain a fairly complete picture about the cycle number
distribution at various lengths. Depending on the scale at which cycle numbers are studied, our
results include Poisson convergence, a central limit theorem, a shape theorem and two different
functional central limit theorems.

1. INTRODUCTION

Uniform random permutations are among the oldest and best understood models of probability
theory. One of their most prominent properties is that almost all indices are in macroscopic cycles:
for all € > 0, the probability that a given index of a uniform permutation of length n is in a cycle of
length less than ne converges to € as n — oco. Classical results about uniform random permutations
include the convergence of the renormalized cycle structure towards a Poisson-Dirichlet distribution
[19, 24], convergence of joint cycle numbers towards independent Poisson random variables in total
variation distance [3], and a central limit theorem for cumulative cycle numbers [14].

Going beyond uniform random permutations, natural models are those where the probability mea-
sure is still invariant under conjugation with a transposition, i.e. it depends only on the cycle
structure. One variety of such models are those with cycle weights, including the Ewens model [17]
with applications in genetics, or more general cycle weight models [9] [T}, [[5] [16] with applications
in quantum many body systems [7, [§]. Another variant is to condition on the absence of cycles of
a given length. When the set A C N of forbidden cycle lengths is independent of the permutation
length n, this goes under the name of A-permutations [26] 27]. The case where the forbidden set of
cycle lengths depends on 7 is less well understood. We treat a fairly natural class of such models
in the present paper.

Let S,, denote the group of permutations of length n, and P, the uniform probability measure on
Sp. Each o € S,, can be decomposed into disjoint cycles, and for m < n we write Cp, = Cp,(0)
for the number of cycles of ¢ that have length m. For any sequence oo = (a(n)) y Of nonnegative
integers, let us write

ne

Sna={0€8,:Cp=0forall m>an)}

for the set of permutations having no cycle longer than a(n). The object of our study will be the
(joint) distribution of the random variables (Cpn)m<a(n) under the uniform probability measure
Pp.o o0 Sp.o-
All of our results hold under the following global assumption: We demand that there exist a1, as €
(0,1), such that

n™ < a(n) < n. (1.1)
Under this condition, we find the following picture as n — co: cycles much shorter than a(n)/logn
behave under P, , just like they would under P, in the sense that their joint distribution con-
verges, in total variation distance, to a suitable sequence of independent Poisson random variables;
see Theorem So in this regime, the conditioning that distinguishes P, , from P, has (asymp-
totically for large m) no effect on the distribution of cycle lengths. This effect starts to emerge
when we study cycles with length of order «(n)/logn. We can see this quite explicitly for the
special case a(n) = n® with 0 < 8 < 1 (see Section , and more generally in Theorem
Finally, for cycles with length ca(n), 0 < ¢ < 1, the influence of the restriction becomes clearly
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visible; for instance, if a(n) = o(y/n), the number of cycles of length ca(n) is tending to infinity
for ¢ sufficiently close to 1 and a central limit theorem holds, see Theorem This behaviour is
new and cannot be observed for classical random permutations.

A further striking difference between PP, and P, , is that under the latter, asymptotically almost
all cycles have size of order a(n). We make this precise in Theorem [2.5| where we find the relevant
limit shape for the cumulative cycle numbers on this scale. Moreover, we find in Theorem [2.6] that
the fluctuations around that limit shape satisfy a functional central limit theorem. Interestingly,
the correct limiting process is Brownian bridge, and not the more usual Brownian motion that
appears e.g. for unrestricted permutations at a suitable scaling, see [14] and equation .

The proofs of our results are based on the saddle point method of asymptotic analysis. In particular,
we benefit from the precise estimates given by Manstavicius and Petuchovas [21] for the probability
that an unconstrained permutation has no long cycles. While it is clear that such results must be
useful for our purposes, it is surprising that they, and extensions of the methods by which they are
proved, provide such a complete picture of the situation.

Let us give an outline of the paper. In Section [2] we state and discuss our results. Section
introduces the relevant saddle point method in our context and presents a general asymptotic
equality which is at the base of almost all proofs of our main results. Section || then contains those
proofs.

2. MAIN RESULTS

2.1. Notation and standing assumptions. Let us recall that we require for all of our
results. Recall Sy, Sp.o, Pn and P, o from the introduction, and write E,, and E, , for the
expectations with respect to P, and P, ,, respectively. Recall also that C,, = C, (o) denotes the
number of cycles of length m in the cycle decomposition of a permutation ¢. The index m will
often depend on n and «a(n), but we sometimes omit this dependence when it is clear from the
context.

When two sequences (a,,) and (b,) are asymptotically equivalent, i.e. if lim, o an/by, = 1, we
write a, ~ b,. We also use the usual O and o notation, i.e. f(n) = O(g(n)) means that there
exists some constant ¢ > 0 so that |f(n)| < ¢|g(n)| for large n, while f(n) = o(g(n)) means that
for all ¢ > 0 there exists n. € N so that the inequality holds for all n > n..

2.2. Cycle counts. The most basic characteristics of the C,, are their expected values. Let z, o
be the unique positive solution of the equation

«
n= Zxﬁla, (2.1)
j=1

and define
= no 2.2

Proposition 2.1. For all sequences m = (m(n))nen with m(n) € N and m(n) < a(n), we have

B o) [Cm(m)] ~ tm(n)(n)
as n — 0o. Furthermore,
1 1
—1 m) =1 na:f<1 2 4 loclog 2 + @ log log n ) 93
m Og(m'u ) 08 Tn, a 08 o +log 08 & + ( logn ) ( )
for large n.

An example illustrates the amount of information that we can already extract from Proposition [2:1]
Recall that for uniform permutations, E,[Cy,] = = for all m < n [2, Lemma 1.1]. We fix 8 € (0,1)

and let a(n) = n®. Equation (2.3)) then reads
log(mptm) = mn™" ((1 — B)logn +loglogn + log(1 — 3) + 0(1)).

We now have the following asymptotic regimes:
(1) For m(n) = o(n”/logn), we have lim,_,oq fim(n)(n)m(n) = 1. Thus we have

1
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In particular, the limiting behavior is independent of 5. We call this the classical regime.
(2) For m(n) = yn?/logn with y > 0, we get limy, o0 fim(n)(n)m(n) = eV~ Thus

ey(l_ﬁ)

En.a(m) [Crm(n)] ~ = V0P E, [Con(my)- (2.5)

m(n)
So in this regime, the number of cycles converges to zero more slowly than in unconstrained
permutations. We therefore see that the constraint becomes visible in this region. Explicitly, we
get

logn ya-p)

Hm(n) (n) ~ ynP

The right-hand side above is minimal for y = 1/(1 — ) and then has the value fip,(,)(n) ~

e(1— B)8"  Also, we have that Hm(n)(n) is increasing as a function of y for y > 1/(1 — 3).

n?
(3) The next regime occurs when we put m = cn® for 0 < ¢ < 1. Then

log i, = (c¢(1 — B) — B)logn + cloglogn + clog(1l — ) — log c + o(1).

We see that p,, — 0 when ¢ < 8/(1 — ), and p,, — oo when ¢ > §/(1 — 3). So on this scale, the
transition from finite cycle counts to infinite ones occurs. However, the case of infinite cycle counts
can only occur if there exists ¢ € (0,1] with ¢ > /(1 — 8), which means that 8 < 1/2. This can
be explained intuitively as follows: Since the maximal cycle length is n®, a permutation o € Sn,a
has (at least) n/n® = n'=8 cycles. If B > 1/2 then n® > n'=# and thus there are significantly
more cycle lengths available than cycles. Therefore, for any given o € Sy, o, Cpn (o) must be equal
to zero for the vast majority of m < a(n), and in absence of a convincing reason for concentration
effects under PP, , we should expect to find p,, — 0, as we indeed do.

The situation is reversed when 8 < 1/2. We have in this case n? <« n'=P, and thus there are
always more cycles than available cycle lengths. The pigeon-hole principle now implies that at
least n'=?/nf = n!=2% cycles have the same length. Since 8 < 1/2, we have n'=2# — oo and
thus max,, C,, > n'~2% — oco. Note that Theorem [2.4] and equation below imply that in
particular Cy ) — 00, except on a set with exponentially decaying probability.

We will now investigate the joint distributions of the random variables C';. We start with the
strongest result, which also has the most restrictive assumptions. Recall that the total variation
distance of two probability measures P and P on a discrete probability space 2 is simply given by

P —Pllry = 3, cn(Pw) — Pw))+
Theorem 2.2. Let b = (b(n)), be a sequence of integers with b(n) = o(a(n)(logn)™'). Let
Pp b(n),a be the distribution of (C1,...,Cyy)) under Py, o, and let If”b(n) be the distribution of in-
dependent Poisson-distributed random variables (Z1, ... Zyy)) with ]Eb(n)(Zj) = % for all j < b(n).
Then there exists ¢ < oo so that for all n € N, we have

a(n)

- logn
IPr.b(n),a = PomyllTv < € (n + b(n)a(n)> .

Let P, y(n) be the distribution of (Ci,...Cy,)) under P,. Then it was proven by Arratia and
Tavaré in [4, Theorem 2] that ||P,, 4(n) — ]f”b(n)HTv — 0 iff b(n) = o(n). Thus the cycles of lengths
o(a(n)(logn)~') have a similar behaviour under P,, and under P, . Furthermore, Arratia and
Tavaré show in [3, Theorem 2| that there exists a function F' with log F(z) ~ —zlogz as  — oo
so that ||y, p(n) — ]f”b(n)HTv < F(n/b(n)). Thus this total variation distance is converging to zero
superexponentially fast as a function of n/b(n). This fast decay rate is currently only known to
occur for the uniform measure; all other known results (including ours, but see also see [25] for the
Ewans measure) on convergence in total variation distance for measures of random permutations
only come with algebraic decay rates.

We can slightly relax the condition b(n) = o(a(n)(logn)~!) in Theorem if we only consider
convergence of finite-dimensional distributions. What is more, we can in this case apply a ’tilt’ as
we would do in large deviations theory in order to get a better understanding of those cases where
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tm — 0 in Proposition For v € Rar, consider the tilted cycle numbers C,g”) with distribution

ko .
1 evi
P [C,(;ln =l,...,C") :zk} S HTJ Pro [Comy =11y, Cooy, = Ii]
i=1Yj

for all Iy, ..., € Ny, where Z is a normalizing constant.

Theorem 2.3. Let (my(n))n, ..., (mr(n)), be sequences of integers with my(n) < a(n) for alln
and m;(n) # m;(n) fori# j. Assume that for all j <k,

lim sup fp,; (n)(n) < 0. (2.6)
n—oo

Then, as n — oo,
m m d
(0,35‘1 Dok k)) (2, ),
where the Z; are independent Poisson distributed random variables with parameter 1.

From equation and our assumptions on a(n) in , it follows that a sufficient condition for
is that m;(n) < ca(n) for some ¢ < %1 with a; as in (L1). The case when m;(n) converges
to a limit is already covered by Theorem[2.2] The most interesting applications of Theorem [2.3] are
in the situation when fi,,; converges to a limit while m; — co as n — oo. For instance, if pi,, — 0,
C,, converges in distribution to the trivial Poisson distribution with parameter 0, but just like it
is the case in large deviations theory, the tilt allows us to extract much more information about
this convergence. We have in particular that for all j € Ny, the probability P, [Cy, = j] decays
like g1.7.

We now treat the case of diverging expected cycle numbers. Here, the standard rescaling leads to
a central limit theorem.

Theorem 2.4. Let (mi(n))n,. .., (mg(n)), be sequences of integers with m;(n) < a(n) for all n
and all j and m;(n) # m;(n) fori# j. Assume that i, (n)(n) — 00 asn — oo for all j. Assume
finally that in (1.1)), we have a1 > 1/7. Define

5 L ij' - /’[/’H’Lj
Fom,

J

Then
(éml,...,émk)i>(N1,...,Nk) as n — 0o,
where (Nj)?:1 are independent, standard normal distributed random variables.

The condition « (n) > n7+9 is a technical one, and making it allows to avoid significant technical
complications. A forthcoming paper will show that the theorem holds under condition (1.1).

2.3. Cumulative cycle numbers. Let
m

Kn=) Cj

j=1
be the number of cycles with lengths less than m. Since no cycle can be larger than «(n), the
_n_

total number of cycles Ky, is at least > n/a(n). In [6] it is shown that Ky ~ L and so the

random variable ff/;((:l)) gives the fraction of cycles that have length up to m(n). We now define

a(n)

log (%)

We have the following limit shape of the random function t — Ky, (,):

bi(n) := max { a(n) + |log (t) ,0 7, 0<t<1. (2.7)

Theorem 2.5. We have for each € > 0,

Ky, (n
Poo | sup |20 _y
te0,1]

n/a(n)

’>e]—>0asn—>oo. (2.8)
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When we choose ¢ = 1 in Theorem then bi(n) = «a(n) and we recover the result in [6].
Furthermore, if we define

K
vs := lim Zbs(m)
n—oo a(n)

for &> 0, (2.9)

then vs can be interpreted as the limit as n — oo of the fraction of cycles smaller than bs(n).
Theoremnow shows that vs — & for all 0 < § < 1. Since bs(n) = a(n)(1 + o(1)) for all § > 0,
we immediately get that almost all cycles live in a scale of the form a(n)(1+ o(1)).

A theorem similar to Theorem can be proved for the number of elements in the cycles with size
smaller than m. If we set S, = Z;ﬂzl jCj, then trivially S, = n, and we can show that

P, l sup n

te0,1]

S, (n
bt()—t’>e]—>0asn—>oo. (2.10)

The proof, which is similar to the proof of Theorem can be found in [23, Theorem 2.7.2]. In
the next theorem we take a closer look at the fluctuations around the limit shape of Ky, ().

Theorem 2.6. Let /_
K,y — 203 Zoea
Li(n):= beln) Z]_l 2
n/a(n)
[0,1] converges in distribution to the standard Brownian bridge in D|[0,1], where

(2.11)
Then (L (n))te
D0, 1] is the space of cadlag functions on [0, 1], endowed with the Skorohod topology.

Remark 2.7. (1) As above, we can do the same construction for the indices instead of the cycles.
With S,, being as in the remark after Theorem we have that

- Shy(n) — b-t_(n)m%a
Li(n) = be(n) Z]_l ’

na (n)
converges to the Brownian bridge in D [0, 1]. The proof is similar to the one of Theorem S0 we
refer to [23, Theorem 2.7.6].
(2) When ¢ =1 in Theorem the variance of the limit is zero. However, it has been shown in
[6] that there exists a different rescaling so that the Gaussian fluctuations persist in the limit: We
have
Koy — 300 Tna
o) Z;—l I 4 A0, 1). (2.12)
a(n)(log(n/a(n)))?

Of course, no such statement can hold for S, since S, () — szg) x{%a = Sam) —n=0.
(3) For unrestricted permutations, Delaurentis and Pittel [I4] show that the stochastic process

ZJLZ;J C; —tlog (n)
log (n)

(2.13)
tel0,1]
converges in distribution to the Brownian motion in [0, 1]. Interestingly, this holds for restricted
permutations as well, and we have already shown it! Indeed, the convergence in total variation
distance from Theorem is strong enough to show that for all ¢ < ay (cf. )7 convergence
to the Brownian motion also holds when the C; in are those of constrained permutations.
Hence, in the case of constrained permutations, we actually have two functional central limit the-
orems: one for ’short’ cycles and one for the ones very close to the maximal cycle length.
(4) The asymptotic behaviour of the longest cycles in a random permutation is one of the most
frequently asked questions and is in particular still open for random permutations with polynomi-
ally and logarithmically growing cycle weights. We denote by ¢; (o) the length of the longest cycle
in a permutation, ¢5(o) the length of the second longest cycle in a permutation and so on. We
have for each k € N

1

m(&,@,...,ek)i>(1,1,...,1). (2.14)

k times
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Further, if a(n) = O(n'/2) and a (n) > n7*% for some § > 0 then
Ppa [(01,02, ... k) # (a(n),...,a(n))] = 0 asn — oco. (2.15)
These statements follow immediately from Theorems [2.4] and 2.5

3. GENERATING FUNCTIONS AND THE SADDLE-POINT METHOD

Generating functions and their connection with analytic combinatorics form the backbone of the
proofs in this paper. More precisely, we will determine formal generating functions for all relevant
moment-generating functions and then use the saddle-point method to determine the asymptotic
behaviour of these moment-generating functions as n — oo.

Let (an),cy be a sequence of complex numbers. Then its ordinary generating function is defined
as the formal power series

oo
= Z anz"

n=0
The sequence may be recovered by formally extracting the coefficients
[2"] f (2) := an

for any n. The first step is now to consider a special case of Pélya’s Enumeration Theorem, see
[22, §16, p. 17], which connects permutations with a specific generating function.

Lemma 3.1. Let (g;);en be a sequence of complex numbers. We then have the following identity
between formal power series in z,

exp ;qajj Z o Z qu : (3.1)
o

ceSy j=1

where C; = Cj(0) are the cycle counts. If either of the series in (3.1) is absolutely convergent,
then so is the other one.

Extracting the nth coefficient yields

" exp Z quj = E Z H qu. (3.2)

o€Sy j=1
Setting q; = L{j<a(n)} We obtain
Sh.a n S
Znpo = |ni7'| = [2"] exp ; T (3.3)

For distinct integers 1 < my < a(n), 1 < k < K with k, K € N and sy, ..., sk € R, we obtain

——— 1 . K . M a(n) i
Ep o [e k=1 ki| = [2"] exp Z(e -1) -~ exp Z — 1. (3.4)

k=1 =/

This equation follows immediately from the definition of E, o and (3.2). Similarly, for 0 = ¢, <
t) < - <ty <tpg1 =1, we have

by (TL) 3 .
m itl eZZ’liH St,9

"] exp Z Z —= . (3.5)

1=0 j=bs, (n)+1 J

m g K,
En o [ K00 =
’ Z

At this stage, all parameters can depend on the system size n. A way to extract the series
coeflicients from expressions such as and is the saddle point method, a standard tool in
asymptotic analysis. The basic idea is to rewrite the expression as a complex contour integral
and choose the path of integration in a convenient way. The details of this procedure depend on
the situation at hand and need to be done on a case by case basis. A general overview over the
saddle-point method can be found in [I8], page 551].

We now treat the most general case of the saddle point method that is relevant for the present sit-
uation. Let ¢ = (¢jn)1<j<a(n)nen be a triangular array. We assume that all ¢;,, are nonnegative,
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real numbers and that for each n € N there exists a j such that g;, > 0. We then define x,, 4 as
the unique positive solution of

a(n)

n = Z qj7nle7q. (3.6)
j=1

Let further

a(n)

— — o oap—1_3
Apn 1= Apna,q 1= E :qjyn] Ton,q»
=1

where p > 1 is a natural number. Due to Equation ({3.6)),
Apn < (@ (n))ZFl (3.7)

holds for all p > 1.
Let us write a,, = b, when there exist constants c1,co > 0 such that

c1bn < an < c2by
for large n. We further say that
fn(t) = O (gn(t)) uniformly in ¢ € T,
gég } < cforalln> N.
We will call an array q admissible if the following three conditions are met:
(i): We have

if there are constants ¢, N > 0 such that sup,cr {

n
a(n)logz, q ~ log a(n)’ (3.8)

(i1): We have
Ao & na(n). (3.9)

(iii): There exists a sequence n — b(n) with b(n)/a(n) < (1 — §) for some § > 0, and such that
gjn > ¢ >0 for all j > b(n) and some constant ¢ > 0.

Note that condition (i) implies in particular that lim, o Tp q = 1.

Let B,(0) denote the circle with center 0 and radius r in the complex plane. Let 6, K, N > 0.
Given an array q, we will call a sequence of complex-valued functions f,, (8, K, N)-admissible if
the following three conditions are met:

(i): For all n, f, is holomorphic on B,  45(0).

(ii): For all n > N, we have

sup | fn (2)] < 07 [ fu (@09l (3.10)
2€0Bs,, 4(0)
(iii) Let
0, :=n"12(a(n))" 7. (3.11)
For
|17 (#n.q¢”)]

I fulln := 6n sup (3.12)

01<0,  |fn (@ng)|

we have lim,,_,c || fn]ln = 0.

We refer to (f,) as admissible if there are d, K, N > 0 such that (f,) is (J, K, N)-admissible. We
are now in the position to formulate our general saddle point result.

Proposition 3.2. Let q be an admissible triangular array, and (f,) an admissible sequence of
functions. Then, as n — oo,

a(n)

n BGin 5\ — ¢ (x elo a(n)
e e | 3502 ) = i) e (10 () Ja v oA - 619

Moreover, if we fix §, K,N > 0, then the error terms in (3.13) are uniform in all (6, K, N)-
admissible sequences (fr).
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Proof. Let (f,) be (6, K, N)-admissible for some §, K, N > 0. Cauchy’s integral formula gives

a(n) q; 1 a(n) a4 dz
= [2"] fn(z) exp Lh | = —/ fn (2) exp LY 3.14
e | 37 373 Sy 0y ) g 7 e (1Y)

for any r such that f,, is holomorphic on B,.(0). Condition (i) on f, guarantees that we can take
7 = Zn,q - We then rewrite

1 ™ a(n) .
M, = / fr (@n.ge?) exp [ Y q]j—n (20,q¢) —inf | do.

n
2may o =

For the remainder of the proof, we will write = instead of x, 4 and « instead of a(n) for lighter
notation. We define

1]9 _ 1 )
qun : —inf (3.15)

and obtain

n

fo (2) exp (g (6)) 6.

exXp (E? 1 qunl‘j> /ﬂ

n
2mx -

Note g,(0) = 0 and, by (3.6), ¢/,(0) = 0. Similarly, gP) (0)‘ < Apn and g(p)(O) =iPA, p for p > 2.

For 0] < 0,, (see (311))), equation (3.7) implies that X, || < (n/a)1’5p/12. Therefore a Taylor
expansion around 0 gives

)\277,

>\ n
gn(e) == - >

22007 + O (Agnb?)
and
exp(gn(0)) = exp (—2526%) (1 - 1%"93 +0(A3,6° ) (1+00uah),  (316)

where the error terms are uniform in 6 € [—6,,,0,]. As for f,, we have

f( ) fn /f J?e e“"dgp

Estimating the modulus of the integrand in the second term by its maximum and using assumption
(3.12)), we find that, uniformly in 6 € [—6,,,6,],

Fa(we®) = fa(@) 1+ O (Ifalln)) -
Here, the implicit constant in O (|| f»||») is independent of (f,,),. Putting things together, we have
On Ao, ,LG

0
/ fn (z€) exp (g (0)) 6 :fn(x)/ e” (140 (A3,,0° + Agn0")) dO

—0n —0n

9" >‘2 n
—l—fn(m)/ e~
—9

n

O (I fnlln) do

By (3.9), )\g’nﬁi ~ n'/6a~1/6 which diverges as n — co. The standard estimate on Gaussian tails
gives that for all m € N,

6 2 ) 2
" 2,n 2,n 2
/ o5 de_/ T A0+ O = Y2 4 O(AF™).

2,n
—0n —o0 >\2,n

A scaling argument, (3.7) and assumption (3.9)) give
/‘971, _ A2y;92 /27T )\:2)) " /271_

e 2. 101°do < 15 o O (2)

—0n ’ o vV )\2,n /\g,n /\Q,n
/"" _22p0? V2r Man V2r

and

e o <3 " 0(9).

—0n 7 N vV >\2,n A%,n V )\Z,n
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Altogether, we find that
On - 2m
[t ae exp (0. 000 = fu(a) |3 (140 (2)) (L + O ful)

What remains to be shown is that

/ In (meia) exp (gn (0))d0 = O (fn(x)oi\> ) (3.17)
[0]>6, n 2,n

where the implicit error term only depends on (f,), via K, N. We have —Rg,, () = Z? 1 qJJ" (1—
cos(jf))x?. For 0, <0 < 7/a, due to —dpRg,, () > 0, we have
1/6
~Rgu(0) 2 ~Rgu(6) ~ 200 ~ (1) (3.18)

by assumption (3.9). For 6 > T, let us first assume that ¢;, > ¢ > 0 for all n and j, i.e. b(n) =1
in assumption (iii). We use that

« q ¢ «
—Rg,(0) = == (1 — cos(j60))x — > (1 —cos(j0))z? =: cr,(0
= e ®
and
1/ 2—1 o xelfe 2 gotl 9> 2x
ne = - —R 10.7 — — . .
’I“() a<$x_1 (Ze 9—1))_7r2a(x—1)(x—1)2—|—92 Ck(ﬁ—]_) (319)

The calculations for the final inequality can e.g. be found in [2I, Lemma 12]. By (3.8)), there exist
ci,c > 0 with ¢;log 2 < alogx < cplog . Thus z ~ 1, and z — 1 ~ logx > < log ~. So the
second term on the right hand side of (3.19) converges to zero. For the first term, we use that
62/((x — 1)? + 62) is monotone increasing in #, and find an asymptotic lower bound of the form

2 xa-{-l 7r20<_2 2 xa-i—l

ECQIOgg C%a—z(logg)Q + 1202 ~ % (logg)3~

(3.20)

Since z% > (g)cl7 and using condition (3.10), we conclude that when 6 > 6, and n > N,
| fn(zei?)e9n® | < nk |e9(®) | vanishes faster than all powers of 1/n. This shows the claim
in the case b(n) = 1. For the case of general b(n), we have

1 [e3%
—Rg, (0 qu n(1 = cos(07))2? = crp(0) + = Z ¢jn — c)(1 — cos(65))x?

Ol

o) (3.21)

ZCTn(e)—EZl‘J zcrn(e) (l—rn(g)al‘ .
j=1
b(n)—o c
By assumptlon b( )/a <1 -6 for some § > 0, and then z?(™—e < (2 ) e < () 10 . Thus,
by applying ([3.20]), the bracket on the right hand side of (| - converges to 1 as n — 0o, and the

proof is ﬁnlshed ]

4. PROOFS OF THE MAIN RESULTS

We establish most of our results by computing moment generating functions. In the cases we
consider, it is a consequence of [28] that pointwise convergence of the moment generating functions
in the sector (R7)? is sufficient to establish convergence in distribution of d-dimensional random
variables. The first result shows that the triangular array q with q;, = 1{j<q(n)} is admissible.

Lemma 4.1. Let x,  be defined by equation (2.1)). We have, as n — oo:

a (n)log (zn.q) = log (a’(”‘n) log (04?”))> +o (W) . (4.1)
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) _n_

In particular, Tp.o > 1, lim, o0 o =1 and xz(g ~ S log (ﬁ) Furthermore,

Z JTh o ~ na(n). (4.2)
j=1

The first part of the lemma is a reformulation of Lemma 4.11 in [6], which in turn follows [21]. In

the latter reference, the claims are actually shown for more general functions «. Equation (4.2))

has been proved in Lemma 9 in [2I]. It may also be derived as a special case of Lemma

4.1. Proof of Proposition Equation (2.3)) follows directly from Lemma We apply
equation (3.4) with K = 1, differentiate with respect to s1, set s; = 0 and obtain

a(n) .
1 Zm (") 2!
En,a [Cm(n)] = [Zn] XP —
Zn,a m(n) =)
We may now apply Proposition with f,(2) = ’f;(:; and qj, = l{j<a(n)}- The array q is

admissible by Lemma [4.1{and m(n) < a(n) = o (6, ') shows admissibility of (f,,). The claim then
follows from E,, , [C’m(n) ~ fo(@n,a)-

4.2. Proof of Theorem We follow the ideas in [3], where the case of uniform permutations
is treated. Let (Zy),, be independent random variables with Zj, ~ Poi (1) for k € N and let

ba
Tyoy = Y kZ. (4.3)
k=bi+1
Let Cy, = (C1,Cy,. .., C}) the vector of the cycle counts up to length b, Z, = (21, Zs, ..., Zp), and
a = (ay,as,...,ap) a vector. A corner stone for investigating the classical case of uniform random
permutations is the so-called conditioning relation [2, Equation (1.15)],

P.[Cy=a]l|=P|[Z, =a|Ty, =n]. (4.4)

Since P, o =Py, “ Catmy41 = . =Cp = 0], an analogue of Equation (4.4]) holds for b < a (n):
Ppo[Cy=a]l =P Z, = a|Toam) =n] . (4.5)

Let L(a) := ZZ(;LI) kay. For a € N®™ with L(a) = r, independence of the Zj, gives
P [Zym) = a] P [Tymya(m = n =]
P [Toa(n) = n]

Define PP, j(),o and I@’b(n) as in Theorem and let dy(,) := [Py p(n),0 — I@’b(n)HTV. By (4.4),

P [Zyn) = a| Toam) =n] =

- P [Tynyan) =1 — T])
db n) — P Zb n) — a 1 —
() TZ_:OG:L%_T [Zyn) = a] < P [Toae =] ),
. P [Tynyam) =1 — T])
= P|Topmy =1 [ 1—
S i = ( pemtl)
pnb(n)
P [Tynya@m) =n — 1]
<P |Tos(n) = pnb(n) +1] + P [Topn) =7 (1— ,
[Tov(n) 2 ] 2 [Tov(ny = 7] P [Toa=1] ),

where p,, > 0 is arbitrary for now. In [3, Lemma 8] it is shown that

pn ) —Pn

P [TOb(n) > pnb (n)} < ( o

So P [TO,,(") > log(n)b(n)] decays faster than any power of n. The proof is then concluded by
plugging p, = logn into the estimate of the lemma below.
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Lemma 4.2. Let(b(n))neN be an integer sequence with b(n) = o (12;582)) and pp, = O (log (n)).
We then have

P|T n)a(n) = 0 —
e (1 [Tomyaemy =n—r]\ _ o (0‘”) ) log(n))
1<r<ppb(n) P [TOa(n) - n] + " aln

as n — oo.
Proof. We have E[zTt12] = exp (EJ by 41 zjj_l) . Therefore,
a(n) 29 — a(n) a(n

]P[Tb(n)a(n) =n — fr] = [anr] ezj:b(n)-%—l JJ' : = e z:jib(n)-*—l Jl [Zn]zr 627 bzﬂ)-%—l JJ (46)

and
a(n) n) 29— a(n) =9
P[TOa(n) =n]=e =y T [2"] 622(:1) Jj L eEJ:b(nHl TJ . (4.7)

Since the factors exp <— Z?g&n) 1 %) will cancel in the quotient of the two terms, we see that
we are in the situation of Proposition We have qjn = L{pn)<j<a(n)} in both and (£.7).
Thus, the relevant saddle point z,, p o is the unique positive solution of n = E?(Zzn) 41 xn b With

T, 1= Tn,0,o defined by (2.1), we easily see that z, o < Tppa < Tp,g for large n. So Lemma
shows alog x,, 4.« =~ log % and A2, &~ na(n). Thus q is admissible.

In , we have f,(2) = f(0)(2) = 2" for all n in the context of Proposition Then, f()
fulfils (3.10) with N = K = 1 for all » € N, and || f™|,, < r6,, = O(6,,b(n)log(n)) uniformly in

r < pnb(n). By the assumption on (b(n)), f) is (4,1, 1)-admissible for all § > 0.

In [E7), fa() = fon(2) = exp (L4 Z5L). We have | fonlln < 60 500" )40 < Oub(m)aly),
and

b(n)log Ty p.o = Z((T:L)) log (a?n)) =o(1) (4.8)

by the assumptions on (b(n)). Thus, (fpn)n is admissible. We conclude

P [Tb(n)a(n) =n- T] _ fr(xn,b,a) (n)
P[Toamy =n]  fon(@npa) (1 + O( +0nb(n) log ”)) : (4.9)

uniformly in 1 < r < p,b(n). Now, f() (@n,b,a) > 1 since @y po > 1. On the other hand, we find

b(") Ty b, )
0< IOg(fb n\Ln,b, a Z xn b a = / Z v do < (xn,b,a - 1) b(n) (xn,b,oc)b(n)'
1

J=1

By ‘ , (ajn boc b(") = (’)(1)7 and so (xn,b,a — l)b(n)(xn,b@)b(") =0 (% log’n,) We conclude
that 1 < fy,(z) <14 (9( ) logn) Hence,

The claim now follows by inserting this into (4.9). O
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4.3. Proof of Theorem Write 1 1= piy; and C’mj = Cy(,i?). Let s; > 0. We have

k
E [exp Zsjémj Z Z exp Zs; | P {C’ml = ll,...,(:’mk = lk}
J=1 11=0 1,=0
1 & i exp(s;l; + 115)
= Z Z H J lJJ Lo [Comy =1y, Coy, = U]
11=0 1,=0j=1 Hj

:+* > 2 [T explli(ss —10g ) Pre [Coy =11, oy = U]

€xXp (Z?:l Nj) k
- E,.o |exp Z (s —log ;) Cp,
i=1

Here, the normalization Z depends on n. By Equation (3.4), the last expectation is given by

Z-L 2] fu(2) exp (Za(n Z ), with f,(2) := exp (Z?ﬂ (es57Togms — 1) zmﬂ) We are thus in the
’ - J

framework of Proposition with ¢;n = l{j<am)}.- By Lemma it only remains to check

admissibility of (f,). For (3.10), note that |f,(z)| < exp <Z§=1 |es~los(us) 1|1;;—C‘> and

eSi—log(n;) _ 1‘ — (esj—log(uj) _ 1) +92 (1 _ esj—log(ﬂj)> < (eSJ—IOg(Hj) _ 1) +2.
+

j
Since p; = 167:1" by definition and Ky = sup{u; : n € N,j < k} < oo by assumption (2.6), we get
J

‘fn(z)‘ SKlfn(zn,a) (410)

if |z| = zp,q, for all s > 0, with K7 = exp(2kKy). For computing || f,|l», a direct calculation
together with (4.10|) gives

HORPSS

fn(xn,oé) = =

k k
s;
e —log(ky) _ 1‘ xﬁ{x_l < K; Z (Z + 1) wimy < Ky Zesi + kK | a.
J j=1

So, || frlln < K3 (Z] 1€% + kKo) O,a(n) = o(1), and (f,) is admissible. By Proposition we
obtain

: exp (o) I, exp (%)
~ = =1
exp 5;Cm, ~ Jn(Tna) = =2 )
]-Z:l Z Z

By setting s; = 0 for all j, we may deduce Z — e® as n — oo, and the claim is proved.

4.4. Proof of Theorem We now turn to the case of diverging expectation. The following
proposition states the most general result in this regime.

Proposition 4.3. Let m; : N = N for 1 < j < k such that m; (n) < a(n) and m;(n) # mj(n) for

mj(n)

i # j. Further, let py,(n) (n) as in @.2). If puy, (n) (n) — 0o and Qnﬁ — 0 for all j, then

w\hm

lim E, o | | exp | s,— ! = E
n—o0
J=1 Hm;(n) (n) Jj=1
for all s; > 0 and with 0,, as in (3.11]).

Note that Theorem 2.2 in [I2] shows that it is sufficient to compute the Laplace transform in
Proposition [£.3] for s; > 0 to prove Theorem
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Proof. Write ptj := pim;(n)(n). Applying equation (3.4) with sy replaced by s;/,/fi;, we are in the
framework of Proposition Again ¢; n = L{i<a(n)}, 50 q is admissible, and

fn(2) = exp Z (eXP (:J(n)> - 1) ;:J( ZSJ \/ 15 (n

For admissibility of (f,), we compute

wp Ol (o (2 ) gy
1In 2 o | 21 ) _
ceon o 1 (D] = 2 b )
By our assumption on fi,,,(n), (fn) is admissible and we may apply Proposition Again the

case s; = 0 for all j deals with the normalizing constant, and so, from

2 3

k
J O 5733 jTL— S]' jn
(v DRETICN ((uj(n)P))N() 2 s )

k 1 k
1+0 27 — exp Z
J

fn (xn,a) =exp

=exp

>
b

o \g, 2
[N
NI

=1 (k5 (n)) j=1

we then conclude the claim. O

Proof of Theorem[24) We check that we can apply Proposition We have f,,,,(n) (n) — 00 by
assumption. Furthermore, we get with the definition of p; in (2.2) and Lemma {4.1] that

iy o i o[ i)

Using the definition of 9n in , we obtain

mj(n) my;(n)
Tn,o _ 5 7 Tno 1 - n
bp——==n"TZa(n) 2 ————==0 (nl?a (n)” 2 log ()) =o0(1)
s ) s ) o ()

since we assume there is a § > 0 such that a(n =0 ( 7 ‘S) The claim is proved. ]

4.5. Proofs of Theorems and and Equation . We begin with equation ,
where we plug in s; /v(n) instead of s; for a real-valued sequence (y(n))nen. In the terms of Proposi-
tion this means that f,, =1 and g;,, = eXi%ii) 707 where i(j) :=min{l <1 <m:by(n) > j}.
Intuitively, any index [ with by, (n) > j contributes a factor of exp (s;/v(n)) to ¢ since the number
of cycles of length j is counted in Kth (n) in this case. The saddle point of this problem is given
by the unique positive solution 2, (8) := &y, a~.t (8) of

m thJrl (n)
=0 j:bti(n)+1

Note that z, (0) = z,,. Lemmata and show that q is admissible and provide detailed
information which will be useful for investigating the moment generating function more closely.

Lemma 4.4. Let v (n) — oo with y(n) > log(n) and t = (t;);<,<,, with0 =ty <t; <..<t; <
W<ty <tmy1=1and s; >0 foralll <i<m. Then T

a (n) log (zn (s)) = log <a’(”‘n)> +0 (W) (4.12)

locally uniformly in s. In particular, lim, o x, (8) = 1 locally uniformly in s.

Proof. Let #,(s) be the unique positive solution of n exp ( Py 7‘2;0) = 2?2) (#n(8))?. Since
s; > 0 for all ¢, comparing equations (2.1]) and (| - yields
mn(s) <z (S) < Tn,a(n)- (413)



RANDOM PERMUTATIONS WITHOUT MACROSCOPIC CYCLES 14

By a slightly more general version of Lemma (cf. 21, Lemma 9]), we also have

nexp (— Py ﬁ) log (log (n))
a(n) o (g;IOg(g”)>

s (1) o (2508l s

locally uniformly in s due to y(n) — co. Equation (4.12)) then follows from (4.13) together with
Lemma and equation (4.14]). O

Lemma 4.5. Let v (n) — oo with v (n) > log(n) and t = (ty, ..., tm)" with 0 <ty < ... <ty <1
for m € N. Then, locally uniformly in s = (s, ..., sm)T €10,00)™,
_ na (n)
Ao =na(n)+ O (log (n)) .

Proof. W.lo.g.,let 0 < t; <1 and m = 1. As the following calculations will show, larger values
of m pose no particular problem since they only produce additional terms of similar structure
and b, (n) ~ a(n) for all k¥ > 1 in this case. Moreover, let & := z,, o+ (s). Then, using that
v (n) > log(n), we obtain

biy (n a(n) a(n)
o » 1
) Z jad + Z jol = ; ja? <1 +0 (log(n)))

J=bi, (n)+1

_ <a<n> x;(i)ll - “’(f:(f)&”) (1 ‘o (ml(n))) |

Since z — 1 as n — 00, we have x — 1 = log(z) + O((z — 1)?). Using this together with Lemma

a(n)log (in(s)) = log

completes the proof. O
Having proved that q is admissible, Prop081t10nylelds, for v (n) > log(n), t = (t1,...,t,,)" and
fixed s = (s1, ..., 5m)" € [0,00)",
My, (8) =K, |ex — Ky, (n ex 14+0(1)),
a'Y( ) [ p <; '}/(n) btl( )) Zn N \/W p )] ( ( ))
where Z,, , is the normalizing constant in (3.3) such that M, ,(0) =1 and
" @nan ()
B (8) = hpvyt ( Zezl i1 50y S el nlog (Tnaqe (). (4.15)
J
Jj=b, (n)+1

The next step is to extract more information by investigating the functions h,,. The proofs will rest
on a Taylor expansion of h,, about 0, so we need expressions and asymptotics for the derivatives
of h,,. We will prove in Section [4.6] for v(n) > log(n):

(i) s hyp(s) is inﬁnitely often differentiable,

)

(i) 0., (0) = Wz Ve st (L4 o(),

(iii) 9 05, hn, (0) = (1 )W(l—ko(l)) for iy < iy,
)

912

0s,. 0s, hn(s) =0 (W) locally uniformly in s,

(V) 0Os,,0s,,0s, hn(s) = O (W) locally uniformly in s.

SL3 8L2

(iv siy Usiy

Due to M, ,(0) = 1, for fixed s we therefore arrive at

M, ~(8) = exp (m( )-s+0 (W |s|2)> (1+0(1)) (4.16)
and

M, ,(s) =exp <th(0) -5+ % (s, Hp, (0)s) + O (’yga |s|‘3>> (I4+0(1)). (4.17)
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So, by equation (4.16]),
! = i n = .
exp (Z ) Kbti(n)>] = lim M, o (s) =exp (Z sztl> , (4.18)

i=1

lim E, .
n— oo

and, by equation (4.17]),

m bt (n
lim E, , [ex 0 (n 4.19
n—00 Pl m /a Ko ) = (4.19)
7n1LrI;OM n/a(n)(s) exp (—Vh,(0) - s) = exp < A(t)s)

where A (t) = (A ,i,) Is symmetric with A;, ;, = t;, (1 —t;,) for ip < 47. Note that A(t) is the
covariance matrix of the Brownian bridge. We can now give the

Proof of Theorem[2.5. We apply arguments of the proof of Corollary 3.4 in [13]. Let ¢ > 0 and

choose 0 = 1o < ?1 < ... <1; = 1such that {;,1 —t; < 5. Then, due to monotonicity, /bf(” t‘
e for some t € [0, 1] implies the existence of an index j such that f/;((n)) tj| > 5. Then,
P [ sup D) ‘ ] i [ ™yl s 6] =20 (4.20)
T e nja(n) = ”/a n) 7|72 .

by equations (4.18)) and (4.19). O

Equation establishes the convergence of the finite-dimensional distributions of the fluc-
tuations to those of the Brownian bridge. In order to show that, under P, ., the fluctuations
(Lt (n));ep0,1) defined in converge as a process to the Brownian bridge, we also have to prove
tightness. We will apply the criterion that there are N € N, ¢ > 0, and a nondecreasing continuous
function H on [0, 1] such that

Ena [|E0 (1) = Li, () [y (1) = Le )] < ¢ H(t2) = H()* (4.21)
forall 0 <t; <t <ty <1 andall n > N, which is an instance of [10, Equation (13.14)].
Proposition 4.6. The sequence of processes (Ly (n)),c(o, 1) under Pp o is tight in D[0,1].

In this paper we only prove tightness of (L; (1)), 5.1) for 0 < 0 < 1 since the proof of the general
case (in particular suitably generalizing Lemma below) is very technical. The main reason for
this is that one has to deal with the divergence of (log(t))’ = } as t — 0 in the definition of b;(n).
The proof of the general statement can be found in [23] Theorem 2.7.5]. We are going to need

Lemma 4.7. Let 0 < § < 1. Then there are N € N and ¢ > 0 such that

bty (n) xgﬂ N n
>, = < o2 = 1)
=t 1 )

forallm > N and 6 < t; <ty <1 satisfying bs,(n) — by, (n) > 2.

Proof. The definition of b:(n) in (2.7)) implies that there exists Ny such that bs(n) > a(n)/2 for
all n > Nj. Similarly 6 < ¢; < to implies bs(n) < by, (n) < by, (n). Thus we get

ba(m) iy (n)=be, (n)—1 bey (n)—be, (n)
E :L‘gha < 1 fota(n)‘f’l Z LL‘J < 2 ma(n)-‘rl fL'n,Qa ! — 1
;T ’ n,a — n,o 1
J=be, (n)+1 J bt, (n) = a(n) Tra

Inserting the definition of by, (n) and by, (n) then gives
b, (n)

a(n)(log(tz)—log(t1)) _
$ o o 2 e ™ (logtan.q) [T OL +1]) t
o 4T e Fma =1
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By Lemma log(mn,a)% — lasn — oo. Moreover, log(ta)—log(t;) < 6 t(ta—t;) <67t

and a(n)(log(n/a(n)))~!(log(tz) — log(t1)) > 1 by assumption. Hence, there are N > Ny, ¢; > 0
such that

exp (log(xn,a) {a(n)(log(tz) —log(t1))

+ 1]) <1+ ci(log(te) —log(t1)) <1+ %(tQ —t1).

log(n/a(n))
Thus, by Lemma [£.1]
bey (1) j a(n)+1
l‘% «@ 2c 1 xn [e% n
S Tla(n)x — 1(t2 —h) < Ca(n) (82 = 11)
j=br 1 7 ma
for some ¢ > 0. O

Proof of Proposition[{.6, We prove equation (4.21)) with H = id for § < ¢; < ¢ < t5. By definition,
In = Ena [|Le (n) = Lty () [ Loy (1) = Lo ()]

be(n) T o bey (1) T o
be,(n) - Kbtl(n) - Zj:btl(n)Jrl 5 Kb@(n) - Kbt(n) - Zjibt(n)Jrl j

—E,.
' n/a(n) n/a(n)

(4.22)

We only have to deal with ¢1,t5 such that by, (n) — bs, (n) > 2 because I,, = 0 otherwise. Consider
the moment generating function

exp | s1 Hor) Kbtl(n) + 52 B ~ Kontr
Vvn/a(n) vn/a(n)
by, (n) be(n) . to (1)
1 L a(n) J a(n)
- [2"] exp Z 7+eV o Z Zop eV e Z
(n)

Z
n,a = by ()41 J

Fn (317 82) ::]En,a

. a(n) .
J J

v Y =
417 §=bsy (n)+1 J
Then F,, is differentiable and

my m2
Kb = Koy ) Kby = Koty — OO F, (s1,50)] (4.23)
n/a(n) n/a(n) ’ (s1,52)=0

holds. By linearity of the expectation, we can expand the product in equation (4.22) and then
apply Equation (4.23)) to each summand. A calculation then yields

En,a

) a(n)
a(n Z
L =2 1] G (2) G (e [ 3 2 |
n,aTl J=1 J
where
2
bt (n) Jj J b () J
&7 = xn,a d
Gyt (2) = Z — | " Z g
j btl (TL)+ J j:btl (n)+1
bi(n)

The additional terms of the form Zj*b, (n)+1 ZJ—J result from the product rule when calculating
=Yt

the second derivative with respect to the same variable s;. We now proceed as in the proof of
Proposition with ¢jn = l{j<am)}, which is admissible. The functions Gy ¢, ¢ (2) G t,t, (2)
would play the role of f,, but they only satisfy (i) and (i) (by Lemma [4.8). Since (iii) does in
general not hold, we will have to make some adaptations. As in the proof of Proposition [3:2] by
Cauchy’s integral formula, we write I,, as a contour integral along 0B,, , (0) and introduce the

function g, (0) = Z;‘g) xd) aeﬁji_l We then arrive at the expression

2 exp (S0 %) e | |
I, = o (n) ( ) / Gt (xn,uele) Gty (xmaele) exp (gn, (0)) do.

2 n
Dol 2ray o
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We also split the integral into two parts. The main contribution is again due to the interval
[<0,,0,] . By Lemma E 4.8] literally retracing the steps in the proof of Proposition shows that

N (n)2 exp (Z a(n) @, Q)

2
Zp,an 2may 7>10]>0,

Gn,tht (-Tn,aeig) Gn,t,tg (xmaeie) €xXp (gn (9)) de

vanishes faster than any power of 1/n. It poses no problem due to to —t; > log(n/a(n))/a(n).
For |0] < 6,,, apply [e'7? — 1| < 156 for some ¢; > 0 for all j and [€¥?| = 1. Then there is c; > 0
such that

|Gn,t1,t (xn,aeio) Gn,t,tg (xn,a)|

be(n) _ 2 bn) bip(n) 2 by i
wf(o 3 ) 3 A0S ) S e
J=be; (n)+1 J=be; (n)+1 J=be(n)+1 J=be(n)+1

for all n. Due to equation (3.16)), we have |exp (g,(0))| < c3exp (—%92> for some ¢3 > 0 and
all |0| < 8, if n is large enough. By substituting v = /A2 0, we therefore obtain

On e
/ 0% exp (gn (0)) d| < cs)y,,2

—6,

for some ¢4 > 0 and 0 < k < 4 because of the moments of the normal distribution. By linearity of
the integral as well as the definition of Z, , and Lemmata [£.5] and [£.7} we conclude

I, <¢ [(t — 1)’ 1t — tl} [(tg — 1) 4 (ty — t)} <c(ty —t)?
for some ¢’,c > 0 and n large enough. The last step holds due to § < t; <t <ty <1. O

4.6. Properties of h,. This section provides the proofs for five properties of h,, and its derivatives
stated in Section [£.5] We are going to need the asymptotics presented in

Lemma 4.8. Let 0 <t < 1. Then,

be(n)

n
— 4.24
Z T a(n) (4.24)
hold.
Proof. Since x,, o > 1, we have
be(n) be(n) be(n)+1 by (n)
/ zy dv < Z ) < / z, odv ~ / zy odv (4.25)
0 ’ = 1 ’ 0 ’

(xn‘a)bt(n)_l

by Lemma It therefore remains to be shown that f be(n) x, dv = 1og(x, )

0< ((”)) < 1 for n large enough, the first claim follows from equatlon and

~ tn. Since

o = w5 o [ (5 s (a?m))} ~tas(ata):

which holds due to Lemma It was proved in Proposition 4.8 in [6] that Z ”) I—.“ ~ R

a(n)’
. bi(n Z;a a(n a: n,a (n) Tno
Consider ij(l) -5 = Z] ( 1) r Z?:Tg,,(n)ﬂ J

(n) ~ a(n) and the first claim,

1 a(n) a(n) 2 1 a(n)
J < na - J
TS e = 2 SRl 2 e
j=bi(n)+1 =bi(n)+1 j=bi(n)+1

yields the second claim. O



RANDOM PERMUTATIONS WITHOUT MACROSCOPIC CYCLES 18

Let v (n) > log(n), t = (t1,....,tn)" for m € N and h,(s) as in ([@.15) throughout this section. Set
further ¢ty = 0 and ¢,,,41 = 1. Property (i), which states that h,, is infinitely often differentiable in
s, follows from the differentiability of the saddle point x .« -, t which can be shown by applying the

J
implicit function theorem to the function F (s,z) = >_1" Z] ’Z: ((n))—H [exp (El 4170 n)> x] —n,
see (4.11)). So we can compute the derivatives of h,,.

Fix i3 < iy <y and let @, (8) := Xy, a,4,¢ (8). For the sake of brevity, we introduce the notations

11—1 th+1()
(21) — Z ezz —it1 w(,L) Z jp—l (xn (S))j
J=be; (n)+1
so that Ay, = AYHT. We obtain
L yan
Os; hn (8) =—— Ay n s 4.26
1 ( ) ’Y(”) 0, ( )
U 0sy@n(8) 6y 1 i
0s;, 05, hn (8) = 2 A+ A lfl (4.27)
2 v(n) za(s) TP (y(n)2 7"
and
1 0Os, n( ) (i3)
0s,, 0s,. 0s, hp (8) = 2 A Z‘; (4.28)
3 Sig 7 8ig ( (n Tn ) 1,
8513 512 857;2 In ( ) 6513 Tn (8) )\(7,1
'Y(” Ty, (8) Ty, (8) b
1 aswx”( )6513 (s ))\éil) 1 5513.% (s) §i2) + 1 )\E)is).
Y(n) zn(s) xa(s) 2" (v(n)? an(s) " (y(n))P "

In order to prove properties (ii) to (v), we need to understand the derivatives of the saddle point.
Lemma 4.9. Fiz iy, <11. Then,
68711 zn () B 1 )\gi’;)
Tn (8) v(n) Ao

Moreover,

66»1 n( ) _ < 1 ) and 8512 8511 n( ) 63'i2 Tn (3) 8Si1 Tn (S)
v(n

1
p (8) Ja(n) za(s)  wals)  wa(s) <(7(n))2a (n))
hold locally uniformly in s.

i Os. Tn
Proof. Differentiating equation (4.11) with respect to s;, yields 0 = ﬁ)‘( v + ;}TS)(S))\Q,“, SO

8811 ()__ 1 /\1,n_0< 1 )
Tn (8) v(n) Az v(n)a(n)
by equation (4.11)) and Lemma W.lo.g., let io < iy. Differentiating once more, now with
respect to s;,, we obtain

sy s, (8)  Dsymn () Dsyma(s) 1 AW 1 dy,ma(s) MY

Tn (8) w(s)  wa(s) (V)2 hem () wal(s) Ao
+ 1 /\(f,ln) (i2) 1 Os,2n (8) )\m)
(Y1) A2)® =" () 20 (8) (o)
Applying Lemma equation (3.7)), and the first result to each term, we conclude the last
claim. ]

2/\3,n-

Property (ii) is now a direct consequence of equation (4.26) and Lemma (iii) and (iv) follow
from equation (4.27) and Lemmata and Property (v) can easily be deduced from equation

and Lemmata and
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