SIMPLE-MINDED SYSTEMS AND REDUCTION FOR NEGATIVE
CALABI-YAU TRIANGULATED CATEGORIES
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ABSTRACT. We develop the basic properties of w-simple-minded systems in (—w)-
Calabi-Yau triangulated categories for w > 1. We show that the theory of simple-minded
systems exhibits striking parallels with that of cluster-tilting objects. The main result is
a reduction technique for negative Calabi-Yau triangulated categories. Our construction
provides an inductive technique for constructing simple-minded systems.
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INTRODUCTION

From a representation-theoretic perspective, two algebras are equivalent when they
have the same representation theory, i.e. equivalent module categories. Module cate-
gories have two important types of generators: projective modules and simple modules.
Morita theory describes equivalences of module categories in terms of images of projec-
tive modules. Tilting theory is the generalisation of Morita theory to derived categories,
describing equivalences of categories in terms tilting objects. Tilting objects, and more
generally silting objects, can be thought of as ‘projective-minded’ objects; see [9].

Let d > 2. In a d-Calabi-Yau triangulated category the ‘projective-minded’ objects are
the d-cluster-tilting objects. Silting objects and d-cluster-tilting objects admit a muta-
tion procedure [1, 25] enabling the construction of new silting objects or d-cluster-tilting
objects from old ones. Such mutation procedures were key in the categorification of
Fomin and Zelevinsky’s cluster algebras; see [8, 17]. Modelled on the cluster mutation
procedure, Iyama and Yoshino defined the notion of a mutation pair in a triangulated
category and used this to construct a subfactor triangulated category [25]. This subfac-
tor triangulated category has remarkable properties: it is smaller and simpler than the
original category, if the original category was Calabi-Yau so is the new one, and there is a
bijection between cluster-tilting objects in the subfactor and cluster-tilting objects in the
big category containing a given summand. This provides a powerful inductive technique —
known as Iyama- Yoshino reduction — for constructing cluster-tilting objects and studying
mutation. Iyama-Yoshino reduction has produced many generalisations and applications,
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for instance [23, 24, 29, 31, 38, 39, 41]. For example, [24] connects the silting reduction of
[1] to Iyama-Yoshino reduction in the context of Amiot’s construction of the generalised
cluster category [3].

The other kind of triangulated category important in representation theory is the stable
module category. For such categories, an analogue of Morita theory is missing because the
projective objects become invisible; the only natural generators are the simple modules.
This has led to the study of ‘simple-minded’ objects in [2, 4, 9, 10, 12, 13, 15, 16, 27, 28|.
The central open problem for stable module categories is the Auslander—Reiten conjecture
[5] which states that stable equivalences preserve the number of isomorphism classes of
non-projective simple modules. This is known to hold if and only if it holds for selfinjective
algebras [30]. It is therefore an important problem to study ‘simple-minded’ objects in
the context of selfinjective algebras.

Simple-minded systems were introduced in [27] and their mutation theory was formally
defined in [16], cf. [28] in the setting of the derived category with simple-minded collec-
tions. The theory developed by Dugas in [16] works in the context of a (—1)-Calabi-Yau
triangulated category. This is a natural setting: a key class of examples of selfinjective
algebras are symmetric algebras, whose stable module categories are (—1)-Calabi-Yau.
In the context of triangulated categories generated by spherical objects, the first au-
thor extended the notion of simple-minded system to w-simple-minded system in (—w)-
Calabi-Yau triangulated categories in [13], where w > 1. In that article, the first author
observed a striking parallel between the mutation theory for w-simple-minded systems
and d-cluster-tilting subcategories in the positive Calabi-Yau case tackled in [21].

In [10, 12], closely related notions of Hom-configurations and Riedtmann configurations,
inspired by Riedtmann’s seminal classification of finite-type selfinjective algebras [36],
were studied in (—1)-Calabi-Yau orbit categories. In [10], a finite-type version of a simple-
minded analogue of Iyama-Yoshino reduction was a crucial technical tool in building Hom-
configurations and establishing a bijection with noncrossing partitions. In particular, a
double-perpendicular category of a partial Hom-configuration was shown to be a (—1)-
Calabi-Yau orbit category of smaller size. This led the first author to conjecture in [11]
that this provided a ‘simple-minded’ analogue of Iyama-Yoshino reduction. By modelling
our reduction technique on Dugas’ definition of simple-minded mutation from [16], we
establish this conjecture. This is the first main result of this article; we refer the reader
to Sections 2 and 3 for the required definitions.

Theorem A (Theorems 4.1, 5.1 and Lemma 6.3). Let D be a Hom-finite, Krull-Schmidt,
k-linear triangulated category and w > 1. Suppose S is a w-orthogonal collection whose
extension closure (S) is functorially finite. Moreover assume thatS is an S_,,-subcategory
of D. Let

Z={deD|Hom(X'S,d) =0 for alli=0,...,w}.

Then Z is a triangulated category.
Note that Z is not a triangulated subcategory of D: it has a newly defined triangulated

structure. Our second main result says that this provides an inductive technique for
building w-simple-minded systems.

Theorem B (Theorem 6.6). Let D be a Hom-finite, Krull-Schmidt, k-linear triangulated
category and w = 1. Suppose S and Z are as above. Then there is a bijection,
{w-simple minded systems in D containing S} &L {w-simple minded systems in Z}.

Our final main result says that the Calabi-Yau type of the category is preserved by our

construction.
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Theorem C (Theorem 6.7). Let D be a Hom-finite, Krull-Schmidt, k-linear triangulated
category and w > 1. Suppose S and Z are as above. If D is (—w)-Calabi- Yau then so is
Z.

The following corollary of Theorems A, B and C emphasises the special case when D
is the stable module category of a symmetric algebra.

Corollary D. Let A be a symmetric algebra, S be an orthogonal collection in mod(A)
whose extension closure (S) is functorially finite in mod(A), and Z = {M € mod(A) |
Hom(S, M) = 0 = Hom(M,S)}. Then the following assertions hold:

(1) Z is a (—1)-Calabi- Yau triangulated category.
(2) There is a one-to-one correspondence between simple-minded systems in mod(A)
containing S and simple-minded systems in Z.

The three theorems above tell us that our version of reduction for Calabi-Yau triangu-
lated categories, which is compatible with simple-minded systems, is a complete analogue
of the theory developed for cluster-tilting in [25]. We briefly comment on the differences:
our construction is not a subfactor triangulated category. Indeed in Example 7.2 we ex-
plain why the subfactor construction does not work in our situation in a simple example.
While modelling the reduction construction on the mutation theory is the natural thing
to do, the arguments and proofs are very different from those in [25]. One can think of
this as manifestation of the differences observed in [28] between simple-minded collections
and silting objects.

Finally, we comment on the structure of the paper. In Section 1 we set up our notation
and recall some key results on approximation theory. Section 2 is a formal treatment
of w-simple-minded systems, generalising [13, 16], providing their basic properties; here
one will see already the parallel with cluster-tilting theory. Section 3 sets up the notion
of simple-minded mutation pair which will be used for the reduction. Section 4 shows
that the reduced category is pretriangulated, the proof of the Octahedral Axiom is quite
involved so is deferred to Section 5. Finally, in Section 6 we show that this provides
an inductive technique for constructing simple-minded systems. Section 7 illustrates the
theory with some simple examples.

1. BACKGROUND

Throughout this paper, k denotes an algebraically closed field, and D denotes a Hom-
finite, k-linear, Krull-Schmidt triangulated category with shift functor ¥: D — D. Abus-
ing notation, we shall use the expression ‘the map Hom(X, f)’ (resp. ‘the map Hom(g, X)’)
to mean ‘the maps Hom(z, f) for all z € X’ (resp. ‘the maps Hom(g, z) for all z € X).
We shall assume all subcategories are full and strict.

1.1. Pretriangulated versus triangulated categories. Basic properties of triangu-
lated categories can be found in [18, 19, 20, 33]. In this paper we enumerate the axioms
of triangulated categories as in [18, Definition 1.1.1], i.e. the four axioms will be denoted
(TR1),(TR2), (TR3) and (TR4). If (D,X) satisfy only axioms (TR1),(TR2) and
(TR3) then D is called a pretriangulated category. The axiom (TRA4) is often called the
Octahedral Axiom, since there are many equivalent formulations of this axiom, see for

example [22, 32], we explicitly state the formulation we shall use in this article below.
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(TR4) Given two triangles HEIN y L5 2 5 $7 and y — 1y — 3" - Sy then there
is a commutative diagram

x z Yx
R
T 7 z " Yx
I |
y/l y//

in which each row and column is a triangle and (Xf)h' = wv'.
For subcategories X,Y of a (pre)triangulated category D, we define

XxY = {d € D | there exists a triangle + — d — y — Xz with z € X and y € Y}.

The subcategory X is said to be extension-closed if X x X = X. We denote by (X)
the extension closure of X, i.e. the smallest subcategory of D which contains X and is
extension-closed. We define the right and left perpendicular categories as follows:

X+ = {d € D | Hom(X,d) = 0} and *X = {d € D | Hom(d, X) = 0},

where Hom(X, d) = 0 is shorthand for Hom(z, d) = 0 for each object x of X; likewise for
Hom(d, X).

A Serre functor on D is an autoequivalence S: D — D such that there is an isomor-
phism,

Hom(z,y) ~ D Hom(y, Sz),

which is natural in  and y, where D denotes the standard vector space duality. If D has
a Serre functor, it is unique up to isomorphism and D is said to satisfy Serre duality. For
details we refer to [35].

Let w € Z. A triangulated category D satisfying Serre duality is said to be w-Calabi-
Yau (w-CY for short) if there is a natural isomorphism S ~ 3%, where S is the Serre
functor on D.

1.2. Approximation theory. Let X be a subcategory of D, and d an object in D. A
morphism f: x — d, with € X, is said to be:
(1) a right X-approximation of d if Hom(X, f): Hom(X,z) — Hom(X, d) is surjective;
(2) right minimal if any ¢g: x — x satisfying fg = f is an automorphism;
(3) a minimal right X-approzimation of d if it is both a right X-approximation of z
and right minimal.

If every object in D admits a right X-approximation, then X is said to be contravari-
antly finite. There are dual notions of (minimal) left X-approximations and covariantly
finite subcategories. The subcategory X of D is called functorially finite if it is both
contravariantly finite and covariantly finite.

We now collect some basic properties of approximations which will be used throughout
the paper.

Lemma 1.1. Let X C D be an extension-closed subcategory and let d € D.

(1) Suppose d admits a right X-approximation. Then d admits a minimal right X-
approximation, which is unique up to isomorphism.
(2) If a: x — d is a minimal right X-approzimation, then each right X-approzimation
of d is, up to isomorphism, of the form [a 0] : 2z ® 2’ — d.
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(8) If a: x — d is a minimal right X-approximation and (: x' — d is a right X-
approximation, then x is a summand of x’.

(4) If a: x — d is a minimal right X-approzvimation and v —— d N Yy — 2x 1S
its completion to a distinguished triangle, then y € X+ and B: d — vy is a left
(X+)-approzimation of d.

(5) If B: d — x is a minimal left X-approzimation and z — d Ly — vz s
its completion to a distinguished triangle, then z € *X and a: z — d is a right
(+X)-approzimation of d.

Proof. The first three statements are well-known and straightforward, see for example
[6]. The final two are known as the Wakamatsu lemma for triangulated categories; see
[25, Section 2] or [26, Lemma 2.1], for example. O

2. SIMPLE-MINDED SYSTEMS

Simple-minded systems were introduced in [27] (see also [34]) and generalised to w-
simple-minded systems for w > 1 in [13]. We start by reviewing the definitions and basic
properties of these concepts.

Given a collection of objects X in D, we denote by X% the smallest subcategory of D
containing X and closed under direct summands. We will also use the following notation:
(X); := X and (X),, := (X * (X),,_1)®, for n > 2.

Definition 2.1. Let w > 1. A collection of objects S in D is w-orthogonal if
(1) dimHomp(z,y) = 04y, for every z,y € S;
(2) If w > 2, Hom(X*z,y) =0, for 1 <k<w-—1and 2,y €S;

A w-orthogonal collection S is a w-simple minded system if additionally,
(3) D =add((S,x71S,..., X17ws)).

We recall the following definition from [12], which was inspired by [36].

Definition 2.2. Let w > 1. A w-orthogonal collection S is called a left (resp. right) w-
Riedtmann configuration if for each d in D with Hom(3¥s, d) = 0 (resp. Hom(X¥d, s) = 0)
for each s € Sand 0 < &k < w — 1 then d = 0. A w-orthogonal collection S is a
w-Riedtmann configuration if it is both a left and right w-Riedtmann configuration.

A T-orthogonal collection of objects will be referred to as simply an orthogonal col-
lection. An orthogonal collection is called a system of orthogonal bricks in [34], a set of
(pairwise) orthogonal bricks in [16] and a semibrick in [4]. We now recall some basic
properties of orthogonal collections from [16].

Lemma 2.3. Let S be an orthogonal collection in D. Then the following assertions hold.

(1) (116, Lemma 2.3]) (S) = Un>1(5)n.

(2) (116, dual of Lemma 2.6]) If there is a triangle s — x — y — %s with s € S,
z € (S), and o #0, theny € (S)p_1.

(3) (116, Lemma 2.7]) (S), is closed under direct summands for each n > 1. In
particular (S) is closed under direct summands.

In light of Lemma 2.3 the following definition makes sense.

Definition 2.4 ([16, Definition 2.5]). Let S be an orthogonal collection in D. Let x € (S).

The S-length of = is the minimum natural number n such that « € (S),. In particular,
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this means that there is an S-composition series,
S$1 — Xy —> So —> 281
Tog —> T3z —> S3 — Loy

Tpo1 —> T — Sy —> XTp_1,
with s; € S and x; € (S); fori =2,...,n— 1.
We recall the following definition given in [25].

Definition 2.5. Let w € Z, and assume D has a Serre functor S. Write S,, = SX~%. A
subcategory X of D is said to be an S,,-subcategory of D if X = S, X = S 'X.

Suppose that S is an orthogonal collection in D such that (S) is functorially finite.
In particular, by [25, Proposition 2.3], there are torsion pairs ((S),S*) and (*S,(S)) in
D. The following lemma is a useful generalisation of [16, Lemma 4.7]; there is also a
corresponding generalisation of its dual [16, Lemma 4.6].

Lemma 2.6. Let d € D. Suppose S is an orthogonal collection in D such that (S) is

functorially finite. Let sq4 REAN NN zqg — 28q be a decomposition triangle with respect
to the torsion pair ((S),S*), in which f and g are minimal right and left approzimations,
respectively (cf. [16, Lemma 3.2]).

(1) The map Hom(S, f): Hom(S, s4) — Hom(S, d) is an isomorphism.

Suppose further that w > 1 and S is an S_,,-subcategory of D.
(2) The map Hom(X*"1g,S): Hom(X*'24,S) — Hom(X*~1d,S) is a monomorphism.
(3) If d € +(X1vS) then zq € L(B17VS).

Proof. The first statement is [16, Lemma 4.7(a)]; see [16, Lemma 4.6(a)] for a proof in
the dual case. Note that the proof in [16, Lemma 4.6(a)] requires only that S is an
orthogonal collection such that (S) is functorially finite: the other blanket assumptions
in that section are not used in the argument.

The second statement is essentially [16, Lemma 4.7(b)]. However, since the argument
in [16] is formulated for the case when w = 1, we give a brief sketch of the adaptations.
First, applying the functor Hom(S, —) to the decomposition triangle gives the long exact
sequence, where (S, f) = Hom(S, f),

Hom(2S, d) 2% Hom (%S, 24) — Hom(S, s4) =2 Hom(S, d).

We know that Hom(S, f) is surjective because f: sq — d is a right (S)-approximation.
Therefore, Hom(XS, g) is surjective if and only if Hom(S, f) is an isomorphism.

We claim that Hom(g, X7 *1S) is injective if and only if Hom (S, g) is surjective. Note
that Hom(g, X7 *1S) is injective if and only if D Hom(g, ©7*"1S) is surjective. Using the
fact that S is an S_,,-subcategory, Serre duality gives the following commutative diagram,
which establishes the claim.

D Hom(g,x—w+1S)

D Hom(d, 27vT1S) D Hom(zg, X%T1S)

| -

Hom (XS, d) Hom (XS, z,)

Hom(XS,g)

The final statement is immediate from the second statement. O
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The following observation will be useful later.

Lemma 2.7. Let w > 2. If S is a w-orthogonal collection then (S) x X(S) C X(S) * (S)
for0 <1< w.

In general the inclusion of Lemma 2.7 is strict.
Proof. By Lemma 2.3, (S) = |J,5,(S)n. Let 0 < i < w. First, we prove, by induction on n,

that (S)* 'S C $iS#(S). Let d € S*X'S. We have a triangle s’ — d —» Yis” —s ',
with s’, s” € S. Since S is a w-orthogonal collection, we have f = 0 or f is an isomorphism.
Therefore, d ~ s’ ® X's” or d = 0, and in both cases, we have d € XS  S.

Assume, by induction hypothesis, that (S), * 3'S C X'S* (S). Let d € (S),41 * X°S,
and write s — d — X's” — s, with s’ € (S),+1 and s” € S. Since (S),41 = (S), * S,
we have a triangle of the form x — s’ — s — Yz, with € (S), and s € S. By the
Octahedral Axiom in D, we have the following diagram.

Eiflsu P 2@'718//
! %
x s’ s Yx
[ l |
x d Y Yx
.l ¢
s s

Since S is a w-orthogonal collection, it follows that f is an isomorphism or f = 0. Hence,
either y ~ 0, which implies d ~ z € (S),, € XS * (S), or y ~ s ® X's”. In this case, we
have the following octahedral diagam.

Eisu ZiS//

' |
d——s® 'S Y 3d
H | | H
d S Yz Xd

l }

Zz’+18// I Ez‘+151/

From the right-hand vertical triangle, we have z € (S),, * X'S. Hence, by the induction
hypothesis, z € XS % (S). Thus d € XS (S) *S = X'S* (S). This finishes the proof that
(S) x X'S C XS« (S).

Now assume by induction that (S) * 32%(S),, C X%(S) * (S). We want to prove that
(S) * XS)nq1 C ZUS) * (S). Consider the triangle s — d — X's” — Xs', with §' €
(S),s” € (S)ns1. Then there is a triangle z — " — s; — Y, with x € (S),, and s; € S,
and by the Octahedral Axiom, we have the commutative diagram below.

d d

l |

Yix Y Yisy Yitly

l l ||

Yig P Sy Yitly
l |
d >d




Hence, from the lower horizontal triangle we obtain y € (S)*3(S),,. Hence, by induction,
y € XYS) * (S). Thus, from the right-hand column we have d € X%(S) x (S) x X'S C
YH(S) * 3'S x (S) = XU(S) * (S), as required. O

Lemma 2.8. Letw > 1 and S be a w- orthogonal collection. Then (S,%71S, ... B17vS) =
O EDCIETRRES w<5> Moreover, add({S,X7!S, ..., X17%S)) = (S, % 5 NS

Proof. The inclusion (S) % X71(S) x - - - x X179(S) C (S, E‘lS, ..., B17%S) is clear. For the

other inclusion, let d € (S, X715, ..., ¥7%S). This means there is a tower
0 - do d1 d2 e d == d
Nis, Y2, e Yinls, Ying;,
where 7y,...,i, € {1 —w,...,0}, and s;, € S, with 1 < k < n. In other words, we have

d € ¥1S#X2Sx- - -xXnS C i (S)x33%2(S)*- - -xX™(S). By Lemma 2.7, we can re-order the
ixsothat 0 > iy > iy > -+ > i, > 1—w, which implies that d € (S)*X71(S)x- - -xX17%(S).
The second statement follows immediately by [25, Proposition 2.1] using the fact that
(S) is closed under summands by Lemma 2.3. O

Corollary 2.9. IfS is a w-simple-minded system in D then (S) is functorially finite in
D.

Lemma 2.10. Let S be a w-orthogonal collection in D such that (S) is functorially finite
in D. Then for 0 < k < w, (S)* X7HS) -+ % X7%(S) is functorially finite in D.

Proof. We proceed by induction on k. For k£ = 0 this is by assumption. Let d € D and
fix dyg = d. Suppose, by induction, for 0 < ¢ < k we have constructed triangles

in which f;: z; — d is a minimal right ((S) * X71(S) - - - x* X7%(S))-approximation. Note
that by Lemma 1.1(4) we have d; ;1 € ((S) * X 71{(S) *--- x X71(S))L. Now take a minimal
right (37%(S))-approximation of dy,

S sy — dp 25 djpyr — B0 sy,

Applying the Octahedral Axiom to the composition hig,_1 we get the following commu-
tative diagram.

Eiksk Eiksk
| |
d—2" - q, Sy — Xd
l\l dlhk J Hd
—dpq1 Yy, 7 D
| | )
Sktlg, kg

By construction, we have z3 € (S) * X71(S) % - - x 7%(S). We claim that dj., € ((S) *
SHS) - x X7F(S))L. By Lemma 1.1(4), we have dy,; € (X7%(S))L. Consider the long
exact sequence for 0 < i < k:

(SRS, dy) — (SIS, dig) — (STHIS, 5 7Fsy) — (87, ).

When 0 < ¢ < k, the first and third terms are zero by induction and w-orthogonality

of S. When i = 0, the first term is zero and the morphism Hom(¥X7*S ¥%s,) —
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Hom(X7*S, d},) is an isomorphism by Lemma 2.6(1) applied to the orthogonal collection
Y7*S. This gives the claim and shows that f;: 7, — dis aright ((S)*X~5(S)*- - x5 7%(S))-
approximation. Covariant finiteness is proved analogously. Il

We note that Lemma 2.10 holds even when S is not w-orthogonal (see [37, Lemma 5.3
(1)]). However, the statement of Lemma 2.10 is sufficient for the purpose of this paper.

The following theorem is essentially [16, Theorem 3.3]. For our purposes we require
some information that was implicit in the proof in [16] but not its statement. For the
convenience of the reader we include a proof to make these details explicit.

Theorem 2.11 ([16, Theorem 3.3]). Suppose S C T for an orthogonal collection T in D.
Then (S) is functorially finite in (T) and for each x € (T),, with n minimally chosen,
there is a right (S)-approximation triangle

Sy —> T —> by, —> 1S,
with t, € (T),m NSt for some m < n with equality if and only if t, ~ x.

Corollary 2.12. If S is a w-orthogonal collection such that S C T for some w-simple-
minded system T, then (S) is functorially finite in D.

There is a dual of Theorem 2.11 using left (S)-approximation triangles.

Proof of Theorem 2.11. Let x € (T),, with n chosen minimally. We proceed by induction
on n. For n = 1, one of the triangles s, - * — 0 — ¥s, or 0 — x — t, — 0 is the
required triangle and the statement holds. Suppose the statement is true for objects in
(T)n_1. If 2 € S*, then there is nothing to show, so suppose z ¢ S*. By Lemma 2.3(2),
there exists a triangle s —+ 7 — y — Ys with s €S, 0 # 0,y € (T),_1. By induction,
there is a right (S)-approximation triangle for y: s, — y — t, — Xs, with s, € (S) and
t, € (T),,NS* with m < n—1 and equality if and only if y ~ ¢,. Applying the Octahedral
Axiom we get the following commutative diagram.

Sy Sy
| |
x Y s Yx
| _—
x ty pIL Xx
J J
Y5, == 23,

Clearly, s, € (S) and t, € (T),, NSt with m < n — 1 < n, giving the desired right
approximation triangle. ]

The next proposition says that a w-simple-minded system is precisely a w-Riedtmann
configuration in which (S) is functorially-finite, generalising [13, Theorem 3.8]. This
supports the view advanced in [13] that w-Riedtmann configurations are a negative CY
analogue of weakly cluster-tilting subcategories whilst w-simple-minded systems corre-
spond to cluster-tilting subcategories; cf. [21].

Proposition 2.13. Let S be a collection of indecomposable objects in D, and w > 1. The
following conditions are equivalent:

(1) S is a w-simple-minded system.

(2) S is a right w-Riedtmann configuration and (S) is covariantly finite.

(3) S is a left w-Riedtmann configuration and (S) is contravariantly finite.
9



Proof. The implications (1) = (2) and (1) = (3) follow from Corollary 2.9 and [13,
Lemma 2.1].

For the implication (2) == (1), let S be a right w-Riedtmann configuration and
assume (S) is covariantly finite. By definition, S is w-orthogonal. Let 0 # d € D. We
want to prove that d € (S) x X71(S) % - -+ x X17(S).

Since S is a right w-Riedtmann configuration, we can take £ maximal with 0 < £ < w—1
such that Hom(X*d, s) # 0 for some s € S. Since (S) is covariantly finite, we can consider
the triangle occurring from a minimal left (S)-approximation of ¥¥d:

Yls — YR — YFd — s

We claim that Hom(Xdy,S) = 0 for k <4 < w—1. By Lemma 1.1(5), Hom(X*d}, S) = 0.
By w-orthogonality of S and maximality of k, we have Hom(X!dy,S) = 0, for k+2 < i <
w — 1. Finally, we have a short exact sequence:

0 — Hom(X*1d, S) N Hom sy, S) —— Hom(%Fd, S) — 0,

where ¢ is an isomorphism by the dual of Lemma 2.6(1). Hence, since f is a monomor-
phism and a zero map, it follows that Hom(X**1d,, S) = 0.

Finally, we show that if d € D satisfies Hom(X'd,S) = 0 for k < i < w — 1, then
d € (S)*---xX7%(S). For k = 0, by the above we have Hom(Xidy,S) = 0 for 0 < i < w—1.
Since S is right w-Riedtmann, this implies that dy = 0, in which case d ~ sy € (S). For
1 < k < w— 1, by induction we have dj, € (S) * --- * ¥7%(S), whence it follows that
d € (S) *---x X7"1(S) completing the proof of the implication (2) = (1).

The proof of (3) = (1) is similar. Indeed, it is enough to prove that d € X*~1(S) x
$w=2(S) x - - (S), whose proof is dual to the one above. O

3. SIMPLE-MINDED MUTATION PAIRS

In this section we introduce simple-minded mutation pairs as an analogue of the mu-
tation pairs studied in [25]. The definition of simple-minded mutation goes back to [16]
and [28]. In this article we employ the conventions of [16]. To start, S will simply be a
collection of objects of D.

Definition 3.1 ([16, Definition 4.1]). Let S be a collection of objects in D such that (S)
is functorially finite in D. Let d be an object of D.

(1) The right mutation of d, Rs(d), with respect to S is obtained from the triangle:
Y 7'Rs(d) — 54 —% Nd — Rs(d),

where a4: sq — Xd is a minimal right (S)-approximation.
(2) The left mutation of d, Ls(d), with respect to S is obtained from the triangle:

Ls(d) — 271d 25 57— YLs(d),
where a?: ¥71d — s? is a minimal left (S)-approximation.
For a subcategory X C D we write Rs(X) := {Rs(z) | x € X}; analogously for Ls(X).

The following is an analogue of [25, Definition 2.5]. Note that there are subtle differ-
ences in the setup, for example, in [25], the analogue of S is required to sit inside each
part of the mutation pair.

Definition 3.2. Let S be a full subcategory of D. A pair (X,Y) of subcategories of D is
an S-mutation pair if X = 2SENL(B7IS)NT7L((S)xY) and Y = +SEN(BS)ENX(Xx(S)).
10



The following lemma is contained implicitly in [28, Proposition 7.6], however, a proof
is not explicitly given, so we give one for convenience.

Lemma 3.3. Let (X,Y) be an S-mutation pair.

(1) For x € X consider the right mutation triangle ¥ 'Rs(x) Ly sy L Y —
Rs(x). The morphism f: X 'Rs(x) — s, is a minimal left (S)-approzimation.

(2) Fory €Y consider the left mutation triangle Ls(y) — X~y SR/ N Yls(y).
The morphism g: s¥ — XLs(y) is a minimal right (S)-approximation.

Proof. We prove statement (1), statement (2) is analogous. We first claim that Xz
contains no summands in (S). Suppose, for a contradiction, that Yz = 2’ @ s for some
s € (S), and observe that Hom(3z, s) = Hom(2’ @ s, 5) # 0 contradicts X C H(X71(S)) =
L(x719).

The fact that 2 € X and Hom(X,S) = 0 immediately gives f is a left (S)-approximation,
we just need to show minimality. Suppose f is not left minimal. Then by Lemma 1.1(2)
we have the following isomorphism of distinguished triangles in D:

Y Rs () ! Sy ! Yx Rs(x)

b~ |~ I I
~Rs(z) s B s — 7' @ sy — Rs(z).
[5]
Thus, s9 is a direct summand of YXz. Hence, by above, s, = 0 and f is a left minimal
(S)-approximation of X 7!'Rs(z), as claimed. O

Y

The following lemma will be useful in shortening arguments throughout the article.

Lemma 3.4. Suppose (X,Y) is an S-mutation pair. Let s — d BN y — s be a
triangle with s € (S) andy € Y.

(1) If f,g: y — y' are morphisms in Y such that (f — g)5 =0, then f =g.

(2) If o,7: s — s are morphisms in (S) such that a(c — 1) =0, then o = 7.
Proof. We prove the first statement, the second is analogous. By assumption, we have
the following factorisation.

S d Y Yls
/
0 ™. lf—g //
AN ;. 73
Yy
Now 3 € Y C (XS)* implies that f — g = 0, as required. O

The next lemma will be used to define the shift functor in a pretriangulated category
obtained from an S-mutation pair in the next section. Before stating it, we impose the
blanket setup that will be used for the remainder of the article.

Setup 3.5. Let S be an orthogonal collection of objects of D such that (S) is functorially
finite in D. Suppose one of the following two conditions holds:

(1) Sis an S_;-subcategory; or,
(2) Hom(XS,S) = 0.

Lemma 3.6. Assume the hypotheses of Setup 3.5. Let (X,Y) be an S-mutation pair. The

following assertions hold.
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(1) X = Ls(Y) and Y = Rs(X).
(2) There is an equivalence of categories G: X — Y.

Proof. For the first statement, we have
Ls(Y)={z | Y7 's¥ — NN Sty 2 o8 for y € Y},

where o¥ is a minimal left (S)-approximation. By Lemma 1.1(5), we have Ls(Y) C *S.
By definition, we have Ls(Y) C Z71((S) x Y).

We need to show that Ls(Y) € +(X7!S) N St. By applying Hom(—,S) to the triangle
defining = in Ls(Y), we have the following exact sequence:

) (av.5) »
Hom(y,S) —— Hom(Xz,S) — Hom(s¥,S) —— Hom(X~'y,S) —— 0.

By the dual of Lemma 2.6(1), Hom(a¥,S) is an isomorphism. Hence Hom(3Y,S) = 0.
But y € *S, which implies that Hom(5¥,S) is a monomorphism, and so z € +(X71S).
Now, to show that z € St, first observe that X1y € St. If Hom(ZS,S) = 0 holds, then
r € St is immediate. If S is an S_j-subcategory then applying the dual of Lemma 2.6(3)
also gives z € S*.

For the reverse inclusion, suppose = € X. Since x € 371((S) * Y) there is a triangle

(1) x—>2’1yi>s—>2x

with s € (S) and y € Y. The fact that z € +S means that f: X7y — s is a
left (S)-approximation. We claim that it is a minimal approximation. Indeed, if not,
Lemma 1.1(2) implies that (1) is isomorphic to

f/
x—>271y@<‘51€982 — X,

in which case z ~ 2’/ @ X7 1s; with sy € (S) (see for example [14, Lemma 3.1]), giving a
contradiction. A similar argument shows the statement for Y.

Now we turn to the second statement. We define a functor G: X — Y as follows. For
each z € X we fix a triangle

sx%ZxﬁGxﬂst

in which «, is a minimal right (S)-approximation. Note that Gx € Y by part (1) of the
lemma.

We now define G on morphisms. Let f: x — 2/ in X. We explain below how to obtain
the following commutative diagram from the morphism X f.

Y 1Gx P 5 b G

E’lg\ly - lZf lg
v
Y 1Ga! Sy Y Ga'

—n-ly, Qyr B

First observe that the dotted arrow o: s, — s, exists because a, is a right (S)-
approximation; uniqueness follows by Lemma 3.4(2). The map ¢g: Gz — Gz’ exists
by (TR3); uniqueness of ¢ follows from Lemma 3.4(1). We therefore define Gf = g. The
functor H: Y — X is defined dually.

We now show that HG ~ 1x. Let z € X. Since a,: s, — Xz is a minimal right (S)-

approximation, it follows from Lemma 3.3(1) that —X71y,: ¥7'Gx — s, is a minimal
12



left (S)-approximation. Hence, we have a diagram in which the bottom row is the fixed
minimal left (S)-approximation triangle for ¥~'Gz used to construct H.

-x-15 —n-1y Qg
T =Y 1Gx " Sy Y
| I |
%v ” QIV VE%
HGr —= X 'Gr — s —= Y HGx

69° aG* 762
By Lemma 1.1(1), 6, is an isomorphism; it is unique making the central square commute
by the dual of Lemma 3.4(2). It then follows that ¢, exists and is an isomorphism; ¢,
is also unique making the left square commute by the dual of Lemma 3.4(1). Hence
r~ HGzx.
Now, let f: x — 2’ be a morphism in X. We need to show that HG(f)p, = @ f. The
map H(Gf) is defined by the following diagram:

,BGE Gz ,sz

HG(r) — Y7 1Gr =— sC* YHG(x)
won w4
HG(z') —= X71Gr’ —— 5% —= S HG(2).
56‘1 oGz ,sz

NOW7 Bex/HG(.f)SOI = (E_le)ﬂGmgpx = _(Z_le)(Z_lﬂx) = _(E_lﬁ:c’)f = BGm/SOx’f'
Hence, by the dual of Lemma 3.4(1) it follows that HG(f)p, = . f, as required. Simi-
larly, we can show that GH ~ 1y. O

4. PRETRIANGULATED CATEGORIES FROM SIMPLE-MINDED MUTATION PAIRS

Throughout this section D will be a Hom-finite k-linear triangulated category. The
aim of this section is to establish the following theorem. Throughout the section we shall
assume without further comment that the hypotheses of the theorem hold.

Theorem 4.1. Assume the hypotheses of Setup 3.5. Let Z be a subcategory of D such
that (Z,Z) is an S-mutation pair satisfying,

(Z1) Z is closed under extensions and direct summands;

(Z2) the cones in D of maps in Z lie in (S) * Z; and

(Z2') the cocones in D of maps in Z lie in Z x (S).
Then there is a functor (1): Z — Z and for each morphism f: x — y in Z there is a

diagram x EEIN y — 2z —> x(1) giving rise to a class of triangles A which makes Z into
a pretriangulated category.

Remark 4.2. In [31, Theorem 4.15] there is a similar triangulated structure in the
context of concentric twin cotorsion pairs. In order to apply the construction in [31] to
our setup, we would require the existence of non-trivial t-structures in D. However, in
most classes of examples to which we wish to apply our results, there are no non-trivial
t-structures (see [40, Proposition 4.6]), and so the construction in [31] does not apply.

Before proving the theorem, we define the functor (1) and the standard triangle z SN
y — zy — x(1). We point out that the definition of (1) is the only place in the proof
of Theorem 4.1 that we use the full force of the hypotheses of Setup 3.5.

Definition 4.3 (Shift in Z). We define the shift functor (1) := G: Z — Z, where G is
defined as in Lemma 3.6. The inverse shift functor (—1) = H, as defined in Lemma 3.6.

Before we can define the cones of morphisms in Z, we need the following observation.
13



Lemma 4.4. Let f: x — y be a morphism in Z and consider the triangle x AN y 2

cy My S in D, Let 5f BN cy ﬁ> 2f SEN Xs¢ be the corresponding minimal right
(S)-approzimation triangle. Then z; € Z.

Proof. By (Z2) there is a triangle s — ¢; — z — Xs in D with s € (S) and
z € Z. Since z € (S)*, we have that « is a right (S)-approximation of ¢;. Hence, by
Lemma 1.1(3), s7 is a summand of s and zy is a summand of z and lies in Z by (Z1). O

Let f: © — y be a morphism in Z and consider the triangle x AN y 2 cr R
in D together with the minimal right (S)-approximation triangles of ¢; and Xz in the
diagram below.

(2) Sf —7 - Sz
af Qg
h
T f y g1 cr 1 Yo

x By Ba
h

2y — x(1)

vf Yz

ESf ? ZSQ;,

The morphism o exists since «, is a right (S)-approximation of Xx; it is unique by the
fact that (1) € Z and (Z,Z) is an S-mutation pair. The existence of h follows from
(TR3) in D; it is unique making the squares commute by the same argument as above
and Lemma 4.4. The object z; will be called the cone of f in Z. There is a natural dual
construction of the cocone of f in Z.

Definition 4.5 (Triangles in Z). Let f: x — y be a morphism in Z. The diagrams

x L T 2f LN x(1) will be called the standard triangles of Z. We define A, the set

of diagrams of the form © — y — z — (1) with z,y, 2z € Z isomorphic to a standard
triangle, to be a set of triangles in Z.

Before proving Theorem 4.1 we record an observation that will be useful later.

Lemma 4.6. Let f: x — y be a morphism in Z. Then c; € (XS)*.

Proof. Simply apply the functor Homp (XS, —) to the triangle x AN y — ¢y — Xz in
D and use the fact that z,y € Z. U

Proof of Theorem 4.1. To show that Z is a pretriangulated category with the given pretri-
angulated structure we must verify axioms (TR1), (TR2) and (TR3). The verification
of (TR1) is immediate.

For (TR2) it is sufficient to show that for a standard triangle x SN y L z; y z(1)
the diagram y 2 z; LN x(1) ALY y(1) is isomorphic to a standard triangle y —Z»
Zp = 2z, LN y(1). This will establish (TR2) in one direction; the other direction is

analogous.
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Recall diagram (2) defining the cone of f in Z and consider the octahedral diagram
coming from the composition g = Bfgi.

(3) Sp =S5y
ar hiay
)
y g1 c h1 N f Zy
]
Y= % —ar = Cg o Yy
vf o
ESf ZSf
We now define the cone of g in Z.
(4) Sg — Sy
Qg Qy
Y g 25 4 Cq b Yy

Yg Yy

>s

— s
9 vr Yy

Applying (TR3) in D to the second vertical triangle in diagram (3) and the defining
triangle of z(1), we get the following commutative diagram.

(5) Sy i 4 y PO cg — = Ys;
’| H v zo |
Sy Yx z(1) DI
Qg Bz Y

Recall that o is the unique map such that a,o = hjay. By the same argument, the map
k': ¢, — x(1) is the unique completion to a morphism of triangles given by (TR3) in D.

Note that k’a, = 0 since Z C S*. Therefore, there is a map k: z, — (1) such that
k" = kB,. We claim that the following diagram commutes.

(6) y—m zp — 2y —=y(1)
— g ll
Y—5> %

It is clear that the left-hand square commutes. For the central square, we have:

8 2 gohn @k Bh € KBy = kBai8r L kaBy,

so that (h — ka)B; = 0. Therefore, by Lemma 3.4, h = ka, showing that the central
square of diagram (6) commutes.
For the right-hand square, we have,

08,8 2 8,018 L B,(—=Sf) = (—F(1))Be L (—f()K'B = (—F(1))kB, B,
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where the middle equality is by the definition of f(1). Hence, (b+ (f(1))k)5,8 = 0. Now
two applications of Lemma 3.4 shows that b = —f(1)k, giving the commutativity of the
right-hand square of diagram (6).

Finally, if £ is an isomorphism, we have the required isomorphism of diagrams. To
show this, consider the composition 3,8: ¥z — z,. Applying the Octahedral Axiom in
D to this composition shows that the cone cg,5 ~ ¥s for some s € (S), giving rise to the
triangle,

~ 5.8 .
s — Yo =5 2, s Vs,

in D. We claim that @: s — Xz is a minimal right (S)-approximation. Since z, € Z C S*,
& is clearly a right (S)-approximation. Suppose that & is not right minimal. Then
s >~ s, @, for some s’ € (S), and z, >~ x(1) ® Xs’. Therefore, Homp(Xs', z,) # 0,
contradicting the fact that (Z,Z) is an S-mutation pair. Hence, we have a commutative
diagram, as follows,

& BeB 7

S Xx 2g Xs
N
Sy~ 2T i z(1) —— Xs,

where by the usual argument k is unique making the middle square commute. Now 3, =

k'8 = kfB,5. Hence k = k is an isomorphism, and so y — z; LN x(1) ALY y(l) € A.

We now turn to the verification of (TR3) in Z. It is enough to show for two standard
triangles, indicated below, in which the left-hand square commutes, that there exists a
third arrow ¢ making the whole diagram commute.

(7) vty T 1)
la lb l/c ia(l)
o —y 2y — = 2(1)

We require the following diagrams; the notation is set up as in Definitions 4.3 and 4.5.

! g1 h1 af By V¥

(A) = Yy cy Ya (B) sy cy 2y Ysy
Pb e e
x Yy crr Yx St ey CF 5T A Ysy.

! 9 hi s

Diagram (A) is simply (TR3) in D applied to the cone of f and f’ triangles in D. Diagram
(B) takes the morphism ¢; obtained in diagram (A) and is constructed in an analogous

manner to the vertical part of diagram (2). Finally, the following diagram follows by the
definition of a(1) in Definition 4.3.

() Sy ——> Y o (1) —== Vs,
Ul \LZ& \La(l) l/
Sy Y x'(1 Y8,
oy B, Vol

We first show that the central square of diagram (7) commutes. We have, g = 8¢; and
hB; = Byhy from diagram (2), and ¢’ = Bpg; and h'Sp = [h} from the corresponding
diagram for f’: 2’ — ¢/. It follows that

(B) (4)
cg =cBrg1 = Bpag = Brgib=g'b.
16



For the right-hand square of diagram (7), we have

WeBy D 1 Bpey = Bubier D Bu(Sa)hy © (a(1))Buhy = (al1))hB;,

from which it follows that (h'c — a(1)h)B; = 0. Applying Lemma 3.4, we obtain that
h'¢ = a{l)h and diagram (7) commutes.

We therefore conclude that Z with the pretriangulated structure given by (1): Z — Z
and A is a pretriangulated category, completing the proof of Theorem 4.1. O

5. THE OCTAHEDRAL AXIOM

In this section we show that the Octahedral Axiom also holds for the pretriangulated
structure defined in Theorem 4.1.

Theorem 5.1. Assume the hypotheses of Setup 3.5 and Theorem 4.1 hold. Then the
pretriangulated structure of Theorem 4.1 on Z satisfies the Octahedral Axiom.

Proof. We need to verify that the Octahedral Axiom holds for the triangulated structure

defined on Z in Section 4. Let u —+ v —%» T N u(1) and v %5 w SN LN v(l) be
two standard triangles in Z. We claim there is a commutative diagram of the following
form in which each row and column is isomorphic to a standard triangle in Z and f(1)q =
Cs.

(8) Za<_1> Za<_1>
—c(=1) —t(-1)
f g h
u v 2y u(1)
U W > Zap — > (1)
b s
Za=Za

We first observe that the two rows are standard triangles in Z by construction and the
left-hand column is a standard triangle by (TR2) in Z. We break the rest of the proof up
into three parts. Firstly, we define the maps r and s occurring in diagram (8). Secondly,
we show that diagram (8) commutes and f(1)q = ¢s. Finally, in the most involved part,

we show that the sequence zp —— z,; — 2z, - z¢(1) is isomorphic to a standard
triangle in Z.

Step 1. The construction of diagram (8), in particular, the maps r and s.
17



Let u 1 v % cy My S and v -5 w 2 ¢, —25 Yo be triangles in D defined by f
and a. By the Octahedral Axiom in D, we have the following commutative diagram,

9) Yle, =—=%"1¢,
—x 1 -1y
u ! v 7 cr I Yu
a T1 ‘
U W - Caf — o, Yu
b1 S1
Cq Cq

such that (¥f)¢1 = c1s1. Considering the approximation triangles defining zs, z,s and
Za, we obtain the following commutative diagram.

ay Bs Vf
(10) Sf Cf Zf ESf
| | |
P
O'V Tll ﬁaf Vr Yas Y lea
Saf at Caf Zaf ESaf
Ti sll i ‘
Sa 5,7 Ca 57 a 28,

Since ayr and «, are right (S)-approximations, the vertical morphisms o and 7 exist
making the left-hand squares commute. Moreover, by the dual of Lemma 3.4, they are
unique making those squares commute. Therefore, by (TR3) in D, the vertical morphisms
r and s exist; applying Lemma 3.4 shows that they are unique making the central squares
commute. We have now constructed diagram (8).

Step 2. Diagram (8) commutes and f(1)q = cs.

Clearly, the topmost and leftmost squares of diagram (8) commute. Recall from Defini-
tion 4.5 that we have,

(11) g = Bfgla hﬁf = ﬂuhlv b= Babh Cﬁa = /Bvcla P = Bafph QBaf = ﬂu(h-

It is now clear that the middle square commutes:

(11) () (10) (11)
pa = Bupra = Bafrigr = mBrg1 = 1g.

Similarly, for the bottommost square we have:

(11) (10) ©) (11)
sp = $Barp1 = Basipr = Bubr = b.
Finally, for the rightmost square, we get a similar chain of equalities:

(10) (11) (9) (11)
qrﬂf = q/BafTI = 5uQ17’1 = 6uh1 = hﬂf
Thus, (¢r — h)B; = 0, and the rightmost square commutes by Lemma 3.4. Finally, we
have

(10) (11) ©) (11)
CSﬁaf = Cﬁasl = Bvclsl = ﬁv(zf>(h = f<1>ﬂu(h = f<1>Qﬁafa
where the unmarked equality follows by definition of f(1) in Definition 4.3. Therefore

(es — f(1)q)Bar = 0, so that by Lemma 3.4 we have cs = f(1)q.
18



We now show that the sequence z; — 2,5 — z, s z¢(1) is isomorphic to a
standard triangle. We start by constructing the standard triangle in Z corresponding to
the map r: zy — 2,¢. For this we will have to choose a specific triangle occurring in a
3 x 3 diagram.

Step 3. There is a 3 X 3 diagram in which each square is commutative except the bottom
right-hand square, which is anticommutative:

a B
(12) Sf ! Cf ! Zf i ESf

| ]
Saf a7 Caf T Faf T HiSaf
S,
Cy Yy
J ER |

228]0.

Xy

Taking the top left-hand square of diagram (10), we can apply [7, Proposition 1.1.11]
to obtain the 3 x 3 diagram (12). Note that in the proof of [7, Proposition 1.1.11], the
triangles corresponding to the two top rows and two left-hand columns can be freely
chosen. Therefore, given this choice, as noted in Step 1, the uniqueness of r» making the
top two right-hand squares commute forces the morphism in this position in the 3 x 3
diagram to be r.

We now consider the triangle comprising the third column of diagram (12) and con-
struct the corresponding triangle in Z according to Definition 4.5.

(13) Sp ———>= S5z
N
2f - Zaf * sc, i Yzy

N b

zp —— 2¢(1)

l% L%f

s, —— ZSng

Step 4. There is a morphism (: z, — z, such that the following diagram commutes.

(14) 2p = zap — > zg —> 2(1)
H I¢ |
Zf r Zaf 3 Zr i Zf<1>

Consider the morphism k: ¢, — ¢, occurring in diagram (12). Since Z € S*, we have
(Brk)ag = 0. Therefore we have the following factorisation.

a Ba o
(15> Sa - Cq Za i Esa
/
04 lﬁm V7
Zr <" ¢
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We now need to check that ¢ makes diagram (14) commute. To see that the central
square of (14) commutes, we have the following sequence of equalities,

(10) (15) (12)
gsﬂaf = Cﬁasl = ﬁr”isl = 51“9/6(1]”-
Hence ((s — B,5")Bay = 0, so that (s = 8,5 = § by Lemma 3.4.
For the commutativity of the right-hand square of diagram (14), we have,

15)>, (13

ics, g D 8.t D 8., (280 L B, (28;)(Sg)er

s, (So)er = g0 L g1y L1,

where the unlabelled equality follows by the definition of g(1) in Definition 4.3. It there-
fore follows that (t¢ —t)5, = 0, so that Lemma 3.4 implies ¢t{ = t. Therefore, diagram
(14) commutes.

Step 5. The morphism (: z, — 2. in diagram (14) is an isomorphism.

In order to show that (: z, — z, is an isomorphism we shall need the following lemma,
which asserts that the cone of the morphism o: sy — s, in diagram (12) lies in (S). As
its proof is quite involved, we defer the proof of the lemma until after we have completed
the proof of Theorem 5.1.

Lemma 5.2. In the 3 x 3 diagram (12) above, the object ¢, € (S).

Consider the octahedral diagram in D coming from the composition [,x.

Sy Sy
)
Cq — clr Yicy Yy
| e ||
Cq i 2y ¥s = Y,
! !
Ys, —— X8,

Since, by Lemma 5.2, ¢, € (S), we have s € (S).

We now claim that a: s — ¢, is a minimal right (S)-approximation of ¢,. Since
2, € Z C St it is clear that « is a right (S)-approximation. By Lemma 1.1(2), s =~ s, ® s’
for some s’ € (S), and z, ~ z, ® Xs'. But since Z C (XS)* it follows that s = 0, i.e.
s ~ s, and « is minimal. A standard argument using the right minimality and the (S)-
approximation property of a, and « shows that the map (: 2, — 2, is an isomorphism.
This completes the proof of Theorem 5.1. U

Remark 5.3. Note that if we additionally assume Z C (%2S)* one can obtain that
(: 2, — 2z is an isomorphism avoiding Lemma 5.2. This assumption is benign when D is
(—w)-Calabi-Yau for w > 2 and S. However, it is in general false when w = 1.

Proof of Lemma 5.2. We note that the proof of this lemma also requires the full force of
the hypotheses of Setup 3.5. First observe that if s; = 0 then ¢, >~ s,5 € (S), so we may
assume that sy # 0. The strategy is to use Lemma 2.3. The argument is rather intricate
so we proceed in a sequence of steps.

Step 1. If sy # 0 then o # 0.
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Suppose riay = 0 and consider the octahedral diagram arising from this composition.

Yle, =——=Y"1¢,
a B Y
Sf ! Cr ! zf ! ZSf
‘ b
Sf 0 Caf Caf@ESf—>ESf
Ca Ca

Now z; € Z C (£S)* and ¢, € (XS)* by Lemma 4.6, which forces ¥s; € (XS)*. Hence
we obtain sy = 0, a contradiction. Thus a,ro = riay # 0. In particular o # 0.

Step 2. If sy # 0 then Homp((S),1): Homp((S),cs) — Homp((S), c.f) is injective.

By Step 1 we also know that m; # 0. Now let s € (S) and suppose 7: s — ¢ satisfies
rim = 0. We therefore have the following factorisation,

N

Y le c
a —>t f

r1 Caf

S1

Ca-

But 7/ = 0 since ¢, € (XS)*. Thus 7 = 0 and Homp((S), ;) is injective.
Note that by Step 1, if s; has S-length one, then ¢, € (S) by Lemma 2.3. Therefore,

we now assume that s; has S-length n > 1 for the remainder of the argument. We now
fix an S-composition series for s¢:

in—1 jnfl kn—1
S — T9g — S9 — XSy

in—2 jn72 kn—2
Ty —> T3 —> S3 — XXy

i 71 k
Ty —> Sf = Sp —> Dp_1.

For each 1 < p < n we have the following octahedral diagram, where z; = s1, =, = sy,
o9 = o and ¢y = ¢,.

(16) Zilcp_l Zilcp_l
ip Jp kp
Tp—p —— = Tn—p+l — = Sp—p+1 — > Exnfp
‘ Op—1 Gp ‘
Tn—p ——> Saf - Cp X Tn—p
Tp—1
Cp—1 Cp—1

Step 3. The map op: Tp_p — Saf 15 nonzero for each 1 < p < n.
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By repeated use of the Octahedral Axiom in D, there is a triangle

ivi-ip
Tn—p Sf Yp YTn—p,

in which y, € (S) has S-length p < n. Now consider the following commutative diagram.

aupinip

Sf = Cy

Saf ~au; Caf

aaf

If afiy - - -3, = 0 then we have a factorisation

Ln—p Sf Yp XTp—p
7/
7/
af
0 Al% Jap
cr

making a,: y, — ¢s into a right (S)-approximation. Since ay: sy — ¢; is a minimal
right (S)-approximation it follows that sy is a direct summand of y, by Lemma 1.1(3).
Therefore, by Lemma 2.3(3), s; has S-length at most p < n, contradicting our assumption
on the S-length of s;. Hence ayiy - - -4, # 0. Now by the injectivity of Homp((S), r;) from
Step 2, it follows that m iy - - -4, # 0. Hence ay,r0, # 0 so that o, # 0, as claimed.

Step 4. The map 01: s, — c1 is nonzero.

We establish the stronger statement that 70 # 0. If 770 = 0 then we have the following
factorisation:

(17) St
. s
s L 0
7 o
7 RN
Tp—1 —5—> Saf —5> C1 Y%p1

We claim that aiy: x,-1 — ¢y is a right (S)-approximation. From this it follows that s;
is a direct summand of z,,_; by Lemma 1.1(3) so that by Lemma 2.3(3), s; has S-length
n — 1, contradicting our starting assumption. Hence 10 # 0.

We now establish the claim. Suppose ¢: z — ¢; is a morphism with z € (S). Then
since o is a right (S)-approximation there exists ¢': x — sy such that ¢ = a;¢’. Now,

_ ; (10) , (17) g (16) .4 (10) Sy
MY =TrofrpY = Ogf0Q = Qgf0111P = Qgf0l111Q = T105110,§,

whence 71 (¢ — ayiyit¢’) = 0. We therefore have the following factorisation.

8

s
3 - :
s SD—Otfilill 90,
y
" Caf Cq

Y e, cr

However, ¢, € (XS)* (see Lemma 4.6) implies that ¢ = ayiyifj¢’ and ayiy: z,-1 — ¢y is
a right (S)-approximation, as claimed.
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Step 5. The map 0,_1: s9 — ¢,_1 1S nonzero.

We again show the stronger statement that 7,,_10,_2 # 0. If 7,_10,_2 = 0 then we have
the following factorisation.

. )
= 7/
n—1 v o .
Ve n-2
» 4
$1 5> Saf 7> Cn—1 Y81
Now 0 # 0,1 = On_2in1 = Op_1in_1in_1 shows that i, 17, 1 # 0 and is thus an

isomorphism. This means that 7,_; is a split epimorhism (and 4, is a split monomor-

. . Tn— n— kn— . .
phism). Hence, we can replace the triangle s; it nd sy =% Mgy occurring in the
S-composition series for sy with the triangle

In—1 ”ljnfl 0
Sg —> T9g —> S| —> 2S9.

Applying the Octahedral Axiom in D to the composition o,_sj,_1 we get the following
diagram.

(19) Zilcn_g —— Zilcn_g
371—1 zn—l 0
S9 T2 S1 282
On—2 ‘
S9 — Saf —— Cn—1 289
On—1 Tn—1
Tn—2
Cn—2 Cn—2

By the same argument as Step 3, the map 7,1 # 0. But now

- (19) ~ (18) ~ ~
On—1 = Opn—2Jn—-1 = On—-1lpn—1Jn—1 :Oa

giving a contradiction. Hence 7,,_10,_ 2 # 0 and 6,,_1 # 0 as claimed.

Step 6. For 1 <p <n—1, the map 0,: s,,_p11 — ¢, s nonzero.

. . L
If 6, = 0 then k, = 0 and the triangle @,_, —= Zp_p41 —2> Sp_pr1 —= 1T, _, OCCUITINg
in the S-composition series of sy is split. Therefore j, is a split epimorphism with right
inverse j,, say. Consider the corresponding split triangle,

ip ;p 0 v
Sp—p+1 — 7 Tp—pt+1 — 7 Tpn—p — 7 LSp—p+1,
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and the octahedral diagram arising from the composition ap,ljp.

—1 —1
Sl —— S,

Jp ip 0
Sn—p+l — = Tp—pt1 — > Tp—p — > anfp+1
‘ o H
Sp—p+1 P Saf = Cp ESn—p—&-l
P P
Tp—1
Cp—1 Cp—1

By the argument of Step 3, we see again that 6, = 0,_1J, # 0. Now, 7,5, = T,0p_1Jp o

o, jpjp =0, = 0, so that we have the following factorisation.

Sp—p+1
3 7 L& )
- D
7
+~ N
Tn—p Saf Cp YTn—p

Ip Tp

Note that ¢ # 0 because 0,9 = 7, # 0. We claim that jp = 1. We first show
that this claim completes the argument before establishing the claim. Since jp is a right
inverse for j, we have 1, _ ., = jpj'p = Jpip®¥ = 0, where the final equality follows from
the composition of two consecutive morphisms in a triangle. This can only occur if
Sp—pt1 = 0, in which case x,_p+1 = ,,_, has S-length at most n — p. In particular, this
means sy has S-length strictly smaller than n, contradicting our starting assumption.
Therefore, if }p = 4,7 then we obtain a contradiction to the assumption that 6, = 0.

In order to establish the claim, we will need the following well-known lemma.

Lemma 5.4. Let D be a triangulated category with Serre functorS: D — D. Let z,w € D

and suppose we have a composition of morphisms z Iy Sy M w in which B is not a
split monomorphism, and h is the universal map z — Sz. Then h'h = 0.

Observing that o, = 0,9 19 op—11pY and 0, = O'p_ljp, we see that Up_1(jp — i) = 0.
Recall that 0,1 = 04 - - -i,—; and consider the following diagram.

Sn—p+1

%1 (Gp—ip®)
af

Sf = Cf

N

N Saf _>Oéaf Caf
In particular, this means that riai; - --i, 1(j, — i,%0) = 0, whence by the injectivity of

Homp ((S), 1) shown in Step 2, we have a iy - - i, 1(j, — i,%0) = 0. We therefore get the
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following factorisation.

Sn—p+1
3// . . ~ .
P - i1-+ip—1(Jp—ip¥)
-1
272y St —ay = Cf zf

But since zy € Z, the morphism labelled 3 must be zero, whence iy - - - i,,_1 (jp — i,%) = 0.
We now, therefore, have the factorisation below.

Sn—p—i-l
7
EI e . . ~ .
P - i ip—1(Jp—ip?)
—1
XS, v Tp—1 ——> 5S¢ Sp,

Now, if assumption (2) of S~etup 3.5 holds, the morphism labelled 3 in this diagram is
also zero, so that iy ---i,-1(j, — i,%) = 0. Otherwise, if assumption (1) holds, then S is
an S_j-subcategory, so that there exists an s € S such that

Homp (s, pi1, 5 's,) = Homp(s,_p11,Ss) = D Homp(s, $p_pi1)-

If s % s,_p41 then the morphism labelled 3 is zero and we conclude that 5 - - - z'p,l(jp -
i) = 0. If s ~ s,,_, 41 and the morphism labelled 3 is nonzero then it is, up to scalar, the
universal morphism s — Ss. Since —X ™1k is not a split monomorphism, for otherwise s
would be a direct summand of z,,_; and by Lemma 2.3(3) be of S-length strictly smaller
than n, we can invoke Lemma 5.4 to conclude that iy - - -ip_l(}p —i,1) = 0 also in this
case. Repeating this argument a further p — 2 times, we obtain that }p — i, = 0, which
is what we claimed, concluding Step 6.

Conclusion. Since 0,1 # 0, Lemma 2.3(2) implies that ¢,,_; € (S). Using Lemma 2.3(2)
again and the fact that 6, # 0 for 1 < p < n, we obtain that ¢,_y € (S). In particular
co = ¢, € (S), which is what we aimed to show. O

6. CALABI-YAU REDUCTION
For a collection of objects X of D and w > 1, we define the following perpendicular
categories:
Xt :={d € D | Hom(¥X,d) =0 for i = 0,...,w}, and
+vX := {d € D | Hom(d, ¥'X) = 0 for i = —w,...,0}.
Recall the definition of S,-subcategory from Definition 2.5. In this section, we will
consider the following set up.
Setup 6.1. Let w > 1. Let S be a w-orthogonal collection and Z be a subcategory of D
satisfying the following conditions:
(1) Sis an S_,-subcategory and (S) is functorially finite; and,
(2) Z =Stv.
The following lemma is a routine check.

Lemma 6.2. Let S and Z be as in Setup 6.1. Then Z = S*tv = 1vS js also an S_,,-
subcategory.

We will now check that this set up satisfies the conditions in Setup 3.5 and the hy-

potheses of Theorems 4.1 and 5.1.
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Lemma 6.3. Let S and Z be as in Setup 6.1. Then the following conditions hold:
(1) S is either an S_;-subcategory of D or Hom(XS,S) = 0;
(2) Z is closed under extensions and direct summands;
(8) (Z,Z) is an S-mutation pair;
(4) the cones in D of maps in Z lie in (S) * Z; and
(5) the cocones in D of maps in Z lie in Z x (S).

Proof. 1t is clear that Setup 6.1 satisfies (1) and (2).
In order to show (3), let

Z, =St ETIS) N ETH(S) % 2).

We need to show that Z = Z;. Let 2z’ € Z;. Then we have a triangle in D of the form
Yls —» 2 = Y72 = 5, where s € (S) and 2z € Z. By applying Hom(S, —) to this
triangle, we get that Hom(X'S,2') = 0, for 0 < i < w — 2, since z € St and S is
w-orthogonal. On the other hand, using the fact that S is an S_,-subcategory, we have
Hom(X*S, ') ~ Hom(S™!S, 2/) ~ D Hom(z/,S) = 0, since 2’ € 1S, and Hom(X¥ 1S, 2/) ~
DHom(2',X715) =0, as 2’ € 1(X71S). Therefore, 2’ € Stv = Z.

Conversely, let z € Z. Since (S) is functorially finite, we can consider the triangle

s—I> 32 u Ys , where f is a minimal right (S)-approximation of Xz. If we

show that u € Z, then z € Z;. We have u € S+ by Lemma 1.1(4), and u € (X¢S)*,
for 2 < i < w, by applying Hom(S, —) to the triangle above and by using the fact that
z € Z = S*v and S is w-orthogonal. Finally, u € (XS)* follows from Lemma 2.6(1).
Hence, u € S*» = Z, and so Z = Z;. The proof that Z = +S+ N (TS)+ N X(Z  (S)) is
similar. This concludes the proof that (Z,Z) is an S-mutation pair.

Finally, we prove (4). Let f: x — y be a map in Z and consider the triangles in D:

B
z—2 Yy cr Yx and sy Y cr ! 2f Y 2sf .

We want to show that ¢y € (S) *x Z. Given the right-hand triangle, it is enough to show
that z; € Z. By Lemma 1.1(4), z; € S*. Applying Hom(S, —) to the triangles above, we
get ¢; € (XS)+, for 1 <4 < w, which implies that z; € (X7S)*, for 2 < j < w. Again,
by Lemma 2.6(1), Hom(S, ay) is an isomorphism, implying that z; € (XS)*. Therefore
zp € St = Z, which finishes the proof of (4). The proof of statement (5) is dual. O

In light of Lemma 6.3, Z has the structure of a triangulated category given in Theo-
rems 4.1 and 5.1. Since there are two triangulated structures to consider, that in D and
that in Z, it is useful to set up some notation for that in Z to distinguish between them.

Notation 6.4. Let X and Y be subcategories of Z. We define
XxY :={z € Z| there exists a triangle x — z — y — (1) with z € X and y € Y}.

We denote the extension closure of X with respect to the triangulated structure in Z by
{X}. The usual notation X * Y and (X) keep their usual meanings in D.

Lemma 6.5. Let S be a w-orthogonal collection and Z be the subcategory of D satisfying
the hypotheses of Setup 6.1. Suppose S C T for some w-simple-minded system T in D.
Write R=T\S. Then (T)NZ = {R}.

Proof. First note that w-orthogonality of T gives R C Z = Stv,
We now show the inclusion {R} C (T) NZ. Let r € {R}. Write {R},, for the set of
objects of {R} of R-length (in Z) at most n; see Definition 2.4. We proceed by induction

on the R-length of r. If » has R-length one, then » € R C T and there is nothing to show.
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Let r € {R},, for n > 1. Then there exists a triangle, r; NEINGAN VAN r1(1), in Z with
r1 € R, v € {R},_1 and f # 0. By Definition 4.5, such a triangle comes from a diagram
of the following form.

2sp —— s,

By induction " € (T) N Z so that ¢; € (T). Hence r € (T) N Z, as required.

For the converse, suppose z € (T) N Z. We proceed by induction on the T-length of z.
If z has T-length of one, then z € TN Z = R and the claim holds. Suppose z € (T), NZ
for some n > 1. Since z € Z C St and (T),, = T*(T),_1, there is an object r € R =TNZ
and a nonzero morphism f: r — z. Consider the cone of f constructed in Definition 4.5.

Sf—>3r

f b

T z cr r

N

2y —> (1)

J J

25y ——= M,

By Lemma 2.3(2), ¢y € (T),—1. Observe now that the left-hand vertical triangle is the
right (S)-approximation triangle occurring in Theorem 2.11. It follows that z; € (T),,
for some m < n. By construction, z; € Z, so by induction z; € {R}. The triangle

sy — zy — r(1) in Z now shows that z € {R}, completing the proof. O

We are now ready to prove the main theorem of this section which provides an inductive
technique for constructing w-simple-minded systems.

Theorem 6.6 (Reduction for simple-minded systems). Let S be a w-orthogonal collection
and Z be the subcategory of D satisfying the hypotheses of Setup 6.1. Then there is
bijection,

{w-simple-minded systems in D containing S} &L {w-simple-minded systems in Z}.
Proof. Let T be a w-simple-minded system in D such that S C T. We will show that
R:=T\S is a w-simple-minded system in Z. Recall from Lemma 6.5 that R C Z = Stv.

We first show that R is w-orthogonal in Z. Let 7,75 € R. Clearly, Homp(r1,79) =
dr, 1K, S0 it remains to show that, if w > 2, then Homp(ry(k), ) =0, for 1 <k < w—1.
By Definition 4.5, for 1 < k < w — 1, we have triangles in D of the form,

Sy k—1y = 2ri(k — 1) = ri(k) = X5, 1)
Since R C S+ applying the functor Homp(—,7;) to the triangles above gives
Homp (11 (k), r5) =~ Homp (X7 (k—1),73) ~ Homp (X2r (k—2),r5) ~ - - - =~ Homp (XFry, 7y),

for each 1 < k < w — 1. Since T is w-orthogonal in D, we have HomD(Ekrl, re) = 0, for

1 <k <w—1, and the w-orthogonality of R in Z follows.
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Next, we will prove that R is a right w-Riedtmann configuration in Z. Suppose z € Z is
such that Homp(z(k),R) = 0, for 0 < k < w — 1. Following the dimension shifting argu-
ment as above, we have Homp(X*z, R) ~ Homp(2(k), R) = 0. On the other hand, we have
Homp(X*2,5) = 0, for 0 < k < w — 1, by definition of Z. Hence, Homp(X*2, T) = 0, for
0 <k <w-—1because T = RUS. By Proposition 2.13, T is a right w-Riedtmann config-
uration. It then follows that z = 0, showing that R is a right w-Riedtmann configuration
in Z.

Finally, we will show that {R} is covariantly finite in Z. Let z € Z. Since T is a
w-simple-minded system, by Proposition 2.13, (T) is covariantly finite in D. Take a left
(T)-approximation triangle for z in D:

h
a:i>21>tz—1>2x,

and note that z € T. We first claim that € Z. Applying the functor Hom(—,S) to the
left (T)-approximation triangle above yields a long exact sequence for 0 <i < w — 1,

(2,2771S) — (2, 2771S) — (¢.,87°S) — (2, 27°S).

For 0 < i < w, Hom(z,X7'S) = 0 because z € Z = +vS. Thus the left-hand and right-
hand terms vanish for 0 < ¢ < w — 1. Since ¢, € (T), we have Hom(¢,,X7'S) = 0 for
1 < i < w—1 by w-orthogonality of T. Therefore, Hom(z,~7‘S) = 0 for i = 0 since
r €T C4Sand 2 < i < w. To see that Hom(z,X71S) = 0, apply Lemma 2.6(1) to
see that Hom(t,, T) — Hom(z, T) is an isomorphism and observe that Hom(z,S) = 0
because z € Z. This shows that x € Z.

Since f: x — z is a morphism in Z, we use Definition 4.5 to construct the cone in Z.

Sf——>5;

; b

T z t, Y

RN

2y — x(1)

J :

Ysp —Xs,

This produces a triangle x RGN Zy LN z(1) in Z. Since t, € (T), one observes that
the left-hand vertical triangle in the diagram above is the approximation triangle from
Theorem 2.11. It follows that zy € (T) N Z. By Lemma 6.5, we therefore have zy € {R}.
To see that g: z — z; is a left {R}-approximation in Z, we need to see that = € *R.
However, since R C T and « € *T, this is clear.

In conclusion, we have shown that R is a right w-Riedtmann configuration in Z such
that {R} is covariantly finite. By Proposition 2.13, R is a w-simple-minded system in Z.

Conversely, let R be a w-simple-minded system in Z. We will show that T := RUS
is a w-simple-minded system in D. The fact that T is w-orthogonal in D follows from
w-orthogonality of S in D, R C Z = *»S = S*» and Homp(X*r, R) ~ Homp(r(k),R), for
all » € Rand 0 < k < w — 1, as seen in the dimension shifting argument in the first
implication.

We now show that D = (T) * (X 71T) x- - - % (X17*T). By Lemma 2.10, the subcategory
X = (S)*---x(X7*S) is functorially finite in D. Therefore, there is a torsion pair (+X, X)
in D. By definition of Z, one sees that Z = +X. For d € D, let

(20) z—=d—x— Xz
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be a decomposition triangle with respect to this torsion pair. Since R is a w-simple-minded
system in Z, we have Z = {R} * {R(—=1)} x--- x {R(1 — w)} (recall Notation 6.4).

Claim A. For 1 <i<w—1, we have {R(—i)} C (S T) %% (X7'T).
Proof of claim. For i = 1, let z € {R}. By Definition 4.3, we have a triangle
Yl = 2(—1) = 27 — 57,
from which it follows that z(—1) € (X7!1S)* L~ H{R} C (EZ71S)x X ~HT) C (X7!T), where

the first inclusion is by Lemma 6.5.

Now suppose i > 1, and assume the claim holds for 7 — 1. Let z € {R}. By induction,
2(—i+1) € {R(—=i+1)} C (Z7'T) % -+ * (X7"FT). Again considering the triangle from
Definition 4.3,

DD 52—y = BT(—i 4 1) — T
shows that 2(—i) € (X7I1S) « L7 HR(—i + 1)} C(Z7IS) « TH{(ZTIT) - - - (X7FIT)) C
(X7IT) % - % (X7UT), establishing the claim.

Claim B. For 0 <i < w — 1, we have {R} % -+ - x {R{—)} C(T) x--- % (X7T).

Proof of claim. The case i« = 0 is Lemma 6.5. Suppose ¢ > 1 and the claim holds for
i—1. Let z € {R} x{R(—1)} x - - - x {R(—1) }. Therefore, there is a triangle

r— z = r{—i) = x(l)

with © € {R} x {R(=1)} % --- x {R(—i + 1)} and r(—i) € {R(—i)}. By induction z €
(T) - % (X7FIT) and by Claim A, r(—i) € (X7'T) -+ %« (X7'T). By Lemma 2.7, it
follows that z € (T) * -+ % (¥ 7'T), giving the claim.

Returning to the decomposition triangle (20), we see that by Claim B the object
2 € (TYy* (S7MT) % -+ % (X17*T). Now applying Lemma 2.7 we obtain that d € (T) *
(S7IT) % -+ - % (317¥T). Hence T is a w-simple-minded system in D.

Clearly the maps T +— T\ S and R — RUS are mutually inverse bijections, finishing
the proof. O

Finally, we verify that the property of satisfying Serre duality is preserved by simple-
minded reduction. In particular, this means that the type of the category is preserved
under our reduction procedure.

Theorem 6.7. Let S be a w-orthogonal collection and Z be a subcategory of D satisfying
the hypotheses of Setup 6.1. Suppose D satisfies Serre duality with Serre functor S: D —
D. Then Z is a triangulated category with Serre functor S := SY¥(—w). In particular, if
D is (—w)-Calabi- Yau, so is Z.

Proof. The subcategory Z is triangulated by Theorems 4.1 and 5.1. By Lemma 6.2, we
have SZ = ¥~*Z. This implies that Sz € Z for each z € Z.

We shall show that S = X*S(—w): Z — Z is a right Serre functor. That is, for
x,y € Z we need to check that there is a natural isomorphism Hom(z,y) ~ D Hom(y, Sx).
Applying the construction of the shift functor (1) in Z from Definition 4.3 iteratively yields
the following triangles in D:

s; — Yx(—i)y = x(—i+ 1) = s,
to which we apply the functor SX~! to give:

SY s, — SYa(—i) — SE T a(—i + 1) — S¥'s;.
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We now apply the functor Hom(y, —) to these triangles to give the long exact sequences.
= (,S57s;) = (y,S¥'a (i) — (y,SE " a(—i + 1)) — (y,S¥'s;) —
Using the fact that Z = *»S = Stv and Serre duality we have Hom(y, S 1s;) ~
DHom(X1s;,9) = 0 and Hom(y,S¥%s;) ~ D Hom(X%s;,y) = 0, for each 1 < i < w,
so that
Hom(y, S¥'a(—i)) ~ Hom(y, S o {—i 4+ 1)) for 1 <i < w.
Putting these together, we obtain the desired isomorphism:

D Hom(y,Sz) ~ D Hom(y, SX¥z(—w)) ~ D Hom(y, Sz) ~ Hom(x,y).

A similar argument shows that S = LS (w) is a left Serre functor for Z. By
[35, Lemma 1.1.5], S: Z — Z is a Serre functor. For the final statement, observe that
if D is (—w)-Calabi-Yau then X*S ~ idp so that the final isomorphism in Z becomes
D Hom(y, x(—w)) ~ Hom(y, z) and Z is also (—w)-Calabi-Yau. O

7. EXAMPLES

In this section we briefly discuss two simple examples. The first example illustrates
the construction of Theorem 5.1 in an orbit category of the derived category of the path
algebra of a Dynkin type A quiver. The second example explains in a similar context
why the Iyama-Yoshino subfactor construction from [25] does not work in our context.

Example 7.1. Let D = D’(kA;5)/337, where Aj is the linearly oriented Dynkin quiver
of type As and 7 is the Auslander-Reiten translate in D?(kAs). The Auslander—Reiten
quiver of D is indicated in Figure 1. Let S = {s1, s2} be as indicated in Figure 1, since
we are in finite type, (S) is clearly functorially finite. Let Z = +2S+2. By Theorem 5.1, Z
is a triangulated category; moreover, we have

Z ~ D°(kAy) /2% @ DU(kA,) /X3

The component D?(kAy)/¥37 is indicated in blue in Figure 1 and D?(kA;)/%37 in green.
Let  and y be the indecomposable objects indicated in Figure 1. Up to scalars there is
one nonzero map f: x — y. The cone of this map, c¢f ¢ Z is indicated. Our construction
gives the cone zy € Z. We see also that ¥z ¢ Z, but z(1) € Z, giving us the desired
triangle x SN y — zp — 2(1) in Z.
Now observe that R = {y, x(1),t} as a 2-simple-minded system in Z. By Theorem 6.6,
SUR = {s1, s2,y,2(1),t} is a 2-simple-minded system in D.

Example 7.2. For this example let D = D?(kA3)/%?7, where Aj is the linearly oriented
Dynkin quiver of type A3z and 7 is the Auslander—Reiten translate in D°(kAj). The
category D has nine isoclasses of indecomposable objects and the following AR quiver.

\/\/\/\/
/\/\/\/\

Let S = {:1:1}, which is an orthogonal collection such that (S) is functorially finite. We
will show that the triangulated structure on +S+ = add{xy, x5, 77, 29} is not given by an

Iyama-Yoshino subfactor construction.
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2f y Y  S2 t

4704
S1 % % x(l)
A SR\

FI1GURE 1. Auslander—Reiten quiver of D with arrows omitted. A funda-
mental domain of the (—2)-CY orbit category D is outlined in grey. The
extension closure (S) is shaded dark red, (XS) mid-red, and (X~!'S) light
red. Z = 12512 is shaded blue and green.

Suppose +S*+ = Z/[R] for some R-mutation pair (Z,Z) in the sense of [25]. Note
that R C Z in this case. The objects x1,x9, z3, 26 and xg must be zero in Z/[R] and
x9, 23 ¢ R because we require nonzero morphisms x; — Ty and r9 — x4. Therefore

Z C add{x,x3,24, x5, T6,T7,2e}. To get a triangle x; J rg — x4 — x7(1l) in Z/[R]
we need a triangle in D in which the first three terms lie in Z whose image under the
subfactor construction is this triangle. That is, we need a triangle of the form

(21) x7@ai>x9@b—>x4@c—>2(x7@a),

in which the summands a, b, ¢ € add{xy, z3, 6} (these are the only summands which can
be killed in the passage to Z/[R]).

Write f = [jﬁ; ;i] Clearly, fo = 0 for otherwise a € add{x7, zs, xo}. Similarly, f3 =0
for otherwise b € add{x7, x5, xg}. Therefore the triangle (21) is a direct sum of triangles,

fi 0
aw@a[o—ﬁ)l] TgDb— 29 ®c— X(r7 D a),

whose image under the subfactor construction is not the required triangle.
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