STATISTICAL MECHANICS OF THE PERIODIC BENJAMIN-ONO
EQUATION

GORDON BLOWER, CAROLINE BRETT, AND IAN DOUST

ABSTRACT. The periodic Benjamin—Ono equation is an autonomous Hamiltonian sys-
tem with a Gibbs measure on L?(T). The paper shows that the Gibbs measures on
bounded balls of L? satisfy some logarithmic Sobolev inequalities. The space of n-soliton
solutions of the periodic Benjamin—Ono equation, as discovered by Case, is a Hamilton-
ian system with an invariant Gibbs measure. As n — oo, these Gibbs measures exhibit
a concentration of measure phenomenon. Case introduced soliton solutions that are
parameterised by atomic measures in the complex plane. The limiting distributions of
these measures gives the density of a compressible gas that satisfies the isentropic Euler

equations.

1. INTRODUCTION

The Benjamin—Ono equation is an integro-differential equation which was originally
introduced in the study of waves in deep water [6]. Conceptually, the Benjamin-Ono
equation lies between the Burgers equation and the KdV equation, and indeed it shares
some of the properties of the latter differential equation. More recently, various authors
have studied the periodic version of the equation, proving for example, theorems on global
well-posedness (see, for example, [26]).

The Benjamin-Ono equation exhibits technical challenges which are not present in the
case of the NLS and KdV equations in one space dimension. Specifically, the presence
of the Hilbert transform means that solutions can be influenced by behaviour which is
simultaneous but at a large distance.

Let T = R/27Z be the unit circle. The Hilbert transform on T is the operator H :
L*(T;C) — L*(T;C)

Ho(z) = p.V./Tcot (”” - y) o(y) Z—j’r, (x €T).

The Hilbert transform may be expressed as the Fourier multiplier H : €™* +— —isgn(n)e™®,
where we take sgn(0) = 0. Similarly, D is the Fourier multiplier D : " s ine™* while

|D| : €™ — |n|e™.
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The periodic Benjamin—-Ono equation with real parameter (3 is the evolution equation,

ou 0%u ou
E+H@+2B—xu— (1.1)

where u = u(x,t) : T x R — R is twice continuously differentiable, and # is acting on
the space variable x.

The Hamiltonian

1 ou de f dx
H == — — 4+ = R 1.2
o) =3 [ Wm0 55+ 5 [ w0 5 (12)
has canonical equation of motion
ou 0 8Hﬁ
el 24 1.
ot  Or Ou (13)

which gives rise to the periodic Benjamin-Ono equation, (1.1). Under the evolution (1.1),

Hpg(u) is invariant with respect to time ¢, as is the L?-norm

dx
N(u) = /Tu(a:,t)2 - (1.4)
where N represents the number of particles in the system.

This autonomous Hamiltonian system can be viewed as the limit of a sequence of au-
tonomous Hamiltonian systems, whose phase spaces are modelled on the finite-dimensional
vector spaces spanned by the first M modes of the trigonometric basis of L?*(T). For each
such system, the canonical equations of motion give a system of ordinary differential
equations that has a Gibbs measure which is invariant by the classical Liouville theorem.
Hence it is natural to regard the limit of these finite dimensional Gibbs measures as the
Gibbs measure for the Benjamin—-Ono system itself. Tzvetko [32] constructed such an
invariant Gibbs measure for (1.1), which is absolutely continuous with respect to the free
measure for § = 0, and Deng [11] proved that the initial value problem is well-posed on
the support of the measure. Furthermore, the Gibbs measure is not absolutely continuous
with respect to the usual Wiener loop, and does not live on L? itself. Deng, Tzvetkov and
Visciglia [12] constructed invariant measures associated with conservation laws of (1.1).

Lebowitz, Rose and Speer [22] introduced invariant Gibbs measures for the nonlinear

cubic Schrédinger equation, and proved that they can be normalised on bounded subsets
of L? of the form

Oy = {f € L*(T;R) : Af(x)Qg—: < N}. (1.5)

These measures determine the modified canonical ensemble. The fundamental idea is that
solutions drawn from the support of the Gibbs measure should exhibit typical behaviour

of solutions, which may not be exhibited by smooth or specially chosen solutions.
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Bourgain [8] introduced Gibbs measures for the periodic KdV equation via random
Fourier series, and the current paper follows this method. Lebowitz, Rose and Speer [22]

identified two different regimes.

(i) For sufficiently small N, the Gibbs measure is absolutely continuous with respect to
the free measure, and there is a well-posed dynamical system when the initial data
lies in the support of the Gibbs measure, and the measure is invariant under the
flow associated with the dynamical system.

(ii) For sufficiently large N, the Gibbs measure tends to concentrate on a travelling

wave solution, which is given by a soliton.
Likewise, for the Benjamin—Ono equation, there are two regimes for periodic solutions.

(i) In Section 3, we work in Fourier space and obtain the Benjamin-Ono equation
from a Hamiltonian system with canonical coordinates given by the Fourier coeffi-
cients. Hence the properties of the Gibbs measure are accessible by the techniques
of random Fourier series. We prove that the Gibbs measure satisfies a logarithmic
Sobolev inequality, and discuss further consequences of this such as transportation
cost inequalities.

(ii) In Section 5, we introduce multi-soliton periodic travelling wave solutions, which are
governed by a Hamiltonian in canonical coordinates in position and velocity space,
rather than Fourier space. A further difference is that the multi-soliton is specified
by a probability measure on the circle. In Sections 6 and 7, we analyse the n-solitons

as n — 0o, and interpret their limiting behaviour.

2. DEFINITIONS AND NOTATION

We introduce the phase space of Fourier variables. Throughout we shall identity a

function f € LQ("JI‘; R) with its Fourier coefficients,
a OO N . .
flz) = EO + Z(aj cos jx + b;sin jx).
j=1

Taking Fourier coefficients with respect to the trigonometric basis {1, V2 cos jx,/2sin j a:},
we have an isometric isomorphism, L?(T; R) ~ R & ¢2(N; R**!). With this convention we

have the identifications
0 =10 5 =
— <0 , H<+— 0
2D 0] °8

where these matrices are skew-symmetric and commute. We have the Poisson bracket,

{foy=>_J (—ﬁ@ L @)

0 1
» 0] , (2.1)

8bj 0aj 8_aj 8b]
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for infinitely differentiable functions f,g : > — R that depend on only finitely many
coordinates. Hence for a Hamiltonian H ((a,)%2, (0,)5%,), the canonical equations of

motion are

. o0H - OH
a, ={an,, H} = na—bn, b, ={b,,H} = —naTLn. (2.2)

In particular, with

M 3 M 3 da
H= Zn (aZ +b2) + g/T <Z ay, cosnx + by, Sinnzc> o (2.3)
n=1

n=1

we obtain a finite-dimensional version of the Benjamin—Ono equation. This is consis-

tent with the Poisson bracket used for periodic KdV and similar evolution equations [8,
equation (5), p. 19].

In the following definition and later, Z/ denotes a sum where the term for index 0 is

omitted.

Definition 2.1. For n € R, let

0" — {f(x) = Z/ cn€™ : ¢, € C and Z/ In|*"c,|? < oo} (2.4)

n=—oo n=—oo

1/2 .
with || f]l g0 = (Z'n |n|2’7|cn|2> ,and let H" = C & ",

Note that the canonical inclusion map H'Y? — H~'/2 is Hilbert-Schmidt, and H /2
is the dual space of H'/2 for the pairing (f, g) = /f(x)g(a:) dz /2.
T

Definition 2.2. Let (4,d;) and (€, ds) be complete and separable metric spaces, and
let P(€2;) denote the set of Radon probability measures on (£2;,d;) equipped with the
weak topology. Let P2(£21) be the subspace of P(£21) consisting of w € P(£21) such that
le dy (o, r)* w(dz) is finite for some xy € Q;, where Py(€;) has the Wasserstein metric

with cost function d(z,y)?; see Definition 4.1.

(i) For continuous ¢ : ; — Qy we write wy = @yw; for the probability measure such
that

g f(y) wa(dy) = A f(p(x)) wi(dr), (2.5)

for all compactly supported continuous functions f : 25 — R.

(ii)) We say that a function ¢ : (Q1,d1) — (£2,ds) is k-Lipschitz for some x > 0 if
do(p(2), p(y)) < kdi(z,y) for all z,y € .

(iii) For Q = T with Lebesgue measure, we identify an absolutely continuous w € P(T)
with its density as in w(df) = p(0) df, and write p € P(T).

We can now define the Gibbs measures which will be analysed in Section 3.
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Definition 2.3. (Gibbs measure) Suppose that 5 € R, N > 0 and M € N. Identifying
a function f € L*(T;R) with its Fourier coefficients as above, the probability measure
vg.n on L*(T; R), with parameters 8, N and M, is defined by

vg,nm(df)
M 2
I da (a2 +b) da; db;
b J J
ZBNMeXp ﬂ/(g a; COS JT + smgx) ”e p[ o)
(2.6)

where I, denotes the indicator function of Qy, and Zgna > 0 is the appropriate
normalising constant. These measures are called Gibbs measure for the modified canonical

ensemble for the periodic Benjamin—-Ono equation.

In Sections 5 and 6 we discuss another Hamiltonian system associated with the soliton

solutions of the Benjamin—Ono equation,

1¢ R k(gm — q¢)

=3 pr + 5 Z cosec” <T . (2.7)
j=1 ml=1:m=#L

Let D={z€C: |z <1}and D = {z € C: |z| < 1}. With ¢(x) = —ikcot(kz/2), a

particular collection of solutions of the canonical equations of motion is given by

dqy

% = _Qb(q_é - QE) - Z ¢<Qm - QZ) - Z Qb((jm - QZ)a (6 =1,... 7n)7 (28)

mim#AL mim#AL
and the initial condition (g;(0))7, gives a discrete w, = n~' 3" | 0 q; € P(D). Then
there exists a solution u,(z,t) of the Benjamin—Ono equation such that the w,, determines
the initial profile u,(x,0), and the pole dynamics of u, is determined by the ODE (2.8).
The poles €% are known as vortices.

The system (2.8) can itself be described as a dynamical system with Hamiltonian E,, v,
which amounts to the electrostatic energy of a collection of points in the complex plane.
This E, w has a Gibbs measure on phase space, which is the space of initial conditions of
the dynamics of w,,. In Section 6 we show how E,, y arises from a random matrix model.
Such models are often called log gas models due to the formula for the electrostatic energy.
Using the techniques of random matrix theory, we obtain concentration of measure results
for these Gibbs measures as n — co.

In Section 7, we suppose that p, — p weakly in P(T), where the density p satisfies
Q' = Hp for some Q € C?*(T;R), which is known as the scalar potential. As n — oo, the
sequence of Hamiltonians { K, } converges to the Hamiltonian K, where

K =5 [ oo (%) to+ 2 [ oo
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This K gives an autonomous Hamiltonian system on an infinite-dimensional phase space
L*(T) x L*(T) and canonical variables (p, q), for functions ¢, p : T — R. This gives rise

to the system of partial differential equations

dp 0 dq\

E +£ (p%) =0, (2.9)
dqg 1 (0q 2 29

> 5 (m) + 2120 =0, (2.10)

which are a version of the isentropic Euler equations for a compressible gas. Here p
(assumed to lie in L*(T) NP(T)) represents the gas density, and equation (2.9) describes

the conservation of mass. Let
L2(p) = {g T —=C: / }g (eie)fp (eie) df < oo}

then, with ¢ regarded as a phase variable, u = % is the velocity with u € L?(p). The
equation (2.10) is a modified version of the Hamilton—Jacobi equation in which we regard
q as a phase function. One can therefore regard P2(T) as a manifold with a tangent
space at po which is modelled on H~'/2. See [33, Theorem 7.26] for a related result. The
significance of the pairing (H'/?, H~'/?) is its universality, depending only on the general

properties of pg.

3. CONCENTRATION OF THE (GIBBS MEASURE

In this section, we prove a logarithmic Sobolev inequality for the Gibbs measure v n .
We suppress the ¢ variable, and consider the Hamiltonian Hz(u) defined for u = u(x).
The operators H and H D are not local in the sense of [5], so HD does not give rise to a
carré du champ operator in the style of Bakry and Emery. We circumvent this problem
by using the Fourier coefficients as the primary variables. The following lemma enables
us to interpret the spatially periodic Benjamin-Ono equation in terms of Fourier series
for u in the x variable. We choose u in the domain of |D|/2, and we work on Qy N H'/2
with coordinates in Fourier transform space. We identify H'/? with a Dirichlet space of

harmonic functions. For 0 < r < 1, let

1—r? - ,
Pr 9) = _ In| ind
(9) 1—2rcosf + 12 n:z—oor ¢

be the usual Poisson kernel.

Lemma 3.1. (i) The Poisson semigroup (P.—+);>o on L*(T) has generator —|D|, where
|D|*/? has domain H'/?,
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(ii) Every u € HY? may be identified with a real harmonic function U : D — R such
that U (re?) = Pu(f) and

|wll?/2 = |U(0) // ||VU re’ | rdrdf. (3.1)

(i4i) For all u € H'Y?, the function e* is integrable with

" dé
log/Te( g = 47r/ VU (re’ H rdrd&—l—/T (9) . (3.2)

(iv) Let ¢ : D — D be a one-to-one analytic function such that p(0) = 0. Let uop €
H'? denote the boundary values of the harmonic function U (90 (reie)). Then the
Hamiltonian Hg has the property that u — Hg(u o @) is continuous on Qx N H'/?
for the metric of HY?.

Proof (i) Every u € L*(T;R) can be extended to a real harmonic function U (re) =
= [ u(@)P:(0 — ¢)dp/2m with U : D — R and P, : €™ s rlnlen?,

( ) ThlS follows from (i).

(iii) This is the Milin-Lebedev inequality, as in (4') from [27].

(iv) By (iii), we have u € L? for all u € H'/?, so Hg(u) is well defined. Then U o ¢ :

D — R is also harmonic and has boundary values u o ¢, where

luo |72 = [U(0) // VU (re’ H rdr df

and p(D) C D. By Littlewood’s subordination principle, for 1 < p < oo there exists
Cp, > 0 such that

luo @lle < Cpllullze

for u € LP(T;R). We can therefore write

Hs(uo p) — Ha(vo @) = [luo gl —llvo el

do
ﬁ/ ((wop)’ = (vep)’) o—

< lluop—voolme(luoplluye+Ilvoply:)

2
+ Blluop —volz([uoplis+lvep|Ls),

which by subordination is bounded by

2
lw = vll sz (lull e + [0l r2) + CiBllw = vllzz ([lullzs + [v] 24)

2
< lu = vl (lull e + vllmz) + CEBllw = vll gz (lull gz + [ollrz) ™
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There are natural inclusion maps HY2 — L2 — H~Y2 so HY/? is the dual space of
HY2. Let £: H Y2 — HY? be the map

£ = 108 (ymir =i ) P e+ [ £ 52,

which may be expressed in terms of convolution with respect to > % = —log(4sin?*(6/2)).

Note that there is a bounded bilinear multiplication
HY? % HY? — HY? . (u,v) = L(w),

so there exists My > 0 such that ||£(uv)| g2 < Mol|ul gz ||v] g2 for all u,v € HY? as
one checks by estimating the Fourier coefficients. We deduce that for u € H'/2, the term
HI + Bu? lies in H~'/? and hence is a distribution in the dual of H'/.

Proposition 3.2. There exists k > 0 such that if |3|v/N < 1/k then the Hamiltonian Hg
defined in (1.2) is uniformly convex on Qly. Furthermore vg yar Satisfies the logarithmic

Sobolev inequality,

/QN F(u)log (IF(—U)Z> ven . (du) < 2/ IV F(u)|[72 vs,n,a1 (du) (3.3)

F2dvg y O

where a = 1 — k|B|V/N and VF is the Fréchet derivative of F € C'(Qy;R).

Proof. With

_(9F OFN\”
vi= (3%’3%’)3;1

we have the carré du champ itéré operator from [5],
To(¢) = |[Hess(v)||3s + Hess(Hp) (V) @ Vi) + Rica, (Vi) @ V). (3.4)

To satisfy the Bakry-Emery condition [5], it suffices to produce o > 0 such that

Ta(y) > o VY72

for all smooth v : Qy — R. The terms |[Hess(v)||%¢ and Ricq, (Vi) ® Vi)) are nonneg-
ative, so it suffices to show Hess(Hz)(Vy) @ Vb)) > o[ V)||2,. Let

. cosnx iy eine
Ji9(x) = —_— = _—
12 () ; 7 > NI

n=—oo

which is even and 27-periodic. Standard estimates [36, 11:13-11] show that Jy/o(z) —
(m/22)Y? is bounded on (0,7] and hence that Jy» € LP(T) for p < 2. By Young’s

convolution inequality

| J1y2 % Bllps < |[Jije * hils < [ Jryellzars Rl 22,
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so h +— Hg(J1)s * h) is bounded on Qy C L?. Thus we regard Hg as a densely defined

function on Qy. The Hessian is defined as a quadratic form on H'/? by

(Hess(Hpg)(u),h @ h) = /TH%(QU) h(x) Z—i +25 /T u(z)h(x)? g—i (3.5)
Observe that
(Hess(Hg)(u), Jija x h® Jijp * h) = / ZB/ z)(Jiy2 % h)(x)* gi, (3.6)

where
dx 9
25 | ) (2 x 1)) 5= = =281 Jullzz 1712 % Az
> =2|8] VN D12l fass |17z
Hence with x = 2[|Jy 2|24/ and h = |D|*/?g, we have

(Hess(Hg)(u), g ® g) = (1 — |BIN'?) ||g]|7.

Thus Hp is uniformly convex on (.
It now follows by the Bakry—Emery criterion that the measures vy satisfy the

logarithmic Sobolev inequality with constant a = 1 — x|3|N'/2. O

For more general § and N we can use the Holley—Stroock Theorem to deduce a loga-

rithmic Sobolev inequality, although with a possibly much poorer constant.

Theorem 3.3. For all 5, N > 0 the Gibbs measure vg n  of the periodic Benjamin—Ono

equation satisfies the logarithmic Sobolev inequality (3.3) with constant

1 14 N
> exp —gﬂN?’/z (eNB*+1) — 5 (3.7)

for some absolute constant ¢ > 0.

Proof. Rather than work directly with the Hamiltonian Hz we first show a Bakry—Emery
condition for a perturbed Hamiltonian of the form Hg — W.

We choose some integer k such that ¢2B4N? < k < ?B*N? + 1, where ¢ > 0 is a
large constant to be chosen below. One can split any function u(z) = Y 07 a(n)e™
in L2(T) into a sum ugy(z) = S2F__ a(n)e

tail ur(z) =32,k @(n)e™ consisting of the high Fourier modes. This is an orthogonal

nz consisting of the low Fourier modes, and a

decomposition so if u € Qy, then uy, ur € Qy too. Furthermore, if u € 5, the Cauchy—
Schwarz inequality applied to the Fourier coefficients of ug gives ||ug||z~ < v/2k + IN'/2,
Define the potential W on 2y by

— 5 [un@p 5+ 8 [ untePura) 57+ 5 [ wntahur@ 57 = Sla)F
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So we have

B

1
(W (u)] < glluﬂllizllqulLoo + Bl w2 llurl 2 + Blluw || oo lJur |72 + §IIUII%2
7
< 55\/% + 1N32 4

14
< gﬁN?’/Q (cf*N +1) +
and so W is bounded.

Consider now

N
bR (3.8)

Hi(u) — W (u) = 1O

5 Il +5 [ urey dn

n=—oo

Let A = —d?/dx?, as represented by the Fourier multiplier (n?)°° On computing the

n=—oo"

Hessian, one finds

Hess(Hg — W)(u)(f ® f)
= lim {e?[(Hs — W)(u+ef)+ (Hs — W)(u—ef) —2(Hg — W)(u)]}

e—0+
— |FO) + Z|n||f )2+ 28 / un () fr(w)? o (3.9)

where the final term in (3.9) satisfies,

25 [urlo)jr(o)? o] < 23lurls 1005
T
2
2
< 20||ur]| 2 Z n |3/8 HAS/IGJCTHLQ'
n=-—00 LA4/3
Standard estimates [36, Section V.2] show that
_Z s~ s T OW:
and so, for some constant, C' we have
o 4/3 p p
—i1nx T T
- 7
/ Z |n|3/8 o = T |z[?/6 L
say. Also, the large Fourier modes satisfy
—k
2
A% el < D P )P + Z [nf**]f (n)
—k
<KV nllf(m))P 4 kT Z [n]l.f(n)]*
n=—00 n=k

<EYH £ (3.10)
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Thus
203/

< 25\/NCE/2]€_1/4||JC||?{1/2 < N

‘2/3 [ ur@)n(w)?ds

112

and so

312
Hess(Hg — W)(u)(f ® f) > (1 _ %G ) 112,

NG

so that Hg — W satisfies the Bakry-Emery condition for suitably large c.
By the Holley-Stroock theorem [19, p. 1184], Hz = (Hz—W )+ W is a bounded pertur-
bation of a uniformly convex potential, hence satisfies a logarithmic Sobolev inequality

with constant

1

14 N
a2 Jexp(<IWlsx) 2 oxp |~ AN (N +1) - 5.

DO | —

4. TRANSPORT INEQUALITIES

Transport inequalities relate the cost of transporting a probability measure w onto
a particular reference measure py with some functional such as the relative entropy of
w with respect to pg. There are well-known connections between such inequalities and
concentration of measure inequalities and logarithmic Sobolev inequalities. In this section

we use the results of Section 3 to obtain a result of this type.

Definition 4.1. (Wasserstein distance) Let (X, d) be a compact metric space. The

Wasserstein metric on P(X) for cost function d(z,y)? is

Walji ) = i { (/] dtw2aias dm)m} ,

where the infimum is taken over all the probability measures 7 on X2 that have marginals
to(dz) and py(dy). Recall that we use the notation Py(X) as shorthand for the metric
space (P(X), Wa).

We introduce the following temporary definition, which we later reconcile with more
standard definitions, as in (6.14) and (6.15).

Definition 4.2. We shall say that a probability density function py on T satisfies the

free transportation inequality if there exists C' > 0 such that

Wa(p; po) < Cllp = poll =12 (4.1)

for all probability density functions p on T.
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Proposition 4.3. Let v be a probability measure on (Qy, L?) that is absolutely continuous
with respect to vg nar. Then, under the hypotheses of Theorem 3.3, vg nar Satisfies the

transportation cost inequality

2 dv
W2(v,v < —/ lo ( ) dv. 4.2
S < | s (5 (42)

Proof. This follows from Theorem 3.3 by a result of Otto and Villani; see [33, p. 292]. O

The right-hand side of (4.2) involves the relative entropy of v with respect to v y -
Next we consider a version of the free energy; further discussion of electrostatic energy is
deferred until Section 6. For f € H~'/? and v € H'/? write (f, u) = /f(:c)u(x) dx/2m.

T
Let
o) =1os |

QN

exp ((F, 1)) v ar(dus) — / fou) vonar(du), (€ HV?)

QN

be the logarithmic moment generating function.

Corollary 4.4. The logarithmic moment generating function ¢ is a convex function on
HY? and there exists C(3,N) such that |(f)| < C(8, N)||f||% . for all f € HTV2.

Proof. By Holder’s inequality, f +— ¢(f) is a convex function. Also, u + (f, ) is Lipschitz

on Qy with respect to the norm of H'/2, with Lipschitz constant || f||;-1/2, and mean

= / g ).

The logarithmic Sobolev inequality implies that v x s satisfies a Gaussian-style concen-

tration inequality by [34, Theorem 22.17|, which in this case gives

/Q exp((f, ) vana(du) < exp (C(B, N)|| flI3-12) »

for some constant C(3, N) > 0 independent of f. We deduce that ¢ satisfies the concen-

tration inequality. O

5. TRAVELLING WAVE SOLUTIONS

We now contrast the solutions described by the convexity result, Proposition 3.2, with
the travelling wave solution which we obtain from the Poisson kernel for D. Let ¢ =
(1+7r%)/(1 —7r?), and let

%Pr(x _et) (5.1)

which has N(w) = 72(1 —r?)7}(1 + r?), so that N(w) — oo as r — 1—.

w(zx,t) =

Proposition 5.1. There exists r < 1 such that the function w defined in (5.1) gives a

travelling wave solution of (1.1) such that w — Hg(u) is not conver at u = w.
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Proof. Let f(f) = —B~'P.(f). Using the expansion P.(0) = Y>> _ rl"lei"® one can
verify that

[ an m@ —zn@) 4r? — 2(7' + 1)7" cos 0
B(1 —2rcosf +1r2)?’

and consequently that Hf'(0) = —cf(0) — Bf(6)*. Thus,
cf'(0) +Hf"(0) +2Bf(6)f(0) =0,

sow(z,t) = f(x+ct) gives a travelling wave solution of (1.1) with wave speed ¢. Repeating

the calculation of (3.6), we find that

(Hess(Hg)(w), Jijo % h® Jijo % h) = / 25/f Jm*h)(e)z%
—/Th(e) g_g/?rp(mul/g*h)(e) ;li
%/ O 5y % 1)(0)? (5.2)

asr — 17. Now

M - M M 1/2
r h(g) 22 _ 1 50
w{ S B porsip-(25)

Jj=1

as M — oo. We deduce that (5.2) is negative for suitably chosen h, so Hess(Hpz)(w) is

not positive semidefinite, so u — Hg(u) is not convex near to w. U

Remark 5.2. (i) Propositions 5.1 and 4.3 indicate a disjunction between the typical solu-
tions in the support of the Gibbs measure and the travelling wave solution.

(ii) Amick and Toland [4] established that bounded and periodic solutions of Benjamin—
Ono satisfy a rather stringent uniqueness theorem; our result does not contradict their

Section 6, since P, is unbounded as » — 1—. Let u be a bounded real function such that

0

u(z)? —u(x) = H%

u, (x € R). (5.3)

Suppose that u extends via the Poisson kernel to a harmonic function u(x,y) on {z +iy :
y > 0} such that

Au(z,y) =0 (y > 0),
ou 2
a—y(x, 0) = u(z,0) — u(x,0) (z € R),

u(z + iy) is bounded for y > 0.
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Then u has a harmonic conjugate v such that f = u + iv is analytic on {z + iy : y > 0},
and f(z +iy) = u(z,y) + iv(x,y) satisfies u(z,y) = Re f(z), f(0) = «(0,0) and

d i,
=5 ([ +0), (5.4)

where ¢ = u(0,0)? — 2u(0,0) is a constant. Thus solutions to the elementary ordinary
differential equation (5.4) give rise to solutions of (5.3), and hence to travelling wave
solutions of Benjamin—Ono. The same (5.4) can also be viewed as a version of the
complex Burgers equation.

(ili) Comparing our results with those of Benjamin [6], we find it convenient to change
variables. We introduce the strip ¥; = {¢( € C : 0 < Im{ < 1} which is conformally
equivalent to the upper half plane {z € C : Imz > 0} by ¢ = 2z = ™. For X; we have

the Poisson kernel

sin 7t

Plr—&1) = — [cosh?(n(z — £)/2) — cos?(nt/2)]’

(¢ =z +it).

Also, {z € C : Imz > 0} is conformally equivalent to D by z — (2 —i)/(z + i), so
¢ +— cothm(¢ +1i/2)/2 gives a conformal map ¥; — D. Benjamin obtained the periodic
solution u(z,t) = f(x — ct;p) where

(A/2)sinhp

f(w;p) = cosh®(p/2) — cos?(ma/(20))’

which is proportional to the Poisson kernel for the strip {z +ip: 0 <z < {;—00 < p <
oo}. The periodic and rational solutions discovered by Benjamin are related by formulas

such as

Z n B 7 sinh 27n (5.5)
(G—z)2+n2  7(sin® 7wz + sinh® )’ '

j==o0

and variants of the Schwartz reflection principle.

The next step is to replace a single travelling wave solution by a solution which is the
sum of waves travelling at variable speeds, namely a periodic multi-soliton solution.

Let (pj, ¢;) be canonically conjugate complex variables for the Hamiltonian dynamical
system with Hamiltonian K, given in (2.7), where k is a scaling parameter. This gives

rise to the Hamilton—Jacobi equation

2 _2(8%) I (5:5)

3 =151

While the phase space of K, has dimension 2n, we introduce a particular subspace of
solutions that has dimension less than or equal to n. With ¢(x) = —ik cot(kz/2), Case
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showed [10] that a particular collection of solutions of the canonical equations of motion

is given by

Y b= = Y dlan—a)— 3 ola—an). (5.7)

dt
m:m£L m:m£L

so that

dQQj —k* 0 - 2 k(qm — qe)
a5 _ =R 9 M\ —40) ) 5.8
=y Lo (M 00) 65

Suppose that ¢;(0) have Img;(0) > 0 so that (e2® ... () € D" gives the initial

condition of the Hamiltonian dynamical system, which we express asw = n~! > iy Oiaj o)

Definition 5.3. (Coulomb model) Consider points ¢ € D for j = 1,...,n, which
represent the positions of unit positive electrical charges, subject to a continuous electric

field W : C* — R; the constant 3 is a scaling parameter. Then the Hamiltonian is

sin (—Wﬂ'; z‘))‘

, (5.9)

() s S

JA=1:j7#L

Enw =Y Wi(z,2) -8 log
p j=1

53 o (M)

=170
. . n _ ,
for the canonical variables (x;,y;)7_,, where z; = x; + iy;.

Proposition 5.4. (i) The canonical equations of E,w give (5.7) when W = 0.

(i1) Suppose k =1 and Z, is a normalising constant. Then the Gibbs measure

053]

n
. . i L . . . . ﬁ 2
< H (‘ezz] _ e’LZ@‘ ‘GZZJ _ ezzg‘ |67,zj _ ezzg| |€ZZJ o eZZg|) / dej dy]

Jb=1:57#0 o1

Z T exp [— i (W(zj, Z;) — [log

is invariant under the flow generated by the canonical equations.

Proof. (i) The points €* and e'* are conjugate with respect to the unit circle, and for

each pair of distinct vertices j, £, the configuration e, e, e?** and e gives 6 connecting
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edges. The canonical equations are

de;  0E.w
dt 0y,
= g—z;(zj, Z;)i — 2—?;(2']-, Z;)i — Bk coth(ky;)
Bk i _ sinhk(yj'—y;)
L S0 (k(x; — x0)/2) + sinh”(k(y; — ve)/2)
S sinh k(y; + )
2, Sin(k(a; — 20)/2) + sinb®(k(y; + 30)/2)’
and likewise
_dy; _ 9w
dt Oz
ow ow R sink(x; —x
= g, ) s E) = BI g;# sin? (k(z; — 2¢) /2)<+] sinhg)(k(yj —0)/2)

Bk = sin k(z; — x¢)
Z ; sin?(k(z; — x0)/2) + sinh2(k:(yj +u0)/2)

hence, after trigonometric reduction, we obtain

dzj  OW, k(Z—z)\ | Bk < k(zZ; — %)
o = Qzazj (zj,zj)—i-zﬁkcot( 5 + 5 Z cot 5

(=1:4#7

LS o (M) (5.10)

4 2
(=1:0#]

-E

(ii) The expression e~ " gives the stated formula after some reduction. The invariance

follows from Liouville’s theorem. O

In [2, p. 236], the authors discuss the Coulomb model and how this is related to the
sine-Gordon model of quantum fields. The Benjamin—Ono equation involves u® in Hg,
which is too singular for their transform method to be directly applicable; however, we
can still use a version of their vortex equations. A vortex at z € C is represented by the
unit point mass ¢,, and one computes A~1/2§,.

The canonical equations of (5.6) give dynamics on points ¢; € D hence on the measures
wn = 0730 6w on D and wi =Tt Y dgm on {z : |2| > 1}, The operation
of the Poisson kernel P : C(T;R) — C (D; R) has adjoint known as the balayage S :
P (ﬁ) — P(T), and we can extend this operation by the method of images so that
S(w}) = S(wy). Thus we have a map D — P(T) : (eiqf)?zl = S(wy).

We wish to compute S(w,,) and its conjugate function.
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Lemma 5.5. The potential corresponding to S(w,),

wy(x) = /Tlog ‘e” — eid" S(wy) (@) do

evolves under the dynamics of (5. 7) so that q; = £j +in; and

Proof. We have

wy(x) = /Dlog |ei’” - z| wn(dz) = /Tlog !ei’” - ei¢| S(wp)(0) do

with derivative p 5
W, 1 T —
7. = PV /T 5 cot ( 5 ) S(wn) (@) do.

belongs to L*® for 0 < s < 1. We can also form

t dw" ; n. Observe that z —
log(e™® — z) is holomorphic for z € D with real part log [e”* — z|. Let ¢; = &; + in;. Then

/log ‘eix . ei¢| S (Z 5eiqj> Z log ‘em‘ . zq]
j=1

which has derivative

SO tha

n

5 & ol sin(z — &)
. ;108; |€ — € | = JZ: 4sin2((x — &)/2) +]4sinh2(77j/2)

_ _Z { (—x_@H”]) + cot (—x_gé_i”j>] . (5.11)

We now consider g¢;(t) = &;(t) + in;(t) as functions of ¢, and look at # — ¢;(¢). Then the

harmonic conjugate to (5.11) is

ue) =3 [icot (22575 e (2252 )]

Jj=1

n

B sinh n;
R ; sin? (v — &;)/2) + sinh*(n; /2)

=Y 2P w(r—§), (5.12)
j=1
in terms of the Poisson kernels for D. O

Proposition 5.6 (Case [10]). Let (e"qﬂ'(t))?:1 € D" evolve according to the canonical
equations (2.8), and suppose that n;(0) > 0. Then

n

k sinh kn;

unt) = ; sinh? (kn;/2) + sin® (k(z — &;)/2)
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gives a solution of the Benjamin—Ono equation which is periodic in the x-variable.

Proof. See [10, p. 973] or [1, p. 203]. O

It follows that there is a family of multi-soliton solutions of the Benjamin—Ono equa-
tions, parameterised by the initial conditions {w + iHw}, and via the map D" — P(T) :
(€' )?:1 — S(wy), so we can use w,, € P(T) as a system of parameters for the n-solitons.
In the following two sections, we consider these solutions as n — oo, and we do this in
two ways, according to the Hamiltonian system governing the (€% )?:1. In Section 6, we
consider a Hamiltonian £, , closely related to £, and the associated Gibbs measures
as n — oo. In Section 7, we show that in a suitable sense K, — K, where K is the
Hamiltonian of the isentropic Euler equations.

The soliton solutions may be expressed in terms of elliptic functions g, which are
rational on the complex torus, hence are determined by the positions of their poles and
zeros. In our case, p degenerates to cosec’k(x —1v)/2, and the poles satisfy some identities
which are instances of the addition rules for p; see [9]. In Section 6, we show how these
solitons arise from a Coulomb gas in the plane; models of this kind have previously been

found for quantum fields as in [2].

6. RANDOM MATRIX MODEL

In the previous section, we introduced a Hamiltonian E,, jy and a related soliton solution
of the Benjamin—Ono equation. In this section, we consider a scalar potential v # 0, and
examine the properties of the Gibbs measure as n — co. We show that the potential v
determines a probability measure vy (,) on the space U(n) of n x n unitary matrices, and
hence a probability measure 7y (,) on the maximal torus T". Under various conditions on
v, we show that vy () and 7y, satisfy concentration of measure phenomena as n — oo.
Several of the arguments in this section are well known, but they are not necessarily
familiar in the context of PDE, so we include them for completeness.

Given a periodic C? real potential function @ (ew), we consider the energy functional

. 1
Eow)= [Q(e") widt)+ [ log ot w(av) wl),
T T2\A ™ — eit]
where w € P(T) and A = {(¢,¢) : t = }. Then we define the minimum energy by
Eg = igf{EQ(w) tw e P(T)}.

We say that a property holds quasi-everywhere if the set on which the property does not
hold has zero logarithmic capacity. By Theorem 1.3 and Remark 1.5 of [29, p. 27-28],

there exists a unique probability measure wy that minimises Eg, and for some constant
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C satisfies the inequality,
Q (") < 2/10g |ei9 — €| wo(dg) + C (6.1)
T

quasi-everywhere on the unit circle, with equality quasi-everywhere on the support of
wg. Furthermore, wy is absolutely continuous with respect to Lebesgue measure, with
probability density function py. We call () the potential corresponding to the equilibrium

measure wy or the equilibrium density py.

Definition 6.1. Suppose that w € P(T).

(i) The relative free entropy of w with respect to wy is

So(w) = B(w | wo) = Eqw) - Eo. (6.2)

(i) If further w is absolutely continuous on T and w(df) = p(#) df where p, py € L3(T),

then the relative free information of w with respect to wy is

Te(p | ) = [ (0= po)a))pla) do (6.3)

Clearly ¥o(w) > 0, and Yq(w) = 0 if and only if w(f) = po(A) df up to a set of zero
capacity.
The density pg satisfies the principal value integral equation

d 0y _
@Q(e )—2p.v./

T

cot (Tw> polt) d.

We are especially interested in the case in which there exists x > 0 such that

j—; (e) >k —1/2, (e’ €eT). (6.4)
The minimiser py(#)df is absolutely continuous, and the properties of py are obtained
via an approximation in which py(6) df is the weak limit of a convex combination of n
point masses as n — oo; [18]. Using @, one can introduce a probability measure (6.8)
on the group U(n) of n X n unitary complex matrices which is invariant under unitary
conjugation X — UXU'. The typical X € U(n) has eigenvalues ¢ ... e? and
empirical eigenvalue distribution w, = n=! Z?Zl d.i0;, and as n — oo, the w, converge
weakly almost surely to po(6) d6.

The statistical properties of w, for n large are described by eigenvalues of matrices
X € U(n), where the probability measure on U(n) is given by the Haar probability
measure and a scalar potential v(z) = 2 [ log|e™ — €"|py(y) dy. There are quantitative

results describing the convergence of w,, — po(6) df in the weak topology.
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Definition 6.2. Let v : [0,27] — R be continuous and define E,, as the function

- 1 ¢ 1 o (O —0;
Envv(Ql,...,Hn) = ﬁZ’U(GJ) — ﬁ Z lOg (431112 (TJ))
Jj=1 1<j<k<n
We can obtain En,v from (5.9) by allowing €% to approach the unit circle, and adjusting
the scalar potential W (z;, Z;) to remove the terms cot(k(z; — 2;)/2) from (5.10). Thus
we obtain a model for a Coulomb gas of n atoms on the unit circle, subject to an electric

field v. Then, taking © = (64, ...,0,) we introduce a probability measure 7, on T" by
51 _n?h,, 40 dby

N n O —0,\ do do
— 71,7 nw(9)) in2 ( 2k 75y 2L Dn
=27, € L H 4 sin ( 5 ) R (6.5)
1<j<k<n

where Z,, is a normalising constant. In Corollary 6.6, we will recover 7, in the guise of
VU (n)-

In order to express Z, as a Toeplitz determinant, impose the condition 8 = 2, and
then use Andréief’s Identity [14]. For j € {1, ... ,n} let f; and g; be continuous complex
functions defined on [0, 27]. Then,

n

ot | [ pomtoa]

[0,2n] jk=1

]' n n
- / /[ et 5 (an) g det (0] oy i (6
: 0,27|"

Proposition 6.3. Let v : [0,27] — C be a continuous function. Then

/ / e Bnv g, ... df, = n!det [ / 'R (@) gg .
[0,27]™ [0,27] k=1

Proof. First note that |ei9’c — e |2 = 4sin? (9’“_9j >, by the double angle formula. There-

2
fore,

e*?ﬁEn,v — e~ g nv(8;) H }ew’“ N eiej 2.
1<j<k<n

We observe that the final factor looks like a Vandermonde determinant. We have

/ / e By qg, .. db,
[0,27]™

: o det [diag (e_””(eﬂ'));l:l} det [ei(j—l)Ge}’f

s

. / det [eije‘f]ﬁe_l det [e”’kgé’"”w‘)]n db, ...do,.
(0,277 =

det [e 10" b, ... db,

k=1
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Finally, an application of Andréief’s Identity [14] yields,

/ / e B dfy .. df, = n!det [ / ei=Ro=nv(0) g .
[0,27]" [0,27] k=1

4

We can regard T™ as the maximal torus in the compact Lie group U(n) of n x n unitary
matrices, and recall that every X € U(n) is conjugate to some element of T". Define
the map A : U(n) = T" : X +— (64,...,6,) where (¢"1,... ¢") are the eigenvalues of
X counted according to multiplicity and ordered so that 0 < 6; < --- < 6, < 27w. We
associate with (6y,...,6,) the empirical measure n~! 2?21 dg;, so composing these gives
the map A : U(n) — P(T), X — w¥ =n"" > i1 0g;-

Let p, be the Haar probability measure on U(n), and consider the function

S | | sin@ , (6.7)

which we describe first in terms of random matrices, and then in (6.16) in terms of the
ground state of a Schrodinger equation. First, for § = 2, and L = 27, any continuous

class function F': U(n) — C satisfies

(o) " a6,
Ll on”
7=1

n!

/ F(X) pn(dX) = / F (e, ") o(br,...,0,)
U(n) "
Thus A : U(n) — T™ induces the probability measure on T" with density .

Given a continuous function @ (e) on the unit circle, we can form Q(X) for X € U(n)
by matrix functional calculus, hence also trace Q(X). Then we recognise (6.5) as the

probability measure on T" that is the image under A of the probability measure
W(dX) = Z7H(Q) exp (—ntrace Q(X)) pa(dX) (6.8)

on U(n) for some Z,(Q) > 0. For the Haar probability measure figy(n)y we can likewise
introduce vgy(n,y on T via A : SU(n) — T".

Let £%(n) be the space M, of complex matrices with the normalised Hilbert—Schmidt
norm || X || z2(ny = (traceX7X/n) "2 Let V be the invariant gradient operator over U(n),
let V(X) = ntrace Q(X) and let A be the invariant Laplace operator on U(n). If we let
L =A —VV -V then the carré du champ itéré operator associated with L is I's, as in
(34, p. 383], where

To(f) = ||Hessf||Z: 4+ (Ric + HessV) (Vf, V). (6.9)
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Proposition 6.4. (i) Suppose that v"(0) > k for some k > 0. Then there exists k1 > 0
such that vy ) satisfies the logarithmic Sobolev inequality with constant kin, so that
2
[ P (%) wodX) < 2 [ 9P we @) @10
for all continuously differentiable F' : U(n) — R.

(i1) Suppose as in (6.4) that v"(0) > k — 1/2 for some k > 0. Then there exists k1 > 0
such that vsy(n) satisfies the logarithmic Sobolev inequality with constant kin, so
that (6.10) holds with SU(n) in place of U(n) for all continuously differentiable
F:SU(Mn)—R.

Proof. We compute the Hessian term in (6.9). The left translation operation gives a
canonical means of transporting elements around U(n), so we can carry out calcu-
lations of invariant operators on the identity element using the Lie algebra M =
{A € M,(C): A= AT}. Note that M3:* is a real vector space of dimension n?. Let

V(X) = ntrace Q (¢*¥), where Q (¢”) = 2 a;e?
Fix X,Y € U(n). Let (&)7_; be an orthonormal basis in C™ of eigenvectors of X and
let yor = (Y&, &)cn for k.0 = 1,2,...,n. Then one obtains a version of the Rayleigh-

Schrodinger formula; by applying Duhamel’s formula twice, one computes

V(X +eY) - V(X) =

1 1
ntraceZajijes/ [eij(ls)x+/ eij(lfS)(lfu)(XJrsY)ijg(l _S)Yei(lfs)uX dul VeisiX ds,
, 0 0
J

and hence

(HessV, Y @ Y) = 1_1_1}% {e? V(X +eY)+ V(X —eY) —2V(X)]}

n 1 1
—-n Z Z _j2aj /0 /O\ eij(l—u)(l—s)ek—l-ijS@k <Y€iju(1_s)XY§k, &;)(Cn du ds
j —
_nzz ] aj/ / 5 (1—u)(1—8)0, +ijsOr+iju(l—s) m|y ‘2duds

7 kJg=1

_ Z nv” ()Y &, &)

+n Z / 1 — 8 (9@ + Sek) (Gk) ds |<Y§k, &>|2 ’

1<k (<n:kLl (1= 5)(0r = Or)

where v(6) = Q (e”).
(i) We have Ric(U(n)) > 0, so that when v” > k > 0, there exists k1 > 0 such that the
Bakry and Emery condition
Dy(F) > kan||VF |7,
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is satisfied. The Bakry—Emery theorem leads to the logarithmic Sobolev inequality (6.10)
for continuously differentiable F': U(n) — R as in [34, p. 547].

(ii) Gromov [16] showed that Ric(SU(n)) > (n/2)I. We deduce that when v > k—1/2
for some k > 0, there exists k; > 0 such that the Bakrny,]mery condition is satisfied. The
Bakry-Emery theorem leads to a logarithmic Sobolev inequality (6.10) for continuously
differentiable F': SU(n) — R as in [34, p. 547]. O

To deduce results about the eigenvalue distribution, we need two facts. The first is
that for class functions, the right-hand side of (6.10) reduces to

L PO v (@x) = [ 19 F@)Fea@)e ) ae
U(n Tn

where V(©) = n) " v(0;) and d© = [];_,(d¢;/2m). We also require the following

lemma.
Lemma 6.5. The map A : X — w* is 1-Lipschitz (Un), [ - | 2(n)) — Pa(T).

Proof. For © = (04,...,0,) € T" and a permutation o of {1,...,n}, we shall write O,
for (90(1), . ,QU(n)). Clearly the map T" — P(T), © — n~! Z?Zl dp, is invariant under
the action of any such ¢ on ©.
By a duality argument (see [7, 18]) one can show that this map is 1-Lipschitz from
(T™, dy) to Po(T), where dy is the metric on T™ inherited as a subspace of £*(n).
Suppose now that X,Y € U(n). The Hoffman-Wielandt Theorem [20, p. 368] implies
that there exists a permutation o such that dy(A(X),A(Y),) < [[X = Y|z2¢,). Putting

these facts together with the above observation shows that
Wa(w™, ") <IX =Yl z2(m)-
O
Starting with Q € C*(T;R), we can introduce an equilibrium density py € P(T), and
we now consider what is meant by multi-soliton solutions of the Benjamin-Ono equation
with initial vortices distributed according to py. Fix £ =1 and n > 0, and suppose that

n; >nforall j =1,...,n. Define f: T" — R by

n

1 sinh 7,
f(O1, .. 0 0) = — : — :
n ; sinh?(n;/2) + sin®((x — 6,)/2)
For comparison, nf(61,...,0,;z) is the expression which appears in u(zx,0) from Propo-

sition 5.6 for the initial condition for the solution to the Benjamin—-Ono equation.

Corollary 6.6. (i) Let vy be as in Proposition 6.4(i) and Dy () its image under A. Then

there exists an absolute constant ko > 0 such that Uy, satisfies a Gaussian concentration
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iequality, so for alln € N and all s > 0,

e {© T ‘f(@) - [t

(i) Let vgy(ny be as in Proposition 6.4(ii) and Ugy () its image under A. Then there exists

an absolute constant ko > 0 such that Usy () satisfies a Gaussian concentration inequality
as in (6.11).

Proof. (i) By elementary estimates,

9 sinh 7 _ ( 2sinh(n/2) sin(0/2) ) ( cosh(n/2) cos(6/2) )
90 sinh?(n/2) + sin®(0/2) sinh?(n/2) +sin?(0/2) ) \sinh?(n/2) + sin?(6/2)
cosh(n/2)
~ sinh*(n/2)
4
< A—en?

for n > 0. We therefore have ||V f|[ez) < 4/(1 —e )2, so f defines a Lipschitz function
on T™. Define the class function F': U(n) — C by F(X) = f(A(X)).

As in Lemma 6.5, we deduce that
1
(1—em)2

By the logarithmic Sobolev inequality (6.10) with the advantageous constant n, we have

t?
/ exp (tFn(Xn) - t/Fn dVU(n)) 2 (dX) < exp < 2 ) : (t € R),
U(n)

for some ko > 0 independent of n, so (6.11) follows by Chebyshev’s inequality.
(i) This is similar. O

|Fn(Xn> - Fn(Yn)‘ < ||Xn - Yn“E?(n)a (men € U(”))

Remark 6.7. Let @ = 0 and suppose that n; =7 > 0 for all j, and let

sinh n B
sinh?(n/2) + sin?((x — 0)/2)

so that fo (0;2)d0 = 0 and g € H'/2. Then by Corollary 2.3 of [21], the random

variables,

g(t;x) =

trace g(X,; ) = Zg 6;;x)

for (X,)52, € [[,2,(U(n), ), converge in distribution to a normal random variable with
mean 0 and variance 2||g||%,,,» as n — oo. Remarkably, this version of the central limit

theorem does not involve any scaling constant such as 1/4/n in Corollary 6.6.
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We now change perspective, and start with densities p. For every probability density
function p on T with p € L3(T), the field

Q (") = Lp(h) =2 /T log | — e'| p(¢) d¢

has derivative

@) =vx [ oot (“52) o615 = o),

so we can recover po from v'(#) = £Q (") via this singular integral equation. This v is
called the scalar potential.

We return to the context of (6.1) under the condition (6.4). Suppose that the support
of w is contained in the support of py. Then by [18],

S(w) = [ [ (616) = m(®)) (o6) — p()) log 06 (612

When we operate on the probability measures with the Poisson kernel, replacing w by
P,w and pg by P,py, we make the double integral on the right-hand side of (6.12) smaller.
Hiai, Petz and Ueda [18, Theorem 1.1] show that

- . 1
where A = {(0,¢) € T? : § = ¢} and
= " . w2 A9y db,
/.../nexp<—;nQ(ewj)> H ‘eek_69]22_w1”.§ .

1<j<k<n
(6.14)
The advantage of this expression over (6.2) is that (6.13) can be computed without prior

B(Q) = lim ilog

n—0o0 TL2

knowledge of the minimiser, and the integral in (6.14) is otherwise given by the Toeplitz
determinant in Proposition 6.3, which make standard asymptotic formulae available. Let
V(9) = Q (¢), and suppose that V is C%.

Hiai, Ueda and Petz [18] also show that the Wasserstein transportation cost function
(0, ¢) =27" e — eiﬂQ satisfies

W2 (4, po) < %iw), (1€ P(T)). (6.15)

This is the free transportation inequality (4.1), which is sharper than the 75 transporta-
tion inequality involving the classical relative entropy. Hiai, Petz and Ueda used the
concentration of measure phenomenon to show that the empirical distributions w,, con-

verge weakly almost surely under 7, to po(0) df as n — oc.
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We now explain how the free measure on H'/? arises. The tangent space to T" at

(e, ..., e ) may be identified with L*(T;w,), so we can compute

<HessEn v, [ ® g>

—— Zvu 16’ ( z‘@-) I % i [f (ein) — f (6@)] [g (eQiej) —g (ewe”
" sty et — eife|

_ /V// (610) f (62‘9) g( 7,9) wn (d0)
£ () = £ ()] [g () =g ()]
.. o

|€i9 _ €i¢|2

W (dO) wy(do).

For V = 0 and w(df) = df/2x, the final bilinear form is the inner product of H'/2,
Observe also that

e 1 2 (05— 0,
trace HessE,, v = - Z V"(0;) + 2 Z cosec ( 5 :

j=1 1<), 6<n:j#0

which resembles K,,.

While (2.7) is a classical Hamiltonian system, the corresponding quantum Hamiltonian,

9% _ __Z ‘Z;’ BB —1) [ S cosec? (@)] O — Ed (6.16)

1<j<l<n

is also integrable, and the ground state of the corresponding time-independent equation
has a very special form like ¢»(0) from (6.7). For n > 5, each summand cosec?(6; — ;) /2
belongs to L?(T"; C), so (6.16) is densely defined. Suppose that ®(0) = 1(0)e*®) is a
solution to (6.16) where ¢, S : T" — R. Then the phase satisfies

Z cosec? <9j — 94)
2

1<j<t<n

05 1 B(B—1)
8t+ =V§- VS + 1

—E=0. (6.17)

In the next section, we introduce a Hamiltonian system that has canonical equations
9q 9q KU o 1o
+5\ 52 ) 5 plx) =0,
ot <8x y i)
and we can write this in terms of the potential by p = ”H,g—g. For comparison, if

dq dq Pq
E+6< x) +H@_0, (6.18)

then u = % satisfies the Benjamin-Ono equation (1.1).
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7. CONTINUOUS HAMILTONIAN SYSTEMS

We proceed to show that the isentropic Euler equations arise as the limit of (2.8)
and the canonical equations as n — oo, under a suitable scaling. Suppose that (2.8) is

real-valued. Then, passing to the limit n — co, we can consider a PDE,

dq

i £(q(x,1);1)

and the evolution ¢(x,0) — ¢(x,t), with the corresponding induced map on probability
measures p(dy; 0) — p(dy;t) where

/T £(9) pldy: t) = / F(q(, 1)) p(da: 0),

which is the counterpart of (2.8).

Note that for any positive continuous function pg : T — R, we have

1 sinhn
4 Jr sinh®(n/2) + sin®((z — y)/2)

po(y) dy — po(z), (n — 0+),

and
1

5 COSGCQ(IL’ —y)po(y) dy — 2pg(a:)2, (n — 00).
T J)z—y|>1/(2npo(x))

Let F,(A) = [}

o Wn(dx) be the cumulative distribution function of w,. Then

W2(wn, ) :/Typn(x) By () da.

We replace w,, by @, = w, * Pi_o—~» where P, is the Poisson kernel, so w,, has cumulative
distribution function ﬁ’n. Then Fn has a strictly positive and continuous density, hence Fn
has continuously differentiable inverse function ¢,,, so that @, is the probability measure

induced from ([0, 1], dz) by ¢,. Then ! (@, (x))¢,(z) = 1, so we can approximate

// cosec” (ﬂ) Wy (dx) wy (dy) = // cosec” (gpn(x) _ gpn(y)> dx dy,
[0,27]\A 2 0,27\ A 2

in which ¢, (j/n) — pn({/n) = (j — 1)/ (nﬁé(gpdf))), for some = between j/n and ¢/n.

Suppose that with & = 1/n, the empirical distribution w? = n~! Z?Zl Orq, CONVeTges
weakly to a probability measure with probability density function p on the circle as n —
oo. By some simple estimates on the Poisson kernel, we have W2 (P, *w,,w,) < Cy/1 —7r

for some absolute constant C, so with r = 1 — 27", we have @, — p(x) dz likewise as
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n — oo. Then with ¢;/n = ¢, (j/n),

e 35 o (stt) -3 55 [ () - (s550) |

N i 2p(g;/n)°

Sy U0

_2,)(%) {3 +O(1)+O<n:7)}’

for j =1,...,n. Thus, summing over j we have

1 B 9 jg—7 271'2/ 3
573 Z cosec (an(qj/n)) =3 Tp(:l:) dx.

jl=1:07#£5

Likewise, we have

dqz ik > {cot( —m >> + cot (—k(me— q@))} + ik cot <—k(@2—q£))

m:mz#L
sin (k(Gm — qm)/2) . k@ — a0)
- kaZ;ég sin (k(qe — ¢m)/2) sin (k(Gm — @) /2) + ik cot ( 5 ) ’

and with ¢y — ¢, = (¢ — m)/p(qe) and k = 1/n we have,

Z k? . Z 4P CJe B 47?20(615)
it sin? (k(qe — qm 3

2

as n — 0o. We can also take p, = 0qy/0x. This suggests the following definition.

Definition 7.1. For v > 1 and sy € R, let p € L?(T) N P(T) and g be absolutely
continuous such that dg/0z € L*/0~1(T). Then let K be the Hamiltonian

Kl =3 [ oo (?) o+ s [ ey e (1)

with canonical variables the functions ¢, p: T — R, and Poisson bracket
oF ,  0G oFr ,  0G
FG dr = — () —(y) — —(v)=— do(x —y)drd
JEay@ = [[ (5e@5m - 505w e - ) dody
where dp denotes the unit point mass at 0.

The thermodynamic variables are the velocity and density (v, p) where v = dq/0z.

We interpret 5 fT )2 dx as the kinetic energy. The Hamilton—Jacobi equation is

a0s 1 0 0S8 Ky L
ot i 2 /er(x) (8$ 8/)) dz + (v —1) /Ep($) dz = 0.

The canonical equations are

g |p v pl 0 |p
Bl el
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with initial data v(0,z) and p(0, ), which one recognises as Euler’s equations for isen-
tropic dynamics of a compressible gas, as in (2.9) and (2.10). The state of the isentropic
gas is completely determined by p and v, and thermodynamic entropy is constant in space
and time. The top entry in the column vector is the conservation law, and the bottom en-
try is the equation of motion. Here the eigenvalues of the matrix are A = vF./ku p=1/2,

and the Riemann invariants are
R “flf pOD/2.

In particular the choice v = 3 corresponds to an isentropic gas with one degree of freedom,
and we recover the equations (2.9) and (2.10). Taking the laws of thermodynamics into
account, Selinger and Whitham [30] show that the Lagrangian corresponding to K with
constraints is [ p®. We consider this quantity below. LeFloch and Westdickenberg [24]
obtained a global existence theorem for solutions of the one-dimensional isentropic Euler
equations under the hypotheses of finite mass and finite total energy.

First, we concentrate attention upon the density.

Proposition 7.2. Let pg, p1 € L3(T) N P(T). Then there exists a Lipschitz continuous
path (pr)o<i<1 in Po(T) from po to p1, and a measurable family of functions v, € L*(py)
with antiderivatives q = fx vy, that satisfy the continuity equation

opy 0

— 4+ = ) =0 7.3

ot + ox (Ut($)pt($)> ) ( )
and such that the mean of the Hamiltonian satisfies

| Gt < 530 1) + 500 + Ulp).

Proof. As in Theorem 13.8 of [34], Brenier showed that there exists a Lipschitz continuous
path p; in Py(T) and a measurable family of functions v; € L?(p;) such that (7.3) holds.

Then
1 1/2
W2<po,p1>=mf{(/ |t ptas) i) }
vt 0 J[0,27]

where the infimum is taken over all paths (p;)o<t<1 in P2(T) and measurable families
of functions v; € L?(p;); the minimising family v; € L?(p;) is essentially unique. Thus
%WQ(pO, p1)? is the minimum kinetic energy of a path that transports py to p;. We
let 1(z) be the monotonic function that satisfies 0@1(90) pi(u)du = [ po(u)du, and
generally introduce ¢;(z) = (1 — t)z + to1(z) with 2¢i(z) = ¢1(x) — 2; so we define
v(z) = p1(x) — x to be the constant velocity along the geodesic, and we obtain a family
of probability density functions (p;)o<¢<1 such that fow(x) pr(uw) du = [ po(u) du and

Walpo, p1) = / o(2)2p0(x) d.



30 GORDON BLOWER, CAROLINE BRETT, AND IAN DOUST

Suppose that there exists § > 0 such that p;(z) > § for all 2. Then ¢;(x) is absolutely
continuous and p1(p1(z))¢)(x) = po(z) almost surely.

In particular, when p; is the probability density function induced from py by the
function ¢;, we have [ f(z)p(x)dx = [} f(ei(x))po(x)dx for all continuously differ-
entiable functions f. Differentiating this 1dent1ty, we obtain the continuity equation with

vz, t) = 68‘?( ) where ¢,(y) = z. Hence we have

pliea). 1) 224 a) = pl,0),
%2t (a) = v(u(e). 1),

and the kinetic energy satisfies

/|vxt|2:vt /|vg0t |p0()dy

&Pt
== dy.
S W) po(y) y
We introduce the internal energy density;,
272
Uo(p) = TP
such that U(p fT Uos(p(0)) dB is the internal energy for a fluid with density p. Here

(1) Up(A )/)\ — 0as A — 0+;
(ii) A = AUy(1/]) is strictly convex and decreasing on (0, 00);
(ili) Ug(A + p) < 4(Up(A) 4+ Up(p)) for all A, o > 0;
hence U satisfies the conditions of Section 10.4.3 of [3] for an internal energy. Also, U is
regarded as physically realistic in gas dynamics [15]. By results of McCann discussed in

[33], the internal energy is displacement convex in the sense that
U(pe) < (L=8)U(po) +tU(pr),  (t €0,1]),

hence the mean value of U(p,) is less than or equal to the average of U(py) and U(py).
The Hessian is computed by formula (15.7) of [34], but in our case, we have a simple
formula. Indeed, we have
d? d?2m® [
U P = 25— TPt(ﬂﬁ) dx
_ d 27 [ po(a)®
S di? 3 Jy pi(x)?
/ 1 2
_ 4r? / po(a)i—AL@) = 1) —dz > 0. (7.4)
T (tei(z) +1—1)
The continuity equation may be regarded as a variational formula for p; when one moves

along the tangent direction v in the Wasserstein space. U
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Remark 7.3. (i) Along the optimal transport trajectories, we use the continuity equation

to show that
0 . Opy
5 X(pe | po) = /Tﬁ(pt )815 dx
. 0, .
= — Aﬁ(pt — po)a—x(?}pt) dx
= /H(ﬁt - PO) (Uﬁt) dx,
T

so by integrating with respect to ¢t and applying the Cauchy-Schwarz inequality, we
deduce that

Y(p1 | po) < (// (z,t)%py(z d:cdt) v (/OI/T(’H(ﬁt—po))Z/}t(x)d:cdt)

= Wa(p1, po) (/D Ir(pe | po) dt) 1/27 (7.5)

which is a converse to the free transportation inequality in the style of the HW I inequality

1/2

proven in [23].

(ii) Let v = 3, so the canonical equations are

8q dq KU s

and we can write this in terms of the potential by p = "H%. For comparison, if
g 0q\* | .,
e -4 H =0 7.6
ot b <8x) * Ox? (7.6)
then u = % satisfies the Benjamin-Ono equation (1.1).

The Hamiltonian K has a quadratic form with domain in L?(py) which we now specify

more precisely. Let

D' (py) = {q : T — R : g is absolutely continuous, /q(x)po(a:) dr =0, ? € L2(p0)} :
T T

lallor = ( [(51) o dx) "

We introduce D! as the closure of L*(T) for the norm

with the norm

Ilh||p-1 = sup {/ h(z)q(x)dx : q € D, llgllpr < 1} )
T

We regard D! as the tangent space to Py(T) at pg, and D! as the cotangent space to
Py(T) at po (see [33, Theorem 7.26]). For example, given py € L* NP, we can select @
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such that HQ' = po, so Q,HQ € D*(py) and we can take gy = @ as an initial choice of
the phase so that K(pg,qo) < 00.
Then we consider {(po, q) : po € PN L% q € D'(py)} and map

0 0
(o) = ) = (524 Vi, 5 = Vi), (77)

so r+ € L*(pg). One can use the Riemann invariants as new variables, and obtain simple

wave solutions
i rof(ry) +reg(ro) ‘=

g(r-) = f(ry)
Tyt 2(ry +12) (7.8)

Y

in terms of arbitrary differentiable functions f and g; see [31, p. 248].

The following result is largely contained in [15] and [35], and included for completeness.

Proposition 7.4. Let v = 3 and ky = 42,
(i) Suppose that py € Po(T) and po is absolutely continuous with pydpy/dz € L*(po),

and that ¢ € D'(pg). There exists a solution of the isentropic Euler equations with
initial conditions (pg,vy) where vy = 0q/0x.

(11) Suppose further that po is the equilibrium density of a potential Q) that satisfies (6.4),
and let (p,v) satisfy the Euler equations (7.2). Then

0 9Vv3
— < —
8t2(pt | pO) = K7

and there exists C,. > 0 such that
W3 (pe, po) < CKt,
fort > 0.

Proof. (i) By the Cauchy—Schwarz inequality % is integrable, so pj is bounded and hence
integrable over T and hence U(py) is finite. The Lagrangian form of the isentropic Euler
equations is

d | eix) | ve(pe())

7 = o0 ; (7.9)

v (pe()) —(PtO‘Pt(x)) ((%) O@t(x))

which is a system of ordinary differential equations in ¢ for fixed x. Westdickenberg
and Wilkening proposed a discrete approximation to this system of ODE, based upon a

backward Euler method

Xn+1
Vn+1

X
Va

VnJrl

apnﬂ'

+7
_(pnT o n+1) ( oz ) O Apt1

Let 7 > 0, and suppose that we have a starting position Xy, an initial density py, and

velocity field Vp, so our initial data is (Xo, po, Vo). In the notation of [33, p. 4], we write
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wfipo for the probability density function induced from py by ¢. The particles move from

Xo to Xog + 7V4, then we select ¢, to be the transportation map that minimises

Eww:ijéwu»—m+7%uwfmme+wa¢

272
which exists by the convexity condition (7.4). Observe that the identity transformation
o(z) = z gives E(p) = 1 [vo(z)*po(x)dz + U(py) = K, so E(p;) < K. The optimal
choice ¢, induces a new den51ty pr = @.tipo from pgy, and gives new position X, 1 =

- (X,,), with which one updates the velocity to

9p
Vi :%_T(pTOXl) (8[;3 OXl) .
This gives the new initial data (X, p,, V}) with which we can proceed to the next step.
Gangbo and Westdickenberg [15, (3.3) and (4.26)] establish the crucial estimate

2
E(pT,UT) —|—7-227'r2/ (%) pi(l‘) dr < E(po,Uo)

T
to show that the kinetic energy remains finite. Furthermore, one can use such energy
estimates to show that as 7 — 0, there exists a curve t — p; € Py absolutely continuous
with respect to Wasserstein distance, and that the continuity equation holds in the sense
of distributions; see [15, Proposition 5.3].

(ii) By the continuity equation

0 0py
ot (Pt | Po) /TE(Pt )E dx

0
- /cm o) (vp0) d
/H vpt) dx
< — /U Pt dr + — / ,Ot pt po))2dl’, (710)
T

-2
where we choose o = 9v/3/(27). Then by M. Riesz’s theorem || H.(p; — po)l|rs < 3%2||p, —

pol|z3, so by Holder’s inequality we have

0 —/U(x t)*p(z t)d:v+9—2/ (x t)%lx%—%/ (z,0)% dx
— 2 T ) p ? 2a Tp 9 o Tp )

B X(pe | po)| <
12
< aK(ﬂtv Qt) + EK(Pov Q)

< 2aK (po, q), (7.11)

using the fact that the Hamiltonian K defined by (7.1) is autonomous, and hence invariant

under the canonical flow. It now follows from the free transportation inequality (4.1) for
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po that
Wg(ptv po) < CuX(pr, po) < CuKt.

g

Remark 7.5. (i) Although the bound on K ensures that the kinetic energy is finite, the
velocity v could be unboundedly large on sets where p is small. Suppose however that
Q € C? and that there exists a § > 0 such that

Q//(Q) Z 5 _

2log2’

Then by [28, Corollary 2|, the corresponding equilibrium density is continuous and sat-
isfies po(f) > 02log2 for all # € T. Popescu [28, Theorem 4] has also obtained a version

of the free Poincaré inequality

52//T2 — /()

d6 do
619 _ e'Ld) o S
where f' (¢’) = & f (e?). Hence the formal inclusion map D' — H'/? is bounded, so

2 21 T

&) /f (69) po () dd| po(6) do

when we apply this to the difference of the potentials corresponding to p, and pg, as in

f = Qr — Qo, we deduce the free information inequality,

0 2Ir(po | pr) > [lpo = prll%y-1)e-

DiPerna [13] discusses viscosity solutions of the isentropic Euler equations under the
hypothesis py(f) > 021og 2, and concludes that cavities do not develop in finite time in a
viscous gas.

(ii) Suppose that there exists 0 < fy < --- < 6, < 2m and h € C*®(T;R) such that

po(6) = [T ¢ — €| n(6).
=0

Then £ py(#)* determines an L*(T; R) function, as in Proposition 7.4.

(ili) Matytsin [25] considers the case of v = 3 and ky = —1, so that the isentropic Euler
equations with negative pressure, and the wave speed in (7.7) becomes purely imaginary.
In this case, the Euler equations show that ¢ = p + iv is a holomorphic function of
z = x + 1t, which we can regard as the complex version of ¢ = r,. Then Burgers
equation becomes z 7 + gag = 0. Matytsin shows that g satisfies a Dirichlet boundary
value problem on the strip X = {2z =x+1it: —0o <z < oo, 0 <t <1}. The Burgers
equation superficially resembles (5.4), so it is not surprising that some of the solution
formulae look alike. Guionnet [17] develops this theme further in the context of random

matrices.
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