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Abstract

We study kernel least-squares estimators for the regression problem subject to a norm
constraint. We bound the squared L? error of our estimators with respect to the co-
variate distribution. We also bound the worst-case squared L? error of our estimators
with respect to a Wasserstein ball of probability measures centred at the covariate

distribution. This leads us to investigate the extreme points of Wasserstein balls.

In Chapter 3, we provide bounds on our estimators both when the regression function
is unbounded and when the regression function is bounded. When the regression
function is bounded, we clip the estimators so that they are closer to the regression
function. In this setting, we also use training and validation to adaptively select a

size for our norm constraint based on the data.

In Chapter 4, we study a different adaptive estimation procedure called the Goldenshluger—
Lepski method. Unlike training and validation, this method uses all of the data to
create estimators for a range of sizes of norm constraint before using pairwise com-
parisons to select a final estimator. We are able to adaptively select both a size for

our norm constraint and a kernel.

In Chapter 5, we examine the extreme points of Wasserstein balls. We show that the
only extreme points which are not on the surface of the ball are the Dirac measures.

This is followed by finding conditions under which points on the surface of the ball



IT

are extreme points or not extreme points.

In Chapter 6, we provide bounds on the worst-case squared L? error of our estimators
with respect to a Wasserstein ball of probability measures centred at the covariate
distribution. We prove bounds both when the regression function is unbounded and
when the regression function is bounded. We also investigate the analysis and com-

putation of alternative estimators.
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Chapter 1

Introduction

This thesis is primarily concerned with regression. The regression problem has a long
history in statistics. It is the primary tool for understanding the relationship between
different variables. We consider a random data set consisting of i.i.d. (independent
and identically distributed) data points which come in pairs. Each pair consists of
a covariate and a response variable. The response variables take real values, while
the covariates may take values in any set. This set is known as the covariate set.
In regression, we model response variables as noisy observations of a function of the
covariates. This function is known as the regression function. A formal definition of

our regression problem is given in Subsection 1.1.1.

Our aim is to estimate the regression function, and we are interested in showing that
the error of our estimators with respect to the regression function is small. In partic-
ular, in this thesis, we consider the analysis of kernel estimators. Kernel estimators
are defined as random elements of a reproducing-kernel Hilbert space (RKHS) with a
small empirical error. These are different to, for example, kernel estimators in density

estimation. An RKHS is a Hilbert space of functions with additional properties which
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are discussed in Subsection 1.1.2. The empirical error is a proxy for the actual error

of the estimator which is based on the data.

Since RKHSs are usually selected so that they are infinite-dimensional, it is necessary
to regularise the estimator in some way to prevent overfitting. Overfitting occurs when
the estimator is too close to the response variables at the covariates. This results in the
estimator being too dependent on the variability of the response variables compared

to the regression function, resulting in the estimator having a large error.

Overfitting is often prevented by adding a regularisation function to the empirical
error. We can then define an estimator as the minimiser of the resulting linear combi-
nation. This is known as Tikhonov regularisation, and is used in the definition of, for
example, support vector machines (SVMs). However, in this thesis, we minimise the
empirical error subject to a constraint on the regularisation function. This is known
as Ivanov regularisation. In particular, we consider the case in which the regularisa-
tion function is equal to the norm of the RKHS. We then obtain estimators with a

bounded RKHS norm. This is key to our analysis of these estimators.

We are mostly interested in bounding the squared L?(P) error of our estimators, where
P is the distribution of the covariates. We consider this error because it is the expected
squared error of the estimator for an expectation over a new independent covariate,
with the same distribution P. The empirical version of the squared L*(P) error is
the sum of squares between the response variables and the estimator evaluated at the
covariates. We refer to our estimators as Ivanov-regularised least-squares estimators

when applying this empirical error.

We also consider ways of bounding the worst-case squared L?(Q) error of an estimator
over all ) in a ball of probability measures centred at P. This error is the worst-case

expected squared error of the estimator for an expectation over a new independent
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covariate generated by a different distribution (). The distribution ) can be any
perturbation of P of any size up to the radius of the ball. We refer to the situation

in which a new covariate is generated by a perturbation of P as a covariate shift.

We define the ball of probability measures above using the Wasserstein distance from
optimal transport. The optimal transport problem seeks to minimise the transport
cost between two probability measures over the set of possible transport plans. Since
the Wasserstein distance is determined by a cost function on the covariate set, in-
formation about the cost between two points is transferred to the distance between
two probability measures. An important example is given by setting the cost func-
tion equal to some metric on the covariate set. The Wasserstein distance also arises

naturally in the analysis of our Ivanov-regularised least-squares estimators.

When bounding the worst-case squared L?*(Q)) error, we also investigate the anal-
ysis and computation of estimators other than our Ivanov-regularised least-squares
estimators. We define these alternative estimators using an empirical version of the
worst-case squared L*(Q) error. In the empirical version, we centre the Wasserstein
ball at P,, the empirical distribution of the covariates. We show that, under suitable
conditions, the empirical version of the worst-case squared L?(Q) error is attained
at some () which is an extreme point of the Wasserstein ball centred at P,. This

motivates us to examine the extreme points of Wasserstein balls.

1.1 Key Concepts

We now define the key concepts which arise in this thesis. These are regression,

RKHSs and their interpolation spaces, and optimal transport.
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1.1.1 Regression

We give a formal definition of our regression problem. For a topological space T,
let B(T) be the Borel g-algebra of T. Let (S,S) be a measurable space. Assume
that (X;,Y;) for 1 < i < n are (S x R;S ® B(R))-valued random variables on the
probability space (€, F,P), which are i.i.d. with X; ~ P and E(Y?) < co. Here, E
denotes integration with respect to P. In this scenario, the X; are the covariates and
the Y; are the response variables. We often refer to S as the covariate set and to P,

the law of the Xj;, as the covariate distribution.

Recall the Kolmogorov definition of conditional expectation, defined using the Radon—
Nikodym derivative. Since any version of E(Y;|X;) is 0 (X;)-measurable, where o(X;) is
the o-algebra generated by X;, we have that E(Y;|X;) = ¢g(X;) almost surely for some
measurable function ¢ : (5,8) — (R, B(R)). This result can be found, for example,
in Section A3.2 of Williams (1991). Since the (X;,Y;) are identically distributed, we
have, for any A € S, that E(Y; 1(X; € A)) is the same for all 1 < i < n. Hence,
from the definition of conditional expectation, we can choose g to be the same for
all 1 <4 < n. Since E(Y?) < oo, it follows that g € L*(P) by Jensen’s inequality.
The function g is the regression function. Sometimes we assume that the regression

function is bounded, so that ||g||.. < C for C' > 0.

In order to analyse estimators of the regression function g, we need to ensure that
the response variables do not vary too much. With this in mind, we always assume
that var(Y;|X;) < 0% almost surely for 1 < i < n and ¢ > 0. However, sometimes this
assumption does not give us enough control over the response variables. For example,
this is the case when we require high-probability bounds on the error of an estimator.

For an estimator ¢ of the regression function g, we are usually interested in its squared
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L?(P) error

16— gl2(m = / (65— 9)° dP.

We can assume reduced variability in the response variables using the concept of
subgaussianity. A random variable is subgaussian if it is at least as concentrated
around 0 as some normal distribution with mean 0. Let U be a random variable on
(2, F,P) and let ¢ > 0. Then U is o>-subgaussian if E(exp(tU)) < exp(c?t?/2) for all
t € R. The concentration of U around 0 follows from Chernoff bounding. We can also
define a conditional version of subgaussianity. Let U and V' be random variables on
(2, F,P). Then U is o2-subgaussian given V if E(exp(tU)|V) < exp(c?t?/2) almost
surely for all £ € R. We can then obtain reduced variability in the response variables
by assuming Y; — g(X;) is o?-subgaussian given X; for 1 < i < n. This assumption

implies our previous assumption that var(Y;|X;) < o2 almost surely for 1 < i < n.

1.1.2 RKHSs and Their Interpolation Spaces

An RKHS is a space of function on a given set, with additional properties which we
describe below. We consider RKHSs on the covariate set S for our regression problem.
We could assume that the regression function lies in a given RKHS. However, it is more
realistic to assume that the regression function lies in some larger space between L?(P)
and the RKHS. We define spaces between L?(P) and an RKHS using interpolation

spaces.

Recall that a Hilbert space is a complete inner-product space. A Hilbert space H of
real-valued functions on S is an RKHS if the evaluation functional L, : H — R by
L.h = h(z) is bounded for all z € S. This is equivalent to L, € H* the dual of H.
By the Riesz representation theorem, H* is isomorphically isometric to H. Therefore,

there is some k, € H such that h(x) = (h,k,)g for all h € H. Define k: S x S - R
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by k(z1,x9) = (kg,, kzp)n for x1,29 € S. The function k is the reproducing kernel of

H. The kernel is symmetric and positive-definite.

For our regression problem, we assume that the regression function g € L?(P). Tt is
much more restrictive to assume g € H, however it is reasonable to assume something
between these two conditions. To do this, we use interpolation spaces. A detailed
account of interpolation spaces is given by Bergh and Lofstrom (1976), however our
definitions more closely follow Smale and Zhou (2003). Let (Z,]|-]|z) be a Banach

space and (V) [|-|[v) be a dense subspace of Z. The K-functional of (Z,V) is
K(z.t) = g (=~ oll7 + tlo]l)

for z € Z and t > 0. It follows quickly from this definition that K(z,t) as a function of
t > 0 is bounded by ||z||z, non-decreasing and continuous. Furthermore, K(z,t) — 0
ast — 0 since V is dense in Z. We can use the K-functional to define our interpolation

spaces.

Let 8 € (0,1) and 1 < g < co. We first define the norms of the interpolation spaces
by

oo 1/q
1ol = ( / <t—ﬁK<z,t>>%-1dt) and |25 = sup(t*K (2, )
0 t>0

for = € Z. The interpolation space [Z,V]g, is then defined to be the set of z € Z
such that ||z]|3,, < co. From the definition of the norms, we find that smaller values
of B give larger spaces. The space [Z, V]z, is not much larger than V' when f is close
to 1, but we obtain spaces which get closer to Z as [ decreases. For a fixed (3, the

largest interpolation space is given by ¢ = oo.

If 2 € [Z,V]3,00, then we know how well we can approximate z using elements of V.
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Theorem 3.1 of Smale and Zhou (2003) shows that

HZH/lg/(l_B)
inf{|lv—zl|z:v eV, |v|ly <r} < qu_ﬂ). (1.1.1)

The authors only consider the case in which [|v||z < |[v]|y for all v € V| however
the result holds by the same proof even without this condition. We can apply this

approximation result to the interpolation spaces between L?(P) and H.

When the RKHS H is dense in L?(P), we can define the interpolation spaces [L*(P), Hg,,
for 3 € (0,1) and 1 < g < oo. In particular, we consider [L?(P), H] . In order to
understand how well the regression function g can be approximated by elements of

H. we define

Io(g,r) = inf { 1A, = gll3a(p) : b € 7By |

for r > 0. If we assume g € [L*(P), H| . with norm at most B for f € (0,1) and

B > 0, then we find
RB2/(1-8)

IQ(QaT) < m

from the approximation result (1.1.1) above.

Based on our approximation result for the regression function g with respect to the
RKHS H, we define estimators of g which lie in H. In order to analyse these estima-
tors, we make further assumptions on H. For an RKHS H with kernel k£, we assume
that H is separable and that k is a bounded measurable function on (S x S,S ® S).
The assumptions on k£ have implications for all functions in H. In particular, since
k is measurable on (S x S,S ® §), we find that all functions in H are measurable
on (S,8) by Lemma 4.24 of Steinwart and Christmann (2008). We can ensure that
H is separable by, for example, assuming that k£ is continuous and S is a separable

topological space. This is shown by Lemma 4.33 of Steinwart and Christmann (2008).
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1.1.3 Optimal Transport

We now consider the separate topic of optimal transport. The optimal transport
problem aims to find the optimal transportation of one probability measure to another
with respect to a given cost function. This is done by finding a transport map between

the two probability measures which minimises the transport cost.

Let (X, dx) and (Y, dy) be complete separable metric spaces. Furthermore, let B(X),
B(Y) and B(X x Y') be the set of Borel sets on X, Y and X x Y, and let P(X),
P(Y) and P(X x Y') be the set of Borel probability measures on X, ¥ and X x Y.
We consider the problem of optimally transporting a probability measure P € P(X)
to @ € P(Y) with respect to some Borel cost function ¢: X x Y — [0,00). We must

specify how the transportation from P to () can occur.

We define the marginals of v € P(X xY). Let m; : P(X xY) — P(X) by (mv)(A) =
V(A xY) forall A e B(X) and let my : P(X xY) = P(Y) by (m27)(B) = (X x B)
for all B € B(Y). The marginals of v € P(X xY) are myy € P(X) and myy € P(Y).

We now define
I(P,Q)={yeP(X xY):mvy=P and myy = Q}.

The set II(P, Q) is precisely the set of transportations from P to (). This is because
v € II(P, Q) determines how much probability should be transported from A € B(X)

to B € B(Y) by 7(A x B). We refer to v as a transport plan.

Now that we have defined the set of transport plans, we can define the optimal

transport problem itself. We seek

inf c dy.
~vEll(P,Q) / 7
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The integral determines the transport cost of the transport plan v € II(P, Q). We
are interested in making this as small as possible. If the infimum is attained by
some v € II(P,Q), then = is referred to as an optimal transport plan. By Theorem
4.1 of Villani (2009), an optimal transport plan exists if we assume that ¢ is lower

semicontinuous.

We can use the optimal transport problem to measure the difference between P €
P(X) and Q € P(Y). For each P and @, the problem has a minimum transport cost

which we refer to as the Wasserstein distance

W.(P,Q) :inf{/cd’y Ly € H(P,Q)}.

This infimum is attained if we assume that ¢ is lower semicontinuous. Note that our
definition differs slightly from, for example, Definition 6.1 of Villani (2009). We can
use W, to define balls in P(Y"). The closed Wasserstein ball

B[P,r] ={Q e P(Y): We(P,Q) <}

for P € P(X) and r > 0. It is straightforward to verify that B[P, r| is convex.

Some transport plans transport probability measures by mapping each point z € X
to a point y € Y. A transport map T : X — Y is a Borel function such that
P(T7Y(B)) = Q(B) for all B € B(Y). There is a unique transport plan induced by
the transport map 7. This transport plan is v € II(P, Q) with v(C) = P({x € X :
(x,T(x)) € C}) for C € B(X xY). Note that {x € X : (z,T(x)) € C} € B(X)
because the function f: X — X x Y by f(z) = (z,T(z)) is Borel.

From the definition, there are some useful results about a transport plan ~ induced by

a transport map 7. Firstly, v(A x B) = P(ANT'(B)) for A € B(X) and B € B(Y).
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Furthermore, the graph G = {(z,y) € X xY : T(x) = y} of T has y(G) = 1.
Note that G € B(X x Y) because G = {(z,y) € X xY : dy(T(z),y) = 0} and
f: X xY —[0,00) by f(z,y) =d(T(z),y) is Borel. In particular, if f: X xY — R

is Borel and either y-integrable or non-negative, then

[ tar= [t ap).

We consider a final important property of the optimal transport problem, which is

the dual problem. In this problem, we seek

sup {/MQ—/w 4P 6(y) — ¥(z) < c(z,y) for all (z,y) € X xY}.

YEL(P),¢eL(Q)

For ¢ € L'(P) and ¢ € L'(Q) such that ¢(y) — ¥ (z) < c(x,y) for all (z,y) € X X Y,

we have

[oda- [var= [ - v@) ditey)
< [ ety dr(ay)

for all v € TI(P, Q). By taking an infimum over v € TI(P, @), we find that

[odq- [vir<w.ra).

Hence, the maximum value of the dual problem is always at most the minimum
transport cost. We refer to ¢ and ¢ as dual functions. If we assume that ¢ is lower
semicontinuous, then the two problems have the same optimum values by Theorem
5.10 of Villani (2009). If we also assume c(z,y) < cx(x)+cy(y) for all (z,y) € X xY
and some cx € L'(P) and ¢y € LY(Q), then the supremum in the dual problem is

attained by some dual functions ¢ and ¢, again by Theorem 5.10 of Villani (2009).
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Such ¢ and ¢ are referred to as optimal dual functions.

1.2 Overview

We now give an overview of the main content of the thesis. After the literature
review in Chapter 2, we start by considering our regression problem in Chapter 3. We
study least-squares estimators in an RKHS under a norm constraint. This form of
regularisation is known as Ivanov regularisation, and it provides better control of the
norm of the estimator than the well-established Tikhonov regularisation. Tikhonov
regularisation in this context is regularised least-squares estimation in the RKHS,
which is used to define SVMs, for example. We assume only that the RKHS is

separable with a bounded and measurable kernel.

We provide rates of convergence for the expected squared L?(P) error of our estimator
under the weak assumption that the variance of the response variables is bounded and
the unknown regression function lies in an interpolation space between L?(P) and the
RKHS. We then obtain faster rates of convergence when the regression function is
bounded by clipping the estimator. Clipping the estimator restricts the values that
the estimator can take so that they are not less than or greater than the possible values
of the regression function. In this setting, we attain the optimal rate of convergence.
Furthermore, we provide a high-probability bound under the stronger assumption that
the response variables have subgaussian errors and that the regression function lies in

an interpolation space between L and the RKHS.

We then derive adaptive results for the settings in which the regression function is
bounded. We do this by splitting the data into a training set and a validation set. We

use the training set to produce our estimators for a range of sizes of norm constraint
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before using the validation set to select a final estimator. We obtain the same rates
of convergence as when we use all of the data to produce the estimator with the best
possible size of norm constraint. This training and validation procedure is adaptive
because the size of the norm constraint is determined by the data while the best rates
of convergence are still attained. The estimators produced from the training set are
non-adaptive as they have fixed sizes of norm constraint which do not depend on the

data.

In Chapter 4, we study a different adaptive estimation procedure for our clipped
Ivanov-regularised least-squares estimators called the Goldenshluger-Lepski method.
In contrast to procedures such as training and validation, the Goldenshluger—Lepski
method uses all of the data to produce non-adaptive estimators for a range of sizes
of norm constraint. We then select an adaptive estimator by performing pairwise
comparisons between these estimators. Applying the Goldenshluger—Lepski method
is non-trivial as it requires a simultaneous high-probability bound on all of the pairwise

comparisons. This bound is known as the majorant.

For our regression problem, use of the Goldenshluger-Lepski method is made more
complicated by the fact that we cannot use the L?(P) norm to perform the pairwise
comparisons. This is because the covariate distribution P, and hence the L?*(P) norm,
are unknown. For this method, the L?*(P) norm would normally be used for making
the comparisons as it is the norm in which we seek guarantees on our estimator.
However, we are able to adapt the method so that we can perform the comparisons
using the L?(P,) norm instead, while still obtaining guarantees on our estimator in

the L?(P) norm. Here, P, is the empirical distribution of the covariates.

We use the Goldenshluger—Lepski method to create two estimation procedures. In
the first procedure, the RKHS is fixed and we adapt over a range of sizes of norm

constraint. This is similar to the training and validation procedure discussed above,
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as we adapt over the same parameter. In the second procedure, we adapt over both a
collection of RKHSs with Gaussian kernels and a range of sizes of norm constraint in
the RKHSs. In this case, we must first produce the non-adaptive estimators for not

only the range of sizes of norm constraint but also for each RKHS in the collection.

In Chapter 5, we move away from regression. We study the extreme points of Wasser-
stein balls of probability measures. We first show that the only extreme points which
are not on the surface of the ball are the Dirac measures. By the surface of the ball,
we mean the points in the ball whose distance from the centre of the ball is equal to
the radius. We then consider points which are on the surface of the ball. We show
that if the Wasserstein distance is uniquely attained by a transport plan induced by a
transport map, then we have an extreme point. Conversely, under conditions on the
centre of the ball and the cost function, we show that if the Wasserstein distance is
attained by two distinct transport plans induced by continuous transport maps, then
we do not have an extreme point. We then consider the special case in which the

probability measures have finite support.

We return to our regression problem in Chapter 6. We seek to control the worst-case
squared L?(Q) error of an estimator over all ) in a Wasserstein ball of probability
measures centred at the covariate distribution P. We first analyse the worst-case
squared L?(Q) error of our Ivanov-regularised least-squares estimators. We produce
expectation bounds both when the regression function is unbounded and when the
regression is bounded. We clip our estimators when the regression function is bounded.
Furthermore, we produce a high-probability bound when the regression function is

bounded and the errors of the response variables are subgaussian.

We then consider alternative estimators defined using an empirical version of the
worst-case squared L*(Q) error. In the empirical version, we centre the Wasserstein

ball at P,, the empirical distribution of the covariates. We discuss the problems
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with the analysis and computation of such estimators. We show that, under suitable
conditions, the empirical version of the worst-case squared L*(Q) error is attained at
some () which is an extreme point of the Wasserstein ball centred at P,. We then
briefly consider the approximation properties of the regression function with respect
to the supremum of the L?(Q) norms. Under similar conditions, this supremum is
attained at some () which is an extreme point of the Wasserstein ball centred at P.
These results are the motivation for the study of the extreme points of Wasserstein
balls in Chapter 5. We conclude in Chapter 7 by reviewing the main content of the

thesis and discussing some directions for further research.



Chapter 2

Literature Review

We now review the literature of the areas most closely related to this thesis. These
are reproducing-kernel Hilbert space (RKHS) regression, the Goldenshluger—Lepski

method, optimal transport and covariate shift.

2.1 RKHS Regression

Estimators in RKHS regression are usually analysed using the spectral decomposition

of the kernel operator T : L*(P) — L*(P) by

(Tf)(r) = / K(z1, 22) f(22) dP(a2).

If
/k(x,x)dP(x) < 00,
then

Tf= Z il f, €i>L2(P)€i
i=1

15



CHAPTER 2. LITERATURE REVIEW 16

for f € L*(P), where the ¢; for i > 1 are orthonormal eigenfunctions of 7" and the );
are the corresponding eigenvalues (Lemma 2.3 of Steinwart and Scovel, 2012). The ),

are strictly positive and may be selected so that they are non-increasing. Furthermore,

A € {;. We can define T : L?*(P) — L*(P) by

Taf - Z )‘za<fa 6i>L2(P)€z

=1

for a > 0.

2.1.1 Early Research

Early research on RKHS regression does not make assumptions about the decay of
the A; for @ > 1. Smale and Zhou (2007) estimate the regression function g using

support vector machines (SVMs). These are defined by

fy = arg min {% S =Y+ Aufuif}

feH i=1

for A > 0. It is assumed that the response variables are bounded, so that |Y;| < M

for M > 0.

The first bound presented by Smale and Zhou (2007) is on the squared RKHS error
of an SVM when the regression function is at least as smooth as a general element of

H. Assume that g € T/2(L*(P)) for 8 € (1,2]. Furthermore, let ¢ > 0 and
A= (3l M) DT 2] g PO,
Theorem 2 of Smale and Zhou (2007) shows that

. i )
1fx = glit < 1610g(2)° (3| Kl|oo M)* = O T8 g 1 1 27710/ 09)
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with probability at least 1 — e~!. The complexity of the regression function g is

measured by ||[7-%/2g||12(p). The authors also provide a bound on the squared L*(P)

error of an SVM in the same setting. Let
A = Log(4) (12 K|l M2/ 49| 312 [ 2049/ 149)
Corollary 5 of Smale and Zhou (2007) shows that
1/ — 9”%2(13) < 4log(4)2(12H]{;HOOM)%/(Hﬂ)||Tfﬂ/2g||2/ L+6) ) =B/ (1+8)

with probability at least 1 — e~* for sufficiently large n. Note that this bound is of

order n=A/0+68),

The final bound of Smale and Zhou (2007) is on the squared L?(P) error of an SVM
when the regression function is less smooth than a general element of H. Assume

that g € T%/2(L?(P)) for 8 € (0,1]. Let t > 0 and
A = 8log(4)||k|| % tn /2.
Corollary 5 of Smale and Zhou (2007) also shows that
1fx = gllZaip) < log(4)*(8M + 872 |[k(|% T gl 2(p))*n~"/?

with probability at least 1 — e~* for n > 1. This bound is only of order n=?/2, which

is larger than order n=/(+5),
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2.1.2 Eigenvalue Decay and Smooth Regression Functions

Initial research on RKHS regression which makes use of the decay of the \; for ¢ > 1
only applies when the regression function is at least as smooth as a general element
of H. This is done by Caponnetto and de Vito (2007). We do not consider response
variables which are not real-valued, RKHSs which are finite-dimensional or squared
L?(P) errors of estimators with respect to functions other than the regression function,

all of which are also covered in the paper.

The estimators considered by Caponnetto and de Vito (2007) are again SVMs. The

authors assume that for M,o > 0 we have

E(exp(m)_l_M‘Xi)< 52

M M — 2M?

for 1 < ¢ < n. This condition ensures that the response variables do not vary too
much around the regression function evaluated at the covariates. It is often referred
to as subexponentiality. The decay of the A\; for ¢ > 1 is captured by assuming that

A € [ui=VP vi=V/P] for v > u > 0 and p € (0, 1).

We first consider the case in which g € T%?2(L?*(P)) for 3 € (1,2], so that the
regression function is strictly smoother than a general element of H. Let A = n~1/(5+p),
Theorem 1 of Caponnetto and de Vito (2007) shows that any fixed quantile of the
squared L?(P) error of f,\ is of order at most n~?/(5*P) Note that this is always
smaller than the order n=%/(1+%) of Smale and Zhou (2007). Furthermore, Theorem 2
of Caponnetto and de Vito (2007) shows that no estimator can attain a smaller order

than n=%/(+P) 50 the bound for f,\ is optimal.

We now consider the case in which g € TV2?(L?(P)), so that the regression function

is as smooth as a general element of H. Let A\ = log(n)Y/(+P)p=1/0+P)  Theorem 1
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of Caponnetto and de Vito (2007) also shows that any fixed quantile of the squared
L2(P) error of fy is of order at most log(n)Y/ ) =1/(+p)  This is always smaller than
the order n=1/2 of Smale and Zhou (2007). Theorem 2 of Caponnetto and de Vito
(2007) shows that no estimator can attain a smaller order than n~/(#?) so the bound

for fA is close to optimal.

2.1.3 Eigenvalue Decay and Non-Smooth Regression Func-

tions

Later research focuses on the case in which the regression function is at most as smooth
as a general element of H. Mendelson and Neeman (2010) assume that the response
variables are bounded, so that |Y;| < M for 1 <i < n and some M > 0. The authors
also assume that \; < vi~'/? for v > 0 and p € (0,1). Various Tikhonov-regularised
estimators are considered in the paper. The authors assume that k|| < 1, although

this is only to simplify the notation.

The first bound of Mendelson and Neeman (2010) is given for an estimator of the

form

s = argn {%Z(fo@) — Y+ Cralfln + m)}
€ i=1

for some constant C; > 0 and
a(r,\) = b(2r, A + log(7?/6) + 2log(1 + Cyn + logr))
for r > 1 and A > 0 for some constant Cy > 0. Here,

b(r,\) = Coyr?ot/(FP) p=1/(+p) 4 Cy(1+7r)An"!
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for some constants Cs,C; > 0. The regularisation function is still of order ||f||%
up to logarithmic terms, which is the same as for SVMs. The authors first consider
g € TY2(L*(P)), so that the regression function is as smooth as a general element of
H. The discussion after Theorem 3.8 of Mendelson and Neeman (2010) shows that
a fixed quantile depending on \ of the squared L?(P) error of gy is of order at most
n~1/0+4P) for all A > 0. Note that this is smaller than the order log(n)'/(1FP)p=1/(1+p)

of Caponnetto and de Vito (2007), who show that the rate n~'/(*?) is in fact optimal.

The authors then consider g € T?%2(L?(P)) for 3 € (0,1), so that the regression
function is less smooth than a general element of H. The discussion after Theorem
3.8 of Mendelson and Neeman (2010) also shows that a fixed quantile depending on
A of the squared L?(P) error of g, is of order at most n=/(1+2) for all A > 0. This is

always smaller than the order n~%/2 of Smale and Zhou (2007).

In order to improve the order of the second bound, Mendelson and Neeman (2010)
continue by assuming that the eigenfunctions of 7" are uniformly bounded, so that
sup;|le;|lo < 0o. This is a very strong condition which need not hold even when the
kernel of the RKHS is very smooth, as discussed after Theorem A of Mendelson and

Neeman (2010). The authors then consider new estimators of the form

gx = argmin {l > (f(Xi) = Yi)* + Cualf, /\)}

n
feH i=1

for some constant C; > 0 and

a(f, A) = Co(1+ A+ Cslogn +log?(|| Il +€)) (|| £ 1|z + 1)*/ P log (n)?/ (1Pl ~2/(AF2)

for f € H and A > 0 and some constants C5, C5 > 0. Note that the regularisation

function is now of order || inf/ (%) 4p to logarithmic terms, which is always smaller

than || ][
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The authors again consider g € T%/2(L?(P)) for B € (0,1). The discussion after
Corollary 5.5 of Mendelson and Neeman (2010) shows that a fixed quantile depending
on A of the squared L?(P) error of gy is of order at most n=%(3+P) for some interval

of A > 0. This is always smaller than the authors’ earlier order of n=%/(1+7),

2.1.4 Recent Research

The uniform boundedness condition on the eigenfunctions can be relaxed. Steinwart,

Hush, and Scovel (2009) instead assume that
1o < CollblI MBI 20y

for all h € H and some constant C; > 1. Here, p € (0,1) is such that \; < vi™'/P
for v > 0. This assumption is shown to be weaker than uniform boundedness of the
eigenfunctions in Theorem 2 of Steinwart et al. (2009). Again, it is assumed that the
response variables are bounded, so that |Y;| < M for 1 <i < n and some M > 0, and
that ||k|c < 1. Various Tikhonov-regularised estimators are considered, including
SVMs. The authors also assume that the regression function g € [L?*(P), H|g for
B € (0,1). This assumption is shown to be weaker than g € T%/2(L?(P)) by Corollary

4.7 of Steinwart and Scovel (2012).

The estimators considered by Steinwart et al. (2009) are of the form

n
feH i=1

Jgx = argmin {l > (f(X) — Y+ AHfl!%}

for ¢ > 1 and A > 0. The authors investigate regularisation functions of various
orders || f]|%,. Note that g, = fA an SVM. Since |Y;] < M for 1 < i < n, we have

llglle < M. Hence, the estimators g, can be made closer to the regression function
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g by clipping them. The authors obtain Vg, \, where V : R — [—M, M] by

-M if t<-M
V(t)=19 t if [t|<M
M if t>M

for t € R.

Corollary 6 of Steinwart et al. (2009) shows that there is some constant Cy > 1 such
that, for

_2B+q(1-B)
A=mn 28+

and all £ > 1, we have
IV ggr — gll72(py < Cotn =0/

with probability at least 1 — 3exp(—tn®/(5+P)). Note that this bound is of order
n~A/(5+P)  which matches that of Mendelson and Neeman (2010). However, Steinwart
et al. (2009) make weaker assumptions. Furthermore, the bound is attained for any
q > 1. Generally, ¢ = 2 is preferred for computational reasons. Steinwart et al. (2009)
show in Theorem 9 that if we also assume )\; > wi~'/? for u € (0,v], then the rate

n—P/(B+P) is the optimal power of n.

2.2 The Goldenshluger—Lepski Method

The Goldenshluger—Lepski method is based on Lepski’s method, which can perform
adaptation over a single parameter. Lepski’s method uses all of the data to produce
a collection of non-adaptive estimators. It then selects the smoothest non-adaptive

estimator, subject to a bound on a series of pairwise comparisons involving all esti-
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mators at most as smooth as the resulting estimator. Lepski’s method can only adapt
to one parameter because of the need for an ordering of the collection of non-adaptive

estimators. We discuss this method first.

2.2.1 Lepski’s Method

Lepski’s method is introduced by Lepski (1991b). The author considers the stochastic

process X, on [0, 1] defined by
dX.(t) = S(t)dt +dW(t),

where S : [0, 1] — R, W is a standard Weiner process on [0, 1] and € > 0 determines the
variability of X.. It is assumed that S is contained by some set of smooth functions
S e X(B,L) for > 0and L > 0. Let § = m + « for m a non-negative integer
and a € (0,1]. Then (8, L) is defined to be the set of S : [0,1] — R such that
S is m-times continuously differentiable and [S™)(¢;) — S™(t,)| < L|t; — to|* for
all t;,to € [0,1]. The aim is to estimate S(ty) for some fixed ¢ty € [0, 1] under the
assumption that [ is unknown. The author obtains expectation bounds on the gth
power of the error of an adaptive estimator with respect to the Euclidean norm for

qg > 0.

Lepski (1991b) considers a range of non-adaptive kernel estimators indexed by the
closed bounded set I C (0,00). Let a = inf I and b = sup I. The kernel function is

defined as g : R — R with support [0, 1] such that

1 1
/g(t) dt =1 and /tjg(t) dt =0
0 0
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for 1 < j < |b] 4+ 1. For each 8 € I, the author defines the estimator
1
7.(9) =53 [ 9l6(6) (¢~ 1) dX.(0)
0
for the function ¢ : I — (0,00) by
5(8) = (b — B)Y/ @D 1og(1 /) 1/ 2F+1) 2/ (25+1)

for B # b and §(b) = £+ The function § determines the order of the bound
on the adaptive estimator. A finite collection of these estimators is considered. Let
h. = (log(1/e))™" and let 8, = a + kh. for 1 < k < hZ'(b — a), where hZ'(b — a) is

assumed to be a strictly positive integer. The estimators considered are 7., = T.(fx).

Having defined the non-adaptive estimators, Lepski (1991b) defines the adaptive
estimator as follows. Let vy = (2a + 1)""2((la] V O))'L, 0 = ||g|lz2(01) and

d = 40(2q + 1)Y/2 4+ 2uyo. Then the adaptive estimator is T ;, where
k=sup{l <k <hZ'(b—a):|Tp — T.y| < do(5) for all I < k}.

Note that the calculation of k requires d to be known. Theorem 3 of Lepski (1991b)
shows that

suplim sup E(6(8)71_; — S(to)|?) < oc.
gel €70 sex(8,L) '

Therefore, T_ ; — S(to) is of order log(1/e)Y/ 0+ 2/ 25D as e — 0 for all S € (3, L).
This holds for all § € I, even though the adaptive estimator 7, ; does not depend on
B.
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2.2.2 Lepski’s Method for RKHS Regression

Lepski’s method has been applied to RKHS regression under the name of the balancing
principle. However, as far as we are aware, Lepski’s method has not been used to
target the true regression function. Instead, it has only been used to target an RKHS

element which approximates the regression function.

De Vito, Pereverzyev, and Rosasco (2010) assume that there is some collection of

estimators f* such that
17 = fulleey < alm A2 (w(N) o2+ A(N))

and

1F* = fulla< am) (@) 'n™2 + AN)

for some fi € H simultaneously for all A € [n~'/2 1] with probability at least 1 — 7
for n € (0,1]. The functions A : [0,1] — [0,00) and w : (0, 1] — (0, 00) are continuous,
A(0) = 0, a(n) > log(2/n)"* Vv 1 and w(A)A(\) < Ci\ for some constant C; > 0.
Furthermore, A\Y/2A(\) and AY2w(\) are increasing in A. This assumption is very

strong. Assumptions of this form are discussed in Section 3.1 of De Vito et al. (2010).

We briefly discuss the implications of the above assumption. The function fy is the
function to be targetted in place of the regression function. The term w(\)™'n=1/2
corresponds to the sample error of f* with respect to fy, while A()\) corresponds
to the approximation error. A good choice of A balances the sample error and the

approximation error. Let \* > 0 satisfy

wA) T2 = AW,
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It is assumed A\* < 1. Then
1A = frllzee < 2a(n) (A7) 2AN)

and

1/ = fulla< 2a(n) A(XY).

There is a difficulty in using Lespki’s method to control the squared L?*(P) norm
of fx — fu for some estimator A of \*. Lepski’s method requires the norm we are
interested in controlling to be known in order to perform the pairwise comparisons.

However, the covariate distribution P is unknown in this situation.

De Vito et al. (2010) continue by performing Lepski’s method for two different norms
and combining the results. Let \; € [n=%/2,1] for 0 < i < I such that \;,_; < \; for
1 < i < I. Here, I is some some strictly positive integer. Let P, be the empirical
distribution of the covariates. The authors define

Ay = max{\; : || — e < 4Cga(77))\;/2w()\j)’ln’1/2 forall0 <j<i—1}

for some constant Cy > 0 and
Ay = max{\; : |/ = Y] a< da(n)w(N) tn 2 for all 0 < j < i —1}.

These estimators of A\* are combined to form \ = 5\1 /\5\2. Assume that \g < Cy Ip=1/2
and w(A;) < qw(Ai—1) for 1 <4 < I and some ¢ > 1. Theorem 3 of De Vito et al.
(2010) shows that

1/ = fallzm < Caga(n)A®A(X)

for some constant C3 > 0. Note that this bound for f* is of order (A*)'/2 bigger than

the bound for fA".
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2.2.3 Multiple Parameters

We now discuss the Goldenshluger—Lepski method itself. The method is introduced
by Goldenshluger and Lepski (2008). Let D be an open interval of R¢ containing

Dy = [—1/2,1/2]¢. The authors consider the stochastic process Y on D defined by
dY (t) = F(t) dt +edW (t),

where F' : D — R, W is a standard Weiner process on R% and e € (0,1) determines
the variability of Y. It is assumed that F' is continuous and bounded. The aim is
to estimate F'(zq) for some fixed g € Dy. The authors obtain expectation bounds
on the rth power of the error of an adaptive estimator with respect to the Euclidean

norm for r > 0.

Goldenshluger and Lepski (2008) consider a range of non-adaptive kernel estimators
indexed by the compact set © C R™ equipped with the Euclidean norm |-|5. Let
Ke be the set of kernels K, : R? x R? — R for y € ©. The authors assume that
there is some open interval D; of R? with Dy C D; C D such that, for all 1 € O,

supp(K,(-,y)) € Dy for all y € Dy and

[ Eulty @i =1
D

for all y € D;. This ensures that K, satisfies the usual definition of a kernel, along

with some regularity conditions.

The authors also assume some boundedness properties of the collection of kernels Kg.

In order to express these properties, we define the norms ||-||, as the LP(Dy) norm for
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p € [1,00] and

1/p
[l = sup ([ 000 at) " and [ = sup suplse, )

z€Dg €D teRd

for f:R? x Dy — R and p € [1,00). The assumption is that sup,ce || Kpl[1,00 < 00
and sup,col|Kyull2.00 < 00. Continuity of the kernels is also required. It is assumed

that there exist v € (0, 1] and L > 0 such that

K, — Kyl 1—||K,(, K,
sup ” W M,UZ <L and sup sup | || u( JC)H?/H7 u( x)||2| <1,
' €O |,u - M|2 1! €6 zeRd ‘M - M|2

where K,(-,2) = K, (-, 2) /|| K.(-, 2)]||2 for u € ©.

Goldenshluger and Lepski (2008) define the set Kgxeg of auxiliary kernels K, :
R? x RY — R by

K,,(tx)= [ K.ty K. (y,z)dy

Dy
for t,z € R%. The kernel K uv 18 in some sense smoother than both K, and K,. The
authors also demand that K, ,(t,z) = K, ,(¢,z) for all ¢,z € R? and all u,v € ©.

This occurs if, for example, K ,(t,z) = K,(t — z,0) for all {,z € R? and all p € ©.

Having defined all of the kernels, the authors define the non-adaptive estimators. Let

X /K (t2) dY () and E( / 4y (1)

for x € Dy and u, v € ©. We first consider the bias of these estimators. Let

/K (t,2)F(t) dt — F(z) and B, (x / t) dt — F(z)
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for x € Dy and pu, v € ©. We also require

Bo(r) = (EES’BW@ _ By<x>|) VB, (@)

for x € Dy and p € O. In order to define the adaptive estimator, the variability of

the non-adaptive estimators must be taken into account. Let

£u(z) :/DKM(t,m) dW(t) and &,,(x) :/DKM’V(t’x) dW (t)

for v € Dy and p,v € O, and let o,(x) = ||[K,(-,2)|2 and 0,,(2x) = [|[K,.(-,x) —

K,(-,z)||2. We also require

o) = (s [ 18 lo) ) v, 0

veO® JRA

for x € Dy and p € ©.

Goldenshluger and Lepski (2008) continue by defining the majorant, which is neces-
sary for defining the adaptive estimator. Recall that xq € D is the point at which we
are interested in estimating F. Let Xg = {7,(x¢) : p € O} and oyin = infXg. In

order to define the majorant, the authors must control g : ¥g — [0, 00) by

g(o’) = SupE < sup < ‘gu,u - 51/’) :

HEO v€B:5, (o

The function g measures the variability of the pairwise comparisons involved in the

definition of the adaptive estimator.

The authors assume that there is a known function e : ¥g — [0, 00), which is contin-
uous and non-decreasing, such that e(o) > g(o) for all 0 € ¥g. It is also assumed
that e(20)/e(0) € [ce, C¢] for all 0 € ¥g and some C. > ¢, > 1. This is similar to the

function e being slowly varying. In general, finding e is a very difficult problem. The
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majorant can then be defined as @ : ¥g — [0, 00) by
Q(0) = spe(0) + o(1 + 2 log(o/omn)) ",

where 3¢ = 2C, and »; = 128r(1 V (log(Ce)/log(2))). This is an inflated version of

e(o), with the increase based on the variability o € Xg.

Goldenshluger and Lepski (2008) then define the adaptive estimator. Let

~

R, = sup (yﬁ#,y — By — 2Q(5,(x0)) /2) .

vE€O:Gy (w0)>6u(w0)

For § = eQ(omm)/4, let it be a random element of © such that
Ryt 2Q(0(x0) < nf (R, +Q(3,(a0)) + 6,
o

The adaptive estimator is given by F 5. The authors provide a bound on the error of

A

F (o) under a final assumption.

Let Op be the set of u € © such that for all 0 € ¥g for which ¢ > &,(x¢), there
exists € © such that d4(zg) = o and 39(330) < eQ(dg(x0))/4. It is assumed
that ©p # @&, which gives a condition on F with respect to the kernels. Define

p* = argmin, g, 6,(2¢). Theorem 1 of Goldenshluger and Lepski (2008) shows that

A

(E(|Eu(0) — F(20)|")"" < CeQ(6,- (x0))

for ¢ € (0,1) sufficiently small and some C' > 0. Therefore, the error of Fﬂ(xo) is
bounded by an inflated version of the variability of the pairwise comparisons with

respect to pu*, where p* in some sense produces an estimator with small variability.
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2.3 Optimal Transport

We now discuss a sample of the relevant literature from optimal transport. We start

with the first modern treatment.

2.3.1 Early Research

The optimal transport problem in its modern form is introduced by Kantorovitch
(1958). The author allows transport between any finite measures with the same total
mass. However, here we assume that the measures are probability measures. The
author demands that X =Y is compact and the cost function ¢ is continuous. The
quantity

W.(P, Q)= inf cd
( Q) ’YEH(P,Q)/ v

for P, € P(X) is defined, and considered as a distance on P(X). Kantorovitch
(1958) states that W.(P, Q) is attained by some v € II(P,Q) because II(P, Q) is

compact.

The author then considers an early form of the dual problem. Define U : X — R to
be a potential for v € II(P, Q) if for all z,y € X we have |U(y) — U(z)| < ¢(z,y),
and furthermore U(y) — U(x) = ¢(x,y) if v(A x B) > 0 for all open sets A, B such
that x € A and y € B. The theorem of Kantorovitch (1958) shows that v € II(P, Q)

attains W.(P, @) if and only if it has a potential.

2.3.2 Quadratic Cost Function

Study of the dual problem can lead to the discovery of properties of the solutions to

the optimal transport problem itself. Such results often depend on ideas from convex
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analysis. Riischendorf and Rachev (1990) consider the case in which X =Y = RF
equipped with the Euclidean norm ||, and the cost function c(z,y) = |z — y|?* for

x,y € RF. Tt is assumed that P,Q € P(RF) with

/\x|2 dP < oo and /|y|2 dQ < oo,

which ensures that W.(P, Q) < oo.
Let f : R¥ — [—00, o0] be a convex function. The subdifferential of a convex function
f:RF = [—00,00] at x € R* is

Of(x) = {y e R*: f(2) > f(x) + (y,z — ) for all z € R*}.

This set consists of the gradients of all possible tangents of f at x. Theorem 1 of
Riischendorf and Rachev (1990) shows that there exists v € II(P, Q) which attains
W.(P, Q). Furthermore, the theorem shows that v € II(P, Q) attains W.(P, Q) if and

only if v({(z,y) : y € 9f(x)}) = 1 for some lower semicontinuous convex function f.

2.3.3 General Cost Functions

The previous result can be generalised to other cost functions ¢ : X x Y — [0, 00).
Riischendorf (1995) provides such a result. We call f : X — [—o0, 00| a c-convex

function if there exists a function ¢ : Y — [—o0, o] such that

f(z) = sup(((y) — c(x,y)).

yey

The c-subdifferential of f at x € X is

Of(x)={y €Y : f(2) > f(z) +c(z,y) — c(z,y) for all z € X}.
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For y € O.f(z), the function f(z) + c¢(z,y) — c(z,y) of z € X is the equivalent of a
tangent of f at x. These are slight generalisations of the definitions of Riischendorf
(1995). Furthermore, we replace ¢ with —c in the author’s definitions as we are

interested in minimising the transport cost as opposed to maximising it.

The author assumes that X =Y = R* and P,Q € P(R*). Furthermore, it is assumed
that c(z,y) < cx(x) + ey (y) for all 2,y € R*¥ and some cy € LY(P) and ¢y € LY(Q).
Theorem 2 of Riischendorf (1995) shows that v € II(P, Q) attains W.(P, Q) if and
only if y({(x,y) : y € 0.f(x)}) = 1 for some c-convex function f. Furthermore, if ¢ is

lower semicontinuous, then there exists v € II(P, ) which attains W.(P, Q).

2.3.4 Recent Research

A recent book on the subject of optimal transport has been written by Villani (2009).
The book is expansive, so we only discuss continuations of the above literature. We
allow general complete metric spaces X and Y, but restrict the cost function ¢ :
X xY — [0,00) to be lower semicontinuous. Let P € P(X) and Q € P(Y). Section
4 of Villani (2009) covers some basic properties of the optimal transport problem. In
particular, Theorem 4.1 shows that there exists v € II(P, Q) which attains W.(P, Q).
This extends the second part of Theorem 2 of Riischendorf (1995) to more general X
and Y.

Duality is covered in Section 5 of Villani (2009). Theorem 5.10 is a detailed version

of the duality theorem. In particular, it shows that W.(P, Q) is equal to

sup {/gbd@—/@/z dP : ¢(y) — ¥(x) < ce(z,y) for all (z,y) € X XY}.

YeLL(P),pc L1 (Q)

Furthermore, we may restrict ¢ to be c-convex. The theorem also shows that the
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supremum is attained if c¢(z,y) < cx(z) + ¢y (y) for all (z,y) € X x Y and some

cx € L'(P) and ¢y € LY(Q).

Theorem 5.30 of Villani (2009) gives conditions under which the optimal transport
problem is solved by a unique transport plan which is induced by a transport map.
Suppose that W,(P, Q) < oo and, for all c-convex functions f : X — [—o0, o0], the set
of x € X such that 0. f () contains more than one element is P-null. Then the theorem
shows that W, (P, Q) is attained by a unique 7 € II(P, Q) induced by a transport map
T : X — Y. Recall that this means v(C) = P{z € X : (z,T(x)) € C}) for
C € B(X xY) and that T is Borel. Furthermore, we can select T" so that there exists

a c-convex function v such that T'(z) € d.1(x) for all x € X.

Consider the above condition that for all c-convex functions f : X — [—o0, 0], the set
of z € X such that J.f(z) contains more than one element is P-null. It is essentially
this condition and an extension of Theorem 2 of Riischendorf (1995) to more general
X and Y which prove Theorem 5.30 of Villani (2009). However, there are only very

special circumstances in which the condition is satisfied.

One circumstance in which the condition on c-convex functions is satisfied is as follows.
Let X =Y = R* equipped with the Euclidean norm |-|, and let the cost function

c(z,y) = |x — y|* for x,y € R*. Furthermore, let P,Q € P(R*) with

/|:v|2 dP < oo and /|y|2 dQ < oo.

Suppose that P(A) = 0 for any A € B(R*) with dimension at most k — 1. In this
case, Theorem 9.4 of Villani (2009) shows that the condition is satisfied and that the
result of Theorem 5.30 of Villani (2009) applies. For this cost function, 4 is simply a

lower semicontinuous convex function and T'(x) € d.1b(z) = Oy (z) for all z € R*.
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2.4 Covariate Shift

We present a brief overview of the literature on covariate shift in regression. We start

in the parametric setting.

2.4.1 Parametric Regression

Covariate shift is first considered for parametric problems. Shimodaira (2000) assumes
that the covariates and response variables (x4, y;) for 1 <t < n are i.i.d. with density
q(y|z)qo(x) with respect to the Lebesgue measure. However, after the data has been
collected, the covariate distribution shifts to ¢;(x). The response variables y, are not

required to be one-dimensional.

The author aims to estimate ¢(y|z) by using a density from the collection p(y|z, )
for # € © C R™. This restricts the problem so that only some # € © needs to be

estimated. Due to the covariate shift, the author considers the loss function

lossy () = —/ql(x)/q(y\x) log p(y|z,0) dy dx.

This is the Kullback—Leibler divergence between q(y|z)q:(z) and p(y|z, 0)q: (), up to

an additive constant.

In order to estimate the § € © of interest, Shimodaira (2000) considers a maximum
weighted log-likelihood estimation procedure. Let w be some non-negative weight
function on the covariate set and define ,(z,y|0) = —w(z)logp(y|x,0) for 6 € O.

The weighted log-likelihood function is then

Liy(0) = = Lo(x, 1:16).
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The maximum weighted log-likelihood estimator 6, = arg max,ce Ly, (#). However,

only certain weight functions are allowed by the author.

The proper weight functions w considered by Shimodaira (2000) must satisfy the fol-
lowing properties. Let Ey denote integration with respect to q(y|x)qo(x), the density
generating the data. It is required that Fy(l,(x,y|0)) exists for all § € ©. Further-
more, Ey(l,(x,y|f)) must have a unique minimiser 8 which lies in ©° the interior of

©. Finally, Ey(l,(x,y|f)) must have a non-singular Hessian at 6.

Shimodaira (2000) uses these definitions to describe the § € © that we are interested
in estimating. Note that if w = ¢1/qo, then we have Ey(l,(x,y|0)) = loss;(6). Hence,
in this case, 0 = argminy g loss;(#). This 67 is referred to as 6. It is this value of
0 € © that we are interested in estimating. Furthermore, in this case, the estimator

0, is referred to as 6,.

Lemma 1 of Shimodaira (2000) tells us how well 0., estimates 07, for any proper weight
function w. Suppose that the model is sufficiently smooth and that p(y|z, ) has the
same support as q(y|x) for all § € ©. Furthermore, assume that the m x m matrices

G, and H, defined by

_ Ol (z,yl07,) Olw(z, y|67,) _ 0l (x, y0;,)
Gy = Bo ( 20, 20, and Huij = Eo\ =509,

are nonsingular. Then n'/2(f,, — %) converges in distribution to N(0, H, Gy, H1).
In general, a weight function w not proportional to ¢;/qo has 87 # 07 and loss; (67) >
loss; (67). In this case, Lemma 1 of Shimodaira (2000) shows that 67 € © should be
estimated by 0,. Note that this requires both covariate distributions ¢y and ¢; to be

known.
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2.4.2 Nonparametric Regression

Sugiyama, Suzuki, Nakajima, Kashima, von Biinau, and Kawanabe (2008) consider
the problem of estimating the weight function above when the two covariate distri-
butions are unknown. The authors allow more general nonparametric models. Let
@ be the distribution generating the original covariates and P be the distribution of
the covariates after a covariate shift, both defined on D C R?. It is assumed that P
and (@) are equivalent. The aim is to estimate gy = dP/dQ. The authors assume that

inf,ep go(z) > 0 and sup,cp go(x) < 00.

In order to estimate the weight function gy, the authors assume that we have i.i.d.
samples from P and ). It is assumed for convenience that there are the same number
n of samples from both distributions. The empirical distributions of these samples
are referred to as P, and (),,. For any measure y and any p-integrable function f, the

authors use the notation uf to refer to the integral of f with respect to p.

Given the samples above, Sugiyama et al. (2008) estimate g using a linear combina-
tion of basis functions. Let F' be some set of non-negative basis functions on D. F
may be infinite, however it is assumed that infger Q¢ > 0 and supyepl/@)|e < 0.
Furthermore, the authors demand that the subset of basis functions F,, C F' consid-
ered when estimating gy from the pair of n samples is finite. However, F), is allowed
to depend on the samples and therefore be random. For an example of this scenario,
consider a kernel k£ : D x D — R. We can let F' = {k(x,-) : x € D} and F,, consist of

the k(z,-) such that z is a sample generated by P.

Having defined the basis functions, the authors then define their linear combinations.
Let
L
G:{Zalqbl:quOandqbleFforlglgLandalle1}

=1
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be all finite positive linear combinations of elements of F and let GM = {g € G :
llglleo < M} for all M > 0. Furthermore, let
| Fn
G, = Zalgbl:alZOandgblEFforlglg|Fn|
1=1
be all finite positive linear combinations of elements of F,. The authors then define

their estimator

gn = arg max{ P, log(g) : Q,g = 1}.

9€Gn
Here, P, log(g) is an empirical version of the negative Kullback—Leibler divergence
between P and the measure P such that dP /d@Q = g, up to an additive constant. We
must have Qg = 1 for P to be a probability measure. The empirical version of this

constraint is (),g = 1. The authors assume that g, is unique.

In order to present bounds on §,, Sugiyama et al. (2008) bound the size of G for all
M > 0. Let Njj(e, GM, L*(Q)) be the £ > 0 bracketing number of G with respect to
the L?(Q) norm. This number is defined to be the smallest integer n > 1 such that
there exist functions /; : D — Rand u; : D — Rfor 1 < ¢ < n for which ||l;—u|| 2(g) <
¢ and, for all f € GM, there exists ¢ such that [; < f < u;. The authors assume that
there exist v € (0,2) and K > 0 such that log Njj(e, GM, L*(Q)) < K(M/e)" for all
M > 0. The value of v is larger when the G™ are bigger. The bounds on §, are given
with respect to the generalised Hellinger distance hq(g1,92) = ||v/91 — /92|l r2(q) for

non-negative functions g; and gs.

Let af = (Qn90)~" and 6, = (P,log(afgo/gn)) V 0. Remark 2 of Sugiyama et al.
(2008) shows that hq(gn,go) is of order n=Y/(+7) 4 /5 in probability. Note that
this result depends on the size of the GM for M > 0 through v € (0,2). However,
the dependence on d,, is not desirable. Assume that there exists g; € G,, such that

Qngl =1 and ||go/g}||oc < 00. Then Theorem 2 of Sugiyama et al. (2008) shows that
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hq(dns o) is of order n=Y/@+0) 4 ho(gr, go) in probability. This replaces /8, with

ho(gr, go), which is easier to interpret.



Chapter 3

Ivanov-Regularised Least-Squares
Estimators over Large RKHSs and

Their Interpolation Spaces

One of the key problems to overcome in nonparametric regression is overfitting, due
to estimators coming from large hypothesis classes. To avoid this phenomenon, it
is common to ensure that both the empirical risk and some regularisation function
are small when defining an estimator. There are three natural ways to achieve this
goal. We can minimise the empirical risk subject to a constraint on the regulari-
sation function, minimise the regularisation function subject to a constraint on the
empirical risk or minimise a linear combination of the two. These techniques are
known as Ivanov regularisation, Morozov regularisation and Tikhonov regularisation
respectively (Oneto, Ridella, and Anguita, 2016). Ivanov and Morozov regularisation
can be viewed as dual problems, while Tikhonov regularisation can be viewed as the

Lagrangian relaxation of either.

40
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Tikhonov regularisation has gained popularity as it provides a closed-form estimator
in many situations. In particular, Tikhonov regularisation in which the estimator is
selected from a reproducing-kernel Hilbert space (RKHS) has been extensively studied
(Smale and Zhou, 2007; Caponnetto and de Vito, 2007; Steinwart and Christmann,
2008; Mendelson and Neeman, 2010; Steinwart et al., 2009). Although Tikhonov
regularisation produces an estimator in closed form, it is Ivanov regularisation which
provides the greatest control over the hypothesis class, and hence over the estimator
it produces. For example, if the regularisation function is the norm of the RKHS,
then the bound on this function forces the estimator to lie in a ball of predefined
radius inside the RKHS. An RKHS norm measures the smoothness of a function, so
the norm constraint bounds the smoothness of the estimator. By contrast, Tikhonov

regularisation provides no direct control over the smoothness of the estimator.

The control we have over the Ivanov-regularised estimator is useful in many settings.
The most obvious use of Ivanov regularisation is when the regression function lies in
a ball of known radius inside the RKHS. In this case, Ivanov regularisation can be
used to constrain the estimator to lie in the same ball. Suppose, for example, that we
are interested in estimating the trajectory of a particle from noisy observations over
time. Assume that the velocity or acceleration of the particle is constrained by certain
physical conditions. Constraints of this nature can be imposed by bounding the norm
of the trajectory in a Sobolev space. Certain Sobolev spaces are RKHSs, so it is
possible to use Ivanov regularisation to enforce physical conditions on an estimator
of the trajectory which match those of the trajectory itself. Ivanov regularisation can
also be used within larger inference methods. It is compatible with validation, allowing
us to control an estimator selected from an uncountable collection. This is because
the Ivanov-regularised estimator is continuous in the size of the ball containing it (see
Lemma 3.15.2), so the estimators parametrised by an interval of ball sizes can be

controlled simultaneously using chaining.
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In addition to the other useful properties of the Ivanov-regularised estimator, Ivanov
regularisation can be performed almost as quickly as Tikhonov regularisation. The
Ivanov-regularised estimator is a support vector machine (SVM) with regularisation
parameter selected to match the norm constraint (see Lemma 3.6.1). This parameter
can be selected to within a tolerance e using interval bisection with order log(1/e)
iterations. In general, Ivanov regularisation requires the calculation of order log(1/¢)

SVMs.

In this chapter, we study the behaviour of the Ivanov-regularised least-squares estima-
tor with regularisation function equal to the norm of the RKHS. We derive a number
of novel results concerning the rate of convergence of the estimator in various settings
and under various assumptions. Our analysis is performed by controlling empirical
processes over balls in the RKHS. By contrast, the analysis of Tikhonov-regularised
estimators usually relies on the spectral decomposition of the kernel operator T' on

L?(P). Here, P is the covariate distribution.

We first prove an expectation bound on the squared L?(P) error of our estimator of
order n=?/2, under the weak assumption that the response variables have bounded
variance. Here, n is the number of data points, and [ parametrises the interpolation
space between L?(P) and H containing the regression function. As far as we are
aware, the analysis of an estimator in this setting has not previously been considered.
The definition of an interpolation space is given in Section 3.1. The expected squared
L?(P) error can be viewed as the expected squared error of our estimator at a new
independent covariate, with the same distribution P. If we also assume that the
regression function is bounded, then it makes sense to clip our estimator so that it
takes values in the same interval as the regression function. This further assumption
allows us to achieve an expectation bound on the squared L?(P) error of the clipped

estimator of order n—#/(1+5)
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We then move away from the average behaviour of the error towards its behaviour
in the worst case. We obtain high-probability bounds of the same order, under the
stronger assumption that the response variables have subgaussian errors and the in-
terpolation space is between L* and H. The second assumption is quite natural as
we already assume that the regression function is bounded, and H can be continu-
ously embedded in L since it has a bounded kernel k. Note that this assumption
means that the set of possible regression functions is independent of the covariate

distribution.

When the regression function is bounded, we also analyse an adaptive version of our
estimator, which does not require us to know which interpolation space contains the
regression function. This adaptive estimator obtains bounds of the same order as the

non-adaptive one.

Our expectation bound of order n=#/(0+8) when the regression function is bounded,
improves on the high-probability bound of Smale and Zhou (2007) of order n=#/2.
Their bound is attained under the stronger assumption that the regression function
lies in the image of a power of the kernel operator, instead of an interpolation space
(see Steinwart and Scovel, 2012). The authors also assume that the response variables
are bounded. Furthermore, for a fixed g € (0,1), Steinwart et al. (2009) show that
there is an instance of our problem with a bounded regression function such that the

following holds. For all estimators f of g, for some ¢ > 0, we have

1f = gllZ2(p) = Caen™

with probability at least e for all n > 1, for some constant C,. > 0, for all a@ >

B/(1+ ). Hence, for all estimators f of g, we have

E <Hf - 9”%2(1»)) > Cocen™
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for all n > 1, for all @« > /(1 + /). In this sense, our expectation bound in this
setting is optimal because it attains the order n=%/(+#) the smallest possible power
of n. Our expectation bound on the adaptive version of our estimator is also optimal,

because the bound is of the same order as in the easier non-adaptive setting.

The high-probability bound of Steinwart et al. (2009) is optimal in a similar sense,
although the authors achieve faster rates by assuming a fixed rate of decay of the
eigenvalues of the kernel operator 7', as discussed in Section 3.2. Since there is an
additional parameter for the decay of the eigenvalues, the collection of problem in-
stances for a fixed set of parameters is smaller in their paper. This means that our

optimal rates are the slowest of the optimal rates in Steinwart et al. (2009).

3.1 RKHSs and Their Interpolation Spaces

A Hilbert space H of real-valued functions on S is an RKHS if the evaluation func-
tional L, : H — R, L,h = h(z), is bounded for all z € S. In this case, L, € H* the
dual of H and the Riesz representation theorem tells us that there is some k, € H such
that h(x) = (h, k) g for all h € H. The kernel is then given by k(z1,x2) = (kz,, kzy) 1

for x1,x9 € S, and is symmetric and positive-definite.

Now suppose that (S, S) is a measurable space on which P is a probability measure.
We can define a range of interpolation spaces between L?(P) and H (Bergh and
Lofstrom, 1976). Let (Z, ||-||z) be a Banach space and (V/||-||v) be a dense subspace
of Z. The K-functional of (Z,V) is

K(2,t) = nf([}z —vllz + t]jv]lv)
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for z€ Z and t > 0. For 5 € (0,1) and 1 < ¢ < 0o, we define

S 1/q
lolla = ([ RG 0y ar) and el = suple* K (e, 1)
0 t>0

for z € Z. The interpolation space [Z, V ]z, is defined to be the set of z € Z such that
|zl gq < oco. Smaller values of 3 give larger spaces. The space [Z,V]s, is not much
larger than V' when [ is close to 1, but we obtain spaces which get closer to Z as
decreases. The following result is essentially Theorem 3.1 of Smale and Zhou (2003).
The authors only consider the case in which ||v||z < [|v|y for all v € V', however the

result holds by the same proof even without this condition.

Lemma 3.1.1 Let (Z,]]||z) be a Banach space, (V,||-||v) be a dense subspace of Z

and z € [Z,V]p.00. We have

1/(1-58
[l

inf{|lv—zl|z:v eV ||y <r} < e
When H is dense in L*(P), we can define the interpolation spaces [L?(P), H] 4, where
L?(P) is the space of measurable functions f on (S, S) such that f? is integrable with
respect to P. We work with ¢ = oo, which gives the largest space of functions for a
fixed € (0,1). We can then use the approximation result in Lemma 3.1.1. When
H is dense in L*>, we also require [L*, H|g,, where L> is the space of bounded

measurable functions on (5, S).

3.2 Literature Review

Early research on RKHS regression does not make assumptions on the rate of decay of

the eigenvalues of the kernel operator. For example, Smale and Zhou (2007) assume
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that the response variables are bounded and the regression function is of the form
g=T2f for B € (0,1 and f € L*(P). Here, T : L>(P) — L?*(P) is the kernel
operator and P is the covariate distribution. The authors achieve a squared L*(P)

error of order n=#/2 with high probability by using SVMs.

Initial research which does make assumptions on the rate of decay of the eigenvalues
of the kernel operator, such as that of Caponnetto and de Vito (2007), assumes that
the regression function is at least as smooth as an element of H. However, their paper
still allows for regression functions of varying smoothness by letting g € T¥~1/2( H)
for 8 € [1,2]. By assuming that the ith eigenvalue of T is of order i=/? for p € (0, 1],
the authors achieve a squared L?(P) error of order n=%/(%+P) with high probability by

using SVMs. This squared L?(P) error is shown to be of optimal order for 8 € (1, 2].

Later research focuses on the case in which the regression function is at most as smooth
as an element of H. Often, this research demands that the response variables are
bounded. For example, Mendelson and Neeman (2010) assume that g € T%/2(L%(P))
for 3 € (0,1) to obtain a squared L?(P) error of order n=#/(1+7) with high probability
by using Tikhonov-regularised least-squares estimators. The authors also show that
if the eigenfunctions of the kernel operator 1" are uniformly bounded in L*°, then the
order can be improved to n=#/(5+P) " Steinwart et al. (2009) relax the condition on the
eigenfunctions to the condition

1hllso < Collall Bl 20y

for all h € H and some constant C,, > 0. The same rate is attained by using clipped
Tikhonov-regularised least-squares estimators, including clipped SVMs, and is shown
to be optimal. The authors assume that g is in an interpolation space between L*(P)
and H, which is slightly more general than the assumption of Mendelson and Neeman

(2010). A detailed discussion about the image of L?(P) under powers of T and
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interpolation spaces between L?(P) and H is given by Steinwart and Scovel (2012).

Lately, the assumption that the response variables must be bounded has been relaxed
to allow for subexponential errors. However, the assumption that the regression func-
tion is bounded has been maintained. For example, Fischer and Steinwart (2017)
assume that g € TA/2(L%(P)) for B € (0,2] and that g is bounded. The authors also
assume that 7%/2(L?(P)) is continuously embedded in L*, with respect to an appro-
priate norm on T%/2(L%(P)), for some a < (3. This gives the same squared L?(P)

error of order n=#/(3+P) with high probability by using SVMs.

3.3 Contribution

In this chapter, we provide bounds on the squared L?(P) error of our Ivanov-regularised
least-squares estimator when the regression function comes from an interpolation
space between L?(P) and an RKHS H, which is separable with a bounded and mea-
surable kernel k. We use the norm of the RKHS as our regularisation function. Under
the weak assumption that the response variables have bounded variance, we prove a
bound on the expected squared L?(P) error of order n=#/2 (Theorem 3.7.2 on page
57). As far as we are aware, the analysis of an estimator in this setting has not previ-
ously been considered. If we assume that the regression function is bounded, then we
can clip the estimator and achieve an expected squared L?(P) error of order n=5/(1+5)

(Theorem 3.7.4 on page 59).

Under the stronger assumption that the response variables have subgaussian errors
and the regression function comes from an interpolation space between L*° and H,
we show that the squared L?(P) error is of order n=%/(+5) with high probability

(Theorem 3.8.2 on page 65). For the settings in which the regression function is
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bounded, we use training and validation on the data in order to select the size of the
constraint on the norm of our estimator. This gives us an adaptive estimation result
which does not require us to know which interpolation space contains the regression
function. We obtain a squared L?(P) error of order n=%(+%) in expectation and
with high probability, depending on the setting (Theorems 3.7.6 and 3.8.4 on pages
62 and 67). In order to perform training and validation, the response variables in
the validation set must have subgaussian errors. The expectation results for bounded
regression functions are of optimal order in the sense discussed at the end of the
introduction. The results not involving validation are summarised in Table 3.1. The
columns for which there is an L*> bound on the regression function also make the

L*(P) interpolation assumption. Orders of bounds marked with () are known to be

optimal.
Regression Function | L?(P) Interpolation L Bound L Interpolation
Response Variables Bounded Variance Bounded Variance Subgaussian Errors
Bound Type Expectation Expectation High Probability
Bound Order | n—F/? n~PIOFB) () n~P/0+A)

Table 3.1: Orders of bounds on squared L?(P) error

The validation results are summarised in Table 3.2. Again, the columns for which
there is an L> bound on the regression function also make the L?(P) interpolation
assumption. The assumptions on the response variables relate to those in the valida-
tion set, which has n data points. We assume that n is equal to some multiple of n.

Again, orders of bounds marked with (%) are known to be optimal.

Regression Function L Bound L Interpolation
Response Variables | Subgaussian Errors Subgaussian Errors
Bound Type Expectation High Probability
Bound Order | U (%) n~B0+5)

Table 3.2: Orders of validation bounds on squared L?(P) error
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3.4 Problem Definition

We now formally define our regression problem. For a topological space T', let B(T)
be the Borel o-algebra of T'. Let (S5, S) be a measurable space. Assume that (X;,Y;)
for 1 <i <nare (S xR,S®B(R))-valued random variables on the probability space
(Q, F,P), which are i.i.d. with X; ~ P and E(Y;?) < oo, where E denotes integration
with respect to P. Since any version of E(Y;|X;) is o(X;)-measurable, where o(X;)
is the o-algebra generated by X;, we have that E(Y;|X;) = ¢g(X;) almost surely for
some function g which is measurable on (S, S) (Section A3.2 of Williams, 1991). From
the definition of conditional expectation and the identical distribution of the (X;,Y;),
it is clear that we can choose g to be the same for all 1 < 7 < n. The conditional
expectation used is that of Kolmogorov, defined using the Radon—Nikodym derivative.
Its definition is unique almost surely. Since E(Y?) < oo, it follows that g € L*(P)
by Jensen’s inequality. To summarise, E(Y;|X;) = ¢(X;) almost surely for 1 <i <n

with g € L?(P). We assume throughout that
(Y1) var(Y;|X;) < 0% almost surely for 1 <i < n.
Our results depend on how well g can be approximated by elements of an RKHS H
with kernel k. We make the following assumptions.
(H) The RKHS H with kernel k£ has the following properties:
e The RKHS H is separable.
e The kernel k is bounded.

e The kernel k is a measurable function on (S x S,S ® S).
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We define

1/2

lk||co = sup k(z, z)* < o0.
zeS

We can guarantee that H is separable by, for example, assuming that & is continuous
and S is a separable topological space (Lemma 4.33 of Steinwart and Christmann,
2008). The fact that H has a kernel k& which is measurable on (S x 5,8 ® §) guaran-
tees that all functions in H are measurable on (S,S) (Lemma 4.24 of Steinwart and

Christmann, 2008).

3.5 Ivanov Regularisation

We now consider Ivanov regularisation for least-squares estimators. Let P, be the
empirical distribution of the X; for 1 < i < n. The definition of [vanov regularisation

provides us with the following result.

Lemma 3.5.1 Let A C L*(P). It may be that A is a function of w € Q and does not

contain g. Let

f € argmin = D (f(X) = V7).

n
Jea i=1

Then, for all f € A and all w € ), we have

17 = By < 5 D20 = gXDFCG) = F06) +41S = gl

In general, the first term of the right-hand side of the inequality must be controlled

by bounding it with

n

fls}l?l;A o Z(Yz — 9(X3)) (f1(Xi) — fa( X3)). (3.5.1)



CHAPTER 3. IVANOV REGULARISATION o1

This is usually not measurable. However, if A is a fixed subset of a separable RKHS,
then A is separable and the function which evaluates f € A at X, is continuous
for 1 < ¢ < n. This means that the supremum can be replaced with a countable
supremum, so the quantity is a random variable on (€2, F). Clearly, this term increases
as A gets larger. However, if A gets larger, then we may select f € A closer to g.
Hence, we can make the second term of the right-hand side of the inequality in Lemma
3.5.1 smaller. This demonstrates the trade-off in selecting the size of A for the Ivanov-

regularised least-squares estimator constrained to lie in A.

The next step in analysing f is to move to a bound on

1F = FllZ2py < N = fllZee,) + sup 1fi = follZegp,y = I = Follizy |- (3:52)

f1,f2€

The second term on the right-hand side of this inequality is measurable when A is
a fixed subset of a separable RKHS. It also increases with A. Finally, we obtain a

bound on

If = glZ2py < 20 = fllZ2ep) + 21F — 9llZ20p)-

This again demonstrates why f € A should be close to g.

3.6 Estimator Definition

Let By be the closed unit ball of H and r > 0. The Ivanov-regularised least-squares

estimator constrained to lie in r By is

h, = arg min 1 Z(f(XZ) —Y;)2

n
ferBy i=1

We also define hy = 0.
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Lemma 3.6.1 Assume (H). Let K be the n x n symmetric matriz with K;; =
k(X;, X;). Then K is an (R™", B(R"*"))-valued measurable matriz on (2, F) and
there exist an orthogonal matriz A and a diagonal matriz D which are both (R™*" B(R"*™))-
valued measurable matrices on (2, F) such that K = ADAT. Furthermore, the di-
agonal entries of D are non-negative and non-increasing. Let m = rk K, which is a

random variable on (Q, F). Forr >0, if

m

r? <> D ATY)

0 7

then define u(r) >0 by

m D,
Y e (ATY)] =1, (3.6.1)

Otherwise, let p(r) = 0. We have that wu(r) is strictly decreasing when p(r) > 0,
and p(r) is measurable on (2 x (0,00), F @ B((0,00))), where r varies in (0,00). Let
a € R" be defined by

(ATa); = (Dyi + np(r)) " (ATY);

for1 <i<m and (ATa); = 0 for m + 1 < i < n, noting that A" has the inverse A
since it is an orthogonal matriz. For r > 0, we can uniquely define h, by demanding

that h, € sp{kx, : 1 <i <n}. This gives

n

}ALT = Z aikXi

=1

forr >0 and hg = 0. We have that h, is a (H, B(H))-valued measurable function on

(2 x [0,00), F ® B([0,00))), where r varies in [0, 00).

Let r > 0. There are multiple methods for calculating p(r) to within a given tolerance

e > 0. We call this value v(r).



CHAPTER 3. IVANOV REGULARISATION 53

3.6.1 Diagonalising K

Firstly, p(r) = 0 if and only if

m 1/2
. (z D;,;<ATY>3) |
=1

so in this case we set v(r) = 0. Otherwise, u(r) > 0 and

Z D“—i—nu )2 <ATY>

=1

Dm‘(ATY)?> M(T)_Q

Hence,
1/2
u(r) <nt (Z Diﬂ-(ATY)f> Pt (3.6.2)
The function

ZX: z % + n:u ATY)

of u > 0 is continuous. Hence, we can calculate v(r) using interval bisection on the
interval with lower end point 0 and upper end point equal to the right-hand side of
(3.6.2). We can then approximate a by replacing p(r) with v(r) in the calculation of

a in Lemma 3.6.1.

3.6.2 Not Diagonalising K

We can calculate an alternative v(r) without diagonalising K. Note that if p(r) > 0,

then (3.6.1) can be written as

YK 4 nu(r)) " K(K +nu(r)) 7Y =72
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Since u(r) is strictly decreasing for u(r) > 0, we have

r> (YK +nel) ' K(K + nd)_lY)l/2
if and only if p(r) € [0,¢], so in this case we set v(r) = e. Otherwise, u(r) > ¢ and

(3.6.2) can be written as

p(r) <n HYTKY)Y2p 1, (3.6.3)

The function

YK 4 nul) ' K(K +nul)™'Y

of p# > 0 is continuous. Hence, we can calculate v(r) using interval bisection on the
interval with lower end point € and upper end point equal to the right-hand side of
(3.6.3). When u(r) > 0 or K is invertible, we can also calculate a in Lemma 3.6.1 using

a= (K +nu(r)I)~'Y. Since v(r) > 0, we can approximate a by (K + nv(r)I)~'Y.

If we have that K is invertible, then we can calculate the v(r) in Subsection 3.6.1
while still not diagonalising K. We have u(r) = 0 if and only if » > (YTK~1Y)'/2 5o

in this case we set v(r) = 0. Otherwise, pu(r) > 0 and (3.6.2) can be written as
p(r) < H(YTKY)Y2

so we can again use interval bisection to calculate v(r). We can still approximate a

by (K + nv(r)I)~'Y.

3.6.3 Approximating h,

Having discussed how to approximate u(r) by v(r) to within a given tolerance ¢ > 0,

we now consider the estimator produced by this approximation. We find that this
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estimator is equal to h, for some s > 0. We only have v(r) = 0 for the methods
considered above when p(r) = 0, in which case we can let s = r to obtain the

approximate estimator h, = h,. Otherwise, v(r) > 0. Let

By (3.6.1), we have yu(s) = v(r) and the approximate estimator is equal to /. Assume
that r is bounded away from 0 as n — oo and let C' > 0 be some constant not
depending on n. We can ensure that s is of the same order as r as n — oo by
demanding that s is within C' of r. This is enough to ensure that the orders of
convergence for h, apply to hs. In order to attain this value of v(r), interval bisection

should terminate at z € R such that

m D 1/2
4,0 Ty \2
(; (Dii + nw)? “ Y)i>

is within C of . Note that this guarantees ||hs — h,||g < CV2(r + )2 by Lemma

3.15.2.

3.7 Expectation Bounds

To capture how well g can be approximated by elements of H, we define

L(g.) = it {|lh, = gl32(p) : b € 7By |

for r > 0. We consider the distance of ¢g from r By because we constrain our estimator

h, to lie in this set. The supremum in (3.5.1) with A = rBp can be controlled using
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the reproducing kernel property and the Cauchy—Schwarz inequality to obtain

n 1/2
sr (ni (¥ = g(X)(Y; - g(Xj»k(Xi,Xj)) .

The expectation of this quantity can be bounded using Jensen’s inequality. Something
very similar to this argument gives the first term of the bound in Theorem 3.7.1 below.
The expectation of the supremum in (3.5.2) with A = 7By can be controlled using

symmetrisation (Lemma 2.3.1 of van der Vaart and Wellner, 1996) to obtain

2E | sup ,
f€2rBy

where the g; for 1 < ¢ < n are i.i.d. Rademacher random variables on (92, F,P),

l Z €z'f(Xz')2

n <
1=

independent of the X;. Since || f||c < 2||k||oor for all f € 2rBy, we can remove the
squares on the f(X;) by using the contraction principle for Rademacher processes
(Theorem 3.2.1 of Giné and Nickl, 2016). This quantity can then be bounded in
a similar way to the supremum in (3.5.1), giving the second term of the bound in

Theorem 3.7.1 below.
Theorem 3.7.1 Assume (Y1) and (H). Let r > 0. We have

; 8llkllcor | G4[IK[%
E(HhT_gH%Q(P)) < nl/2 + nl/2 +1OIQ(97T)

We can obtain rates of convergence for our estimator h, if we make an assumption

about how well g can be approximated by elements of H. Let us assume

(g1) g € [L*(P), H]p.0o with norm at most B for 8 € (0,1) and B > 0.
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The assumption (g1), together with Lemma 3.1.1, give

B2/(1-5)
[2 (97 T) <

= 28/(1-B) (3.7.1)

for r > 0. We obtain an expectation bound on the squared L?(P) error of our

estimator lAz,, of order n=5/2.
Theorem 3.7.2 Assume (Y1), (H) and (g1). Let r > 0. We have

; 8||k||scor  64[K|2r2  10B2/(-5)
2 fe'e) 50
. (”hr N g”LQ(P)> —  nl/2 + nl/2 r28/(1-p)

Let Dy > 0. Setting

r = D1||k||;o(1‘5)Bn(1_5>/4

grves

E (llhe — gll3a(r)) < DollEZB 2 + Dy K|, Bon 001
for constants Dy, D3 > 0 depending only on Dy and (3.

Since we must let 7 — oo for the initial bound in Theorem 3.7.2 to tend to 0, the
second term of the initial bound is asymptotically larger than the first. If we ignore

the first term and minimise the second and third terms over r > 0, we get

58 (1-p)/2
r=— ||k||;0(1—6)3n(1—5)/4'
32(1 - §)

In particular, r is of the form in Theorem 3.7.2. This choice of r gives

pev(ary) () e (ams)

The fact that the second term of the initial bound is larger than the first produces
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some interesting observations. Firstly, the choice of r above does not depend on o?2.
Secondly, we can decrease the bound if we can find a way to reduce the second term,
without having to alter the other terms. The increased size of the second term is due
to the fact that the bound on f € 2rBy is given by || f|lco < 2||k||cor when applying
the contraction principle for Rademacher processes. If we can use a bound which does

not depend on r, then we can reduce the size of the second term.
We now also assume
(92) 9]l < C for C >0

and clip our estimator. Let 7 > 0. Since g is bounded in [~C,C], we can make h,
closer to g by constraining it to lie in the same interval. Similarly to Chapter 7 of
Steinwart and Christmann (2008) and Steinwart et al. (2009), we define the projection
V:R— [-C,C] by
-C if t<-C
Vit)=9q t if |t|<C
¢ it t>0C

for t € R. We can apply the inequality
HVhr - VhrH%%Pn) < Hhr - hr”%%Pn)
for all h, € rBy. We continue analysing Vflr by bounding

sup ||V fi — Vf2”%2(Pn) —[[Vfi - Vf2H%2(p) .

f1,f2€rBy

The expectation of the supremum can be bounded in the same way as before, with
some adjustments. After symmetrisation, we can remove the squares on the V f1(X;)—

Vfo(X;) for f1,fo € rBy and 1 < i < n by using the contraction principle for
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Rademacher processes with ||V fi — V fa||oc < 2C. We can then use the triangle in-
equality to remove V f5(X;), before applying the contraction principle again to remove
V. The expectation bound on the squared L?*(P) error of our estimator Vh, follows

in the same way as before.
Theorem 3.7.3 Assume (Y1), (H) and (g2). Let r > 0. We have

. 8[| |00 (16C + o)1
E (IIVhr = gllfar) ) < =25 + 10L(g.7).

We can obtain rates of convergence for our estimator Vh, by again assuming (g1). We

obtain an expectation bound on the squared L?*(P) error of Vh, of order n=8/(+5),
Theorem 3.7.4 Assume (Y1), (H), (91) and (g2). Let r > 0. We have

j 8]|k|os (16C + o) 10B%/(=5)
2 oo
: <“Vhr - g”LQ(P)) = nt/2 + r26/(1=B)

Let Dy > 0. Setting

r = Dy |[k]| 20800 B2/O48) (160 4 o)~ (1-8)/(148) 1, (1-8)/(2(1+8))

gives

E (IIVHT _ g“%Q(P)) < Dy||k]|29/048) B8 (160 4 )28/ (1+8)y =6/ (146)
for a constant Dy > 0 depending only on Dy and [3.
If we minimise the initial bound in Theorem 3.7.4 over r > 0, we get

5 (1-8)/(1+5)
r= (2(1_?50 ]| S8/ 48 B2O48) (160 4 o)~ (=B (L48)y (1-8)/(2(148)),
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In particular, r is of the form in Theorem 3.7.4. This choice of r gives

(1-8)/1+5) 26/(1+6)
Dy — 9. 50-8/0+8) _g28/0+8) [ (2P L (=8
2 .
1-p 2p

Although the second bound in Theorem 3.7.4 is of theoretical interest, it is in practice
impossible to select r of the correct order in n for the bound to hold without knowing
[. Since assuming that we know 3 is not realistic, we must use some other method

for determining a good choice of 7.

3.7.1 Validation

Suppose that we have an independent second data set (Xi, }72) for 1 < i < n which
are (S X R,§ ® B(R))-valued random variables on the probability space (2, F,P).
Let the (X;,Y;) be i.id. with X; ~ P and E(Y;|X;) = g(X;) almost surely. Let p > 0
and R C [0, p] be non-empty and compact. Furthermore, let F = {Vh, : r € R}. We

estimate a value of r which makes the squared L?(P) error of Vh, small by

n

1 . .
7 = arg min — Vh (X;) = Y:)%
gmin T3 Vil )~ ¥)
The minimum is attained because Lemma 3.15.2 shows that it is the minimum of a
continuous function over a compact set. In the event of ties, we may take 7 to be the
infimum of all points attaining the minimum. Lemma 3.15.3 shows that the estimator

7 is a random variable on (€, F). Hence, by Lemma 3.6.1, h; is a (H, B(H))-valued

random variable on (€2, F).

The definition of # means that we can analyse Vh; using Lemma 3.5.1. The expecta-
tion of the supremum in (3.5.1) with A = F' can be bounded using chaining (Theorem

2.3.7 of Giné and Nickl, 2016). The diameter of (F), ||-||s) is 2C, which is an important



CHAPTER 3. IVANOV REGULARISATION 61

bound for the use of chaining. Hence, this form of analysis can only be performed
under the assumption (¢2). After symmetrisation, the expectation of the supremum
in (3.5.2) with A = F' can be bounded in the same way. In order to perform chain-
ing, we need to make an assumption on the behaviour of the errors of the response
variables Y; for 1 <i < 7. Let U and V be random variables on (Q, F,P). We say U
is o2-subgaussian if

E(exp(tU)) < exp(o?t?/2)

for all t € R. We say U is o%-subgaussian given V if
E(exp(tU)[V) < exp(0?t?/2)

almost surely for all ¢ € R. We assume

(Y) Y; — g(X;) is 6%-subgaussian given X; for 1 <i < 7.

This is stronger than the equivalent of the assumption (Y1), that var(Y;|X;) < &2

almost surely.

Theorem 3.7.5 Assume (H) and (Y ). Let ro € R. We have

E (HVilf - 9”%%13))

15 at most
32C(4C + G AN )

In order for us to apply the validation result in Theorem 3.7.5 to the initial bound in

Theorem 3.7.4, we need to make an assumption on R. We assume either
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(R1) R =10, p] for p=an'/? and a > 0
or

(R2) R={bi:0<i<I—1}U{an'/?} and p = an'/? for a,b > 0 and I = [an'/?/b].

The assumption (R1) is mainly of theoretical interest and would make it difficult to
calculate 7 in practice. The estimator 7 can be computed under the assumption (R2),
since in this case R is finite. We obtain an expectation bound on the squared L?(P)
error of Vil/f of order n=#/(+A) This is the same order in n as the second bound in

Theorem 3.7.4.

Theorem 3.7.6 Assume (Y1), (H), (91), (92) and (Y ). Also assume (R1) or (R2)

and that n increases at least linearly in n. We have
E (”Vﬁr _ 9|’%2(P)> < Dyn P/A+8)

for a constant D1 > 0 not depending on n or n.

3.8 High-Probability Bounds

In this section, we look at how to extend our expectation bounds on our estimators
to high-probability bounds. In order to do this, we must control the second term of

the bound in Lemma 3.5.1 with A = rBy for r > 0, which is

| — 9||%2(Pn) (3.8.1)
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for h, € rBy. There is no way to bound (3.8.1) in high-probability without strict
assumptions on g. In fact, the most natural assumption is (g2) that [|g|j. < C for
C' > 0, which we assume throughout this section. Bounding (3.8.1) also requires us
to introduce a new measure of how well g can be approximated by elements of H. We
define

Io(g,r) = inf {||h — g||% : hy € 7By}

for r > 0. Note that I.(g,r) > Is(g,r). Using I(g,r) instead of I5(g,r) means
that we do not have to control (3.8.1) by relying on ||h, — g|le < ||k]loor + C. Using
Hoeffding’s inequality, this would add a term of order r?t'/2/n'/2 for t > 1 to the
bound in Theorem 3.8.1 below, which holds with probability 1 — 3e™*, substantially

increasing its size.

It may be possible to avoid this problem by instead considering the Ivanov-regularised

least-squares estimator

n

A 1
fr=argmin — Y (f(X;)—Y;)?
fGV(TBH) n ;

for r > 0, where V(rBg) = {Vh, : h, € rBy}. The second term of the bound in
Lemma 3.5.1 with A =V (rBpg) is

VR = gllZ2p,) (3.8.2)

for h, € rBy. Since ||Vh, — ¢||s < 2C, using Hoeffding’s inequality to bound (3.8.2)
would only add a term of order C?t'/2/n'/? to the bound in Theorem 3.8.1 below,
which would not alter its size. However, the calculation and analysis of the estimator
fr is outside the scope of this chapter. This is because the calculation of fr involves
minimising a quadratic form subject to a series of linear constraints, and its analysis

requires a bound on the supremum in (3.5.1) with A = V(rBpg).



CHAPTER 3. IVANOV REGULARISATION 64

The rest of the analysis of Vh, is similar to that of the expectation bound. The

supremum in (3.5.1) with A = rBp can again be bounded by

n

1/2
8r (% Z(Yi —9(Xi))(Y; — (Xj))k(Xi,Xj)> :

The quadratic form can be bounded using Lemma 3.16.2, under an assumption on
the behaviour of the errors of the response variables Y; for 1 < i < n. The proof
of Theorem 3.8.1 below uses a very similar argument to this one. The supremum in
(3.5.2) with A = rBpy can be bounded using Talagrand’s inequality (Theorem A.9.1

of Steinwart and Christmann, 2008). In order to use Lemma 3.16.2, we must assume
(Y2) Y; — g(X;) is o%-subgaussian given X; for 1 <i < n.

This assumption is stronger than (Y'1). In particular, Theorem 3.7.3 still holds under

the assumptions (Y'2), (H) and (¢2).

Theorem 3.8.1 Assume (Y2), (H) and (g2). Letr > 0 and t > 1. With probability

at least 1 — 3e™t, we have

IV he = gl 72p)
18 at most

8 (262 + 8|k CO2012 + ||kl (16C + 50)r ) 112 160y

Yz + ™ +101(g, 7).

We can obtain rates of convergence for our estimator VizT, but we must make a new
assumption about how well g can be approximated by elements of H, instead of (g1).

We now assume

(93) g € [L™, H|p o with norm at most B for 5 € (0,1) and B > 0,
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instead of g € [L*(P), H]p.o with norm at most B. This assumption is stronger than

gl), as it implies that the norm of g € [L?(P), H|3.~ is
B7

=7 — < =7 — h| < B.
sup(i™" inf (Ilg — hllzap) + tl|hllm)) < sup(t™" inf (llg = All + tl|2lw)) < B

t>

In particular, Theorem 3.7.4 still holds under the assumptions (Y1), (H), (¢2) and
(g3) or (Y2), (H), (92) and (g3). The assumption (g3), together with Lemma 3.1.1,
give

B2/(1-8)
Io(g,7) <

We obtain a high-probability bound on the squared L?(P) error of Vh, of order

8/ 48 p=B/(0+8) with probability at least 1 — e~?.

Theorem 3.8.2 Assume (Y2), (H), (92) and (93). Letr > 0 and t > 1. With

t

probability at least 1 — 3e™", we have

||Vhr - g”%/Q(P)

18 at most

8(202+8||k||i4203/2r1/2+||k||w(160+5a)r)t1/2 6C%  10B2/0-5)
nl/2 - In T r28/(1=p) °

Let Dy > 0. Setting

r = Dy |[k]| 20808 B2/48) (160 4 55) (=B (148)1=(1-8)/(C148)), (1-8)/2(148))

gives

VA — 9”%2(13)
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15 at most

Dy|[K[|22/ 048 B2 A+B) (160 4 50728/ (148 8/(48) =B/ (1+8)

+ Di|[k||P/0H8 B OO C/2(16C 4 5r) (=B CUL48) {1438/ (A1L48)), ~(1438)/(4(1+8))

+ D402t1/2n71/2 + D5C'2tn*1

for constants Do, D3, Dy, D5 > 0 depending only on Dy and .

Since we must let » — oo for the initial bound in Theorem 3.8.2 to tend to 0, the

asymptotically largest terms in the bound are

8||k||oo (16C + 50)rt'/2  10B2/(1-H)
n'/2 T )

If we minimise this over r > 0, we get r of the form in Theorem 3.8.2 with

L sp \0/ae)
Pr= (2(1 - ﬁ)) |

3.8.1 Validation

We now extend our expectation bound on Vh; to a high-probability bound. The
supremum in (3.5.1) with A = F can be bounded using chaining (Exercise 1 of
Section 2.3 of Giné and Nickl, 2016), while the supremum in (3.5.2) with A = F' can

be bounded using Talagrand’s inequality.

Theorem 3.8.3 Assume (H) and (Y ). Let ro € R and t > 1. With probability at

least 1 — 3e™t, we have

IVhi = gl 72p)
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15 at most

20C(C + &)1/ k|12 02\ ) 2
(ﬁ1/2) (1+32(<210g(2+” gf )) + /2

48C*t1/2 16C*t .

We can apply the validation result in Theorem 3.8.3 to the initial bound in Theorem
3.8.2 by assuming either (R1) or (R2). We obtain a high-probability bound on the
squared L?(P) error of Vh; of order t1/2n=8/0+8) with probability at least 1 — e™*.

This is the same order in n as the second bound in Theorem 3.8.2.

Theorem 3.8.4 Assume (Y 2), (H), (92), (93) and (Y ). Let t > 1. Also assume
(R1) or (R2) and that 1 increases at least linearly in n. With probability at least

1 —6et, we have
HV}ALf - gHiz(P) S Dltl/Qn_’B/(H_’B) + Dgtn_l

for constants Dy, Dy > 0 not depending on n, n ort.

3.9 Discussion

In this chapter, we show how Ivanov regularisation can be used to produce smooth
estimators which have a small squared L?(P) error. We first consider the case in
which the regression function lies in an interpolation space between L?(P) and an
RKHS H. We achieve bounds on the squared L?(P) under the assumption that H
is separable, with a bounded and measurable kernel. Under the weak assumption
that the response variables have bounded variance, we prove an expectation bound

on the squared L?(P) error of our estimator of order n=%/2. Here, 8 parametrises the
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interpolation space between L?(P) and H containing the regression function. As far
as we are aware, the analysis of an estimator in this setting has not previously been

considered.

If we assume that the regression function is bounded, then we can clip the estima-
tor and show that the clipped estimator has an expected squared L?*(P) error of
order n=#/(0+#) Under the stronger assumption that the response variables have sub-
gaussian errors and that the regression function comes from an interpolation space
between L>® and H, we show that the squared L?(P) error is of order n=#/(+58) with
high probability. For the settings in which the regression function is bounded, we can
use training and validation on the data set to obtain bounds of the same order of
n~P/0+48)  This allows us to select the size of the norm constraint for our Ivanov regu-
larisation without knowing which interpolation space contains the regression function.

The response variables in the validation set must have subgaussian errors.

The expectation bounds of order n=?/(+8) for bounded regression functions is optimal
in the sense discussed at the end of the introduction. We use Ivanov regularisation in-
stead of Tikhonov regularisation to control empirical processes over balls in the RKHS.
By contrast, the analysis of Tikhonov-regularised estimators usually uses the spec-
tral decomposition of the kernel operator (Mendelson and Neeman, 2010; Steinwart
et al., 2009). Analysing the Ivanov-regularised estimator using this decomposition
would give a more complete picture of the differences between Ivanov and Tikhonov

regularisation for RKHS regression.

It would be useful to extend the lower bound of order n=?/(1+5) discussed at the end
of the introduction, to the case in which the regression function lies in an interpolation
space between L> and the RKHS. This would show that our high-probability bounds
are also of optimal order. However, it is possible that estimation can be performed

with a high-probability bound on the squared L?*(P) error of smaller order.
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3.10 Proof of Expectation Bound for Unbounded

Regression Function

The proofs of all of the bounds in this chapter follow the outline in Section 3.5. We

first prove Lemma 3.5.1.

Proof of Lemma 3.5.1 Since f € A, the definition of f gives
1,
- X)) -Y)< = X)) = Y))>
2 UK = < 300 )

Expanding
2

(F0X0) = Y02 = ((F(x) = (X)) + (F(X) = Y))
substituting into the above and rearranging gives

% >_(f(X) - (X)) < % > _(Yi = FX5)(

=1

>
o
|
=
s
~—r
~—r

Substituting

into the above and applying the Cauchy—Schwarz inequality to the second term gives

17 = FlBairy < = D20 = gX) (X = 7(X0)

f - f||L2(Pn)'

+2[lg = fllr2(p)

For constants a,b € R and a variable x € R, we have

22 <a+2br = 2% < 2a+ 4b?
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by completing the square and rearranging. Applying this result to the above inequality

proves the lemma. [ |

The following lemma is useful for bounding the expectation of both of the suprema

in Section 3.5.

Lemma 3.10.1 Assume (H). Let the €; be random variables on (S, F,P) such that
E(e;|X) = 0 almost surely and var(g;|X) < o almost surely for 1 < i < n and

cov(g;, €;|X) = 0 almost surely for 1 <i,j <n withi# j. Then

. _ Il
fG'I’BH o n1/2

Proof This proof method is due to Remark 6.1 of Sriperumbudur (2016). By the

Z&
i=

reproducing kernel property and the Cauchy—Schwarz inequality, we have
1 n
<- S f>
n -
=1 H
LS e
— E; )
i -
1/2
<n2 Z eigik(X;, X; > )

1,7=1

= sup

fE’r’BH n _ fE’r’BH

ap |13 px)
i=1

=r

By Jensen’s inequality, we have

sup
ferBy

EDIRIE:

=1

n 1/2
1
‘ ) <r (ﬁ > COV(&,gj!X)k(Xian))

7,j=1

1/2
0’2 -
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almost surely and again, by Jensen’s inequality, we have

2|1 ||12 1/2
fET‘BH n

The result follows. |

1 n
ﬁ ; 5if(Xi)

We bound the distance between ﬁr and h, in the LZ(Pn) norm for » > 0 and h, € rBy.
Lemma 3.10.2 Assume (Y1) and (H). Let h, € rBy. We have

- 4|k || oo
E (Il = helar,) ) < =5 +4llhr = gllFa(r.

Proof By Lemma 3.5.1 with A = rBp, we have
. 4 & .
e = Prllz2p,) < D (Y= g(X))(he(Xs) = he(X,)) + 4l Ry = glIZ2p,).
i=1
We now bound the expectation of the right-hand side. We have
E (I1hr = 9lace,) = e = gllZzqe.

Furthermore,

n <
=1

E (1 i g(Xi»hr(Xi)) ~E (% > (Y- g(Xi>|Xi>hr<Xi>) ~0.

Finally, by Lemma 3.10.1 with ¢; = Y; — g(X;), we have
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The result follows. |

The following lemma is useful for moving the bound on the distance between h, and

h, from the L?(P,) norm to the L?(P) norm for r > 0 and h, € rBg.
Lemma 3.10.3 Assume (H). We have

81|37
E ‘ 2 o 2 ) < 00 )
(figgH ||f||L2(Pn) HfHL2(P) =T

Proof Let the ¢; for 1 <i < n be i.i.d. Rademacher random variables on (2, F,P),

independent of the X;. Lemma 2.3.1 of van der Vaart and Wellner (1996) shows

1 n
<2E | sup |— )2
fGT‘BH n -1

Z 5if(X

n

D> s [ par

=1

E| sup
fE'rBH

by symmetrisation. Since |f(X;)| < ||k||wr for all f € rBy, we find

f(X3)?
2||Eoor

is a contraction vanishing at 0 as a function of f(X;) for all 1 <7 < n. By Theorem

1

3.2.1 of Giné and Nickl (2016), we have
1o~ f(X)?

E| sup € X | < sup
ferBy |T 1 2”]{3”007“ ferBy

almost surely. By Lemma 3.10.1 with 02 = 1, we have

sup
ferBy

The result follows. [ |

Zaz
i=

Iy e

=1

We move the bound on the distance between h, and h, from the L*(P,) norm to the
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L?(P) norm for r > 0 and h, € rBy.
Corollary 3.10.4 Assume (Y1) and (H). Let h, € rBy. We have

: Alklcor 32 k]2
E (1 = hellfsp)) < =g + == 4 dllhe = glae)

Proof By Lemma 3.10.2, we have

- 4||k|| oo
E (th« - hr”%2(}3ﬂ)> < S + 4||h, — 9H%2(p).

Since ﬁr — h, € 2rBy, by Lemma 3.10.3 we have

E (Il = rlly = e = li) < ( sup

fE€2rBy
32| k|3
n1/2 :

112y — ||f\|%2<P>D

The result follows. [ |

We bound the distance between h, and ¢ in the L?(P) norm for r > 0 to prove

Theorem 3.7.1.
Proof of Theorem 3.7.1 Fix h, € rBg. We have
7 2 7 2 2 2
e = gli3aey < (e = helagey + e = gl32(r))
< 2||iLT - hr”%Q(P) + 2||h7" - gH%Q(P)'
By Corollary 3.10.4, we have

; Alklor | 32k|2r?
E (Il = helagry) < =5 + =52 + dllh, = gllEap.
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Hence,
- 8||k||ccor  64]|K|% r?
2 00 o0 2
E (|l = glltar)) < =iar + e + 10018, = gl
Taking an infimum over h, € rBy proves the result. |

We assume (g1) to prove Theorem 3.7.2.

Proof of Theorem 3.7.2 The initial bound follows from Theorem 3.7.1 and (3.7.1).

Based on this bound, setting
r = Dy|k||Z1) Bpnt-A)/4
gives
E <||h — 9|l p>) (6402 +10D;2/0- m) k|22 B2nP/2 + 8Dy || k|2 Bon~1+9/4,
Hence, the next bound follows with

Dy = 64D? + 10D; /"7 and Dy = 8D;.

3.11 Proof of Expectation Bound for Bounded Re-

gression Function

We can obtain a bound on the distance between VfLT and Vh, in the L?(P,) norm for

r > 0 and h, € rBy from Lemma 3.10.2. The following lemma is useful for moving
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the bound on the distance between Vh, and Vh, from the L2(P,) norm to the L2(P)

norm.
Lemma 3.11.1 Assume (H). We have

64|k | Cr
E ( sup ‘val — Vo) — IV 2 — VfQH%Q(P)D < HIMCr

fi,f2€rBy

Proof Let the ¢; for 1 <i < n be i.i.d. Rademacher random variables on (2, F,P),

independent of the X;. Lemma 2.3.1 of van der Vaart and Wellner (1996) shows

)

n

- D (VAKX = V(X)) - /(Vf1 — V f,)2dP

n
2E sup
fi,fo€rBu

i=1
by symmetrisation. Since |V f1(X;) — V fo(X;)| < 2C for all fi, fo € rBy, we find

E sup
f1,f2€rBy

1S at most

3

1

n <
=1

e (VA(X:) =V fa( X))

(VA1(X5) =V f2(X;))?
4C

is a contraction vanishing at 0 as a function of V f1(X;) — V fo(X;) for all 1 < i < mn.

By Theorem 3.2.1 of Giné and Nickl (2016), we have

n

Ly (VAWK —VA(X))* X)

n ’ 4C

i=1

E sup
fi,fa€rBy

1s at most

> alVAKD - V(X) X)

2E sup
f1,f2€rBg
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)

%iéz(Vfl(Xz) - VfQ(Xl))D S 32CE ( sup liéfzvf(

feT’BH n

almost surely. Therefore,

n

S (VA = V(X)) - / (Vfi =V f)2dP

sup
f1,f2€rBy

1s at most

16C'E < sup

f1,f2€rBy

X) )

by the triangle inequality. Again, by Theorem 3.2.1 of Giné and Nickl (2016), we have

)

n

%Z(Vfl(Xi) — Vf2(X4))? - /(Vf1 —V£,)2dP

i=1
E 5@ z )
i

since V' is a contraction vanishing at 0. The result follows from Lemma 3.10.1 with

E sup
fi,fe€rBy
1s at most

64C' E ( sup

fETBH

o2 =1. |
We move the bound on the distance between Vﬁr and V'h, from the L?(P,) norm to
the L?(P) norm for r > 0 and h, € rBy.

Corollary 3.11.2 Assume (Y1) and (H). Let h, € rBy. We have

4| k||oo (16C + o)r

nl/2

E (VA = Vi) <

+4h, = gll72p)

Proof By Lemma 3.10.2, we have

A 4|k || oo
E (|1 = hellfan, ) < = o + dllhr = gliae)

ni/2
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SO
4||k||scor

nl/2 +4||hT_g||%2(P)

E (VA = Vhl3ae,)) <

Since fLT, h, € rBy, by Lemma 3.11.1 we have

E (1A = Vinlizp) = Ve = Vislliae,))

<E ( sup ‘Hv]q —Vhallapny — IV fo - szHizua)D

f1,f2€rBy
64|k || Cr
nlz
The result follows. |

We assume (¢2) to bound the distance between Vh, and ¢ in the L2(P) norm for

r > 0 and prove Theorem 3.7.3.
Proof of Theorem 3.7.3 Fix h, € rByg. We have
. . 2
Ve = gl2aey < (Ve = Vil + VA = gli2a(r)
< 2Vhy = Viyl[zopy + 21V he = gll7a(p)
<2|[Vhy = Vhel[32(py + 200 = gll72(p).
By Corollary 3.11.2, we have

4| k|0 (16C + o)r

E (Vi = Vh ) < + 41y — gl22p.

nl/2
Hence,
- 8|kl (16C + o)1
B (HVh’“ - 9”%2(13)) < Oonl/Q + 10[[hy — QH%%P)-
Taking an infimum over h, € rBy proves the result. |

We assume (g1) to prove Theorem 3.7.4.
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Proof of Theorem 3.7.4 The initial bound follows from Theorem 3.7.3 and (3.7.1).

Based on this bound, setting

r = Dy ||| 208/ 048 B2/ OH8) (160 4 o)==/ (148),,(1-8)/(2(146)

gives

E (HVih - 9”%2(13))

is at most
(8D1 + 10D1—25/(1—5)> ||]€||Z§/(1+B)BQ/(1+B)(160 + 0)25/(1+B)n—6/(1+6)_
Hence, the next bound follows with

Dy = 8D, + 10D; /09,

3.12 Proof of Expectation Bound for Validation

We need to introduce some definitions for stochastic processes. A stochastic process
W on (2, F) indexed by a metric space (M, d) is d*-subgaussian if it is centred and
W (s) — W (t) is d(s,t)*-subgaussian for all s,t € M. W is separable if there exists a
countable set My C M such that the following holds for all w € Qg, where P(£2) = 1.

For all s € M and ¢ > 0, W (s) is in the closure of {W(t) : t € My, d(s,t) < €}.

We also need to introduce the concept of covering numbers for the next result. The
covering number N(M,d, ¢) is the minimum number of d-balls of size € > 0 needed

to cover M.
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The following lemma is useful for bounding the expectation of both of the suprema

in Section 3.5.

Lemma 3.12.1 Assume (H). Let the €; be random variables on (S, F,P) such that
(Xi,ai) is ii.d. for 1 < i < @i and let e; be G2-subgaussian given X,;. Let ry € R,

fo=Vh,, and

W(f)== Zﬁi(f(f(i) — fo(X)))

for f € F. Then W is &2|-||%, /f-subgaussian given X and separable on (F, &||-||os /7/?).

Furthermore,

405 k1202 \\ 2 1
E (§161113|W(f)|) < i ((210g (2+ e +7 :

Proof Let W;i(f) = &i(f(X;) — fo(X;)) for 1 <i <@ and f € F. Note that the W,

are independent and centred. Since W;(f1)—W;(f2) is 62| f1 — fa||%,-subgaussian given
X, for 1 <i<nand fi, f, € F, the process W is &2||-||2, /fi-subgaussian given X. By
Lemma 3.15.2, we have that (F,&||-||o/R'/?) is separable. Hence, W is separable on

(F,6||||oc/"/?) since it is continuous. The diameter of (F,&||-||o/7'/?) is

D= sup &|lfi — folloo/RY? < 205 /7M.

f1,f2€F

We have

/Ooo(log(N(F,5||-||oo/ﬁ1/276)))1/2d8 = /Ooo(log(N(R lloo, '/%e/5))) 2 de

g

— =75 | 0BV (P, -y )

This is finite by Lemma 3.17.2. Hence, by Theorem 2.3.7 of Giné and Nickl (2016)
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80
and Lemma 3.17.2, we have
E (supIW(f)I'X,X, v)
fer
is at most
~ Céo/nt/?
BW ()l 1. XY) 4272 [ (log(@N(F. o]/ 2))) e
C&/al/? "
=22 [ (ogN (R .72/ 5)
0
25/25 C
7 | (om0
2025 [ P Z AN
< Y ((log(Z—l— ok )> C’+(§) C
4C5 LY
:ﬁl/Q <<210g(2+7 —|—7T/
almost surely, noting W (fo) = 0. The result follows. [

We bound the distance between Vh; and Vh,, in the L%(P;) norm for ry € R.

Lemma 3.12.2 Assume (H) and (Y ). Let ro € R. We have

E (1Vhs = Vi 2, )

18 at most

16C5 Ikl202\ ) 2 ;

Proof By Lemma 3.5.1 with A = F and n, X, Y and P, replaced by 7, X, Y and
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P, we have

(Vi = gDV he(K) = Vg (X)) + 41V, — 120 5.

S|
.MS‘

HVhf - Vhro”iz(pﬁ) <

1

)

We now bound the expectation of the right-hand side. We have
E (Vs = 91225y ) = E (Vo = gllEr)) -

Let fo = Vh,,. By Lemma 3.12.1 with ¢; = ¥; — g(X;), we have

1A - iy .
S E <Sup = Y; - g(Xz))(f(Xz> - fO(Xz)>‘>
fer |1 =1
e LA Y
<—% <<2lg(Q+T +t/
The result follows. |

The following lemma is useful for moving the bound on the distance between Vh; and

Vhy, from the L2(P;) norm to the L?(P) norm for ry € R.

Lemma 3.12.3 Assume (H). Let ro € R and fo = Vh,,. We have
64C? LN
— 2 - == foll? I Nool” 1/2
E (?gg“’f fO”LQ(pﬁ) ||f fOHL%P)‘) < 71/2 ((210g (2+ 2 +7 :

Proof Let the ¢; be i.i.d. Rademacher random variables on (2, F,P) for 1 <1i < n,

independent of X, X and Y. Lemma 2.3.1 of van der Vaart and Wellner (1996) shows

X, Y)

n

23U~ ()P - [ (- frap

E | sup
fer
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2E | sup XY
feF

almost surely by symmetrisation. Since |f(X;) — fo(X;)| < 2C for all f € F, we find

1s at most

3SR — fol X))

n <

(X)) = fo(Xy))?
4C

is a contraction vanishing at 0 as a function of f(X;) — fo(X;) for all 1 < i < 7. By

Theorem 3.2.1 of Giné and Nickl (2016), we have
(sup
fer

2E [ sup
feF

almost surely. Therefore,

sup
feF

nzsz Oh) X,X,Y)

1s at most

n <
=1

iZ&‘(f(Xi) - fo(Xi)) X,X, Y)

YU~ K2 - [ (- fofap

=1

)

is at most i
1 .
16CE [ sup|= » &(f(X;)—
fer |1 =1
almost surely. The result follows from Lemma 3.12.1 with 6% = 1. |

We move the bound on the distance between Vizf and szm from the L%( ~,~l) norm to

the L?*(P) norm for ry € R.

Corollary 3.12.4 Assume (H) and (Y). Let ro € R. We have

E <||Vilr” - Vﬁroﬂi'z(m)
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15 at most

16C(4C + & k|2 02\ \ .
% ((2 log (2 + | o + 72| +4E (HVhTD — gHiQ(P)> .

Proof By Lemma 3.12.2, we have
E (||vil,; - ViLm”iz(pﬁ))
is at most
121% ((2 log (2 + W,#))m 4 7r1/2) +4E (HVEm - 9”%2(13)) .
Let fo = VlAz,,O. Since h; € F, by Lemma 3.12.3 we have

E <||Vilf - ViLToH%Q(P) — Vs — V}Alm”;(ﬁﬁ»

2 2
< E (?}6112 ‘Hf - f0||L2(15ﬁ) - ”f - f0||L2(P)D

402 ElI2 o2 1/2
§6ﬁ§’2 ((210g (2+|| gogp )) +rl/2 .

The result follows. |

We bound the distance between Vh; and g in the L2(P) norm to prove Theorem 3.7.5.

Proof of Theorem 3.7.5 We have

R . 2
IVhe = gl3ary < (IVhs = Vi 32y + 11VAry = gl32() )

< 2/[Vhi = Vg Z20py + 21V ey = gl 220
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By Corollary 3.12.4, we have
E (HViLf - ViLmH%Z(P)>
is at most
1CUC (ot (24 HI5Y) ™ ) s (1 ).

Hence,

E (Vi — gll3:(r )

1s at most

32C(4C + 6 1E1202\ A
—(7:&1/2 ) ((2 log (2 + +7'? ) +10E (HVhTO — g\|i2(P)) :

We assume the conditions of Theorem 3.7.4 to prove Theorem 3.7.6.
Proof of Theorem 3.7.6 If we assume (R1), then rq = an!=%/C0+5) ¢ R and

j 8|k |00 (16C + 0)an 1=/ (2(1+5)) 108208
2 0o
]E (HVhro _gHLQ(P)> S n1/2 + a2ﬁ/(1—ﬁ)nﬁ/(l+ﬂ)

by Theorem 3.7.4. If we assume (R2), then there is at least one 1y € R such that
an(=H/CAA) < 0 (-8B |

and

; 8]kl (16C + o)rg ~ 10B2/(1=8)
2 %
B (Vi ~olfan) < i/ TR
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< SlIkll(16C + o) (an(=A/CAFA) 4 p) 10B2/(1-8)
= nl/2 T BB BB

by Theorem 3.7.4. In either case,
E (Vi — gl ) < Don?/0
for some constant Dy > 0 not depending on n or n. By Theorem 3.7.5, we have
B (|Vhs = gl < Dslog(n)/*a~Y2 + 10Dyn /04

for some constant D3 > 0 not depending on n or n. Since n increases at least linearly

in n, there exists some constant Dy > 0 such that n > Dyn. We then have

E (HVﬁf - gl!iz(m) < D;"*D3log(n)/?n="2 + 10Dyn#/(+5)

< Dyn-B/+9)

for some constant D; > 0 not depending on n or n. |

3.13 Proof of High-Probability Bound for Bounded

Regression Function

We bound the distance between lAzT and h, in the L?(P,) norm for r > 0 and h, € rBy.

Lemma 3.13.1 Assume (Y2) and (H). Letr > 0, h, € rBy and t > 1. With

t

probability at least 1 — 2e™", we have

\ 20| k|| oo orrt/?
1Ry = Rl Z2p,y < — oz Al hy — g%
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Proof By Lemma 3.5.1 with A = By, we have
e — bl < %Zw = X)) (X2) = (X0) + Al — gl r,
We now bound the right-hand side. We have
1hr = gll2(p < l1Br — g2

Furthermore,

is subgaussian given X with parameter

n

1 2 [k]|2,0%r
— he(X;)? < 21t
n? 4 o he(Xi)” < n
=1
So we have
1< |E||oeor(26)Y2 2||k||scort!/?

= 2 (Vi —g(Xih,(X) < T — < ==

i=1

with probability at least 1 — e~* by Chernoff bounding. Finally, we have

%gm — g(X)h.(X;) < Sup % ; (Yi — 9(Xi)) f(X0)
- o (B soomer)
_, %z@f — g(X0)kx,
—r (% “i:l(Yi — 9(Xa)(V; — 9(X;))k(X;, Xa‘>> :

by the reproducing kernel property and the Cauchy—Schwarz inequality. Let K be the
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n x n matrix with K;; = k(X;, X;) and let € be the vector of the Y; — g(X;). Then

n

5 D7 = (X)), — g XX X)) = (K e,

1,j=1

Furthermore, since k is a measurable function on (S x S,S ® §), we have that n™2K
is an (R™™ B(R"*"))-valued measurable matrix on ({2, ) and non-negative-definite.

Let a; for 1 <i < n be the eigenvalues of n=2K. Then
max a; < tr(n ?K) < n Y|k|%

and

tr((nK)?) = [lall3 < [laflf < n7? K]l

Therefore, by Lemma 3.16.2 with M = n~2K, we have
eT(n2K)e < k|2 o’n (1 4 2t + 2(£* + 1)/?)

and
- 3||k||lscort/?

L0 s () < 2

i=1

with probability at least 1 — e~t. The result follows. [ |

The following lemma is useful for bounding the supremum in (3.5.2).

Lemma 3.13.2 Let D > 0 and A C L™ be separable with ||f|lec < D for all f € A.
Let

Z = sup I I32(p,) = /12200
feA

Then, fort > 0, we have

oD% AD?E(Z2)t\Y? 2D%
ZSE(Z)+< + ()) +

3n

n n
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with probability at least 1 — et.

Proof We have

Zn (£ = 1 )

= sup
feA

and

E (0 (£ = 1)) =

G = 11| <

(w02 (507 = 1)) <

forall 1 <i<nand f € A. Furthermore, A is separable, so Z is a random variable

)

0,

D?
n
D4

n (9, F) and we can use Talagrand’s inequality (Theorem A.9.1 of Steinwart and

Christmann, 2008) to show

DY 2D?E(Z\\Y? 2tD?
Z>E(Z)+(2t (—+A)> +
n n 3n

with probability at most e~*. The result follows. |

The following lemma is useful for moving the bound on the distance between Vh, and

Vh, from the L?(P,) norm to the L*(P) norm for r > 0 and h, € rBy.

Lemma 3.13.3 Assume (H). Letr >0 and t > 1. With probability at least 1 — e,

we have

sup ‘||Vf1 —VfallZagpy = IV = Vf2||%2(P)‘

f1,f2€rBy

18 at most

8 (02 + ||| M2z 4 sukzuoocr) 12 g,

nt/2 3n
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Proof Let A={Vfi—Vfy: fi,fo €rBg} and

Z= suwp ||[VHi—Vheliep, — VA~V fol2ep] -

f1,f2€rBy

Then A C L™ is separable because H is separable and has a bounded kernel k.

Furthermore, ||V f1 — V fa||oo < 2C for all fi, f € rBy. By Lemma 3.13.2, we have

320%  16C2E(2)t\"?  8C2t
+ +

ZSE(Z)+< ”

n n
with probability at least 1 — e™*. By Lemma 3.11.1, we have

64||k||Cr

ni/2

E(Z) <

The result follows. |

We move the bound on the distance between Vh, and Vh, from the L*(P,) norm to

the L*(P) norm for 7 > 0 and h, € rBy.

Corollary 3.13.4 Assume (Y2) and (H). Let r > 0, h, € rBy and t > 1. With

probability at least 1 — 3e™", we have
||Vﬁr - Vhr’”%?(P)

15 at most

1(202 + 8B + koo (16C + 50)r ) 2 gy

2
nl/2 + 3n + 4| — g%

Proof By Lemma 3.13.1, we have

- 20| k|| o orrt/?
e = hellZ2gp,y < —— 53— + 4k — gll2-

= nl/2
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with probability at least 1 — 2e™, so

20|k || oot t/?

”Vﬁr - VhrH%Q(Pn) <

Since iLr, h, € rBy, by Lemma 3.13.3 we have

HV}Alr — Vhr”%z(p) - HVilr - VhT‘H%Q(Pn)

< sup ‘”Vfl — Vfg“%z(pn) - ”VfQ - VfQH%?(P)‘

f1,f2€rBy
8 (02 + ||k 2322 4 8||k||oo(]7“> 2 g
- nt/2 * 3n
with probability at least 1 — e*. The result follows. |

We assume (¢2) to bound the distance between Vh, and ¢ in the L2(P) norm for

r > 0 and prove Theorem 3.8.1.

Proof of Theorem 3.8.1 Fix h, € rByg. We have

~ ~ 2
”Vhr - g”%?(P) < (HVhr - Vhr||2L2(P) + ”Vhr - g”%?(P))
< ZHVhT - VhTH%?(P) + 2||Vhr - g”%Q(P)

< 2AVhe = V|3, + 2 = gl
By Corollary 3.13.4, we have
HVhr - Vhr”%?(P)
is at most

1(202 + 8|K|L2CH2 112 1 oo (16C + 50)r ) #7 gony

2
nl/2 + 3n + 4| — gl%-
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with probability at least 1 — 3e™*. Hence,
HViLr - g”%?(P)

1s at most

8 (202 + 8K (1203202 4 ||k|oo (16C + 50)?“) t2 60
- + + 10|k, — g%
n 3n

Taking a sequence of h,,, € 7By for n > 1 with

1R — gl1% 4 Iso(g,7)

as n — oo proves the result. [ |
We assume (g3) to prove Theorem 3.8.2.

Proof of Theorem 3.8.2 The initial bound follows from Theorem 3.8.1 and (3.8.3).

Based on this bound, setting

r = Dl||k||o—o(1—ﬁ)/(1+B)B2/(1+B)(160 + 50)—(1—6)/(1+5)t—(1—5)/(2(1+5))n(1—ﬁ)/(2(1+ﬁ))
gives
HViLr - 9”%2(13)
is at most

(8 Dy + 10 Dl‘?ﬁ/(l‘ﬁ)) [k[|28/0+6) B2/ (1+8) (160 57 )28/ 148) 5/ (146) =B/ (1)

+ 64D Y2|||| 210+ B+ CB/2 (160 5oy~ (1B ((L8)) 4(1438)/(4(1+8) , ~(14+38)/(4(1+8))

+ 16C* 212 1 16C%*n "1 /3.
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Hence, the next bound follows with

Dy = 8D, + 10D, /"% Dy = 64D}*, D, = 16 and D5 = 16/3.

3.14 Proof of High-Probability Bound for Valida-

tion

We need to introduce some new notation for the next result. Let U and V' be random

variables on (2, F). Then

U, = inf{a € (0,00) : Epo(|U|/a) < 1},

UV ||y, = inf{a € (0,00) : E(¢)2(|U]|/a)|V) < 1 almost surely},

where 15(x) = exp(z?) — 1 for x € R. Note that these infima are attained by the
monotone convergence theorem. Exercise 5 of Section 2.3 of Giné and Nickl (2016)
shows that ||U||y, is a norm on the space of U such that ||U||y, < oo and ||U|V||y, is

a norm on the space of U such that ||U|V ||y, < oco.
We bound the distance between Vh; and Vh,, in the L2(P;) norm for ry € R.

Lemma 3.14.1 Assume (H) and (Y ). Letrq € R and t > 1. With probability at
least 1 — 2e™t, we have

||Vhf - Vh?"0||i2(pﬁ)
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18 at most
292C5¢1/2 B2\ 2 L.\ | 24C%tV? . )
e (21 og (1 + e )) a2 )+ S 4V, — gl

Proof By Lemma 3.5.1 with A = F' and n, X, Y and P, replaced by n, X, Y and

P, we have

. . 4N - . . . .
Vi = Vi |lap,) < = > 0 = (X)) (Vs (X5) = Vg (X)) + 4V = 9l 725,

i=1

We now bound the right-hand side. We have

n

R 1 . - .
Vi =122y = = D2 (Vi (X)) = (X)) = [Vhny = gllEae) ) +11V g =gl

i=1

Since

|(Vhn(X) = 9(X0)) = Vi, = glifagr)| < 4C?

for all 1 <1¢ <n, we find

1Vhey = = Vhsy = gll2p) > t

gHLQ(P

with probability at most

nt?
xp | — .
P\ 3201
by Hoeffding’s inequality. Therefore, we have

) ) 321202412 602412
2
HVhTO gHLg(p ) HVh’TO _gHL2(P) < nl/2 = nt/2
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with probability at least 1 — e™t. Now let fy = Vizro and
W(f) =< Z(ffz - Q(Xi))<f()~(i) - fO(Xi))

for f € F. W is ¢2||-||%, /-subgaussian given X and separable on (F,||-||s/7'/?) by

Lemma 3.12.1. The diameter of (F, |||« /7'/?) is

D= sup &|lfi — folloo/RY? < 206 /02

f1,fa€F

From Lemma 3.17.2, we have

/0 T log(V(F, 5 [/ 2, ) 2de = / Qg (N(F, | oo, #122/))) /e

g

— =T | (ouN (P )2

is finite. Hence, by Exercise 1 of Section 2.3 of Giné and Nickl (2016) and Lemma

3.17.2, we have

suple)l‘X,X,Y
fEF

P2

is at most

~ 2C5 /nt/?
HW(fO)‘X,X,Y ) +15361/2/ (log N(F, 5|l /72, €))% de
2 0

205 /at/?
_ 153612 / (log N (F, |||oc, 71"/22 /5))/2de
0

1536125 [%¢
- W/O (log N (F, ||]|oc, u))?du

1536'/25 1k]2.02\ \ 2 1o

3072'2C5 [N Y
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noting W(fo) = 0. By Chernoff bounding, we have supcp|W (f) is at most

21/2(75 log(2))1/2 2 2 1/2
307212Ca (¢ + log(2)) ((QIOg(Hukump)) Ry

ﬁ1/2 (2

7305t K22\

with probability at least 1 — e~*. In particular,

%zyz_ﬂxnwmdw—vmw&»

is at most
T3C5t12 AN -
i ool /2
o (o 45)
with probability at least 1 — e~*. The result follows. [ |

The following lemma is useful for moving the bound on the distance between V h; and

Vhy, from the L2(P;) norm to the L2(P) norm for ro € R.

Lemma 3.14.2 Assume (H). Let ro € R, fo = Vhy, and t > 1. With probability at

t

least 1 — e™", we have

2 2
Sup ’ N ~~ N N ’
Sp 1f = follz2p,) = 1 = follzo(p)

18 at most

1002¢1/2 k122 \ "2 8C2t
0 /2
i (1—1—32 ((210g (2—1— I )) + + T

Proof Let A={f— fo:f € F} and

Z = Sup Lf = foll2o 5, = ILf = follZzgr))| -



CHAPTER 3. IVANOV REGULARISATION 96

Then A C L* is separable by Lemma 3.15.2. Furthermore, ||f — follco < 2C for all

f € F. By Lemma 3.13.2 with n and P, replaced by 7 and P;, we have

320%  16C2E(2)t\"?  8C2t
—— + +

n n an

ZSE(ZH(

with probability at least 1 — e~*. By Lemma 3.12.3, we have

64C? k|2 02\ \ /2
E(Z) < = ((QIOg (2+%>) +rl2 .

The result follows. [ |

We move the bound on the distance between Vh; and Vh,, from the L*(P;) norm to

the L?(P) norm for ry € R.

Corollary 3.14.3 Assume (H) and (Y ). Let ro € R and t > 1. With probability at
least 1 — 3e™t, we have

[Vhi = V|32

18 at most

10C(C + 7)t/? k|12 02\ 2
<ﬁ1/2) (1+32<<210g(2+%)) + 71/

240?12 8C%t
nl/2 3n

+4{[Vh,, — 9”%2(13)-

Proof By Lemma 3.14.1, we have

VA = Vhy ]

L2(Pp)
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is at most
2020512 k122 \ " 24021/ .
aravry 00 /2 I . 2
7172 <2log (1“‘ 3(?2 )) + + 71/ +4HV}Z7«O g”LZ(p)

with probability at least 1 —2e~*. Let fo = Vh,,. Since h; € F, by Lemma 3.14.2 we

have
”Vhf - VhroH%Q(P) - HVhf - Vhro||i2(15ﬁ)
< 5p 1 = ol = 7 = folla)
10021/ k122 \ "2 8Ct
0 /2
S—ﬁm 1432 (210g(2+ e )) +7 + 37
with probability at least 1 — e~t. The result follows. [ |

We bound the distance between Vh; and g in the L2(P) norm to prove Theorem 3.8.3.

Proof of Theorem 3.8.3 We have

A ) 2
||Vh,t - g||2L2(p) < (HVhr‘ - Vhro||2L2(P) + ||Vh7"0 - gH%Q(P))

< 2[|[Vh; — VhTOH%Q(P) + 2[|[Vhyy — 9||%2(P)-
By Corollary 3.14.3, we have
IVhe = Vi 22

1s at most

10C(C + )2 k|12 02\ ) 2
<ﬁ1/2) (1+32<<210g(2+” gzp )) + 71/

240?12 8C%
nl/2 37

+4([Vh,, — 9”%2(13)-
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with probability at least 1 — 3e™*. Hence,

HViLf - g”%?(P)

1s at most
200(C + &)t/ LA Sy
—7 L+32| (2log (2+ =75 + 7t/
48C%t/2 16C*t A )
The result follows. [ |

We assume the conditions of Theorem 3.8.2 to prove Theorem 3.8.4.

Proof of Theorem 3.8.4 If we assume (R1), then rq = an!=#/C0+5) ¢ R and

1V g —9||%2(P)

1S at most

8 (202 + 8||E|| L2 2a1 21808 |||kl (16C + 50)an<1—m/<2<1+m>> £1/2

nl/2

16C2%t 10B2%/(1-P)
T 3, T 2B B Th)

with probability at least 1 — 3e™" by Theorem 3.8.2. If we assume (R2), then there is

at least one ry € R such that

an(=O/RUHA) < o g (1=B)/+8) |y,

and

IV hey = gllZ2 )
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1s at most

8(202+8||k||¥203/2r3/2+||k||oo(160+5a)r0) B2 eorr 10B2/0-9
+

+
1/2 28/(1-8
nt/ 3n re /( )
8 (202 + 8|| k|| L2C3/2 (aV/2n(-R)/a0+8) 4 b1/2)> #1/2
< nl/2
8||k||oo (16C + 507) (ant=A/CUTE) 4 p) ¢1/2 1602¢ 1032/(1-5)
+ i YO T Y G B VY G R

with probability at least 1 — 3e™* by Theorem 3.8.2. In either case,
HViLTO - g”%2(p) S D3t1/2n*’8/(1+’3) + D4tn*1

for some constants D3, Dy, > 0 not depending on n, n or t. By Theorem 3.8.3, we

have
[Vh; = gll72p) < Dst'/*log(n)"/*i~/? + Dgti™" + 10Dst"*n /0% 4 10D,tn ™"

with probability at least 1 — 6e~* for some constants Ds, Dg > 0 not depending on n,
n or t. Since 1 increases at least linearly in n, there exists some constant D; > 0 such

that n > D7zn. We then have

IV hi = gll72p)

1s at most

D; D5t 2 1og(n)/*n="? + D' Dgtn™" + 10Dt 2n~5/0+0) 410D tn "

< Dltl/Qn’ﬁ/(Hﬁ) + Dotn~!

for some constants Dy, Dy > 0 not depending on n, n or t. [ |
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3.15 Estimator Calculation and Measurability

The following result is essentially Theorem 2.1 from Quintana and Rodriguez (2014).
The authors show that that a strictly-positive-definite matrix which is a (C™*" B(C"*™))-
valued measurable matrix on (€2, F) can be diagonalised by an unitary matrix and
a diagonal matrix which are both (C"*" B(C"*"))-valued measurable matrices on
(Q,F). The result holds for non-negative-definite matrices by adding the identity
matrix before diagonalisation and subtracting it afterwards. Furthermore, the con-
struction of the unitary matrix produces a matrix with real entries, which is to say

an orthogonal matrix, when the strictly-positive-definite matrix has real entries.

Lemma 3.15.1 Let M be a non-negative-definite matriz which is an (R™*" B(R"*"))-
valued measurable matriz on (2, F). There ezist an orthogonal matriz A and a diag-
onal matriz D which are both (R™™, B(R™™))-valued measurable matrices on (§2, F)

such that M = ADAT.
We prove Lemma 3.6.1.

Proof of Lemma 3.6.1 Let H,, = sp{kyx, : 1 <i < n}. The subspace H, is closed
in H, so there is an orthogonal projection Q : H — H,,. Since f — Qf € H- for all
f € H, we have

f(Xi) = (QN)(Xi) = {f = Qf kx;) =0

for all 1 <1 <n. Hence,
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Let f € (rBy) N H, and write
= Z aikx,
i=1

for some a € R™. Then
1 n
U3 Y = (Ko = Y)T (K - V)
=1

and || f||%} = a"Ka, so we can write the norm constraint as a' Ka + s = r?, where

s > 0 is a slack variable. The Lagrangian can be written as

L(a,s;p) =n Y (Ka—Y) (Ka—Y)+ pla"Ka+ s —r?)

=a' (n'K*+ puK)a—2n"'Y ' Ka+ ps +n Y'Y — pur?,

where p is the Lagrangian multiplier for the norm constraint. We seek to minimise
the Lagrangian for a fixed value of . Note that we require p > 0 for the Lagrangian

to have a finite minimum, due to the term in s. We have

oL

e 20 'K? + pK)a — 2n 'KY.
a

This being 0 is equivalent to K ((K + nul)a —Y) = 0.

Since the kernel k is a measurable function on (S x S, S ® §) and the X; are (S, S)-
valued random variables on (€, F), we find that K is an (R™" B(R™*"))-valued
measurable matrix on (£2, F). Furthermore, since the kernel & takes real values and
is non-negative definite, K is non-negative definite with real entries. By Lemma
3.15.1, there exist an orthogonal matrix A and a diagonal matrix D which are both
(R™ " B(R™™))-valued measurable matrices on (2, F) such that K = ADAT. Note

that the diagonal entries of D must be non-negative and we may assume that they
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are non-increasing. Inserting this diagonalisation into K ((K + nul)a —Y) = 0 gives
AD((D +nul)ATa — ATY) = 0.
Since A has the inverse AT, this is equivalent to
D((D +nul)ATa — ATY) = 0.
This in turn is equivalent to
(ATa); = (Dy; + npp) H(ATY),

for 1 < i < m. The same f is produced for all such a, because if w is the difference

between two such a, then (ATw); = 0 for 1 <i < m and the squared H norm of

n
E wikXi
i=1

is w Kw=w"ADATw = 0. Hence, we are free to set (ATa); =0 for m +1 <i <n.
This uniquely defines ATa, which in turn uniquely defines a, since AT has the inverse
A. Note that this definition of a is measurable on (€2 x [0, 00), F ® B([0, 00))), where
w varies in [0, 00).
We now search for a value of p such that a and s satisfy the norm constraint. We call
this value p(r). There are two cases. If

r’ <> D} ATY),

=1

then the a above and s = 0 minimise L for g = u(r) > 0 and satisfy the norm
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constraint, where u(r) satisfies

Otherwise, the a above and

s=1"=Y D (ATY)} >0

i=1

minimise L for p = pu(r) = 0 and satisfy the norm constraint. Hence, the Lagrangian

sufficiency theorem shows
b= aikx
i=1
for the a above with p = pu(r) for r > 0. We also have hy = 0.

Since p(r) > 0 is strictly decreasing for
r’ <> D (ATY)?
i=1

and p(r) = 0 otherwise, we find

i) < = {3 5 eyt < 7}

=1

for 1 € [0,00). Therefore, u(r) is measurable on (© x [0,00), F ® B((0,00))), where
r varies in (0,00). Hence, the a above with p = pu(r) for r > 0 is measurable on
(2 x [0,00), F @ B((0,00))), where r varies in (0,00). By Lemma 4.25 of Steinwart
and Christmann (2008), the function ® : S — H by ®(z) =k, is a (H, B(H))-valued
measurable function on (S, S). Hence, kx, for 1 < i < nare (H, B(H))-valued random
variables on (€2, F). Together, these show that h, is a (H, B(H))-valued measurable

function on (Q x [0, 00), F ® B([0,00))), where 7 varies in [0, 00), recalling that ho =
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We prove a continuity result about our estimator.
Lemma 3.15.2 Let 7, s € [0,00). We have ||k, — hy||% < 1% — 5.

Proof Recall the diagonalisation of K = ADAT from Lemma 3.6.1. If u,v € R® and
hy =Y kg, and hy =Y wiky,,
i=1 i=1
then (hy, he)y = u"Kv = (ATu)"D(A"). Let s > r. If r > 0 then, by Lemma 3.6.1,

we have

Di,i
zz + n:u ))(DZ,Z + TL/L(S))

;~'>
||

(ATY)

v

S (ATY)]

LD
; u+nu r))?

= |1
Furthermore, again by Lemma 3.6.1, if zu(r) > 0 then ||h,||%,= % and

Hhr - th%{ = HhrH%{ + Hth%{ - 2<hr>hS>H
< |1hsllir = 7l
= [|hslF — 72

§32—r2.

~ ~

Otherwise, p(r) = 0 and so u(s) = 0 by Lemma 3.6.1, which means h, = h,. If
r =0 then h, = 0 and ||h, — ||} = ||hs||% < 2. Hence, whenever r < s, we have

Ay — hsl|%, < 2 — 2. The result follows. |

We also have the estimator 7 when performing validation.
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Lemma 3.15.3 We have that 7 is a random variable on (S0, F).

Proof Let

R

(Vhy(X) = Yo)?

S

=

I
3|~
-

for s € R. Note that W(s) is a random variable on (€2, F) and continuous in s by
Lemma 3.15.2. Since R C R, it is separable. Let Ry be a countable dense subset of R.
Then infseg W(s) = infser, W(s) is a random variable on (€2, F) as the right-hand
side is the infimum of countably many random variables on (2, F). Let r € [0, p|. By

the definition of 7, we have

{F<ry= J {W(s) <if W(t)}.

teER
s€RN[0,r]

Since RN [0,7] C R, it is separable. Let A, be a countable dense subset of RN [0, 7].

By the sequential compactness of RN [0, ] and continuity of W (s), we have

{F<r= U W) <infw(n)+a'}.

a=1s€A,

This set is an element of F. [ |

3.16 Subgaussian Random Variables

We need the definition of a sub-o-algebra for the next result. The o-algebra G is a
sub-g-algebra of the g-algebra F if G C F. The following lemma relates a quadratic

form of subgaussians to that of centred normal random variables.

Lemma 3.16.1 Let ¢; for 1 < i < n be random variables on (Q, F,P) which are
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independent conditional on some sub-o-algebra G C F and let

E(exp(te;)|G) < exp(o*t?/2)

almost surely for allt € R. Also, let 6; for 1 <1 <n be random variables on (2, F,P)
which are independent of each other and G with §; ~ N(0,02). Let M be an n X n

non-negative-definite matriz which is an (R™" B(R™"™))-valued measurable matriz

on (2,G). We have

E(exp(ze' Me)|G) < E(exp(20T M0)|G)

almost surely for all z > 0.

Proof This proof method uses techniques from the proof of Lemma 9 of Abbasi-

Yadkori, P4l, and Szepesvéri (2011). We have

E(exp(tiei/0)|G) < exp(t;/2)

almost surely for all 1 < i < n and t; € R. Furthermore, the ¢; are independent

conditional on G, so

E(exp(t'e/o)|G) < exp([t]3/2)

almost surely. By Lemma 3.15.1 with F replaced by G, there exist an orthogonal
matrix A and a diagonal matrix D which are both (R"*" B(R"*"))-valued measurable
matrices on (£,G) such that M = ADAT. Hence, M has a square root M'/? =
ADY2AT which is an (R™" B(R"*"))-valued measurable matrix on (©2,G), where
D'/? is the diagonal matrix with entries equal to the square root of those of D. Note

that these entries are non-negative because M is non-negative definite. We can then
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replace t with sM'/?y for s € R and v € R" to get

E(exp(su’ M'*c/0)|G) < exp(s?|| M ?ul3/2)

almost surely. Integrating over u with respect to the distribution of § gives

E(exp(s’c"Me/2)|G) < E(exp(s°5" M6/2)|G)

almost surely. The result follows. |

Having established this relationship, we can now obtain a probability bound on a
quadratic form of subgaussians by using Chernoff bounding. The following result is

a conditional subgaussian version of the Hanson-Wright inequality.

Lemma 3.16.2 Let ¢; for 1 < i < n be random variables on (2, F,P) which are

independent conditional on some sub-o-algebra G C F and let

E(exp(t2:)|G) < exp(a®t?/2)

almost surely for allt € R. Let M be an n X n non-negative-definite matriz which is

an (R B(R™™))-valued measurable matriz on (2,G) and t > 0. We have

e"Me < o tr(M) + 20°|| M ||t 4 20%(|| M||*t* + tr(M>)t)Y/?

t

with probability at least 1 — et almost surely conditional on G. Here, ||M]|| is the

operator norm of M, which is a random variable on (2,G).

Proof This proof method follows that of Theorem 3.1.9 of Giné and Nickl (2016).
By Lemma 3.15.1 with F replaced by G, there exist an orthogonal matrix A and a

diagonal matrix D which are both (R™*" B(R"*"))-valued measurable matrices on
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(€, G) such that M = ADAT. Let §; for 1 <i < n be random variables on (€2, F,P)
which are independent of each other and G, with ¢; ~ N(0,¢?). By Lemma 3.16.1 and

the fact that AT9 has the same distribution as §, we have
E(exp(te' Me)|G) < E(exp(tsTM6)|G) = E(exp(td' D5)|G)

almost surely for all ¢ > 0. Furthermore,

Blexp(19/0%) = | — !

—00

for0<t<1/2and 1 <i<n,so
E(exp(t(67/0* —1))) = exp(—(log(1 — 2t) + 2t)/2).

We have

[e.e]

—2(log(1 — 2t) + 2t) < Y "(2t)'(2/i) < 4¢%/(1 — 2t)

i=2
for 0 <t < 1/2. Therefore, since the §; are independent of G, we have

U4Dz A )

(52 — o2 < —_—
Blesp(Diu(5? ~ o)19) < e (10—

almost surely for 0 < ¢ < 1/(20°D;;) and 1 < i < n. Since the D;; are random
variables on (€2, G) and the D, ;d; for 1 <1i <n are independent conditional on G, we

have

E(exp(t(6T D6 — 02 tr(D)))|G) < exp ( ot tr(D?)t? )

1— 20’2 (maxi Dl7l)t
almost surely for 0 < ¢ < 1/(20%(max; D;;)). Combining this with E(exp(te" M¢)|G) <

E(exp(t6TDJ)|G), we find

E(exp(t(e"Me — o?tr(M)))|G) < exp (M)

1 —202||M||t
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almost surely for 0 < ¢t < 1/(202||M]||). By Chernoff bounding, we have
e"Me — o*tr(M) > s

for s > 0 with probability at most

ot tr(M?)t? ;
exX - — LS
PA\T 202 Mt

almost surely conditional on G for 0 < ¢ < 1/(20?||M]|). Letting

S

-~ 20% tr(M?2) + 202||M||s

gives the bound

82
P (_404 tr(M2) + 402\\MH3) ‘

Rearranging gives the result. |

3.17 Covering Numbers

The following lemma gives a bound on the covering numbers of F.

Lemma 3.17.1 Let ¢ > 0. We have

k|2 p?
N(F, | |locre) <1+ Hg%'

Proof Leta>1andr; € Rand f; = Vh,, € Ffor1<i<a. Also,let f =Vh, € F

for r € R. Since V is a contraction, we have || f — fi||so < € whenever ||, — k., ||loo < €.
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By Lemma 3.15.2, we have ||k, — k., ||lo < € whenever [r2 — r2| < ¢2/||k||% . Hence, if

we let 72 = ¢%(2¢ — 1)/||k||%, and let p be such that
p*—e(2a = 1)/|[kl5 < €/IIk]I%,

then we find N(F, ||||c,€) < a. Rearranging the above shows that we can choose

_ [Hk\liopw
a = - =

2e2

and the result follows. [ |

We also calculate integrals of these covering numbers.

Lemma 3.17.2 Let a > 1. We have

/0 loB(@N (|, 2))) e < (log ((l - ||k2”§3p2> a)>mL +(3)"

for L € (0,00). When a =1, we have

- Ikl \ ) 2
/ (log(N(F, ||-|lsc, €)))?de < 2 (log (1 + 8—52)) C + (2m)Y2C
0

for L € (0, 00].

Proof Let L € (0,00). Then

by Lemma 3.17.1. Changing variables to u = /L gives

' B2\ \\ 2
L/o (log (a (1 + W))) du
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' Ik]20%Y 1Y\
§L/0 (log(a(l—i— 52 )@)) du
1 2 2 1/2
[ [|5ep 1
= L/0 (log (a (1 + o2 + log = du.
For b,c > 0 we have (b + ¢)'/? < b'/2 + ¢!/2, so the above is at most
1 AN Yos (LY
L/o (log(a(l—i— 52 ))) du+L/0 <log<$>) du
/2 1 1/2
%1%\ VY / 1
=Ll 14 —=— L 1 — du.
(og(a( + E + ; og 2 U

Changing variables to

shows

[ () o [ e
/ s exp(—s*/2)ds
3

2

=

since the last integral is a multiple of the variance of an N(0, 1) random variable. The
first result follows. Note that N(F,||-||cc,e) = 1 whenever ¢ > 2C, as the ball of

radius 2C about any point in F'is the whole of F'. Hence, when a = 1, we have

/0 (log(N(F, | oo, £)))/2de < / T (log(V(F, | lor 2))) 2de
2C
- / (log(N(F, |[|oe. £))) 2de

<2 (log( ” 8”02 )) C + (2m)'2C

for L € (0, c0]. |
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Chapter 4

The (Goldenshluger—Lepski Method

for Constrained Least-Squares

Estimators over RKHSs

In nonparametric statistics, it is assumed that the estimand belongs to a very large
parameter space in order to avoid model misspecification. Such misspecification can
lead to large approximation errors and poor estimator performance. However, it is
often challenging to produce estimators which are robust against such large parameter
spaces. An important tool which allows us to achieve this aim is adaptive estimation.
Adaptive estimators behave as if they know the true model from a collection of models,
despite being a function of the data. In particular, adaptive estimators can often
achieve the same optimal rates of convergence as the best estimators when the true

model is known.

There are many ways of creating adaptive estimators. One way is to pass information

on the true model from the data to a non-adaptive estimator through tuning param-

113
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eters. For example, a Gaussian kernel estimator depends on the width parameter of
the Gaussian kernel. The different width parameters define different sets of functions

and represent different assumptions about the estimand.

In this chapter, we study an adaptive estimation procedure called the Goldenshluger—
Lepski method in the context of reproducing-kernel Hilbert space (RKHS) regression.
The Goldenshluger—Lepski method works by performing pairwise comparisons be-
tween non-adaptive estimators with a range of values for the tuning parameters. As
far as we are aware, this is the first time that this method has been applied in the
context of RKHS regression. The Goldenshluger—Lepski method (Goldenshluger and
Lepski, 2008, 2009, 2011, 2013) is an extension of Lepski’s method. While Lepski’s
method focusses on adaptation over a single parameter, the Goldenshluger—Lepski

method can be used to perform adaptation over multiple parameters.

The Goldenshluger—Lepski method operates by selecting an estimator which minimises
the sum of a proxy for the unknown bias and an inflated variance term. The proxy for
the bias is calculated by performing pairwise comparisons between the estimator in
question and all estimators which are in some sense less smooth than this estimator.
A key challenge in applying the Goldenshluger-Lepski method is proving a high-
probability bound on all of these pairwise comparisons simultaneously. This bound is

known as a majorant.

A popular alternative to the Goldenshluger—Lepski method for constructing adaptive
estimators is training and validation. Here, the data is split into a training set and a
validation set. The training set is used to produce a collection of non-adaptive esti-
mators for a range of different values for the tuning parameters and the validation set
is used to select the best estimator from this collection. This selection is performed
by calculating a proxy for the cost function that we wish to minimise. The estimator

with the smallest value of the proxy is selected as our final estimator. One important
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advantage of the Goldenshluger—Lepski method in comparison to training and vali-
dation is that it uses all of the data to calculate the non-adaptive estimators. This is
because it does not require data for calculating a proxy cost function. However, the
Goldenshluger—Lepski method does require us to calculate a majorant, as discussed

above, which is often a challenging task.

We now describe the RKHS regression problem studied in this chapter in more detail.
We assume that the regression function lies in an interpolation space between L and
an RKHS. Depending on the setting, this RKHS may be fixed or we may perform
adaptation over a collection of RKHSs. The non-adaptive estimators we use in this
context are clipped versions of least-squares estimators which are constrained to lie
in a ball of predefined radius in an RKHS. These estimators are discussed in detail in
Chapter 3. Constraining an estimator to lie in a ball of predefined radius is a form of

Ivanov regularisation (see Oneto et al., 2016).

One advantage of the estimators that we consider is that there is a clear way of
producing a majorant for them, especially when the RKHS is fixed. This is because
we can control the estimator constrained to lie in a ball of radius r by bounding
quantities of the form rZ for some random variable Z which does not depend on r,
such as in the proof of Lemma 4.5.2. It may be possible to use different non-adaptive
estimators to address our RKHS regression problem, however this would require the
calculation of a majorant for such estimators, which would generally be more difficult
than the calculation of the majorant for the Ivanonv-regularised estimators considered

in this chapter.

When the RKHS is fixed, the only tuning parameter to be selected is the radius of the
ball in which the least-squares estimator is constrained to lie. Estimators for which the
radius is larger are considered to be less smooth. In order to provide a majorant for the

Goldenshluger—Lepski method, we must prove regression results which control these
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estimators for all radii simultaneously. When we perform adaptation over a collection
of RKHSs, we must prove regression results which control the same estimators for
all RKHSs and all ball radii in these RKHSs simultaneously. We demonstrate this
approach for a collection of RKHSs with Gaussian kernels. Estimators for which both
the width parameter of the Gaussian kernel is smaller and the radius of the ball in
the RKHS is larger are considered to be less smooth. These results extend those of

Chapter 3.

One of the main difficulties in applying the Goldenshluger—Lepski method to our
RKHS regression problem is that the covariate distribution P, and hence the L*(P)
norm, is unknown. This is a problem when trying to control the squared L?(P) error of
our adaptive estimator, because the Goldenshluger—Lepski method generally requires
the corresponding norm to be known. This is so that the pairwise comparisons can
be performed when calculating the proxy for the unknown bias of the non-adaptive
estimators. In order to get around this problem, we replace the L?*(P) norm in the
pairwise comparisons with its empirical counterpart, the L?(P,) norm. Here, P, is the
empirical distribution of the covariates. The terms added to our bound when moving
our control on the squared L?*(P,) error of our adaptive estimator to the squared

L*(P) error do not significantly increase its size.

Our main results are Theorems 4.6.5 (page 129) and 4.8.7 (page 138). These show
that a fixed quantile of the squared L?*(P) error of a clipped version of the estimator
produced by the Goldenshluger-Lepski method is of order n=2/(+5)  Here, n is the
number of data points and  parametrises the interpolation space between L and
the RKHS containing the regression function. We use L> when interpolating so that
we have direct control over approximation errors in the L?(P,) norm. Theorem 4.6.5
addresses the case in which the RKHS is fixed and Theorem 4.8.7 addresses the case in

which we perform adaptation over a collection of RKHSs with Gaussian kernels. The
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order n~%/0+8) for the squared L?(P) error of the adaptive estimators matches the
order of the smallest bounds obtained in Chapter 3 for the squared L?(P) error of the
non-adaptive estimators. In the sense discussed in Chapter 3, this order is the optimal
power of n if we make the slightly weaker assumption that the regression function is

an element of the interpolation space between L?(P) and the RKHS parametrised by
5.

4.1 Literature Review

Lepski’s method (Lepski, 1991a,b, 1993) is a method for adaptation over a single
parameter. Since its introduction it has been studied by, for example, Birgé (2001)
and Giné and Nickl (2016). Lepski’s method selects the smoothest non-adaptive
estimator from a collection, subject to a bound on a series of pairwise comparisons
involving all estimators at most as smooth as the resulting estimator. The method
can only adapt to one parameter because of the need for an ordering of the collection

of non-adaptive estimators.

Lepski’s method has been applied to RKHS regression under the name of the balanc-
ing principle. However, as far as we are aware, Lepski’s method has not been used
to target the true regression function, but instead an RKHS element which approxi-
mates the true regression function. De Vito et al. (2010) note the difficulty in using
Lespki’s method to control the squared L?*(P) error of an adaptive estimator. This
difficulty arises because Lepski’s method generally requires the norm we are interested
in controlling to be known in order to perform the pairwise comparisons. However, P

is unknown in this situation.

De Vito et al. (2010) get around the problem that P is unknown as follows. Lepski’s
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method is used to control the known squared L?(P,) error and squared RKHS error
of two different adaptive estimators. The results of these procedures are combined
to produce an adaptive estimator whose squared L?(P) error is bounded. The above
alteration is also noted by Lu, Mathé, and Pereverzev (2018). Furthermore, the
authors show that it is possible to greatly reduce the number of pairwise comparisons
which must be performed to produce an adaptive estimator. This is done by only

comparing each estimator to the estimator which is next less smooth.

The Goldenshluger—Lepski method extends Lepski’s method in order to perform adap-
tation over multiple parameters. Goldenshluger and Lepski (2008, 2009) concentrate
on function estimation in the presence of white noise. The first paper considers the
problem of pointwise estimation, while the second paper examines estimation in the
LP norm for p € [1,00]. Goldenshluger and Lepski (2011) produce adaptive band-
width estimators for kernel density estimation and Goldenshluger and Lepski (2013)

consider general methodology for selecting a linear estimator from a collection.

An example of using training and validation to perform adaptation over a Gaussian
kernel parameter for a support vector machine is examined by Eberts and Steinwart
(2013). The procedure produces an adaptive estimator of a bounded regression func-
tion from a range of Sobolev spaces. This estimator is analysed using union bound-
ing, as opposed to the chaining techniques used to analyse the Goldenshluger—Lepski

method in this chapter.

4.2 Contribution

In this chapter, we use the Goldenshluger—Lepski method to produce an adaptive

estimator from a collection of clipped versions of least-squares estimators which are
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constrained to lie in a ball of predefined radius in a fixed RKHS H, which is separable
with a bounded and measurable kernel k. The estimator, defined by (4.6.1) on page
126, adapts over the radius of the ball. As far as we are aware, the Goldenshluger—
Lepski method has not previously been applied in the context of RKHS regression.
Under the assumption that the regression function comes from an interpolation space
between L> and H, we prove a bound on a fixed quantile of the squared L?*(P) error
of this adaptive estimator of order n~%/(1+#) (Theorem 4.6.5 on page 129). Here, P
is the covariate distribution, n is the number of data points and § parametrises the
interpolation space between L> and H. The order n=?/(*+5) matches the order of
the smallest bounds obtained in Chapter 3 for the squared L?*(P) error of the non-
adaptive estimators. It is the optimal power of n, in the sense discussed in Chapter
3, if we make the closely-related weaker assumption that the regression function is an

element of the interpolation space between L?(P) and the RKHS parametrised by j3.

We then extend this result to the case in which we perform adaptation over a collection
of RKHSs. In particular, we provide guarantees when the RKHSs in the collection
have Gaussian kernels. We again use the Goldenshluger—Lepski method to produce
an adaptive estimator, defined by (4.8.1), however this estimator adapts over both the
RKHS and the radius of the ball. Under the assumption that the regression function
comes from an interpolation space between L* and and some RKHS H from the
collection, we obtain a bound on a fixed quantile of the squared L?(P) error of the

same order n~#/0+8) (Theorem 4.8.7 on page 138).

4.3 RKHSs and Their Interpolation Spaces

An RKHS H on S is a Hilbert space of real-valued functions on S such that, for all

x € S, there is some k, € H such that h(x) = (h,k,)g for all h € H. The function
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k(xy,22) = (kzy, kuy)m for x1,29 € S is known as the kernel and is symmetric and

positive-definite.

We now define interpolation spaces between a Banach space (Z,|-]|z) and a dense

subspace (V, |||lv) (see Bergh and Lofstrom, 1976). The K-functional of (Z,V) is
K(z,t) = if ([l —vllz +tlv]lv)
for z € Z and t > 0. We define

oo 1/q
2[lg.q = (/ (t_ﬁK(zi))qt_ldt) and ||z]| .00 = sup(t 7K (z,1))
0 t>0

forze€ Z, 5 €(0,1) and 1 < g < co. We then define the interpolation space [Z,V ]z,
to be the set of z € Z such that ||z||s, < oco. The size of [Z,V]s, decreases as
increases. Recall Lemma 3.1.1, which is essentially Theorem 3.1 of Smale and Zhou

(2003).

Lemma 4.3.1 Let (Z,||-||z) be a Banach space, (V,|-||v) be a dense subspace of Z
and z € [Z,V]p. We have

1/(1—
[El

inf{||jv —z||z:v eV, |v||y <r} < B
From the above, when H is dense in L™, we can define the interpolation spaces
[L>°, H]g,4, where L™ is the space of bounded measurable functions on (.5,S). We set
q = oo and work with the largest space of functions for a fixed 8 € (0,1). We are

then able to apply the approximation result in Lemma 4.3.1.
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4.4 Problem Definition

We give a formal definition of the RKHS regression problem. For a topological space
T, let B(T') be its Borel o-algebra. Let (S,S) be a measurable space and (X, Y;) for
1 <i<mbeiid. (S xR, S®B(R))-valued random variables on the probability space
(Q, F,P). We assume X; ~ P and E(Y}?) < oo, where E denotes integration with
respect to P. We have E(Y;|X;) = ¢g(X;) almost surely for some function g which is
measurable on (S, S) (Section A3.2 of Williams, 1991). Since E(Y;?) < oo, it follows

that g € L?(P) by Jensen’s inequality. We assume throughout that

(g1) l9llee < C for C > 0.

We also need to make an assumption on the behaviour of the errors of the response
variables Y; for 1 <1i < n. Let U and V be random variables on (2, F,P). We say U

is o2-subgaussian if

E(exp(t)) < exp(0*2/2)

for all t € R. We say U is o?-subgaussian given V if

E(exp(tU)|V) < exp(o®t?/2)

almost surely for all ¢t € R. We assume

(Y) Y; — g(X;) is o%-subgaussian given X; for 1 <i < n.
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4.5 Regression for a Fixed RKHS

We continue by providing simultaneous bounds on our collection of non-adaptive
estimators for a fixed RKHS. Our results in this section depend on how well the
regression function ¢ can be approximated by elements of an RKHS H with kernel k.

We make the following assumptions.
(H) The RKHS H with kernel & has the following properties:
e The RKHS H is separable.
e The kernel k is bounded.
e The kernel k is a measurable function on (S x S,S ® S).

We define

1k[|diag = sup k(z, ) < o0.
z€eS

We use the notation ||k||giag in this chapter in place of ||k||% from Chapter 3. We can
guarantee that H is separable by, for example, assuming that k is continuous and S is
a separable topological space (Lemma 4.33 of Steinwart and Christmann, 2008). The
fact that H has a kernel k& which is measurable on (S x S,S ® §) guarantees that all
functions in H are measurable on (S5,S) (Lemma 4.24 of Steinwart and Christmann,

2008).
Let By be the closed unit ball of H and r > 0. We define the estimator

- 1
h, = arg min — f(X;) = Y:)?
rmin (70X~ )

of the regression function g. We make this definition unique by demanding that

h, € sp{kx, : 1 < i < n} (see Lemma 3.6.1). We also define hy = 0. The following
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combines parts of Lemmas 3.6.1 and 3.15.2.

Lemma 4.5.1 Assume (H). We have that h, is a (H,B(H))-valued measurable
function on (£ x [0,00), F @ B([0,00))), where r wvaries in [0,00). Furthermore,

||izr — iLSH%{ <|r? —s% forr,s € [0,00).

Since we assume (g1), that ¢ is bounded in [-C, C], we can make h, closer to g by
constraining it to lie in the same interval. As in Chapter 3, we define the projection
V:R— [-C,C] by
-C it t<-C
Vit)=qt if |t|<C
c it t>C

for t € R.

We now prove a series of result which allow us to control h, for r >0 simultaneously,
extending the results of Chapter 3 while using similar proof techniques. This is crucial
in order to apply the Goldenshluger-Lepski method to these estimators. The results
assign probabilities to events which occur for all » > 0 and all h, € rBgy. These events
are measurable due to the separability of [0, 00) and rBpy, as well as the continuity
in 7 of the quantities in question, including fLT by Lemma 4.5.1. By Lemma 3.5.1, we

have

~

. 4
|7y — hr||%2(P”) < ~ Z(Y; — 9(Xi)) (he(Xi) — he(X5)) + 4| Ry — g”%z(Pn)
=1

for all r > 0 and all h, € rBy. We can get rid of fzr in the first term on the right-hand
side by taking a supremum over r By. After applying the reproducing kernel property
and the Cauchy-Schwarz inequality, we obtain a quadratic form of subgaussians which

can be controlled using Lemma 3.16.2.
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Lemma 4.5.2 Assume (Y ) and (H). Lett > 1 and Ay, € F be the set on which

20k glagrt"/?

nl/2

1 = hellZap,) < +4llh. — gl%

simultaneously for all r > 0 and all h, € rBy. We have P(A1;) > 1— et

It is useful to be able to transfer a bound on the squared L*(P,) error of an estimator,
including the result above, to a bound on the squared L?(P) error of the estimator.

By using Talagrand’s inequality, we can obtain a high-probability bound on

1
sup sup  — |V fi =V fallizp,) — IV =V fall2p)

r>0 f1,fo€rBu

by proving an expectation bound on the same quantity. By using symmetrisation
(Lemma 2.3.1 of van der Vaart and Wellner, 1996) and the contraction principle for
Rademacher processes (Theorem 3.2.1 of Giné and Nickl, 2016), we again obtain a

quadratic form of subgaussians, which in this case are Rademacher random variables.
Lemma 4.5.3 Assume (H). Lett > 1 and Ay € F be the set on which

VAV llny — IV 51— V il < VOO SlklgCrt
sup — - - <
fi,f2€rBy ! 2L2(Pn) ! 2Lz (p) n1/2 3n

simultaneously for all r > 0. We have P(Ag,;) > 1 —e™".

To capture how well g can be approximated by elements of H, we define
Ioo(g>r) = inf {Hhr - g||go : hr € TBH}

for » > 0. We use this measure of approximation as it is compatible with the use of

the bound

1y = gllz2gpy < e = gll%
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in the proof of Lemma 4.5.2. We show that I.(g,r) is continuous.

Lemma 4.5.4 Assume (H). Let s >r > 0. We have

2
Lo(9:8) < Tolg,7) < (Toolg )2 + [Rllgla(s = 1))

We obtain a bound on the squared L?(P) error of Vh, by combining Lemmas 4.5.2
and 4.5.3.

Theorem 4.5.5 Assume (g1), (Y ) and (H). Lett > 1 and recall the definitions of
Ay and Agy from Lemmas 4.5.2 and 4.5.3. On the set A, N Aoy € F, for which
P(A1: N Ayy) >1—2et, we have

oMNElIM2 (97C + 200) /2 16|k~ 2 Crt
H ||d|ag( ) + H ||d|ag —i—l()[oo(g,?”)

7 2
HVhT _gHLQ(P) < nl/2 3n

simultaneously for all r > 0.

4.6 The Goldenshluger—Lepski Method for a Fixed

RKHS

We now produce bounds on our adaptive estimator for a fixed RKHS. The following
result, which is a simple consequence of Lemma 4.5.2, can be used to define the
majorant of the non-adaptive estimators. This motivates the definition of the adaptive

estimator used in the Goldenshluger—Lepski method.

Lemma 4.6.1 Assume (Y ) and (H). Lett > 1 and recall the definition of A1, from
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Lemma 4.5.2. On the set Ay, € F, for which P(Ay1;) > 1— e, we have

80||k[|y2 o (r + 5)tV/2

[N P /2 + 401 (g 7)

simultaneously for all s > r > 0.

Let R C [0, 00) be closed and non-empty. The Goldenshluger-Lepski method defines

an adaptive estimator using

. . 2(1
7 = arg min ( sup (||hr - h5||2L2(Pn) _rlrd 8>) + (1+ y)Tr) (4.6.1)

re€R SER,s>T n1/2 7’1,1/2

for tuning parameters 7, v > 0. The supremum of pairwise comparisons can be viewed
as a proxy for the unknown bias, while the other term is an inflated variance term.

Note that the supremum is at least the value at r, so

T(r + 5)) 21+ v)rr _ 2urr (4.6.2)

7 P
sup (Hhr - h8HL2(Pn) - nl/2 nl/2 = pl/2-

SER,s>1

The role of the tuning parameter v is simply to control this bound. The parameter
7 controls the probability with which our bound on the squared L?(P) error of Vh;

holds. We give a unique definition of 7.

Lemma 4.6.2 Let 7 be the infimum of all points attaining the minimum in (4.6.1).

Then 7 1s well-defined.
It may be that 7 is not a random variable on (€2, F) in some cases, but we assume
(7) 7 is a well-defined random variable on (2, F)

throughout. Later, we assume that R is finite, in which case 7 is certainly a random
variable on (Q, F). If # is a random variable on (2, F), then h; is a (H, B(H))-valued

measurable function on (€2, F) by Lemma 4.5.1.
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By Lemma 4.6.1, the supremum in the definition of 7 is at most 40/ (g,r) for an
appropriate value of 7. The definition of 7 then gives us control over the squared
L2(P,) norm of h; — h, when # < r. When # > r, we can control the squared L2(P,)
norm of }/:Lf — fLT using Lemma 4.6.1. However, we must control a term of order 7/ nl/?
using (4.6.2) and the definition of 7. In both cases, this gives a bound on the squared
L*(P,) norm of Vh: — Vh,. Extra terms appear when moving to a bound on the

squared L?(P) norm of Vh:—Vh, using Lemma 4.5.3. However, these terms are very

similar to the inflated variance term, and can be controlled in the same way. Applying
IVhe = gll72py) < 20Vhs = Vhe|Z2py + 21V Ry — gllZ2p)

gives the following result.

1/2
diag

Theorem 4.6.3 Assume (Y), (H) and (7). Let 7 > 80| k||

2
_
t=| — > 1
1/2 —
<8oukudégo>

Recall the definitions of A1y and Asy from Lemmas 4.5.2 and 4.5.3. On the set

o, v >0 and

A1 N Asy € F, for which (A1, N Agy) > 1 —2e™", we have

|V h; — 9ll22(p)
18 at most
, 27rr 1 97C Cr 2(1 +v)rr
f — — 401(g, — |,
rek (ma}x;{nl/2 + (V * 80ov * 2400Hk“éi/a2g‘72an/2> ( (g,m) + nl/2 )
42+v)rr  97CTr Cr?r - 9
80/ (g, 2||Vh, — :
nl/2 + 400n1/2 + 1200“]{”3(310’271} + (g T) + H gHLQ(P)

We now combine Theorems 4.5.5 and 4.6.3.
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Theorem 4.6.4 Assume (g1), (Y'), (H) and (7). Let 7 > 80Hk3||1/2 o, v>0 and

diag
2
.
t=| —— | >1.
1/2 —
(80||k||d(ago>

Recall the definitions of A1y and Asy from Lemmas 4.5.2 and 4.5.3. On the set
AN Ay € F, for which P(A1; N Agy) > 1 —2e7", we have

IVhi = gll720p) < inf ((1+ Dyt Y2 (Dyrrn™V2 + D3l (g,7)))

for constants Dy, Dy, D3 > 0 not depending on 7, v or n.

We can obtain rates of convergence for our estimator Vh; if we make an assumption

about how well g can be approximated by elements of H. Let us assume
(g2) g € [L*, H]p ~ with norm at most B for 8 € (0,1) and B > 0.

The assumption (¢2), together with Lemma 4.3.1, give

B2/(1-8)
I(g,7) <

= (4.6.3)

for r > 0. In order for us to apply Theorem 4.6.4 to this setting, we need to make an

assumption on K. We assume either
(R1) R =[0,00)
or

(R2) R={bi:0<i<I—-1}U{an'?} and p = an'/? for a,b > 0 and I = [an'/?/b].

The assumption (R1) is mainly of theoretical interest and would make it difficult to
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calculate 7 in practice. The estimator 7 can be computed under the assumption (R2),
since in this case R is finite. We obtain a high-probability bound on a fixed quantile of
the squared L2(P) error of Vh; of order t1/2n~8/(45) with probability at least 1 — e~

when 7 is an appropriate multiple of t/2.

Theorem 4.6.5 Assume (g1), (92), (Y ) and (H). Let 7 > 80Hk|\1/2 o, v>0 and

diag
2
t = T >
80Ikldmgo )

Also assume (R1) and (), or (R2). Recall the definitions of A, and Asy from
Lemmas 4.5.2 and 4.5.3. On the set Ay ;N Asy € F, for which P(A;NAgy) > 127,
we have

[Vhs — gl|22(p) < Dyrn /050 4 Dy~ 4300/ 20145)

for constants Dy, Dy > 0 not depending on n or 7.

4.7 Regression for a Collection of RKHSs

In this section, we again provide simultaneous bounds on our collection of non-
adaptive estimators. Our results still depend on how well the regression function
g can be approximated by elements of an RKHS. However, this RKHS now comes
from a collection instead of being fixed. Let K be a set of kernels on S x S. We make

the following assumptions.
(K1) The covariate set S and the set of kernels I have the following properties:
e The covariate set S is a separable topological space.

e The set of kernels (K, ||-||o) is separable.
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e The kernel k& is bounded for all £ € K.
e The kernel & is continuous for all £ € K.

Since (I, ||||o) is a separable set of kernels, we have that IC has a countable dense

subset K. For all ¢ > 0 and all k£ € IC, there exists kg € K¢ such that

ko — klloo = sup Jkolr,22) — (a1, 22)| < €

ml,mgés

Let H, be the RKHS with kernel £ for & € K. Since k is continuous and S is a
separable topological space, we have that Hy, is separable by Lemma 4.33 of Steinwart
and Christmann (2008). Hence, the assumption (H ) holds for H;. We use the notation

I|Ille and (-, ) for the norm and inner product of Hy.
Let By, be the closed unit ball of Hy, for k € K and » > 0. We define the estimator

i = argmin - > (f(X) ~ Y,)?

fET'Bk n i=1

of the regression function g. We make this definition unique by demanding that
hiy € sp{kx, : 1 < i < n} (see Lemma 3.6.1). We also define hjo = 0. Since we
assume (g1), that g is bounded in [-C,C], we can make iLk’T closer to g by clipping

it to obtain Vﬁm.

Lemma 4.7.1 Assume (K1). We have that hy,, is an (L, B(L™))-valued measurable
function on (2 x IC x [0,00), F @ B(K) ® B([0,00))), where k varies in K and r varies

in [0,00).

Let
L = {k/|[k]ldiag : k € K} U{0}
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and

D= sup [|fi — fol|oo < 2.

f1,.f2€L
We include 0 in the definition of £ so that, when analysing stochastic processes over
L using chaining, we can start all chains at 0. Note that (L, ||-||») is separable since
L\ {0} is the image of a continuous function on (K, |||« ), which is itself separable.

Let N(a, M,d) be the minimum size of an a > 0 cover of a metric space (M, d), and

/2 1/2
J = (162/ log(2N (a, L, ||]|o0))da + 1) :
0

The next result is proved using the same method as Lemma 4.5.2. However, instead

let

of one quadratic form of subgaussians, we obtain a supremum over K of quadratic

forms of subgaussians. This can be controlled by chaining using Lemma 4.12.2.

Lemma 4.7.2 Assume (Y ) and (K1). Let t > 1. There exists a set Az, € F with

P(As;) > 1 — e on which

21J||/<;\|§(§gart1/2

Hhkﬂ‘ - hk,TH%Q(Pn) < nl/2 + 4Hhk,r - gHio

stmultaneously for all k € IC, all v > 0 and all hy, € rB.

It is again useful to be able to transfer a bound on the squared L?*(P,) error of an
estimator to a bound on the squared L?(P) error of the estimator. The result below is
proved using the same method as Lemma 4.5.3, although we again obtain a supremum
of quadratic forms of subgaussians which are controlled using chaining. The event in

the result is measurable by Lemma 4.12.3.
Lemma 4.7.3 Assume (K1). Let t > 1 and Ayy € F be the set on which

1510 ||k|| 52 Crit/? . 8||&||52 Crt

diag diag
sup V= V5?3 — Vi =V L] <
f1,f2€r By, IV 2llzecen = IVA 2llz () ni/2 3n
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simultaneously for all k € K and all r > 0. We have P(Ay) > 1—e7".
To capture how well g can be approximated by elements of Hy, we define
Io(g, k,r) = inf {||hs, — g% : hwr € 7Bi}
for k € K and » > 0. We obtain a bound on the squared L?*(P) error of Vﬁm by

combining Lemmas 4.7.2 and 4.7.3.

Theorem 4.7.4 Assume (g1), (Y ) and (K1). Let t > 1 and recall the definitions of
Asy and Agy from Lemmas 4.7.2 and 4.7.3. On the set Az, N Aqy € F, for which

P(As: N Agy) > 1—2e7t, we have

oJEIM2(151C + 210)rt /2 16||k||2 Crt
|| ||dlag( ) + || ||d|ag —|—10[oo(g,]{j,7")

7 2
Hth,r - gHLQ(P) < n1/2 3n

simultaneously for all k € K and all r > 0.

4.8 The Goldenshluger—Lepski Method for a Col-

lection of RKHSs with Gaussian Kernels

We now apply the Goldenshluger—Lepski method again in the context of RKHS re-
gression. However, we now produce an estimator which adapts over a collection of

RKHSs with Gaussian kernels. We make the following assumptions on S and K.
(K2) The covariate set S and the set of kernels K have the following properties:

e The covariate set S C R? for d > 1.
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e The set of kernels
K = {ky(z1,22) =~ %exp (—|lz1 — 22[|3/7°) : v €T and z1, 2, € S}

for I' C [u, v] non-empty for v > u > 0.

Recalling the definitions from the previous section, we have
L= {fv(xl,xg) = exp (—||x1 — @H%/yz) vy el and x1, 29 € S} U {0}.

The assumption (K2) implies the assumption (K1). This is because Lemma 4.14.1
shows that (L, ||-||), and hence (K, ||||), is separable. We change notation slightly.
Let H, be the RKHS with kernel k, for v € I, let ||-||, and (-,-), be the norm and
inner product of H.,, and let B, be the closed unit ball of H,. Furthermore, we write

lAzw in place of i”fw and I (g,v,r) in place of I (g, ky, 7).

The scaling of the kernels is selected so that the following lemma holds. The result
is immediate from Proposition 4.46 of Steinwart and Christmann (2008) and the way
that the norm of an RKHS scales with its kernel (Theorem 4.21 of Steinwart and

Christmann, 2008).
Lemma 4.8.1 Assume (K2). Let v,n € I' with v > n. We have B, C B,,.

By Lemma 4.14.1, the function F' : I' — £\ {0} by F(v) = f, is continuous. Hence,
the function G : I' — K by G(vy) = k, is continuous. The next result then follows

from Lemma 4.7.1.

Lemma 4.8.2 Assume (K2). We have that h., . is an (L, B(L>))-valued measurable
function on (2 x I' x [0, 00), F @ B(I') ® B(]0,00))), where v varies in I' and r varies

in [0, 00).
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Recall the definition of J from the previous section. Lemma 4.14.2 provides us with

a bound on J.

Lemma 4.8.3 Assume (K2). We have

J < (81(log(8log(v/u) + 4) +2) + 1)'/2.

The following result can be used to define the majorant of the non-adaptive estimators
and is a simple consequence of Lemma 4.7.2. This motivates the definition of the

adaptive estimator used in the Goldenshluger-Lepski method.

Lemma 4.8.4 Assume (Y ) and (K2). Lett > 1 and recall the definition of Az, from

Lemma 4.7.2. On the set Asy € F, for which P(As;) > 1 —e™", we have

- - 84T (v~ 2r 4 n42s)t1/?
Hh’}’ﬂ“ o hTLSHiQ(Pn) < nl/2 + 40[00(97 Y T)

simultaneously for all v,n € T such that n <~y and all s > 1 > 0.

Let R C [0, 00) be non-empty. The Goldenshluger—Lepski method creates an adaptive

estimator by defining (4, 7) to be the minimiser of

—d/2 —d/2 2(1 —d/2
s A

. A
Sup Sup Hh%?‘ B hn,sHL P,) —
neln<y s€R,s>r ( 2(Pn) nl/2 nl/2

over (v,7) € I' X R for tuning parameters 7, v > 0. Again, the supremum of pairwise
comparisons can be viewed as a proxy for the unknown bias, while the other term
is an inflated variance term. Note that the supremum is at least the value at (v, r),
which means that (4.8.1) is at least

21/77*(”27“
ni/z

(4.8.2)
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Again, the role of the tuning parameter v is simply to control this bound. The
parameter 7 controls the probability with which our bound on the squared L*(P)
error of Vizw holds. It may be that 4 is not a well-defined random variable on (2, F)

in some cases, but we assume
() 4 is a well-defined random variable on (2, F)

throughout. Later, we assume that R and I' are finite, in which case 4 and 7 are
certainly well-defined random variables on (2, F). If 4 and 7 are well-defined random
variables on (€, F), then iLW is an (L, B(L*))-valued measurable function on (2, F)

by Lemma 4.8.2.

By Lemma 4.8.4, the supremum in the definition of (¥,7) is at most 40/.(g,~,T)
for an appropriate value of 7. The definition of (§,7) then gives us control over the
squared L?*(P,) norm of flw — B@AWW. We can control the squared L?(P,) norm of
iL,;//\%er — h.,, using Lemma 4.8.4. In both cases, we use the boundedness of I' when
controlling the squared L?(P,) norm before clipping the estimators using V. Extra
terms appear when moving from bounds on the squared L?*(P,) norm to bounds on
the squared L?(P) norm using Lemma 4.7.3. We must then control terms of order

4=2¢ /nt/? using (4.8.2) and the definition of (¥,7). Combining the bounds gives a

bound on the squared L?*(P) norm of Vhs; — Vh,,. Applying
IVh: = glliap) < 20Vhss = Vi lGap) + 20V, = gll2ap)

gives the following result. Comparisons between (7,7%), (r,7v) and (7 V r,4 A ) are

demonstrated in Figure 4.1 for two different values of (r, ).

Theorem 4.8.5 Assume (Y ) and (K2). Let 7 > 84Jo, v > 0 and

T 2 1
— >
t (84J0> -
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~
U 4
* (r2,72)
* (7,9) o (P V71, Y A7)
= (11,71) m (FV7r, A7)
u 4
T

Figure 4.1: A demonstration of the parameter comparisons made in the proof of
Theorem 4.8.5

Recall the definitions of As; and Aysy from Lemmas 4.7.2 and 4.7.3. On the set
A3 N Ay € F, for which P(As; N Ayy) > 1 —2e™", we have

||Vh:,7,¢ - gl|%2(P)
18 at most

4o¥2(5 + 20) Ty~ 30200 2Ty~ 2p  4CvY 22y 2y
ud/2nl/? 21ud/2gnl/? 1323J2ud/2g2n,

12042 30200%2 4C 2 1 —d/2
+ (u;ﬁzy to— -, ) (201m<g,v,r>+( to)Ts T)

inf inf (320100(9, v, 1) +

yel'reR

21u20y  1323J%2ud/202ynl/2 nl/2

+ 20V = gl )

We now combine Theorems 4.7.4 and 4.8.5.

Theorem 4.8.6 Assume (g1), (Y ) and (K2). Let T > 84Jo, v > 0 and

b= (84Tja>2 =

Recall the definitions of As; and A4y from Lemmas 4.7.2 and 4.7.3. On the set
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A3y N Ayy € F, for which P(Az; M Ayy) > 1 —2e7", we have

Hme,f - 9\’%2(1:) < «111611{: 7{2}2 (1+ Dy Y2)(Dyry ¥ 2rn= Y2 4 D3I (g, 7, r)))

for constants Dy, Dy, D3 > 0 not depending on 7, v, r or n.

We can obtain rates of convergence for our estimator V'hs ; if we make an assumption

about how well g can be approximated by elements of H,, for a € [u,v]. Let us assume
(g3) g € [L™®, Hylp0o with norm at most B for a € [u,v], § € (0,1) and B > 0.

The assumption (¢3), together with Lemma 4.3.1, give

B2/(1-8)

for r > 0. In order for us to apply Theorem 4.8.6 to this setting, we need to make

assumptions on I' and R. We assume either (R1) and

(') [ = [u, 0],

or (R2) and

(I'2) F={uc:0<i<L-1}U{v} for ¢c>1and L = [log(v/u)/log(c)].

The assumptions (R1) and (I'1) are mainly of theoretical interest and would make it
difficult to calculate (%, 7) in practice. The estimator (4, 7) can be computed under
the assumptions (R2) and (I'2), since in this case R and I' are finite. We obtain
a high-probability bound on a fixed quantile of the squared L*(P) error of ViALM of
order t'/2n=P/0+48) with probability at least 1 —e~* when 7 is an appropriate multiple

of #1/2,
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Theorem 4.8.7 Assume (g1), (93), (Y ) and (K2). Let 7 > 84Jo, v > 0 and

o2
— > 1
t (84J0> -

Also assume (R1), (T'1), () and (), or (R2) and (T'2). Recall the definitions of

Asy and Agy from Lemmas 4.7.2 and 4.7.3. On the set Az, N Ay € F, for which

P(As3; N Ay) > 1—2e7, we have
”Vﬁ’y,f _ 9”%2(13) < DlTnfﬂ/(HB) + D27-2n*(1+3,6’)/(2(1+,6’))

for constants Dy, Dy > 0 not depending on n or 7.

4.9 Discussion

In this chapter, we show how the Goldenshluger—Lepski method can be applied when
performing regression over an RKHS H, which is separable with a bounded and
measurable kernel k, or a collection of such RKHSs. We produce an adaptive estimator
from a collection of clipped versions of least-squares estimators which are constrained
to lie in a ball of predefined radius in H. Since the L*(P) norm is unknown, we
use the L?(P,) norm when calculating the pairwise comparisons for the proxy for the
unknown bias of this collection of non-adaptive estimators. When H is fixed, our
estimator need only adapt to the radius of the ball in H. However, when H comes
from a collection of RKHSs with Gaussian kernels, the estimator must also adapt to
the width parameter of the kernel. As far as we are aware, this is the first time that the
Goldenshluger—Lepski method has been applied in the context of RKHS regression. In
order to apply the Goldenshluger—Lepski method in this context, we must provide a

majorant by controlling all of the non-adaptive estimators simultaneously, extending
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the results of Chapter 3.

By assuming that the regression function lies in an interpolation space between L*°
and H parametrised by /3, we obtain a bound on a fixed quantile of the squared L?(P)
error of our adaptive estimator of order n=%/(1+# This is true for both the case in
which H is fixed and the case in which H comes from a collection of RKHSs with
Gaussian kernels. The order n=%/(+8) for the squared L?(P) error of the adaptive
estimators matches the order of the smallest bounds obtained in Chapter 3 for the
squared L?(P) error of the non-adaptive estimators. In the sense discussed in Chapter
3, this order is the optimal power of n if we make the slightly weaker assumption that
the regression function is an element of the interpolation space between L?(P) and H

parametrised by .

For the case in which H comes from a collection of RKHSs with Gaussian kernels,
our current results rely on the boundedness of the set I' of width parameters of the
kernels. This is somewhat limiting as allowing the width parameter to tend to 0 as
n tends to infinity would allow us to estimate a greater collection of functions. We
hope that in the future the analysis in the proof of Theorem 4.8.5 can be extended to

allow for such flexibility.

The results in this chapter warrant the investigation of whether it is possible to extend
the use of the Goldenshluger—Lepski method from the case in which H comes from a
collection of RKHSs with Gaussian kernels to other cases. The analysis in this chapter
relies on the fact that the closed unit ball of the RKHS generated by a Gaussian kernel
increases as the width of the kernel decreases. It may be possible to apply a similar
analysis to other situations in which H belongs to a collection of RKHSs which also
exhibit this nestedness property. If the RKHSs did not exhibit this property, then a
new form of analysis would be necessary to apply the Goldenshluger—Lepski method.

In particular, we would need a new criterion for deciding on the smoothness of the
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non-adaptive estimators when performing the pairwise comparisons.

4.10 Proof of the Regression Results for a Fixed

RKHS

We bound the distance between iLr and h, in the L?(P,) norm for r > 0 and h, € rBy

to prove Lemma 4.5.2.

Proof of Lemma 4.5.2 The result is trivial for » = 0. By Lemma 3.5.1, we have
Wi =l < 3 306 = oK) ) =B (X0) = 41 =l
for all » > 0 and all h, € rBy. We now bound the right-hand side. We have
1he = gl 72y < 110 = 9ll%-

Furthermore,
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by the reproducing kernel property and the Cauchy—Schwarz inequality. Let K be the

n x n matrix with K ; = k(X;, X;) and let € be the vector of the Y; — g(X;). Then

LS - g(X)Y; — g(X)E(X X)) = T K e,

i,j=1

Furthermore, since k is a measurable function on (S x S,8 ® S), we have that n 2K
is an (R™" B(R"*"))-valued measurable matrix on (€2, F) and non-negative-definite.

Let a; for 1 <4 < n be the eigenvalues of n 2K. Then

max a; < tr(n 2K) < n7| k| diag
1<i<n

and

tr((n 2 K)%) = llal3 < llallf < 77?1 klGig-

Therefore, by Lemma 3.16.2, we have

e"(n?K)e < ||k||gingo?n (1 4 2t + 2(£2 +1)'/?)

and
LS = (X)) (ha(X0) — he(X0)) < 511k laagrrt'
ﬁ;( i — 9(X3)) (he (Xi) — ha( z‘))_T
with probability at least 1 — e~t. The result follows. [ |

Recall Lemma 3.13.2, which is useful for proving Lemma 4.5.3.

Lemma 4.10.1 Let D > 0 and A C L™ be separable with || f|l < D for all f € A.
Let

Z =sup ||| fllz2py — 1 F 1 Z20m) |-
feA
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Then, fort >0, we have

2D 4D2E(Zﬁ)1” 2D2¢
+ +

ngm+( 5

n n

with probability at least 1 — e™*.

We bound the supremum of the difference in the L?(P,) norm and the L*(P) norm

over r By for r > 0 to prove Lemma 4.5.3.

Proof of Lemma 4.5.3 The result is trivial for » = 0. Let

1
Z=sup sup —||IVfi=Vhalizp) = VA=V ilimp-

r>0 fl,fQET'BH r

Furthermore, let the ¢, for 1 < ¢ < n be ii.d. Rademacher random variables on

(Q, F,P), independent of the X;. Lemma 2.3.1 of van der Vaart and Wellner (1996)

)

shows

E(Z) <2E (sup sup

r>0 f1,fo€rBy

1 n
E Z €i(T_1/2Vf1 (Xl) — 7’_1/2Vf2(XZ'))2
i=1
by symmetrisation. Since
IV f1(X;) =V fo(X5)| <20

for all » > 0 and all fi, fo € rBy, we find

(r 2V f1(Xy) =72V f5(X5))?
4C

is a contraction vanishing at 0 as a function of 'V f1(X;) — r 'V fo(X;) for all
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1 <i <n. By Theorem 3.2.1 of Giné and Nickl (2016), we have

n 1/2V o —1/2V Xz 2
E|sup sup Zgl fi(Xy) = f2(Xi)) X
r>0 f1,fo€rBy 4C
1s at most
2E | sup sup Zgz ’1Vf1 —r’1Vf2(Xi)) X
r>0 f1,fo€rBy i1

almost surely. Therefore,

n

. Z ei(r™'V A(X) — 17V (X))

X) )

i=1
by the triangle inequality. Again, by Theorem 3.2.1 of Giné and Nickl (2016), we have

1 n
)| =sup sup |( =Y eikx, v f
r>0 ferBy n i—1 I

n
1
- E €¢/€Xi
n <

=1 H

n 1/2
1
= (ﬁ Z é‘,’gjk'(Xi,Xj))

1,7=1

)

E(Z) <16CE <sup sup

r>0 f1,fo€rBu

n

% Z eir "V f(

=1

< 32C'E (Sup sup

r>0 ferBy

E €ZT_1 Z

E(Z) <64CE (Sup sup

r>0 ferBy

since V' is a contraction vanishing at 0. We have

1 n
sup sup |— Z er (X
i=1

r>0 ferBy | T

by the reproducing kernel property and the Cauchy-Schwarz inequality. By Jensen’s
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inequality, we have

r>0 ferBy |1

. 1/2
1
‘X) < (ﬁ Z COV(Ei,Sj’X)k<Xian)>

ij—=1
. 1/2
= (ﬁ > kX, Xz))
i=1

almost surely and again, by Jensen’s inequality, we have

_ (I*llaing )
o n

1 n
E (sup sup |— Z e F(Xy)
i=1

r>0 ferBy | T

1 n
E (sup sup |— Zsir_lf(Xi)
i=1

Hence, E(Z) < 64||k|y/Cn 2.

Let
A= {T_I/QVfl — r_1/2Vf2 cr>0and fi, fo € TBH} )

We have that (0, 00), the set indexing r, is separable. Furthermore, H is separable and
so is separable in L*> as it can be continuously embedded in L*° due to its bounded
kernel. Therefore, rBy C H is separable in L™ for » > 0. Hence, we have that
A C L is separable. Furthermore,

HT‘_1/2Vf1 r Y2V f, H < min (207" 1/2 2||k?”1/2 1/2>

dlag

1/4
< 2|k e O

for all » > 0 and all f;, fo € rBy. The first term in the minimum comes from clipping
using V', while the second term comes from the continuous embedding of H in L™

due to its bounded kernel. By Lemma 4.10.1, we have

3n

1/2 1/2 1/2
3mmm@c%+1mwmgcﬁ<>> 4 SlIFldagCt
n n

ZSE(ZH(



CHAPTER 4. THE GOLDENSHLUGER-LEPSKI METHOD 145

with probability at least 1 — e™*. We have E(Z) < 64||/€||(1“/32g0n_1/2 from above. The

result follows. [

We move the bound on the distance between Vﬁr and V' h, from the Lz(Pn) norm to

the L?*(P) norm for r > 0 and h, € rBy.

Corollary 4.10.2 Assume (Y) and (H). Let t > 1 and recall the definitions of
Ay and Agy from Lemmas 4.5.2 and 4.5.3. On the set Ay, N Ay € F, for which
P(A1; N Ayy) > 1—2et, we have

g 1E)|52 (97C + 200)rt1/2 ) 8||k||Y2Crt

7 2 diag diag 2
VR = Vi |32 p) < 7 a5, T4l = glls
simultaneously for all v > 0 and all h, € rBy.
Proof By Lemma 4.5.2, we have
. 20]| oot
1Ay = hellZ2p,) < T +4[h — gl
nt/
for all » > 0 and all h, € rBy, so
. 20|k 52 ortt/2
IVh, — VhT’H%Q(Pn) < nl/gg + 4|k, — g”io

Since ﬁr, h, € rBy, by Lemma 4.5.3 we have

|Vh, — VhrHiz(p) — |V, - Vh?"”%Z(Pn)

< sup |IVA=Vhllie, = VA=V hlip

f1,f2€rBy
L e L
- nl/2 i 3n '

The result follows. |



CHAPTER 4. THE GOLDENSHLUGER-LEPSKI METHOD 146

We bound the changes in I,,(g,r) with 7 > 0 to prove Lemma 4.5 4.

Proof of Lemma 4.5.4 We have I(g,s) < I(g,r) since rBy C sBy. Let hy €

sBy. We have
|5 < |[Zhe=he||+ ks = gl
S 00 S o)
We have
chs — hs - (1 - f) Hhsuoo
S oo S
< (s — 1) ll o
The result follows. [ |

We assume (g1) to bound the distance between Vh, and ¢ in the L?(P) norm for

r > 0 and prove Theorem 4.5.5.

Proof of Theorem 4.5.5 Note that Vg = g. We have

A N 2
IV = gli3eey < (IVie = Vinllza) + 1V = gllzzr))
<2|Vh, = Vh|32p) + 2V — gl 72p)

<2V, = Viy|[Fap) + 200 = gl72)

for all » > 0 and all h, € rBy. By Corollary 4.10.2, we have

A k]| 32, (97C + 200)rt'/2 8||k||3./3
Vi, — Vi |2ep) < Y 3; + 4]\ by — g%

Hence,
) 20|52 (97C + 200)rt1 /2 16||k||Y2Cr
IVhe = gll720p) < £ 7 + 3ng + 10|, — g1
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Taking an infimum over h, € rBy proves the result. |

4.11 Proof of the Goldenshluger—Lepski Method

for a Fixed RKHS

We bound the distance between fzr and izs in the L?(P,) norm for s > r > 0 to prove

Lemma 4.6.1.

Proof of Lemma 4.6.1 By Lemma 4.5.2, we have

1 = hallZgpy < Allw = 320y + 4llr = gll32(e,)

+4lg - hs”%%m) + 4| hs — th%%Pn)
1/2

1/2
_ SOllkllymo(r + )t

< Yz + 20|k, — g%, + 20| Ay — g]I2,

for all ;s > 0 and all h, € rBy,hs € sBy. Taking an infimum over h, € rBy and

hs € sBy gives

1/2
P SO0kl + )t
H T S||L2(Pn)— nl/2

+2015(g,7) +2015(g, s).

The result follows. [ |
We prove Lemma 4.6.2.

Proof of Lemma 4.6.2 Let K be the n X n symmetric matrix with K ; = k(X;, X;).
By Lemma 3.6.1, we have that K is an (R™" B(R™*"))-valued measurable matrix on
(Q2, F) and that there exist an orthogonal matrix A and a diagonal matrix D which are
both (R™*" B(R™"))-valued measurable matrices on (2, F) such that K = ADAT.

Furthermore, we can demand that the diagonal entries of D are non-negative and
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non-increasing. Let m = rk K and

m 1/2

i=1

which are random variables on (€2, F). By Lemma 3.6.1, we have that &, is constant

in r for r > p. Hence,

‘ S T(r+s) 2(L+v)7r
1nf< sup (||hr_h8||L2(Pn) L2 )+ nt/2

reR SER,s>r
- 2 7(r +s) 21+ v)rr
= inf h, — hg||? — . 4.11.1
TGIl?II’%[O,p] (8€S£f>r (H ||L2(Pn) nl/2 ) + nl/2 ( )

By Lemma 4.5.1, we have

- s g T(r + s)
e = hsllzap) — = 55—
is continuous in r for all s € R such that s > r. The supremum of a collection of

lower semicontinuous functions is lower semicontinuous. Therefore,

. . T(r +s) 21 +v)rr
sup <||hr — hsllz2p,) — 172 ) + nt/2

sER,s>r

is lower semicontinuous in r. Hence, the infimum (4.11.1) is attained as it is the
infimum of a lower semicontinuous function on a compact set. By lower semicontinuity,

7 also attains the infimum and is well-defined. [ |
We use the Goldenshluger—Lepski method to prove Theorem 4.6.3.

Proof of Theorem 4.6.3 Since we assume (Y') and (H), we find that Lemma 4.5.2

holds, which implies that Lemma 4.6.1 holds. By our choice of £, we have

T(r +s)
nl/2

B = hall32(p,) < + 401 (g,7) (4.11.2)
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simultaneously for all s,7 € R such that s > r > 0. Fix r € R and suppose that

7 < r. By the definition of 7 in (4.6.1) and (4.11.2), we have

A T T(r+r) T(P+7T)
||]’L,: — hT‘HLQ(Pn) = ||h7: - hT||L2(Pn) - nl/2 nl/2

R R T(f—i—s) 27’7‘
< sup (th_th%?(Pn)_ 172 )

SER,s>7 i
= sesflzlfzr (Hilr - ilsuiz(pn) - %) + 2(27‘;/7;)7'7” B 2(1;/,;)7-7z
< 40Lo(g,7) + 2(2;#
This shows
22+ v)rr

||Vil7ﬁ — V;LTH%Q(pn) S 40[00(_9,7’) + T’

and it follows from Lemma 4.5.3 and our choice of ¢ that

224 v)rr  97CTr COr%r
|V hs — V|2 p) < 401x(g,7) + +
a /2 80n 2 2400 k| 0%
Hence,
Vi — 92

< 2[Vhi = Vi |ia(p) + 201V — gllZ2p)

42+v)rr  97CTr Crr o 9
< 8071,(g, 2\|Vh, — 2
< (g,7) + 5 100n1/2 + 1200||k||3|/32g 2 | 9llz (P)

Now suppose instead that 7 > r. Since (4.11.2) holds simultaneously for all s,r € R
such that s > r > 0, we have

A s T(r +7)
1 = hellZap,) <

VS T +401(g, 7).
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This shows
- 5 g Tr Tr
[Vhe = Vhellz2p,) < Yo 40150(g,7) + YoR
and it follows from Lemma 4.5.3 that
IV he = V| 72y
T 97C'Tt Cr2r
< —— +401,
— 1/2 + ( )+ n1/2 + 800-n1/2 + 2400”]{;”5'/32g
Tr 1 97C Cr uTT
= —— +40/ — )
—5 + (g,7) + <2V + Teoos + 4800|!k||3i/fga2vn1/2> i/

By (4.6.2), the definition of 7 in (4.6.1) and (4.11.2), we have

utr > ) (7 + ) 2(1 + v)7r
. - T(r+s) 2(1 +v)Tr
< sesl};gr (“hr — hsllz2p,) — nl/2 ) * nl/2

21 +v)rr

< 40I(g,7) + =5

Hence,

IV hi = gll72p)

< 2|Vhi = V|22 p) + 2V — gll32(p)

2771 1 97C Cr 21 +v)rr
< —— + 8074 — 401 (g, _
S—Et (g,7) + (V + 3005+ YTTRE UQW%) ( (9:7) + =5 )

diag

+ QHV}ALT - gH%Q(P)

The result follows. [ |

We assume (g1) to bound the distance between Vh; and ¢ in the L2(P) norm and

prove Theorem 4.6.4.
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Proof of Theorem 4.6.4 By Theorem 4.6.3, we have
IVhi = glliap) < inf ((1 + Dy ) (DsTrn ™% 4 Deloo(g,7)) + 2||V hy — gHiQ(P))

for some constants Dy, D5, Dg > 0 not depending on 7, r or n. By Theorem 4.5.5, we

have

) (97C + 200) 7 Crir
[V = glitar) < ! e
L2(P) 400n1/2 1200||k||c11i/a2g02n

< Drrrn Y2 4 Dgm?rn ™t + 101 (g, 7).
for all » € R, for some constants D7, Dg > 0 not depending on 7, r or n. This gives

IVhs = gll72p) < nf (14 Dyrn=2)(Dsrrn™"% + Dslo(g, 7))

+ 2D.7rn Y2 4 2DgTlrn T + 20/ (g, 7‘)) :

Hence, the result follows with

D,Ds + 2Dg
Dy = 45T 278
Ds +2D;

. Dy = Ds 42D+, Dy = Dg + 20.
We assume (¢2) to prove Theorem 4.6.5.

Proof of Theorem 4.6.5 If we assume (R1), then r = an(!=#/C0+5)) ¢ R and

IVh; — gl72(py < (1+ Dy ) (Dyrrn™""? + DsI(g,7))

D;B%/(1=P)
a2B8/(1=B)pB/(1+8) )

< (14 Dgrn~1/?%) (D4Tan’3/(1+f3) +

for some constants D3, D4, D5 > 0 not depending on n or 7 by Theorem 4.6.4 and
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(4.6.3). If we assume (R2), then there is at least one r € R such that

an(=A/CIHD) < 1 g (1=B)/QA+8) 4}

and

IVhi = gllZa )

<(1+ Dgrnfl/z)(Durn*l/z + Dsl(g,7))

2/(1=8)
< (1+ Dyrn~'/?) (D4T(an(1ﬂ)/(2(1+ﬂ)) +b)n M2 4 Dsb )

028/ (=B, B/(1+5)

by Theorem 4.6.4 and (4.6.3). In either case,
|‘Vilr _ 9”%2(13) < Dyrn PO4B) 4 Dy r2p~(1438)/(20+8))

for some constants Dy, Dy > 0 not depending on n or 7. [ |

4.12 Proof of the Regression Results for a Collec-

tion of RKHSs

We prove Lemma 4.7.2.

Proof of Lemma 4.7.2 Let K be the n x n symmetric matrix with K, ; = k(X;, Xj)
for k € K. Then K is a continuous function of k and X, hence it is an (R™*", B(R"*"))-
valued measurable matrix on (2 x K, F ® B(K)), where k varies in K. By Lemma
4.16.1, there exist an orthogonal matrix A and a diagonal matrix D which are both
(R™*™ B(R™*™))-valued measurable matrices on (2 x I, F ® B(K)) such that K =

ADAT. Since K is non-negative definite, the diagonal entries of D are non-negative,
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and we may assume that they are non-increasing. Let m = rk K, which is measurable

on (2 x K, F® B(K)). For r > 0, if
2 <3 DAY
i=1

then define u(r) > 0 by

m D, .
ATY)? =12
2 D mtp T
Otherwise, let pu(r) = 0. Let a € R™ be defined by
(ATa)i = (D + nu(r)) " (ATY);

for 1 <i <m and (ATa); = 0 for m +1 <4 < n, noting that AT has the inverse A

since it is an orthogonal matrix. By Lemma 3.6.1,

n

iLk,r = Z aikXi

i=1
forr>0andl§k’0:()fork€lC.

Since p(r) > 0 is strictly decreasing for

for € [0, 00). Therefore, pu(r) is measurable on (2x K x [0, 00), FRB(K)@B([0,00))),
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where k varies in I and r varies in [0, 00). Hence, the a above with u = p(r) forr > 01is
measurable on (Q2x /K x[0, 00), FRB(K)®@B([0,00))). By Lemma 4.29 of Steinwart and
Christmann (2008), ®; : S — Hy by ®x(z) = k, is continuous for all k£ € K. Hence,
O KxS — L>® by ®(k,z) = k, is continuous and ky, for 1 <i < n are (L, B(L>®))-
valued measurable functions on (Q x K, F @ B(K)). Together, these show that hy, is
an (L™, B(L*))-valued measurable function on (2 xCx [0, 00), FRB(K)@B([0,0))),

where k varies in K and r varies in [0, 00), recalling that iL;%O = 0. [

Let ¢ (z) = exp(|z]) — 1 for € R and

121l = inf{a € (0,00) : E(¢1(Z/a)) <1}

for any random variable Z on (2, F). Note that this infimum is attained by the
monotone convergence theorem, and ||Z]|,, increases as |Z| increases pointwise. Let
L¥* be the set of random variables Z on (2, F,P) such that ||Z|,, < co. We have

that (LY, |||y, ) is a Banach space known as an Orlicz space (see Rao and Ren, 1991).
Lemma 4.12.1 Let Z € LY. We have

E(1Z]) < (log2)[[Z ][, -
Lett > 0. We have

1Z] <[ Z][, (log 2 + 1)

with probability at least 1 — ™",

Proof We have E(exp(|Z|/||Z]|y,)) < 2. The first result follows from Jensen’s

inequality. The second result follows from Chernoff bounding. [ |
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For m x n matrices U and V, define U o V' to be the m x n matrix with
(U o V)%] - Ul,]‘/Z,J
Recall that

L= {k/[|Klldiag : k € K} UA{0},

D= sup ”fl_f2H00§27

fi,f2€L

/2 1/2
= (162/ log (2N (a, £, ||-|.o))da + 1) |
0

The following lemma is useful for proving Lemma 4.7.2.

Lemma 4.12.2 Assume (K1). Let the ¢; for 1 < i < n be random variables on

(2, F,P) such that (X;,&;) are i.i.d. and &; is o*-subgaussian given X;. Let

W) = o5 3 e (X X))

ij=1

for f € L. We have

4J%0?
< .
n

sup W (f)
feL

U1

Proof Let F be the n x n matrix with F;; = f(X;, X;), where F varies with
f € L. Note that F is an (R™" B(R™"))-valued measurable matrix on (2, F).
Then W(f) = n2c"Fe. Let Z(f) = n 2" (F —I o F)e for f € L. Note that Z is

continuous in f. We have

1Z(f1) = Z(f2)lly, < 360°n7 "I fr = folloo
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for fi, fo» € £ by Lemma 4.16.3. Let d(f1, f2) = 360*n7!||f1 — f2|ls for fi, f2 € £ and

Dy = sup d(f1>f2)-
f1.f2€L

By Lemma 4.15.2 with M = £ and sy = 0, we find

Da/2
swlZ(P)l|| <18 / log(2N(a, £, d))da
feL 1 0
64802 [P/?
_ / log(2N (a, £, ||-[loc))da.
n 0
Hence,
9 T 648052 (P72
supW(f)|| < |[n “supe (o F)|| + log(2N (a, L, ||]|0))da.
fec o fec ¥ n 0
We have

n?supe' (o F)e <n %',
fec

noting that F;; € [0,1] for 1 <i <n and f € L. Let §; for 1 <i < n be random
variables on (€2, F,P) which are independent of each other and the g;, with 6; ~
N(0,0?). Lemma 3.16.1 shows

E (exp <n_2t supe' (I o F)a)) <E (exp (n*te"e))
fecL

<E (exp (n’Qt(STé))

“TL (- 20%20)

i=1

for 0 < 20*n7%t < 1 by computing the moment generating function of the 2. We
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have that (1 — 2)7'/2 < exp(z) for = € [0,1/2], so

E <exp (n‘zt supe' (I o F)E)) < H exp (20°n%t) = exp (20°n"'t)
feL i=1

for 0 < 40?n=2t < 1. This bound is at most 2 and valid for

t <min | —,
- (402 202

n? (log 2)n> |

Hence,
40% 207 40*
n~?supe' (I o F)el| < max 7 : 7 <
fer " n? " (log2)n n
and
64802 [P/? 40
supW(f)|| < d / log(2N (a, L, ||]|o0))da + =
rec w "o n
The result follows. [

We bound the distance between iAL;w, and hy, in the L*(P,) norm for k € K, r > 0

and hy, € rBy, to prove Lemma 4.7.2.

Proof of Lemma 4.7.2 The result is trivial for » = 0. By Lemma 3.5.1, we have

. 4 & .
ey = P ll72(p,) < - > (¥ = (X)) e (X3) = hiep (X)) + Al i — gl 72,
=1

for all k € K, all » > 0 and all hy, € rB;. We now bound the right-hand side. We

have

1hr = gllZ2cp < i — gll2-

Furthermore,
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k

1/2
— 9 <— D (Y = g(X)(Y; = g(X)))k(X;, Xj))

by the reproducing kernel property and the Cauchy-Schwarz inequality. Let

Z = sup <; D (Y= g(X))(Y; - g(Xj))k(XivXj)> :

ke W{7|’dizag77f2 ij=1

By Lemma 4.12.2 with ¢; = Y; — g(X;), we have ||Z|,, < 4J%°0°n™'. By Lemma

4.12.1, we have Z < 4J%0*(log 2 + t)n~! with probability at least 1 — e~*. The result

follows. u

The following lemma is useful for proving Lemma 4.7.3.

Lemma 4.12.3 Let

A= {Ilklaag v 2V i = lkllaag v 2V fo ke € Kor > 0 and f1, f3 € 7By}

Then A is separable as a subset of L.

Proof By Theorem 4.21 of Steinwart and Christmann (2008), we have that

{Zaikjsi:mZ1andai€R,si€Sfor1§i§m}

=1
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is dense in Hj, for k € K. Hence,

{Z aiks, >m >1and a; € R, s; € S for 1 <i < m with Z a;a;k(s;,sj) < r2}
i=1

2,j=1

is dense in rBy C Hj, for k € K and » > 0. Since S is separable, it has a countable

dense subset Sy. Let Dy, be

{Z aks, »m >1and a; € Q,s; € Sy for 1 <i < m with Z a;a;k(s;, s;) < 7’2}

i=1 ij=1

for k € KL and r > 0. Since the function @ : S — Hy by ®x(z) = k, is continuous
by Lemma 4.29 of Steinwart and Christmann (2008), we have that Dy, is dense in
rBy C Hj, by suitable choices for a; € Q for 1 < ¢ < m. Since k is bounded for all

k € IC, as subsets of L> we have that Dy, is dense in rBj and
A=d ({||k||;;g4r—1/2(\/f1 V) keK,r>0and fi, f € Dk,r}> .
Since (K, ||-]|«) is separable, it has a countable dense subset Ky. Hence,
A= ({Ilgay s (Vi = V) k€ Ko, € (0,00) N Q and f1, /o € Dy, })

by suitable choices for r € (0,00) N Q. The result follows. [

We bound the supremum of the difference in the L?(P,) norm and the L?*(P) norm

over 7By, for k € K and r > 0 to prove Lemma 4.7.3.

Proof of Lemma 4.7.3 The result is trivial for » = 0. Let

Z =supsup sup HkH(;iéQ?"_l IV fi— Vf2H%2(Pn) —[|[Vfi - Vf2H%2(P) :
kek >0 f1,f2€rBy,

We have that Z is a random variable by Lemma 4.12.3. Furthermore, let the ¢; for
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1 <i < n beiid. Rademacher random variables on (€2, F,P), independent of the Xj.

)

Lemma 2.3.1 of van der Vaart and Wellner (1996) shows

n

E(Z) <2E (supsup sup |l<:||;;é2 Zel (r V2V £1(X) — Y2V £5(X0))?
i=1

keK >0 f1,f2€rBy

by symmetrisation. Since

IV 1(Xs) =V fo(X5)] <20

for all £ € K, all » > 0 and all f1, fo € By, we find

(T PV AKX — TPV (X))
4C

is a contraction vanishing at 0 as a function of r='V fi(X;) — r~'V fo(X;) for all
X)

Zel WAHX) =V (X H)

1 <i < n. By Theorem 3.2.1 of Giné and Nickl (2016), we have

~1/2
E(supsup sup ||k||diaé

1L~ (VAKX = r 2V (X))
L2 iC

ke r>0 fi1,fo€rBy

=1

1s at most

2FE (sup sup sup “kf“d.;/2
kel r>0 f1,f2€rBy,

almost surely. Therefore,
Z@ VAKX =TV (X))

= Z er V(X
n =1

E(Z) < 16CE | supsup sup ”kHd|1/2
ke r>0 f1,f2€rBy,

)

< 32CE <sup sup sup ||7<?||c};é2
ke r>0 ferByg
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by the triangle inequality. Again, by Theorem 3.2.1 of Giné and Nickl (2016), we have

X )

i e 1 f(
i=1

E(Z) < 64C'E (sup sup sup [|&]| s
kel r>0 ferBy

since V' is a contraction vanishing at 0. We have

n
sup sup sup HkHdm —Zeir’lf(X
i=1

kek r>0 ferBy,

1 n
= Supsup sup ||k||d|1/2 <ﬁ g 5Z-kxi,r_1f>
=1 k

ke r>0 ferByg
n
1
— E 5ikXi
n <
=1 k

1/2
— supl|k|| 72 g gigik(Xi, X;)
kEIIgH ||d|ag ( J

i,7=1

1/2
= supl[kg,y /

by the reproducing kernel property and the Cauchy-Schwarz inequality. By Lemma

4.12.2 with 02 = 1, Lemma 4.12.1 and Jensen’s inequality, we have E(Z) < 107JCn~%/2.

Let
A= {Ikllaa' T2V fy = blgag T2V fo k€ Kor > 0 and f, fo € 1By
We have that A C L* is separable by Lemma 4.12.3. Furthermore,

[lgag 2V = Wkllgag 2V fo| < i (2 kg r =%, 20 )

dlag

forall k € KC, all »r > 0 and all fi, fo € rBy. By Lemma 4.10.1, we have

320t 16CE(Z)t>1/2 8Ct
+ + =

ZSE(Z)+( =

n n
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with probability at least 1 — e~*. We have E(Z) < 107JCn~"/? from above. The

result follows. [ |

We move the bound on the distance between Vﬁkﬂ« and Vhy, from the L?(P,) norm

to the L*(P) norm for k € K, r > 0 and hy, € rBy.

Corollary 4.12.4 Assume (Y) and (K1). Lett > 1 and recall the definitions of
Asy and Agy from Lemmas 4.7.2 and 4.7.3. On the set As; N Ay € F, for which
P(A3; N Ay) > 1—2e7, we have

J||k||Y2 (151C + 210)rt1/2 . 8||k||Y2 Crt

7 2 diag diag 2
||thﬂ“ - Vh’k’,T”LQ(P) < nl/2 3n + 4||hk7r - g”oo
stmultaneously for all k € IC, all v > 0 and all hy, € rB.
Proof By Lemma 4.7.2, we have
. 21J||k||Y2 ortt/?
ke — hk,rHQL?(Pn) < nl/zg + 4| Ay — QHZO
forall k € K, all r > 0 and all hy, € rBy, so
A 21T || k||32 ortt/?
IVhky = Vhiel T2, < ] + 4 — gl

Since ﬁk,r, hi» € 7By, by Lemma 4.7.3 we have

IViky = Virliaey = IVing = Vi 720,

< sup (VA =Vhllipy = IVi=V iz

f1,f2€rBy,
151 ||k || 2 Crt'/? k|| yCrt
< + :
nl/2 3n

The result follows. |
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We assume (g1) to bound the distance between Vhy, and g in the L*(P) norm for

k € K and r > 0 and prove Theorem 4.7.4.

Proof of Theorem 4.7.4 Note that Vg = g. We have

. . 2
IV hir = glli2p < (Hth,r = Vhuillrz2py + [V — gHL%P))
< 2||thT_thr||L2 +2”thr 9H%2(P)

< QHth’T_thT’HL? +2”hkr gH%Q(P)

for all k € K, all r > 0 and all hy, € rBy. By Corollary 4.12.4, we have

1/2

dlag . 2
n1/2 In 4Hhk,’f’ g”oo

2
Ve — Vil < Il (151C + 210)rt'> 8k
5T T L2 P) =

Hence,

. 2J||k|| 2 (151C + 210)rt /2 16||k| 2 Cr
Vi = gllz2py < 1 + 3nag + 10]| A — gll2-

Taking an infimum over hy, € rBj, proves the result. |

4.13 Proof of the Goldenshluger—Lepski Method
for a Collection of RKHSs with Gaussian Ker-

nels

We bound the distance between iLw and ﬁn,s in the L*(P,) norm for v,n € T’ with

n <vyand s >r >0 to prove Lemma 4.8.4.
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Proof of Lemma 4.8.4 By Lemma 4.7.2, we have

Hh%r - hn78”%2(Pn) < 4Hh%r - h%r”%Z(Pn) + 4Hh%7“ - QH%Q(Pn)

+4flg — hn,SH%Z(Pn) + 4|5 — hn,SH%Z(Pn)

< 84Jo (v~ 4 n=d/25)¢1/2

172 + 20y — gll2e + 20l — gl

for all v,n € I, all ,s > 0 and all h,, € rB,,h,, € sB,. Taking an infimum over

hy, € rBy and h, € sB, gives

- - 84.J o (v~ 4 = 25)1/2
Hh’Yﬂ“ - h7775||%2(Pn) < nl/2 _{_20[0()(9’,%7") +2OIOO(97777S)'

The result follows from Lemma 4.8.1. [ |
We use the Goldenshluger—Lepski method to prove Theorem 4.8.5.

Proof of Theorem 4.8.5 Since we assume (Y') and (K2), which implies (K1), we
find that Lemma 4.7.2 holds, which implies that Lemma 4.8.4 holds. By our choice

of t, we have

T("r + 0~ s)
nl/2

s = hnsll 32,y < + 401 (g,7,7) (4.13.1)

simultaneously for all v,n € I' and all ,s € R such that n <y and s >r. Fix ye I’
and r € R. Then

||Vh%f - Vh%r”%Q(P) < 2||Vh%f - Vhﬁ/\%erH%z(P) + 2||Vhﬁ/\'y,fw - Vh%rH%Q(P)-

We now bound the right-hand side. By I' C [u, v], the definition of (¥,7) in (4.8.1)
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and (4.13.1), we have

g5 = Bsmyivel|7 ey

TP+ (YA RV )

= th — h&/\fy,wa%g(Pn) o nl/2
T+ (ARG 4 1)
+ 1/2
n

o PG )
< su Su hx ;- h 2 i
- neF,%%seR,Ezf <H i 7715||L2(Pn) /2
F(5 92+ (o) + )
nl/2

+

s TP )
L2(Pn) n1/2

< sup sup (Hh%r - hn,s
nel'n<y seR,s>r

201 + )y~ ¥2r 201+ v)TAY2p w2 (2472 A2y
+ nl/2 B nl/2 + ud/2n1/2
vY2(3 4 20Ty~ 2 20274727

wi/2nl/2 wd/2nl/2

<401(g,7,7) +

This shows

v¥2(3 4+ 20Ty~ 2 202742
w22 w22

||V]Al§j — Vibry/\'y,f\/r“%g(Pn) S 40[00(97 Y, T) +

and it follows from Lemma 4.7.3, our choice of ¢ and I" C [u, v] that

IVhiss = VhsnyivellLop)
v¥2(3 + 20) Ty~ W2 22742
ud/2n1/2 wd/2n1/2
151C'r Cr? d
YA Y)W (v
(84an1/2 * 2646J202n> G AY)EVT)

v¥2(3 4 20Ty~ 2 20274727
w212 + w212

< 401(g,7.7) +

< 401(g,7,7) +
151Ct Cr? d
/20 5—d)2n | —d)2
(84an1/2 i 2646J202n> (/)G 4 97)
101 v¥2(3 + 20) Ty~ 2 151CV Y 2y 2 Cu? 22y md 2y
= 407(g,7,7) + ud/2n1/2 Sdud/2ont/2 2646.J2ud/202n
v/? 151CvY/? Cv¥/2r QA Y2
* ud/2y + 168ud/2ov * 5292J2ud/2g2ynl/2 nl/2
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By (4.8.2), the definition of (%, 7) in (4.8.1) and (4.13.1), we have

QA2
nl/2
Aid/QA *d/2 A*d/2f\

/ T2 T(Y~Y4r +n7%s) 2(1 + v)Ty~ Y37
: nesrufﬂ sesz;lgf <Hh7T N hn’SHLz(Pn) - nl/2 ) + 12

“ ~ T('y—d/27“ + n—d/28>) 2(1 + V)T’y_d/QT
< su su he v — hy s 2 . .
B ner,%vseR,sI,)zr (” v & HL2(P”) nl/2 i/

2(1 —d/2

< 0L (g, ) + 2T (4.13.2)

nl/2

Hence,

IVhis = VhsnyivellLop)

< 401(g,7,7) + VY23 4 2) Ty V2 151Cv Y ey Y2 Qo222

ud/2nl/2 S4ud/2gnl/? 2646.J2ud/2g2n
042 151CvY? Cvil?r 50] (14 v)Ty~ %2
ud/?y + S4u 2oy + 2646.J2ud/2g2ynl/? w(9:7,7) + nl/2 '

Since (4.13.1) holds simultaneously for all v,n € I and all r, s € R such that n < v

and s > r, we have

(v + (A Ay)TV2(F V)
ni/2 :

||h‘y/\'y,er - h'}/,TH%Q(Pn) < 40]00(97 v T) T

This shows

(v 2 + (Y Ay) YRR V)

HVhﬁ/w,er - Vh%T‘H%Q(Pn) < 401(g,7,7) + nl/2 ’

and it follows from Lemma 4.7.3, our choice of ¢ and (4.13.2) that

”Vhﬁ/\%fw - Vh%TH%Q(P)

T(y P+ (3 Ay) "2 V1))
ni/2

<401(g,7,7) +
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151Ct Cr? d
Y AY) (R v
<84Jn1/2 * 2646J2a2n> (YA EVT)
—d/2 151C Cr?
. T T T T T R —d/2 (s
Ty~ 2

< 401c(g,7,7) + S

T 151Ct Cr? d
12 amd)2n | —d)2
<n1/2 T Saoniz T 2646J202n) (0/u) G0 4 97)

2027y~ 2 1510V 2Ty~ Oy 2y

< 401(g,7,7) +

ud/2p1/2 84ud/2gnl/? 2646.J2u/202n
N v/? N 151Cv4/? N Cvil?r QU2
2ud?y - 168u?20v  5292J2ud/202pn /2 nt/2

2027y=42p 1510V 2Ty~ 2 O 22y~ 2y

< 401(g,7.7) +

ud/2pl/2 S84ud/2gnl/? 2646.J2u/202n
v¥2 151CvY? Cvil?r 901 (14 v)ry~42r
ud/?y + 84ud/2ov + 2646.J2ul/2g2yn1/? (g, 77) + nt/2 '

Hence,

||Vh%f - Vh%?" ||%2(P)

< 2|[Vhss = Vhsayivel 2oy + 20V hinive = VigallZ,p)

Y2(5 4 20) 1y~ W2 151CvY 2Ty 2p 200 2722y
ud/2nl/2 21ud/2ont/2 1323J2ud/202n,

< 1601(g,7,7) +

G2 n 151CvY/? n 20V 27 2070 )+ (14 v)Ty~ %2
w2y 21ud2ov  1323J2ud202un1/? o\d: 7o T nl/2 '
We have
IVhsi = gl 7,y < 20V = Va7, + 210V Ey = gll2, 0
and the result follows. [ |

We assume (g1) to bound the distance between szw and ¢ in the L?(P) norm and

prove Theorem 4.8.6.
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Proof of Theorem 4.8.6 By Theorem 4.8.5, we have

|V hsp — 9”%2(13)

< inI{: in}fz ((1 + D4Tn*1/2)(D57"‘>/*d/27"n*1/2 + Del(g,7v,7)) + QHViL»y,r - 9“%2(13))
~yel're

for some constants Dy, D5, Dg > 0 not depending on 7, v, r or n. By Theorem 4.7.4,

we have

(151C + 21o)ry~42r  Or2y~4%p
A20n1/? 1323.J202n

< D?T’Yid/Q'r’n*l/2 + Dg7’2’77d/27nni1 +101(g,7,7)

||V;L’Yﬂ” - gH%Q(P) < + 10[00(97777“)

for all v € I and all » € R, for some constants D7, Dg > 0 not depending on 7, 7, r

or n. This gives

[Vhse = gll3ap) < #Iel% inf (1 + Dyrn™ ) Dy~ + Dyl (g,7.7))

+ 2D777_d/2rn_1/2 + 2D8727_d/27“n_1 +2015(g,7, T)) )
Hence, the result follows with

_ DyDs + 2Dy

D, = Dy =D 2D-. D; =D 20.
1 Ds 42D, 2 5 + 207, Ds 6+

We assume (¢3) to prove Theorem 4.8.7.

Proof of Theorem 4.8.7 If we assume (R1) and (I'l), then « € T and r =

an(1=8)/201+8)) ¢ R, so

IVhsi = gll72(py < (14 Dyrn™2)(Dyra”*Prn™' % + Dsloo(g, a, 7))
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D-B2/(-5)
< (1+ Dyrn™/?) (D4m—d/2an—ﬁ/<1+ﬁ> + )

028/ (1=B) B/ (1+B)

for some constants D3, Dy, D5 > 0 not depending on n or 7 by Theorem 4.8.6 and
(4.8.3). If we assume (R2) and (I'2), then there is at least one v € I' such that

ajc < v <« and at least one r € R such that

an(=B)/CUH8) < 1 qn(=H/CA+E) |
By Theorem 4.8.6, Lemma 4.8.1 and (4.8.3), we have

|[Vhs — 9H%2(P)

< (1+ Dyrn™ Y2 (Dyry~?rn=12 + DsI (9,7, 7))

D. B2/(1-8)
_1/2 /2, ~d/2( . (1-B)/(2(1+8)) ~1/2 >
< (14 D3tn="?) (Dm a”“(an +b)n= "+ a2B/(1—B)nﬁ/(1+B)) ‘

In either case,
||vfbw _ 9||%2(P) < Dy P/OHB) o D2~ (136)/(2(146))

for some constants D;, Dy > 0 not depending on n or 7. |

4.14 Covering Numbers for Gaussian Kernels

Recall that

L= {fy(x1,22) = exp (— |21 — 22][3/7%) : 7 € T and 21,2, € S} U{0}.
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for I' C [u,v] non-empty for v > u > 0. We prove a continuity result about the

function F': I' — £\ {0} by F(v) = f,. We also bound the covering numbers of L.

Lemma 4.14.1 Assume (K2). Let v,n € I'. We have

(v2 = n?)'/?

I, = fille <

For a € (0,1), we have N(a,L,|[|oc) < log(v/u)a™2 + 2. For a > 1, we have

N(a, £, [[-lc) = 1.

Proof Let v >nand zy,25 € S. We have

| (1, 22) — fzr, 22)| = f(21, 22) — fi(@1, 22)

<exp (—||z1r — z2l13/77) -

1/2

This is at most a € (0, 1) whenever ||z — z5]|2 > vlog(1/a)'/?. Suppose ||z — 23] <

vlog(1/a)'/?. We have

‘fv(xlvah) - fn(ajlvx?)l = f’y(xlax2) - fn($1,$2)
< exp ([lz1 — 22)15/77) (fo (21, 22) — f(1, 22))
=exp (lzg — 225 (072 —777)) — 1

< exp (log(1/a) ((v/n)* = 1)) — L.

This is at most a whenever

o a 1/2
7 < (1 + %) 0. (4.14.1)
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Since /(1 4+ z) <log(l + x) < z for x > 0, we have

() - ()

> ()

a2 1/2
1 .
( + 1— a2>

Hence, (4.14.1) holds whenever

or

1
log(7) < 5 log (1 + ia > + log(n).

The first result follows by rearranging for a.

Since

2 2/(1 _ 42
log (14— ) > _/U-a) _
1—a?

~14+a?/(1—a?)
(4.14.1) holds whenever log(y) < a?/2 + log(n). Hence, for any v,n € T, we find
Ilf5 = falloo < @ whenever [log(y) —log(n)| < a?/2. Letb>1and~; € I'for 1 <i <b.

Recall that I' C [u, v]. If we let
log(vi) = log(u) + a*(2i — 1)/2
and let b be such that
log(v) — (log(u) + a*(2b — 1)/2) < a”/2,

then we find the f,, for 1 <7 < b form an a cover of (£\ {0}, ||-||). Rearranging the
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above shows that we can choose

a?

-

and the second result follows by adding {0} to the cover. The third result follows

from the fact that f,(x1,22) € (0,1] for all v € I" and all z;,25 € S. |

We calculate an integral of these covering numbers.
Lemma 4.14.2 Assume (K2). We have

log(2 + 4log(v/u))

1.
5 +

1/2
/ log N(a, £, ||-|o)da <
0

Proof We have

1/2 1/2
/ log N(a, L, ||||ec)da < / log (2 + log(v/u)a™?) da
0 0

by Lemma 4.14.1. Changing variables to b = 2a gives

%/0 log (2 + 4log(v/u)b~?) db < % /0 log ((2 + 4log(v/u))b~?) db

_ log(2+ 421°g(”/ u) /0 log(b )b

Changing variables to s = log(b™!) shows

1 e8]
/ log (b™') db = / sexp(—s)ds =1
0 0

since the last integral is the mean of an Exponential(1) random variable. |
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4.15 The Orlicz Space L%

Recall that ¢ (z) = exp(|z|) — 1 for z € R,

1211, = inf{a € (0,00) : E(¢r(Z/a)) <1}

for any random variable Z on (Q,F) and L' is the set of random variables Z on
(Q, F,P) such that ||Z]|,, < co. We have that (L¥!,|-||,,) is a Banach space known

as an Orlicz space (see Rao and Ren, 1991). For ¢t > 0, also recall that
E(1Z]) < (log 2)[|Z][y, and |Z] < [[Z][y,(log 2 + 1)

with probability at least 1 — e~ by Lemma 4.12.1. We prove a maximal inequality in
LY using the same method as Lemma 2.3.3 of Giné and Nickl (2016).

Lemma 4.15.1 Let Z; € LY for 1 <i <I. Then

10g(2])
= log(5/4) 19

maX]Z\H

1<i<I

ax || Zily, -

Proof Let M = maxi<;<;||Zil|y,- Also, let C' > 1 and a € (0,00). By Lemma 4.12.1,

we have

E (exp <1r£12a<XI|ZZ|/a>> = /0 P (1{1?2(]|Zl| > alogt) dt

< C’—I—/ P (max|Z| > alogt) dt

<C—|—Z/ (|1Z:] > alogt)dt

<C+ 1/ 2t~/M gt
C
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a/M

Differentiating this bound with respect to C' gives 1 — 2IC~%™, so the bound is

minimised by C' = (21)*/®. For a > M, the bound becomes

M
C+2I ¢~ (a=MM — (gr)M/e 4. (21)1~(@=M)/a

a—M
a

= 20)M/e,
— 20

a—M

Let
_ Mlog(21I)
~ logb

E (eXp (IIE%IZA/G)) <2

if v?2° < 4, the hardest case being I = 1. This holds for b = 5/4 and the result

for b > 1. We have

follows. [ |

We perform chaining in L¥* using the same method as Theorem 2.3.6 of Giné and
Nickl (2016). Recall that N (a, M, d) is the minimum size of an a > 0 cover of a metric

space (M, d).

Lemma 4.15.2 Let Z be a stochastic process on (2, F) indexed by a separable metric
space (M, d) on which Z is almost-surely continuous with || Z(s) — Z(t)|ly, < d(s,t)

forall s,t € M. Let D = sup, ;s d(s,t). Fizso € M. Then

ngI;IZ(S) — Z(s0)|

4 D/2
< — log(2N (a, M, d))da.
S ), oseN )

Proof Since (M, d) is separable, it has a countable dense subset M,. We have

1

EB'Z(S) — Z(s0)|

sup |Z(s) — Z(s0)|

s€ My

1

because Z is almost-surely continuous on M. Since M, is countable, there exists a
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sequence of increasing finite subsets F,, C M for n > 1 whose union is M,. We have

= lim
n—oo

SSEE’Z(S) — Z(s0)]

max|Z(s) — Z(so)|

seFy,

U1 P1

by the monotone convergence theorem. Fix n > 1 and let F = F,,. Let 6, = 277D for

7 > 0. Since F' is finite, there exists a minimum J > 0 such that
{t e F:d(s,t) <d;} ={s}

for all s € F. Let A, for 0 < j < J —1 be a d; cover of (M,d) of size N(6;, M, d),
where we let Ay = {so}. We define the chain C': F' x {0,...,J} — M as follows. Let
C(s,J)=sforall s € F. For 1 < j < J, given C(s,j), let C(s,j— 1) be some closest

point in A;_; to C(s, ), depending on s only through C(s, j). We have

Z(s) = Z(s0) = Y Z(C(s,4)) = Z(C(s,§ — 1))

Jj=1

for s € F. Hence,

max|Z(s) — Z(so)| < ZmaX|Z 7)) = Z(C(s,j—1))|.

seF

By Lemma 4.15.1, we have

max| Z(s) — Z(so)||| < Z max|Z(C(s, j)) = Z(C(s,5 — 1)) )
log(2N (65, M, d))d;-1
- Z log(5/4)
_ @ jzl(éj — 6,41) log(2N (8, M, d))

81
< — log(2N (a, M, d))da
log(5/4) / (2N{a, M, d))
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4 D/2
< Toz(5/1) /0 log(2N (a, M, d))da.

The result follows. [ |

4.16 Subgaussian Random Variables and Symmet-
ric Matrices

Recall Lemma 3.15.1, which is essentially Theorem 2.1 of Quintana and Rodriguez

(2014).

Lemma 4.16.1 Let M be a non-negative-definite matriz which is an (R™*™, B(R"*™))-
valued measurable matriz on (2, F). There exist an orthogonal matriz A and a diag-
onal matriz D which are both (R™™ B(R™™))-valued measurable matrices on (£, F)

such that M = ADAT.

Recall that for m x n matrices U and V', we define U oV to be the m x n matrix with
(U O V)’L,_] = Uz,]‘/;,j

The following lemma is a conditional version of Theorem 1.1 of Rudelson and Ver-

shynin (2013), but with explicit values for the constants derived here.

Lemma 4.16.2 Let ¢; for 1 < i < n be random variables on (Q,F,P) which are

independent conditional on some sub-o-algebra G C F and let

E(exp(te;)|G) < exp(o*t?/2)
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almost surely fort a random variable on (2, G). Let M be an n X n symmetric matriz

which is an (R™" B(R™*™))-valued measurable matriz on (2,G). We have
E (exp (te"(M — I o M)e)|G) < exp (160™ tr(M?)t?)

almost surely for t a random variable on (Q,G) such that 320% tr(M?)t* < 1.

Proof We follow the proof of Theorem 1.1 of Rudelson and Vershynin (2013). Let

Z = 8T(M —1o M)e? = ZMi:jgigj'
i#j

Also, let ¢; for 1 < i < n be random variables on (€2, F,P) which are independent of

each other, the ¢; and G, with ¢; ~ Bernoulli(1/2). Furthermore, let

W = Z¢Z(1 — ¢j)Mi,j€i5j-
i#]

We have Z = 4E(WW|G, €) almost surely, which gives
exp(tZ) < E(exp(4tW)|G, €)
almost surely for ¢ a random variable on (€2, G) by Jensen’s inequality. Let
S={1<i<n:¢; =1}
We can write

W = Z MiJEiEj.

i€S,jeS¢

Since the €; are independent, we have

E(exp(t2)|9) < E(exp(4tW)|G)
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[IE (exp <4tZMi,jgigj)

g, ¢> g
jesc i€S

2
H exp 8t202 (Z Mi,j5i> g

jesc =
2
exp 8t20'2 Z <Z Mi,j5i> g
jesc \ieS
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almost surely. Let §; for 1 < i < n be random variables on (2, F,P) which are

independent of each other, the ;, the ¢; and G, with §; ~ N(0,0?). Since the ¢; are

independent, we have

E(exp(t2)|G) < E

exp | 4t Z Z M; jeid; g)

jESC ieS
552) g, |19

Hexp 8t20'2 Z MZ'J(SJ‘) g

€S jeSsc

HE exp 4tz

= jesc

2
exXp 8t20'2 Z Z Mm’(s]' g

€S jesc

almost surely. Let F' be the n X n matrix with F}; =1if i = 7 € S and 0 otherwise.

Note that F is an (R™*", B(R™*"))-valued measurable matrix on (€2, 0(¢)). Then

E(exp(tZ)|G) < E (exp (8t2023" (I — F)YMFM(I — F)3)|G)

almost surely. By Lemma 4.16.1, there exist an orthogonal matrix A and a diagonal

matrix D which are both (R™*", B(R"*™))-valued measurable matrices on (2, 0(G, ¢))

such that

(I— F)YMFM(I — F)

= ADAT,
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which is non-negative definite. Since ATd and ¢ have the same distribution given G,

we have

E(exp(tZ)|G) < E (exp (8t*0°67 D6)|G)

E ( E (exp (8t*6°D;:67) |G, ¢) 'Q)

= d

almost surely for 160%(max;<;<, D;;)t* < 1 by computing the moment generating

Il
=

Il
—

—-1/2

—=

(1 —160"D; ;%)

1

function of the §2. We have that (1 — 2)~%/2? < exp(z) for € [0,1/2], so

E(exp(tZ2)|G) < E <ﬁ exp (160 D; ;t*)

i=1

Q) = E (exp (160 tr(D)t*)|G)
almost surely for 320 (max;<;<, D;;)t* < 1. We have

tr(D) = tr((I = F)MFM(I = F)) =Y Y M <Z M}, = tr(M?)

€S jesc¢ i=1 j=1

and

max D;; < tr(D) < tr(M?).

1<i<n
The result follows. u
We move the bound on the conditional moment generating function of e"(M —IoM)e

to that of [eT (M — I o M)e|.

Lemma 4.16.3 Let ¢; for 1 < i < n be random variables on (Q, F,P) which are

independent conditional on some sub-c-algebra G C F and let

E(exp(te;)|G) < exp(a?t?/2)
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almost surely fort a random variable on (2, G). Let M be an n X n symmetric matriz

which is an (R™" B(R™*™))-valued measurable matriz on (2,G). We have

1 7/2.2 2\1/2
T _ 27/252 tr(M?)1/%¢
E (exp (tle"(M — I'o M)e])|G) < 1 — 97/2,2 tr(M2)1/2t2

almost surely fort >0, a random variable on (0, G), such that 27202 tr(M?)'/?t < 1.

o)<

Hence,

( |eT(M — T oM)e]|
27/2(log 2)0? tr(M?)/2 ) log(5/4)

Proof Let
Z=e"(M—1ToM)e.

By Lemma 4.16.2, we have
E(exp(t2)|G) < exp (160" tr(M>)t?)

almost surely for ¢ a random variable on (Q,G) such that 320* tr(M?)t* < 1. By

Chernoff bounding, we have
P(Z > 2|G) < exp (—tz + 160" tr(M?)t?)

almost surely for z > 0, a random variable on (©,G), t > 0 and 320 tr(M?)t* < 1.

Minimising over ¢ gives

. Z2 Z
P(Z 2 #|9) < exp <_ i (2604 tr(M?2)’ 27202 tT(M2)1/2>)

almost surely. The first term in the minimum is attained by t = 27 %¢ 4 tr(M?)~ 12

when z < 2°/20% tr(M?)/2, and the second term is attained by t = 27202 tr(M?)~1/2



CHAPTER 4. THE GOLDENSHLUGER-LEPSKI METHOD 181
when z > 2°/202 tr(M?)'/2. In the second case, note that

1 < z
9 = 97/2452 tr(M2)1/2°

The same result holds if we replace Z with —Z by replacing M with —M. For C' > 1

and ¢t > 0, random variables on (2, G), we have

E(exp(t2])|G) = /OOO P(|Z] = (log s)/t|G)ds
<C+ /00 P(|Z] > (logs)/t|G)ds
c

<C+ /OO P(Z > (log s)/t|G)ds + /OO P(—Z > (log s)/t|G)ds

c
> , (log s)? log s
<o [ oo (-min (g i) ) o

almost surely. By letting C' > exp(2°/202 tr(M?)'/?t), the bound becomes

C

Let u = 27202 tr(M?)"/?t, a random variable on (£2,G). Differentiating this bound
with respect to C gives 1 — 20~ ', so the bound is minimised by C' = 2¢. This

satisfies the condition on C' above as

625/2 < 36 < 910 < 227/2'

For u < 1, the bound becomes

u u

C—(l—u)/u — U 4 _21—(1—u)
—u 1—u
1
= 24,
1—u

C+2
4
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The first result follows. Let
_ logb

v log 2

for b > 1. We have
E(exp(t[Z])|G) <2

almost surely if 5?2° < 4. This holds for b = 5/4 and the second result follows. [



Chapter 5

Extreme Points of Wasserstein

Balls

There are many scenarios in which it is useful to be able to define a concept of dis-
tance between probability measures. For example, in statistics, we may be interested
in investigating the effects of a perturbation of the distribution of our data. In this
case, we need a concept of distance in order to understand the size of the perturbation.
We could then analyse how robust an estimator is to such changes. The Wasserstein
distance is a natural choice for comparing probability measures, as it is determined
by a cost function on the underlying space. Hence, if two probability measures are
concentrated around two points between which there is a small cost, the Wasser-
stein distance between the measures is small. This is in contrast to, for example, the
Kullback—Leibler divergence, which is very large if the probability measures are suffi-
ciently concentrated. An example in which this property is particularly important is
when the cost function is equal to some metric on the space. The Wasserstein distance
has been used extensively in statistical applications. For example, it has been used for

goodness-of-fit tests (del Barrio, Cuesta-Albertos, Matran, and Rodriguez-Rodriguez,

183
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1999) and clustering (Irpino and Verde, 2008).

Having defined a concept of distance, we can examine the properties of a collection of
nearby probability measures. The easiest way to do this is by defining a ball around
a fixed measure. In our statistics example, this corresponds to all sufficiently small
perturbations of the distribution of the data. We expect some of the largest variation
in behaviour to occur at extreme points. For example, under certain conditions, a
continuous linear functional on a convex set of probability measures attains its bounds
at the extreme points of the set by the Choquet—Bishop—de Leeuw theorem (Theorem
5.6 of Bishop and de Leeuw, 1959). In our statistics example, this could be the worst-
case error of an estimator. This is our motivation for finding the extreme points of

Wasserstein balls.

We now discuss the Wasserstein distance in more detail. The Wasserstein distance
is defined using the optimal transport problem. In this problem, the aim is to find
the optimal transportation of one probability measure to another with respect to a
given cost function. This is done by finding a coupling between the two probability
measures which minimises the transport cost. Couplings in this context are usually
referred to as transport plans. The modern analysis of optimal transport began with
Kantorovitch (1958), and a recent expansive book on the subject has been written by
Villani (2009). For p € [1,00), the Wasserstein distance is usually defined as the p~'th
power of the minimum transport cost when the cost function is equal to the pth power
of the metric on the underlying space (see Definition 6.1 of Villani, 2009). However, in
this chapter we allow weaker assumptions on the cost function. We also do not raise
the minimum transport cost to a power in our definition of the Wasserstein distance,
as this would simply change the radius of the Wasserstein ball. This is the same as
the earliest definitions of distance between probability measures using the optimal

transport problem, as in Kantorovitch (1958).
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An important concept in optimal transport is the dual problem. Under mild conditions
on the cost function, the dual of the optimal transport problem gives an alternative
representation of the minimum transport cost as the maximum over two functions of
the difference between integrals of the functions. One integral is taken with respect
to the first probability measure and the other integral is taken with respect to the
second probability measure. The functions are restricted by the cost function of the
optimal transport problem. The dual problem was first introduced by Kantorovitch
(1958), and later studied by Riischendorf and Rachev (1990) and Riischendorf (1995).

A thorough overview is given in Chapter 5 of Villani (2009).

The study of the dual problem has greatly increased the understanding of the optimal
transport problem itself. For example, such study has determined properties of the
solutions to the original problem (Riischendorf and Rachev, 1990; Riischendorf, 1995).
General properties can be found in Theorem 5.10 of Villani (2009), particularly part
(ii), while Theorem 5.30 of the same book gives conditions under which the optimal
transport problem is solved by a unique transport plan which is induced by a transport
map. A transport plan induced by a transport map is a coupling which assigns full
probability to the graph of a function. The function is referred to as the transport
map. If the first probability measure obeys some regularity conditions, the conditions
of Theorem 5.30 of Villani (2009) are shown to be satisfied when the cost function is

equal to the squared Euclidean distance on R™ in Theorem 9.4 of the same book.

As far as we are aware, the only investigation into the extreme points of Wasserstein
balls has been in the case in which the probability measure at the centre of the ball has
finite support. For example, see Theorem 2.3 of Owhadi and Scovel (2017). However,
in this chapter we allow the centre of the ball to be any probability measure. We first
investigate the implications for the functions solving the dual of the optimal transport

problem for points on the surface of the Wasserstein ball which are not extreme. By
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the surface of the ball, we mean the points in the ball whose distance from the centre of
the ball is equal to the radius. We then show, under very general conditions, that the
only extreme points which are not on the surface of the ball are the Dirac measures.
This is followed by finding conditions under which points on the surface of the ball
are extreme points or not extreme points. Finally, we consider the case in which the
underlying space is finite. We use the dual problem to find further conditions under

which points on the surface of the ball are not extreme points.

5.1 Literature Review

The first modern treatment of the optimal transport problem is given by Kantorovitch
(1958). In the paper, the author introduces the problem of seeking the transport plan
between two measures which minimises the transport cost. The measures are not
required to be probability measures, but they must have the same total mass. The
minimum transport cost is represented as a function of the two measures, introducing
the earliest version of the Wasserstein distance. The main result of the paper is an
early form of the duality theorem, which states that the dual problem has the same
solution as the original optimal transport problem under very general conditions on
the cost function. The dual problem is further studied by Riischendorf and Rachev
(1990) and Riischendorf (1995). Both papers use ideas from convex analysis and

examine the implications for the solutions to the original optimal transport problem.

A recent book on the subject of optimal transport has been written by Villani (2009).
The book covers all major developments in the field. This chapter is particularly
concerned with the following aspects. Chapter 5 covers duality, with a detailed version
of the duality theorem given by Theorem 5.10. Chapter 6 examines the Wasserstein

distance for general p € [1,00). Theorem 5.30 gives conditions under which the
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optimal transport problem is solved by a unique transport plan which is induced by
a transport map. Theorem 9.4 then proves that these conditions are satisfied when
the cost function is equal to the squared Euclidean distance on R", subject to some

regularity conditions on the first probability measure.

The most recent result on the extreme points of Wasserstein balls when the probability
measure at the centre of the ball has finite support is Theorem 2.4 of Owhadi and
Scovel (2017). The theorem states that if the probability measure at the centre of
the ball has finite support of size n, then the extreme points of the ball have finite
support of size at most n + 2. The paper also provides the same result for balls of

probability measures defined by distances other than the Wasserstein distance.

5.2 Contribution

In this chapter, we give various conditions under which probability measures in a
Wasserstein ball are extreme points or not extreme points. As far as we are aware,
the classification of the extreme points of Wasserstein balls has previously only been
studied in the case in which the probability measure at the centre of the ball has
finite support (Theorem 2.3 of Owhadi and Scovel, 2017). Our results do not make
this restriction. In Section 5.4, we examine the functions solving the dual problem for
points on the surface of the Wasserstein ball which are not extreme points. In Section
5.5, we show that, under very general conditions, the only extreme points which are

not on the surface of the ball are the Dirac measures (Lemma 5.5.3 on page 196).

We then move on to the surface of the ball in Section 5.6. We show that if the Wasser-
stein distance is uniquely attained by a transport plan induced by a transport map,

then we have an extreme point (Lemma 5.6.1 on page 198). Conversely, under condi-
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tions on the centre of the ball and the cost function, we show that if the Wasserstein
distance is attained by two distinct transport plans induced by continuous transport

maps, then we do not have an extreme point (Lemma 5.6.3 on page 201).

Finally, in Section 5.7, we consider the case in which our probability measures are
defined on finite sets. We examine how the results of Section 5.6 can be applied in
this setting. We also make use of the variables which solve the dual problem to prove
the following results. We show that if an optimal transport plan transports mass from
one atom to two atoms at the same unit cost, then we do not have an extreme point
(Lemma 5.7.2 on page 215). We then show a similar result in which the mass may be
transported from two different atoms under conditions on the optimal dual variables

(Lemma 5.7.3 on page 216).

5.3 Optimal Transport

Let (X, dx) and (Y, dy) be complete separable metric spaces. Furthermore, let B(X),
B(Y) and B(X x Y') be the set of Borel sets on X, Y and X x Y, and let P(X),
P(Y) and P(X x Y) be the set of Borel probability measures on X, Y and X x Y.
We consider the problem of optimally transporting a probability measure P € P(X)

to @ € P(Y) with respect to some Borel cost function ¢: X x Y — [0, 00).

In order to study this problem, we define the marginals of v € P(X x Y). Let
m: P(X xY) = P(X) by (m7v)(4A) = (A xY) for all A € B(X) and let my :
P(X xY) = P(Y) by (m7)(B) = v(X x B) for all B € B(Y). The marginals of
v € P(X xY) are my € P(X) and my € P(Y). We define

P,Q)={yeP(X xY):mvy=P and my =Q}
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for P € P(X) and Q € P(Y). We refer to v € TI(P,Q) as a transport plan for our

optimal transport problem. The problem itself is then to find

inf cdy.
~v€Ell(P,Q) / 7

In particular, we hope that this infimum is attained by some v € II(P, Q). Such a ~

is referred to as an optimal transport plan. If we assume
(c1) ¢ is lower semicontinuous,
then an optimal transport plan exists by Theorem 4.1 of Villani (2009).

The optimal transport problem above is parametrised by P € P(X) and Q € P(Y).
For each parametrisation, the problem has a minimum transport cost which we refer

to as the Wasserstein distance

W.(P,Q) :inf{/cah Ly € H(P,Q)}.

This infimum is attained if we assume (cl). In general, W, has very few of the
properties that we associate with a distance. However, W, (P, Q) does in some sense

measure how far apart P and () are. We have the following convexity result.

Lemma 5.3.1 Let P, P, € P(X), @Q1,Q2 € P(Y) and t € (0,1). Then

We(tPr+ (1 =) Py, tQ1 + (1 — 1)Q2) < tWe(Py, Q1) + (1 — t) W (P2, Q2).

Proof If v € II(P, Q1) and vp € TI(P,, Q2), then

tyi+ (L —t)y € II(tP + (1 —t) P, tQ1 + (1 — 1) Q2).
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Hence,

We(tPr + (1 — 1) Py, tQ1 + (1 = 1)Q2)
= inf {/c dy v € H(tP, 4+ (1 —t) Py, tQq + (1 — t)Qz)}
< int{ [ edin+ (-2 € AL Q0), 7 € TP Qa)
= inf{t/cd’yl +(1— t)/cd’yg cy € (P, Qh),72 € H(P2>Q2)}
{ /cd% ‘€ H(Pl,Ql)} +mf{(1 - t)/cd’yg L € H(PQ,QQ)}

= tWe(P1, Q1) + (1 = )We(P, Q2).

We now define the closed Wasserstein ball
B Pr] ={Q e P(Y) : W.(P,Q) <1}

for P € P(X) and r > 0. By Lemma 5.3.1 with P, = P, = P, we know that B[P, 7]
is convex. We call Q) € B.[P,r] an extreme point of B.[P,r] if Q = tQ1 + (1 — t)Q2
for Q1,Q2 € B.[P,r] and t € (0,1) implies Q1 = @2, in which case Q; = Q2 = Q. We

denote the set of extreme points of B.[P,r| by ext(B.[P,r]).

Some transport plans transport probability measures by mapping each point z € X
to a point y € Y. A transport map 7" : X — Y is a Borel function such that
P(T7Y(B)) = Q(B) for all B € B(Y). The transport plan v € II(P, Q) induced by
Tisvy(C)=P{r e X : (z,T(x)) € C}) for C € B(X xY). We have {z € X :
(x,T(z)) € C} € B(X) because the function f : X — X xY by f(z) = (z,T(x))
is Borel. Note that v(A x B) = P(ANT(B)) for A € B(X) and B € B(Y). The
graph G = {(z,y) € X xY : T(xz) = y} of T has v(G) = 1, where G € B(X xY)
because G = {(z,y) € X XY : dy(T(z),y) = 0} and f : X xY — [0,00) by



CHAPTER 5. EXTREME POINTS OF WASSERSTEIN BALLS 191

flz,y) = d(T(x),y) is Borel. Therefore, if f : X x Y — R is Borel and either

~v-integrable or non-negative, then

[rar=[ t@.1w) ap@).

Before going further, we define the balls

Bx(z,e) ={z € X :dx(z,x) <€},
Bx[z,e] ={z € X : dx(z,x) < e},
By (y,e) ={w €Y :dy(w,y) < e},

Byly,el ={w €Y : dy(w,y) <&}

forz € X,y € Y and e > 0. Note that for ¢ = 0, we have Bx(z,0) = @, By(y,0) = @

and Bx[z,0] = {z}, Byly,0] = {y}.

5.4 Dual Functions
The optimal transport problem has the dual problem

sup {/gbd@ - /w dP : ¢(y) — (x) < c(z,y) for all (z,y) € X x Y}.
YeL!(P),¢eL!(Q)

For ¢ € LY(P) and ¢ € L'(Q) such that ¢(y) — ¥ (z) < c(x,y) for all (z,y) € X x Y,

we have

[oda- [var= [ - @) ditzy)
g/c(w,y) dy(z,y)
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for all v € II(P, Q). By taking an infimum over v € II(P, @), we find that

[oda- [var<wir.o)

Hence, the maximum value of the dual problem is always at most the minimum
transport cost. We refer to ¢ and ¢ as dual functions. If we assume (cl) that ¢
is lower semicontinuous, then the two problems have the same optimum values by

Theorem 5.10 of Villani (2009). If we assume both (c1) and

(e2) c(z,y) < ex(x) + ey(y) for all (z,y) € X x Y for some cxy € L'(P) and

cy € LY(Q),

then the supremum in the dual problem is attained by some ¢ € L'(P) and ¢ € L(Q),
again by Theorem 5.10 of Villani (2009). Such functions ¢ and ¢ are referred to as

optimal dual functions.

We now investigate properties of the optimal dual functions for @ € B.[P,r] on the
surface of the ball which are not extreme points. We first show that if Q € B.[P,7]
with W,.(P, Q) = r is a convex combination of @, Q2 € B.[P,r|, then W.(P,Q1) =r

and W,(P,(Q)s) = r are attained by the same dual functions as W.(P, Q).

Lemma 5.4.1 Assume (c1). Let Q € B.[P,r] with W.(P,Q) = r and suppose that
Q =tQ1+(1-t)Q for Q1,Qs € B.[P,r] andt € (0,1). Let € L'(P) and ¢ € L'(Q)
satisfy ¢(y) — () < e(x,y) for all (x,y) € X XY and

WiP.Q)= [0da- [vap
Then W.(P,Q1) = r and W,.(P,Q3) = r. Furthermore,

W.(P, Q1) = /gbdQ1 —/w dP and W.(P,Qs) = /gb dQ)- —/w dP.
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Proof By Lemma 5.3.1 with P, = P, = P, we have
tWC(Pa Ql) + (1 — t)WC<P7 Q2) >r.

Since Q1, Q2 € B[P, r|, we have W.(P,Q;) = r and W.(P,Q2) = r. Therefore, we

/(ﬁd@l—/degfr and /(bng—/z/zdPgr

from the dual problems. Furthermore, we have

t(/¢d@1—/¢dp)+(1—t)(/¢dQ2—/¢dP):/¢d@—/¢dp:r.

Hence,
/gbdQl—/z/JdP:r and /QﬁdQQ—/de:'r.

The result follows. [ |

have

We also show that if Q1,Qs € B.[P,r] with W.(P,Q;) = r and W.(P,Qs) = r,
and W.(P,Q1) and W,.(P, Q) are attained by the same dual functions, then @ =
tQ1+ (1 —t)Qq € B.[P,r] has W.(P,Q) = r for all t € (0,1), and is attained by the
same dual functions as W.(P, Q1) and W.(P, Q2).

Lemma 5.4.2 Assume (c1). Let Q1,Qq € B.|[P,r| with W.(P,Q1) = r and W.(P,Q2) =
r. Let ¢ € LY(P) and ¢ € LY(Q) satisfy ¢(y) — Y(x) < c(z,y) for all (z,y) € X XY

and
WAP.Q) = [0dQu— [ap ad wr.@) = [oda,— [vap
Then @Q =tQ1 + (1 —t)Q2 € B[P, r] has W.(P,Q) =r and

WiP.Q) = [oaq~ [vap
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for allt € (0,1).

Proof By Lemma 5.3.1 with P, = P, = P, we have ) € B.[P,r|. Furthermore, from

the dual problem we have

WC(P,Q)2/¢dQ—/¢dP
/¢dt@1+ (1-1)Q /z/zdP
—t</¢dQ1 /de) 1—t)(/¢dQ2—/de)

=tr+(1—t)r

=T.

The inequality must hold with equality and the result follows. [ |

5.5 Inside the Ball

In this section, we consider probability measures which lie inside the Wasserstein ball
as opposed to being on the surface of the ball. Let , be the Dirac measure at y € Y.

Dirac measures which lie within B [P, r] are extreme points of B.[P,r].
Lemma 5.5.1 Suppose that Q = 60, € B.[P,r| for somey € Y. Then Q) € ext(B.[P,7]).

Proof Let Q = tQ + (1 —t)Qy for Q1,Q2 € B.[P,r] and t € (0,1). Suppose
@Q1({y}) < 1. Then

Q({y}) =t ({y}) + (1 - 1)Q({y}) <1
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This is a contradiction, so Q1 ({y}) = 1. Similarly, @Q2({y}) = 1. Therefore, Q; = Q>.

The result follows. [ |

In fact, the only extreme points @ of B.[P,r| with W.(P,Q) < r are the Dirac

measures. Before showing this, we need the following result.

Lemma 5.5.2 Let ) € P(Y') and suppose that there is no y € Y such that Q) = 6,,.
Then there exists A € B(Y') such that Q(A) € (0,1).

Proof Since Y is separable, it has a countable dense subset Yy. For all n > 1, we

have

Y = By(y.1/n).

y€Yo

Hence,

Z Q(By(y,1/n)) > 1.

yeYD

Suppose that Q(A) € {0,1} for all A € B(Y). Then there exists y, € Y such that
Q(By (yn,1/n)) = 1. Let
A= ﬂ By(y’m 1/”)

n>1

Then Q(A) = 1,s0 A # &. Let y € A. Then, by the definition of A, y, — y as
n — 0o0. Since Y is a metric space, limits of sequences in Y are unique when they
exist. Hence, A is a singleton and () is a Dirac measure. This is a contradiction and

the result follows. |

Before continuing, we define the measures

Pla,(Az) = P(A1 N Ap),
Qlp, (B2) = Q(B1 N By),

Ve, (C2) = v(C1 N Cy)
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for P € P(X), Q € P(Y), v € P(X xY) and Ay, Ay € B(X), By,By € B(Y),
C1,Cy € B(X xY). Note that P|s,, Q|p, and ~y¢, are not in general probability
measures. For P € P(X) and Q € P(Y), we also define the product measure P® Q) €
P(X xY) by (P®Q)(Ax B) = P(A)Q(B) for A € B(X) and B € B(Y). We know
that P ® @) extends to a unique probability measure on (X x Y, B(X x Y)) by the

Hahn-Kolmogorov theorem.

Now that we have these definitions, we can prove the following result. Under mild
conditions, any @ € B.[P,r] such that W.(P, Q) < r which is not a Dirac measure is

not an extreme point of B.[P,r].

Lemma 5.5.3 Assume (c1). Let Q € B.[P,r| with W.(P,Q) < r and suppose that

there is noy € Y such that QQ = 6,. Assume

/cd(P@Q)<oo.

Then Q ¢ ext(B.[P,7]).

Proof Let A € B(Y) such that Q(A) € (0,1). Such an A exists by Lemma 5.5.2.
Define

Q1= (1 -2Q(A)Q +2Qa

and

Q2= (1 - eQ(A)Q + Q| ac.

for e € (0,1). Note that Q1,Q2 € P(Y) and Q = Q1/2 + QQ2/2. We have

Q1(A) = Q(A) +eQ(A)(1 = Q(A)) > Q(A) — eQ(A)(1 — Q(A)) = Q2(A),
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50 Q1 # Q2. Let v € II(P, Q) attain W,.(P, Q) and

m=1-eQ(A)y+e(P Q)

and

72 = (1= eQ(A%))y + (P @ Q|S).

Then v, € II(P, Q1) and 72 € II(P, Q2). Futhermore,

/cd”yl:(1—€Q(A))/Cd’y+€/0d(P®Q|A)
SWC(P,Q)Jra/cd(P@Q)

and

/cdygz(l—aQ(Ac))/cdv+€/cd(P®Qlfx)
SWAP.Q)+< [edPoQ)

For e sufficiently small, we have

WC(P,Q)+6/cd(P®Q)§T.

Hence, Q1, Q2 € B.[P,r]. The result follows. [ |

5.6 Surface of the Ball

We now consider probability measures on the surface of the Wasserstein ball. Any

Q € B[P, r] with W.(P, Q) = r such that W.(P, Q) is uniquely attained by a transport
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plan induced by a transport map is an extreme point of B.[P,r].

Lemma 5.6.1 Assume (c1). Let QQ € B.[P,r] with W.(P,Q) = r. Suppose that
W.(P, Q) is uniquely attained by the transport plan v € 1I(P, Q) induced by the trans-
port map T. Then @Q € ext(B.[P,r]).

Proof Let Q =tQ1+(1—1)Qs for Q1,Q2 € B.[P,r]and t € (0,1). Let W.(P, Q) and
W.(P, Q2) be attained by v, € II(P, Q1) and v € II(P, Q2). We have ty,+ (1 —t)vy, €
II(P,Q), so

/C dity + (L —t)y) =7

by the definition of W,(P, Q). On the other hand,

/Cd(t’h—i-(l—t)'yg):t/cd’yl+(1—t)/cd’yggr

because W.(P, Q1) < r and W,.(P,Q,) < r. Hence,

/c d(ty + (1— 1)) = 7.

Since W,(P, Q) is uniquely attained by v, we find v = ty3 + (1 — t)y2. Let G =
{(z,y) € X xY : T(x) =y} the graph of T. Note that G € B(X x Y') because G =
{(z,y) € X xY 1 dy(T(2),y) =0} and f: X x Y — [0,00) by f(z,y) = d(T'(z),y)
is Borel. Since 7(G) = 1, we have 71(G) = 1 and 12(G) = 1. Hence,

Q1(B) = (X x B)
— (X x B)NG)
—(T7(B) x Y) N G)
—(T7(B) x Y)

= P(T™(B))



CHAPTER 5. EXTREME POINTS OF WASSERSTEIN BALLS 199
= Q(B)

for B € B(Y), so @1 = Q. Similarly, Q)2 = Q). The result follows. [

Theorem 9.4 of Villani (2009) shows that the conditions of Lemma 5.6.1 are satisfied
when X =Y = R" for some n > 1, ¢(x,y) = ||z — y||3, Borel sets of dimension n — 1

are P-null and

[l aP) < oo and [yl a() < o.

In particular, under the conditions on X, Y, cand P, all Q € B.[P,r| with W.(P,Q) =
r are extreme points of B.[P,r|. Hence, in this setting, we have exactly characterised

the extreme points of B.[P,r]. We have
ext(B[P,r]) = {0, € P(Y) : W.(P,0,) <r}U{Q € P(Y): W.(P,Q) =}

Note that Theorem 9.4 of Villani (2009) is very specific to the cost function ¢(z,y) =
|z —yl|3. We continue by exploring situations in which Q € B.[P,r] with W,.(P,Q) =r

is not an extreme point of B.[P,r].

Lemma 5.6.2 Let Q € B.[P,r] with W.(P,Q) = r. Suppose that W.(P,Q) is at-
tained by both v1,ve € II(P, Q) with v1 # . If there exist A € B(X) and B € B(Y')
such that (A X B) # (A x B) and

/cIL(AxY) dv, :/cIL(AxY) drys,

then Q ¢ ext(B.[P,r]).

Proof Let
Q1(C) = (A x C) + (A x C)
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and

QQ(C) = 71(AC X C) +’}/2(A X C)

for C € B(Y). Note that Q1,Q2 € P(Y) and Q = Q1/2 + Q2/2. We have

Qu(B) = Q(B) + (A x B) = 15(A x B) # Q(B) +72(A x B) = y1(A x B) =

S0 Q1 # Qo. Let

Va1 = Yilaxy + Yelacxy

and

Ya2 = Yilacxy + Valaxy.

Then v4,; € (P, Q1) and va2 € II(P, Q). Furthermore,

/cd%u:/ I1(AXxY) d71+/ ><Y ) dya

/CI[(AXY d")@—i—/C]l X Y) dys

= /Cd727

so Q1 € B.[P,r|. Similarly, Q2 € B.[P,r]|. The result follows.

200

Q:2(B),

Note that there are always A € B(X) and B € B(Y') such that v, (AXx B) # 1 (AXx B),

as otherwise 7; = 79 by Dynkin’s lemma. However, A and B might not satisfy the

condition with respect to the cost function. The result in its general form above is

difficult to apply directly, however we continue by considering a specific context in

which the transport plans are attained by continuous transport maps and the cost

function is continuous, along with some conditions on P.

Before considering this context, we need to define a new concept. We call P € P(X)

ball-respecting if P(Bx(x,¢)) = P(Bx|[z,¢]) for all x € X and € > 0. In particular,
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this implies P({z}) = 0 for ¢ = 0. This is similar to the notion of P being inner-
regular, as we can find P(Bx|[z,¢]) from P(Bx(x,¢)), where Bx(z,e) C Bx[z,e]. We

have the following result.

Lemma 5.6.3 Let X be connected, supp P = X and P respect balls. Let Q) € B.[P,r]
with W.(P,Q) = r. Suppose that W.(P,Q) is attained by both ~v1,v, € II(P,Q).
Suppose further that the transport plans vy, 2 are induced by the transport maps T,
Ty and that Ty and Ty are continuous. Finally, suppose that ¢ is continuous and that
there exists x € X such that c(x,Ti(x)) # c(z,To(x)). Then Ty # Ty and v1 # 7o,
and @Q ¢ ext(B.[P,r]).

Proof We have T} # T; because ¢(x,T)(z)) # c(x, To(x)). Let

(A) = % / I(z € A)e(z, Ti(z)) dP(z)

and

r

by(A) = 1 / I(z € A)e(z, Ty(x)) dP(z)

for all A € B(X). Note that v1,, € P(X) and there is a version of the Radon-

Nikodym derivative

dvi, . c(z,Ti(z)) dvy, |
d—P(x) — and d—P(x) ==

Let

Si={z e X :c(x,T(x)) > c(z, To(x))},
So={z € X :c(x,T1(x)) < c(z, To(x))},

Sy ={z € X :c(x,Ti(x)) = c(z, Tr(z))}.

Note that {51, 52,53} is a partition of X. We have S, S open and S closed by the
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continuity of 71, 75 and c¢. Since we have x € X such that c(z,T1(z)) # c(z, Tz(x)),
we have that S; U Sy # @. If S; # @ then, since S; is open, there exists x € S7 and

e > 0 such that Bx(z,e) C S;. Suppose Sy = &. Since supp P = X, we have

din du dvy dvy
1= [ 1(S)Z2 dP + [ 1(85) 2 dP > [ 1(8) 52 dP + [ 1(Ss) 22 dP = 1.
JusoGhar+ [1s)5h ap> [usyEar+ [1(s)52a

This is a contradiction, so Sy # &. Similarly, if S; # & then S; # &. Since
S1US, # @, we have S; # @ and S; # @. Hence, S3 # & by the connectedness of X.
Suppose that both T} and T3 are constant on S;. Then S is closed by the continuity
of T, T and ¢, so S] is a non-trivial clopen set. This contradicts X being connected,

so either T or T5 is non-constant on S;. Similarly, either 77 or T, is non-constant on

Ss.

Without loss of generality, let 77 be non-constant on S; for some i € {1,2} and let
j =3—1 € {1,2} with j # i. Then there exist z; € S; and x; € S; such that

Ty (z;) # To(x;). Furthermore, T} (x;) # T»(z;) because x; € S;. Let
e = min(dy (T1(x;), To(:)), dy (T1(2:), Ta(5)))-

Note that € > 0. By the openness of S; and S; and the continuity of 7} and 75, there

exists d > 0 such that

Bx(;,0) € 55,

Bx(x;,0) € 5j,
T (Bx (i, 0)) € By (Ti(z:),£/2),
T>(Bx (i, 0)) € By (Ix(x:),£/2),

Ty(Bx (x,9)) € By (Tu(x,),2/2).
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By the definition of ¢,

By (Ti(z;),e/2) N By (Tx(x4),e/2) = @,

By (T1(x;),e/2) N By (Tx(z;),e/2) = @.

Let

a; = vi(Bx(zi,0)) — vj(Bx (2, 0)),

a; = vj(Bx(w;,0)) — vi(Bx(x;,6)).

Since Bx(x;, ) C€ S;, Bx(xj,0) € S; and supp P = X, we find

dv, dv
a; :/]1(BX(:Q,5)) (d; - d—ig) P > 0,

dv; dy;
Q; :/:H_(Bx(xj,é)) <d—é — dP) dP > 0.

If oy = aj, then let §; = §; = 0. Otherwise, we have k € {1,2} and [ =3 —k € {1,2}

with [ # k such that oy > ay. Let f:[0,0] = R by

f(n) = ve(Bx (&, 1)) — vi( Bx (&, 7))

We have f(0) =0 and f(0) = ay. Furthermore, we have Bx(zx,n) C Bx(zk,d) C Sk

and
dl/k dl/l

s = [ 1Bx (e (F - @) iP

Since P respects balls, we have that f is continuous. By the intermediate value

theorem, there exists 05 € [0, 0] such that f(dx) = a;. Let §, = 0. Then

vk(Bx (zk, 0%)) — vi(Bx (zg, 01)) = oy,

l/l(Bx<l’l,(5[)) — Vk(BX<x175l)) = (.
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So

Vl(BX(x1,51)) — VQ(B)((ZL‘1751)) = VQ(B)((IQ, (52)) — Vl(BX(CCQ,(SQ)).

Furthermore, since Bx(z;, ;) C Bx(x;,0) and Bx(z;,6;) C Bx(x;,0), we have

Recall that, by the definition of ¢,
By(Tl(.T,L'),EI/z) N By(TQ(Zﬂl),éf/Q) = @,
By(Tl(l’i),&f/2) N By(TQ(Ij>,€/2) = J.

Let A= Bx<l’1,(51) U BX(:CQ,éQ) < B(X) and B = By(Tl(.%z),g/Q) € B(Y) Then

11 (A) = 1 (Bx(x1,61)) + v1(Bx (g, 02)) = va( Bx (21,01)) + v2(Bx(x1,01)) = va(A),

SO

/cIL(AxY) dm :/CIL(AXY) ds.

Furthermore,

(A x B) = P(ANTN(B)) > P(Bx(z:,8)) > 0
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because supp P = X. On the other hand,

ANT,Y(B)
C T, (Tx(A) N B)
=Ty '((T2(Bx (21, 01)) N By (Ti(x:),€/2)) U (T2(Bx (22, 02)) N By (T1(2:), £/2)))
C Ty (B (Ta(21),€/2) N By (Ta(2:),£/2)) U (By (Ta(22),6/2) N By (T1(%:),£/2)))
=T, (U Q)

= J.

Therefore,

Y9(A x B) = P(ANT, Y(B)) = 0.

Hence, 71(A x B) # 72(A x B). It follows that @) ¢ ext(B.[P,r]) by Lemma 5.6.2. B

Note that in the proof above there is a choice of x; € S; and z; € S; for i,j € {1,2}
with i # j, subject to T(z;) # T5(x;). Under certain conditions, each distinct pair
(71, 15) € S1 xSy produces a distinct pair (Qq, Q2) € B.|[P,r]? with Q1 # Q5 such that
Q = Q1/2 + Q2/2. In such circumstances, if there is an uncountable set of possible
(x1,22) € S xSy, then @ can be represented as the average of an uncountable number

of pairs of elements of B.[P,r]. We now investigate such a setting.

Let X = (0, 1) with the Euclidean distance, which is connected, and let P = Unif(0, 1)
with supp P = X. Since P is non-atomic, it respects balls. Let Y = (1,2) with the
Euclidean distance and let ) = Unif(1,2). Let ¢(z,y) = |z — y|, which is continuous.

For any v € II(P, @), we have

/cch:/(y—x) dy(z,y)
- [vaaw) - [« dr@
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=3/2—-1/2

=1.
Hence, W.(P,Q) = 1. Let 71,72 € II(P, @) be induced by

Tl(x) = 1 + Z,

TQ(x) =2—=x
for x € X. Then T} and T, are continuous, and

o(1/3,T1(1/3)) = 1 £ 4/3 = ¢(1/3, Ta(1/3)).

Hence, @ is not an extreme point of B.[P,r] by Lemma 5.6.3.
Following the proof of Lemma 5.6.3, we find

dVl . dl/2 B
d—P(a:) =1 and d—P(x) =2—-2z

206

for x € X. It follows that S; = (1/2,1), Sy = (0,1/2) and S5 = {1/2}. We can select

any r1 € S; and x5 € Sy, as long as o # 1 —x;. In particular, there is an uncountable

set of possible (x1, z5) € S;x5,. Each distinct possible pair (21, x2) € S x.S3 produces

a distinct pair (Q1,Q2) € B.[P,1]* such that Q = Q1/2 + Q2/2. This is because a

distinct A = Bx(z1,91)U Bx(x2,d2) € B(X) is produced for some d1, d5 > 0 such that

Bx(r1,61) C S and Bx(9,02) C Sy. The proof of Lemma 5.6.2 then defines

Ql(C) = ’yl(A X O) +'}/2(AC X C)

— P(ANT;HC)) + P(AN T3 (C))
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and

Q2(C) = 71 (A® x C) + 7,(A x O)

= P(A°NT7HC)) + P(ANT;H(C))

for C e B(Y).

For a given choice of x; and x5, we can find A exactly in this setting. Let x; = 3/4 and
xe = 1/3. We follow the proof of Lemma 5.6.3. We have T1(xq) = 7/4, To(x9) = 5/3
and Ty(x1) = 5/4. We then find ¢ = 1/12 and can let 6 = 1/24 to obtain

Bx(l‘l, (S) = (17/24, 19/24),

and

T1(Bx(z1,0)) = (41/24,43/24) = By (T\(x1),¢/2),

T5(Bx(z1,9)) = (29/24,31/24) = By (T3(x1),¢/2),

To(Bx(x2,0)) = (39/24,41/24) = By (Ty(x2),e/2).
Therefore,

19/24
l/l(Bx(ZL'l,(S)) = /17/24 1dz = 1/12
and
19/24
vo(Bx(x1,6)) = /17/24 (2 —2x) dr =1/24,

so a1 = 1/24. Furthermore,

9/24

vo(Bx(x2,0)) = / (2—2z)dr=1/9

7/24
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and
9/24
v (B (1, 0)) = / | de = 1/12,

7/24

so ay = 1/36. Since ay > g, we define f : [0,d] — R by

f(n) = v (Bx(r1,1)) — va(Bx(21,7)).

We have
3/44n
n(Bxorm) = [ Lde=2
3/4—n
and
3/44n
w(Bxorm) = [ (@2=2)do=n,
3/4—n

so f(n) = n. We then define 6; = 1/36 so that f(d1) = a9, and 9y = § = 1/24.

Therefore,

Bx(z1,6) = (26/36, 28/36),

Bx (2, 05) = (7/24,9/24)

and A = (7/24,9/24)U(26/36,28/36). For Lemma 5.6.2, we also need B = (41/24,43/24).
We have
(A x B) = P(ANT Y (B)) = P((26/36,28/36)) = 1/18

and

(A x B) = P(ANT; (B)) = P(2) = 0,

s0 71(A X B) # v2(A x B). Furthermore,

/c]l(A < Y) dyy — /C@,Tl(g;)) I(z € A) dP(z) = /m € A) dr — 5/36



CHAPTER 5. EXTREME POINTS OF WASSERSTEIN BALLS 209

and

/cﬂ(A < Y) dys — /c(a:,Tg(a:)) I(z € A) dP(z) /(2 —92)1(z € A) dx = 5/36.

Hence, the conditions of Lemma 5.6.2 are satisfied. The proof of the lemma shows

that Q = Q1/2 + Q2/2 for Q1, Qs € B[P, 1], where

Qi(C) = P(ANT(C)) + P(A“NT; ()

and
Q2(C) = P(ASNTHC)) + P(ANTyH(0))
for C' e B(Y).
There are more general results for X, Y C R" and ¢(z,y) = ||z — y||;. In particular,

we are interested in P € P(X) and @ € P(Y) such that ¢ is linear on supp(P) x
supp(®). This happens if, for each 1 < i < n, we have that z; — y; has the same
sign for all (z,y) € supp(P) x supp(Q). In this case, r = W.(P,Q) is attained by
all v € TI(P, Q). Let X be connected, supp P = X and P respect balls. If there
are two continuous transport maps 77,7, which induce vq,v, € II(P, Q) such that
c(x, T (x)) # c(z,Ty(z)) for some z € X, then @ ¢ ext(B.|P,r]) by Lemma 5.6.3.
This is in contrast to the situation in which X, Y C R™ and c(z,y) = ||z — y||3. The
discussion after Lemma 5.6.1 showed that, under a square-integrability condition on

P, all Q € B.[P,r] with W,(P,Q) = r are extreme points of B.[P,r].
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5.7 Discrete Optimal Transport

We now consider the setting in which X and Y are finite sets. Without loss of
generality, we let X = {1,...,m} and Y = {1,...,n} for m,n > 1. Note that all
subsets of X are Borel for any metric on X, and similarly for Y and X x Y. We
define some new notation for this section. The results relating to this new notation
are restatements of those in Sections 5.3 and 5.4. Let 1 be the vector of ones, with

the dimension determined by the context, and let

AX)={pel0,1]":1Tp=1},
AlY)={qe[0,1]":1Tqg =1},

AXxY)={T€[0,1]™":1T1=1}.

Note that there is a bijection f : P(X) — A(X) by (fP); = P({i}) for 1 <i < m.
Similarly, there is a bijection between P(Y) and A(Y'), and P(X xY) and A(X xY').
We can define the equivalent of the marginals of I' € A(X xY). Let vy : A(X xXY) —
A(X) by il =T1 and vy : A(X xY) = A(Y) by v,I' = 'T1. We also define

V(p,q) ={T' € A(X xY):v'=pand vl = g}

for p e A(X) and ¢ € A(Y).

Note that any cost function ¢ on X x Y is bounded and continuous, so assumptions
(c1) and (c2) are satisfied. Let C;; = c(i,7) for 1 <i <m and 1 < j <n and let the

equivalent of the Wasserstein distance

we(p, q) = inf {tr(C’TF) I e Vip, q)}
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for p € A(X) and ¢ € A(Y). We know that w.(p, q) is attained by some I' € V(p, q)

since assumption (cl) is satisfied. Let the equivalent of the Wasserstein ball

belp, 7] ={q € AY) : we(p,q) <71}

for p € A(X) and r > 0. We have that b.[p,r] is convex. We can also define the
equivalent of dual functions, which we refer to as dual variables. Note that there is
a bijection f : LY(X) — R™ by (fv); = ¥ (i) for 1 < i < m. Similarly, there is a

bijection between L'(Y) and R™. We know that

we(p,q) =  sup {un —p'A: i — XN <Cijforalll<i<mand1<j< n}
AeR™ peR™

since assumption (c1) is satisfied. In fact, we know that the supremum is attained by

some A € R™ and p € R” since assumption (¢2) is satisfied.

We have already classified the extreme points g of b.[p,r] such that w.(p,q) < r in
Section 5.5. They are the ¢ such that ¢;, = 1 for some 1 < jo < n and ¢; = 0 for
all 1 < j < n with j # jo. We now consider ¢ € b.[p,r] such that w.(p,q) = r. In
the discrete setting for a fixed value of r, it is rare that any transport plan is induced
by a transport map, as this would require that the elements of ¢ can be created from
sums of the elements of p. In order to apply Lemma 5.6.1, which gives conditions
under which ¢ € b.[p, ] with w.(p,q) = r is an extreme point of b.[p,r|, we require
a unique optimal transport plan which is induced by a transport map. This would
be very unusual, so we do not seek to apply Lemma 5.6.1 in the discrete setting.
We do not seek to apply Lemma 5.6.3 for similar reasons. However, we do consider
scenarios in which Lemma 5.6.2 can be applied. Under conditions on two transport
maps attaining w.(p, ¢), Lemma 5.6.2 states that ¢ € b.[p, r] with w.(p,q) = r is not

an extreme point of b.[p, r|.
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We now give an example illustrating when Lemma 5.6.2 can and cannot be applied.
Suppose that m = 2, n =4 and p € A(X) with p = (1/2,1/2). We consider b.[p, 1/3],

where

0111
C =

1 110

Let ¢ € A(Y) with ¢u = (1/3,1/4,1/12,1/3). If T' € V(p,q), then tr(CTT) >

Q2+ qs=1/3. Let I'1,I'y € V(p,q) with

1/3 1/6 0 0 1/3 1/12 1/12 0

Iy = and Ty =
0 1/12 1/12 1/3 0 1/6 0 1/3

Then tr(CTT'y) = tr(C'T'y) = 1/3, so T'y and 'y attain w.(p,q;) = 1/3. Let A = {1}
and B = {2}. Furthermore, let a € R™ with a; = 1ifi € A and a; = 01if i ¢ A.
Also, let b € R" with b; = 1if j € Band b; = 0if j ¢ B. Then a'I'1b = 1/6 and
a'Tab = 1/12, so a'T'1b # a'T9b. Furthermore, tr(CTaa'™Ty) = tr(CTaa'Ty) = 1/6.
Hence, the conditions of Lemma 5.6.2 are satisfied, so ¢; is not an extreme point
of b.[p,1/3]. In fact, the proof of Lemma 5.6.2 shows that ¢1 = ¢2/2 + ¢3/2 for
G2, G3 € belp, 1/3] with g2 = (1/3,1/3,0,1/3) and ¢ = (1/3,1/6,1/6,1/3).

Now consider gy € b.[p, 1/3] with ¢o = (1/3,1/3,0,1/3). We know that w.(p, g2) = 1/3
by Lemma 5.3.1, since ¢1 = ¢2/2 + ¢3/2. Let I' € V(p,q2). Then I'13 = I'yy =
0 since v' = ¢ and ¢13 = 0. Suppose further that I' attains w.(p,g2). Since
Ciol'1o + Co2l'90 = qa2 = 1/3, we must have I'yy = 0 and I'y; = 0. Therefore,
I'yhy =1/3 and I'y 4 = 1/3 because vol" = ¢o. Furthermore, I'; 5 = 1/6 and 'y = 1/6

because v;I" = p. It follows that w.(p, ¢2) is uniquely attained by

1/3 1/6 0 0

0 1/6 0 1/3
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so Lemma 5.6.2 does not apply. However, ¢s = q4/2 + ¢5/2 for ¢4 = (1/6,1/3,0,1/2)
and g5 = (1/2,1/3,0,1/6). By letting

/6 1/3 0 0 /2 0 0 0
4 = / / andF5: / s

0 0 0 1/2 0 1/3 0 1/6

we find g4, q5 € be[p,1/3] because I'y € V(p,qs) and I's € V(p, ¢s) with tr(CTTy) =
tr(CTT5) = 1/3. Hence, ¢y is not an extreme point of b.[p, 1/3], even though w.(p, ¢2)

is uniquely attained.

Finally, consider ¢4 € b.[p,1/3] with ¢, = (1/6,1/3,0,1/2). We know that w.(p, q1) =
1/3 by Lemma 5.3.1, since q3 = q4/2 + ¢5/2. Suppose that ¢4 = tgs + (1 — t)qr
for gs,q7 € b.[p,1/3] and t € (0,1). We have that w.(p,q) = we(p,q;) = 1/3 by
Lemma 5.3.1. Suppose that I'q attains w.(p, gs) and I'; attains w.(p,g7). We have
that ge3 = qr3 = 0, so I'13 = I'go3 = 0 and I'713 = I'723 = 0. Furthermore,
tqsa+ (1 —1t)gr2 = 1/3. However, gs2 < w.(p,qs) = 1/3 and ¢72 < w.(p,q7) = 1/3, so
@62 = qr2 = 1/3. Since Cy 20’6 12+ Co2l6 22 = g2 = 1/3, we must have I'g ; 4 = 0 and
['621 = 0. Similarly, I'71 4 = 0 and I'7 51 = 0. It follows that tT'g 2 4+ (1—)'704 = 1/2.
However, I'g94 < 1/2 and I'754 < 1/2 because v1I's = 0117 = p, s0 ['g04 = I'704 =
1/2. It follows that g5 = I'720 = 0 because v;l'¢ = v1I'y = p. Furthermore,
Is12 =1712 = 1/3 because gs2 = g7» = 1/3. Finally, I's11 = I'711 = 1/6 because
¢ = v’y = p. Hence, I'e =1'y =1'y and ¢s = ¢; = q4. Therefore, g4 is an extreme

point of b.[p, 1/3].

For discrete optimal transport problems, we can greatly exploit the dual variables
A € R™ and p € R™ when finding conditions under which ¢ € b.[p, r] with w.(p,q) = r
is not an extreme point of b.[p, r]. Our aim is to use Lemma 5.4.1 as follows. Suppose
that ¢ € b.[p, 7] is not an extreme point of b.[p,r]. Then there exist ¢1,q2 € b.[p, 7]

and t € (0, 1) such that ¢ = tq; + (1 —t)g2. We then know from Lemma 5.4.1 that dual
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variables attaining w.(p,q1) = r and w.(p,q2) = r are the same as those attaining
we(p,q) = r. This allows us to restrict our search for ¢; and go. We first show the
following auxiliary result. It is well-known, even when generalised to non-discrete
settings (see Theorem 5.10 of Villani, 2009). We include the result with its proof for

completeness.

Lemma 5.7.1 LetI' € V(p,q) and let A € R™ and p € R™ satisfy pn; — \; < C;; for

all1 <i<mand 1 <35 <n. The following are equivalent.
(i) tr(CT) = q"pp — pT .
(1t) EitherT';; =0 or p; — A\ =Ci; foralll1 <i<m and1<j<n.

When (i) and (i) hold, T attains w.(p,q) and w.(p,q) = q¢'u—p' . Such T, p and

A exist.

Proof Suppose (i). Since p =11 and ¢ = I'"1, we have

tr(C'T) =q'p—p'A
=1Tp—1"TTA
=1Tp—AT1
=tr(pl'T — 1ATT)

=tr((1p" — A1T)TT).

Hence, tr((C' — 1u" + A17)™I") = 0. Furthermore, p; — A; < C;; and T;; > 0 for all

1 <i<mand 1< j<n. Therefore, we have that (ii) holds.

Now suppose (ii) instead. We have that I'; ju; — I ;A = T1;C;; forall 1 < i < m

and 1 < 7 <n. Summing over i and j shows that (i) holds.

If (i) holds, we know that I' is optimal from Section 5.4. Hence, I' attains w.(p, q)
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and w.(p,q) = q¢"p — p"A\. We know that ', A and u exist from Section 5.3, since

assumptions (c1) and (¢2) are satisfied. |

We now give conditions under which ¢ € b.[p,r] is not an extreme point of b.[p, r].
The next result shows that if an optimal transport plan transports mass from one

atom to two atoms at the same unit cost, then we do not have an extreme point.

Lemma 5.7.2 Let q € b.[p,r] and let T € V(p,q) attain w.(p,q). Suppose that there
evist 1 < iy < m and 1 < ji,jo < n with j1 # jo such that T'; ;.1 5, > 0 and

Ciyjr = Ciyjo- Then q & ext(be[p,r]).

Proof Let ¢ = min(I';, ;,,I, j,) and ¢1,¢2 € A(Y') with

;

qj; + e lf]:jl
Qi =19 ¢, —¢ ifj=7o

q; if j ¢ {j17j2}

\

and
qj1 — & lf.] :jl

P25 =19 g, +ec ifj=7

4 if 5 & {j1, 72}

\

Note that ¢ = q1/2+¢2/2, and q; # ¢z sincee > 0. Let 'y € V(p,¢1) and T's € V(p, ¢o)

with )
Fi1,j1 +e ifi=1d;and j =7
Tiij =19 Tip—c ifi=1i and j = js
(T A org g {d)
and
Ijyjy—¢ ifi=d;and j =75
Daig = Iy, +e iti=14and j = jo
L Lij if i # iy or j ¢ {j1,j2}-
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Let A € R™ and pp € R" satisfy p; — Ay < Cj foralll <i<mand1l<j<mn,and
we(p,q) = q"u — p'A. From Lemma 5.7.1, we have that I'; ; =0 or u; — \; = C;; for
alll<i<mand1<j<n IfT'y;; >0, thenI';; >0 and p; — \; = C;;. Hence,
[’y attains w.(p, ¢1) by Lemma 5.7.1. Similarly, I's attains w.(p, g2). Furthermore, we
have Cj, j, = Ci, j,, 50 tr(CTTy) = tr(CTy) = tr(C'T). Therefore, q1,q2 € be[p,r].

The result follows. |

Note that this result provides us with another way of showing that ¢; is not an extreme
point of b.[p,1/3] in the example above. We apply the result with I' = I'y, i; = 2,
J1 = 2 and jo, = 3. However, it cannot be used to show that ¢, is not an extreme point
of b.[p,1/3]. We also have the following result. It is similar to the previous lemma,
except that we may consider two different atoms from which mass is transported,

under conditions on the optimal dual variables.

Lemma 5.7.3 Let q € b.[p,r] and let T' € V(p,q) attain w.(p,q). Also let A € R™
and pp € R™ satisfy pj — A < Cyj foralll <i<m and1 < j <n, and w.(p,q) =
q" i — p' . Suppose that there exist 1 < iy,iy < m with iy # is and 1 < j1,5o < n
with j1 # jo such that Ty, ;. Ty, 5, > 0, w, = pj,, Ciy sy = Ciy g, and Ciy 50 = Ciy j, -
Then q ¢ ext(b.[p,]).

Proof Let ¢ = min(l';, ;,,[,,,) and ¢1, ¢ € A(Y) with
(
qj, — ¢ lf] = jl
qQ; = g, +e ifj=7o
L Qj lfj ¢ {jlan}
and .
qjl +e€ if .7 = jl
Pj=19 q,—¢ itj=7js
qj if j ¢ {j1;j2}-
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Note that ¢ = ¢1/2+¢2/2, and ¢; # ¢z sincee > 0. Let 'y € V(p,¢1) and 'y € V(p, q2)

with
I, —¢ ifi=dand j =5
Pijg =19 Ty +e ifi=i;and j = jy
Tij if i £y or j & {j1, 2}
and

I, +e ifi=dyand j =
Doij=9q Tij,—¢ ifi=1iyand j=j
I, if i #i9 or j & {41,742}
From Lemma 5.7.1, we have that I';; = 0 or p; — A\; = Cj; for all 1 < i < m and
1<j<n Ifl'y;; >0fori# i or j # jo, then I';; > 0 and p; — A\, = C; ;. For

t =11 and j = jo, since I';, j, > 0, pj, = pj, and Cj, 5, = C, j,, we have

Hja — )‘il = M5 — )‘i1
= Ci1,j1

= Cibjz .

Similarly, if F2,i7j > 0 for ¢ 7é 19 OT ] 7é jl, then Fi,j > (0 and i — )\z = Ciﬂ'. For ¢ = 19

and j = jl, since Fig,jg > O, iy = iy and Ci2,j1 = Oig,j27 we have

Mgy — /\i2 = Hjy — )‘iQ
= Ci27j2

= Ci2,j1'

Hence, I'y attains w.(p, ¢1) and [y attains w.(p, g2) by Lemma 5.7.1. Furthermore, we
have Cil,jl = Ci1,j2 and Cig,jl = Ci2’j2, SO tI‘(CTF1> = tI‘(CTFQ) = tI‘(CTF) Therefore,

¢1,q2 € b[p,r]. The result follows. u
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Again, this result can be used to show that ¢; is not an extreme point of b.[p, 1/3],
but cannot be used to show that g3 is not an extreme point of b.[p,1/3]. We may
let A = (0,0) and p = (0,1,1,0). Selecting I' = 'y, we set i1 = 1, is = 2, j; = 2
and jo = 3. In general, we can use Lemma 5.7.1 to calculate the dual variables from
I' € V(p, q) attaining w.(p, ¢) by setting p; —\; = C;; forall1 <i<mand1 <j<n
such that I'; ; > 0. We may also set \; = 0, since adding the same constant to all

elements of A and p has no effect on ¢"p — p' .

5.8 Discussion

In this chapter, we study conditions under which probability measures in a Wasserstein
ball are extreme points or not extreme points. We show that, under very general
conditions, the only extreme points of Wasserstein balls which do not lie on the surface
of the ball are Dirac measures. We then investigate which points on the surface of the
ball are extreme points. We find that if the Wasserstein distance is uniquely attained
by a transport plan induced by a transport map, then the point is an extreme point.
On the other hand, under conditions on the centre of the ball and the cost function,
if the Wasserstein distance is attained by two distinct transport plans induced by
continuous transport maps, then the point is not an extreme point. Furthermore,
when our probability measures are defined on finite sets, we use the solutions to the

dual problem to prove conditions under which we do not have an extreme point.

Although we make use of the solutions to the dual problem in the discrete setting, it
would be interesting to investigate how these solutions can be used more generally.

We have some idea of their behaviour from the results in Section 5.4. However, ideally
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we would use properties of the solutions in order to characterise the extreme points

on the surface of the ball.



Chapter 6

Optimal Transport for Covariate

Shift in RKHS Regression

In some statistical settings, an estimator is used for prediction in a slightly different
situation to that in which the original data set is collected. For example, the estimator
could be applied a little later in time or in a neighbouring location. If this is the
case, a new independent data point which we want to predict could have a different
distribution to that of the data set used to construct the estimator. This makes
it difficult to bound the error of the estimator at the new data point. Clearly it
is not possible to provide guarantees for all potential distributions of the new data
point. However, if we assume that the distribution of the new data point is only
a slight perturbation of the distribution which generates the original data set, some

assurances can be given.

In order to quantify the size of the perturbation of the distribution of the original
data set, we need a concept of distance between probability measures. In this chap-

ter, we use the Wasserstein distance. The Wasserstein distance is determined by a

220
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cost function on the underlying space, which means that information about the cost
between two points is transferred to the distance between two probability measures.
An important example is given by setting the cost function equal to some metric on
the space. The Wasserstein distance also arises naturally in the analysis of the Ivanov-
regularised least-squares estimators we consider for the regression problem below. We
consider all perturbations of the distribution of the original data set up to a fixed size,

which defines a ball around this distribution with respect to the Wasserstein distance.

Before discussing the regression problem considered in this chapter, we first describe
the Wasserstein distance in more detail. The Wasserstein distance is defined using
the optimal transport problem, which aims to find the optimal transportation of one
probability measure to another with respect to a given cost function. This is done by
finding a transportation plan between the two probability measures which minimises
the transport cost. The modern treatment of this problem began with Kantorovitch
(1958), and a more recent examination is given by Villani (2009). For p € [1, 00), the
Wasserstein distance is usually defined as the p~'th power of the minimum transport
cost when the cost function is equal to the pth power of the metric on the underlying
space (see Definition 6.1 of Villani, 2009). However, in this chapter we allow weaker
assumptions on the cost function but demand that p = 1. This is the same as
the earliest definitions of distance between probability measures using the optimal

transport problem (Kantorovitch, 1958).

In this chapter, we consider a regression problem in which we seek guarantees on our
estimator with respect to distributions other than that which generates the original
covariates. This allows us to bound the expected squared error of the estimator for an
expectation over a new independent covariate generated by a different distribution.
We refer to this situation as a covariate shift. Covariate shift problems have previously

been considered for a single known perturbation of the original covariate distribution
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by Shimodaira (2000). They have also been studied for a single unknown perturbation
by Sugiyama et al. (2008). However, we seek to control the worst-case squared L2
error with respect to all perturbations of the original covariate distribution up to a
fixed size. Specifically, we consider a Wasserstein ball of probability measures centred

at the original covariate distribution.

We first give bounds on the worst-case squared L? error for Ivanov-regularised least-
squares estimators. These estimators are defined to be the minimisers of the empir-
ical squared error over balls of different radii in a reproducing-kernel Hilbert space
(RKHS). Ivanov-regularised least-squares estimators are discussed further in Chapter
3. The Wasserstein distance arises naturally in the analysis of the estimators. We
consider both unbounded and bounded regression functions. When the regression
function is unbounded, we produce expectation bounds on the worst-case squared
error under very general conditions. We are also able to produce expectation bounds
when the regression function is bounded. If we further assume that the errors of the
response variables are subgaussian, we can provide high-probability bounds on the
worst-case squared L? error. The bounds we produce do not tend to 0 as the number
of data points tends to infinity. This is to be expected, as in general the original

covariate distribution and its perturbation can have different supports.

We then discuss the challenges which arise when attempting to define alternative
estimators. The estimators we consider are based on an empirical version of the
worst-case squared L? error. The original covariate distribution is replaced by the
empirical distribution of the covariates. However, finding an empirical version of the
regression function in this setting is more difficult. There are also problems when
trying to compute such estimators. However, we do provide one result based on the
Choquet—Bishop—de Leeuw theorem (Theorem 5.6 of Bishop and de Leeuw, 1959)

which aides the computation. Under suitable conditions, the worst-case squared L?
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error of the estimator is attained at an extreme point of the Wasserstein ball of
perturbations. We conclude by briefly considering the approximation properties of

the regression function.

6.1 Literature Review

Covariate shift for parametric statistical models is discussed by Shimodaira (2000) for
a single perturbation of the original covariate distribution. The author assumes that
both the original covariate distribution and its perturbation are known. The ratio
of the densities of the distributions at the original covariates is used to weight the
log-likelihood contributions of the data points. Estimation is then performed using a

maximum weighted log-likelihood estimation procedure.

For more general statistical models, covariate shift is considered by Sugiyama et al.
(2008). Again, the authors investigate the case in which there is a single perturbation
of the original covariate distribution. However, both the original covariate distri-
bution and its perturbation are unknown and only samples from each are available.
Similarly to Shimodaira (2000), the log-likelihood contributions of each data point
are weighted so that the resulting weighted log-likelihood is more closely related to
the perturbation of the original covariate distribution than the original covariate dis-
tribution itself. However, instead of a ratio of densities, the weights are modelled as

a linear combination of a finite set of basis functions.

The first modern treatment of the optimal transport problem is given by Kantorovitch
(1958). The author represents the minimum transport cost as a function of the two
measures defining the problem, introducing the earliest version of the Wasserstein

distance. The measures are not required to be probability measures, but they must
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have the same total mass. More recently, a book on optimal transport has been
written by Villani (2009). The book covers a wide range of topics, but in particular

Chapter 6 examines the Wasserstein distance for general p € [1, 00).

6.2 Contribution

In this chapter, we provide bounds on the worst-case squared L? error of Ivanov-
regularised least-squares estimators with respect to a Wasserstein ball of probability
measures centred at the original covariate distribution. We first consider the case in
which the regression function is unbounded. We provide an expectation bound when
using the most natural cost function for the optimal transport problem which defines
the Wasserstein ball (Theorem 6.6.2 on page 230). We also provide an expectation
bound when the cost function is equal to the square of the kernel metric (Theorem

6.6.5 on page 234).

When the regression function is bounded, we provide an expectation bound for the
case in which the cost function of the optimal transport problem is again equal to
the square of the kernel metric (Theorem 6.6.8 on page 237). Furthermore, we pro-
vide a high-probability bound under the additional assumption that the errors of the

response variables are subgaussian (Theorem 6.6.10 on page 240).

We then consider the problem of defining alternative estimators based on an empirical
version of the worst-case squared L? error in Section 6.7. We discuss the problems
with both the analysis and computation of such estimators. We show that under
suitable conditions, the worst-case squared L? error of the estimator is attained at
an extreme point of the Wasserstein ball of perturbations (a consequence of Lemma

6.7.1 on page 245). Finally, we briefly consider the approximation properties of the
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regression function.

6.3 Optimal Transport

Let (S, d) be a complete separable metric space, let B(S) and B(S x S) be the Borel
sets on S and S x S and let P(S) and P(S x S) be the set of Borel probability
measures on S and S x S. We consider the problem of optimally transporting a
probability measure P € P(S) to @ € P(S) with respect to some Borel cost function
c: 89 xS —[0,00). Denote the marginals of v € P(S x S) by mv, mey € P(S). We
define

II(P,Q) ={y€P(SxS8):my=P and my = Q}

for P,@ € P(S) and refer to v € II(P, Q)) as a transport plan. The optimal transport

problem seeks to find

inf cdy.
~v€ell(P,Q) / 7

The value of the infimum is known as the Wasserstein distance W.(P, Q). We define

the closed Wasserstein ball
B[P, W] ={Q € P(5) : W.(P,Q) < W}

for P € P(S) and W > 0. We have that B.[P, W] is convex by Lemma 5.3.1 with
P, = P, = P. We define Q € B.[P,W] to be an extreme point of B[P, W] if
Q =1tQ1 + (1 —1t)Q for Q1,Q2 € B.JP,W] and t € (0,1) implies @1 = Qs, in which
case Q1 = Q2 = . We denote the set of extreme points of any convex set A by
ext(A).
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6.4 RKHSs and Their Interpolation Spaces

An RKHS H on S is a Hilbert space of real-valued functions on S such that, for all
x € S, there is some k, € H such that h(z) = (h, k;)y for all h € H. The function
k(xy,x2) = (kzy, kuy)m for x1,29 € S is known as the kernel and is symmetric and

positive-definite.

We now define interpolation spaces between a Banach space (Z,|-]|z) and a dense

subspace (V, |||lv) (see Bergh and Lofstrom, 1976). The K-functional of (Z,V) is
K(z.8) = inf (12 — vl + tollv)
for z € Z and t > 0. We define

oo 1/q
12]lgq = (/ (t_ﬁK(%t))qt_ldt) and ||z]|g.0c = sup(t 7K (z,1))
0 t>0

forze€ Z, 5 €(0,1) and 1 < g < co. We then define the interpolation space [Z,V ]z,
to be the set of z € Z such that ||z||s, < oco. The size of [Z,V]s, decreases as

increases. Recall Lemma 3.1.1, which is essentially Theorem 3.1 of Smale and Zhou

(2003).

Lemma 6.4.1 Let (Z,|-||z) be a Banach space, (V,|||v) be a dense subspace of Z
and z € [Z,V]p. We have

Hzné/(l—ﬁ)
B )

1Ilf{HU — ZHZ U E ‘/, HUHV S T} S W

From the above, when H is dense in L™, we can define the interpolation spaces
(L, H]g,4, where L™ is the space of bounded measurable functions on (S, B(S)). We

assume that S is a topological space. We set ¢ = oo and work with the largest space
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of functions for a fixed § € (0,1). We are then able to apply the approximation result

in Lemma 6.4.1.

6.5 Problem Definition

We now define the regression problem. Let (S, d) be a complete separable metric space
and (X;,Y;) for 1 < i < n beiid. (S xR,B(S)® B(R))-valued random variables
on the probability space (Q, F,P). We assume X; ~ P and E(Y?) < oo, where E
denotes integration with respect to P. We have E(Y;|X;) = ¢g(X;) almost surely for
some function g which is measurable on (S, B(S)) (Section A3.2 of Williams, 1991).

Since E(Y;?) < oo, we have that g € L?(P) by Jensen’s inequality. We assume that

(Y1) var(Y;|X;) < 0% almost surely for 1 <i < n.

Our results depend on how well g can be approximated by elements of an RKHS H

with kernel k. We make the following assumptions.
(H) The RKHS H with kernel & has the following properties:
e The RKHS H is separable.
e The kernel k is bounded.
e The kernel k is a measurable function on (S x S, B(S) ® B(S)).

We define

1/2

lk||co = sup k(z,z)"* < o0.

TES
We can guarantee that H is separable by, for example, assuming that k is continuous

(Lemma 4.33 of Steinwart and Christmann, 2008). Since H has a kernel k& which is
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measurable on (S x S, B(S) ® B(S)), we have that all functions in H are measurable

on (S,B(S)) (Lemma 4.24 of Steinwart and Christmann, 2008).

6.6 Ivanov-Regularised Least-Squares Estimators

We are interested in estimating the regression function g using elements of the RKHS
H. Let By be the closed unit ball of H and let » > 0. We define the Ivanov-regularised

least-squares estimator constrained to lie in rBy as

h, = arg min 1 Z(f(XZ) —Y;)2

n
ferBy i=1

This estimator is discussed in Chapter 3. Its definition is unique if we demand that
h, € sp{kx, : 1 <i <n}. We also define ho = 0. The estimator A, becomes smoother

as r decreases, as it is constrained to lie closer to 0.

6.6.1 Unbounded Regression Function

We start by considering the setting in which the regression function is unbounded.
For r > 0 and h, € rByg, Corollary 3.10.4 provides expectation bounds on the squared
L2(P) norm of h, — h,. These can be transferred to bounds on the squared L2(Q)

norm of h, — h, using optimal transport. We have the following result.

Lemma 6.6.1 Assume (H). Let the cost function ¢ : S x S — [0,00) by

C(xlaxQ) = Hkxz + kleH Hkxz - k:ﬁHH
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For @ € P(S), we have
”ilr - hr“%ﬂ(@) < “iLT - h?‘”?ﬁ(P) + 4r2WC(P’ Q)

for all r > 0.

Proof Let x1,25 € S. By the reproducing kernel property and the Cauchy-Schwarz

inequality, we have

[(hr = hi)(2)* = (hy = ho) (1))
= |(hy = hy) (@) + (Br = hp) (20)] [ (Br = D) () = (B = By ) (1)
= (e — huskay + ko) a1l [(he = By, gy — Koy )
< N = Bl ey + Ko ot 1oy — Ky ||

< 4T2‘|km2 + kl"lHH Hkm - kaH

Hence,

A~ ~

(hy = hy)(@2)? < (he = By)(@1)? + 4%y + Ky 111 [|Kwy — Koo |-
Integrating over (z1,xs) with respect to v € II(P, Q) gives
e = B3y < e = el + 47 [ Wy 4 s iy = B (o, 2)

The result follows by taking an infimum over v € II(P, Q). [ |

We can use this result to provide an expectation bound on the squared L?(Q) error

of h, in the same way as the proof of Theorem 3.7.1. In order to understand how well
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g can be approximated by elements of H in this context, we define

Ic(g7r7 W) = inf { sSup Hh‘r‘ - gH%Z(Q) : hr € TBH}
QEB:[P,W]

forr >0 and W > 0.

Theorem 6.6.2 Assume (Y1) and (H). Let the cost function c¢: S x S — [0,00) by
C(IlaxQ) - ||k$2 + kﬂ?lHH Hkl‘z - kﬂClHH

Supposing that the expectation below exists, we have

17 i) +101.(g,r, W) + 8Wr?

. 8||k|lcor 64 K||% r?
E( . H,%_g”%m) < Slkllor  64E]
QGBC[P,W]

forallr >0 and all W > 0.

Proof By Lemma 6.6.1, we have

|y — 9”%2(@ < 2|k, — hrH%Q(Q) + 2[|hy — 9”%2(@

< 20l = hyl[ G2y + 8P We(P, Q) + 2/lhy — gll72(q)-

Hence,
sup ||h, — gH%z(Q) <2||h, — hTH%z(P) +8Wrt+  sup 2|k, — g||%2(Q).
QEB[P,W] QEB[P,W]
Therefore,

+8WrP+  sup  10[|h—gl72(p)

8| kllocor , 64|K[3,r
< +
QeB.[PW]

nl/2 nl/2

E sup ||ilr_g||22
(QEBC[P,W] @

by Corollary 3.10.4. The result follows by taking an infimum over h, € rBy. |
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The first two terms on the right-hand side of the inequality in Theorem 6.6.2 make up
the variance of the estimator and tend to 0 as n tends to infinity. However, the last
two terms do not tend to 0 as n tends to infinity. The third term is the bias of the
estimator, which decreases with r, while the fourth term is the cost of being robust
against changes in the covariate distribution, which increases with r. Asymptotically,
our bound comprises only these final two terms. If we seek to minimise these two
terms over r, we obtain a value of » which does not depend on n, but instead simply

balances the bias and the cost of distributional robustness.
If we assume
(g1) g € [L™®, H|p o with norm at most B for 5 € (0,1) and B > 0,

we find, from Lemma 6.4.1, that

B2/(1-8)

Ic(g)ra W) < m

(6.6.1)

for r > 0. If we also assume (H), then we find that the regression function g is
bounded. Therefore, we simply assume (6.6.1) instead of (g1), in which case g need

not be bounded. This gives us the following result.

Theorem 6.6.3 Assume (Y1), (H) and (6.6.1). Let the cost function ¢ : S x S —
[0,00) by

C(Ilal?) = ||k12 + kﬂ?lHH Hkﬂlz - kﬂclHH

Letr >0 and W > 0. Supposing that the expectation below exists, we have

+ 8Wr2.

><8Hkumar 6422 10B2/0-9

7 2
E ( sup ||y — gll72(g) 172 /2 28/(1-B)

QEB.[P,W]
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Let Dy > 0. Setting
r =D, BW 1A

makes the right-hand side of the inequality equal to
D[k oo BW = U=A20 =12 1 D)2 B2W -0 ~12 - D, B2W

for constants Dy, D3, Dy > 0 depending only on Dy and [3.

Proof The initial bound follows from Theorem 6.6.2 and (6.6.1). The next bound

follows with
Dy = 8Dy, Dy =64D? and D, = 10D; /™% 4 8p2.

Minimising the last two terms of the initial bound in Theorem 6.6.3 with respect to

53 )<1/3)/2 o
r= (22 BW(1-8)/2,
(4(1 )

r gives

In particular, r is of the form in Theorem 6.6.3. Larger values of W give a smaller
value of r, especially for small 5. This means that if we demand robustness against
larger sets of covariate distributions, we must select a smoother estimator. Note that
the last term of the later bound in Theorem 6.6.3, which does not tend to 0 as n — oo,
increases as W increases. The expected worst-case squared L? error increases as we

demand more distributional robustness.

Although the optimal transport problem defined above is the most natural for the
analysis of the covariate shift problem, we can also perform the analysis by using an
optimal transport problem involving a more recognisable cost function. We have the

following result.
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Lemma 6.6.4 Assume (H). Let the cost function ¢ : S x S — [0,00) by
o1, 22) = ||k, — ko |3
For Q € P(5), we have
e = B3y < 2ln — by agp, + SW(P,Q)

for all r > 0.

Proof Let x1,25 € S. By the reproducing kernel property and the Cauchy-Schwarz

inequality, we have

|(hr — Ry )(22) = (hy — By ) (21)| = ’<ilr — hyy kgy — k) ]
< Hﬁr - hrHH ||/{:12 - kleH

< 2T|’kw2 - km HH
Hence,
(;Lr - hr)(x2> < (hr - hr)<x1) + 27"”1%2 — Ky ”H

and

~

(hr - hr)(xQ)z S 2(iLT - hr)(xl)Q + 87“2”]%;2 - kwl”%{

Integrating over (z1,x5) with respect to v € II(P, Q) gives
e = ey < 2o = ey 87 [ ey = ki By (o, 22)

The result follows by taking an infimum over v € TI(P, Q). [

The cost function in Lemma 6.6.4 is the square of the kernel metric on S for the kernel

k (see (4.20) of Steinwart and Christmann, 2008). Let dg(z1,z2) = ||kz, — ko, ||z be
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the kernel metric on S for the kernel k. Then for ® : S — H by ®(x) = k,, we have
|P(xg) — P(x1)||lg = di(z1,22). In particular, ® is continuous on S if we take the
metric d on S to be d = d. In this case, it follows from Lemma 4.33 of Steinwart and
Christmann (2008) that H is separable, since S is. Furthermore, the functions in H

are measurable on B(S) by Lemma 4.24 of Steinwart and Christmann (2008).

We can use Lemma 6.6.4 to provide an expectation bound on the squared L?(Q) error

~

of h,.

Theorem 6.6.5 Assume (Y1) and (H). Let the cost function ¢ : S x S — [0,00) by

c(wr, 22) = |lkay — kay |l

Supposing that the expectation below exists, we have

+ 181.(g,r, W) + 16Wr?

) 16|kl scor  128]K[|% 2
<

E ( sup ||, — 9“%2@) nl/2 nl/2

QEB[P,W]

for all v > 0 and all W > 0.

Proof By Lemma 6.6.4, we have

“hr - g“%Q(Q) < 2||hr - hr”%?(Q) + QHhr - QH%Q(Q)

< 4||iLT — h’/‘H%Q(P) + 16T2WC(P7 Q) + 2||h7" - .gH%Q(Q)
Hence,

sup [|hy — 9||2L2(Q) < A4|h, - h?“”%?(P) +16Wr? +  sup 2|\, — QH%Q(Q)'
QeB.[P,W] QeB.[P,W]
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Therefore,

16||k||ocor  128]|k||2. 72
)S Ik ILi[FS +16Wri+  sup 10Hhr—g|]%2(Q)

7 2
E ( sup ||hr — 9HL2(Q) ni/2 nlt/2 QeB.[P,W]

QEB.[P,WV]
by Corollary 3.10.4. The result follows by taking an infimum over h, € rBy. [ |

We again assume (6.6.1) to obtain the following result.

Theorem 6.6.6 Assume (Y1), (H) and (6.6.1). Let the cost function ¢ : S x S —
[0,00) by

c(wr, 22) = |lkay — k[

Letr >0 and W > 0. Supposing that the expectation below exists, we have

; 16]|k||scor  128]|K|2,r2  18B%(1-F) )
Bl g e =gl ) < + o +16W 2.
(QEBC[P’W] [ 172 Y e i

Let Dy > 0. Setting
r =D, BW (=02

makes the right-hand side of the inequality equal to
Dyl|k||aeo BW=U=A20 =12 L Dyl|k||2 B2W~U=Pp~12 1 D, B2W 5

for constants Do, D3, Dy > 0 depending only on Dy and 5.

Proof The initial bound follows from Theorem 6.6.5 and (6.6.1). The next bound

follows with

Dy = 16Dy, Dy = 128D? and D, = 18D; %/~ 4 16D2.
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Minimising the last two terms of the initial bound in Theorem 6.6.6 with respect to

r gives

93 )(1—6)/2 o
r=|(-—s BwW—(=A)2,
(8(1 — )

In particular, r is of the form in Theorem 6.6.6.

6.6.2 Bounded Regression Function

We now consider the case in which the regression function is bounded. We assume
(92) lg]lce < C for C' > 0.

We can make h,. closer to g by constraining it to lie in the same interval [-C, C]. We

define the projection V : R — [—-C, C] by

—C if t<-C
V(it)=9q t if |t|<C
Cc if t>C

for t € R. The analysis in this setting requires more care due to the clipping of the
estimator. In fact, we are forced to use the analysis in which the cost function of the

optimal transport problem is equal to the squared kernel metric.

Lemma 6.6.7 Assume (H). Let the cost function ¢ : S x S — [0,00) by
C(xbe) = Hkm - kmlH?‘]
For Q) € P(S), we have

Vi, = Vi |32y < 20Vhe = V|32 p) + 87 We(P, Q)
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for all r > 0.

Proof Let x;,x5 € S. By the reproducing kernel property and the Cauchy—Schwarz

inequality, we have

|(Vhy — V) (22) = (Vhe = VR (21)| < [VRp(22) — Vi (21)| + |V Ay (22) — Vi (21)]
< he(@2) = h(1)| + I (22) = Ry (1))
= (s Kewy = Kz Y|+ [ iy — by )1
< Nl Wkiay = kol + 1Bl oy — Koyl

< 2THI€I2 - kleH

Hence,

(Vhe = VI (2) < (Ve = Vi) (1) + 20| lkey = kol

and

(Vhe = Vhe)(w2)? < 2(Vhy — Vi) (@1)? + 802 ||k — ko, |-
Integrating over (z1,x5) with respect to v € II(P, Q) gives

”V}Alr - VhrH%Q(Q) < 2HVHT - VhrH%Q(P) +8r? /Hkxz — kg, H%{ dy(z1, 22).

The result follows by taking an infimum over v € TI(P, Q). [

We can use Lemma 6.6.7 to provide an expectation bound on the squared L?(Q) error
of Vh,. In order to understand how well g can be approximated by elements of H for

bounded regression functions, we define
Io(g.7) = inf {llh, — gl : by € By}

for r > 0.



CHAPTER 6. OPTIMAL TRANSPORT FOR COVARIATE SHIFT 238

Theorem 6.6.8 Assume (Y1), (H) and (92). Let the cost function ¢ : S x S —
[0,00) by

c(wr, @) = [[kay — ki [I37-
Supposing that the expectation below exists, we have

N 16|k || oo (16C
- ( sup  |[V'h, — 9||%2(Q)> = - (1/2 ror + 181 (g, ) + 16Wr?
QEB.[P,W] n

forallr >0 and all W > 0.

Proof By Lemma 6.6.7, we have

IV = gll72g) < 20V = V|72 + 20V He = gl 720

< A|Vh, = Vh|Fap) + 165 Wo(P, Q) + 2|V A, — g]|2.
Hence,
sup ”V}Alr - QH%2(Q) < 4HViLr - Vhr”%Q(P) + 16WT2 + QHVhr - gHZo
QEB.[P,W]

Therefore,

.Y + 16Wr? 4 18||h, — g%

. 16| k|| oo (16C + o)
E( up ||vm—g||%z(@> < 20]4ll16C+ 0)
QEDB.[PW]

by Corollary 3.11.2. The result follows by taking an infimum over h, € rBy. [ |

We now assume (g1) in full. By Lemma 6.4.1, we have that

B2/(1-5)

for r > 0. We have the following result.
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Theorem 6.6.9 Assume (Y1), (H), (91) and (g2). Let the cost function ¢ : S xS —
[0,00) by

o1, 22) = [lkay — ka5

Letr > 0 and W > 0. Supposing that the expectation below exists, we have

+ 16Wr2.

2/(1-6)
) . 16][K ] (16C + o), 185

7 2
E ( sup  [|[Vhy — gll720) 12 r28/(1-P)

QEB:[P,W]

Let Dy > 0. Setting
r =D, BW (=72

makes the right-hand side of the inequality equal to
Dy |kl (16C + o) BW ~U=8)/2p=1/2 | D, B2

for constants Do, D3 > 0 depending only on Dy and 3.

Proof The initial bound follows from Theorem 6.6.8 and (6.6.2). The next bound
follows with

Dy = 16D, and D3 = 18D 2" 4 1602,

Minimising the last two terms of the initial bound in Theorem 6.6.9 with respect to

r again gives

93 ><1—a>/2 o
e BW -2,
(=7

When the regression function is bounded, we can also obtain high-probability bounds
on the squared L?(Q) error of V/Azr. However, in order for the high-probability bounds
to hold, we must make an additional assumption on the errors of the response vari-

ables. Let U and V be random variables on (2, F,P). We say U is o?-subgaussian
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if
E(exp(tU)) < exp(a?t?/2)

for all t € R. We say U is o?-subgaussian given V if
E(exp(tU)[V) < exp(0?t?/2)

almost surely for all ¢ € R. We assume
(Y2) Y; — g(X;) is o%-subgaussian given X; for 1 <i < n.
This assumption is stronger than (Y'1).

Theorem 6.6.10 Assume (Y 2), (H) and (g2). Let the cost function ¢ : S x S —
[0,00) by

C(‘rlvx2) - ||k272 - kle%{

t

Lett > 0. There exists a measurable set with probability at least 1 — 3e™" on which

sup  |[Vh, — g7
o 12(Q)

18 at most

16 (22 + 8|[KI3CH2Y2 4 [kl (16C + 50)r ) 112 3002
_|_

nt/2 3n

+ 181 (g,7) + 16Wr?

forallr >0 and all W > 0.

Proof By Lemma 6.6.7, we have

Vi = gll32q) < 201V — Vil T2) + 20V Ae = gll72(0)

< A|Vh, = Vh|3ap) + 16r*Wo(P, Q) + 2|V, — g]|2.
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Hence,

sup  ||Vh, — 920 < 4\Vh, — Vho||3ap) + L6Wr? + 2|V, — g||%,.
QEB:[P,W]

Therefore, there exists a measurable set with probability at least 1 — 3e~* on which

sup Vh, — g||?
QEBC[RW]H IZ2()

1s at most

16 (202 + 8|k || L2032 2 4 || k||oo (16C + 50)?‘) t 3002

2 2
e 5 16 18] A, — g%

by Corollary 3.13.4. Taking a sequence of h,, € rBy for n > 1 with

1 = 9ll2 4 Iso(g,7)

as n — oo proves the result. [ |

We again assume (g1) to obtain the following result.

Theorem 6.6.11 Assume (Y 2), (H), (91) and (g2). Let the cost function ¢ : S X
S — [0,00) by

c(wr, 22) = [lkay — k[

Letr >0, W >0 andt > 0. There exists a measurable set with probability at least
1 —3e™t on which

sup HV/AZT — g|l32
QEB:[P,W] @

18 at most

16 <202 +8||k||c1>é203/27“1/2 + ||I€||OO(16C+50'>7’> t1/2 3202 18B2/(17,B)
+

2
nl/2 3n + ~25/09) + 16Wr=.
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Let Dy > 0. Setting
r =D, BW 1A

makes the right-hand side of the inequality equal to
DaC2Y20= Y2 1 Dy ||| Y2032 BY2 W ~(A=B)/441/2-1/2
+ Dy||k||lso(16C + 50)BW ~U=A/241/2p=1/2 o D C%tn =1 + Dg B*W*
for constants Dy, D3, Dy, D5, Dg > 0 depending only on Dy and (3.

Proof The initial bound follows from Theorem 6.6.10 and (6.6.2). The next bound

follows with
D, =32, Dy =128D."*, D, = 16D, D5 = 32/3 and Dg = 18D, */""%) 4 16 D2,

Minimising the last two terms of the initial bound in Theorem 6.6.11 with respect to

r again gives

983 )(15)/2 P
r=\| —— BW 1 5)/2
(8(1 - B)

6.7 Alternative Estimators

In this section, we consider estimators of the regression function g other than h, for

r > 0. Consider an estimator g of g. For W > 0, we are interested in g such that

sup  [|g — 9“%2(@ (6.7.1)
QEB[P,W]
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is small. Hence, we consider an estimator which minimises an empirical version of
this quantity. However, there are many difficulties with this approach. Firstly, our
responses Y; for 1 < ¢ < n are only given at a finite number of covariates X; for
1 <i < n. However, to define an empirical version of (6.7.1) we need an empirical
version of the regression function g at each point x € S. Suppose that we have access
to a stochastic process Y on S such that Y, = ?(Xl) for 1 < ¢ < n and that Y has
mean function ¢, by which we mean E(Y (z)) = g(x) for all z € S. We can then define

an empirical version of (6.7.1) by

sup 19— Y1720 (6.7.2)
QEB[Pn,Why]

for W,, > 0. Here, P, is the empirical distribution of the X; for 1 <i <n.

As with most nonparametric estimation procedures, we need to take steps to ensure
that overfitting of our estimator to our data does not occur. This can achieved, for
example, by using Ivanov regularisation. In this case, we minimise (6.7.2) subject to
the constraint that the estimator ¢ lies in rBy for r > 0. We refer to this estimator

as g.. We obtain

sup Qr—f/ 2 < sup h, — Y|]?
QEBABMMQJI 1Z2(q) QGBJR%W%N\ 122

for all h, € rBy. If we define

Z=sw | s f Vg - s I -glq|  (673)
ferBy |QEB:[Pn,Wh] QEB:[Ppn,Wy]

then we find

~ 2 2
sup Jr— g < sup h, —g + 2Z.
QEBJRMW%J! 122 QGBJRWW%N 122
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However, bounding Z is incredibly difficult in general.

Even in situations in which bounding Z is possible, we still need to change the balls of
probability measures with centre P, in the above expression so that they have centre
P. An important step in achieving this aim is to produce a bound W.(FP,, P) < &, with
high probability. For example, when S C R? and c(zy, x2) = ||zo — 21 |5 for 21,29 € S
and p € [1,00), Theorem 2 of Fournier and Guillin (2015) shows that W.(FP,, P) is of

1/2

order n=/# if p > d/2 for sufficiently concentrated probability measures P.

In general, we still need W, to satisfy additional properties in order to centre the balls
at P. A sufficient condition is that ¢ = d? the metric on S to the power p for p € [1, 00).
Note that W, is symmetric in this case, and Wcl/ P satisfies the triangle inequality by
Definition 6.1 of Villani (2009). The definition of the Wasserstein distance in Villani

(2009) is our definition to the power 1/p. Combining this with W.(P,, P) < ¢, gives
B[P,W] C B[P, (W' 4+ &)/P)P] C B[P, (W' + 2¢,/7)].
Letting W, = (W7 + £,/) shows that

sup |G — gll72g) < sup 18y — gll72(q) + 22
QEBC[P7W] QEBc[P,(Wl/p—‘,-QE}L/p)P]

This bounds (6.7.1) for the estimator g.. We could continue, for example, by replacing
the L?(Q) norm on the right-hand side with the L> norm and taking an infimum over

h, € rBy to obtain

sup ||gr — g||%z(Q) < I.(g,7)+2Z.
QEB:[P,W]

We could even assume (g1) in order to bound I (g,r). However, the real challenge

is to bound Z in (6.7.3), which there is no clear way of doing. Additionally, recall



CHAPTER 6. OPTIMAL TRANSPORT FOR COVARIATE SHIFT 245

that we are assuming that we have access to the stochastic process Y used to define

(6.7.1).

6.7.1 Estimator Computation

As well as the difficulties in the analysis of g,, there are also challenges in its com-
putation. In order to consider this problem, we need to define some new concepts.
Let T be a compact Hausdorff space. We let (M (T),||:||rv) be the Banach space of
finite signed Borel measures on T' equipped with the total variation norm. We also
let Mz(T) be the subspace of M(T') consisting of the regular finite signed Borel mea-
sures on T and Pg(T') consist of the regular Borel probability measures on 7. Let
(C(T),]|"|lo) be the Banach space of continuous real-valued functions on 7" equipped
with the supremum norm and let C(T")* be the dual of C(T'). By the Riesz represen-
tation theorem, we have that C'(T')* is isometrically isomorphic to Mg(T"). This can
be seen by considering Theorem 6.19 of Rudin (1987) for functionals which take real
values on real-valued functions. Hence, for a sequence p, € Mg(T) for n > 1 and a

point p € Mg(T), we have that u, — u weak-* as n — oo if

[t [ sa

as n — oo for all f € C(T). This form of convergence is often referred to as weak
convergence in probability theory. However, this is the name of a different form of
convergence in functional analysis, so we refer to it using the name weak-* convergence

from functional analysis to avoid confusion.

Lemma 6.7.1 Let T be a compact Haussdorf space and f € C(T). Suppose that
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A C Pg(T) is weak-* closed and convex. Then L : A — R by

L@ = [ 1dQ

attains its mazximum value on ext(A).

Proof By the Riesz representation theorem, we have that C'(7)* is isometrically
isomorphic to Mg(T"). Furthermore, by the Banach—Alaoglu theorem (Theorem 3.15
of Rudin, 1991), we have that the closed unit ball B,y = {p € Mg(T) : ||p||rv < 1}
of Mg(T) is weak-* compact. Let C(T) be the subset of C(T) consisting of the
positive continuous functions on 7. The subset Mg (T) of Mg(T) consisting of

regular finite positive Borel measures on 1" can be written as

Mpr(T) = {MEMR(T):/f dp > 0 for allf€C+(T)},

so it is weak-* closed. Furthermore,

U:{MEMR(T):/lduzl}

is weak™ closed, so Pr(T") = By N Mpr4+(T) NU is weak-* compact.

By assumption, A C Pg(T) is weak-* closed, so weak-* compact. It is also convex.

Since the weak-* topology on Mg(T') is induced by the collection of seminorms

Il = | [ £ an

for f € C(T'), we have that Mg(T) is weak-* locally convex. By the Choquet-Bishop—
de Leeuw theorem (Theorem 5.6 of Bishop and de Leeuw, 1959), for all Q € A there

exists a probability measure wg on the sigma-algebra generated by the weak-* Borel
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sets of A and ext(A) such that

@)~ [

for all G in the weak-* dual of Mg(S) and wg(ext(A)) = 1. In particular,

@)~ | v

Since L is weak-* continuous on A, which is weak-* compact, there is some () € A at
which L attains its maximum. For this Q, we have L(Q) — L(Q) > 0 for all Q € A

and

/ (L(Q) — L(Q)) dun(Q) = 0.

Hence, L(Q) — L = 0 wg-almost surely. Since wg(ext(A)) = 1, there is some Q €

ext(A) for which L(Q) = L(Q), the maximum value of L. |

Recall that we assume that the covariate set (S5,d) is a complete separable metric
space. In order to apply the above lemma, we also need to assume that S is compact.
In this case, all Borel probability measures are regular (Theorem 2.18 of Rudin, 1987),
so Pr(S) = P(S). We can then apply the above result with A = B.[P,, W, ], under
conditions on B.[P,,W,], in order to help to compute g, in (6.7.2). Initially, we
do not restrict the centre of the ball to be the empirical distribution of the X; for
1 <1 < n, so we consider B.[P, W] in place of B.[P,, W,]. In this case, the conditions
on B[P, W] are that it must be weak-* closed and convex. We know that B.[P, W]
is convex by Lemma 5.3.1, so we are only concerned about whether or not B[P, W]

is weak-* closed.

One situation in which B[P, W] is weak-* closed is when the cost function ¢ is con-

tinuous. Suppose that Q,, € B.[P,W] for n > 1, Q € P(S) and Q,, — @ weak-* as
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n — oo. Theorem 4.1 of Villani (2009) shows that there exists v, € II(P,Q,) which
attains W.(P,@,) < W for n > 1. Furthermore, Theorem 5.20 of Villani (2009) shows
that, for some subsequence v, for & > 1 of ~,, we have that v, — v € II(P, Q)
weak-* as k — oo and that v attains W.(P, Q). Since v, — v weak-* as k — oo

and c is continuous, we have that

WiP.Q) = [ cdy

= lim [ cdyum

k—o00

k—o00

<W.

It follows that @ € B.[P,W]. Hence, B.[P, W] is weak-* closed.

Another case in which B[P, W] is weak-* closed is when the cost function ¢ = d the
metric on S to the power p for p € [1,00). Note that W, is symmetric in this case.
Theorem 6.9 of Villani (2009) shows that for @,, € P(S) for n > 1 and Q € P(9),
we have that @, — Q weak-* as n — oo if and only if W.(Q,,Q) — 0 as n — oo.
We do not need any further conditions because S is compact and hence bounded, so
Definition 6.4 of Villani (2009) simply defines P(.S) and condition (iii) in Definition 6.8
of Villani (2009) is automatically satisfied. This is not quite sufficient for B.[P, W]
to be weak-* closed. However, recall that W2/P satisfies the triangle inequality by
Definition 6.1 of Villani (2009). Together, these two properties show that B.[P, W]
is weak-* closed. Suppose that @, € B.[P,W] forn > 1, @ € P(S) and @Q,, — @

weak-* as n — 0o. Then W,.(Q,, Q) — 0 as n — oco. Furthermore,

Wo(Q, P)Y? < Wo(Q, Qn)Y? + Weo(Qn, P)V/?

< WoQ, Qu)Y? + WP
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— WP

as n — oo. It follows that W.(P,Q) < W and Q € B.P,W]|. Hence, B.|P,W] is

weak-* closed.

Now that we have seen examples in which B.[P, W] is weak-* closed, we investigate the
consequences of Lemma 6.7.1 with A = B.[P,, W,,]. If we assume that our estimator
¢ and our response process Y are continuous for each point w € Q our sample space,

then

sup g— Y| = max G — Y |20,
QGBC[PH,WR]HQ HL2(Q) QEext(Bc[Pn,Wn})Hg HL2(Q)

Let A,(S) = {Q € P(S) : [supp(Q)| < n}. If ¢ is lower semicontinuous, then by
Theorem 2.3 of Owhadi and Scovel (2017) we have that ext(B.[FP,, W,]) C A,42(95).
This gives us more information about the set of probability measures over which we
have to maximise, but it is still a very difficult problem. Further conditions under
which Q € B.[P,,W,] is an extreme point of B.[P,,W,] are given in Chapter 5. In
particular, Section 5.7 discusses the case in which () has finite support. As mentioned
earlier, we need to restrict our choice of estimator § to prevent overfitting. One option

is to demand that g lies in r By, for example.

6.7.2 Regression Function Approximation

Given the problems with trying to define and calculate an estimator using (6.7.2),
another approach is to investigate the approximation properties of the regression
function instead. Such properties may be useful for defining other estimators. We

consider functions f : S — R such that

sup ||f — gl|7-
QEB.[P,W] 1@
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is small. Suppose that g is continuous and B.[P, W] is weak-* closed. If we demand

that f is continuous, then

sup  |f —gli2oy=  sap  |If —gli-
QEB:[P,W] L*Q) QeEext(B:[P,W]) L@

by Lemma 6.7.1. We must place restrictions on f so that we do not select f = g. For

example, we could search for h, € r By which minimises

sup 1 = gll7200)-
Qeext(B.[P,W]) o

Unfortunately, in general there are no useful characterisations of ext(B.[P, W]), unlike
ext( B[P, Wy]) € A, 42(S). However, some conditions under which @ € B.[P, W] is

an extreme point of B.[P, W] are given in Chapter 5.

6.8 Discussion

In this chapter, we consider ways of bounding the worst-case squared L? error of
different estimators with respect to a Wasserstein ball of probability measures centred
at the original covariate distribution. We begin by providing expectation bounds on
this error for Ivanov-regularised least-squares estimators when the regression function
is unbounded. We also provide an expectation bound when the regression function is
bounded, as well as a high-probability bound in the case in which the errors of the
response variables are subgaussian. We then consider alternative estimators based on
an empirical version of the worst-case squared L? error. We examine the problems

with both the analysis and computation of these estimators.

Clearly more research into estimators other than the Ivanov-regularised least-squares

estimators is needed. However, there are obvious issues with both the analysis and
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computation of the alternative estimators considered in this chapter. Once some of
these obstacles have been overcome, it would be interesting to consider situations in
which both the original covariate distribution and the distribution of the response

variables are subject to perturbation.



Chapter 7

Conclusion

In this thesis, we study kernel least-squares estimators for the regression problem
subject to a norm constraint. We bound the squared L?(P) error of our estimators,
where P is the covariate distribution. Furthermore, we provide bounds on the worst-
case squared L?(Q) error over all probability measures @) in a Wasserstein ball centred
at P. This motivates us to examine the extreme points of Wasserstein balls. We now
review the main content of the thesis. We also discuss some directions for further

research.

7.1 Ivanov-Regularised Least-Squares Estimators

over Large RKHSs and Their Interpolation Spaces

In Chapter 3, we show how Ivanov regularisation can be used to produce estimators
which have a small squared L?(P) error. In this setting, we use Ivanov regularisation
to bound the reproducing-kernel Hilbert space (RKHS) norm of the estimators. We

begin by considering the case in which the regression function lies in an interpolation

252
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space between L?(P) and the RKHS H. We assume only that H is separable with a

bounded and measurable kernel.

Under the mild assumption that the response variables have bounded variance, we
provide an expectation bound on the squared L?*(P) error of our estimator of order
n=P/2. Here, n is the number of data points and  parametrises the interpolation
space between L?(P) and H containing the regression function. As far as we are

aware, this is the first time an estimator has been analysed in this setting.

If we assume that the regression function is bounded, then we can clip the estimator so
that it is closer to the regression function. Specifically, we change the values that the
estimator can take so that they are not outside the range of values of the regression
function. In this setting, we show that the clipped estimator has an expected squared
L%(P) error of order n=%(+5  This order is the optimal power of n. Under the
stronger assumption that the response variables have subgaussian errors and that the
regression function comes from an interpolation space between L* and H, we show

that the squared L?(P) error is of order n=%(+8) with high probability.

When the regression function is bounded, we use training and validation to obtain
both expectation bounds and high-probability bounds of the same order of n=2/(1+8)
Training and validation is an adaptive estimation procedure which splits the data set
into a training set and a validation set. The training set is used to define a collection
of estimators for a range of sizes of norm constraint, while the validation set is used
to select a final estimator from this collection. This allows us to select the size of the
norm constraint for our Ivanov regularisation without knowing which interpolation

space contains the regression function.

Our analysis of the Ivanov-regularised estimators is performed by controlling empir-

ical processes over balls in the RKHS. On the other hand, the analysis of Tikhonov-
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regularised estimators usually uses the spectral decomposition of the kernel opera-
tor. It would be illuminating to analyse our Ivanov-regularised estimators using this

method.

7.2 The Goldenshluger—Lepski Method for Con-

strained Least-Squares Estimators over RKHSs

In Chapter 4, we apply a different adaptive estimation procedure called the Goldenshluger—
Lepski method to our Ivanov-regularised least-squares estimators. We only consider
the case in which the regression function is bounded, so we clip our estimators to
make them closer to the regression function. We use all of the data to produce a col-
lection of non-adaptive estimators for different fixed sizes of norm constraint, before

performing pairwise comparisons to select a final estimator.

Since the covariate distribution P and the L?(P) norm are unknown, we use the
L?(P,) norm when calculating the pairwise comparisons between the non-adaptive
estimators. Here, P, is the empirical distribution of the covariates. The L*(P) norm
is the natural norm in which to perform the pairwise comparisons, as this is the
norm in which we seek guarantees on our estimator. However, we still attain these

guarantees when using the L?*(P,) norm for the comparisons.

We create two adaptive procedures. In the first procedure, we fix an RKHS and adapt
to the size of the norm constraint. This is similar to our training and validation
procedure, as we adapt to the same parameter. As far as we are aware, this is the
first time that the Goldenshluger—Lepski method has been applied in the context of
RKHS regression. In the second procedure, we consider a collection of RKHSs with

Gaussian kernels and adapt to both the size of the norm constraint in the RKHSs and
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the RKHS itself.

By assuming that the regression function lies in an interpolation space between L*°
and an RKHS H parametrised by 3, we obtain a bound on a fixed quantile of the
squared L?(P) error of our adaptive estimator of order n=%/(1+8)  This is true for
both the procedure in which the RKHS is fixed to be H and the procedure in which
H comes from a collection of RKHSs with Gaussian kernels. The order n=3/(+5) for
the squared L?(P) error of the adaptive estimators matches the order of the smallest

bounds obtained for the non-adaptive estimators in Chapter 3.

We currently demand that the set of width parameters of the Gaussian kernels is
bounded for the procedure in which we consider a collection of RKHSs. This is quite
limiting. For example, we would be able to estimate a greater collection of functions is
we were able to allow the width parameter to tend to 0 as n tends to infinity. Further
analysis of this procedure for the case in which the width parameter tends to 0 may

produce estimators which can be applied in more general situations.

It would be interesting to investigate whether it is possible to extend the use of
the Goldenshluger-Lepski method from the case in which we consider a collection
of RKHSs with Gaussian kernels to cases in which we consider other collections of
RKHSs. Our analysis of the RKHSs with Gaussian kernels relies on the fact that the
closed unit ball of the RKHS generated by a Gaussian kernel increases as the width
of the kernel decreases. If another collection of RKHSs also exhibited this nestedness
property, then a similar analysis should be possible. If the RKHSs did not exhibit

this property, then a new form of analysis would be needed.
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7.3 Extreme Points of Wasserstein Balls

In Chapter 5, we change direction to study conditions under which probability mea-
sures in a Wasserstein ball are extreme points or not extreme points. We show that,
under very mild conditions, the only extreme points of Wasserstein balls which do not
lie on the surface of the ball are Dirac measures. By the surface of the ball, we mean

the points in the ball whose distance from the centre of the ball is equal to the radius.

We then consider points on the surface of the ball. We find that if the Wasserstein
distance is uniquely attained by a transport plan induced by a transport map, then
the point is an extreme point. On the other hand, under conditions on the centre of
the ball and the cost function, if the Wasserstein distance is attained by two distinct
transport plans induced by continuous transport maps, then the point is not an ex-
treme point. We then consider the case in which our probability measures are defined
on finite sets. We use the solutions to the dual problem to provide conditions under

which we do not have an extreme point.

Our results only make full use of the dual problem in the discrete setting. However, it
would be useful to apply the dual problem in other settings as well. This would give
us other ways of determining conditions under which a point in the ball is an extreme
point or not an extreme point. In particular, conditions in terms of the solutions to

the dual problem would be of interest.
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7.4 Optimal Transport for Covariate Shift in RKHS

Regression

In Chapter 6, we analyse the worst-case squared L?(Q) error of different estimators
over a Wasserstein ball of probability measures () centred at the covariate distribution
P. This ball comprises all perturbations of P of any size up to the radius of the
ball. We first provide expectation bounds on the worst-case squared L?*(Q) error
for our Ivanov-regularised least-squares estimators when the regression function is

unbounded.

We then provide bounds on the worst-case squared L?(Q) error when the regression
function is bounded. We clip the Ivanov-regularised least-squares estimators so that
they are closer to the regression function. We also provide high-probability bounds
in this setting under the assumption that the errors of the response variables are
subgaussian. We conclude by considering problems with the analysis and computation
of alternative estimators based on an empirical version of the worst-case squared L?(Q)

error.

It would be interesting to obtain bounds on the worst-case squared L*(Q) error for
estimators other than the Ivanov-regularised least-squares estimators. We also need to
be able to compute such estimators. Neither of these two aims seem to be achievable
for the alternative estimators considered in Chapter 6. We could also investigate
situations in which both the covariate distribution P and the distribution of the

response variables are subject to perturbation.
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