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Despite being studied for over a century, the use
of quadrupoles have been limited to Cartesian
coordinates in flat spacetime due to the incorrect
transformation rules used to define them. Here
the correct transformation rules are derived, which
are particularly unusual as they involve second
derivatives of the coordinate transformation and an
integral. Transformations involving integrals have
not been seen before. This is significantly different
from the familiar transformation rules for a dipole,
where the components transform as tensors. It
enables quadrupoles to be correctly defined in general
relativity and to prescribe the equations of motion
for a quadrupole in a coordinate system adapted to
its motion and then transform them to the laboratory
coordinates. An example is given of another unusual
feature: a quadrupole which is free of dipole terms
in polar coordinates has dipole terms in Cartesian
coordinates. It is shown that dipoles, electric dipoles,
quadrupoles and electric quadrupoles can be defined
without reference to a metric and in a coordinates
free manner. This is particularly useful given their
complicated coordinate transformation.
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Figure 1: Color: Flow of a quadrupole in coordinates adapted to the flow (a) and laboratory
coordinates (b). Observe the appearance of a dipole (arrows) in the laboratory coordinate. Here

quadrupoles are represented by ellipsoids, and dipoles by arrows. Clearly the equations of motion
are far simpler in the adapted coordinate system.

1. Introduction

Multipole expansions are used extensively as an approximation of extended particles where
the mass or charge is considered to be concentrated at one point. Multipoles have been used
in classical electrodynamics [1-3], quantum mechanics [4], as a model for polarisation and
magnetisation [1,5-9], in determining the stucture of molecules in chemistry [10-13] and recently
in the idea of meta-atoms [14]. A distribution of charge can be approximated by a point charge
together with a sum of moments [15]. The first correction is called the dipole, the second order
correction a quadrupole and so on. Three of the magnetic quadrupoles are identified as toroidal
moments [14,16,17] and controversially called toroidal dipoles. The sources and potentials for
electric and magnetic multipoles at rest (in flat space) are given in table 1. (See also [18])

What are the correct equations of motion for a quadrupole and higher order moments?
Although the equations of motion for the force and torque on a dipole are well established [1],
the equivalents for quadrupoles is much less clear. One method is to consider that quadrupoles
evolve due to a flow, as depicted in figure 1. The easiest method for analysing this quadrupole
motion and evolution is to choose coordinate systems adapted to the flow, i.e. rectify the flow. In
this coordinate system the quadrupole simply progresses unchanged as in figure 1(a). One then
needs to transform this equation into the laboratory coordinate system. For example to construct
the equivalent of the Liénard-Wiechart fields, [3]. See figure 1(b). However to do this one needs
the correct coordinate transformation rules. The primary goal of this article is to establish the correct
coordinate transformations. This is important not only for transforming between an adapted and
laboratory coordinate systems, but also between the spherical polars and Cartesian coordinates
in flat space and also between the arbitrary coordinate systems in general relativity.

The components of a dipole, transform in the familiar way as tensors. That is, using the
Jacobian matrix, the entries of which are the partial derivatives of the coordinate transformation.
One may naturally assume that the components of a quadrupole transform in a similar manner.
Indeed this is the case if one limits oneself to Lorentz boosts and rotations in flat Minkowski space.
Furthermore in such cases a pure quadrupole, i.e. one that contains no dipole terms, would remain
a pure quadrupole in all coordinate systems. However with quadrupoles we have the following
unusual properties:

I: The coordinate transformations of quadrupoles require the derivatives of the Jacobian matrix
and an integral. Although second derivatives of the coordinate functions are familiar for
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Number
Multipole charge distribution | current distribution | of
components

Electric
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Electric

dipole: PED = PED - V() Jep =0 3

Magnetic
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quadrupole: Q=TT G Arg =0 "
Magnetic p Ry -3
quadrupole: %5Q =0 Arg =" Oz 0x? ~r

Table 1: Sources of static electric and magnetic dipoles and quadrupoles at the origin and their
corresponding potential fields. Here r = ||z|| and the components v**¢ satisfy the symmetry
condition (2.3). Here a =0,1,2,3 and pu=1,2,3. Even in the static case we can see that there
are three electric dipoles, three magnetic dipoles, six electric quadrupoles and eight magnetic
quadrupoles.

Christoffel symbols and jet bundles, those involving integrals have, as far as the authors are
aware, never been considered before.

II: There is no such thing as pure quadrupole. The coordinate transformation of a quadrupole
moment will, in general, produce a dipole moment.

Since the correct coordinate transformations for quadrupoles have been unknown up to now, the
use of multipole expansions has been limited to Cartesian coordinates in flat space. This work,
therefore will greatly expand the role of quadrupoles, so that they can be used to model extended
charges in arbitrary coordinate systems and in arbitrary spacetimes. The tools developed in this
article will enable researches to extend the results to higher order multipoles.

With regards to point II above, we give an example of a quadrupole which in polar coordinates
has no dipole terms, whereas in Cartesian coordinates does have dipole terms. As suggested in
figure 1, the quadrupole which flows unchanged in the the adapted coordinates gains a dipole
in the laboratory frame. Although such a fluid flow is uncommon in electromagnetism, it is the
natural Vlasov description for the dynamics of a distribution of charge in seven dimensional
phase-space-time. The extension of the coordinate transformations to seven dimensions can
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be easily handled using the coordinate free approach detailed in this article. In the adapted
coordinate system, one can also add additional forces, modelling internal collisions or self forces.

As well as the equation of motion for multipoles one may ask what are the electromagnetic
fields for generated by them. The electromagnetic fields due to an arbitrary moving dipole, in
flat Minkowski spacetime, were first calculated by Ellis [2], and have been re-derived and re-
expressed many times since [19-22]. The fields due to an arbitrary moving quadrupole or higher
multipole were also derived by Ellis [3]. He derived the electromagnetic fields due to an arbitrary
moving multipole in Minkowski spacetime by differentiating the Liénard-Wiechart fields. As
stated these results require that the quadrupole is expressed in Cartesian coordinates. However
quadrupoles have been much less examined in the literature.

Is it is common to separate out dipoles into three electric and three magnetic dipoles. There is
a choice however as to how to do this, one can separate them out with respect to the rest frame
of the dipole [2] or with respect to a laboratory frame [20]. Since the components of a dipole
transform covariantly these are easy to perform. One can also separate out the quadrupoles with
respect to the rest frame or the laboratory frame. The complicated transformation rules however
mean that these will mix with the dipoles under change of coordinates. Thus the question of what
is an electric or magnetic quadrupole in an arbitrary spacetime is more subtle. We show that, with
respect to the particle rest frame the electric quadrupole is well defined. As a result, multipoles
form a natural hierarchy

{Electric dipoles} C { All dipoles} C { Electric quadrupoles} C {All quadrupoles}

(Dim=3) (Dim=6) (Dim=12) (Dim=20)
1.1)

There is considerable interest in which aspect of electrodynamics can be defined without
the use of a metric and hence without gravity [23]. If one relaxes the requirement that = be
proper time, then we see that monopoles, dipoles and quadrupoles do not require a metric for
their definitions. Indeed even electric dipoles and electric quadrupoles can be defined without
reference to a metric. By contrast the magnetic multipoles require either a metric or a preferred
coordinate system to define them. The advantage of such definitions are many fold:

e In general relativity, the stress-energy-momentum tensor can be derived by a variation
of the metric in the Lagrangian. Knowing that multipoles are metric-free objects makes the
variation much simpler.

e The definitions given mean that the concept of multipoles and electric multipoles can be
generalised not only to higher dimensional spacetimes but also to manifolds such as phase
space or contact manifolds where there is no preferred metric. In particular one can talk
about multipole expansions of plasmas and beams of particles, where one takes moments of
a probability distribution function in phase space.

When dealing with physical objects in arbitrary spacetimes, one has the choice either to define
them with respect to a coordinate system and then give the coordinate transformations or to
define them in a coordinate-free manner. Thus it is perfectly acceptable to define quadrupoles
using coordinates. However such complicated transformations rules strongly promotes the
coordinate-free definition of quadrupoles. In this article we give such a coordinate-free definition.

This article is arranged as follows:

In section 2 we present quadrupoles in the standard notation using coordinates and an integral
over the worldline.

In section 3 we derive the general coordinate transformation for quadrupoles. We also show
which quadrupoles are in fact dipoles and which quadrupoles are electric dipoles.

In section 4 we demonstrate a more abstract property of dipoles and quadrupoles, that is that
they can be defined without reference either to a coordinate system or to a metric.

Finally in section 5 we conclude with some discussion and suggestion of future research. In
the appendix we prove some of the the more technical statement from section 4.
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2. The standard representation of Quadrupoles

In this article the Greek indices u, v, o = 1, 2,3 and the Latin indices a,b,c =0, 1, 2, 3. We use the
summation convention with implicit summation over pairs of matching high and low indices,
unless otherwise stated.

The static electric and magnetic dipoles, table 1, can be combined into a single two component

antisymmetric tensor vab,

yb b —g .1)

where

Op _

v =pgp and A

"7 (pvp) o (22)

The quadrupoles components in table 1 can be combined into a single three component object
~%%¢, Due to conservation of charge, these satisfy the symmetry conditions:

=€

abce beca b

A€ = 40¢ and A" AT+ =0 (2.3)

The symmetry conditions (2.3) give eight quadrupole components. These may be written v**”

for ;1 # v (no sum) which give six components and the pair (v123, 4231). So that from (2.3) v**¥ =
_%,y;wu and 4312 = 4123 4 231
Toroidal “dipoles” are given by

VRIT — TV 61 1 T MY — 277§V (2.4)

Substituting (2.4) into Jyig (table 1) gives Jor =V x V x (T'0). In our classification these are
considered quadrupole terms. In [14,16,17] these are actually referred to as toroidal “dipoles”.
This despite the fact that 1: they involve the second derivative and 2: their potential fields fall off
as 3. In addition they are not immune from the complicated transformations rules investigated
in this article.

For moving multipoles the sources given in table 1 have to be integrated over the worldline.
In Minkowski spacetime, the electromagnetic fields due to a moving electric charge are known
as the Liénard-Wiechart fields. The source for the Liénard-Wiechart is the 4-current J(2) which
may be written in terms of the Dirac §—function [1]

Jyi(x) = qJ Oa(T) 5(2: — C(T)) dr (2.5)
z
where C%(7) are the components of the worldline of the particle of charge ¢, C* = % and z is
a point in spacetime. The parameter 7 is usually considered to be the proper time of the particle,
although it need not be, and the interval Z C R is the range of 7. The source (2.5) is valid for any
spacetime, although in general the corresponding electromagnetic fields have not been calculated.
An arbitrary moving dipole in an arbitrary moving spacetime may be written

0
T (@) = | 2" 25 (=€) r o)
T ox
Multiple authors have found the electromagnetic field for a dipole in Minkowski spacetime in
terms of an integral of the retarded Green’s function.

Due to conservation of charge the parameters defining the dipole are constrained to be
antisymmetric (2.1) giving six components. However once (2.1) is imposed the components
4% = 4% (7) may be arbitrary functions of 7. It is easy to show that under a change of basis the
'y“b transforms as a tensor, given by (3.9) below. This is true both for global linear transformations,
in Minkowski spacetime, % — 2% = Agxb and for local coordinate transformations z% — 2% =
~a 0 3
4z, .. 2.

The generalisation of (2.6) to quadrupoles is less common. Kaufmann [24] was the first to
express the quadrupole as an expansion to the second derivative of the §—function. Ellis [2,3]
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observed that these can be written
Ts=}| 4"
T

He also calculated the electromagnetic fields for arbitrary moving quadrupoles and higher order
moments in Minkowski spacetime, in terms of the integral of the retarded Green’s function. The
v subject to (2.2) give twenty independent quadrupoles components. Again the v*¢ = %€ (7)
may be arbitrary functions of 7.

We observe that the quadrupoles given in (2.7) can also contain dipole terms. This can be seen
in the static case when ¢t = 7 = 2 and so

926§
Oxboxc

(x—C(r))dr 2.7)

2 ab0
| 7)o o= oty ar = [ L= e ) ar
Thus the electromagnetic fields due to a general static quadrupole given in (2.7) will contain
both terms that fall off as distance cubed and terms that fall of as the fourth power of distance.
The twenty quadrupole components split into six dipole components and fourteen dipolefree-
quadrupole components.

Although for global linear transformations in Minkowski spacetime z® — %= A{ z°
the components v%*°(7) transformation tensorially, this is not true for general coordinate
transformation. As stated, the rules for a general coordinate transformation requires a second
derivative of the coordinate functions and an integral. These are given in (3.10-3.12) below.
Perhaps, it is less surprising since (2.7) contains a second derivative and an integral. However it
is unexpected when contrasted with the dipole case, where the components transform as tensors.
One problem with such a transformation is that it will give rise to an arbitrary constant of
integration. Fortunately this constant does not effect the resulting quadrupole, as the terms are
subsequently differentiated. Likewise it will not effect the corresponding electromagnetic fields
in flat spacetime.

A quadrupole which does not appear to contain any dipole terms, will in general, acquire
dipole terms when one performs a change of coordinates. This contrasts with the monopole
term (2.5) which does not mix with other multipole terms under change of coordinates. As a
simple example consider a quadrupole at rest given in axial cylindrical coordinates (¢, 7,0, z)
with y%¢ =0 except 421 = 24121 = 9412 — 9k where Kk €R, k#0 is a constant. Since it
contains no components with a 0 index one may expect that in Cartesian coordinates (¢, z, y, z)
with z =rcosf and y=rsinf, it would not contain any dipole terms. Indeed if one were to
assume that fy“bc transforms tensorially then this would be the case. However, with the correct
transformation rules, given in (3.10-3.12) below, even in this simple case gives rise to a dipole
term. Writing 4%° and 4° for the (dipole and quadrupole) components with respect to Cartesian
coordinates, the dipole term is &12 = k. As stated this would give rise to an r~2 fall off for the
potential. Furthermore, when expressed in terms of (2.7) the component 412 = k¢ + r¢ which
grows indefinitely and contains an arbitrary constant xg. Fortunately as stated above these are
differentiated away.

As with the monopole and dipole terms, one can define a quadrupole in an arbitrary spacetime,
using (2.7) with 7ab° subject to (2.3). In this case the lack of a preferred coordinate system
means that one cannot separate out the dipoles from the quadrupoles. Likewise since we
are not in Minkowski spacetime, one cannot in general, use the fall off of the corresponding
electromagnetic fields to distinguish the terms either. Thus in this case there is no concept of a
dipolefree-quadrupole.

3. Coordinate Transformations of Quadrupoles

Since the multipoles involve Dirac § —functions it is necessary to integrate them with test functions
in order to evaluate them. Recall, these test functions are smooth and have compact support. That
is, they are infinitely differentiable and are non zero only on a bounded region of spacetime. We
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write these test functions as (¢, . .., ¢3) which are components of a covector. Acting on ¢, we
have from (2.5-2.7), it is easy to see that the monopole, dipoles and quadrupoles give

| Hivad'a=a| ¢*r)éulog dr (3.1)
M T
0da
Shdadiz=—| ~* d 3.2
JMJDd) ; szy (") aat le@ *" (52
9%¢
Ja ad4 :lj abc a d 33
JIVI Q(Z) =2 I’Y (T) Oxboxc C(1) T (33)

where M is spacetime and we have assumed that ¢, is only non zero on the coordinate patch
(2°,...,23). Given new coordinates (2°, . . ., #) then we require that J{, J& and Jg all transform
as vectors. That is
oz .0z oz
J&*abJM, JgfabJD and JgfabJQ (3.4)
These transformation are automatic in (3.1-3.3) since we assumed ¢, transformed as a covector,
ie.

a a
o = %% (3.5)

We also wish to consider allowing different parametrisation 7 € Z and 7 € Z. For example one
may be proper time and the other lab time.
Thus relating the new and old coordinates then (3.1-3.3) and (3.4),(3.5) imply

C(7) Baly dr= | C(F) balos 4 (3.6)
A 7
ab 8¢a J ~ab/ a(Zga ~
= 7
LW (7) ozt lo(r) 27 () ozt lo(#) dr 37)
abc 82¢’a _J sabc 82‘1% ~
LV (7) Oxboze lc(r) dr = jfy (7) Oxcozb lc(#) dz 38

The charge ¢ associated with the monopole is invariant under coordinate transformation,
which follows from (3.6). As stated in the introduction the coordinate transformation of dipole
components fy“b is tensorial, i.e.

cab_ 0c 027 02 dr_ap
024 gxb Oz df

(3.9)

since

0%a .ab . _ O0ba _ab _ 8.@‘ 0 ab
JI Era dT_Jz o dr= JI oxb 9z (8 a¢c> dr

7J (aida:zc e | 9%°

B Ozt Oz 924~ Qxa9zb

_J' 924 o a¢c abd J' 8¢p 924 92°¢ dr ab
z

dzb 8z 9zd 024 9xb dzo E dr

¢c)7“b dr

In contrast to the dipole, the coordinate transformation of the components y2°¢ of the
quadrupole is given by

sdef _ ( AL A Afyabe | pde ¢of 4 pdf c‘@) (3.10)
where
o 01° a 82'%(1 e _ dC©
_ 0z - o e = 3.11
P T oablom’ TP Bzcdablom)’ dr 1
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and
P(7) :ﬁ“”%’) (ad(r) Ay - AL ALy (7)) ar’ (3.12)

The proof of (3.10) is as follows:

9%¢ o (8 oz,
1 a abce _1 N abc
2 JI dzcoat | ar=13 JI Oz (Bxb (81:‘1 d)d)) v

_lJ ) ( o*at . 0a? 9i° aésd) abe 4

© 2 |7 0x¢ \ 9z2dxd 4T Hea gab 0ze ) T

*AJ ( 3¢ 3,4 % 0?2t 0gq | 9%3 9i° Ogy
T2 |7 \9zchzadxb 4T 92 9xadzb 0z¢ | 9290z° dxb 0°

0zt 9%z¢ 98¢y 02 93¢ 027 9%9, ) abe
0z 9xboxc Oze Oz 9xb dx¢ o3 foze

lJ' ((AeAd 4 A Ad +AdAe)3¢3d+AdAeAf 9*pq )Wabch
2 . c4lab b “lac a “tbe oze a b ¢ 9afic

I
Nl

~ 94
J (Sde 8¢d +AgA§A£’yabc 0 ¢d )dT
T

oze oxfoze
where
S = (AL AQy + Af AGe + AL Afe )™
However
(ASAdy + AF ALe)y"" = AL AL, (47 +7°")
=245 AQyy "
and
AT A5 A = — AT AL (VP + 40
= A ALy — AT A" = —240 Ay

Hence

5% =2(A7 AGy — AT AG) 1"

de ed __ de __ dee ..
so that S%¢ + S°“ =0. From (3.12) S = -2 4, 8iving
T

L[ wde 90a dP% ¢, J de d 9dg J de nf 0%dd
1 dr = — dr=| P""— dr=| P —1=_d
2LS aze 7 JI i 0e T o T LT garare T

1 de /o f df ey 0204
:§J (P*CT + PYC%) —+C—dr
T

oxfoze
Thus
%9 - - 82¢
1 d  .def A _1 de ~f df ~e d e 4f .abc d
dr . . 82({5

_ 1 ar de ~f df ~e d se 4f _abc d ~
_QJId%QD T4 PY ey AL AG AL A )%f%edr

which gives (3.10). O
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As stated certain quadrupoles are in fact dipoles. Consider the quadrupole given by (3.3) with
~¢(7) given by

,yabc :pab C’,c + pac Cb (313)

where p® = p“b(r) and p® + p®® = 0. Note that these satisfy (2.3). The quadrupole J§ is in fact a
dipole Jj; where

’Yab _ pab (3.14)
where p® = dp® /dr. This follows since substituting (3.3) into (3.13) gives

02
Oxcoxb

2
ab e 0 ¢a J ab d 8¢a
sz OxcOxb T Ip dr (6xb

= [ G

Hence by comparing with (3.2) we see that Jg contains only a dipole term with (3.14). O

% J'I(pab Cc + pac Cb)

C(T)) dr

C(T)) dr

We can now demonstrate our example of the “dipolefree-quadrupole” in axial cylindrical
coordinates outlined in the introduction. Let % = (¢, r, 0, z) be axial cylindrical coordinates and
2% = (t,z, vy, z) be Cartesian coordinates, with transformation functions z = r cos @ and y = r sin 6.
The transformation rules (3.11) are given by

AP =48y except A%:?:COSQ, A%:%:sin&,
r r

_9z_ 2 0y _ s
=50 = rsin 6, Ag—ae—rcosﬁ

and Aj.=0 except A%g = A%l = —siné,

Aj

A%g = A%l =cosb, A%Q = —rcosb, A%Q =—rsinf
Thus the integrated in (3.12) corresponding to P'?, the only no zero dipole component, is given
by
b 1 2 2 1
() (AR AL () = A2) A (7))
112 41 42 2 12 121, 41 42 2 42 211, 41 42 2 42

=7 (A2 ATy — A3 ATy) + 7 (Al AT — AT ATe) +97 (A1 ATz — AT Alg)

=K
Hence P2 = — P2! = it + kg where kg is an arbitrary constant of integration. Hence 4012 — ot 4
k0. Using (3.13) and (3.14) we see that p2 gives rise to a dipole component with 12 = k.

With respect to a coordinate system, the dipole components {’ym, 402, 703} are electric and

{712, 413, 723} are magnetic. In this article we only consider splitting the electric and magnetic

components with respect to the instantaneous rest frame of the particle. In an arbitrary coordinate
system, the electric dipole Jgp may be written

7‘“7 =w?C’ — w’C? (3.15)

where w(7) transforms as a vector. Note that replacing w(7) with w® () + £(7)C%(r), for any
scalar £(7), does not change J¢p.-

In spacetime there is a preferred rest coordinate system, called the Fermi coordinates, about a
worldline. For quadrupole we say that electric dipoles are those which in the Fermi coordinate
system have components with a zero, i.e. *yoab, fy‘IOb, fy“bo. From (3.13) we see that these contain all
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the dipoles. There are six dipolefree electric quadrupoles. Likewise the magnetic eight magnetic
quadrupole components contain only v, where Greek indices run over u, v, p=1,2,3,.

It turns out that identifying the electric quadrupoles in an arbitrary coordinate system is easy.
These become

Wabc — qbc + ok qcb _ C'«b qac —_C° qab (3.16)

The ¢°(7) have no restrictions, but the 4%*°(7) is unchanged if we replace ¢°°(r) = ¢**(7) +
sU(T)C (1) + sP(7)C(r) for any indexed scalars s®(7). The yabe given by (3.16) satisfy the
symmetry conditions (2.3). This gives the twelve independent electric quadrupole terms. If
q®® 4+ ¢** =0 then (3.16) reduces to (3.13), with p®® = ¢?. Equation (3.16) is proved in the
appendix after we have introduced the coordinate-free and metric-free definitions.

4. Coordinate-free and metric-free definition of multipoles

As stated in the introduction, in this section we introduce coordinate-free and metric-free
definitions of dipoles, quadrupoles, electric dipoles and electric quadrupoles. This is because
quadrupoles and electric quadrupoles are much easier to define in a coordinate-free manner. Let
the set of all smooth p—form fields on spacetime M be written I"APM. A test form is a form
¢ € I' AP M with compact support. The set of all test p—forms is written I'h AP M.

Since the dipoles and quadrupoles are only non-zero along a worldline one must use notion of
distributions in order to define them. Recall that the current 3—form, 7, which includes dipoles
and quadrupoles, is the source of Maxwell’s equations. In the language of exterior differential
forms, Maxwell’s equations become

dF=0 and dH=J @.1)

where F € I'A%2M is the electromagnetic 2-form encoding the electric fields E and the magnetic
flux density B, and where H € T'A% M is the excitation 2-form encoding the displacement field D
and the magnetic field intensity H. Here d is the exterior derivative. The fields F' and H have to
be related by constitutive relations. The constitutive relations for the vacuum are given by H =
*F, where « is the Hodge dual, derived from the metric. These lead to the microscopic Maxwell
equations, d x F' = J. Taking the exterior derivative of the second equation in (4.1) leads to the
continuity equation

d7 =0 4.2)

which in turn leads to conservation of charge. We say a J which satisfies (4.2) is closed.

Since Maxwell’s equations are linear one can consider distributional currents. Following
Schwartz, we define a distribution what is does on a test (4 — p)—form ¢ € 'A*"PM. A test
(4 — p)—form has compact support. If o € I"'AP M is a smooth p—form, we can construct a regular
distribution o via

oPlol=[ ona 43)

M

The definition of the wedge product, Lie derivatives, internal contraction and exterior derivatives
on distributions are defined to be consistent with (4.3). Thus for a distribution ¥ we set

(1 + Wo)[¢] = W1 [] + Ualg], (BAW)G=W[pAB], (d¥)[g]=(-1)*"Pw[dg], ws
((®)[¢] = (~1) P Plivg] and (Lo¥)[¢] = —¥[Lu]
Thus for J to be closed requires

JldN] =0 (4.5)

for all test forms A € [H A" M.
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A=\

¥=0 v=1[p=1 =0,

Figure 2: Construction of the test form ¢ d\ € Iy A M. Tts support is the shaded region.

The monopole current J) is defined in terms of the worldline C': Z — M where Z C R is the
domain of the parameter 7,

amwﬂij C*(¢) (4.6)

z

where C*: Ty A'M — IZA'T is the pullback. Conservation of charge dJy =0 implies g is
constant. In a coordinate system this becomes (2.5) and (3.1).

Higher order multipoles may be constructed by acting on Jy; with the operations given in
(4.4), and then ensuring that the resulting distribution in closed. Unlike the dipole/quadrupole
relations where they mix, the monopole can be separated off. That is all multipoles may be written

Jtotal = Im + JMonopole Free (47)
for some value of the charge ¢q. We say that J is monopole free if for any
JpdA] =0 (4.8)

for all scalar fields A, ¢ such that ¢ is flat in a neighbourhood of C, C* (/) = 1 and the combination
1 dX has compact support. See figure 2. It is trivial to see that

Tl dA] = qLdC*(A) — 4(M — Ao) (49)

where Ay = lim A(7) and Ao= lim A(7). We show in the appendix that J[¢ d)\] is

T—sup(Z) T—inf(Z)
independent of the choice of A, and hence (4.9) can be used to evaluate the charge associated
with a multipole.
The order of a multipole is defined as follows. If

TNTLg=0 forall Ael'A°M and ¢ € IpA' M

. (4.10)
such that C™(A)=0

then we say that the order of J is at most k. Since we impose that A vanishes on the image of C,
this implies that we need to differentiate the argument \**1¢ at least k + 1 times for J[\*1¢]
0. We say dipoles have order at most one and quadrupoles have order at most two. Therefore the
terms in a dipole have at most one derivative, and those in a quadrupole at most two. This is
consistent with the fact that the set of quadrupoles include all dipoles.

As stated the electric multipoles can be defined in a metric-free and coordinate-free manner,
which contrast with the magnetic multipoles. We say that J is an electric multipole of order at

most £ if
j[)\edu] =0 forall A\ puel'A°M such that

C*(\)=C* (1) =0

Clearly if 7 satisfies (4.10) at order k then it satisfies (4.11) at order £ = k + 1. Hence all dipoles
are electric quadrupoles. In the appendix we show that if 7 satisfies (4.11) at order ¢ then it also
satisfies (4.10) at order k = £. Thus all electric quadrupoles are quadrupoles.
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For a dipole at rest, not satisfying (4.11) with £ = 1, i.e. Jp[Adpu] # 0 for some X, p with C*(\) =
C*(u) =0 then Jp contains magnetic dipole components. Likewise if a quadrupole Jg does not
satisfy (4.11) with £ = 2, we say it has magnetic components.

Using (4.9),(4.10),(4.11) we can now define the multipoles we are interested in:

e A monopole, Jy is a zero order 3-form distribution over C.

e A dipole, Jp, is a closed, monopole free, first order 3-form distribution over C. This is
equivalent to both (2.6) and (3.2).

e An electric dipole, Jgp, is a dipole satisfying (4.11) with ¢ =1. This is equivalent to
(2.6),(3.2) together with (3.15).

e A quadrupole, Jg, is a closed, monopole free, second order 3-form distribution over C.
This is equivalent to both (2.7) and (3.3).

e Anelectric quadrupole, Jgq, is a quadrupole satisfying (4.11) with £ = 2. This is equivalent
to (2.7),(3.3) together with (3.16).

These equivalences are all demonstrated in the appendix.

5. Conclusion and Discussion

In this article we have calculated the coordinate transformations associated with quadrupoles
and the their unusual property, namely second order derivative and integration. There is always
a tension as to the pro and cons of the using coordinate-free approaches. However given
the complicated coordinate transformation given here, it is the opinions of the authors that
the coordinate-free definition of quadrupoles is clearly justified. We have shown that electric
multipoles are more “fundamental” than magnetic multipoles since they can be defined without
a metric or preferred coordinate system.
This work raises many interesting questions and directions one may pursue:

o As stated, using the metric one may define a pure magnetic dipole. L.e. a dipole with no
electric dipole terms. However it is unknown to what extend one can define a magnetic
quadrupole which does not contain any electric terms. Also unknown is whether one can
define an electric quadrupole which does not contain magnetic dipole terms. By contrast
if one prescribes a laboratory coordinate system then one can define all the objects: electric
dipole (dim=3), magnetic dipole (dim=3), dipole free electric quadrupole (dim=6) and
dipole free magnetic quadrupole (dim=8). As stated these will mix with respect to other
coordinate systems. It is natural to extend this analysis to higher order multipoles. Raab
and Lange [7] list the 77 electric terms up to octopole.

o It should be possible to extend this analysis to look at quadrupole sources for linearised
gravity. This is important as a source for gravitational waves. In contrast to the closed
3—form for electromagnetic currents, the quadrupole in linearised gravity is a stress-
energy-momentum tensor.

o As mentioned above, the results presented here can be extended not only to higher
dimensions but also to one and two dimensional sources, i.e. which trace out world-
sheets and three dimensional timelike manifolds. One can even construct an event
multipole, which has support in just one event in spacetime. One application of
multipoles on higher dimensional manifolds is in accelerator physics where the high
energy bunch of electrons can be expressed as a multipole expansion in seven dimension
(phase space + time).

o There is a longstanding debate in the literature about the correct equation of motion
for a point charge that includes the back reaction, with most authors favouring the
Abraham-Lorentz-Dirac equation [25-27]. This despite its well documented pathologies.
The problem for dipoles is more challenging as one would have to renormalise a force
which goes as ~ 73 as one approaches the dipole. Should that challenge be achieved
and the radiation reaction for quadrupoles be desired then the prescription given here
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for the equations of motion will be needed. Alternatively a higher order theory of
electromagnetism could be considered such as the Bopp-Podolski theory [28]. In this
theory the distributional sources for the moving multipoles would still be valid. Hence
the electromagnetic fields due to a dipole would, we conjecture, grow as ~ 7~ 2 as r — 0
and hence may be renormalisable. Consequently the quadrupole fields would grow as
-3
~rT
o The fact that the transformation rules for quadrupoles involve an integral poses the
question about the bundle structure of quadrupoles. Since 7% is a function of 7 one
would look for a vector bundle over Z, whose sections are in one to one correspondence
with the set of quadrupoles. In future work [29] we show that such a vector bundle exists
but is not unique and depends on a choice of thickening, that is a domain U C M and a
map II : U — T such that the combination I7(C(7)) = 7.

A. Statement and proof of the results in section 4

Lemma 1. The classification of dipoles and quadrupoles:
All dipoles Jp, i.e. closed, monopole free, first order 3—form distribution over C' are given by (3.2).
All quadrupoles Jq, i.e. closed, monopole free, second order 3—form distribution over C' are given by
(3.3).

Proof. Let Jp be given by (3.2) and A € I'A° M with C*(\) = 0. Since there is only one derivative
of A\2¢q then jD[)\2qb] = 0 hence Jp has degree at most one. Likewise Jg given by (3.3) has degree
at most two. By requiring (4.5), i.e. Jp[dA] =0 and Jg[dA] = 0 implies the symmetry conditions
on 7% and %€ respectively.

In order to show that a general dipole or quadrupole distribution with order %k according
to (4.10) can be written as (3.2) or (3.3) we need to consider an adapted coordinate system. Let
(29,21, 22, 2%) be a coordinate system adapted to the embedding C, so that C(7) = (, 0,0, 0).

By the manipulations in (4.4) we can see that the general multipole can be constructed from
just addition, internal contraction, Lie derivatives and wedge products. Thus

Vo] = Z J C*(Luvy -+~ Lo, ¢) + Z JIC*(LUI"'LUriw¢)dT

terms like z terms like
For the dipole case then (4.10) implies Jp[(2#)%¢] = 0 and Jp[(z* + 2*)?¢] =0 for p=1,2, 3 and

02 pa
0z19zv"

hence Jp[z"z"¢] =0. Thus there cannot be any terms with Thus the general degree

three distribution of order at most one is given by

Tolé] = L (000 + 3¢ Bugo+ D¢ bu+ 30 ¢ 0y )dr
n v

v

%. In this section (indexed) scalar fields (such as d:¢g) are implicitly evaluated on
z

C(7). Set dJp = 0 and hence Jp[dA] = 0 for all X € [ A° M. This gives the following equations

where 9y, =

=0, ¢O-Pr=0 and (" -("M=0 (A1)

. #,0
where ¢#0 = % The ¢ 0.0 - q gives the monopole term. The remaining terms are then given
by
Iple] = L (Z (c“’o o — P m) + ¢ (Oudn — ayqs,t)) dr

w p<v

:JI <ZC“’0 (8M¢0 - 30‘75#) + Z ¢ (Opdw — 01"75#)) dr
n

p<v

(A2)
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Thus there are six free parameters. These correspond to the v%° for the adapted coordinates via
A = 9 and 4¥* = —¢H. Since there are six free parameters which is the same number in
(3.2), then (3.2) covers all the dipoles.

For quadrupoles the general degree three distribution of order at most two is given by

Tol] = L (c”’o B0+ D000+ 3" ou + D¢ dugn + D M0 8800
13 v

v n<v

+ YOy e aﬂayqsp) dr

u<v p

Again setting dJg = 0 implies

C(Z”O =q, éu,O _ C(Dyu =0, CMH— QLMMO =0, MYt C‘/w’O -0,
Qumu =0, Cuu,p + Cup,u —0 and C12’3 + C13’2 + C23’1 -0

for u < v and p # p. This gives

Jalé] = L (Z ¢ (Budo — B ) + 5 30 (¢ = ) (Bud — Dud)
”w

p<v

+> "0 (8B b0 — 3000w by — $000udr) + > Y (00 by — OuOudy)
u<v p#V

+ (2% (010263 — 020561) + (1% (919362 — 8283¢1>>dr
(A3)
correspond to the twenty free parameters ¢,

Again the twenty, non monopole, parameters ¢+

These are given by

nrp _ wa vpp Cuu,v Oppe _ CMLD
b b b

v v v

Opv — C/,LV,O , ;yp,Ol/ _ CV7M ’ "YMOO _ Cp,,O

(A4)
~

for p#v=1,2,3. Recall (2.3) implies Al — _gpbab — 9 bba  QOpgerve that some of the
components v*¢ are differentiated. O

Lemma 2. The monopole term given by (4.9) is independent of A, pu.
Proof. Substituting ¢ = v d) into (A 2) and (A 3). We can use for example

Jz DY (0u (L) — 0 ($OuN)) dr :J D¢ (0u0p A — 0u0uA) dT =0

pu<v Iu<u

Similarly with the other terms. Thus the only non zero term is the monopole term. O

Lemma 3. For electric dipoles the following definitions are equivalent
o Equation (4.11) with £ =1.
o Equation (3.15) in arbitrary coordinates.
o In adapted coordinates with v*'¥ =0 forall p,v =1, 2, 3.
For electric quadrupoles the following definitions are equivalent
o Equation (4.11) with £ =2.
o Equation (3.16) in arbitrary coordinates.

o In adapted coordinates with v*V* =0 for all p,v=1,2,3.
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Proof. To show that (3.15) implies (4.11) with £ =1 we have.

Oou
Jep[Ady J (w*C? — whC® A=) a
edu] = | )a ( )T
(w*C”

dxb

b_ b O\ Ou
J 2 dC* (1) O bdc*(,\)ai)_
I

H

Oz dzb

Cdr ama v dr Oz

since C*(u) =C*(\) =0
To show that (4.11) with £ =1 implies (3.15) then write Jp in adapted coordinates (A 2). By
acting on (¢ z¥ dz7) where ¢ has compact support, we have from (A 2)

Iolyp 2" d="] = JI (D260 (@u(w2"88) = do(w ="37)) + D= ¢ (9u(w 2"35) — Au(w237)) ) dr

I pu<v
:J 2¢P° C*(w) dr
T

Since this is true for all ) we have (" = 0. Thus we are left with three parameters ¢ #9_ Thus
both (3.15) and (4.11) are defined by three parameters and so they are equal.
Since y#¥ = ¢"** then the definitions in terms of adapted coordinates follows.

The proof for quadrupoles is the same as the proof of dipoles. First substitute (3.16) into
(4.11) with £ =2 to show that Jrqg [A2 du] = 0. Then impose jQ[)\2 dp] =0 using Jg in adapted
coordinates (A 3). This imply the eight terms ¢} 532’3 = §33’2 =0 for p#v=1,2,3. The
remaining twelve terms give rise to the electric quadrupoles. O

Lemma 4. If 7 satisfies (4.11) at order £ then J also satisfies (4.10) at order k = ¢.

Proof. Let J satisfies (4.11) as order ¢. By expanding out powers of the form J[(A;, + Ai, +
. )tdp] = 0 we can show J[A1Ag -+~ Agdp] =0 forall Ay, ..., Ay, € ToA° M such that C*(A;) =
L= M) =) =

In adapted coordinates ¢ = ¢g d7 + ¢ d2*. So
TNFL9) = TNF (o dr + 8y d=")]
= TN b0 d(Ar)] = TN Gor dA] + TN g d2']

=T\ o) dA)] — TN Apor) dA] + TN () d2'] =0
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