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il uliipernad A ssetP nang
in the P resence of T ransaction Costs and T axes

ABSTRACT

T his pgper modek the en ect of transaction acsts and taxes an assetpridng
in a muli-pericd setting. It extends the study by D ermody and R odakllar
© R)(@99 1), where itwias shonn thatterm structure vaeluation is ageresped.c
oning 1o agernits” dio erent tax desses, and that a mulipiaty of valuatian
gperators exists oning 1o dis erent aosts assodated with long and short trades.
U nikeD R whofoaus sokely an the riskless band, this pgperanalyses both risky
and riskless seaurity pridng in a mare gereral fimamewark of taxation. Similar
DR, the tightestno arbitrage preseritvalle range Tora clim is derived here
without the knonMedge ofinvestor preferences. T he Jauini and Kalll (199 5)
analysis of shortsakes in atax firee econamy is a spedal case ofaurmaodel W e
aboestablish the existence of a set ofpseudo risk neutral prababi Ity messures,
underwhich the discounted lbngprice is asupemartingake and the discourtted
shortprice is a suomartingakg, is the necessary and su¢ dentaondition for no
arbitrace.

JEL ckssi.cation (10,6 12, C&.

1 _INTRODUCTION

0 ne oftte mostimportantand Tndamental resulls in ..Nenas assuming
perEctmarkets and the absence ofebitrage, is theexdstance ofan equinvalerit
martingake ar risk neutral messure Wherdby a \aliatian perator can be
used o unigely price all assets (se2R s 19 76 H amisonand Kirgps 19 7).
T his resulitis the comarstone ofpriding by “no arbitrage”.

T he notion that every TUture esh 1o hes a net presantvalle deter
minebke fram a singe valuation gperatar bregks doan when the assump
tian of a perect market is mnoed ad thare ae trarsactian asts ad
ores (ssePrsman W86 R ass 1987, D emady and P risman 1988, 1993
D emady and R adakEller1991, 1995). T he Bt that pricss and transac
1o ast Tor lohgad shattradss are notthe same and that teeation of
g ad shartsidess pro. s are natalhays synmetric urther amplicaie
e prdbEm. Similarto the cese of perect markets, the minimal require
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ment nec=ssary 1o adiieve equiibrium in markets with trarnsaction asts
and taes is the absane of afier ex arbitrage qoportunities.

T he earfiestwark in asset pridng 1oas an martinggke messure in fric
tiakss ecoamy. BErats hae been made sinee to accommadate market
fictias. R css (U987) Tareampk analsss anplicatias thatare due
taation. H e shons that dic ererit martincple messures exdist when Gpi-
&l giirs and adinary iname are txed diceraidy, Similbarly D emady
adR adakellar©R) (1991, 1995), whostudy the valliation ofdefeulit fiee
bad showvthatdic erattax desses resulitin term structure thatis agernt
Fed..c This agait sped..c Bm strudure tooethar with the dicerent
transadtion asts assadated with lohg and shat tradks, keds to a mul
tiplaty dhvalation goeratas Tor priang bad sh fons. In D emady
ad R adakllrs franenak every fture ceh fovean have a range of
presattvales. H ence thare is a range ofpricss within whidh abad may
be traded and yet thare is noambitrace.

W hile asingke valLation peratar anespaks 1o the martincpke mea
sure a multipidty ohaluation gperators conespads 1o the samimartin
cpe messure. T he samimartingake messure gpproadh to asset pridng hes
become inaessingly impartant recatly. U sing an abstract topolayy and
with some aostrants an the trading strategy Fitiell (199 7) shons that
an adegpted stodsstic pracess is a semimartinggak ifand anly ifno gdoal
fiee Lindhis alloned. 1N ader o inapaake shart saks aastrarnts ino
e madel Jauini ad Kalll (1995) restrict investars 1o hold naneca
e retpasitias. U nderthe assumptian that the banroning and bding
ratss are egual (arthare is no bid ask spreed), they showv thatt nomalized
(discoutied) price proossses Tor seaunities are ether supemartincples ar
submartingaks. Sudh restriction and assumptian are not required in aur
macel

In this pgper; the dessic assstpridng madel is genaralized 1O indlude
amare realistic imperfect cpital market with dic erent interest rates or
bnding ad baroning and dic erentpricss or log and shattracks! It

14 long pasition arises when an investor buys a seaurity ar uwinds a previasly
aoouired shortpaosition. 4 shortpasitian arises when the investor selk orshortborrons
aseaurity. Taking a “shareborroned” pcsition conespands to a spedal trarnsaction in
whidh the investor assumes the dbligatian of paying aut (for each unit of seaurity i
shorted) the expected pre tax amount; in retum for receiving a cssh amauntp 5 in the
presenit. Shorting is a orm of bononing and shorting asst is the aost 1o be paid for
sudh a barroning in additian to other canertional transaction acsts.



4 A SSET PRICING IN W ARKETSW ITH FRICTION S

extencs the study by D emady and R adakeller OR) (1991, 1995) ad
R css (1987) by studying the priang afbath risky and riskiess seaurities in
amare gereral ramenark ofexation. |nmarkets with frictias, aurmodel
staies thata seaunty Gan hae arange of prias. T he madek in D ermady
adRadaeler OR) (U991, 1995), Jauni ad Kalll (1995), ad R s
(1987) an beviened as spedal s in aurmackel W e demastrate that
e tigitestbauncs an the price oFa daim, whidh we callied the imputed
bg ad shartpricss, aan simi by be derved without the knonsdoe of
inestor prebrencs. | aeover; we show that the absence of arbitrece is
a neEssary but nota sut dent aondition 1o the exdstence ofa ampkte
sstofmartingake (ar risk neutral) prdocbi kties in bath singke and mull-

periad framenarks. T he necsssary and sud dentaondition Trnoarbitrace
is the edstanae of a set of ssmimartincpke prdoabi ities under vhich the
discounted kg price is a supemartingake and the discourtted shartprice
is asubmartincple.

0 ur..nding hes an impartantimplication T pridng aatingeritcaims
Toreampk. T he B lkk Sdoks gotian pridng madel ighaes trarsactian
asts, ad aas no gidane as o howv trarsadian asts Gan be Een
into acoount (see Jamovand Tumbull 199 §. W e provide an eanpk ©
demastrate honthe madel desaribed here directly addresses this prdblem.

T he remainder of the pgper is atmisad as s, Sectian 2 shoas
e equinvalene betineen No arbitrage qopartunities ad the exdstence of
aset chvalation peratars in markets with frician.  In this sactian, we
BIbAR s (19 87) doely ad recsstR ass™s thearems ofnoarbitrece intoa
mare cgereral fiamenak thatallovpras (and t&es) todiz erbetineen g
and shattradess. Sectian 3 derives the imputed g and shatvalles Tor
Liture after tax aeh Tons in an arbitrage free market, and esteblishes the
reltiaship betineen noarbitrage and a psaudo semimartinpgale prdosbi ity
messure in asingke periad sstling Sectian 4 extencs the pridng madel 1o
amuli- periad setting. Finally Section 5 andiudes.

2_ARBITRAGEAND STATEPRICESIN A FRICTIONAL M ARKET

INthis section, We recsstthe analysss inR s (19 87) inthe aaviextbnhare
prics (and t&es) diz erbetinean logand shartrades. A ssumetherearen
primitive assets. L etA be astate pax paya tebkau the n£s matrix
whoeatriess ae g;, Tori =1 ;nadj =1;:1:;s. A ninestarwho
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holts ae unitofseaunty | recaives amaunt gy ifstate j cours. &; éan
be the capa¥ prindpal ofa..>&d rate bad Toreanpk aritmay be the
paya / price dFa risky asset. In this pgper; the noabittace reltiaship is
esteblishad by examining pro. tibi ity generated by new tredes. Inestars”
previasly aquired paitias ae notaasidared. T his assumptian is ae
Torsmplidty BEven ifinestas an take achantage of thar exdsting hold
ings by unwinding praviasly aguired pasitias and trade at fvaursbke
prics, sudh “free bindi” willbe ..nite and the analysis is anittied here Tor
simplidty.

I ext EtP; adp; be the bhgand shartprias ofseaurity 1, and EtX
and > be the rumbers ofunits ofseaurity 1 bnged and sharted respectinvely
suhtatX; _0 ad> _0;P =Ci:::ii:Prxp=Q@;::::ppX X =

13000 X ) X=&;ii > Thedoaene betnen P; (the assk ar
Ibg pri) ad p; (the bid arshartprice) egual the bid ask spreed pls
additicnal astinoled in shartborroning W e calll this dic erence inprice
e bgshatspreed. Faran investor with no previasly aaouired bg
pasitian the shartpriceis signi.. cantly Ess then the bbg price Torseaunity
i20 -pi< P;joori=1;:::;n Duetothe addtiaal sharting ast, the
bid ask spreed may notbe synmetrical 0 ne immediately reaognises that
sine g; represants the state price of a risky asset. itaoud be the bid ar
the ask price dgpending an the nature of the trarsactian. H onever; &§;
is ilvoled in the unwinding trede anly. I'tis reesanebe 1O assume that,
udernamal draumstanass, the bid esk spreed is raughly synmetrical o
uwinding tradkes. Sinee the sharting acstthes alreedly been induded in; ;
e disindan betneen Iog and shart pasitias is anitied in the case oF
gj Torsimpliaty.

Folloning D enady and R odakllar (1991), inestars are divided into
sparake dessss indeed by k=1 ;::: ;K, acooding O the way in whidh
tertaes ae alubied. Forinestas in dess K the amaunts of tax 1o
be paid an a g partolioX  is denoted by T <@ ;X ) ad the anauntof
1ax 10 be rebated an ashartpartiolio X is denoted by SK@;>Q TR@ ;X D)
and S K> are tax Tindias that magp the aunentprice P (ar p) ad
paitan X (@) ofinestars in dess k into a vector of state degpaedertt
toes. Thatis TRGDad SKGDmap (;1)EC;1)! ¢;1) with
TR ;0)=SkK@E;0)=10. T he aftertax payor an this pasitian is gven by
I QP=AC i1 TR :X )i SKE:»J] whereA is as de.ned
before the state dpaedaitpao . The aftertax paya is an s vedor;
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whereby eech ofits elanatts is the affer tex paya in the assodated state
ofnature. Taxes depad in geraeralan e prias P ; p ad pasiias X ; X
because these pricss and pasitias setthe basis Torcalaulatias ofdividends,
inersst, and il gairs. INR ass (1987), the degpendendes of taxes an
stake pricg A; and anmatprice P (arp); are supressed. H ere the
impacts of Pandp aresped..callyindlded. T heimpactofA s Ess aitical
ifwe dosene the Bt that althauch individual tax doligation and  rebate
may be netied o, all indivuduak are nettax payers, and the goemmertt
is anettax colbdor:

I extdenote a dange in partioio pasitian as ¢;3)wWth ¢;3) _ (0 X
T he inaementin afler ax paya due o the dange from apasition ¢ ;9
amnwpaitian ¢ + »;x+ 3)is denoted by

FE;;%»:;3)= E +»;%x+3P;pil € SPp)
=AG i3 fTHC X +»Ni [T X Db
+ S K@:x+ )i [S “@:>Ib:

T hearespadinginaemerttalinestmentastiorsudh adhangeisP » jp3.
Several besic de..nitias nesd 1 be esteblished .. 1st

Definkbn21l | calwseknoakhtagel W N AKissatis.edat ;>
orimnesors in Bxdes kk=1;::: ;KD meas tatfor eery sud in
vestor with a previasly aauired position vector ( ;X)) itis impossible
O.datak ¢;3) _ (;)suh tatte inaementof afer-tx payor ,
FE 6»:3) 0, ad e inaementofimestmentastP » jp3< (0. IF
LW N AKX hols forevery k= 1;::: ;K, we say bbal week noarhitracg,
LW NA, issatis.ed

Definkbn22. | acalstognoatitage Brinestoradess kL SN AK
issafis.edat O Torinestors in cess kwen tereisnotiacke ¢;3)
D wth ¢;3)6 (;0)sudhtatF ¢ ;>6»:;3)_0 adP» jp3 -0
eapt parhges aes satisfing F ¢ ;>»;3) =0 andP» jp3 =0. IFf
L SN AKX hols Toreery k=1 ;::: ;K, we say bmal stang no arhitracg,
LSN A, issatis.ed

0 bviasly when thare is noinitial inestmant; then the aflier-tax payo
isdvenby A ¢ i3)i fiT<C i [S<E;:3)P ad the inestment ast
isP» jp3. These ae te de.niias of (gdoal) week and strag Tam
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abittace at ¢ ;) = ( ;0) gven by D emady ad R od<aellar (199 1) 2
I ofe that the de.nitian of arbitrece is aganesped...c and dependcs an bg
and shartpriass and the respective previasly acouired pasitias. T henat
Inearity ofFtax sdhedule Taced the analyses tobe based an the bbalised no
abitrage anabysis. Extarsias togldoal noamitrage can be dotained alkong
e ness ofR ass (1987), Sectian IV (pages 376377) wsing the aonagpt of
“extendebE’ abittace.

Assumpkbn 21 T he & incias TG D) ad SKG ) ale, respec
tvely, anex and anae in teir ssaaond \ariabke. A Il indviduak are
nettxpayers and te aferexpaye 7 Qis an@ae.

6 ivenA ssumptian 2.1 we have the Talloning pair ofprimal dual aanvex
proganming pradblams:

(dl ):(r_731i)n0 P» jp3; subjpct©OF ( >6»:3) _0;

Ol ):rgng@i;gy:O Pr»ipdid €553y

vhared is avalation qperatargppearinginDil - as a*‘shedonvprca’. T he
Tnadion Pl desaibes the procsss ofidatifing the partiolio that mini-
mizes the aunentinaemantal investment astwhi B ganerate nonecative
incemants of fiture afier- tax payor in every state ofrnature. H ence the
noaittace aandiian anbede.nedint@&ms ofP il . T hattis, there edsts
LW A Kae ;> ifand oy ifthe gptimalale of Pl iszero. L SN A K
hols at & ; >)ifand anly ifthe qotimalvale ofPll  iszerg d is strictly
pasitive and the gotimal solLition satis..es the aastrantas ety

T he thearam belowvveni...€s the edstence ofthe \valation qperatar; d in
e presence of tarsedion asts and texatian, that aan be used 1o price
any dance in after tax inaome in an arbitrage fiee market

Theorem 22. A ssumeh ssumption2.1 issatlis.ed T he olbaingstee
ments are equinvalent

(D) tereedss LW I A Kat(X, X;

(2) tere edsk a samipositive valation goeraor, d d _ 1) such et
orany ¢;3_ ()

P»ip3 . d (& :>5»53);

2W henTk= Sk P= p thisis the de. nition ofarbitrage thatappears in R css(19 8 7).
Ifin addition T¥= S<= 0, then this is the traditional de. nition of arbitrace.
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(3) tare exdst a semipasitive \valation geerator d such et for any
©:3. D

P» i dA» §[TR@ X +»)iTH@:X Db _0;
p? i dA3 § [SKE:x+ )i SHED - 0:

Forl SN AK at ¢ ;> te arstains in seements (2) and (3) must
ke safis.ed and e \alation goerator d mustle strictly positive Tor any
©:3. I

P roof Seeh ppendix

AssumEbn 23. Foraposiive d te pant§ ;> is nota maxdmum
ofd ;<P ;p)wth a zar0 cerivative in same direction.

A sstated inR ass (L987), the essumptian that there is nozero derivative
in any directian is a week Tam of nosatiation. |1Fthere is no satiatian
ten § ;> is notamaxdimum of ¢ and asssumptiaon (2.3) is satis.ed.
Bvenif ;>)is amadmun of. @); ifno drectiaal darivative is zerg
assumptian (2.3) will still be satis..ed.

L etg® be aanae Tunction ad EtH, o be the setofdirecias an
which g®is nandeaessing

Ho o« fH HDJH» § H2 -0
D) o + »;x+ 3P ;p) - o 5GP ;p)

D enole G - as another setofdirectias an gO)whare

Gx < TG1;:G2)JOK + »;x+ 3;P;p) - oK 5GP ;p)
+ Gy» §G23g:

Lemma2l [Rosss Bnma6 i nyanae fincion gsatis..esA ssump
ton23ifadalifH «=Gx x -
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P raof Seeh ppendix.

( orollary 2.1. A ssumeh ssumptias2.l and2.3aesalis.ed L enma
2.1 implies andians setautin T hearam 2.2 Torl SN AKX are st dentas

well as neessary,.

P roof Seeh ppendix

D enole the aesided directiaal derivatives of TR@ ;X D atX in the
direction ofA be+T K@ ;X ;A) and thatofs <@;>)atxin the direction of
" be:SK@:;x" X Statematt (3) in T hearam 2.2 implies thatlW | A K ak
& > hokks ifand oy ifthare exdsts asamipasitive valiation qperator-d
such that

PA _ dRAA §RTH@ X ;Ad; p° -dRA”™ i[S5Es b @
LSI A Kat @ 39 hols ifand anly ifecpation (1) holds and dis strictly
pcsitive.
Assumpkibn 24. TKE ;X Dand S K@;>) are div etenticble atX and X
resectinely.

IFT K@ ;X Dand S KQ;>)are dis erenticbke atX  and X respectively then
the directional derivatives of @ <@ ;X XS K@ >Pat ;>Qinalldirectias
@; )Hae.ntead

TR X A=[rTRe X Jb; 5@ d=[rs*@x; @

wvhere r7 K@ ;X Dand rS K@;>)are matriass ofgredientts of T <@ ;X dad
Sk@:>eaabated atX ad X respectively. Fran the ebowe analysis, ae
& essi by establish the Blbning thearam 3

Theorem 25. A ssumeh ssumptias?2.1 and2.4 aesatis.ed LW I A K
at ;> hokk ifand only ifthere exdst a samipcsitive valalion goerator
d sudh et

P_AirT"e X p-[A irs<E:H )

3T he main resultinR css (1987) is the aase of TK= S P= p in this theorem.
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L SH A Kat @ ;> hols ifand anly ifequation (3) hobks and dis strictly
positve. ¥

A swe know dis avedtor thatbelongs toa aanvex set; itdoss nothae
1O be asinge vedor: T he jth anpaaitofthe vectardis intermpreted as
te implatpre ofan after tex paya of$l instate j. Thevectordis a
anex\alation cperatarthatmaps affer- tax stale aatingantpayor s into
abitrace fiee pricss. T hearem 2.5 \eni.es the exdstenae ofimplidt state
pricss in the presencee of teration and trarsedtion asts thatt aan be used
o price any dance in after- tax inaome.

For small dengs » ad 3, [TK@ ;»)] = [T<e P ad [SK@:3)] =
[SY@)F. Pl ad DI cn then be rewitien as the lloning pair of
primal dual inear pragramming praolems.

@L>: jinf P»ip> stA iT"@JbilA iS“OF .0:
OL>=pidd2 B stA iTH@DIH-P;[A iSH @M. p:

T he duality theary of inear progamming ersures that the gotimal vale
ofPL is zaoifad aly ifthe qotimalvale ofis dualD L is zera IFa
esibke soLtion oprdolEn DL exdsts doviasly its gotimalal e is zera
W e thus dotain the olloning resulc

¢ orollary 22. LW I A K at(0,0) hols ifand anly if there exdsk a
semipositive valietion gperatiord such tet[A § TR@ DH - P, ad[A §
SKEIH . p. L S A <at(0,0) hobs if[A §TX@IH-P, [A iSH@IH. p
and dis strictly posithve. ¥

IND emadyandR acd<aeliar(19 9 1), DKis used todenole aerm structure
padetrinestaroftaxdess K Cadilry 2 2 is arsistattwith T hearem
3.2 and T hearam 4.3 of D eamady and R ad<aellar (199 1), ifwe denote

D~ fd_0;[A i T*€IH -P;[A i S“@H.. py
and recard matur ties Torriskiess seaurities as equinvabTttostaes Torrisky
seaurities in the singke periad.
U sing the properties of aavedty and subgadiatts ar supaergradiants,
T heorem 2.5 mears that Ad j P is a subgradient of T K@ ;X + »)atX
and Ad j p is asupergedientof S K@;x+ 3)atx sinee[TKP ;X + ») i
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TR@ ;X DH . »@diP dand[S "@;>6)iS “@;>IH - 3@ dipXT herefare
wehae-*d=AdijP ad-xd=Adijp thatis @ j-/Od=P, ad
Q@ i-d=p, whare- Kand - Karematrias ofsubgradiartts of T <@ ;X +»)
atX and supergredients of S K;x+ 3)atx respectively. |Fihe ranks of
A i-FadA j-KXaenotill tenthereis anin.nite canvex and cosed
set of samimartingalke prdoebi ity messures, DX, forinvestars in tax dess
Kk Inanotherwads, forunique pridng weneed A j - KandA j-Xtobe
Tl rank

3_WPUTED VALUESOFASSETSAND PSEUDO
SBI M ARTING ALEN B SURES

A multipidty ohvaluation goeratars hes impartentimplicatias T as
sstpridng A multipidty of valation peratars Wes shonn 10 pesses
o distinguishing daradearistics. First, the absanae of arbitrace allons
ey uture afler tax sh Fov o hae a range of presentvalles within
wvhich aseaurty may be traded. Seaod the properties ofprdocbi ity mea
sures inducsd by a multiplidty of valation qperatars dicer fion thoe
of established riskk neutral prdosbi ity messures.  Irsteed we et a set
of samimartingake messures thatt can ether be supermartingaks arsub
martincpkes.

31 - Imputed lbgad short\alles ad no axbitrage boud

INn this subsectian we de..ne No arbitrage baud Tor singke periad g
and shartpricss of both risky and riskess payar s in amaner similar to
e way in which a multi-periad t&m structure wes de.ned in D eirmady
ad R adakllar (1991). Folloning D ermady and R adagellar (199 1), te
imputed Iog ad shart values of a traded dEim, whase payar Gan be
hedged by an admissibE trading strateqy, Gan be de.ned as Tollons.

Definhiktbn3 1 (D emadyandR adakllr’s apatias (3.2) and (3.3))

T he imputed Ibngvale, or bngprie or te afer- tx ash Tovw rebltne
O Bxdess kad pasitian ;X)) is te anant

VE@)=min@ » i p®); C))
et © A FrT<C X Db ilA i rSKE;>JF _ w with» _ 0 ad
3 _ 0. Theimputed shortvale ar shortprie for te afler- tax ash fow
w rellhe 1 tBx dess kand posiian ( ;X)) is e anaunt,

V@D = maxGP »+ p?); )
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sigect© A i rTR@ X b+ [A i rSK@>F - w, wih» _ 0 ad
3 .

-

T he imputed lbg\vale is the basst aunent ast necssary Toran in
\estorin tax dess kwhose initial pasitian is ¢ ;<) throuch sane trade
¢:3) o ctauture after-tax ceh tovat bBsstas good as w. L ikenise
e imputed shatvale is the Ergsst anaunt of eeh that any inestar
in dess kwith inftial pasitian ¢ ;> an dotain immediately by talkdingan
the doligation ofpaying a future sh Fowviornwhidh the after- tex burdas
are nowase thenw. T hese imputed valbes de..ne baunds Torte logad
shartpriass within whidh aseaunity wmay be traded. | oinvestorin cless
kwith previasly acouired pasiian ¢ ;> shauld be willing to pay mae
then the amauntV K@) the ypperbaund, since there would be adhegper
vay of getting at sst the same payor . Similbarly, no inestorin dess kK
with previasly aoouired pasition  ;>9waud sell (arshartsel) the same
payo T Ess thaen the Ioner baund V@) since a betier aliermatine is O
bamowva lEteramauntand use w o riepay all Liture doligatiaon.

T hereforg, the interal [ §V “Gw)V K@ de..nes arbitrage baunds an
teprice oftedaim w. W ithautany further knonkedge ebautthe preer
enass of an investarin tax diess kwho hes apreviassly aaouired pasiian
& ) iV <KewadV kg are the tigitestbaunds thatcan be derived Tr
e price ofthe daim w. Itis essy 1o see that the imputed bng ad shart
vabes, V kg and viy) satisky v = iV KGWIRLW I A Kis satis..ed.

Fran D e.niion (3.1), the bngand shartvables, V <K@v) and v<@v), can
be calubied by soMing cartain gotimization prdolbems in ¢;3) Sped..-
ally the absence ofarbitrage qopartunities Toran investarin diess kwith
praviasly auired paitian ¢ ;> implies thatthaere exdsts at bsstatrad
ing strategy ¢;3) and a nanecative valiation cperatior d2 DX where

D" fp _[A irTH@:X DK p - [A i rSk@:>dhy

proviced that T X and S K are dicerentisbke Torany ¢;3) _ (;0) This
is similartoD emady and R adakellers (199 1) equatian (38). U nderthe
eguinalent aoditias of P » §j p? _ dv ad D emady and R odaelar’s
T hearam 32, the bhgand shartvales, V <K@ and v, Torthe after tax
ceh fovw aan be amputed as

V = min P» jp3=maxdn;
@ eouig,y 1P = e
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and V@V = iV KGwW) = minpp<dny. 0 n the other hand, DX is com-
pEtely determinebke by knonMedge of v K and v

DX=1ddv - V kg farallwg = fodv _ viaw) Far allwg:

32. Bampk:Valation ofF an BEurgpean Call 0 ptian

H ere is an examplke shoning howv the valLiation Eurgpean call ptian can
be darived when pricss are direrent in lbg and shattradss. (W e sur
pressed the issue of diz eraritial tevatian in this eampe frsimplidty) It
is well knonn that in a perfect market we can price and hedoe a deriva
e seaurity ia syrthetic replication. T hatis, a patiollo aasists of the
uderlying stodk and a riskkess bad is aastructed to mimic the vale of
e gotian. T his synthetic gotian must,. by the absence ofarbitrage, eoLal
e price ofthe traded qptian. Suppase we wart to price a Eurgpean call
ption with maturity atthe end of ae periad. | et the strike price ofthe
gption be K, ad Etthe gotian be wittlen an astokwhose aunatprice
is SC. Itis knoan that at the end of the periad the stodk price will be
a@therSY inthe wp statle arS9intedonnstatie %< K< SY). ITte
stok price is SY, the traded qptian is worth SY § K. 1T the stodk price
is S9 the gptian is worthkss. | ssuming thatt this partolio aasists ofy
shares of stodk and < uni'ts ofthe riskiess bad. B y design, the Tuture cssh
tawvofthis replicating partiolio equak the aesh o ofthe traded gotian
nomatierwhidh state caours. T hatis,

XU+ D ysU =St K, >+ D+ ysI=10;
whare ris the riskiess rate. T he astofthe replicating partidiois,

1S9+ SPC+ D
CUiSDN+
Toadd abitrage, the traded qotion musthave this valle.

In the presance of transactian asts, We suppae that the aunent lbbg
and shartprics ofthe stodk are G ;5 ) ad the IbEnding and baroning
ras aenr adri repectively T he noabitrage Brm strudiure in atax
freeermMramaitwillbe

Ya

C =x+ ySOO:

3

i it= = = il =
o= @i T - L g - O
tatis,
l id -d - : id:

1+ 1+ K
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I ext substitute the relatiaship betneend andd intbg - SYd+S99 -
Sy, e et

sC+r)isd So¢+ B)isd

C+rdGUisSh C+BXCUiSH’

T harefore the lbg\ale of the gotian shauld be

SsC+B)isSY .
C+ e)eu 5 iKX

J— u - J—
V=maxd @™ i kKO dl =
and the anespading shatvale is

_ s+ n)is? . .
NSNS T ML

Itisessyoseethaty -C -V, sineg -SP-Spad -r-n.

3 3. Riskl eutral P rabebikties in FAictical matkets

A multiplidty ofvaluation gperatars not anly resuls in a range ofim-
puted vales Toradlm, butitabomears thatno abittace is a necsssary)
butnotasud dent, aonditian T the edstence ofrisk neutral prdocbi kties
in markets with trarsaction asts ad B&es. Indesd as shoan belowy the
risk neutral prdosbi ity messure in a perect market is induaed by a\very
arsendtive strategy. P

6 iven avalation peratordand d= d ;&kd) Letd = J?=1 g.
6} ~ d=d is the martingake or riskneutral pradbebility Torstate j g =
1 ;121 ;) in markets withauttrarsaction asts and t&es. |In friciaalmar
kets itis mare predse 1o all it a psaudo risk neutral ar samimartingale
prdoabi ity Tor reesas we Wi ll elBbaate in the nextsubsection. T heorems
22 ad25 gaatee thatd > 0 ifl Si A Khols at X ;)

Suppce thereexdsts atradingstrategy ¢ ;2 )such thatP»! jp3' 60,
ad

FE ¥y _ o
P §jp3* i

Sine the retum in evary state is the same R is the riskisss retum, ad
we reErtothis strategy s riskess trading r=R ! is inempreted s the
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implidtafiertax riskess rate. T he discouttan this riskess tredingis,

_F € ¥y
Y iR

Obviaslyd -1=R ifL SN A hdsat ;>

Suppae @ ;P ;p;T ;S Dadmits no balstagahittace. Farany partiolo
denge ¢;3)WthP » jp3 610, the retum an ¢;3)is the vedarR »# in
1S de.ned by

d

FE o3
C»ip»

rstates. Theaan 25 implies thatl SN A hgbls at ¢ ) ifad oy
iforay ¢;3) vehae ®>® - 1; tatis ;, GrR}” - 1=d. By
cnmmllmé} g =1;::: ;9)are risk neutral prdoabi itics ifwe an doocse
astate price vector d flon the mulipidty such thet 5 §R;™ =R.
In otherwards, the risk nautral prdoebi ity messure is induaed by avery
riskaarse strategy. Inmak?§vmhta'wdim ad taes, itruks
atall e otercss where ' 5 §R;™ 6R;but _ §R}™ - 1=d:
Infct thatl SN A holds is equihvala Tt to the edstance ofa setof psaudo
risk neutral prdosbi ities. W e will disass this further in the multiperiod
setting in Sectian 4.
34._ A dpstedR iskll eutral P rdosbi ities ad Fictiaal
I arkets

A nequinalntinerpretation of T hearem 22 and T heaem 2.5 int&rms of
@ ;::: ;:&)and tax adjusted pseudo risk neutral arsemimartinggles prdo
abilities is passibe. T heaem 2.5 indicaies thatifh ssumption 2.4 is sak
is.ed then the necsssary and st dattaodiion ©orl S A Kak ;) is
e existence ofapseudo risk neutral prdosbi ity messure sudh thatthe ex
pected afier- tax retum cannotexassd the aignallvallie underthis messure
and the astofinestmentis napaitive thatis

P»ip3 -0 ERE + »x+ 3P ;p)1- ER & 5P ;o

In additian, T heaam 25 famally implies caxdblry (31) belon L et the
amauntoftax doligation an esch unitofseaurity i held bngbe ts @) ad
the amantoftax sLisidy rreach unitofseaurity i held shartbe sk @)D
ts@i)are atties inT <@ Dand s @) are the entries in S <@}
(orollary 3.1. A ssuneA ssumptias 2.1 and 24 are safis.ed The
necsssary and sut derttaondition orl Sl A Kat ;>)is thatthere exis

»3 _
Rz =
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pseudo risk neutral prdat kties and an eqectation goerator for saaurity i
such et

6
- Gla; i r&e X Ela i rt@:x Dl
i=
® k
- Glay i resE>A Ela i rsk@:dl

i=l

o

|z a|f

where rTH@ ;X )7 5@ X Dhes, rSHE:D ™ (st ©:>Ohes Viening
e epaced afertex payos of the saaunty uncer these gpedally dosen
pseudo risk neutral prdEa kties as the numlber betneen i nomalizd log
and shortprics. ¥

Farawyseanityi;P; . dEG i rtdadp - dEG i raimply
that any seaunty’s discourtted epected aftertax payor with respect 1o
the arti.. dally dhosen prdoabi lties is a numberbetneen its bngand shat
prics. Sped..clly the Olloning axdlry is e

¢ orollary 3.2 A ssuneh ssumptias?2.l and2.4aesatis.ed L SN A K
at ;> hokk ifand anly iftere exdst a martingak praess whidhis ke
theen e nomalized Ibng and shortprices uncer this prdsi ity messure.
P4

4 _VALUATION WITH FRICTIONSIN A W ULTIPERIOD SETTIN G

Inamultiperiad setting the\aluation procsss Gan be derived inamaner
similarto that derived in asingke periad ee praviashly. T he equinvalbenae
betnean no arbitrage gopatunities and the exdstance of a multipidty of
state price detakas aonespacs 10 a pseudo semimartingake prdosbi ity
messure can similarly be esteblished Tormulli- periad and in markets with
trarsadtion asts and t&es. T he tigtestbaunds forthe price ofa traded
ddm an again be dotained withaut aasidering investar preerencss. In
e Dlloning analysss, we stp making the dis erence betineen bl ad
dbal abitrtace ad the dis erence of div erenttax desses. T his is tokeep
e Toas ofthe analysis an the mullti- periad aotextofthevaliation macel
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Suppce the set of daes is B ;1;:::;Tg. A s wtsual a disaete time
multiperiad ..nendal mackel is bullt an a ..nite ... keyed prdocbi ity space
C;FED -t-7 P ) were - is a.nite sstof stakes, F is the tribe oF
subsets of - thatare eatts, P is a prdoabi ity messure assigiing to any
eaitB in F it prdoabiit/? @ ) K is a¥%-albbraofevatts up o tme
1, Whidh Gan be seen as the setofevents aconespanding 1o the infomatian
adbBbkattmet W ewillassume et =9;-g FH = F. Farawy
randon varisbEX , we EtE « )=E ¢ J)denote the caoditicalepec
ation ofX gven K. A nadgpted processs is asequeneY =1 ;1051 g
sudh thatY ¢ is arandom variebke with respect o C ;) att T he market
axsists ofn seaurities ce..ned by anR ™-valled adepted proess P «+ e ar
Pet +, heam-dividend seauritypriceattimet whereP ¢ = @4 ;::: P
Pe = @;;::0 PN and 1 = @& ;i) ae these seaunities’ adspted g
price processes, shart price progesses and dividend proassses. P{, p{ ad
-_I{ daoke the exdividad bbgprice shatprice ad the divided pad
by seaurty j attime t respectinvely Wth P, py ad + messurabe with
respect o K.

b tradingstrategy is anadgpted procsss e = >0 - € - T
that represents the pasitian held by thatpartiolio after rading at time t;
with |;; ~ 0, whidh mears zero initial investment. W e assume thatl is
predictebk thatis, § {;>4)is ;1 -messurcbe Brt _ | and frany ssset
i

Thepretaxpayd isX ¢;; @+ )i X1 @+ ) ad the taxamaunt,
whichis afundion ofstodssticvariebkes in general isTtk@t;Pt;X 1 ad
S KG:pe>e; ) Br g and shart pasitias respectively attime t 0 nce
aEin, Ve ighare an investar’s dnance 1o tracke at adhantegeoLs pricss by
uwinding a praviasly aaouired pasitian when disassing arbitrage. Far
e sake ofsimplidty, we anitthe supersaipt k fortax cess.

T he aftertax cssh tovproess || X > gererated attime thy a trading
strategy K ;>)is de.ned by

I > =X Cet 2 i T i X Ot & iSO iX Pt X (©

Faraself..nrendng tredingstrategy; || * < is often setequal 1o zaro. Fob
baing D it e (1992), the de.nitias of an atbittace patnity axd a
state price detator Tor a muliperiad setup can be introducsd bassd an

x>
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Defkbn4.l. A tadngstaley ( ;X)is an atbtrage goporunity
ifl §>_0 oreeryt=1;::;T, adl § *>( foratkstae tad
XtPr i>pr 0.

Definkbn42. W eallany strictly positive adgped prasss a cefa
or. i isastaepricc dtaorif forall t=0;1;:::;T §l, wehag

EefPue:1 + te1 i Te1 Vw10 - Pélegs Q)

Eefe1 + fe1 i Se1 Vw10 - Pt ®)

ora“buyandhold’ strategy. H ere E ¢ iepresents the expectation geraior
andtiaal an all as Ebk infomation attime t

U sing the proparty of iterated epedatias, itis essy toshovthatys is
astate price detatorifad oy it

1 X 1 X
F’thAtEJ Y5@& iT;08 pe - -Ed %G 1Sl @)

Y,
j=e1 T =

Toradividad paying seaurity assuming thatP =pr =0 ;ad
1 1
Pe.y Edir@r iTrO pe- i Edir @ iSTIl (10
t T

r a non dividad paying seaunty”? T his mears that the log (sharf)
priceis naver Ess (geaiey) thaen the expecied state price discounted uture
afer exashtons. Inadditian, this shons the dic erenitnotias ofastaie
price detator betnean the singke periad and multiperiad fiamenaks. T he
olbning theoram proJdes the basis Tor alulting the tigitestbaund an
te price ofadEeim in afiicicoal eMrament

Theorem 4.1 Y isasteke pricccetatorifandonlyif fort=0 ; &kET j
1,

1 X
PXcipo. ~Td Ul J T Edlr @rX7 iprxdb: (1)

=Y
T j=t1

4 In equations (¢ ) and (10), maturity T may be dhanged o any exerdse date ¢, 9.
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P raof. Seeh ppendix.
Ifwne ELT =t+ |, tenwe have fran T heoram 4.1

1
PX ¢ 1Po% - IEtf/“&l[x tCoi1+ 1 i Te1)
T
i%Q0e: + 1 1Se1)b -

T his Ink T hearem 2.2 desaibed praviasly B the singke periad se€
ting | ext obreireatbrla(gagl proess G oradividend price padk
ap EP, RTS8y Ge =P+ [ G iT;)Tralbgpaitan ad
Gt =P+ ;o G i Sj)Trashartpegtion and de. re the def atled affler:
XN proEssesG’, by Gy ="t [ °j& i T Tralbngpaitan
adGa="we+ ;- °;jC iS;)Prashotpaitian gvenadefator .
W e then have the TAlloning thearem.

Theorem 42, The dvidendprice ex padage &;P ;p;T ;S ) adnit no
abitece it tere is a stk price detator; % ; and tatte afertex gain
pragss Gy, is asupermartingake and G %, is a suomartincpke.

P roof Seeh ppendix

T harefore noaitracge implies amultiplidty ohvaluation cperatars % in
amultiperiad setfing justas in the singke periad Gee.

41 _ T he axaptof psaudosamimartincake messure
I ext. we show the equivalene betineen the absanae of abittace ad
e exdstence of a pseudo semimartingple praaabi ity messure Q with the
property that the discounted after-tax payor is baunded betineaen the g
and shartpricss under Q.
Suppcse there are sharetem riskess baroningand BEnding (I « - B v
at strictly pasitive discouttBdas dcadd Treednt< TS5 We

5B aroning (Ending) ataborroning rate rg « (nding rater, ) atagventimet< T
is passibk ifthere is a trading strategy (X ;X) with,
OMEI>=0;s< g
()M &= 0 ¥ s= T which gves the discountfctord g +({ 9 atpericd t
GipM 2>=1;s= & 1;
@MW)ME>X=0;s> & 1.
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de.re
R, =@ 1w &, ;1) Ry =@ od e &R ;i D5

fraytmestad¢ > t R.E.‘:d &n be intempreted s the papbadk at
time ¢ toae unitofacooutbaroned riskkssly attime tand rolled oer
in shartterm banoning atracss iepeatedly until date . L etting d «
- -dyg

Rt.c', :(d:d:ﬂ mil)il:

loetatR o ~ 1;Ris=RgR s Trt< (< s

W e can adjusttthe aignal prdocbi ity messurel o the ecuinalatprdo
ability messure Q whidh mears P and Q assign zexo prdosbikties 1O the
sane eents, sudh thatany seaunty’s g and shartpricss are relted
the epacied discounted after-tax cesh Fons ofthe seaunty Torpseudo risk
neutral inestars. A N eguinvalant prdosbi ity messure Q is an equinalent
pseudo semimartincgpe messure if ort< T,

PthtQ[Pt+1 +Rit+1 iTt+1] ad
Tt
Peri + Fe1 i Swt

Rt,t+1

Pe - EX

| etQPoe the prdoebi ity messure de..ned by theR adonl ikodym deriva
tive. T he darsity processs » TrQPis de.ned by,

_ YRox.
»= o

Sine », is strictly pasitivg QPand?  are equivakentprdosbi ity messures.
W e shovthatQPis an equivala Tt pseudo semimartingalke messure.
In Bt sineY is astate price defator; e hag

Citi iTj¥o>§]_ Piato»ia .
Roj Roga

Git%iSiduvy Piante .
Ros T Rogam

Ejil[

Ejil[
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T hatis,
+5 17D Pioy»=
EJ.1[@ - i J)J]_ JR|1-J|1;
L= il
+ & S: )y »
Ej|1[¢) - i j)J]b paul il -
L] il

N oetatR 3 =R xR ¢ Tl < t< j. T heabowe inecualities imply,
Pj+i |TJ PJ1 o Pjt & |SJ Pj i1

i - EQ L
J.l[ ] Rl_'.'.1 J.l[ R ]b Rl_'.'.1

T harefae Torpredicebk dedsian variabs X and X we hae

Xy ¥ X P;+ iT;
e " e pGueR A R
Jj=trl t J=trl t
X + iSj -
i [)fiilEij% _l|:ji1]
J=&1 a

X p. X :
i 68 Kt FEST Do

Jj=tr1 tl J=&1 t

X p X
BT Waaglimied T peup?i
Jj=tr1 J=&1

X P X _
R T i T e

J=&1 t J=&1 t
P
—XtESct—]l XtESO[%t]i XTEQO[é]"L XrESCtRpT?

XtPr ixpr

=P vipoc i EST =

1

H ena we dotain the llbning resulit

Theorem 43 . The asene ofatdtace is equivalt © e exdsence
ofan equinvalbntpseudb semimaringpke messuie. Il aeover; it is astae
price cetator; ten the eguivalent pseudo semimartingple messure Q hes
te dasity praess » ce.ned by »e =%R ) = - ¥
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In atherwads, there are no arbitrage gopartunities ifand anly ifthere
edsts an eguivalant prdoabi ity messure that trarsfams the lbg (shart)
price procsss into a pseudo supemartincake (submartingale) arsane pro
s thatis betneen the Ibng and the shartprice processes into a pseudo
martingake (afteranamalizatian). 1n the absence oftrarsactian asts and
e this pseudo martingake messure diangss to amartincpke (super ar
sub-martingale) messure. 0 e ageing wWe have the same andlesian &s in
e singke periad setting T hatis, the absene of arbitrage qopartunities
is a neeEssary butnota sud dentaondition o the exdstence ofmartincpke
ar risk neutral prdocbi kties in africtiaal market

4 2 _ Imputed lbgad shortprass in amulti-periocd aotext

Simibrly the imputed kg and shartprics Tora traded daim, whose
paya Gan be hedoged by an admissibe trading strategy, can be de.ned.
T heimputed kg price attime tiorthe after tax ceh Tovwy (W anbe
paitive zerg arnecatine) attimej (J =t+ 1;:::;T) reltive otax dess
Kis the anant

VE@D=mInP X ¢ i P

sibjecttol [ > _w G =T + 1;1::5T )P =pr =0;ar
PrXt ipr> _w Torw =0 g=t+1;:::5T §1)
and treself .nrendngstrategy 4 =0 g =t+ 1 ;222 ;TH)withX _05;x_0.

0 nthe atherhand the imputed shartprice attime tiorthe after tax cssh
tovwy relEiive 1o tax dess Kis the anaunt

VE@D=max iP X ¢+ P

sbject®o jll [ 7 -w G=1t+ 15T )RrPr =pr =0 ar
iPrXr+pr>d -w orwg =0 g=t+1;5:::5T §1)
and treself .nrendngstrategy 4 =0 g =t+ 1 ;22 ;TH)withX _05;x_0.

T he imputed bbg price is the bnest ast necssary at time t or an
inestarin tax dess Ko getat ksst as goad as the Tuture afler tax cesh
tovessodatedwithwy (j =t+ 15212 5T) throudch tredingstiategy € >0
L ikenise the imputed shartpriceis the higestamauntofpresantcesh that
eay inestrin dess kan dotain attime t by tEaking an the doligatian
of paying a future cesh TowvTawhidh the after-tax burders are nowarse
ttenw g =t+ 1;:::5T). These pricss de.ne apasibke range Tor the
Ingad the shartpriass atwhidh anewseaunty aauld be treded ifitwere
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1o be introduced to e market | oinvestorin dess kshaudd bewiling to
pay mare then the upper baund V <@ arvwauld (shorf) sell for Ess then
te lonerband Vi@

T he imputed bbng and shartpricss V <@V) and v<@) satisfy vii@w) =
iVH<GwW) ifthe no abitege codition is safis..ed. P riass in the intenal
[iV KGW) V K@) ck.ne abitrage baunds or the price of the dEim w,
(g =t+ 1;:::;7). W ithautany Tirther knonedge abaut the preBrancs
ofFaninesstarintexdes k iV GwadV <@ are the tigtestbaunds
thatcen be plbosd an te pricc ofttedaimw; g =t+ 15::2;T). The
absae of an abittage qopartunity Tor investar in dess K implies that
thare exdsts atrading strategy ( ;>) and a nanecative \allation qperator
d2D§ where

X X
DY fEd & iTixd1-PeEd & iSiddl. po

j=t+1 j=t+1

Torassaunty with intermediate cesh tons, ad

DY~ fEJ@r i T+ 1-PuEJ@r i St 1. pg

Toraseaunty withautinemediate ash Fons. U nder the ecuinalentan
dtias

X
PXtiPo%-Ed  d "I Edd @rX1 iprx)Dlb

j=t+1

te g ad short pricss V<@ and viE@) or after tax cesh tovw of
sane dam can be alublted by

X
V = min P i = maxE ; ad
@)= min P ¢ i po% max dj:thV\H

VK@= iV <Gwx

T harefare the lbngand shartpricss refectthe multipidty ofno abitrage
Brm structurss thatmay edstwnen trarsaction asts and texes are present
in amultiperiad sstiing.

5_SUNMARY AND CONCLUSION
W hen Ibngshat spreacs and t&es are presait. a multipidty ofvalt
ation gperatas replecss the singe \alliation qperatorin an arbitrace free
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~nandal market P revias researdh shons that a valbation qpoerakr is
agenEgped.. cvhen agens have div erenttex dbsses. W edamastrate that
amultiplidty of paratars exists because of kg shartspreeds. T axes ad
Ing shart spreeck tooether Ead 1o the aanditian of no arbitrage Whareby
eary TUture csh Fowvmay be represated by rance ofpresaitvalles.

In aurframenak the tightestbaund Torthe price ofacdam anstillbe
darived withaut any knonkedoe ofinestorpreerancss. |n Bt the boner
baund represats the bnestaunentastohnhidy an inestorin atax dess
may oetat Esst as good an anaunt of after tax esh fovin the Tture.
T he upperbaud ofthe price is the highestamauntofpresent esh thatan
inestarin same tax dess Gan dotain by tBking an the doligatiaon ofpaying
an anauntoffuture sh Fonvonahidh the affter- tex burdars are nronwarse
ten this anant Furttermare we showvin this pgper that the exdstence
of a set of pseudo risk neutral ar pseudo semimartingalke prdocbifties is a
necsssary and sut dent aondirtion o the absence of arbitrage gopartuni-
ties. T his implies that the psaudo semimartingake or pseudo risk neutral
prdosbi ity messure as qopased 1o the martingple messure. Gan be wicely
used 1o price seaunities by arbitrage in a fiictianal marketeven thaugh no
abitrage is notsut dentto guaratiee the exdstance ofFasstofrisk neutral
ar martingake prdocbi kties.

T he idess desaribed here can be adgpted toprice asssts inaaotinuas
time setting By making use of this gppraadh the dssic asset priding
madel can be generalized tOamae realistic; imperect cepital marketset
1ing with dir erant interest rates or bBding and banmoning and diz erent
prics rbg ad shatpaitias.
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A PPEIDIX
P yrooFof T heoram 2.2. Casider;

JF P> 5 IdRE PDI[TCX +»DiTeX)
i SHN@:x+ 3+ SHE;>Ibo;

uckerte adtand _ (. Fara.>ad inftial inestmentpasiian ;)
itreades its minimum of0 ek ¢;3)= ()it ad alyit

P»ipP idAG iDilTH@:X +»iTH@ XD
i SKEx+ 3D+ SHEIL 1, Bray 63 _ (A%

this halds, inwm, ifand anly it
P»j diA» if[Tk@;X + »)]i['l'k@;x dbg _0, orany» _0;
ad

p? i A3 § fiSKEx+ i [SHEIbg -0 Tray3 _1:

SinePll  isstEbk by the SttagD uality T hearem ofconvex pragram-
ming (s A wiel 19 76, te ..1st part of aur theaem hes been proed.
Similarly, we aan shawv the seaod part ofthe theorem - the lbbal strag
no abitrage coditian. ¥

P roofFofl. emma?2.1l. Su¢denoy. Suppae K ;>X)is amadimum with
azero derivative in same diredian C x ;"> Sine ;> is amaxdamum,
H x=E1"£1". Ll et

D)= 0. Cx 502k < > 0
IFTH ;H)2C6x xTarsane, > 0, adall ¢;3) _ (1) wehae
O + »;x+ 3;P;p) - o >GP ;p)+ H» j Hp3:
L etting ©;3)=1Cx ;"> then

Ok +»x+ 3PP - o PP L ECE + TEx
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thatis,
1
JOE + Tx ot TsP3p) i o PPl - i CF + "< 0

T his aatradicts the assumptian thattthe derivative is zeroin the direcian
ofCx ;">

Nl ecssity. Itisessy O 2 Gy o« ML Hx <« W e anly need showv et
H < 1L Gx < under the andiion that the ancae Tndion g sais..es
A ssumptian 2.3. Suppase OH sH) 2 Hy o, but (H ;H)B Gy - Since
Gx x isaavexset; by the separation theoram thereexdsts C x ;™ ,0sudh
tat

xH 17 -0 - "Gy §"xG, TorallGi;62)2Gx ik

Because (H, ;H)) 2 Hy o the .. istinequality implies that the directianal
dematine ofFgG; ) in tedrectian of Cx ;"> at ;> D*g -0. The
saaod inequality implies that the same directiaal dermatine DY g _ 0.
HaxewehaeD*g=10. IF{ ;> is nota maximum ofgwth a zero
directical dermative then( 8 Gy -, the separatian is strict; tus D™ g>
0, acotradiction. T his veri..es thatHy o UGy > SOHy 5« =Gy > ¥

P roofof Caroliexry 2.1. || ecsssary aandiian. AHan T heaam 22, we
knovthatthere edstsL Sl A Kat @ ;>)if and anly i there existpasitive
\alation peratars d sudh that, Torany ¢;3) _ (0)

P» jdiA» i[Tk@;X +>>)iTk@;X b .0 ad
P2 § A3 §[SH@:x+ 3§ SHE:IY - 0:

T his yieks
dR & + »;x+ 3Pp) iR € 5P ;pIl-P» i p3:
W e essily getthe . rstpartof aur cadbry.

Sut¢ datt adita. T his Dllons ion Theaem 2.2 ad |l emma 2.1
dboe. ¥
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P yroof of T heorem 4.1. | ecsssity. Sinag

X X
Ed Ul JPIFEF Kiahi@i+ & 1T
j=t1 Jj=t1
i@+ 45 1S5
i %P 5X 5+ Vg
X
=&  EjulXja’%Ci+ & iT;)
j=t1
i5a@+ 5 155019
X
+ EF [i%P ;X j + %P> D
j=t1

X
=& WiuEjalsCi+ 4 iTidFjnl
j=t1
i 9aEiul4@+ 45 iSpDFin IR0
X
+ E«F  [i%PX 5+ %P9 s
j=t1

adsineY: is astate price detator;
EjPier + Hs1 i T5+19 - Pyl andEj Myt + 41 855419 - P %55

rj=0;1;:::;T §il. SofapreddabE deasion praesssss X ad X we
hae

X X
Ed %l JPT-Ef Xya¥iaPip i§an%inPind
j=t+1 j=t1

X
+ EF [#%5P ;X § + %ipi>s D
j=t1

=@ c i PO i1 EdVr CrX 71 ipr>x)l
T harefare T heaam 4.1 can be dotainad by reargenizing the aboe inegual

ity.
Su¢daxy. IT

X
PXeiPo.Ed %l ) "I Edlir @rX1 iprox )l

j=t+1
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holds, then aosider; oren abitrary seaunity i, theradingstrategy ¢ ;)
de.ned by

MDletXd =0 adX{=1X{; =10, Brabitaay t=10;1;:::5T;
j=1;::T jtWemnexslygt

EdCuwi+ *e1 i Te1 Vo1 1- Pdie

Torallseaunitiesi =1;::: ;N
C(i)letx ' =0 ad> =1pd; =0, Drabitay t=0;1;::3T;
J=1:210T it vwehae

Ed@e: + f&1 iSe1 D1 1 Pt

Trallseaunitiesi =1 ;::: ;n. Sincetisabittary ¥ is astate price defator:
14

P roof of T heorem 42. || exssity. W e need 1O showv tat G is
a supemartingeke and G, is a submartingge. Fram the de.niian, an
adgpted procss Yo is a supemartinggke (submartinggke) ifand aly iff
EF.)-Ye C Y)Trawyskppingtme; - T. Casider, Toran abi-
trary seunty i ad an abitrary stoppingtime¢, - T, the tradingstrategy
€ '»dDdenedbyx T, andX =1 frj< ¢, wthX =0 ©rj _¢.
Since there exiss ¥, such thakE ([, %58 ) - 0, vehae

- . . . . .
E[i%P+ %@ iTPO+ %@+ i T)DI-0:
i=

Sinei is abittary, sO

Xl
Eli%Po+ %G i T+ %, @.+ % iTIl-0;
i=

tetisE G - %Py =E G sineX ; =0.

Simibrly we an ce.re attading strategy € '; )by X' 7 (0, ad
X =1®rj< ¢ wthx =0 0rj _ ¢ adgtEGL) . %wp =
E G4 sinex; =0. Sine is abitary G’y GLDis asupemartincpe
(submartincpke).
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Sue daxy. Sine

0 1 0

X X
EQ@ £ ”A=EQ@ Y%Xju @i+ % il
=0 =

iXa G+ 5 1Sl PiX+ pidg)

ad¥ is astate price det ator;

E @1 + L1 i Tje1 %5410 - Pjly;
E F@j+1 + H+1 i S51 %5410 - Pj%;

orj=0;1;:::5T §1l.
U sing the property ofiterated epedtatias, we hag

29

0 1 0
X y X
EQ@ A -EQ@  X5uPia¥in i>§nPintin i%X;Pj
= = ~
+ Y555 Py

=i¥%r X1 P1+ Yy > pr

P
IFX TP1 i>epr 0, enE C [, %l )7 - 0. Fram the de.nitian

ofabittace this proes suc dacy, ¥
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