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M ultiperiodA ssetPricing

inthePresenceofTransactionCostsandTaxes

A B ST R A CT
T his papermodels thee¤ectoftransactioncosts andtaxesonassetpricing

in amulti-period setting. Itextends the studyby D ermodyand R ockafellar
(D R )(19 9 1), whereitwasshownthatterm structurevaluationisagent-speci…c
owing to agents’ di¤erenttax classes, and thata multiplicity ofvaluation
operatorsexistsowingtodi¤erentcostsassociatedwithlongandshorttrades.
U nlikeD R whofocussolelyontherisklessbond, thispaperanalysesbothrisky
andriskless securitypricinginamoregeneralframeworkoftaxation. Similar
toD R , thetightestnoarbitragepresentvaluerangeforaclaim isderivedhere
withouttheknowledgeofinvestorpreferences. T he Jouini and Kallal(19 9 5)
analysis ofshortsales inataxfreeeconomyis aspecialcaseofourmodel. W e
alsoestablishtheexistenceofasetofpseudoriskneutralprobabilitymeasures,
underwhichthediscountedlongpriceisasupermartingaleandthediscounted
shortprice is asubmartingale, is thenecessaryandsu¢cientconditionforno
arbitrage.

JEL classi…cation: G 10, G 12, C61.

1 .IN T R O D U CT IO N

O neofthemostimportantandfundamentalresultsin…nance, assuming
perfectmarketsandtheabsenceofabitrage, istheexistenceofanequivalent
martingaleorriskneutralmeasure, wherebyavaluationoperatorcanbe
usedtouniquelypriceallassets(seeR oss19 7 6, H arrisonandKreps19 7 9 ).
T hisresultisthecornerstoneofpricingby“noarbitrage”.
T he notion thateveryfuturecash ‡owhas anetpresentvaluedeter-

minablefrom asinglevaluationoperatorbreaks downwhentheassump-
tionofaperfectmarketis removedandthereare transaction costs and
taxes (see Prisman 19 86, R oss 19 8 7 , D ermodyand Prisman 19 88 , 19 9 3,
D ermodyandRockafellar19 9 1, 19 9 5). T hefactthatprices andtransac-
tioncostsforlongandshorttradesarenotthesame, andthattaxationof
long- andshort-sides pro…ts arenotalways symmetricfurthercomplicate
theproblem. Similartothecaseofperfectmarkets, theminimalrequire-
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mentnecessarytoachieveequilibrium inmarkets with transaction costs
andtaxes is theabsenceofafter-taxarbitrageopportunities.
T heearliestworkinassetpricingfocus onmartingalemeasure infric-

tionless economy. E¤orts havebeenmadesincetoaccommodatemarket
frictions. R oss (19 8 7 ) forexampleanalyses complications thataredueto
taxation. H e shows thatdi¤erentmartingalemeasures existwhencapi-
talgains andordinary incomearetaxeddi¤erently. Similarly, D ermody
andR ockafellar(D R ) (19 9 1, 19 9 5), whostudythevaluationofdefaultfree
bond, showthatdi¤erenttaxclassesresultinterm structurethatisagent
speci…c. This agentspeci…cterm structure, togetherwith the di¤erent
transaction costs associatedwith longand shorttrades, leads toamul-
tiplicityofvaluationoperators forpricingbondcash ‡ows. In D ermody
and R ockafellar’s framework, everyfuturecash ‡owcanhavearangeof
presentvalues. H ence, thereisarangeofpriceswithinwhichabondmay
betradedandyetthereisnoarbitrage.
W hile asinglevaluation operatorcorresponds tothemartingalemea-

sure, amultiplicityofvaluationoperators correspondstothesemimartin-
galemeasure. T hesemimartingalemeasureapproachtoassetpricinghas
become increasingly importantrecently. U singanabstracttopologyand
withsomeconstraints onthetradingstrategy, Frittelli (19 9 7 ) shows that
anadaptedstochasticprocess is asemimartingaleifandonlyifnoglobal
freelunch is allowed. Inordertoincorporateshortsales constraints into
themodel, Jouini and Kallal(19 9 5) restrictinvestors tohold nonnega-
tivenetpositions. U ndertheassumptionthattheborrowingandlending
ratesareequal(orthereisnobid-askspread), theyshowthatnormalized
(discounted) price processes forsecurities are eithersupermartingales or
submartingales. Suchrestrictionandassumptionarenotrequired inour
model.
In this paper, the classicasset-pricingmodelis generalized toinclude

amorerealisticimperfectcapitalmarketwithdi¤erentinterestrates for
lendingandborrowing, anddi¤erentprices forlongandshorttrades.1 It

1A long position arises when an investorbuys a security orunwinds a previously
acquiredshortposition. A shortpositionariseswhentheinvestorsells orshortborrows
asecurity. Takinga“short-borrowed” positioncorresponds toaspecialtransaction in
which the investorassumes the obligation ofpaying out(for each unitofsecurity i
shorted) theexpected pre-taxamount, in return forreceivingacash amountpi in the
present. Shortingis a form ofborrowing, and shortingcostis the costtobe paid for
suchaborrowinginadditiontootherconventionaltransactioncosts.
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extends the study by D ermodyand R ockafellar(D R ) (19 9 1, 19 9 5) and
Ross (19 8 7 ) bystudyingthepricingofbothriskyandriskless securities in
amoregeneralframeworkoftaxation. Inmarketswithfrictions, ourmodel
statesthatasecuritycanhavearangeofprices. T hemodels inD ermody
and Rockafellar(D R ) (19 9 1, 19 9 5), Jouini and Kallal(19 9 5), and Ross
(19 8 7 ) canbeviewedas specialcases inourmodel. W edemonstratethat
thetightestbounds onthepriceofaclaim, whichwecalledtheimputed
longandshortprices, can similarlybederivedwithouttheknowledgeof
investorpreferences. M oreover, weshowthattheabsenceofarbitrage is
anecessarybutnotasu¢cientconditionfortheexistenceofacomplete
setofmartingale(orrisk-neutral) probabilities inbothsingle- andmulti-
periodframeworks. T henecessaryandsu¢cientconditionfornoarbitrage
is theexistenceofasetofsemimartingaleprobabilities underwhich the
discountedlongpriceis asupermartingaleandthediscountedshortprice
isasubmartingale.
O ur…ndinghas an importantimplicationforpricingcontingentclaims

forexample. T heBlackScholes optionpricingmodelignores transaction
costs, and o¤ers noguidance as tohowtransaction costs can be taken
intoaccount(seeJarrowandTurnbull, 19 9 6). W eprovideanexampleto
demonstratehowthemodeldescribedheredirectlyaddressesthisproblem.
T he remainderofthe paperis organised as follows. Section 2 shows

the equivalencebetweennoarbitrageopportunities and the existenceof
asetofvaluationoperators inmarketswithfriction. Inthis section, we
followR oss(19 8 7 )closelyandrecastRoss’stheoremsofnoarbitrageintoa
moregeneralframeworkthatallowprices(andtaxes)todi¤erbetweenlong
andshorttrades. Section3derivestheimputedlongandshortvalues for
futureaftertaxcash‡ows inanarbitragefreemarket, andestablishesthe
relationshipbetweennoarbitrageandapseudosemimartingaleprobability
measureinasingleperiodsetting. Section4extendsthepricingmodelto
amulti-periodsetting. Finally, Section5 concludes.

2.A R B IT R A G E A N D ST A T E P R ICES IN A FR ICT IO N A L M A R KET

Inthissection, werecasttheanalysesinR oss(19 8 7 )inthecontextwhere
prices(andtaxes)di¤erbetweenlongandshorttrades. A ssumetherearen
primitiveassets. L etA beastatespacepayo¤ tableaux— then£smatrix
whoseentries areaij, fori= 1 ;:::;nand j= 1 ;:::;s. A n investorwho
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holds oneunitofsecurityi receives amountaij ifstate j occurs. aij can
bethecoupon/principalofa…xedratebondforexample, oritmaybethe
payo¤/priceofariskyasset. Inthispaper, thenoarbitragerelationship is
establishedbyexaminingpro…tibilitygeneratedbynewtrades. Investors’
previouslyacquiredpositions arenotconsidered. T his assumption is one
forsimplicity. Evenifinvestorscantakeadvantageoftheirexistinghold-
ings byunwindingpreviouslyacquired positions andtradeatfavourable
prices, such“freelunch” willbe…nite, andtheanalysis isomittedherefor
simplicity.
N ext, letP i andpi bethelongandshortpricesofsecurityi, andletX i

andxi bethenumbersofunitsofsecurityi longedandshortedrespectively
suchthatX i ¸ 0 andxi ¸ 0 ;P =(P 1 ;:::;Pn); p=(p1 ;:::;pn); X =
(X 1 ;:::;X n); x= (x1 ;:::;xn). T hedi¤erencebetween P i (theaskor
longprice) and pi (thebidorshortprice) equalthebid-askspread plus
additionalcostinvolvedinshortborrowing. W ecallthisdi¤erenceinprice
thelong-shortspread. Foran investorwithnopreviouslyacquired long
position, theshortpriceissigni…cantlylessthanthelongpriceforsecurity
i :0 ·pi < P i fori= 1 ;:::;n. D uetotheadditionalshortingcost, the
bid-askspreadmaynotbesymmetrical. O neimmediatelyrecognisesthat
sinceaij representsthestatepriceofariskyasset, itcouldbethebidor
theaskprice dependingonthenatureofthetransaction. H owever, aij
is involved intheunwindingtradeonly. Itis reasonabletoassumethat,
undernormalcircumstances, thebid-askspreadisroughlysymmetricalfor
unwindingtrades. Sincetheshortingcosthasalreadybeenincludedinpi;
thedistincionbetweenlongandshortpositions is omitted inthecaseof
aij forsimplicity.
Following D emody and R ockafellar(19 9 1), investors are divided into

separateclasses indexedbyk= 1 ;:::;K, accordingtothewayinwhich
theirtaxesarecalculated. Forinvestors inclassk, theamountsoftaxto
bepaidonalongportfolioX is denotedbyT k(P ;X );andtheamountof
taxtoberebatedonashortportfolioxis denotedbySk(p;x). T k(P;X )
and Sk(p;x)are taxfunctions thatmap thecurrentprice P (orp)and
position X (orx)ofinvestors inclassk, intoavectorofstate-dependent
taxes. T hatis T k(:;:)and Sk(:;:)map (0 ;1)£(0 ;1)! (0 ;1), with
T k(P ;0 )= Sk(p;0 )= 0 . T heafter-taxpayo¤ onthis positionisgivenby
Z (X ;x;P;p)= A(X ¡x)¡[T k(P;X )¡Sk(p;x)], whereA is, as de…ned
before, the statedependentpayo¤. T he after-taxpayo¤ is an s vector,
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wherebyeachofits elements istheafter-taxpayo¤ intheassociatedstate
ofnature. Taxesdependingeneralontheprices P ; pandpositions X ; x
becausethesepricesandpositionssetthebasisforcalculationsofdividends,
interest, andcapitalgains. In Ross (19 8 7 ), thedependencies oftaxes on
state price, A; and currentprice, P (orp); are surpressed. H ere, the
impactsofPandp arespeci…callyincluded. T heimpactofA islesscritical
ifweobservethefactthatalthough individualtaxobligationandrebate
maybenettedo¤, allindivudualsarenettaxpayers, andthegovernment
isanettaxcollector.
N extdenoteachangeinportfoliopositionas (»;³)with(»;³)¸(0 ;0 ):

T heincrementinafter-taxpayo¤ duetothechangefromaposition(X ;x)
toanewposition(X + »;x+ ³)isdenotedby

F (X ;x;»;³)=Z (X + »;x+ ³;P ;p)¡Z (X ;x;P;p)

=A(»¡³)¡f[T k(P ;X + »)]¡[T k(P ;X )]g
+ f[Sk(p;x+ ³)]¡[Sk(p;x)]g:

T hecorrespondingincrementalinvestmentcostforsuchachangeisP »¡p³.
Severalbasicde…nitionsneedtobeestablished…rst.

D e finition2.1. L ocalweakno-arbitrage L W N Akissatis…edat(X ;x)
forinvestors in taxclass k(k= 1;:::;K)means thatforeverysuch in-
vestorwith a previously acquired position vector (X ;x), itis impossible
to…ndatrade (»;³)¸(0 ;0 )suchthatthe incrementofafter-taxpayo¤ ,
F (X ;x;»;³)¸ 0 , andthe incrementofinvestmentcostP »¡p³ < 0 . If
L W N Ak holds forevery k= 1 ;:::;K, we saylocalweakno-arbitrage,
L W N A , is satis…ed.

D e finition2.2. L ocalstrongno-arbitrageforinvestorclassk, L S N Ak,
issatis…edat(X ;x)forinvestorsinclasskwhenthereisnotrade(»;³)̧
(0 ;0 ), with (»;³)6= (0 ;0 )suchthat F (X ;x;»;³)¸ 0 and P »¡p³ · 0
exceptperhaps ones satisfying F (X ;x;»;³)= 0 and P »¡p³ = 0 . If
L S N Ak holds forevery k= 1 ;:::;K, we saylocalstrongno-arbitrage,
L S N A , is satis…ed.

O bviously, whenthereisnoinitialinvestment, thentheafter-taxpayo¤
is given by A (»¡³)¡f[T k(P ;»)]¡[Sk(p;³)]g and the investmentcost
is P »¡p³. T hese are the de…nitions of(global) weakand strongform
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arbitrageat(X ;x)= (0 ;0 )given by D ermodyand R ockafellar(19 9 1).2

N otethatthede…nitionofarbitrageisagent-speci…canddependsonlong
andshortpricesandtherespectivepreviouslyacquiredpositions. T henon-
linearityoftaxscheduleforcedtheanalysestobebasedonthelocalisedno
arbitrageanalysis. Extensionstoglobalnoarbitragecanbeobtainedalong
thelines ofR oss (19 8 7 ), SectionIV (pages 37 6-37 7 ) usingtheconceptof
“extendable” arbitrage.

Assumption2.1. T he tax functions T k(:;:)and Sk(:;:)are, respec-
tively, convexandconcave in theirsecond variable. A llindividuals are
nettaxpayersandtheafter-taxpayo¤ Z (:)is concave.

G ivenA ssumption2.1 wehavethefollowingpairofprimal-dualconvex
programmingproblems:

(P M ): min
(»;³)̧ 0

P »¡p³; subjecttoF (X ;x;»;³)̧ 0 ;

(DM ):max
ḑ 0

inf
(»;³)̧ 0

fP »¡p³¡dF (X ;x;»;³)g

whered isavaluationoperatorappearinginDM asa“shadowprice”. T he
function P M describes theprocess ofidentifyingtheportfoliothatmini-
mizesthecurrentincrementalinvestmentcostwhilegeneratenonnegative
increments offutureafter-taxpayo¤ ineverystateofnature. H ence, the
no-arbitrageconditioncanbede…nedintermsofP M .T hatis, thereexists
L W N A kat(X ;x)ifandonlyiftheoptimalvalueofP M is zero. L SN A k

holdsat(X ;x)ifandonlyiftheoptimalvalueofP M iszero, d isstrictly
positive, andtheoptimalsolutionsatis…estheconstraintasequality.
T hetheorem belowveri…estheexistenceofthevaluationoperator, d, in

thepresenceoftransactioncosts andtaxation, thatcanbeusedtoprice
anychangeinafter-taxincomeinanarbitrage-freemarket.

T h e ore m 2.2. A ssumeA ssumption2.1 issatis…ed. T hefollowingstate-
mentsareequivalent:
(1) thereexists L W N A kat(X , x);
(2) thereexists asemipositivevaluationoperator, d(d¸0 ), suchthat,

forany(»;³)̧ (0 ;0 ),

P »¡p³¸dF (X ;x;»;³);

2 W henTk= Sk; P= p this is thede…nitionofarbitragethatappears inR oss(19 8 7 ).
IfinadditionTk= Sk= 0 , thenthis is thetraditionalde…nitionofarbitrage.
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(3) there exists a semipositive valuation operatord, such that, forany
(»;³)̧ (0 ;0 ),

P »¡dfA»¡[T k(P ;X + »)¡T k(P;X )]g¸0 ;

p³¡dfA³¡[Sk(p;x+ ³)¡Sk(p;x)]g·0 :

For L S N Ak at(X ;x)the constraints in statements (2) and (3) must
besatis…ed, andthevaluationoperatordmustbe strictlypositiveforany
(»;³)̧ (0 ;0 ).

Proof: SeeA ppendix.

Assumption2.3 . Forapositived, thepoint(X ;x)is notamaximum
ofdZ (X ;x;P;p)withazeroderivativeinsomedirection.

A s statedinRoss(19 8 7 ), theassumptionthatthereisnozeroderivative
in anydirection is aweakform ofnonsatiation. Ifthere is nosatiation,
then (X ;x)is notamaximum ofZ (:)andassumption (2.3) is satis…ed.
Even if(X ;x)is amaximum ofZ (:);ifnodirectionalderivativeis zero,
assumption(2.3)willstillbesatis…ed.
L etg(:)beaconcavefunctionandletHX ;x bethesetofdirectionson

whichg(:)isnondecreasing:

HX ;x´f(H1 ;H2)jH1 »¡H2³·0
) g(X + »;x+ ³;P;p)·g(X ;x;P;p)

D enoteGX ;xasanothersetofdirectionsong(:)where

G X ;x´f(G 1 ;G 2)jg(X + »;x+ ³;P;p)·g(X ;x;P;p)
+ G 1 »¡G 2³g:

L e mma2.1. (R oss’slemma6) A nyconcavefunctiongsatis…esA ssump-
tion 2.3 ifandonlyifHX ;x=G X ;x .
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Proof: SeeA ppendix.

C orollary 2.1. A ssumeA ssumptions2.1 and2.3aresatis…ed. L emma
2.1 impliesconditionssetoutinT heorem 2.2 forL S N Akaresu¢cientas
wellasnecessary.

Proof: SeeA ppendix.

D enote the one-sided directionalderivatives ofT k(P ;X )atX in the
directionofÁ be±T k(P ;X ;Á);andthatofSk(p;x)atxinthedirectionof
' be ±Sk(p;x;'):Statement(3) in T heorem 2.2 implies thatL W N A kat
(X ;x)holds ifandonlyifthereexistsasemipositivevaluationoperatord,
suchthat

P Á ¸dfAÁ¡[±T k(P ;X ;Á)]g; p' ·dfA'¡[±Sk(p;x;')]g: (1)

L SN A kat(X ;x)holds ifandonly ifequation (1) holds anddis strictly
positive.

Assumption2.4. T k(P ;X )andSk(p;x)aredi¤ erentiableatX andx
respectively.

IfT k(P ;X )andSk(p;x)aredi¤erentiableatX andxrespectively, then
thedirectionalderivativesof(T k(P ;X );Sk(p;x))at(X ;x)inalldirections
(Á;')are…niteand,

±T k(P ;X ;Á)=[rT k(P ;X )]Á; ±Sk(p;x;')=[rSk(p;x)]'; (2)

whererT k(P ;X )andrSk(p;x)arematricesofgradientsofT k(P ;X )and
Sk(p;x)evaluatedatX andxrespectively. From theaboveanalysis, one
caneasilyestablishthefollowingtheorem.3

T h e ore m 2.5 . A ssumeA ssumptions2.1 and2.4aresatis…ed. L W N A k

at(X ;x)holds ifandonlyifthereexistsasemipositivevaluationoperator
d, suchthat,

P ¸[A ¡rT k(P ;X )]d; p·[A ¡rSk(p;x)]d: (3)

3T hemainresultin R oss (19 8 7 ) is thecaseofTk= Sk; P= p in this theorem.
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L SN A k at(X ;x)holds ifandonly ifequation (3) holds anddis strictly
positive. ¥

A sweknow, disavectorthatbelongstoaconvexset;itdoesnothave
tobeasinglevector. T hejthcomponentofthevectordis interpretedas
theimplicitpriceofanafter-taxpayo¤ of$1 instatej. T hevectordis a
convexvaluationoperatorthatmapsafter-taxstate-contingentpayo¤sinto
arbitrage-freeprices. T heorem 2.5 veri…es theexistenceofimplicitstate
prices inthepresenceoftaxationandtransactioncosts thatcanbeused
topriceanychangeinafter-taxincome.
Forsmallchanges » and ³, [T k(P ;»)]= [T k(P )]» and [Sk(p;³)]=

[Sk(p)]³. P M and DM can then be rewritten as the followingpairof
primal-duallinearprogrammingproblems.

(P L ): inf
(»;³)̧ (0 ;0 )

P »¡p³ s:t:[A ¡T k(P )]»¡[A ¡Sk(p)]³¸0 ;

(D L ):sup
ḑ 0

0d;d2IR s s:t:[A ¡T k(P )]d·P ; [A ¡Sk(p)]d¸p:

T hedualitytheoryoflinearprogrammingensures thattheoptimalvalue
ofP L is zeroifandonlyiftheoptimalvalueofits dualD L is zero. Ifa
feasiblesolutiontoproblem D L exists, obviouslyitsoptimalvalueiszero.
W ethusobtainthefollowingresult.

C orollary 2.2. L W N A k at(0,0) holds ifandonly ifthere exists a
semipositivevaluationoperatord, suchthat[A ¡T k(P )]d·P , and [A ¡
Sk(p)]d¸p. L SN A kat(0,0) holds if[A ¡T k(P )]d·P , [A ¡Sk(p)]d¸p
anddis strictlypositive. ¥

InD ermodyandR ockafellar(19 9 1), Dkisusedtodenoteatermstructure
packetforinvestoroftaxclassk. Corollary2.2 isconsistentwithTheorem
3.2 andTheorem 4.3ofD ermodyandR ockafellar(19 9 1), ifwedenote

Dk´fdjd¸0 ; [A ¡T k(P )]d·P; [A ¡Sk(p)]d¸pg

andregardmaturitiesforrisklesssecuritiesasequivalenttostatesforrisky
securities inthesingleperiod.
U singthe properties ofconvexityand subgradients orsupergradients,

T heorem 2.5 means thatAd¡P is asubgradientofT k(P ;X + »)atX
andAd¡p is asupergradientofSk(p;x+ ³)atx, since [T k(P;X + »)¡
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T k(P ;X )]d¸»(Ad¡P )and[Sk(p;x;³)¡Sk(p;x)]d·³(Ad¡p):T herefore,
wehave­k1 d= Ad¡P and ­k2d= Ad¡p, thatis (A ¡­k1 )d= P , and
(A¡­k2)d=p, where­k1 and­k2 arematricesofsubgradientsofT k(P ;X + »)
atX andsupergradients ofSk(p;x+ ³)atxrespectively. Iftheranksof
A¡­k1 andA¡­k2 arenotfull, thenthereisanin…nite, convex, andclosed
setofsemimartingaleprobabilitymeasures, Dk, forinvestors intaxclass
k. Inanotherwords, foruniquepricing, weneedA¡­k1 andA ¡­k2 tobe
fullrank.

3.IM P U T ED V A L U ES O F A SSET S A N D P SEU D O
SEM IM A RT IN G A L E M EA SU R ES

A multiplicityofvaluationoperatorshas importantimplicationsforas-
setpricing. A multiplicity ofvaluation operators was shown toposses
twodistinguishingcharacteristics. First, theabsenceofarbitrageallows
everyfutureafter-taxcash ‡owtohavearangeofpresentvalueswithin
whichasecuritymaybetraded. Second, thepropertiesofprobabilitymea-
sures induced by amultiplicity ofvaluation operators di¤erfrom those
ofestablished risk-neutralprobability measures. Instead, we geta set
ofsemimartingalemeasures thatcaneitherbesuper-martingales orsub-
martingales.

3.1. Imputedlongandshortvaluesandnoarbitragebound

In this subsectionwede…nenoarbitragebound forsingle-period long
andshortprices ofbothriskyandriskless payo¤s inamannersimilarto
thewayinwhichamulti-periodterm structurewas de…ned in D ermody
and Rockafellar(19 9 1). FollowingD ermodyand R ockafellar(19 9 1), the
imputed longand shortvalues ofa traded claim, whose payo¤ can be
hedgedbyanadmissibletradingstrategy, canbede…nedasfollows:

D e finition3 .1. (D emodyandRockafellar’sequations(3.2)and(3.3))
T heimputedlongvalue, orlongpricefortheafter-taxcash‡owwrelative
totaxclass kandposition (X ;x)istheamount,

V k(w)=min(P »¡p³); (4)

subjectto [A ¡rT k(P ;X )]»¡[A ¡rSk(p;x)]³ ¸w, with » ¸ 0 and
³¸ 0 . T he imputedshortvalue, orshortpricefortheafter-taxcash‡ow
wrelativetotaxclass kandposition (X ;x)is theamount,

vk(w)=max(¡P »+ p³); (5)
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subjectto¡[A ¡rT k(P ;X )]» + [A ¡rSk(p;x)]³ ·w, with » ¸ 0 and
³¸0 .

T he imputedlongvalue is thelowestcurrentcostnecessaryforan in-
vestorintaxclasskwhose initialposition is (X ;x), throughsometrade
(»;³)togetafutureafter-taxcash‡owatleastas goodasw. L ikewise,
the imputed shortvalue is the largestamountofcash thatany investor
inclasskwithinitialposition(X ;x)canobtainimmediatelybytakingon
theobligationofpayingafuturecash‡owforwhichtheafter-taxburdens
arenoworsethanw. T heseimputedvaluesde…neboundsforthelongand
shortpriceswithinwhichasecuritywmaybetraded. N oinvestorinclass
kwithpreviouslyacquiredposition(X ;x)shouldbewillingtopaymore
thantheamountV k(w), theupperbound, sincetherewouldbeacheaper
wayofgettingatleastthe samepayo¤. Similarly, noinvestorinclassk
withpreviouslyacquiredposition(X ;x)wouldsell(orshortsell)thesame
payo¤ forlessthanthelowerboundvk(w)sinceabetteralternativeis to
borrowalargeramountandusewtorepayallfutureobligation.
T herefore, the interval[¡V k(¡w);V k(w)]de…nes arbitragebounds on

thepriceoftheclaimw. W ithoutanyfurtherknowledgeabouttheprefer-
encesofaninvestorintaxclasskwhohas apreviouslyacquiredposition
(X ;x),¡V k(w)andV k(w)arethetightestboundsthatcanbederivedfor
thepriceoftheclaimw. Itis easytoseethattheimputedlongandshort
values, V k(w)andvk(w), satisfyvk(w)=¡V k(¡w)ifL W N A kissatis…ed.
From D e…nition(3.1), thelongandshortvalues, V k(w)andvk(w);can

becalculatedbysolvingcertainoptimizationproblems in(»;³). Speci…-
cally, theabsenceofarbitrageopportunitiesforaninvestorinclasskwith
previouslyacquiredposition(X ;x)impliesthatthereexistsatleastatrad-
ingstrategy(»;³)andanonnegativevaluationoperatord2Dk, where

Dk´fdjP ¸[A ¡rT k(P;X )]d; p·[A ¡rSk(p;x)]dg

provided thatT k and Sk aredi¤erentiableforany(»;³)¸ (0 ;0 ). T his
is similartoD ermodyandRockafellar’s (19 9 1) equation(3.8). U nderthe
equivalentconditions ofP »¡p³ ¸ dw and D ermodyand R ockafellar’s
T heorem3.2, thelongandshortvalues, V k(w)andvk(w);fortheafter-tax
cash‡owwcanbecomputedas

V k(w)= min
(»;³)̧ (0 ;0 )

P »¡p³=max
d2Dk

dw;
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and vk(w)=¡V k(¡w)=mind2Dkdw. O ntheotherhand, Dk is com-
pletelydeterminablebyknowledgeofV kandvk:

Dk=fdjdw·V k(w)forallwg=fdjdw¸vk(w)forallwg:

3.2. Example:ValuationofanEuropeanCallO ption
H ereisanexampleshowinghowthevaluationEuropeancalloptioncan

bederivedwhen prices aredi¤erentin longand shorttrades. (W e sur-
pressedtheissueofdi¤erentialtaxationinthis exampleforsimplicity.) It
is wellknownthatinaperfectmarketwecanpriceandhedgeaderiva-
tivesecurityviasyntheticreplication. T hatis, aportfolioconsists ofthe
underlyingstockandariskless bondis constructedtomimicthevalueof
theoption. T his syntheticoptionmust, bytheabsenceofarbitrage, equal
thepriceofthetradedoption. SupposewewanttopriceaEuropeancall
optionwithmaturityattheendofoneperiod. L etthestrikepriceofthe
optionbeK, andlettheoptionbewrittenonastockwhosecurrentprice
is S00 . Itis knownthatattheendoftheperiodthe stockpricewillbe
eitherS u intheup state, orSd inthedownstate(Sd< K < S u). Ifthe
stockprice is S u, thetradedoption is worth S u¡K. Ifthestockprice
is Sd, theoption is worthless. A ssumingthatthis portfolioconsists ofy
sharesofstockandxunitsoftherisklessbond. B ydesign, thefuturecash
‡owofthis replicatingportfolioequalsthecash‡owofthetradedoption
nomatterwhichstateoccurs. T hatis,

x(1 + r)+ ySu=S u¡K; x(1 + r)+ ySd=0 ;

whereristherisklessrate. T hecostofthereplicatingportfoliois,

C =x+ yS00 =
¡Sd+ S00 (1 + r)
(S u¡Sd)(1 + r)

:

Toavoidarbitrage, thetradedoptionmusthavethisvalue.
Inthepresenceoftransactioncosts, we supposethatthecurrentlong

andshortprices ofthestockare(S 0 ;s0 ), andthelendingandborrowing
ratesarerL andrB respectively. T henoarbitrageterm structureinatax
freeenvironmentwillbe,

D =
½
(d1 ;d2)j

·
(1 + rB )¡1

s0

¸
·

·
1 1
S u Sd

¸·
d1
d2

¸
·

·
(1 + rL )¡1

S 0

¾̧
;

thatis,

1
1 + rB

¡d1 ·d2 ·
1

1 + rL
¡d1 :
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N ext, substitutetherelationshipbetweend1 andd2 intos0 ·S ud1 + Sdd2 ·
S 0 , weget

s0 (1 + rL )¡Sd

(1 + rL )(Su¡Sd)
·d1 ·

S 0 (1 + rB )¡Sd

(1 + rB )(S u¡Sd)
.

T herefore, thelongvalueoftheoptionshouldbe

V =max
d2D

d1(S u¡K)+ d20 =
S 0 (1 + rB )¡Sd

(1 + rB )(S u¡Sd)
(S u¡K);

andthecorrespondingshortvalueis,

v=
s0 (1 + rL )¡Sd

(1 + rL )(S u¡Sd)
(S u¡K):

Itiseasytoseethatv·C ·V , sinces0 ·S00 ·S 0 andrL ·r·rB .

3.3. R iskN eutralProbabilities inFrictionalmarkets

A multiplicityofvaluationoperators notonlyresults inarangeofim-
putedvaluesforaclaim, butitalsomeansthatno-arbitrageisanecessary,
butnotasu¢cient, conditionfortheexistenceofrisk-neutralprobabilities
inmarketswithtransactioncostsandtaxes. Indeed, as shownbelow, the
risk-neutralprobabilitymeasureinaperfectmarketis inducedbyavery
conservativestrategy.
G ivenavaluationoperatordandd=(d1 ;¢¢¢;ds). L etd0 =

P s
j=1 dj.

d̂j ´dj=d0 is themartingaleorrisk-neutralprobabilityforstate j (j =
1;:::;s)inmarketswithouttransactioncostsandtaxes. Infrictionalmar-
kets, itis moreprecisetocallitapseudo-risk-neutralorsemimartingale
probabilityforreasonswewillelaborateinthenextsubsection. T heorems
2.2 and2.5 guaranteethatd0 > 0 ifL SN A kholdsat(X ;x).
Supposethereexistsatradingstrategy(»0 ;³0 )suchthatP»0¡p³0 6= 0 ,

and

F (X ;x;»0 ;³0 )
P »0 ¡p³0

=R 1 :

Sincethereturnineverystateisthesame, R istherisklessreturn, and
werefertothisstrategyasrisklesstrading. r=R ¡1 is interpretedasthe
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implicitafter-taxrisklessrate. T hediscountonthisrisklesstradingis,

d0 =
dF (X ;x;»0 ;³0)
(P »0 ¡p³0 )R

:

O bviously, d0 ·1 =R ifL S N A holdsat(X ;x).
Suppose(A;P;p;T;S)admitsnolocalstrongarbitrage. Foranyportfolio

change(»;³)with P »¡p³ 6= 0 , thereturnon(»;³)is thevectorR »;³ in
IR s de…nedby

R »;³
s =

F (X ;x;»0 ;³0)s
(P »¡p³)

forstate s. T heorem 2.5 implies thatL SN A holds at(X ;x)ifandonly
ifforany (»;³), we havedR »;³ · 1 ; thatis

P s
j=1 d̂jR

»;³
j · 1 =d0 . B y

conventiond̂j (j=1 ;:::;s)arerisk-neutralprobabilities ifwecanchoose
astate-pricevectordfrom themultiplicitysuchthat

P s
j=1 d̂jR

»;³
j = R .

Inotherwords, therisk-neutralprobabilitymeasureis inducedbyavery
risk-aversestrategy. Inmarketswithtransactioncosts andtaxes, itrules
outalltheothercaseswhere

P s
j=1 d̂jR

»;³
j 6= R ;but

P s
j=1 d̂jR

»;³
j · 1 =d0 :

Infact, thatL SN A holds is equivalenttotheexistenceofasetofpseudo-
risk-neutralprobabilities. W ewilldiscuss this furtherinthemultiperiod
settinginSection4.

3.4. A djustedR iskN eutralProbabilitiesandFrictional
M arkets

A nequivalentinterpretationofTheorem2.2 andTheorem2.5 intermsof
(̂d1 ;:::;d̂s)andtax-adjustedpseudo-risk-neutralorsemimartingalesprob-
abilities is possible. T heorem 2.5 indicates thatifA ssumption2.4 is sat-
is…ed, thenthenecessaryand su¢cientconditionforL SN A kat(X ;x)is
theexistenceofapseudo-risk-neutralprobabilitymeasuresuchthattheex-
pectedafter-taxreturncannotexceedtheoriginalvalueunderthismeasure
andthecostofinvestmentisnonpositive, thatis

P »¡p³·0 =) Ê [R (X + »;x+ ³;P ;p)]·Ê [R (X ;x;P;p)]:

Inaddition, T heorem 2.5 formallyimplies corollary(3.1) below. L etthe
amountoftaxobligationoneachunitofsecurityiheldlongbetkij(P i), and
theamountoftaxsubsidyforeachunitofsecurityi heldshortbeskij(pi).
tkij(P i)areentries inT k(P )andskij(pi)aretheentries inSk(p).

C orollary 3 .1. A ssume A ssumptions 2.1 and2.4 are satis…ed. The
necessaryandsu¢cientconditionforL SN A kat(X ;x)is thatthereexists
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pseudo-risk-neutralprobabilitiesandanexpectationoperatorforsecurityi
suchthat

P i
d0
¸

sX

j=1

d̂j[aij¡rtkij(P ;X )]́ Ê [ai¡rtki(P;X )]

pi
d0
·

sX

j=1

d̂j[aij¡rskij(p;x)]́ Ê [ai¡rski(p;x)]

whererT k(P ;X )́ (rtkij(P ;X ))n£s, rSk(p;x)́ (rskij(p;x))n£s viewing
the expectedafter-taxpayo¤ ofthe security underthese specially chosen
pseudo-risk-neutralprobabilitiesasthenumberbetweenitsnormalizedlong
andshortprices. ¥

Foranysecurity i;P i ¸d0 Ê (ai¡rtki)and pi ·d0 Ê (ai¡rski)imply
thatany security’s discounted expected after-tax payo¤ with respectto
thearti…ciallychosenprobabilities isanumberbetweenitslongandshort
prices. Speci…cally, thefollowingcorollaryistrue.

C orollary 3 .2. A ssumeA ssumptions2.1 and2.4aresatis…ed. L SN A k

at(X ;x)holds ifandonlyifthereexistsamartingaleprocesswhichis be-
tweenthenormalizedlongandshortpricesunderthisprobabilitymeasure.
¥

4.VA L U A T IO N W IT H FR ICT IO N S IN A M U L T IPER IO D SET T IN G

Inamultiperiodsetting, thevaluationprocesscanbederivedinamanner
similartothatderivedinasingleperiodcasepreviously. T heequivalence
betweennoarbitrageopportunities andtheexistenceofamultiplicityof
state-price de‡ators corresponds toapseudosemimartingale probability
measurecansimilarlybeestablishedformulti-periodandinmarketswith
transactioncostsandtaxes. T hetightestboundsforthepriceofatraded
claim canagainbeobtainedwithoutconsideringinvestorpreferences. In
thefollowinganalyses, we stop makingthedi¤erence between localand
globalarbitrage, andthedi¤erenceofdi¤erenttaxclasses. T his istokeep
thefocusoftheanalysisonthemulti-periodcontextofthevaluationmodel.
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Suppose the setofdates is f0 ;1 ;:::;T g. A s usual, a discrete-time
multiperiod …nancialmodelis builtona…nite …ltered probability space
(­;F;(Ft)0·t·T ;P ), where ­ is a …nite setofstates, F is the tribe of
subsets of­ thatareevents, P is aprobabilitymeasureassigningtoany
eventB inF its probability P (B ), Ft is a¾-algebraofeventsup totime
t, whichcanbeseenasthesetofeventscorrespondingtotheinformation
availableattimet. W ewillassumethatF0 =f©;­g, FT =F. Forany
randomvariableX , weletE t(X )=E (X jFt)denotetheconditionalexpec-
tationofX givenFt. A nadaptedprocess isasequenceY =fY 0 ;:::;YT g
suchthatYt isarandomvariablewithrespectto(­;Ft)att. T hemarket
consistsofnsecuritiesde…nedbyanR n-valuedadaptedprocessP t+ ±tor
pt+ ±t, thecum-dividendsecuritypriceattimet, whereP t=(P 1

t;:::;P n
t),

pt=(p1t;:::;pnt)and ±t=(±1t;:::;±nt)arethesesecurities’adaptedlong
priceprocesses, shortpriceprocesses anddividendprocesses. P j

t, p
j
t and

±jt denotetheex-dividend longprice, shortprice, and thedividendpaid
bysecurityj attime trespectively, with P t, pt, and ±t measurablewith
respecttoFt.
A tradingstrategy is anadaptedprocess µt = (X t;xt)for0 ·t· T

thatrepresentsthepositionheldbythatportfolioaftertradingattimet,
with µ¡1 ´ 0 , whichmeans zeroinitialinvestment. W eassumethatµ is
predictable, thatis, (X i

t;xit)isFt¡1 -measurablefort¸1 andforanyasset
i.
T hepre-taxpayo¤ isX t¡1 (P t+ ±t)¡xt¡1(pt+ ±t), andthetaxamount,

whichisafunctionofstochasticvariablesingeneral, isT kt(±t;Pt;X t¡1)and
Skt(±t;pt;xt¡1)forlongandshortpositions respectivelyattimet. O nce
again, we ignorean investor’s chancetotradeatadvantageous prices by
unwindingapreviouslyacquiredpositionwhendiscussingarbitrage. For
thesakeofsimplicity, weomitthesuperscriptkfortaxclass.
T heafter-taxcash‡owprocess M X ;xgeneratedattimetbyatrading

strategy(X ;x)is de…nedby,

M X ;x
t =X t¡1 (P t+ ±t¡Tt)¡xt¡1(pt+ ±t¡St)¡X tP t+ xtpt: (6)

Foraself-…nancingtradingstrategy, M X ;x is oftensetequaltozero. Fol-
lowing D u¢e (19 9 2), the de…nitions ofan arbitrage opportunity and a
state-price de‡atorforamultiperiod setup can be introduced based on
M X ;x:
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D e finition4.1. A tradingstrategy(X ;x)isanarbitrageopportunity
if M X ;x

t ¸0 foreveryt=1;:::;T , and M X ;x
t > 0 foratleastone t;and

X T P T ¡xT pT ¸0 .

D e finition4.2. W ecallanystrictlypositiveadaptedprocessade‡a-
tor. ¼ is astate-pricede‡atorif, forallt=0 ;1 ;:::;T ¡1 , wehave,

E tf(Pt+ 1 + ±t+ 1 ¡Tt+ 1)¼t+ 1 g·P t¼t; (7 )

E tf(pt+ 1 + ±t+ 1 ¡St+ 1)¼t+ 1 g¸pt¼t; (8)

fora“buyandhold” strategy. H ere, E trepresentstheexpectationoperator
conditionalonallavailableinformationattime t.

U singthepropertyofiteratedexpectations, itis easytoshowthat¼ is
astate-pricede‡atorifandonlyif,

P t¸
1
¼t
E t[

TX

j=t+ 1

¼j(±j¡Tj)]; pt·
1
¼t
E t[

TX

j=t+ 1

¼j(±j¡Sj)] (9 )

foradividend-payingsecurityassumingthatP T =pT =0 ;and

P t¸
1
¼t
E t[¼T (P T ¡TT)]; pt·

1
¼t
E t[¼T (pT ¡ST)]: (10)

foranon dividend-payingsecurity.4 T his means thatthe long(short)
priceisneverless(greater)thantheexpectedstate-pricediscountedfuture
after-taxcash‡ows. Inaddition, thisshowsthedi¤erentnotionsofastate-
pricede‡atorbetweenthesingleperiodandmultiperiodframeworks. T he
followingtheorem providesthebasisforcalculatingthetightestboundon
thepriceofaclaim inafrictionalenvironment.

T h e ore m 4.1. ¼ isastate-pricede‡atorifandonlyif, fort=0 ;¢¢¢;T¡
1 ,

P tX t¡ptxt¸
1
¼t
fE t[

TX

j=t+ 1

¼jM X ;x
j ]+ E t[¼T (PT X T ¡pTxT)]g: (11)

4 Inequations (9 ) and (10), maturityT maybechangedtoanyexercisedate ¿(> t).
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Proof: SeeA ppendix.

IfweletT =t+ 1 , thenwehavefrom Theorem 4.1

PtX t¡ptxt¸
1
¼t
E tf¼t+ 1 [X t(P t+ 1 + ±t+ 1 ¡Tt+ 1)

¡xt(pt+ 1 + ±t+ 1 ¡St+ 1)]g .

T his linktoTheorem 2.2 describedpreviouslyforthesingleperiodset-
ting. N ext, de…netheafter-taxgainprocess G foradividend-pricepack-
age (±;P , p;T;S)by Glt = Pt+

P t
j=1 (±j¡Tj)foralongposition and

Gst=pt+
P t

j=1 (±j¡Sj)forashortpositionandde…nethede‡atedafter-
taxgainprocessesG ° , byG °

lt= ° tP t+
P t

j=1 ° j(±j¡Tj)foralongposition
andG °

st= ° tpt+
P t

j=1 ° j(±j¡Sj)forashortposition, givenade‡ator° .
W ethenhavethefollowingtheorem.

T h e ore m 4.2. T hedividend-price-taxpackage(±;P ;p;T;S)admitsno
arbitrage i¤ there is a state-price de‡ator, ¼;andthattheafter-taxgain
processG ¼

lt is asupermartingaleandG ¼
st is asubmartingale.

Proof: SeeA ppendix.

T herefore, noarbitrageimpliesamultiplicityofvaluationoperators¼ in
amultiperiodsetting, justas inthesingleperiodcase.

4.1. Theconceptofpseudo-semimartingalemeasure

N ext, we showthe equivalence between the absence ofarbitrage and
theexistenceofapseudo-semimartingaleprobabilitymeasureQwiththe
propertythatthediscountedafter-taxpayo¤ isboundedbetweenthelong
andshortpricesunderQ.
Supposethereareshort-term risklessborrowingandlending(rL t·rB t)

atstrictlypositive discountfactors, dB t anddL t, foreach t < T .5 W e

5B orrowing(lending) ataborrowingraterB t(lendingraterLt)atagiventimet< T
is possible ifthereis atradingstrategy(X ;x)with,
(i) M X ;x

s = 0 ; s < t;
(ii) M X ;x

s = M X ;x
t ; s = t, whichgives thediscountfactord B t(d Lt) atperiodt

(iii) M X ;x
s = 1; s = t+ 1;

(iv) M X ;x
s = 0 ; s > t+ 1.
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de…ne,

R B
t;¿ =(dB tdB t+ 1 ¢¢¢dB ¿¡1)¡1 ; R L

t;¿ =(dL tdL t+ 1 ¢¢¢dL ¿¡1)¡1 ;

foranytimes tand ¿ > t. R Bt;¿ can be interpreted as the paybackat
time¿ tooneunitofaccountborrowedrisklesslyattimetandrolledover
in short-term borrowingcontracts repeatedlyuntildate ¿. L ettingdB t
·dt·dL t;

R t;¿ =(dtdt+ 1 ¢¢¢d¿¡1)¡1 :

N otethatR t;t ´1 ;R t;s=R t;¿R ¿;s fort< ¿ < s.
W ecanadjusttheoriginalprobabilitymeasureP totheequivalentprob-

abilitymeasureQwhichmeans P andQassignzeroprobabilities tothe
sameevents, suchthatanysecurity’s longandshortprices arerelatedto
theexpecteddiscountedafter-taxcash‡owsofthesecurityforpseudo-risk-
neutralinvestors. A n equivalentprobabilitymeasureQ is anequivalent
pseudo-semimartingalemeasureif, fort< T ,

Pt¸E Qt [
P t+ 1 + ±t+ 1 ¡Tt+ 1

R t;t+ 1
] and

pt·E Qt [
pt+ 1 + ±t+ 1 ¡St+ 1

R t;t+ 1
]:

L etQ0betheprobabilitymeasurede…nedbytheR adon-N ikodymderiva-
tive. T hedensityprocess » forQ0isde…nedby,

»t=
¼tR 0 ;t

¼0
:

Since»t is strictlypositive, Q0and P areequivalentprobabilitymeasures.
W eshowthatQ0isanequivalentpseudo-semimartingalemeasure.
Infact, since¼ isastate-pricede‡ator, wehave,

E j¡1 [
(P j + ±j¡Tj)¼0 »j

R 0 ;j
]· Pj¡1 ¼0 »j¡1

R 0 ;j¡1
;

E j¡1 [
(pj + ±j¡Sj)¼0 »j

R 0 ;j
]̧

pj¡1 ¼0 »j¡1
R 0 ;j¡1

:
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T hatis,

E j¡1 [
(Pj + ±j¡Tj)»j

R t;j
]· Pj¡1 »j¡1

R t;j¡1
;

E j¡1 [
(pj + ±j¡Sj)»j

R t;j
]̧

pj¡1 »j¡1
R t;j¡1

:

N otethatR 0 ;j=R 0 ;tR t;j for0 < t< j. T heaboveinequalities imply,

E Q
0

j¡1 [
P j + ±j¡Tj

R t;j
]· Pj¡1

R t;j¡1
; E Q

0
j¡1 [

pj + ±j¡Sj
R t;j

]̧
pj¡1
R t;j¡1

:

T herefore, forpredictabledecisionvariables X andx, wehave

E Q
0

t

TX

j=t+ 1

[
M X ;x

j

R t;j
]=E Q

0
t f

TX

j=t+ 1

[X j¡1 E Q
0

j¡1
Pj + ±j¡Tj

R t;j
jFj¡1]

¡
TX

j=t+ 1

[xj¡1 E Q
0

j¡1
pj + ±j¡Sj

R t;j
jFj¡1]

¡ E Q
0

t

TX

j=t+ 1

[X j
Pj
R t;j

]+ E Q
0

t

TX

j=t+ 1

[xj
pj
R t;j

]g

·E Q
0

t

TX

j=t+ 1

[X j¡1
Pj¡1
R t;j¡1

]¡E Q
0

t

TX

j=t+ 1

[xj¡1
pj¡1
R t;j¡1

]

¡ E Q
0

t

TX

j=t+ 1

[X j
Pj
R t;j

]+ E Q
0

t

TX

j=t+ 1

[xj
pj
R t;j

]

=X tE Q
0

t [
Pt
R t;t

]¡xtE Q
0

t [
pt
R t;t

]¡X T E Q
0

t [
P T
R t;T

]+ xT E Q
0

t [
pT
R t;T

]

=P tX t¡ptxt¡E Q
0

t [
X T P T ¡xT pT

R t;T
]:

H ence, weobtainthefollowingresult.

T h e ore m 4.3 . T heabsenceofarbitrage is equivalenttotheexistence
ofanequivalentpseudo-semimartingalemeasure. M oreover, if¼ isastate-
price de‡ator, then the equivalentpseudo-semimartingalemeasureQ has
thedensityprocess » de…nedby»t=¼tR 0 ;t=¼0 .¥
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Inotherwords, therearenoarbitrageopportunities ifandonlyifthere
exists anequivalentprobabilitymeasurethattransforms thelong(short)
priceprocess intoapseudo-supermartingale(submartingale) orsomepro-
cessthatis betweenthelongandtheshortpriceprocesses intoapseudo-
martingale(afteranormalization). Intheabsenceoftransactioncostsand
taxes, this pseudo-martingalemeasurechanges toamartingale(super- or
sub-martingale)measure. O nceagain, wehavethesameconclusionas in
thesingleperiodsetting. T hatis, theabsenceofarbitrageopportunities
isanecessarybutnotasu¢cientconditionfortheexistenceofmartingale
orrisk-neutralprobabilities inafrictionalmarket.

4.2. Imputedlongandshortpricesinamulti-periodcontext
Similarly, the imputedlongandshortprices foratradedclaim, whose

payo¤ can behedgedbyanadmissibletradingstrategy, can bede…ned.
T heimputedlongpriceattimetfortheafter-taxcash‡owwj (wj canbe
positive, zero, ornegative)attimej (j=t+ 1;:::;T )relativetotaxclass
kistheamount

V k
t (w)=minPtX t¡ptxt;

subjecttoM X ;x
j ¸wj (j=T + 1;:::;T)forPT =pT =0 ;or

P T X T ¡pTxT ¸wT forwj=0 (j=t+ 1;:::;T ¡1 )

andtheself-…nancingstrategy±j =0 (j=t+ 1 ;:::;T )withX ¸0 ;x¸0 .
O ntheotherhand, theimputedshortpriceattimetfortheafter-taxcash
‡owwj relativetotaxclasskistheamount

vkt(w)=max¡PtX t+ ptxt;

subjectto¡M X ;x
j ·wj (j=t+ 1 ;:::;T)forP T =pT =0 ;or

¡PT X T + pTxT ·wT forwj=0 (j=t+ 1 ;:::;T ¡1 )

andtheself-…nancingstrategy±j =0 (j=t+ 1 ;:::;T )withX ¸0 ;x¸0 .
T he imputed longprice is the lowestcostnecessaryattime t foran

investorintaxclassktogetatleastas goodas thefutureafter-taxcash
‡owassociatedwithwj (j=t+ 1;:::;T )throughtradingstrategy(X ;x).
L ikewise, theimputedshortpriceisthehighestamountofpresentcashthat
everyinvestorinclasskcanobtainattimetbytakingontheobligation
ofpayingafuturecash‡owforwhichtheafter-taxburdensarenoworse
thanwj (j = t+ 1 ;:::;T ). T heseprices de…neapossiblerangeforthe
longandtheshortpricesatwhichanewsecuritycouldbetradedifitwere
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tobeintroducedtothemarket. N oinvestorinclasskshouldbewillingto
paymorethantheupperboundV k

t (w)orwould(short) sellforlessthan
thelowerboundvkt(w).
T he imputed longand shortprices V k(w)and vk(w)satisfy vkt(w)=

¡V k
t (¡w)ifthenoarbitragecondition is satis…ed. Prices inthe interval

[¡V k(¡w), V k(w)]de…nearbitragebounds forthepriceoftheclaim wt
(j= t+ 1 ;:::;T ). W ithoutanyfurtherknowledgeaboutthepreferences
ofaninvestorintaxclassk, ¡V k

t (¡w)andV k
t (w)arethetightestbounds

thatcanbeplacedonthepriceoftheclaim wj (j = t+ 1 ;:::;T ). T he
absence ofan arbitrage opportunity forinvestorin class k implies that
thereexistsatradingstrategy(X ;x)andanonegativevaluationoperator
d2Dk

t, where

Dk
t ´fdjE t[

TX

j=t+ 1

(±j¡Tj)dj]·P t;E t[
TX

j=t+ 1

(±j¡Sj)dj]̧ ptg

forasecuritywithintermediatecash‡ows, and

Dk
t ´fdjE t[(P T ¡TT)dT]·P t;E t[(pT ¡ST)dT ]̧ ptg

forasecuritywithoutintermediatecash‡ows. U ndertheequivalentcon-
ditions,

P tX t¡ptxt¸E t[
TX

j=t+ 1

dj±X ;xj ]+ E t[dT (P T X T ¡pTxT)];

the longand shortprices V k
t (w)and vkt(w)forafter-tax cash ‡owwof

someclaim canbecalculatedby

V k
t (w)= min

(X ;x)̧ (0 ;0 )
P tX t¡ptxt=max

d2Dk
t

E t[
TX

j=t+ 1

djwj]; and

vk(w)=¡V k(¡w):

T herefore, thelongandshortpricesre‡ectthemultiplicityofno-arbitrage
termstructuresthatmayexistwhentransactioncostsandtaxesarepresent
inamultiperiodsetting.

5.SU M M A RY A N D CO N CL U SIO N

W henlong-shortspreads andtaxes arepresent, amultiplicityofvalu-
ationoperatorsreplaces thesinglevaluationoperatorinanarbitrage-free



24 A SSET P R ICIN G IN M A R KET S W IT H FR ICT IO N S

…nancialmarket. Previous research shows thatavaluation operatoris
agent-speci…cwhenagentshavedi¤erenttaxclasses. W edemonstratethat
amultiplicityofoperatorsexistsbecauseoflong-shortspreads. Taxesand
long-shortspreads togetherleadtotheconditionofnoarbitragewhereby
everyfuturecash‡owmayberepresentedbyrangeofpresentvalues.
Inourframework, thetightestboundforthepriceofaclaim canstillbe

derivedwithoutanyknowledgeofinvestorpreferences. Infact, thelower
boundrepresentsthelowestcurrentcostofwhichaninvestorinataxclass
maygetatleastas goodanamountofafter-taxcash ‡owinthefuture.
T heupperboundofthepriceisthehighestamountofpresentcashthatan
investorinsometaxclasscanobtainbytakingontheobligationofpaying
anamountoffuturecash‡owforwhichtheafter-taxburdensarenoworse
thanthis amount. Furthermore, weshowinthis paperthattheexistence
ofasetofpseudo-risk-neutralorpseudo-semimartingaleprobabilities is a
necessaryandsu¢cientconditionfortheabsenceofarbitrageopportuni-
ties. T his implies thatthepseudo-semimartingaleorpseudo-risk-neutral
probabilitymeasure, asopposedtothemartingalemeasure, canbewidely
usedtopricesecuritiesbyarbitrageinafrictionalmarketeventhoughno
arbitrageisnotsu¢cienttoguaranteetheexistenceofasetofrisk-neutral
ormartingaleprobabilities.
T heideasdescribedherecanbeadaptedtopriceassetsinacontinuous-

time setting. By makinguseofthis approach, the classicassetpricing
modelcanbegeneralizedtoamorerealistic, imperfectcapitalmarketset-
tingwithdi¤erentinterestrates forlendingandborrowinganddi¤erent
prices forlong- andshort-positions.
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A P PEN D IX

P roofofT heorem 2.2. Consider,

inf
(»;³)̧ 0

fP »¡p³¡dfA(»¡³)¡[T k(P;X + »)¡T k(P ;X )

¡ Sk(p;x+ ³)+ Sk(p;x)]gg;

undertheconditiond¸ 0 . Fora…xedinitialinvestmentposition(X ;x),
itreaches itsminimumof0 at(»;³)=(0 ;0 )if, andonlyif,

P »¡p³¡dfA(»¡³)¡[T k(P ;X + »)¡T k(P;X )

¡Sk(p;x+ ³)+ Sk(p;x)]̧ 0 ,forany(»;³)̧ (0 ;0 );

thisholds, inturn, ifandonlyif

P »¡dfA»¡f[T k(P ;X + »)]¡[T k(P ;X )]gg¸0 , forany»¸0 ;

and

p³¡dfA³¡f[Sk(p;x+ ³)]¡[Sk(p;x)]gg·0 forany³¸0 :

SinceP M is stable, bytheStrongD ualityTheoremofconvexprogram-
ming (see A vriel19 7 6), the …rstpartofourtheorem has been proved.
Similarly, wecanshowthesecondpartofthetheorem forthelocalstrong
no-arbitragecondition.¥
P roofofL emma2.1. Su¢ciency. Suppose(X ;x)isamaximumwith

azeroderivativeinsomedirection('X ;'x). Since(X ;x)is amaximum,
HX ;x=IR n£IR n. L et

(H1 ;H2)=¡̧ ('X ;¡'x)2HX ;x(̧ > 0 ):

If(H1 ;H2)2G X ;xforsome¸ > 0 , andall(»;³)̧ (0 ;0 ), wehave

g(X + »;x+ ³;P;p)·g(X ;x;P;p)+ H1 »¡H2³:

L etting(»;³)=t('X ;'x), then

g(X + »;x+ ³;P ;p)·g(X ;x;P;p)¡¸t('2X + '2x);
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thatis,

1
t
[g(X + t'X ;x+ t'x;P;p)¡g(X ;x;P;p)]·¡̧ ('2X + '2x)< 0 :

T hiscontradictstheassumptionthatthederivativeiszerointhedirection
of('X ;'x).

N ecessity. Itis easy tosee G X ;x µHX ;x. W e only need showthat
HX ;x µ GX ;x underthe condition thatthe concave function g satis…es
A ssumption2.3. Suppose9(H1 ;H2)2HX ;x, but(H1 ;H2)62G X ;x. Since
GX ;x isaconvexset, bytheseparationtheorem thereexists('X ;'x)such
that,

'X H1 ¡'xH2 ·0 ·'X G 1 ¡'xG 2 forall(G 1 ;G 2)2GX ;x:

Because(H1 ;H2)2HX ;x, the…rstinequalityimplies thatthedirectional
derivativeofg(:;:)inthedirectionof('X ;'x)at(X ;x), D+g· 0 . T he
second inequality implies thatthe samedirectionalderivativeD+g¸ 0 .
H encewehaveD+g= 0 . If(X ;x)is notamaximum ofgwithazero
directionalderivative, then 0 62GX ;x, theseparationis strict, thusD+g>
0 , acontradiction. T hisveri…esthatHX ;xµGX ;x. SoHX ;x=GX ;x. ¥
P roofofCorollary2.1. N ecessarycondition. From Theorem 2.2, we

knowthatthereexists L SN A kat(X ;x)if, andonlyif, thereexistpositive
valuationoperatorsd, suchthat, forany(»;³)̧ (0 ;0 ),

P »¡dfA»¡[T k(P;X + »)¡T k(P ;X )]g¸0 and

p³¡dfA³¡[Sk(p;x+ ³)¡Sk(p;x)]g·0 :

T hisyields

d[R (X + »;x+ ³;P ;p)¡R (X ;x;P;p)]·P »¡p³:

W ecaneasilygetthe…rstpartofourcorollary.

Su¢cientcondition. T his follows from Theorem 2.2 and L emma 2.1
above. ¥
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P roofofT heorem4.1. N ecessity. Since,

E t[
TX

j=t+ 1

¼jM X ;x
j ]=E tf

TX

j=t+ 1

[X j¡1 ¼j(Pj + ±j¡Tj)

¡xj¡1 ¼j(pj + ±j¡Sj)
¡¼jP jX j + ¼jpjxj]g

=E tf
TX

j=t+ 1

E j¡1 [X j¡1 ¼j(P j + ±j¡Tj)

¡xj¡1 ¼j(pj + ±j¡Sj)jFj¡1]jFtg

+ E tf
TX

j=t+ 1

[¡¼jP jX j + ¼jpjxj]g

=E tf
TX

j=t+ 1

fX j¡1 E j¡1 [¼j(P j + ±j¡Tj)jF j¡1]

¡xj¡1 E j¡1 [¼j(pj + ±j¡Sj)jF j¡1]g jFtg

+ E tf
TX

j=t+ 1

[¡¼jP jX j + ¼jpjxj]g;

andsince¼ isastate-pricede‡ator,

E jfPj+ 1 + ±j+ 1 ¡Tj+ 1 g·P j¼j;andE jfpj+ 1 + ±j+ 1 ¡Sj+ 1 g·pj¼j;

forj=0 ;1 ;:::;T ¡1 . Soforpredictabledecisionprocesses X andx, we
have,

E t[
TX

j=t+ 1

¼jM X ;x
j ]·E tf

TX

j=t+ 1

[X j¡1 ¼j¡1 P j¡1 ¡xj¡1 ¼j¡1 pj¡1]g

+ E tf
TX

j=t+ 1

[¡¼jPjX j + ¼jpjxj]g

=¼t(P tX t¡ptxt)¡E t[¼T (P T X T ¡pTxT)]:

T herefore, T heorem4.1 canbeobtainedbyreorganizingtheaboveinequal-
ity.
Su¢ciency. If

P tX t¡ptxt¸E t[
TX

j=t+ 1

¼jM
X ;x
j ]+ E t[¼T (P T X T ¡pTxT)]
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holds, thenconsider, foranarbitrarysecurityi, thetradingstrategy(X i;xi)
de…nedby,

(i) L etxi = 0 and X i
t = 1 ;X i

t+ j = 0 , forarbitrary t= 0 ;1;:::;T ;
j=1;:::;T ¡t. W ecaneasilyget

E t[(Pt+ 1 + ±t+ 1 ¡Tt+ 1)¼t+ 1]·P t¼t

forallsecurities i=1 ;:::;n.

(ii) L etX i = 0 and xit = 1 ;xit+ j = 0 , forarbitrary t= 0 ;1;:::;T ;
j=1;:::;T ¡t, wehave

E t[(pt+ 1 + ±t+ 1 ¡St+ 1)¼t+ 1 ]̧ pt¼t

forallsecuritiesi=1 ;:::;n. Sincetisarbitrary, ¼ isastate-pricede‡ator.
¥

P roofof Theorem 4.2. N ecessity. W e need to showthatG ¼
lt is

a supermartingale and G¼
st is asubmartingale. From thede…nition, an

adapted process Y is a supermartingale (submartingale) ifand only if
E (Y¿)·Y 0 (̧ Y 0)foranystoppingtime ¿ ·T . Consider, foranarbi-
trarysecurityiandanarbitrarystoppingtime¿·T , thetradingstrategy
(X i;xi)de…nedbyxi ´0 , andX i

j = 1 forj < ¿, withX i
j = 0 forj¸¿.

Sincethereexists ¼, suchthatE (
P T

j=0 ¼j±
X ;x
j )·0 , wehave

E [¡¼0 P i
0 +

¿¡1X

j=1

¼j(±ij¡T ij)+ ¼¿(P i
¿ + ±i¿¡T i¿)]·0 :

Sincei isarbitrary, so

E [¡¼0 P 0 +
¿¡1X

j=1

¼j(±j¡Tj)+ ¼¿(P ¿ + ±¿¡T¿)]·0 ;

thatis E (G¼
l¿)·¼0 P 0 =E (G ¼

l0 ), sinceX ¡1 =0 .
Similarly, we can de…ne a trading strategy (X i;xi)by X i ´ 0 , and

xij = 1 forj < ¿, with xij = 0 forj ¸ ¿, and getE (G¼
s¿)¸ ¼0 p0 =

E (G ¼
s0 ), sincex¡1 =0 . Since¿ isarbitrary, G ¼

lt(G
¼
st)isasupermartingale

(submartingale).
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Su¢ciency. Since

E

0
@

TX

j=0

¼j ±X ;xj

1
A =E

0
@

TX

j=0

¼j [X j¡1 (P j + ±j¡Tj)

¡xj¡1 (pj + ±j¡sj)]¡PjX j + pjxj)

and¼ isastate-pricede‡ator,

E f(P j+ 1 + ±j+ 1 ¡Tj+ 1)¼j+ 1 g·Pj ¼j;
E f(pj+ 1 + ±j+ 1 ¡Sj+ 1)¼j+ 1 g·pj¼j

forj=0 ;1 ;:::;T ¡1 .
U singthepropertyofiteratedexpectations, wehave,

E

0
@

TX

j=0

¼j M X ;x
j

1
A ·E

0
@

TX

j=0

X j¡1 Pj¡1 ¼j¡1 ¡xj¡1pj¡1 ¼j¡1 ¡¼j X jP j

+ ¼jxjpj
´

=¡¼T X T P T + ¼T xT pT

IfX T P T ¡xT pT ¸ 0 , thenE (
P T

j=0 ¼jM
X ;x
j )· 0 . From thede…nition

ofarbitrage, thisproves su¢ciency. ¥
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