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Abstract. Let v be a real polynomial of even degree, representing an electrostatic field and
w the equilibrium density for charge on a long conducting wire. The system of orthogo-
nal polynomials for w gives rise to 2 x 2 rational matrix differential equations Y’ = A,Y
which satisfy a recurrence relation. Here w is algebraic with Riemann surface &, and 7,(t) =
det[fiOO 2R w(z)dz] L, belongs to a Liouvillian tower over £. The solutions of Y/ = A, Y
give data for an inverse scattering problem that can be solved via the Gelfand—Levitan equa-
tion in terms of rational operator functions. Using linear systems, the paper shows that a
multiple of sinx is the scattering function for Lamé’s equation —f” + 2pf = Af and realises

elliptic potentials from periodic linear systems.
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1. Introduction

This paper is concerned with the scattering theory of linear differential equations

% =AY, (1.1)
where A,,(x) is a rational matrix function. Jimbo, Miwa and Uena [24, 25] introduced the tau
function as a tool for describing the deformations of this equation that preserve monodromy,
and found that tau functions have properties analogous to classical Abelian functions. In this
paper, we consider the differential equations that arise from orthogonal polynomials associated
with an algebraic weight. For applications to random matrices, see [41].

Such weights appear in electrostatics. We consider a unit of charge that is distributed
along an infinite conducting wire in the presence of an electrical field. The field is represented
by a real polynomial v(z) = Z?Zg ajxj such that asn > 0, while the charge is represented by

a Radon probability measure on the real line.



Boutet de Monvel et al [8, 36] prove the existence of the equilibrium density w that

minimises the electrostatic energy. They proved that there exists a constant C, such that

v(x) > Q/Slog |z — y|lw(y)dy + C, (x € R), (1.2)

and that equality holds if and only if z belongs to a compact set S. Furthermore, there exists
g >0 and
—OO<51<(52§(53<...<529+2<OO (13)

such that
S = UL [625 -1, 024 (1.4)

has g gaps. It is a tricky problem to find S for a given v, and [15, Theorem 1.46 and p. 408]
contains some significant results including the bound g+ 1 < N 41 on the number of intervals.
Certainly, v has less than or equal to N local minima. When v is convex, a relatively simple

argument shows that g = 0, so S is a single interval [13, 26].

In section 3, we introduce the system of orthogonal polynomials of the first and second
kinds for w, and in section 4, derive the basic differential equation for this system. This has
the form of (1.1), where A,, is a 2 x 2 rational matrix function with simple poles at §;. We
also show that the A, satisfy a recurrence relation under n — n + 1, which is an instance
of a discrete Schlesinger transformation. As an illustration which is of importance in random
matrix theory, we calculate the A,, explicitly when w is the semicircular law; see [33]. The

recurrence relation involves the Hankel determinant of the weight w.

Definition. The n'* order Hankel determinant for w for (—oo, ) is

n—1

Dy(t) = det [/Sm(_oo , xj+kw(x)das] (1.5)

9
J:k=0

and we let D,, = D,,(0).

Schlesinger showed that when the positions of the poles J; are deformed, the solutions to
(1.1) satisfy a system of partial differential equations. The Schlesinger equations are described
in terms of a complex function 7(61,...,d24+2) such that (0/00;)log7 give Hamiltonians in
involution, as in [24, 25]. In this paper, we consider tau functions of one variable that are

defined in terms of operators, as in [7].

Definition. Let I(; ) be the indicator function of (¢,00) and P o) : L?*(w) — L?*(w) be
the orthogonal projection given by f + I, o) f, where the variable ¢ is often referred to as an
edge. Given a self-adjoint and trace-class operator K : L?(w) — L?(w), the tau function of K
is 7(t) = det(I — Py o)K), and the potential is ¢(t) = —2;722 log 7(2t). (Usually one assumes
that 0 < K < I).



Let E, : L?(w) — span{z’ : j = 0,...,n — 1} the orthogonal projection. In Proposition
3.3 we note that the tau function of the edge is given by

Dn+1 (t> )

det([ — P[t,oo)En+1> = D

(1.6)

Chen and Lawrence [14] investigated a generalization of the Chebyshev polynomials to
[—1, ] U[B, 1], and expressed their D,, in terms of Jacobi’s elliptic theta functions. Chen and
Its [12] considered the w that is analogous to the Chebyshev distribution on multiple intervals,
and found their D,, explicitly in terms of theta functions on a hyperelliptic Riemann surface.

In sections 5 we consider an algebraic weight w(z) = c\/ Hiijf *(x — ;) so that w is a

rational function on a Riemann surface £. We show how the moments [ i w(z) dx can be
expressed in terms of Abelian integrals on £, and hence we show that D, (¢) belongs to a
Liouvillian field extension of the rational functions on £. The connection between the number
of gaps g and the genus of &£ is subtle. In section 6 we show that if v is any quadratic, even
quartic or even sextic, then v has an equilibrium weight such that all of the D,,(t) can be
expressed in terms of elliptic and trigonometric integrals, or equivalently, in terms of rational
functions on algebraic curves of genus zero or one. Generally, a quartic potential gives an S
which is the union of two intervals, and the Schlesinger equations reduce to Painlevé’s equation
VI, as in [35, 19, 28].

Jimbo et al [24, 25] observed that the formal solution of (1.1) plays the role of the Jost
solution in inverse scattering. They introduced 7,, for (1.1) and showed that the logarithmic
derivative 7], /7, and the tau quotient 7,41 /7, both have rational expressions in terms of the
coefficients of the formal solution; see [25, p. 409]. Following this approach, we consider the
correspondence between tau functions and scattering functions. For ¢(z) as above, we consider
Schrodinger’s equation —f%; + q(z) f(z) = Af(x). Suppose momentarily that ¢ is smooth and
rapidly decreasing as * — oo; then the scattering function ¢(z) is determined by the Jost
solutions f(x). Furthermore, we can recover ¢, and hence 7, by solving the Gelfand—Levitan

equation

Moty +Twa)+ [ Tw2ole+d=0  (0<a<y (L7)

and noting that ¢(z) = —2-L7(z,z). The form of (1.7) suggests that we introduce the Hankel
integral operator I'y : L?(0,00) — L?(0, 00) for suitable ¢ € L?(0, 00) by

Iy f() = / " o+ 9) ) dy. (18)

The main purpose of this paper is to adapt these methods to establish a correspondence
T <> ¢ when 7 is an elliptic or trigonometric function such as arise in previous sections. In

section 7 we introduce the scattering function for an elliptic 7 and modify the Gelfand—Levitan
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equation to establish a correspondence with trigonometric ¢. In particular, we show that a
multiple of the sine function is the scattering function for Lamé’s equation with potential p as in
[29]. The main idea is to introduce a linear system (—A, B, C) so as to realise ¢(z) = Ce "4 B,
and then solve the Gelfand—Levitan equation by rational expressions in A, B, C' and related
operators. Thus we obtain explicit expressions linking ¢ with 7.

In section 8 we consider tau functions that are rational functions on hyperelliptic curves,
such as arise from typical potentials v of degree greater than or equal to six. A real periodic
potential is algebro-geometric of the spectrum of —f” + ¢qf = Af has only finitely many gaps.

We obtain results which are analogous to those of section 7, by introducing appropriate d;(x)

and \/ [[{—1(A = 8;(2)) to play a similar role to w in earlier sections.
In section 9, we consider tau functions associated with kernels defined by the solutions of
(1.1). We introduce the matrix

0 -1
=[] 1)
and apply a simple gauge transformation to (1.1). Then for a sequence of real symmetric 2 x 2

matrices J 3 (n), we consider solutions of the differential equation

2g+2
az JBr(n)
— = VA 1.1
Jdm Z x—0 (1.10)

and, by analogy with the Bessel and Airy kernels from [40] and [41], form the kernel

K(z,y) = W (1.11)

We show that the properties of K depend crucially upon the sequence of signatures of the

matrices (0; — 0x)JPBk(n). In Theorem 9.3, we introduce a symbol function ¢ from Z, a
constant signature matrix o and a Hankel operator I'y such that K = I‘LJI@.

In section 10, we derive an appropriate version of the Gelfand—Levitan equation for such

a ¢, and solve by the method of linear systems from [5]. Thus we obtain the tau function as

a uniform limit of finite determinants.
2. The equilibrium measure

In this section we recall some known results. Given the special form of the potential, the equi-
librium measure and its support S satisfy special properties. To describe these, we introduce

the polynomial u of degree 2N — 2 by

u(z):/SMw(x)dx (2.1)



and the weight w(z) such that w(z)? = 7=2(4u(z) — v'(x)?) and w(z) > 0 on S. Let £ be the

compact Riemann surface
E={(z,w) € C*: w® = 7 ?(4u(x) — v'(x)*)} U {(c0,00)}. (2.2)

Proposition 2.1. The support of the equilibrium density is S = {x € R : 4u(x) —v'(z)? > 0},
which is the image of the real points on £ under w : € — C U {0} : (z,w) — x. The real

endpoints 61 < ... < 0442 satisfy

CARNLEY kv’ (z) dx

ooy /(@ = 01)(w = 02) . (z— d2g42)

=0 (k=0,...,9), (2.3)

w(z) — 0 as x tends to any endpoint of S, and

/ w(x)dxr = 1. (2.4)
S

Proof. By [11] and [34 , (91.12)], the endpoints of S satisfy (2.3). See [36, 8, 37].

1
We have
2g+2
1/2
w(z) = 2Naon (~Q(@) T (2= doj-1)(@ = 02)) (2.5)
j=1
where Q(z) is a monic irreducible factor such that w(x) = 4u(x) — v'(x)? and w(x) > 0 on S.
The polynomial 4u(x) — v’(z)? has real zeros di,. .., 02512 and may additionally have pairs of
complex conjugate roots, which we list as d2443,...,04n—2 With regard to multiplicity.

The following result can be used to compute w in significant special cases. See [39] for a

discussion of hypothesis (i), and [43, p 18] for more about measure-preserving transformations.

Proposition 2.2. Suppose that S consists of m disjoint closed intervals such that

(i) there exists a real polynomial o of degree m such that S = p~([a,b]);

(ii) there exists a polynomial U such that v(x) = U(¢(x)) and such that the equilibrium
measure of mU (z) is u, with support [a, b].

Then there exists p, a pull-back of u onto S via ¢, so p(¢~*(A)) = u(A) for all Borel

subsets A of [a,b] and p is an equilibrium measure for v.

Proof. Let S = U;”:I[égj_l, d2;]. By the inverse function theorem, there exist locally analytic
functions «; such that a;([a,b]) C [02;-1,d2;] and
p(@)—y=c][]= - ), (2.6)

7j=1
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where ¢ is the leading coefficient of ¢. Now we define p to be the probability measure such
that

[ 1@t = =3~ [ resutas) (e cis) (27

and check that this has the required properties. From (2.6), we deduce that

1o [*
/Slog |z —y| p(dy) = %;/a log |z — a;(s)| u(ds)

I 1
= — 1 — ds) — —1 2.8
- [ 1B le(@) = sn(as) = o (29)

and by the definition of the equilibrium measure pu, we deduce that

2
2/ log |z —yl p(dy) < U(p(2)) = Cny — —loge
S
2
- — O — —1 2.
v(x) — Chu —loge (2.9)

with equality for x € S. Hence we have verified that p is an equilibrium measure for v.

3. Orthogonal polynomials

First we introduce orthogonal polynomials for w, then the corresponding differential equations.
Let (pj)32, be the sequence of monic orthogonal polynomials in L?(w), where p; has degree j
and let h; be the constants such that

/Spj(x)pk(x)w(m)dm = h;dk (j,k=0,1,...); (3.1)

then let (¢;)32; be the monic polynomials of the second kind, where

Z—XT

qi(z) = /S Mw(m)dm (j=1,2,...) (3.2)

has degree j—1. The orthogonal polynomials are semi classical in Magnus’s sense [28], although

the weight typically lives on several intervals.

Lemma 3.1. Let ¢,, = hy, /hy,_1 and b, = h fs xpp(z)?w(x)dz. Then

i) the polynomials (p,)5%  satisfy the three-term recurrence relation
n=0

ITPn (1’> = pn+1(1’) + bn+1pn(1’> + Cnpn—l(l'); (3-3)

(ii) the polynomials (g;)32., likewise satisfy (3.3);
(iii) the Hankel determinant of (1.5) satisfies D,, = hohy ... hp—_1.
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Proof. This is standard in the theory of orthogonal polynomials; see [12; 41, section 6].

O
We introduce also
n(t)w(t)dt
pn(2) Js B
Yn(’z) = [pn_l(z) f P 1tt)w (t)dt (34)
hn—l n 1 S z—t
and ; .
Z — On —Iin
Vi(2) = { 1/hn+1 0 } . (3.5)

The effect of passing from n to n 4+ 1 is to add another row and column to the Hankel
determinant, which by (iii) has the effect of multiplying by h,,, since D,,+1 = h,,D,,. Our next
result gives the corresponding recurrence relation for the Y,.

Proposition 3.2. (i) The matrices satisfy the recurrence relation
Yoi1(2) = Vo (2)Ya(2). (3.6)

(ii) The matrix Y, (z) is invertible, and det Y;,(z) = 1.
Proof. (i) This follows from (i) and (ii) of the Lemma 3.1.

(ii) This follows by induction, where the induction step follows from the recurrence relation
in (i).
O
Definition. We restrict w to (s,t) NS and let

wi(s,t) = /Sm( ) vlw(x)dr (3.7)

be the corresponding j* moment. Let E, : L?(w) — span{z* : k = 0,...,n — 1} be the

orthogonal projection.

Proposition 3.3. (i) The Hankel determinant for (s,t) satisfies

det([ - En—l—lp(s,t)) =

1
Dy det [11j 45 (s, t)]j 0 (3.8)
(ii) In particular, the tau function for E,, ;1 is proportional to the Hankel determinant for

(—o0,t) as in (1.5) and the corresponding potential satisfies

qn(t) = —25—; log Dy, (t). (3.9)

Proof. (i) This is due to Borodin and Soshnikov [7, p. 599].
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(ii) By definition,
d2
qn( ) = _Qﬁ IOg det([ — En—l—lP(t,oo)), (310)

and this simplifies by (i).

4. The basic differential equations and recurrence relations

In this section we derive a basic differential equation (4.14) which is a rational matrix differ-
ential equation of Fuchsian type, and a recurrence relation for the equations as n changes to
n + 1. This section follows closely section 4 of [12], and essentially recovers some results from
[4]. See also [25, p. 233].

Invoking Proposition 3.2(ii), we introduce the matrix function

o -1 0 0 1
M) = VD YD) [0 | T (41)
The basic properties of A, (z) are stated in the following Lemma.

Lemma 4.1. Let v'(z)? —4u(z) have zeros at §; for j = 1,...,4N —2. Then A,(z) is a proper

rational function so that

An(z) =Y Z‘ﬂ_(%j : (4.2)

where the residue matrices a;j(n) depend implicitly upon the §;.
Proof. The defining equation (4.1) for A, (z) may be written more explicitly as

n(t)w(t)d
[W) —Js ]

p—/,L_l(z) 1 f pn—l(t)w(t)dt
S

hn—l hn—l (Z—t)2

pn(Z) p" (tgw(t)dt

t
pn—l(z) f Pn— 1(t)’UJ t)dt
hn—l n 1 S z—t

= An(2) + (4.3)

w’ n—1(t)w(t)dt
0 w fsp 12)t ) ]

w’ P —1(t)w(t)dt
0 Ry — 1w z) fS z—t

By considering the entries, we see that A, (z) is a proper rational function with possible simple

poles at the d;, as in (4.2). Hence we have a Laurent expansion

142 4N—2
An = - < ) ‘ ‘
(2) e > Z Spak(n (z = 0) (4.4)
k=1
|
Let
. iTw (2)pn (2)+qn (2)
B, (2) = V2mipn(z) - w(z)V/2mi (4.5)
n - \/ﬁpn—l(z) _’IZTI"UJ(Z)p-,L_l(Z)‘Fqn—l(Z) ’ ‘
hn—1 w(2)hn—1V2mi



which is a matrix function with entries in C(z)[w]; note that ®,, also depends upon the §;.

Lemma 4.2. The matrix functions ®,, satisfy

(i) the basic differential equation

d®,(2)
dz

= A, (2)P,(2), (4.6)

(ii) and the recurrence relation ®,,11(z) = V,,(2)®,(2);

(iii) moreover, ®,, is invertible since det ®,,(z) = 1/w(z).

Proof. (i) We can write

n(2) = Yu(2) 0 1/(w(z)v2mi) |’ (4.7)
and then the property (i) follows from (4.1).
(ii) The recurrence relation from Proposition 3.2(i).
(iii) Given (ii), this identity follows from Proposition 3.2(ii).
|
Proposition 4.3. The discrete string equation holds
d d
At (2)Val2) = Va()An(2) = TVal2), V() = {(1) 8} . (4.8)

Proof. The basic differential equation (4.6) and the recurrence relation in Lemma 4.2(iii) are
consistent, and the Lax pair associated with these conditions gives

d d

Ani1(2)Pni1(2) = —Ppya(2) = s

- <Vn(z)¢>n(z)>. (4.9)

|
In the remainder of this section we consider the equilibrium measure for the Gaussian

unitary ensemble, namely Wigner’s semicircular law. For a < b, let

8 a+b\2
_ _ 4.10
W) = = (- 5=)" (4.10)
so, by standard results used in random matrix theory [33], the equilibrium density

w(z) = ﬁ\/(b (@ — ) Ly (2). (4.11)

Let U, be the Chebyshev polynomial of the second kind of degree n, which satisfies

sin(n + 1)0
sin 6

U, (cosf) = (4.12)



and let

() = (b;ff)nUn(x zb(f;r)%/z) (4.13)

which is monic and of degree n, and the p,, are orthogonal with respect to the measure w. By

elementary calculations involving trigonometric functions, one can find the terms in (4.5) and

(4.6) explicitly, and hence show that

Ay (z) = ! n(z —(a+0)/2) —(n+1)(b—a)2"/24"—1},

(z—b)(z—a) [n2'"73/(b—a)® 2 —(n+1)(z—(a+b)/2) (4.14)

which has poles at a and b, as expected.
5. Algebraic integrability of tau functions

The algebraic properties of the tau functions D, (t) and their quotients h,, = 7,41/7, are
the subject of this section. Let F,, be the algebraic complex field that is generated by the
elements of the matrix in (1.5) with determinant D, (t), so that D,(t) € F,. Also observe
that F,, C F,,;1, and that D,,41(t) is an element of the field extension F,(h,), obtained by
adjoining h,, to F,. We consider such extensions systematically in this section.

Let F be a field (of complex functions) with differential 0 that contains the subfield C of
constants, and adjoin an element h to form F(h), where either:

(i) h = [ g for some g € F, so 0h = g;

(ii) h = exp [ g for some g € F; or

(iii) h is algebraic over F.
Definition. Let F; (j = 1,...,n) be fields with differential 0 that contain the subfield C of

constants and suppose that
Fi1CF,C...CF,, (5.1)

where F; arises from F;_; by applying some operation (i), (ii) or (iii). Then the F; are said

to form a Liouvillian tower, and each F; is a Liouvillian extension of F. See [38].

In particular, let € be the algebraic curve defined by W (z)* = [}, (x — d;) where the §; € C

are distinct, and let

ngC(m),Fleg[W],F2:F1< %),...,Fnﬂzm( %) (5.2)

Definition. Let the Liouvillian field associated with £ be F(€) = F,,,. (By Lemma 5.2, this
is the largest field in (5.2), and can be strictly larger than the field of rational functions on £.)

Theorem 5.1. Suppose that the equilibrium density w is supported on g + 1 intervals, so
that w(z) = p(x)W (x) for some polynomial p(z). Then D, (t) belongs to F(E) for all n.
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Proof. Recall from Proposition 3.3 that D, (t) = det[fsm(_w’t) oI p(z)W () dx];;io with
pW? a polynomial of degree 2N + g. Hence each element of the determinant is a linear
combination of f;l 2/ TR dy /W, where 5,k =0,...,n—1and r =0,...,2N + g; hence by (i)
each element belongs to Fa,1ong-

To rest of the proof is contained in following lemma, which is no doubt known from the

classical theory of Abelian functions.
Lemma 5.2. The Liouvillian tower (5.2) stabilises, so that ¥,, = F,,, for all n > m.

Proof. We introduce P by P’'(u) = W(P(u)), in local complex variables. Then we form C(P),
and its algebraic extension C(P)[P’], where (P')? = >/ ,(=1)™ *0,,_xP¥; then we adjoin
w= [(1/P)dP, ¢, = [ Pdu,... (o = [ P(u)™ 2du.

We deduce that [ P(u)*du = [ 2¥dx/W (z) belongs to C(P)[u,(1,...,(m—2] for all k =

m — 1,m,.... Indeed, we observe that

2P" = Em: ﬁ (P —45;), (5.3)

k=1j=1;j#k

so we have coefficients a; such that

m—2
2 / P"P'du=m / P du 4> ay / Pt du, (5.4)

J=0

so for £ = 0 we have )
m/Pm_ldu = 2P — Z a; /Pj du (5.5)
=0

and for £ =1,2,... we integrate (5.4) by parts, to obtain
m—2
2P'P* — 21 / (PP Ydu=m / P du 4y ay / PITE qy, (5.6)
§=0

and hence we obtain the recurrence relation

m—1 m—2
(2¢+m) / P gy =2P' P  — 20 (=)™ o, / P gy — 3" a; / Pt qu.

k=0 §=0

(5.7)

O

To take advantage of Theorem 5.1, we need to identify F(E) for v of low degree and seek

to deal with integrals over algebraic curves that have as small a genus as possible. We deal
with ¢ = 0 and ¢ = 1 in this section, and in section 6 we refine the result to deal with even

polynomials. In later sections, we will also need the exponential operation to integrate 7/ /7.
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Lemma 5.3. All integrals of the form

(j=0,1,...) (5.8)

t J
/ z dx
a V(b—2z)(x—a)
belong to

Gl VoD —a).cos™! (Wﬂ (5.9)

Proof. These results follows from elementary integration.
O

The following result concerns the natural Liouvillian tower associated with elliptic func-
tions, such as appear in subsequent sections. Let p be Weierstrass’s elliptic function with
e3 < ex < e1 as in [32]; also, let ( be Weierstrass’s zeta function, which is meromorphic and

singly periodic, but not elliptic. Let 6; be Jacobi’s elliptic theta function, which is entire.

Lemma 5.4. Any integral of the form

¢ xddx
es V(@ —e3)(z—ez)(x —er)

may be reduced via the substitution x = p(u) to an element of Clu, o’ (u), p(u), (u)].

(j=0,1,2,...) (5.10)

Proof. This follows from Theorem 5.1 and its proof. The element g’ satisfies (p')? = 4(p —
e3)(p — e2)(p — e1), so the elliptic function field C(gp)[p’] is an algebraic extension of C(gp).
Then we adjoin u = [ dp/p" and ¢ = [(p/¢’)dp to the elliptic function field, and the resulting
field C(p)[p'](u, ) contains all | p"du.

1

6. The tau function for even quartic and sextic potentials

In this section we show that D, (¢) for even quartics and sextics can be expressed in terms of
trigonometric and elliptic integrals. If we wish to find D, (¢) for a typical even polynomials v

of degree 8, then we need to consider hyperelliptic curves as in section 8.

Theorem 6.1. Let v be an even polynomial of degree 2N that has positive leading coefficient
and has equilibrium density w supported on N disjoint intervals. Then there exist algebraic
curves &1 and &, both of genus less than or equal to | N/2], such that D, (t) belongs to the
Liouvillian function field generated by F(&1) and F(&;).

Proof. We introduce the polynomial U of degree N by U(z?) = v(z), and consider the

variational problem

M ’ﬂU—

inf{Q/OOO U(x) p(dx) + /000/000 log ! y’,u(daz)y(dy)}, (6.1)
12



where the infimum is taken over all Radon probability measures on (0, c0) that have no atoms.
By results of [37], there exists a unique p with compact support Sy, and a constant C, such
that

U(x) > /S log |z — y| u(dy) + C (6.2)

with equality on S;. Furthermore, S, is a finite union of intervals and p is absolutely contin-

uous, so we can recover j by solving the singular integral equation

—dy  (ye€Sy) (6.3)

by the method of [15, Theorem 1.38]. The density w with support S is symmetric about zero,
and as in Proposition 2.2, the map z +— 22 pushes w(z)dr forwards to u with support S, .
The most difficult case to deal with is when NV is odd, and u tends to accumulate mass near

to the hard edge at zero. We consider

(N-1)/2
S, =10,a%]U U [cF, 7] (6.4)
j=1
and introduce, as in [34, section 84],
L2 L2
R(z) = . H (z — b?)(z — c?) (6.5)
j=1

which has a pole at zero and zeros at the other endpoints of S, and such that \/R(z) is
analytic on C\ Sy and z(1=N)/2\/R(2) — 1 as |z| — co. We have

JE+i0—t)@+i0-) =iy /R -2)z—)  (E<a<t).

J J

Let C, be the circle of centre 0 and radius r > |b(y_1)/2|*> + |2, taken once in the positive

sense, and observe that

1 U'(¢)d¢
p(2)=5- | == (6.6)
2m Jo, \R(C)(C — 2)
does not depend upon r; indeed, the Taylor expansion reduces to
(N—1)/2
R s

Now we consider the function F(z) = U'(2) +ip(z)+/ R(z) which is holomorphic on C\ S
and has jump F(z+1i0) — F(z—1i0) = 2i\/R(x 4+ i0)p(z) across S; and F'(x+1i0)+ F(x—1i0) =
2U'(z) on Sy. Hence by Plemelj’s formula

U () = PV% /5 Py 5(;”; 0y (es,). (6.8)
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The integrand is unbounded at y = 0. From Proposition 2.2, we deduce that w(z)dx has

support
(N-1)/2
S = [—a, CL] U U [—bj, —Cj] U [Cj,bj], (69)
j=1
and is given by the weight
w(z) = —|z|\/R(x2 +i0)p(z?) /7. (6.10)
We introduce the algebraic curves
(N-1)/2
&: Wi=(@-a) [] @-t)@-c) (6.11)
j=1
of genus (N —1)/2 and
(N-1)/2
Ey: Wi=a(x—ad®) H (z—b})(z—c3) (6.12)
j=1
of genus (N — 1)/2 and observe that
t 1 (N-1)/2 du
k k/2 2 2 2
/0 () dy = E/o 2 (0 — a2)p(u) H (1= )0 = ) g (6.13)

which belongs to F(&;) for k£ odd and F(&;) for k even. Whereas the curves & and & are
birationally isomorphic when N is odd, we need elements of both Liouvillian towers to express
D, (t). When N is even, the required curves can have distinct genus.

The field that is generated by F(&1) and F(&;) is a Liouvillian extension of C(z). Indeed,

given Liouvillian towers
Clz)CF, CFyC... and C(z)CF;CF,C...,

there exists a Liouvillian tower C(z) C F{ C FJ C ... such that Fj,Fg C F’Q’j and that is
constructed by alternately applying the operations that produced the original towers.
|

Corollary 6.2. Let v be an even quartic with positive leading coefficient and equilibrium
density w.

(i) If the density w is supported on the pair of intervals [—b, —a] U [a, ], then D, (t) may
be expressed as trigonometric and elliptic integrals as in Lemmas 5.3 and 5.4.

(ii) If the density w is supported on a single interval [—b, b], then D, (t) may be expressed

as a trigonometric integral.
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Proof. (i) By scaling, one can reduce to the case of v(x) = (1/4)x* — (1/2)m?x? + ag, where
m > 22, Then we let U(z) = (1/4)2> — m*/4 and p(z) = 2? — m? in Proposition 2.2,
and obtain the equilibrium measure for v from the semicircular law on [—2,2] for 2U. With

a? =m? — 2 and b®> = 2 + m?, we obtain a constant ¢ such that

= clz|/ (b2 — 22)(22 — a2). (6.14)

Now for any polynomial f(z), there exist a constant cg and polynomials fi(z) and f2(x) such
that f(z) = co+xf1(2?)+2? f2(z?). Hence we can express the indefinite integral [ f(x)dz/w(x)

as a sum of

/x\/(bQ—cg?;j)x /\/ fle /\/ xfz a2> (6.15)

which reduce by z? = u or 22 = 1/u to

/2\/ bQUEOful—aQ /\/u u—a2 /\/ Ll u_a2> (6.16)

By Lemma 5.3, the first and last of these integrals are trigonometric, whereas by Lemma 5.4

middle integral is elliptic.
(ii) In this case, the integral equation shows that w(z) = (c22? + co)v/b2 — 22 for some
constants cg and cy. Hence we can obtain the result from Lemma 5.3.
O
Corollary 6.3. Suppose that v is an even sextic such that the equilibrium measure is sup-
ported on the three intervals [—b, —c|] U [—a,a] U [¢,b]. Then D, (t) belongs to the Liouvillian
fields F (&) and F(&;) over elliptic curves £ and & as in Lemma 5.4.

Proof. This follows directly from Theorem 6.1 and Lemma 5.4.
O

In the remainder of this section, we describe the situation for typical quartic v, and how
Schlesinger’s equation reduces to Painlevé’s equation Py in the present situation. Suppose
that Sy = [01,d2] U [03,04]. There exists a Mobius transformation ¢ such that ¢(d;) = 0,
©(d2) =1 and ¢(d4) = oo; then we let ¢ = ¢(d3). Having fixed three of the endpoints, we can
introduce the differential equations from section 4, and then describe the effect of varying the

endpoint t. Let

(6] (677
A = — ; 6.17
(2.1 M (617)
then by Lemma 4.2,
%@(m) = A(z,t)P. (6.18)



We now deform the differential equation by varying the position of the branch point at ¢, while
keeping fixed the singularities at 0,1 and co. By analysis of the formal solution as in [24], one

can show that this deformation gives the differential equation

0% _ oy
ot x—t

(6.19)

which is consistent with (6.18). By forming the Lax pair of (6.18) and (6.19), one can show

that the matrix coefficients satisfy

dag g, o] oy an, oy
o =t o 1—-t’
Oovy [at, 010] [Oét, 011]
p— -2
ot —t + 1—t’ (6.20)

which is a particular case of Schlesinger’s equation; see [19, 4.0.3]. Considering the top right
corner of the matrices, we introduce z(t) = t((ao)1.2)/(t((0)1,2 + (@1)1,2) — (1)1,2) such that
A(z,t)12 = 0; then by [25, C.57], the corresponding Schlesinger equations give a version of

Py in terms of x, namely

2
%+<%+$+ﬁ>%_%<%+xil+x1—t><cfi_j>2
B lx(x—l)(ac—t) <koo_@ ki(t—1) (kt—l)t(t—1)>

T2 2(t—1)2 22 (z—-1)2 (z—1t)2

(6.21)

Proposition 6.4 Let F be a differential field that contains C(t) and a solution x(t) of (6.21).
Then 7, defined by

% log7(t) = trace(

belongs to a Liouvillian extension field of F'.

QO Oé1Oét>
b

- (6.22)

Proof. The matrices ap, @1 and «; can be expressed as rational functions of ¢, z(t),z'(t)
and [ z(t)dt as in [23, p. 11975] and [25, (C.57)]. Starting from one solution of (6.21), one
can construct a solution of Schlesinger’s system (6.19) and (6.20) by using the formulas from
[25], hence once can obtain all of the solutions of (6.21). It follows that the right-hand side of
(6.22) belongs to a Liouvillian extension of F, and we can solve for 7(¢) in a further Liouvillian
extension of this field. See also [27, p. 12043].

U
Fuchs [21] used the elliptic change of variable

v ds
u(z) = /0 Ve (6.23)
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to obtain solutions of (6.21) when ko = k1 = koo = 0 and k; = 1. Magnus [28, p. 228] obtained
Py for the orthogonal polynomials with a generalized Jacobi weight with three factors. See
also [20].

7. Scattering functions for elliptic potentials

In previous section we have obtained elliptic and trigonometric 7 functions from algebraic
weights. In this section, we show how to realise elliptic 7 from linear systems and establish
a correspondence between 7 and scattering functions ¢. We take the scattering function ¢ as

the starting point and, as in inverse scattering, seek to reconstruct q.

Definition. A linear system (—A, B,C) consists of complex Hilbert spaces called the state
space H and the input and output space Hy and (bounded) linear operators A : H — H,
B:Hy— H and C : H — H,. The associated linear differential equation is

dx
= - _AX+B

i + BU

Y =CX (7.1)

for U,Y : (0,00) — Hy and X : (0,00) — H. The scattering function is ¢(z) = Ce %4 B and
the transfer function is its Laplace transform ¢(s) = C(sI + A)~'B.

Proposition 7.1. Let t = 271 (b+a) + 271(b — a) cos x, so a typical element of (5.9) is
o(x) = Z(ajx"j cosm;z + b;jx" sinm;x) (7.2)
j=1

where mj,n;,k; € {0,1,...} and a;,b; € C. Then ¢(x) is the scattering function Ce 4B of
a linear system with Hy = C and H = C¥ for some N < oo. If nj = k;j = 0 for all j, then A

may be chosen to be real and skew symmetric.

Proof. By induction on degree, one proves using the trigonometric addition rules that (7.2)
gives a typical element of (5.9). For this ¢, the transfer function is a proper rational function
and hence may be realised from a linear system with finite-dimensional state space. One can
produce A, B and C' by considering the Jordan canonical forms of various matrices. See [10,
p. 55].
O
We formulate a version of the Gelfand-Levitan equation that is appropriate when ¢(z) =
Ce™"4B is periodic. Demontis and van der Mee used a variant of this idea in [16] to solve the
matrix nonlinear Schrodinger equation explicitly by linear algebra. McKean and Ercolani also

considered scattering for periodic functions in [17].
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Definition (Periodic linear system (—A, B,C; E)). Let A, B, C and E be finite square matrices
of equal size; let ¢ = £1, and suppose that BC' = ¢(AF + EA), BE = EB, FA = AE and
exp2mA = I. Define ¢(z) = Ce "4 B to be the scattering function for (—A, B,C) and then

introduce
W(z,y) = Ce (I — e *AEe™*4) e ¥AB, (7.3)

We define the tau function to be

T(x) = exp </ trace W (y, y) dy) (7.4)
0
and let ¢(z) = —2% log 7(z) be the potential function. See also [10, p. 114].
These definitions are justified by the following, which is analogous to [5, p. 324].

Lemma 7.2. (i) The matrices satisfy the Gelfand—Levitan equation

—p(x+y)+W(z,y) —¢ ’ W(x,2)p(z+y)dz =W (z,y)E (0<z<y<2m), (7.5

xT

and

d
e log det(I — e~ Fe~*4) = etrace W (z, z). (7.6)

(ii) Let F be a differential field that contains all the entries of e=*4. Then () belongs
to a Liouvillian extension of F, and 7(x + 27) = k7(x) where Kk = exp fo% trace W (y,y) dy.

(iii) Suppose moreover that € = 1 and 27||¢||o0 < 1. Then

0x? 0y?

W oW <%W(m,x)>W(m,y) (7.7)

Proof. (i) One can check that
27
/ e *ABCe A dz = ce " Ee 4 — ¢cE (7.8)

and it is then a simple matter to verify the integral equation (7.5).

By rearranging terms, one checks that
trace W (z,x) = trace (I — e” " Ee™*4) e " BCe™"4)
d —2Ap —zA
=e—t log(I —e *“FEe™*
- trace og(l —e e )

= 5% logdet(I — e *4 Ee24). (7.9)

(ii) By (i), 7 is given by exponential integrals of the entries of e~*4. Note that W (x,y) is
periodic in both z and y, so W(x, x) is periodic and hence fom traceW (y,y) dy changes by the

same amount as x increases through any interval of length 2.
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(iii) By repeatedly differentiating (7.5), and using periodicity, one derives the identity

W 2w d oW
TOPW OPW PwW . PW
Since ABC — CBA = 0, we obtain
ow

so (7.10) is a multiple of the original integral equation by —Q%W(m, x). By the assumptions
on ||¢||, the solutions are unique, hence the differential equation (7.7) is satisfied.
Ul

In view of Corollaries 6.2 and 6.3, we aim to realise elliptic tau functions in terms of
linear systems. By introducing infinite block matrices, we obtain an analogue of Proposition
7.1. Clearly we can replace € in (7.3) by a diagonal matrix with blocks of 1 entries on the
diagonal. One can interpret the following result as saying that Lamé’s operator —% + 2p
has the scattering function proportional to sinz. Note that ¢ lies in the ring of trigonometric
functions as in (5.9), and trigonometric functions may be viewed as rational functions on
C U {oc} via the substitution t = tanxz/2. However, the potential lies in the elliptic function
field, which gives the rational functions on a curve of genus one.

Elliptic functions may also be viewed as doubly periodic meromorphic function on C.
Let wy; and ws be the periods, so that w = wy/w; has Sw > 0; then let e = p(w1/2),
ea = p((w1 +w2)/2) and e3 = p(w2/2); then let Jacobi’s modulus be m? = (es — e3)/(e1 — e3)
and the elliptic nome be q = ™. To be specific, we choose w; = 27 and wy = 27i. Let A, B

and C be the infinite block diagonal matrices with 2 x 2 diagonal blocks

A = diagonal [J} ZO:_OO, C=A,
E = diagonal[¢*"1,]°" | B=2E. (7.12)

Proposition 7.3. (i) The functions ¢(x) = Ce™*4 B and W (z,y) of (7.3) satisfy the Gelfand—
Levitan equation (7.5) and
2

+q
pe

trace p(x) = 41 sin x (x € R). (7.13)

(ii) The corresponding tau function is 7(x) = ¢(q)6, (z)? with c¢(q) constant, so T is entire,
belongs to the Liouvillian extension C(g', p,(,01) of the standard elliptic function field and
satisfies P

20(z) = e log 7(x) (x € R). (7.14)
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Proof. (i) The matrices satisfy EB = BE,AE = EA and BC = AE + FA, so Lemma 7.2(i)
applies. Note that the entries of E are summable, so E defines a trace-class operator, hence
the trace exists and a simple calculation gives (7.13).

(ii) Observe also that

— q2Inl 2 —q?I”l sin 2
_ 2lnl —2wAy _ 1 —qg°™ cos2x q”'™ sin 2z
det(l —q™"le ) = det [ q2I"l sin 2z 1 — 2"l cos 2z
=1 — 2> cos 2z + g*l", (7.15)
so one has
det(I — e A FEe %) = 4sin’ z H (1 —2q*" cos 2z + q*")?; (7.16)
n=1

for comparison, by [32, p 135] the Jacobi elliptic function satisfies
01(x) = 2q"/*sinx H (1 —2¢°" cos 2z +q*") (1 — ¢*") (7.17)
n=1

where the infinite product is absolutely and uniformly convergent over compact subsets of C.

So we have an entire function

7(x) = det(I — e * 4 Ee %) = hr(@)’ (7.18)
a2 IRt (1 — g2m)?
Moreover, we have [32, p. 132]
d? d?
o(r) = 73 log 6y (x) + e1 + ) log 0, (x>‘m:1/2’ (7.19)

hence we obtain (7.14). The differential field C(p, ©’,,61) is a Liouvillian extension of the
standard elliptic function field C(p)[p’] and contains 7 and .
|

Theorem 7.4. Let T be an elliptic function.
(i) Then there exists a periodic linear system (—A, B,C; E), where A, B,C and E are
infinite block diagonal matrices with 2 x 2 blocks, such that

= trace W(z, x). (7.20)

(ii) There exists a sequence of periodic linear systems with finite matrices and tau func-
tions Ty such that Tn(z) — 7(x) as N — oo, and with e* = z, each quotient hy(z) =

7n(2)/Tn—1(x) is a rational function such that hy(0) = hy(oco) = 1.
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Proof. Any elliptic function is of rational character on C/(w1Z + w2Z), and is the quotient
of theta functions by [32, p 105], so

01(z — aj)
= 21
CH91 Jl—b (7 )

where a;, b; and c are constants. Suppose for notational simplicity that ¢ = 1.

First we construct a periodic linear system with 6, as its tau function. For n = 0, let
Ao = J/2, Ey = —iJ, By =il and Cy = I, then (—Ag, By, Co; Ep) is a periodic linear system
such that det(I — e~*40 Eye=40) = 2jsin x.

For n = 1,2,... and q as in (7.12), let A, = C, = J, E, = ¢*"I and B, = 2E,;
then (—A,, B,,Cy; E,) is a periodic linear system such that det(] — e~ *4r» E,e™4n) = 1 —
2q%" cos 2x + q**. Hence we can introduce block diagonal matrices A = diagonal[Ag, Ay, .. .]
and E = diagonal[Fy, F1,...], and so on to give a periodic linear system (—A, B, C; E) such
that

det(I — e " Ee*4) = 2isinz H (1 —2q*" cos 2z + q*™)

n=1

i0(x)
= 7.22
T () 72
Next we replace (—A, B,C; E) by the terms (—A,e%4B, Ce%4;e%4Ee%4) which give
W; by (7.3); likewise we introduce (—A, % 4B, —Cebi4; ebiA Eebif) Wthh give Wj by (7.3).
We then form the block diagonal matrix

DL, <(—A) @ (—A),e%“ B @ e AB,Ce® A @ (—Cebit); e A Eetit @ ebiAEebﬂ'A> (7.23)

which gives the required W (x,y) = &7, W;(z,y) W;(z,y) by (7.3), and we verify

trace W (x, z) = Z (trace W;(z, x) + trace W;(z, m))

%Z(log@l (x —aj) —log 01 (x — b, ))

= % log 7(x). (7.24)

One can check that W satisfies (7.5) with e replaced by a diagonal matrix with diagonal entries
+1.
(ii) We introduce the 2(N + 1) x 2(N + 1) block diagonal matrices

A(ny = diagonal [Ag, Ay,...,An] and E(y) = diagonal [Ey, Ey, ..., En], (7.25)
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with 2 x 2 blocks A; and E; as above, such that

N
det(I — e‘mA(N)E(N)e_‘”A<N)) = 2isinx H(l — 2¢*" cos 2z + q*™). (7.26)
j=1

Then by (7.21) and (7.22), we have

o det([ — e_mA(N)eajA(N)E(N)eajA(N)6—117A<N))
TN\ ) = H
N( ) i=1 det([ — e_mA(N)ebjA(N)E'(N)ebjA(N)e—mA<N))

B | (') Ry VNG

(7.27)
Hence we can adjust the construction to produce the sequence of finite linear systems as above.

By passing from N — 1 to N, we introduce an extra factor

Tn(@) — ﬁ 1 —2q?" cos(z — a;) + q*"
TN-1() 1 — 2% cos(z — b;) + q*n

(7.28)

m 2n e—2ia; 4 + (1 + q2n> _ e2ia; q2n
];[ 2n€ ibj o4 + (1 + q2n> _ GQiquQn ’

which corresponds to the blocks on the diagonal indexed by NV in the block diagonal form of
the Gelfand—Levitan equation. Evidently this is a rational expression, and at z = 0,

M = exp<2i§m:(aj — bj)> =1, (7.29)

TN —1(i00) =

where the final identity follows from Abel’s theorem [32, p. 105]; likewise, the quotient 7 /7n_1

converges to one as z — 0.

1
Let q(t) = 2jt2 log 7(2t) be an elliptic potential as in Theorem 7.3. Then —d?f/dt* +
q(t)f = Af is Hill’s equation on the torus, as considered in [22]. In the next section, we

consider potentials on hyperelliptic curves.

8. Linear systems for potentials on hyperelliptic curves

In this section, we extend results from section 8 from elliptic to hyperelliptic curves. Suppose
that ¢ : R — R is C? and periodic with period one; introduce Hill’s operator —% + ¢q(x) in
L?(R). Let ® be the 2 x 2 fundamental solution matrix that satisfies

Zﬁ(> Lafﬂm H@@% ﬂ®={é?}, (8.1)

and let A()\) = trace ®(1) be the discriminant of Hill’s equation. We can characterize S =
{A € R: A(MN)? < 4}, and its connected components are known as the intervals of stability.
Suppose further that g is algebro-geometric, so that the Bloch spectrum

S = [)\0, )\1] U [)\2, )\3] U...uU [)\29, OO) (82)
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has g gaps. The \; are the points of the simple periodic spectrum, such that —f"” +qf = \; f
has a unique solution, up to scalar multiples, that is periodic with period one or two. Let /\;
be the zeros of A’(\) that are not zeros of /4 — A(A)?; then Hochstadt [31, p 219] proved

that g .
A'(A j=1 (A= A)

) =c
V4 —AN)? T2\ = A))

for some constant c¢. Moreover, Hochstadt [31] proved that g = 1 if and only if ¢(x) =

(8.3)

c1 + 2p(x + c2) where ¢; and ¢y are constants, as in Proposition 7.3.

Now supposing that g > 1, we form the hyperelliptic curve

C: w’=-— H(J: —Aj) (8.4)

of genus g. As in [18], we introduce a homology basis for C; we choose a two-sheeted cover of
C with cuts along S, and introduce the canonical homology basis consisting of:
e loops «; that start from [Aag, 00), pass along the top sheet to [Ay;_2, A2j_1], then return
along the bottom sheet to the start on [Aag, 00);
e loops (3; that go around the intervals of stability [Ag;j_2, A2j—1] that do not intersect
with one another, for j =1,...,¢.
Let Qo = [/, 27 ~Jdx/wl?,_,, which is invertible, and then form the gx 1 vector of holomorphic

one-forms

déy 29 Ydx /w
di=1 1 | =9 :
d¢, dx/w
Then as in [18, p 61], we form the g x 2g Riemann matrix [I; 2] from the g x g blocks

= [/a dgj]jk_l, and Q= [/ﬂ dgj]jk_l. (8.6)

Let A be the lattice generated by the columns of [I; €], and note that CY9/A is a complex

torus, called the Jacobi variety of C. Let C, be the space of integral divisors of degree g on

(8.5)

C, and let pg be a fixed point in C, and p = p;...p, be a variable in C;. Then there is a
holomorphic and surjective map C;, — C9/A given by py ...pg = >9_; f;;j d¢, or X v Zy.
Definition. Let S, be the spectrum of —d?/dt?> + q(z +t) on the domain {f € L?[0,1]: f” €
L2[0,1], f(0) = f(1) = 0}. Then S, consists of the double zeros of A(\)? — 4 = 0, which do
not depend upon z, together with the auxiliary spectrum §;(x) € [Agj—1,Agj] for j =1,...,9.
Then the auxiliary spectrum determines ¢, up to translation and some constants, as follows
from [31]. Let
R(z,A) = (A=61(x))... (A= dq4(x)), (8.7)
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and introduce ok () such that R(z, \) = Y-7_, ox(x)A*. The function \/R(z, \) has a strong

formal resemblance to (2.5).

Theorem 8.1. (i) Let T be a rational function on C such that 7(z) = 7(z). Then there exists a
periodic linear system (—A, B, C; E), where A, B,C and E are infinite block diagonal matrices
with 2 x 2 blocks, such that

:_/((j)) = %trace W(x,z). (8.8)

(ii) In particular, such a periodic linear system exists for each oy(x).

(iii) Let A € R satisfy A(X\)? < 4 and let F be a differential field that contains all of the
or(x). Then there exists a Liouvillian extension Fy of F and an eigenfunction fy € F such
that —f{ +qfx = Afx.

Proof. (i) Koebe proved the retrosection theorem that every compact Riemann surface of

genus ¢ is conformal to the quotient of a planar domain D under the action of a discrete

d
where ad — be = 1; see [3]. Hence C may be identified with a fundamental cell Cy, where the

group I' of Mobius transformations, so T, : z +— z,. for r € T is given by T, = [Z b}

images of Cy under I' tessellate D. The group I' has identity 7, and free generators T for
j=1,...,9. Choosing 7 to be the unit circle, and 71, ..., 7, to be Jordan curves inside -, that
are exterior to one another, we then let v_; be the Jordan curves in the exterior of v so that
the v41,...,7+, are mutually exterior. The generators may be so chosen that T;(vy;) = v—;
and T; maps the exterior of v; with respect to C., onto the interior of y_; for 5 =1,...,g.
Diagrams of the appropriate D appear in [1, 3].

Given u,v € Cy, we introduce

Sunl( €)= T L =)0 =8 (®9)

a variant of the Schottky—Klein prime function. Baker [1, section 230] shows that ¢ — Sy, (¢, §)
defines a meromorphic function on C which is invariant under the action of I', and hence
defines a meromorphic function on C; moreover, S, ,(¢, &) has only a simple zero at ¢ = v and
a simple pole at ( = v inside Cy. Baker proves convergence of the product, but we do not have
an effective estimate on the rate of convergence.

Let ¢ = €%, = €' and u, = ¢V, v, = p,.e'® where ¢,.,p, > 0 and s,t,,, ¢, are
real. For each r € I, we introduce a periodic linear system by (—A,, B,,Cy; E,) where A, =
C, = J/2, E, = g, exp(¢J) and B, = 2E,; likewise, we introduce (—A,., B,.,C,, E,.) where
A, =Cr.=J/2, E,. =p, exp(¢,J) and B, = —2F,; then

1S

e —u, |2

det(I — e=4r E.e54r)

det(I — e_SAT'Ere_SAT')

(8.10)

ets — v,
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We sum these linear systems over r € I' and obtain the tau function

) ) det(I — _SAT'Er —sA, det(I — _tAT'Er —tA,
[Su(e, e =] = (L= e Brem ™) det(l — e ). (8.11)
pdet(I —e=sAr EemsAr) det(I — e~ tAr ELe=tAr)
Now each o (x) is meromorphic on C, hence has zeros ai,...,a,, and poles by,..., by,
such that Z,, ., = Z,..», modulo A. Therefore by Liouville’s theorem we can write
&) [ Say,(C.6) (8.12)
j=1

for some meromorphic ¢(¢) and then express |0 (¢)|?
Note that (¢,w) lies on C if and only if ({,@) lies on C, so the operation 7(¢) — 7(C) is
well defined. Finally, we take the derivative with respect to x € R of the real function 7(x)
and find (log|7(z)[?) = 27'(z)/7(x).
(i) Let M be the set of C? potentials ¢ : R — R that are 1-periodic and such that the

simple periodic spectrum consists of {A\; < ... < Ag}; then M is diffeomorphic to a real torus

as a product of determinants.

RY/Z9, and is known as the isospectral torus. In particular, the set {g(t + ) : 0 <z < 1} of
translations of ¢ gives a torus T inside M, so it is natural to parametrize T by e?™** on the
circle. Differentiation along [0, 1] transforms to differentiation along a direction in R9/Z9.

McKean and van Moerbeke [31] showed that ¢ is the restriction to a straight line in C9/A
of a function of rational character. Likewise, each o (x) is meromorphic on C, and real for
x € R, so we can obtain an expression analogous to (7.19) by (i).

(iii) Note that R(z, \) belongs to F, and as a function of x satisfies Drach’s equation [9,
p. 927]

- %R(m, MR (2,0 + (g(2) — MRz, \)? = w())? (8.13)

as [31, p. 235]; where, crucially, the right-hand side is a polynomial in A independent of z.

1
ZR’(.ag,A)Q

In particular, if A is a simple periodic eigenvalue, then w(A) = 0 and fx(z) = /R(z, \) gives
a corresponding eigenfunction as in [31, p. 235]. When A(N)? < 4, R(x, \) is never zero for

0 <z <1, and we can form

@) = VRGN sin (i) [ 5, (8.14)

0 R(y7 >‘)

as in [9, p. 932]. Evidently this is obtained from R(\,z) by Liouvillian operations and by
using (8.13) one shows that fy is an eigenfunction as in [31, p 237].

U
Remarks 8.2. (i) Whereas Theorem 8.1 enables us to express all rational functions on a hy-

perelliptic curve C in terms of block diagonal linear systems, the tau function D, (t) of Theorem
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5.1 could involve elements of F,,,(C) for m = 2g + 1, which are generally rather complicated.
Nevertheless, in [2], the authors give criteria in terms of the action of the symplectic group on
Q) for a special hyperelliptic curve C to be a finite cover of an elliptic curve.

(ii) For integers ¢ > 2, Lamé’s operator —d?/du?® + (¢ + 1) has S with ¢ gaps, and the
hyperelliptic spectral curve C has genus ¢. Using this, Maier [29, Theorem 4.1] has constructed
a cover of degree N = ((¢ + 1)/2 of the elliptic curve by C, and thus obtains hyperelliptic
integrals that reduce to elliptic integrals.

(iii) The elliptic potentials that are algebro—geometric are characterized in [22].
9. Kernels associated with rational matrix ODE

In this section, we introduce kernels that are associated with the basic differential equation
(4.6), and then factorize them in terms of Hankel operators; then in section 10 we derive a

1

Gelfand—Levitan equation that produces (log7)”. We wish to introduce a differential equa-
tion that is equivalent to (4.6), but which involves a rational matrix function B, (z) with
trace B, (z) = 0. First we let v; = —27tracea;(n) and observe that v; does not depend
upon n. Indeed, by multiplying the recurrence relation (4.20) by V,~!, one deduces that
trace A, +1(z) = trace A, (z), and since tracea;(n) = lim. s, (2 — d;)trace A,(z), we deduce
that trace o;(n) is constant with respect to n. By following calculations in [12], one can show

that Z4N *tracea;(n) = 1 — 2N. Now, given ®,, as in (4.5), let

U, (2) = ®,(2) I_I (z—0;)". (9.1)

We next introduce the matrix valued kernel

U, (2) T, (0)

—2mi(z—¢) (92)

Mn(27 g) =

where ! denotes the matrix transpose and analyse the top left entry of M, as an integral
operator on L?(S; C?).

Proposition 9.1. Let E,(z,() be the kernel of the orthogonal projection in L?*(w) onto
span{x’/ : j =0,...,n — 1}. Then the top left entry of M, (z,() equals

4N — 4N —

H ) H (¢ = 6;)"9En(z,0). (9.3)

M(ZQM—

Proof. The Christoffel-Darboux formula [33] gives

Pn(2)Pn-1(¢) = Pn-1(2)pn (<)
ha(z =€) '
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One can find ¥,,(2)*J ¥, (¢) by direct calculation, and compare (9.2) with (9.4).
|

Let Bj(n) = aj(n) + vjI5, which has zero trace. Furthermore, if ®,, is a solution of the

basic differential equation (4.6), then

%\pn(z) — By (2)Un(2) (9.5)
where N
Baz) = % (9.6)

We pause to note an existence result for solutions of the matrix system (9.5).

Lemma 9.2. Suppose that 3;(n) has eigenvalues £ ;(n) where 2x;(n) is not an integer. Let
C; be the connection matrix associated with 6;. Then on a neighbourhood of ¢;, there exists

an analytic matrix function =, ; such that

U (2) = Enj(2) (2 = 6;)VC; (9.7)

)

satisfies (9.5).

Proof. This follows from Turrittin’s theorem; see [5, 42]. The matrix C; diagonalizes the
monodromy matrix corresponding to a circuit round the pole §;; see [24, p. 308].
O

In this section we are concerned with local behaviour of the kernels, and how they operate
on single intervals, so we can assume that C; = I for this particular interval in S.

Let J, be the Bessel function of the first kind of order v. Tracy and Widom showed that
the Bessel kernel, often used to describe eigenvalue distributions near to hard edges, may be

expressed as the square of a Hankel operator on (0,1) so that

\/EJVH(\/E)L(\/@QZ:;uh/@\/?ﬁwl(@ -1 /0 LV, (h dt  (9.8)

see [40]. The following result extends this idea. For notational simplicity, we consider the
interval (d1,02) and assume that 6; = 0 and 1 < Jy; the general case follows by scaling
and translating. For a continuous function ¢ : (0,1) — R®V=6 the Hankel operator Ty :
L2((0,1);dy/y; R) — L?((0,1); dy/y; R®*N~6) is given by

dy

Tyf(z) = / o)1) (9.9)
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Since f(n) has zero trace, the matrix (—dy)JBxk(n) is real and symmetric, hence is con-

S B R B £ R

Definition. Let the signature matrix of B,,(z) be o = diagonaloy|;Y, % in Msy_g(R) be the

gruent to either

block diagonal sum of these matrices over the various k.

Theorem 9.3. (i) Let $1(n) be as in Lemma 9.2; assume henceforth that x1(n) > 0. Then
there exists Z,, a 2 x 1 real vector solution of (9.5) such that Z,(z) — 0 as z — 0.
(ii) The integral operator on L?((0,1);dz/z) with kernel

VAW Zu(2)
z—¢

Kn(z,() (9.11)

is of trace class; moreover, there exists a vector Hankel operator Ty, : L*((0,1); R; dy/y)
— L%((0,1); R®N=S: dy /y) such that

K, =T} oTy,. (9.12)

(iii) If o > 0, then K,, > 0.

Proof. (i) There exists an invertible constant 2 x 2 matrix S,, such that

k1(n) 0 :|

0 ) (9.13)

Sz WSt = {Z

where k1(n) > 0. Hence by Lemma 9.2, there exists a constant 2 x 1 matrix C' such that
Z,(2) = ¥, (2)C is a solution of (9.5), and Z,,(z) = O(|z|**(™)) as z — 0.

(ii) Hence we can introduce K, by (9.11), and next we prove that the kernel satisfies

4N -2

0 0 - —8k\/TY
GE% * ya_g;)K"(x’y) =2 (@ —on)(y — 5k>2n(y)TJﬁk(n)Zn(x). (9.14)

k=2

First note that by homogeneity (z-2 + yg—y)(,/xy/(ac —y)) = 0. Since the (x(n) have zero
trace, we have JBx(n) + Br(n)TJ = 0 and hence the differential equation (9.5) gives

(m% n ya%)zn(y)szn(x)

= n(y>TBn (?J)TJZn(l’) + Zn(y)TJBn(@Zn(l’)

=) Zn(y)TJﬁk(n)Zn(x)< . Y ); (9.15)

ps =0k y— O
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note that the term k = 1 gives zero contribution. On dividing by z — y and multiplying by
/2y, we obtain

( an yg> VI Zu () Zu(z) _ 4%:

Yor T Voy Ty Ok /Ty Zn (W) IBe(n) Zp(z)  (9.16)

(z — k) (y — Ok)

as in (9.14). Noting the shape of the final factor in (9.16), we choose

¢n(x) = column [M

9.17
T — Ok ]k:Z ,,,,, AN—2 ( )

which has a 2 x 1 entry for each endpoint dx of S to the right of 0, and the block diagonal

matrix

B(n) = diagonal [—&gJﬁk(n)]k (9.18)
with 2 x 2 blocks, and we consider

Ro(y) = /ﬁ on(y2)! D)o (20) Z. (9.19)

Next note that since x1(n) > 0, we have K(z,y) — 0 as x,y — 0. Then

(%% + ya—ay)kn(x,y) = /0 (yo,, (y2) T B(n)dn(22) + 20y (y2) 1 B(n) ¢l (22)) dz
= 60 () B(n)dn(x) — 6(0)T5(n)$n(0), (9.20)

and we have ¢,,(0) =0, so

Kn(m7y) = Kn(m7y) + §($/y) (921)

for some function &. But Z,(z)/2z"1( is analytic on a neighbourhood of 0, so it is clear that
Kn(z,y) — 0 and K,(z,y) — 0 as z — 0 or y — 0; hence & = 0.
By the choice of o, there exists a block diagonal matrix y(n) such that y(n)Toy(n) = 8(n),

so we can introduce ¥, (z) = v(n)¢,(z) such that ¢, (2) 3(n)dn(y) = Yn(x)To1), (y). For this
symbol function ,, we have

1
dz
Kalw) = [ waly2ovn(zn) . (9.22)
0

or in terms of Hankel operators K,, = I‘L}" ol'y, . We have

[ (rom 2y ot 2 < (9.23)
og — n(w)||* — < oo, .
0 & u u

so I'y is Hilbert-Schmidt and hence K,, is of trace class.
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(iii) If 0 > 0, or equivalently o > 0 for all k, then K,, > 0 by (ii).
|

10. The tau function and scattering function for the basic differential equation

In this section, we introduce a matrix scattering function ¥ for express the tau function 7 of
K,, from Theorem 9.3. We then establish the correspondence between the scattering function
and 7 by an integral equation of Gelfand—Levitan type. The first step is introduce a scattering
function v and then to realise this by a linear system as in [5, 6].
The differential equation

dz

=t = Bu(2)Zn(a) (10.1)
has a solution from which we constructed a symbol function

Vay(n)Z(x) ] N2

U (z) = column[— e

10.2
pra (10.2)

Recalling that 6; = 0 and suppressing n for simplicity, we change x € (0,1) to ¢t € (0,00) by

letting # = e~ and in the new variables write

Y(t) = ZXZe—(m—i-Z—H/Q)t, (10.3)
=0

where >, [[x¢|]| < o0 and k1 > 0. Likewise, we write 7(t) for 7(e™*).

Let Q = {z: Rz > 0} be the open right half-plane, let
W(z) = [w 0 w(x)} (10.4)

and extend ¥ to an analytic function ¥ : Q — Mgy _5(C) such that ¥(z) = ¥(z)! for z > 0.
Let W(s) = U(z + 2s) and ¥, (z) = ¥(z + 25)1 and let o be a constant matrix; then let
K, = F\p?s)aF\p<s) be a family of operators on L2(0,c0).
Proposition 10.1. (i) The tau function associated with K = I'y=0T'y is 7(2s) = det(I — K),
which gives an analytic function on ).

(ii) Let q(s) = —2% log 7(2s). Then q(s) is meromorphic on €, and analytic where
I 2| (z + 5)|]Pde < 1.

(iii) If 0 < K < I as an operator, then 7(s) is non-negative for 0 < s < oo, increasing and

converges to one as s — Q.

Proof. (i) The kernel of the Hankel operator I'y , has a nuclear expansion

Ly, < Y e (mrr/2lorury BT ’6"} (10.5)
(=0 ¢
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where 57 [Ixell [y e 2 A/ @R gy < 00, s0 the Fredholm determinants are well de-
fined. As in Schwarz’s reflection principle, s — \IJ’("S) is analytic, and T'y,, is Hilbert-Schmidt,
so K is an analytic trace-class valued function on 2. Using unitary equivalence, one checks
that

det(I — K,) = det(I — Py o0)K) (s> 0). (10.6)

(ii) Except on the discrete set of zeros of 7(2s), the operator I — K is invertible and

—1sz). (10.7)

d
q(s) = Qd—trace<(f — Ky) 5

S

(iii) This follows from (10.6).
|

We wish to express 7//7 as a rational expression in certain infinite matrices with entries
from C(e™?, e_(“1+1/2)t). To do so, we realise ¥ via a linear system suggested by the inverse
scattering transform as in [6]. Let Hy = C®V~% be the column vectors, H = ¢2 be Hilbert
sequence space, written as infinite columns, and introduce an infinite row of column vectors
C € 1?(Hp) by C = (xe/|Ixell*/?)2, and a column B € ¢2 by B = (||x¢|*/?)$2, and the infinite
square matrix A = diagonal [¢ + k1 + 1/2]72,. Whereas A is real and diagonal, we shall write
AT in some subsequent formulas, so as to emphasize their symmetry.

In the following result we use the (8N — 5) x (8N — 5) block matrices

W (z,y) = [S((fyy))T Zgz” . U(z) = [w((;ﬁ ww , (10.8)

so that ¥(Z) = ¥(z)" and the matrix Hamiltonian

(10.9)

H(z) = { U(x,x)0 U(x,x)}

w(z,z)To  z(z, )

where v, w € Hy, U operates upon Hy and z is a scalar. To simplify the statements of results,

we use a special non-associative product *, involving o, that is defined by
U v 0 | [oyt Usy
{wT z} * LDT O} = {Zw wiop | (10.10)

Theorem 10.2. (i) The linear system (—A, B, C) realises ¥(t) = Ce "4 B of (10.3).

(ii) There exists a solution of the Gelfand—Levitan equation
W(w,y)—f—@(m—l—y)—i—/m W(x,s)«VU(s+y)ds=0 (0<x<y) (10.11)
such that T of Proposition 10.1(i) is holomorphic on {t : &t > 0} and satisfies
% log 7(2z) = trace H(x) (z > 0). (10.12)
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(iii) Suppose moreover that [} x|V (z)|*dz < 1. Then

< 02 0?

dH
i 8—y2>W(x,y) = —2— W (z,y). (10.13)

dz
Proof. (i) This identity follows from (10.3). Since k1 + £+ 1/2 > 0, the semigroup e~ *4 =
diagonal [e~t(r1+E+1/ 2)]210 consists of trace-class operators, and the integrals in the remainder
of the proof are convergent.

(ii) To obtain an expression for the solution, we introduce auxiliary operators L, and

Q2, then express 7 as a Fredholm determinant of L,QJ, and finally write 7/ /7 as a rational

expression in the various operators. We introduce the observability Gramian with its matrix

representation
00 —(l4+m42r1+1)z T
o __ —sAt T —sA |: € X0 Xm ]
g = e C'oCe ds < , (x> 0),
- @+ m 2+ Dl P2 emmoa,. 70
(10.14)
modified to take account of o, and the usual controllability Gramian
00 —(l+m+2k1+1)x 1/2 1/2
L, = / G_SABBTG_SAT ds < |:€ HXZH HXmH ] , (1015)
. {4+m+2k+1 2,m=0,1,...

both of which define trace-class operators on ¢, and where L, > 0. (The matrix expressions
resemble the soliton determinants of [24, (6.24)] and [25, p. 409].) The controllability operator
Sy : L2((0,00); Hy) — H is

2. f = /OO e *ABf(s)ds (10.16)

while the observability operator is ©, : L?((0,00); Hy) — H is
0,f = / =4 O f(s) ds. (10.17)

Finally, we let ¥, (s) = ¥(s 4 2x), so that ¥, is realised by (—A, e 4B, Ce™*4). In terms

of these operators, we have the basic identities

_Qot= T _ =T
=0!=,, me =Z=/0, (10.18)

while
L, =22 and QY=06,00]. (10.19)

Hence we can rearrange the factors in the Fredholm determinants
det(I — Arjﬁ(m)ar%) = det(I — A2l 0,001 2,)
= det(I — \2,210,00])
=det(I — AL, QY). (10.20)
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We deduce that

log 7(2x) = log det(I — FwUFwP(Qm %))
= logdet(l — o'y P2, OO)I‘ )
= log det(I — F%UF%))

= trace log(I — L,Q7), (10.21)

= log det ([

and hence

d
e log 7(2z) = trace(([ - Lng)_l(e_mABBTe_mATQg + Lme_mATCTJCe_mA)>
x

= Ble™4'Q(I — L,Q°%) e "B
+ trace JCe_"”A(I — Lng)_lee_mATCT. (10.22)

The integral equation

[U(w,y) v(w,y)}L[ 0 w(w+y)}
()" 2(z,y) Pz +y) 0
1 U(x,s) wv(x,s) . 0 P(s+y) .
+/m [w(av,s)T z(m,s)} [zb(s—l—y)T 0 } ds =0 (10.23)
reduces to the identities
U(z,y) =— /OO v(z,s)Y(s +y) ds, (10.24)
z(x,y) = — /OO w(z, s) o (s + y) ds, (10.25)

and the pair of integral equations

v(z,y) + Yz +y) — /00 /00 v(x, )t + s) o (s + y) dsdt = 0 (10.26)

and

w(z,y) +(r+y) — / / V(s +y)(t+ s) ow(z,t)dtds = 0. (10.27)
To solve these integral equations, we let
v(z,y) = —Ce *MI — L,Q2) e ¥ B (10.28)

and
w(z,y) = —Ce V(I — L,Q) e " B; (10.29)

33



then by substituting these into (10.24) and (10.25) we obtain the diagonal blocks of the solution
W, namely
U(z,y) = Ce™"A(I — L,Q°)  Lye ¥A' Ct (10.30)

and
2(a,y) = Ble ¥4 QI(I — L,QZ) e *AB; (10.31)

note that these are rational operator expressions in e_"”A,e_"”AT,Lm, o B,BT,C and CT.

Hence we can identify the trace of the solution (10.9) as

trace H (z) = traceoU(x, z) + z(x, x)
= tracecCe " A(I — L,Q%) te AT 1
+ Ble ™A' Q(I — L,Q%) e "B

= % log 7(2x). (10.32)

(iii) By integrating by parts, we obtain the identity

0? 0? dH > 92 0?
<@ — 8—y2>W(x,y) — 2%{!(% +y)+ /m <@ = @>W(x,s) xWU(s+y)ds=0 (10.33)
for 0 < z < y. One can easily verify that the product % and the standard matrix multiplication
satisfy (QW) x ¥ = Q(W % W), hence the formula

oo

dH dH
2 W — 2y -
W) 25 0wy - [

xT

(2%W(m, s)) «W(s+y)ds=0 (10.34)

follows from multiplying (10.33) by —2%Z and this shows that both —24ZW (z,y) and (88—;2 -
%)W(m,y) are solutions of the same integral equation (10.11). By uniqueness of solutions,

they are equal.
O

While 7/ /7 would appear to be transcendental over C(e~t, e~ (¥1+1/2!) we can obtain

7' /7 as a limit of elements of this field.

Corollary 10.3. (i) There exists a sequence of finite-rank matrices (A, )5 ,, with corre-
sponding tau functions 7,, such that %log Tn(2t) is a meromorphic function that belongs
to Ce~ M+t e=t) and 1,(2t) — 7(2t) as n — oo, uniformly on compact subsets of
{t: Rt > 0}.

(ii) Suppose further that k, is rational. Then there exists a positive integer N1 such that
% log 7(2t) is periodic with period 2wiNy, and 7,(2t) is given by elementary functions as in
(10.37) below.
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Proof. (i) Let F = C(e~("171/2)t ¢=t) and observe that the entries of the matrices that

represent e *4, L; and Q7 all belong to F. We introduce the finite-rank matrices
A, = diagonal [k1 +1/2,k1 +3/2,...,k1 +n+1/2,0,0,.. ] (10.35)

so that ||e™# — e tAn (|1 < e (mFnTDRE /(] _ o= %) Similarly, we cut down B to its first
n rows B, € M, «x1(C) and C to its first n columns C,, € M4, (C); then we introduce the
corresponding L, and Q7,, by the formulas (10.14) and (10.15), suitably adjusted, then we
follow through the proof of Theorem 10.2 to produce the appropriate choice of W, (t,t) by

the prescription of (10.8). By inspecting matrix entries, we see that L;,, Qf, and hence
det(I — Ly, Q7,) are entire, and hence W, (t,t) is meromorphic on C. Likewise, we observe
that det(/ — L; »,Q7,,) € F, and hence we can solve the Gelfand-Levitan equation (10.12) with
matrices with entries in F. In particular, from (10.32) we obtain < log 7,,(2t) = trace H,(t) in
F, where 7,,(2t) — 7(2t) as n — oo, uniformly on compact subsets of {¢ : ft > 0}.

(i) In this case, the set {mri +m/2+nl;m,n € Z;¢ =0,1,2,...} is a finitely generated
subgroup of the rationals, and hence has a smallest positive element M /N7, where M, N, € N
with M < Nj. Then all the terms Ny(k1 + ¢ + 1/2) are positive integers, so exp(—(t +
27 N1i)A) = exp(—tA) for all ¢ > 0, hence 7/(2t)/7(2t) is periodic.

By (i), there exists a rational function 7, such that

%log n(28) = 1o (=N, (10.36)

Suppose for simplicity that r,(z)/z has only simple poles; then from the partial fractions
decomposition, there exist coefficients o, 3; and 7, and b;, c; such that b? < ¢j, real poles ay,

and a polynomial g, (z) such that (10.36) integrates to

10g T (2t) = qn (e 7/ MN1) 4 Z aglog|e N — | + Zﬁj log(e™2t/Ms 4 ije_t/Nl +¢j)
k J

) —t/N1 4 p.
+) S RS i (10.37)
(/i — b \Jej — b2
J J J J J

When r,,(z)/z has higher order poles, one likewise obtains expressions for log 7(2t) that involve
similar, but more complicated, elementary functions.

Ol

Remark 10.4. Let ¢,(t) = —Qszlog 7n(2t) be as in Corollary 10.3(ii). Then —d?f/dt? +
gn(it)f = Af has the form of a complex Hills equation. The criteria for integrability are
considered in [9, 31]. Typical periodic potentials are not of finite gap and may be associated

with curves of infinite genus; see [30, 17].
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