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Abstract. Let v be a real polynomial of even degree, and let p be the equilibrium prob-
ability measure for v with support S; so that, v(z) > 2 [log|z — y| p(dy) + C,, for some
constant C', with equality on S. Then S is the union of finitely many bounded intervals
with endpoints d;, and p is given by an algebraic weight w(z) on S. Then the system of
orthogonal polynomials for w gives rise to a system of differential equations, known as the
Magnus—Schlesinger equations. This paper identifies the 7 function of this system with the
Hankel determinant det| [ z/+* p(dw)]?’;io of p. The solutions of the Magnus—Schlesinger
equation are realised by a linear system, which is used to compute the tau function in terms
of a Gelfand—Levitan equation. The tau function is associated with a potential ¢ and a
scattering problem for the Schrodinger operator with potential g. The paper describes

cases where this is integrable in terms of the nonlinear Fourier transform.

MSC (2000) classification: 60B20 (37K15)

1. Introduction

This paper concerns systems of orthogonal polynomials that arise in random matrix theory,
specifically in the theory of the generalized unitary ensemble, as in [27].

Let X be a n x n complex Hermitian matrix, and let A = (A1 < Ay < ... < \,) be the
corresponding eigenvalues, listed according to multiplicity. Let v(x) = Z?JZVO ajz? be a real
polynomial such that asy > 0; we then consider the potential V(X) = n~! Z;;l v(Aj).
Now let dX be the product of Lebesgue measure on the entries that are on or above the

leading diagonal of X; then there exists 0 < Z,, < oo such that
v(dX) = Z;  exp(—n?V(X))dX (1.1)

defines a probability measure on the n x n complex Hermitian matrices. There is a natural

action of the unitary group U(n) on M, given by (U, X) — UXUT, which leaves 2

invariant. Hence yr(f) is the generalized unitary ensemble with potential v.
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Definition. The integrated density of states p,, is the probability measure p,, on R such
that

/_OO f(x)pn(dz) = %/M trace f(X)v? (dX) (1.2)

for all continuous and compactly supported real functions f. The equilibrium measure p

is the probability measure with support S that arises as the weak limit of the p,, so
| r@ptds) = lim [ p@)on (o) (1.3)
S n—=oo /oo

Boutet de Monvel et al [5] prove the existence of this weak limit under general condi-

tions which include the above v. They prove that there exists a constant C, such that

v(z) > 2/log |z —y| p(dy) + Cy (x € R) (1.4)

and that equality holds if and only if x belongs to S. Furthermore, there exists ¢ > 0 and
—OO<51<52§53<...<(529+2<OO (15)

such that
S = U§L[82j-1, 6] (1.6)

It is a tricky problem, to find S for a given v, and [9] contains some significant results
including the bound g + 1 < N + 1 on the number of intervals; see [9, Theorem 1.46 and
p. 408]. When v is convex, a relatively simple argument shows that g = 0 so there is a

single interval [20].

Definition The nt* order Hankel determinant for p is

. n—1
D,, = det [/ x]+kp(da:)} . (1.7)
S 7,k=0
We regard D,, as a function of 6 = (d1,...,024+2), and derive a system for differential

equations for log D,,, known as the Schlesinger equations. In so doing, we follow the
analysis of Chen and Its [7], who considered the p that is analogous to the Chebyshev
distribution on multiple intervals. They used the Akhiezer polynomials, and likewise we
will introduce a system of orthogonal polynomials for the measure p.

Let A(z) be a proper rational 2 x 2 matrix function with simple poles at d;; let «; be
the residue at d;, and suppose that the eigenvalues of «; are distinct modulo the integers.

Consider the differential equation

d
0 = A(2)®(2), (1.8)



and introduce the 1-form

Q) = %Ztraee Residue(A(2)? : z = ;) dj; (1.9)

J

to describe its deformations. Then 2 turns out to be closed by [18], so we look for a
function 7 such that dlog 7™ = (). This defines the 7 function of the deformation equations
associated with (1.8). The purpose of this paper is to show that D,, defines the tau function
of a system of differential equations associated with p by means of the system of orthogonal
polynomials for p, as we introduce in section 2.

In section 4, we derive the differential equations explicitly, and in section 5 we con-
clude the proof that D,, gives the appropriate 7 function. As an illustration which is of
importance in random matrix theory, we calculate the tau function explicitly when p is the
semicircular law. When S is the union of two intervals, the Schlesinger equations reduce
to the Painlevé VI equation, as we discuss on section 6.

In random matrix theory, tau functions are introduced alongside special kernels that
describe the distribution of eigenvalues of random matrices; see [13, 27]. For a sequence of

real symmetric 2 x 2 matrices J(x(n), we consider solutions of the differential equation

2942
dz J Br(n)
— = A 1.1
de 2_31 x—0, (1.10)

and form the kernel
K(z,y) = —>——=. (1.11)

We show that the properties of K depend crucially upon that sequence of signatures of

the matrices

(05 — 6k)J Br(n) (k=1,...,29 +2). (1.12)
The tau function is associated with a potential ¢(z) = —Qdd—; log 7(2z) and hence the
Schrodinger differential operator A, = —j—; + q(z). In scattering theory, one associates

with each smooth and compactly supported real g a scattering function ¢; then one analyses
the spectrum of A, in terms of ¢, with a view to recovering q. The Gelfand-Levitan
integral equation links ¢ with g. The Laplace transform ¢ is known as the transfer function
Conversely, it is known that any bounded and analytic operator-valued function ¢2 on the
unit circle is th transfer function of some discrete time linear system, and there are versions

of the result for analytic operator-valued functions on the right half plane.
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In this paper we introduce a vector-valued function ¢ from the a a linear system
(—A, B,C) so as to realise ¢(z) = Ce™4B, and use the operators A, B,C to solve the
Gelfand-Levitan equation.

In section 8 we realise ¢ from a suitable linear system and introduce a matrix Hamil-
tonian H(x) such that

T(2x) = exp(— /:O trace H (u) du), (1.13)

and prove that ¢(x) is meromorphic on a region. We regard A as integrable if Af = Af can
be solved by quadratures for typical A. This imposes severe restrictions upon ¢; indeed,
Gelfand, Dikij and Its [11, 6] showed that the integrable cases of the Schrédinger equation
arise from finite-dimensional Hamiltonian systems. In sections 9 and 10 we consider cases
in which the differential equation —f” 4+ ¢f = A\f has a meromorphic general solution for
all A\, and ¢ satisfies one of the following:

(a) g rational and bounded at infinity;

(b) q elliptic;

(c) g(x) real and one periodic, and such that the corresponding Schrédinger equation
has finitely many spectral gaps.

In each case, we introduce an appropriate linear system to realise the corresponding

transfer function.

2. The equilibrium measure

Given the special form of the potential, the equilibrium measure and its support satisfy

special properties. To describe these, we introduce the polynomial u of degree 2N — 2 by

) = [ = 2.1)

Z—X

and the Cauchy transform of p by

R@):/Sp(dx) (z€C\ S) (2.2)

and the weight

2942

w(z) = 2Nagy | —Q(z) ] (& — b2;-1) (2 — b35) (2.3)

=1

where Q(z) is a product of monic irreducible quadratic factors such that w(z)? = 4u(x) —

v’ ()2



Proposition 2.1 (i) The Cauchy transform is the algebraic function that satisfies
R(2)* +v/'(2)R(2) +u(z) =0 (2.4)

and R(z) — 0 as z — oo. There exist nonzero polynomials ug,u1,us such that ugR' =
u1 R+ us.
(ii) The support of p is

S ={zecR:4u(x)—'(x)* >0}. (2.5)

(iii) The equilibrium measure is absolutely continuous and the Radon—-Nikodym deriva-
tive satisfies p .
dp
- 1 2.6
L = Ts(e)w() (26)

where 2m = [;w(t)dt and w(z) — 0 as = tends to an endpoint of S.

Proof. (i) The quadratic equation is due to Bessis, Itzykson and Zuber, and is proved
in the required form in [29]. One can easily deduce that R satisfies a first order linear
differential equation with polynomial coefficients.

(ii) Pastur shows that the support is those real z such that

() 4+ V' ()2 — du(z)|* = 4u(z), (2.7)

and this condition reduces to 4u(z) > v’'(z)? and u(z) > 0, where the former inequality

implies the latter. The polynomial 4u(x) — v'(x)? has real zeros d1,...,d2412, and may

additionally have pairs of complex conjugate roots, which we list as 02443, ...,04n—2 With

regard to multiplicity. Hence we can introduce w as above such that 4u(z)—v'(z)? = w(x)?.
(iii) From (i) we deduce that

/‘VML — V0 (2.8)

27?2

since both sides are holomorphic on C \ S, vanish at infinity and have the same jump

across S. By Plemelj’s formula, we deduce that

Vaulh) — R dt g (2.9)

o

A) = 2p.v.

See [29, 5]. This gives the required expression for p.



Hence it is natural to introduce the compact Riemann surface

_|_

&= {(x,w) € C?: w? = (2Nasy )2Q(z) [ (@ — 62j-1)(x — 52j)} U{oc).  (2.10)

.
Il

The algebraic function w has real branch points at the ; and extends to define a rational
function on £.
3 Orthogonal polynomials

To introduce the differential equations, we introduce the orthogonal polynomials that
are associated with p. On account of Proposition 2.1, the orthogonal polynomials are semi
classical in Magnus’s sense [24], although the weight typically live on several intervals.

Let (pj);’ozo be the sequence of real monic orthogonal polynomials, where p; has degree

j and let h; be the constants such that

/S p; (@)pr (2)p(dz) = hyb; (3.1)

and let (qj);"):1 be the monic polynomials of the second kind, where

() = [ PR (3:2)

has degree j — 1. The following result is standard in the theory of orthogonal polynomials.

Lemma 3.1. Let ¢, = hy,/hy,—1 and b, = h;! [ 2p,(2)?p(dz). Then
n Js

(i) the polynomials (py)52, satisfy the recurrence relation

xpn(lﬂ ::pn+l(x)_an+1pn(x)4‘cnpn—1(x); C}3)

(ii) the polynomials (q;)52, likewise satisfy (3.3);

(iii) the Hankel determinant satisfies

Dy, = hohy ... hp_1. (3.4)

We introduce also

f pn(t)p(dt)
S z—t 3 5)
fs Pn—1(t)p(dt) ( .

z—t

Pn(2)
YTL(’Z) = Dn—1(2) 1
hn—l hn—l
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and

Vi(2) = {z I/l]?;:l —gn] _ (3.6)

Proposition 3.2 (i) The matrices satisfy the recurrence relation
Yit1(2) = Vi (2)Yn(2). (3.7)

(ii) The matrix Y, (z) is invertible, and det Y, (z) = 1.

Proof. (i) This follows from (i) and (ii) of the Lemma 3.1.
(ii) This follows by induction, where the induction step follows from the recurrence
relation in (i).
O
Let

ni(t = [ s (3.8)

be the j** moment of p restricted to (—oo,t) N S; the corresponding Hankel determinant

is

Dy (t) = det[pjr (0752, (3.9)
Let E, : L?(p) — span{z® : k = 0,...,n} be the orthogonal projection; we also introduce
the projection P; o) on L?(p) given by multiplication f — I o) f.
Proposition 3.3. The tau function satisfies

Dn+1(t) )

det(I - EnP(t,oo)) = D .
n+

(3.10)

Proof. We introduce an upper triangular matrix [ae,;]7,_, with ones on the leading
diagonal such that p;(z) = Y_)_, ag;z‘. Then we can compute
det[pj 11 (t)]7 koo = detlae ;17 j—o det[pj+x (E)]] k=0 det[ak,m]k m=o
t n
— det [ / pi(@pr()pldr)] (3.11)

We can also express the operators on L?(p) as matrices with respect to the orthonormal
basis (p;j//hj)7—g, and we find

n

T
B~ BuBoo B [ [ pime(2)p(a2 (312)

7,k=0
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so that

T n
det [/ pj(z)pr () p(dx) T det(Ey, — EnP o) En)ho ... . (3.13)
— 00 J,k=
We deduce that
det[,uj_|_k(t)]?’k:0 = det(En — EnP(t,oo)En)Dn, (314)
hence the result.
O

4 Schlesinger’s equations and three Lax pairs

We introduce the matrix function

0 0

An(2) = Yo@Ya(2) YD) g ) )

n

Yo(z)7t. (4.1)

The basic properties of A, (z) are stated in (i) of the following Lemma, while (ii) gives
detailed information that we need in a the subsequent proof of Theorem 5.1.
Lemma 4.1 (i) Let v'(2)? — 4u(z) have zeros at 6; for j = 1,...,4N — 2. Then A, (z) is

a proper rational function so that

z

B AN -2 a (n)
Ap(z) = Z e (4.2)

where the residue matrices aj(n) depend implicitly upon 0.

(ii) The (1,2) and diagonal entries of the residue matrices satisfy

AN -2
Z ak(n)lg = O; (4.3)
k=1

AN -2
(ar(n)11 — ar(n)22) = 2(n+ N) — 1; (4.4)
k=1
AN -2
> drar(n)iz = —2hn(n + N). (4.5)
k=1

Proof. The defining equation for A, (z) may be written more explicitly as

n(t)w(t)d
I
Proa(2) 1 I Pn—1(t)w(t)dt
hn—l hn—l S (Z—t)2
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n(t)w(t)dt w’(2) n—1(t)w(t)dt
—A ( ) pn(z) fS % + w((z) fS . z—t (4 6)
= nZ) | pna(2) L[ paa(Dutdt 0 W) [ Pn_1(Dw(t)dt | -
hn—l n—1 S z—t n 1’UJ(Z) S z—t

By considering the entries, we see that A, (z) is a proper rational function with possible

simple poles at the J;, as in (3.2). Hence we have a Laurent expansion

14N 2 4N -2
An(2) =2 Y +— Z S (n ( ) (z = o0). (4.7)
k=1

First we compute the (1,2) entry of A,(z), namely

An(2)12 = —pl.(2) / pn(t)w(t)dt Con(2) /S pu(w(t)dt w’(z)p ) /S pr(t)w(t)dt

z—1 (z —t)? w(z) "

= ——/t pn()w(t)dt — mﬂ;{#/gt”pn(ﬂw(ﬂ dt

. w(z) i’;&f /t”p ()w(t)dt+o(zi3) (4.8)

and we can reduce these terms to

A (2)1p = —nT _ ha(n+1)  ha(2N = 1) +o<i)

22 22 22
which gives (4.3) and (4.5).
Next, the (2,2) entry of A,,(2) is

An(Z)zz = _p

n-1(2) [ pa@w(t)dt  pn(2) [ pa—1(H)w()dt
hn—l /S z—1 B hn—l /S (Z — t)2
w'(z) pn(2) / pn—1(H)w(t)dt

w(z) hn-1 Jg z—t

(n—1)z"2

:_W/t”pn(t)w(t)dt— %/Snt”‘lpn—l(t)w(t)dt

2N— 1 n
- P /t” Ypn_1 ()w(t)dt + O(1/22)
S

_ 1= = 2N 0(1/22) (4.10)

Similarly, the (1,1) entry is

Anfeyny = B [t OO poa©) [ paltyelt)

hn—l z—1 hn—l (Z — t)2
w'(z) pn-1(2) [ pa(t)w(t)dt
w(z) hp_1 /S z—t
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_ P2 /S T ()t + m;ﬂ%—;ﬁ /S £ (£ (t)dt

hop—12™

;W) paor(z) /St"pn(t)w(t)dt+o<;—2)

w(z) hp_12ntt

“o(k) 6o an

By comparing the coefficients of 1/z in (4.7) with (4.9), (4.10) and (4.11), we obtain

4;2:12%(71) = {8 L QN} , (4.12)

which leads to (4.4).

U
Let
Varipn(z) - ime@eaElta )
d,(2) = n w(z)v2mi (4.13)
n V2mipn_1(2) _iﬂw(z)pn—1(2)+qn_1(z) 5 5
hn—l w(z)hn—l \/27Ti

which is a matrix function with entries in C(z)[w]; note that ®,, also depends upon the d;.

Lemma 4.2 The functions ®,, satisfy

(i) the basic differential equation

d®,(2)
dz

= A (2)®n (2); (4.14)

(ii) the deformation equation

0, a;(n)
=— i
6(5j z — 5j

n(2); (4.15)

(iii) the recurrence relation ®,,11(z) = V,,(2)®, (2);
(iv) and ®,, is invertible since det ®,,(z) = 1/w(z).

Proof. (i) We can write

V2mt 0

0 1/(w(z)v2mi) |’ (4.16)

and then the property (i) follows from (3.1).
(ii) This follows from (i) by standard results in the theory of Fuchsian differential
equations as in [12, 15].

(iii) The recurrence relation from Proposition 3.2(i).
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(iv) Given (iii), this identity follows from Proposition 3.2(ii).
U

Lemma 4.2 states several properties that the ®,, satisfy simultaneously, and hence gives
several consistency conditions. By taking (i), (ii) and (iii) pairwise, we obtain three Lax

pairs, which we state in the following three propositions.
Proposition 4.3 The residue matrices satisfy Schlesinger’s equations

dag(n) _ oj(n), ax(n)]

= |+ k 4.17
G = G #R) (417
and AN o
Doy (n) _ Z [aj (n), ag(n)] ) (4.18)
09 , 0j — Ok
k=1;5#k
Proof. We can express the consistency condition 822”8(5) = 82355(;) as the Lax pair
OAL) o) | _asln)  ay(m)Aa(s) 19
6(5j Z—5j (Z—(Sj)Q Z—5j
and then one can simplify the resulting system of differential equations.
O

Proposition 4.4 The basic differential equation (4.13) and the recurrence relation (4.15)

are consistent, so

A1 (2)Vi(2) = Via(2) A (2) = Ll) 8} . (4.20)

Proof. This is the Lax pair associated with the condition

d d

Apt1(2)Prt1(2) = —Pns1(2) = ——(Va(2)Pn(2) ). (4.21)
dz dz

Proposition 4.5 (i) The deformation equation (4.14) and the recurrence relation (4.15)

are consistent, so

ay(n + 1) a;(n) _ OVa(2)
-V, Vi = ) 4.22
() + Vil 21 = T (4.22)
(ii) In particular, the (1,2) entry satisfies
9 1
_— log hn = —hn a (?’L)lg (423)

25,
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Proof. (i) This is the Lax pair associated with (4.13) and (4.15).
(ii) By letting z — oo in (4.24), we deduce

1 0] [1 0 L
06 ; 06

—asnt [ 0]+ [5 ] astn = [ I ] (124)
0o ol lo o BT

which implies that a;(n)i2 = —aag’?.

O

Remark. The Chebyshev distribution (1/7)(1 — 22)~/2 is the equilibrium distribution
on [—1,1] in the absence of a potential. Hence it is unsurprising that our results reduce to
those of Chen and Its [7] when we let NV = 0, so that v becomes a constant. In this case,

the orthogonal polynomials are the Chebyshev polynomials of the first kind.

5. The tau function
We introduce the differential 1-form on C*¥~2\ {diagonals} by

Q, = 4%_:2 trace(w)d@. (5.1)

0; — 0
Gok=1;5k 3=k

Theorem 5.1 The Hankel determinant D,, gives the tau function, so

Q, =dlogD,,. (5.2)

Proof. By Proposition 4.3 and results of Jimbo et al [19], the differential form is exact, so
dS), = 0; hence there exists a function 7, such that dlog, = €2,,. We proceed to identify

this function. By Lemma 3.1(iii), we have log h,, = log Dy, +1/D,,, so we consider

AN -2
Qni1— Q= Z trace(a] (n+ Dow(n+1) = ay(n)ar(n) )déj (5.3)
kg k=1 0j — O

where by Proposition aj(n + 1) = V,,(§;)a;(n)V,(6;)~1 so

trace (o (n + 1)ak(n + 1) — aj(n)ox(n))
= trace(aj (n)Vn(éj)_IVn(ék)ak(n)Vn(ék)gl((Sj) —a; (n)ak(n)) (5.4)
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We have

_ 1
Viu(65) ™V (6k) = {@ (i)] (5.5)
hn
so by direct calculation
AN -2
Qg1 — Q= Z <h;104j(n)12 (o (n)11 — an(n)22)
j#kj k=1
+ hyy g ()2 (a ()22 — aj(n)n)
— h2(0) = d)ay ()20 (n)12 ) dd (5.6)

In this sum we have taken j # k, but the expression is unchanged if we include the
corresponding terms for j = k; hence the coefficient of dd; is
AN-2

aj(m)iz Y byt (ex(n)in — ak(n)es)
k=1

AN -2

— (aj ()11 — aj(n)a2) D> hno(n)iz
k=1

§;ai(n) AN-2 a;(n) AN -2
-2 /e JhQ 12 ar(n)iz + ]h2 12 drag(n)ia. (5.7)
" k=1 no k=1
We use Lemma 4.1 to reduce this to —h, 'a;(n)12, so
AN -2
Qi1 — Q== Y hytay(n)i2dd;
j=1
IN-2 g
= Y~ loghads;. (5.8)
— 00
7j=1

O

Following [18], we interpret (5.1) in terms of integrable systems and Hamiltonian
mechanics. Let M = M (R)*N~2 be the product space of matrices, and let G = GL2(R)

act on M by conjugating each matrix in the list
(X1,..., X)) — (UX UL UX, U,

The Lie algebra g of G has dual g*, and for each £ € g* the symplectic structure at & on
g X g is given by we(X,Y) = £([X,Y]). Given

2N -2 o
Az) =Y z—kak (5.9)
k=1
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as in (4.2), we introduce

2N -2
w(X,Y) = Z trace (o[ Xk, Yz)) (5.10)
k=1

for X = (X3)2N 2 and YV = (Y3)2Y, 2 in g2V 2. Given f, g : M — C, their Poisson bracket
is {f,g9} = X¢(g), and the corresponding vector field satisfies

Xirgr = [ X5, Xl (5.11)
The spectral curve of A(z) is the algebraic variety
Y4 = {(z,w) € C%: det(wl — A(z)) = o}. (5.12)

As suggested by (5.1), we introduce the Hamiltonian H; : M — C by

Z trace(ajé _(I;,E )) (5.13)

k:k+#j

so that 55 logT(é) = H;. We observe that H; is a polynomial in the entries of o;(n) and
ag(n), and is a rational function of d; and J,. To lighten the notation, we temporarily

suppress the variable n.

Theorem 5.2. (i) The Hamiltonian H; gives a vector field (X(k))iN1 % which is associated

with the differential equation

i
dt
(ii) The Poisson brackets of the flows commute, so that {H;, Hy} = 0.

(iii) Under this flow, the spectral curve of A is invariant.

. 5.14
’ Z—5j ( )

Proof. (i) For each Y = (Y3){Y; 2, we introduce a flow on M by ¢y = [V3, ax]. We can

differentiate H; in the direction of ¥ and obtain

t Y; ; t Y, o
Y (H,) = Z race ([Yx, arla;) . trace (g [Yi, j]) (5.15)
k:k#£j
With Hy, we associate the Hamiltonian vector field Xz, = (X (k))iN 1 ? such that
2N -2
Y(Hj) =w(Xpg,,Y) = Z trace(ak[(X%),Yk]). (5.16)
k=1
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We deduce that
o5

Xé’;j) == (k#)) (5.17)
j — Ok
Xy = 5 O"“é . (5.18)
ity d Ok
It is then a simple calculation to check that & = [Xé’;j),ak] extends to give () for

(d/dt)A(z).
ii) Given the vector fields (X)) corresponding to Hy and (X @)y corresponding to
H /i Hy/J

H, from (), one can compute

{Hy, Hey =Y trace([X5), Aj]x ) (5.19)

J
and reduce the expression to zero by an elementary calculation.

(iii) One can check that for each positive integer m, the %traceA(z)m = 0, and hence

det(wl—A(z)) is invariant under the flow.

The spectral curve of A(z) is X4, and the eigenspace {£ : A(2)'¢ = w&} gives a line
bundle on ¥ 4. Since A(z) is rational on P!, the Riemann surface ¥4 is algebraic and
hence compact and of finite genus g. Associated with X 4, there is a Jacobian J9 and a
complex torus T = J9/Z?9 for the lattice Z?9. By Theorem 5.2, each H; gives a constant

vector field on T and the associated flow in T is linear.

Example 5.3. (The tau function for the semicircular distribution.) For a < b, let

v(z) = ﬁ <z — %—H))Q, (5.20)

so, by standard results used in random matrix theory [27], the equilibrium measure is the

semicircular law

8

p(dx) = m\/(b —z)(x — a) Iy (2)dr (5.21)
on [a,b]. Let U, be the Chebyshev polynomial of the second kind of degree n, which
satisfies ( )

sin(n + 1)60
: _ e e 22
U, (cos0) -~ (5.22)
and let
_ 2z — (a+b)
_ 2n o n
pn(x) =277"(b—a) Un<—b_ - ) (5.23)
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which is monic and of degree n, and the p,, are orthogonal with respect to the measure
p. By elementary calculations involving trigonometric functions, one can show that h,, =
2747(h — a)®" and

1 n(x—(a+0b)/2) —(+1)(b—a)?h,_1/8
An - 5 5.24
@) = e —a {n(b )2/ (2hn1) —(n+ 1)@ — (a+b)/2) (5.24)
which has poles at a and b, as expected. One verifies that
n?+ (n+1)%2\da—db n(n+2)
Qn_< ; ) S+ B a — b)(da — db) (5.25)
so that
7=(a— b)(2n2+2n+1)/46n(n+2)(a—b)2/32‘ (5.26)

6. Painlevé equations for pairs of intervals

Akhiezer considered a generalization of the Chebyshev polynomials to the pair of intervals
[—1, a]U[B, 1], and investigated their properties by conformal mapping. Chen and Lawrence
[8] used the theory of elliptic functions to investigate these polynomials. In this section we
obtain the differential equation in the where S is two intervals, and obtain a differential
equation for the endpoints that is related to the one from [8].

Let v be a polynomial of degree 2N > 4 such that S = [§1, J2] U [d3,04]. There exists
a Mobius transformation ¢ such that ¢(d1) = 0, ¢(d2) = 1 and p(d4) = oo; then we let
t = (d3). Having fixed three of the endpoints, we can introduce the differential equations

from section 4 that describe the effect of varying the endpoint ¢, namely

d Q) o (6%
el — (20 1
dx(b(x) <x+x—1+x—t)(b (6.1)
and 50
il P. 6.2
ot T —t (6.2)

Let A(z,t) be the matrix (ap/z + a1/(x — 1) + ay/(x — t)) and let A(z,t)12 be its top
right entry. Then we introduce x = A(t) such that A(z,t)12 = 0; then by [17, p. 1333],
the corresponding Schlesinger equations give a version of the nonlinear Painlevé equation

Py 1 in terms of A\, namely

A2\ 1 1 1 d\ 1/1 1 1 dX\ 2
ﬁ*(;*ﬁ*ﬁ)&‘i(}*ﬁ*ﬁ)(&)
LAAN—D(A—1) kot ki(t—1)  (k, — Dt —1)
2 2u-1)p (b =55 D12 (=12 ) (©3)

16



Having transformed S to [0, 1] U [t, oc] we can lift this to the portions of the real axis that
are covered by the elliptic curve & = {(\,w) : w? = 4\(A — 1)(A —t)}; hence we transform

to the dependent variables

(6.4)

/ A ds

u = )
0 s(s—1)(s—1t)
where A = P(u/2) and w = P’(u/2) gives a point on £ in terms of Weierstrass’s function
P with e; =t, e = 1 and e3 = 0. Using the substitution u = u(A(t),t), Fuchs [15] showed
how Py reduces in some cases to the linear Legendre equation.

The tau function satisfies

<04004t 0410415)

P 6.5)

7 log 7 = trace
7. Kernels associated with Schlesinger’s equations

Let J, be Bessel’s function of the first kind of order ««. Then the kernel
Jo (V) V90 (V) = VEIo (V) Ta (/1)

2(z —y)

is known as the hard edge kernel for (0,1). Using simple estimates on the series, one can
show that if v + a/2 > 3/4. then (zy)"F,(x,y) — 0 as z,y — 0. series The system of

@ L)~ [0 o] [7]

has solution f(z) = 27%/2J,(v/z) and g(x) = f'(z). Tracy and Widom show that the

Hankel integral operator

Fo(z,y) =

differential equations

Tof(z) = / Vi (VD) )

Y

is closely related to T = F,,. This kernel has universal properties which apply to the edge
distributions of eigenvalues from the modified Jacobi ensemble.

In this section we obtain analogous results for the basic differential equation (4.7).
First we let v; = —27trace aj(n) and observe that v; does not depend upon n. Indeed,
by multiplying (4.22) by V."!, one deduces that trace A,.1(2) = trace 4,(z), and since
traceaj(n) = lim. s, (2 — §;)trace A,(z), we deduce that tracea;(n) is constant with

respect to n. By (4.12), we have Z;U:VI_Q trace aj(n) = 1 —2N. Now, given ®,, as in (), let

2942

V() = [] - 8,)" @ul2). (7.1)

Jj=1
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and introduce the matrix

0 -1
=[] -
We next introduce the matrix valued kernel
U, (2)T T ,(C)
Mn 5 = - 5 7.3
(2:0) = (73)

we aim to show that M, is positive definite as an integral operator on L2(S), and we

observe that this property does not change if we introduce weights on S.

Proposition 7.1. Let E,,_1(z, () be the kernel of the orthogonal projection onto span{x’ :
j=0,...,n—1} in L*(p). Then the top left entry of M,,(z,() equals

h 2g+2 2g+2
Mn('zaC)ll - A ”1 H (Z_(Sj)yj H (C_(Sj)ijn—l(ZaC)' (74)
T oj=1 j=1

Proof. The Christoffel-Darboux formula gives

(¢) = Pn1(2)pn(C)
hn(z - C) ‘

Ey(2,0) = Pn(2)Pn-1 (7.5)

One can find ¥, (2)T.J¥,(¢) by direct calculation, and compare with this.
L

Let §;(n) = a;(n) + v;jl2, which has zero trace. Furthermore, if ®,, is a solution of
the basic differential equation (4.14), then

d

a\Pn(z) = B, (2)V,(2) (7.6)
where -
Ba(z) = Z fﬂ_(%i (7.7)

We pause to note an existence result for solutions of the matrix system (7.6).

Lemma 7.2. Suppose that (3;(n) has eigenvalues £\;(n) where 2);(n) is not an integer.

Then on a neighbourhood of ¢, there exists an analytic matrix function =, ; such that
W, (2) = Ep,j(2) (@ — 6;)5 ™ (7.8)
satisfies (7.6).
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Proof. This follows from Turrittin’s theorem.
O

For notational simplicity, we consider the interval (01, d2) and assume that §; = 0 and
1 < d2; the general case follows by scaling. For a continuous function ¢ : (0,1) — R4972),
the Hankel operator T'y : L?((0,1);dy/y; R) — L2((0,1);dy/y; R**2(R)) is given by

Dy f(z) = / ¢(wy)f(y)%y- (7.9)

Since [ (n) has zero trace, the matrix (§; — 0 )J Bk (n) is real symmetric and hence is

congruent to either

e Y N A £ A

let 0 = diaugonaul[ak]ig;g2 be the block diagonal sum of these matrices.

Theorem 7.3. Suppose that (31(n) is as in Lemma 7.2. Then there exists Z,, a 2 x 1 real

vector solution of (7.8) such that Z,(x) — 0 as x — 61 and

Zn ()1 Zn(2)

(7.11)

defines an integral operator on L?(0,1). Moreover, there exists a real vector Hankel oper-
ator I'y, such that
K, =T}, oly, (7.12)

as operators on L2((0,1),dy/y). If ¢ > 0, then K,, > 0.

Proof. There exists an invertible constant 2 x 2 matrix S,, such that

21(n) 0 }

I (7.13)

Sn2 WSt = {

where Aj(n) > 0. Hence by Lemma 7.2, there exists a constant 2 x 1 matrix C' such that
Z,(2) = U,,(2)C is a solution of (7.6), and Z,(z) = O(|z — 61|*(™)) as z — §,. Hence we

can introduce K,,, and next we prove that the kernel satisfies

T —6 9 sy 9 z.y) = 0j — Ok f n)Zn (x
(2 =8 5 + (0= 8) 5 ) Knla) 2 G T W A Zate)- (1)
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Since the B (n) have zero trace, we have J3;(n) + B(n)TJ = 0 and hence the differential

equation gives

(=85 + = 5) 5 ) 200)  20(a)

= Zn( )TBn( )TJZn(x) +Zn(y)TJBn(x)Zn(x)
=Y Zu()IBu(n (x)(”“"_éj - y_éj). (7.15)

ol T—0r Y— Ok

on dividing by x — y, we obtain

Zn(y)' I Br(n) Zn(2)

(7.16)

0 ON Zn(y)JZ,(z) d; — 0
<(x_6j)8x = 5)5.@) =Yy N Z( k

as in (7.11).
Now we focus attention on j = 1. Noting the shape of the final factor in (7.13), we

choose
Zn(x)

T — 5kh_2 ..... 2942

6uts) = ot e

which has a 2 x 1 entry for each endpoint J; of S after d;, and the block diagonal matrix
B(n) = diagonal [—51“]51{(71)} (7.18)

with 2 x 2 blocks, and we consider

Fale) = [ 6nts2)1 800000 & (7.19)

Then
(o35 + 3 ) o) = [ (6000 Bn)onz0) + 0, (92)! B} o)
= ¢n(y)'B(n)dn(x) — ¢ (0)' B(1)¢0 (0). (7.20)
By hypothesis (i), we have ¢, (0) = 0, so
K, (z,y) = Kn(z,y) + &(2/y) (7.21)

for some function &. But Z,(2)/(z — 61)*(") is analytic on a neighbourhood of 61, so it is

clear that K, (x,y) — 0 and K,(z,y) — 0 as  — 6, or y — &y; hence & = 0.
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By the choice of o, there exists a block diagonal matrix v(n) such that vy(n)Toy(n) =
B(n), so we can introduce ¢, (x) = v(n)¢n () such that ¢, () 6(n)dn(y) = Yn(@) o (y).

For this symbol function v,, we have

d
K, (z,y) / Un (y2)T o (22) — : (7.22)
z
or in terms of Hankel operators K,, = Fj,bn ol'y,.
O
Corollary 7.4 Suppose that Z is a solution of
d Bo , B Bt
—z=(2 )z 7.23
dz x * x—1 + x—t ( )
such that Z(z) = Z(x) and where (i) 3y is as in Lemma 7.2, and Z(z) — 0 as x — 0;
(ii) JB1 is positive definite;
(iii) JB, > 0.
Then there exist an invertible real matrix S and a real diagonal matrix D such that
SZ(x)
Y(z) = [Dggg)] (7.24)
r—t
satisfies 1 (z) = ¢ (x) and
Z)JZ(x d
—( ) / P(x2) (zy) : (7.25)
x —

Proof. We can simultaneously reduce the quadratic forms associated with J(3; and J [,
and introduce an invertible real matrix S such that J3; = SST and J3, = SD?ST, where
D is a real diagonal matrix such that the diagonal entries of D? satisfy det(8; — )\ﬁt) =0.

Then we can write

J 1 J Bit

Y@ =20 (50T T e =) 4@ (7.26)
Now we can follow the proof of Theorem 7.3, and deduce that
0 o\ Z(y)'JZ(x)
—(y) oy (x) = e 7.27
Y)) = (g, +ug ) T (7.27)
hence we can obtain the result by integrating and using (i).
U
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Example 7.5 For the semicircle law on [a, b], as in example 5.2, we have

n(b—a) on+1
_ | 2hns 1
JBa(n) = [ ] (n+1)(b_a)hn_1] (7.28)
1 8
and
—n(b—a) on+1
_ | 2R 1
JBy(n) = [ 2n+1 —(n+1)(b—a)hn_1] ’ (7.29)
1 8
so that (b ) 5 12
det J G, (n) = det Jy(n) = DO =0 @nt 1) (7.30)
16 16
In particular, when a = —1 and b = 1, the matrices J3_1(n) and J(3;(n) are indefinite.

8. The tau function realised by a linear system

In this section, we express the tau function of K, from Theorem 7.3 as a Fredholm
determinant, and then obtain this from the solution of an integral equation of Gelfand-
Levitan type. The first step is to realise the solution of a basic differential equation () by
a linear system, and then we can apply methods of scattering theory.

The differential equation

dz,
— =B, (x)Z,(x 8.1
% = Ba(a)Za () (s.1)
has a solution from which we constructed a symbol function
v(n)Z(x) } 2+2

L (8.2)

wn(x):column[ 3
— Ok

Suppressing n for simplicity, we change x € (0,1) to t € (0,00) by letting x = §; +e~* and

in the new variables write
O

B(t) =Y xeemMFOL, (8.3)

=0
where Y, [|xe|| < oo. Likewise, we write 7(t) for 7(61 +e™?).

Definition. Let K be a trace class operator on L?(0,00). Then we define the tau function
by
7(t) = det(] — K P4,00))- (8.4)

This definition is motivated by Proposition 3.3 and Theorem 5.1.
Let Q = {z: Rz > 0} be the open right half-plane, and suppose that ¥ : Q — M, (C)
is an analytic function such that ¥(x) = ¥(z)" for x > 0 and

/OOOxH\IJ(a: + 5)||*dx < oo (s € Q). (8.5)
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Let U 4y = U(z + 25) and ¥ (x) = U(x + 25)" and let o be a constant matrix; then let
(s) (s)

K, = I\I,?S)UI\I;(S) be a family of operators on L?(0, co).

Proposition 8.1. (i) The 7 function associated with K = I'g«ol'y is 7(2s) = det(I — K§),
which gives an analytic function on €.

(ii) Let q(s) = —2;!—; log 7(2s). Then q(s) is meromorphic on 2, and analytic where
Iz (x + s)|?de < 1.

(iii) Suppose that W is periodic with imaginary period p. Then q also has period p.

(iv) If 0 < K < I, then 7(s) is non-negative for 0 < s < oo, increasing and converges

to one as s — Q.

Proof. (i) As in Schwarz’s reflection principle, s — \If(ks) is analytic, and I'y , is Hilbert—
Schmidt, so K is analytic trace-class valued function on 2. Using unitary equivalence,

one checks that
det(l — K;) = det( — P(QS,OO)K) (8.6)

for s > 0.

(ii) Except on the discrete set of zeros of 7(2s), the operator I — K is invertible and

ldKS)‘

d _
q(s) = 2£trace<(l - Ky) 7

(8.7)

(iii) Since p is also a period, we have Ul () = ¥(4)(z) and hence Ks = K.

(iv) This follows from (8.7).

O

Next, we obtain an alternative formula for ¢ by realising ¥ via a linear system. The
technique is suggested by the inverse scattering transform.

Let Hy = C*712 be the column vectors, H = ¢? be Hilbert sequence space, written
as infinite columns, and introduce an infinite row of column vectors C' € ¢?(Hy) by C =
(xe/lxel|*?)52, and a column B € £2 by B = (||x¢||'/?)%2, and the infinite square matrix
A = diagonal (¢ + \1)2,. While A is real and symmetric, we will write AT in some
subsequent formulas, so as to emphasize their symmetry.

In the following result we use the (4g 4+ 3) x (49 + 3) block matrices

S Pttt R P S

so that ¥(z) = ¥(x)" and the matrix Hamiltonian

U(x,z)o v(a:,a:)]
w(z,z)lo  z(x, )

H(z) = {
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where v, w € Hy, U operates upon Hy and z is a scalar. To simplify the statements of

results, we use a special non-associative product * defined by
CEREE BET - R
Theorem 8.2 (i) The symbol v is realised by the linear system (—A, B,C'), so
Y(t) = Ce B, (8.11)
(ii) There exists a solution of the Gelfand-Levitan equation
W(x,y)+\I/(x+y)+/ooW(x,s)*\Il(s—}—y)ds:O 0<z<y) (8.12)
such that the tau function of Proposition 8.1(i) satisfies

% log 7(2x) = trace H(x) (x> 0). (8.13)

Proof. (i) This follows from (8.7).

(ii) We introduce the modified observability Gramian
Q7 = /OO e A CleCe™A ds (x > 0) (8.14)
to take account of o, and the usual controllability Gramian
L, = / T emsApptesAl g (8.15)

which define trace class operators on ¢2 such that L, > 0. The controllability operator
Z, : L*((0,00); Hy) — H is

=.f = / T MR f(s)ds (8.16)

while the observability operator is O, : L((0,00); Hy) — H is
0, f = / e A Ot f(s) ds. (8.17)

Finally, we let 1 ;)(s) = (s + 2z), so that 1)(,) is realised by (—A,e 4B, e *4C). In

terms of these operators, we have the basic identities

_ot= T =t
Fw(z) =0!E,, Fw(z) ==10, (8.18)
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while
L,=2,Z  and Q7 =0,00]. (8.19)

Hence we can rearrange the factors in the Fredholm determinants

det(I — AFL(Z)UF¢(Z)) = det(I — A=l 0,0012,)
= det(I — \2,210,00])
= det(I — AL, Q7). (8.20)
We deduce that

log 7(2z) = log det(I — Fwarzpp(zz oc))
= log det(I - UF¢P(21 m)r¢)
¢

= log det UF¢(Z)FL(Z )
= logdet(I =TT, oTy,)
= trace log(I — L, Q7), (8.21)

and hence

d
I log7(2z) = trace((] —L,Q%) ! (e_IABBTe_IATQZ + Lme_IATCTaC’e_mA))
= Ble ' QI(I — L,Q5) ‘e "B

+ trace oCe ~*A(I — LIQZ)_lLIe_IATCT. (8.22)

The integral equation

[ Uz, y) U(%y)]
w(z,y)t 2(z,y)
+/I°°{U(x,s) v(w,s”*{w( 0 T ¢(s+y)]dszo (5.23)

w(z, )t z(x,s

reduces to the identities

/ v(x, s)Y(s +y) ds

oo

¥(s +y) ow(z,s)ds (8.24)
and the pair of integral equations
v(z,y) +Y(x +y) / / v(x, )(t + s)Torp(s + y) dsdt = 0 (8.25)
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and

w(z,y) +Y(x +y) — /oo /oo V(s + y)(t + s)Tow(x, t) dtds = 0. (8.26)
To solve these integral equations, we let
v(x,y) = —Ce "I — L,Q2) te ¥4B (8.27)
and
w(z,y) = —Ce ¥4I — L,Q%) te *4B:; (8.28)

then by substituting these into (8.21) we obtain the diagonal blocks of the solution, namely
Uz,y) = Ce 241 — LIQZ)_ILIe_yATC’T (8.29)

and
2(z,y) = Ble v Q7 (I — L,Q%) e " B. (8.30)

Hence we can identify the trace of the solution as

trace H(x) = traceoU(x, z) + z(x, x)
= trace cCe *4(I — LIQZ)_le_‘MTC’Jr
+Ble ™ QI(I — L,Q) e "B

d
=—1 2x). 31
logT(22) (331)

Proposition 8.3. Suppose that W (x,y) is a solution of the Gelfand—Levitan equation
(8.11) and [, x| ¥(z)||*dz < 1. Then

< 02 02

= o)Wl = 2 W) (8.32)

dx

Proof. By integrating by parts, we obtain the identity

0?02

(2~ gy W -2 ¥+ [ (G = )W ewGo s =0 (639

o2 oy?
for 0 < x < y. One can easily verify that the product * and the standard matrix multipli-
cation satisfy (QW) x ¥ = Q(W % ¥), hence the formula

dH dH >/ dH
—2%W(Qs,y) - 2%\11(23 +y) — /I <2%W(az, s)) *D(s+y)ds =0 (8.34)
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follows from multiplying (8.33) by —2%, and this shows that both —Q%W(az,y) and
(aa—;z — %)W(az, y) are solutions of the same integral equation. By uniqueness of solutions,
they are equal.

O

Suppose that ¢ (x) satisfies —¢ (x) + q(x)r(z) = Apa(z); then
W(x,y) = cosyvApa(z) gives a solution of the hyperbolic equation (8.31). In the next

section, we consider cases in which we can find such solutions explicitly.

9. Integrability of the tau function of a linear system

In this section we consider the algebraic properties of 7, and how these depend upon
the properties of Z in the linear differential equation (8.1) with rational matrix coefficients
and 1 from Theorem 8.2. The main connection between 7 and ¢ is given by the Gelfand
Levitan equation of Theorem 8.2, and the consequent differential equation of Proposition
8.3, which introduces the potential q. To describe these, we recall some terminology from
the algebraic theory of differential equations.

Let F be a field with differential 0 that contains the subfield C of constants and adjoin
an element h to form F(h), where either:

(i) h= [ g for some g € F, so 0h = g;

(ii) h = exp [ g for some g € F; or

(iii) h is algebraic over F.

Definition Let F; be a field with differential 0 that contains the subfield C of constants

and suppose that
F,CF,C...CF, (9.1)

where F; arises from F;_; by applying some operation (i), (ii) or (iii). Then F, is a
Liouvillian extension of F.

Example 9.1 The tau function (5.26) is an element of some Liouvillian extension of C(x).
Furthermore, the Chebyshev polynomials of the second kind are described most simply in

terms of U, (cosf)

Definition. Let ¢ be meromorphic on C. We say that ¢ is algebro-geometric if there
exists R : C2 — C U {oo} such that (i) z — R(x;\) is meromorphic, (ii) A — R(z;\) is
polynomial; and

—R" +4(q— MR +2¢R=0. (9.2)
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Drach observed that if R(x; A) belongs to some differential field F for typical A, then

vie) = VRN e (- [ R(ffk)) (9.3)

gives a solution to Schrodinger’s equation which lies in some Liouville extension of F.
The following result summarizes various sufficient conditions for a potential to be algebro-

geometric.

Theorem 9.2 [16] Suppose that — f"” 4+ qf = Af has a meromorphic fundamental solution
for each A and that either

(a) q(x) is rational, and q(z) is bounded as |z| — oo; or

(b) q is elliptic, that is, doubly periodic;

(c) q is periodic, with period one, and there exists R > 0 such that ¢ is bounded on
{z € C:|3z| > R}.

Then q is algebro-geometric.

Let g(x) = —Z%traceH(as) and suppose theat ¢ is meromorphic on C. This is a
reasonable assumption in view of Proposition 8.1. We proceed to consider the cases (a),
(b) and (c) of Theorem 9.2, and the linear systems (—A, B, (') that give rise to them, and

the corresponding 7 functions.
(a) Rational potential

Lemma 9.3. Suppose that g is rational and bounded at infinity, and that the general
solution of —f"” 4+ qf = Af is meromorphic. Then f satisfies a linear system with rational

transfer function.

Proof. By a theorem of Halphen, the general solution of —f” + ¢f = Af has the form
f(x) = 2?21 qj(x)e % where g;(z) are polynomials. Hence there exist constants a;, not
all zero such that Zf{vzo akf(k)(x) = 0; so by taking the Laplace transform, we can recover
the rational transfer function for this linear differential equation.

O

We consider the tau function that corresponds to a linear system with a stable rational

transfer function.

Theorem 9.4. Suppose that 1)(t) is realised as ¢)(t) = Ce "4 B, where A is a finite rank
matrix, such that NA + ATN is positive definite for some positive definite N. Then 7(z)

belongs to some Liouvillian extension field F of C(t) which depends on the spectrum of A.

Proof. We recall that any proper rational function arises as the transfer function of a
linear system that has a finite matrix A, so ¢(A) = D + C(A\ + A)~'B.

28



Now we consider (— A, B, C) as in the theorem. By Lyapunov’s criterion, all of the the
eigenvalues \; of A satisfy R\; > 0, hence ||e~**|| is of exponential decay as t — oo. By
considering the Jordan canonical form of A, we obtain matrix polynomials p;(¢) such that
e~ =" pi(t)e ", Let Fy be a Liouvillian extension of C(t) that contains all of the
e~t% and e~*% | hence Fy contains all the entries of e *ABBe 4" and e~t4' CtoCetA.

The operator L, is an indefinite integral of e~tABBfe—tA’

while the operator Q)7 is an
indefinite integral of e_tATCTaC’e_tA, hence L, and Q7 have entries in some Liouvillian
extension F of Fo; moreover, the entries of (I — L,Q%)~! are quotients of determinants
with elements in F;. Hence by (8.17), - log 7(2z) gives an element of F1, so 7(z) itself is
in an extension F of F.

O

Theorem 9.4 is applicable in the context of soliton solutions of Schrodinger’s equation,
as in section 4 of [4].

Continuing the theme of finite matrices, we formulate version of the Gelfand—Levitan
equation that is appropriate when ¢(z) = Ce 4B is a periodic function. A variant of

this was used in [10] to solve the matrix nonlinear Schrédinger equation.

Proposition 9.5. (i) Let A, B,C and E be square matrices such that exp(2rA) = I and
BC = AE + EA, and let ¢(x) = Ce "4 B. Then

Wiz, y) = Ce*4 (I + F — e_IAEe_IA)_le_yAB (9.5)

satisfies

—p(x+y) +W(z,y) — ’ Wi(x,2)p(z +y)dz =0 0<z<y<2m). (9.6)

€T

(ii) Suppose moreover that ABC = BC A and 27||¢||oc < 1, then

PW PW

o o H(x)W(z,y) =0 (9.7)

with H(z) = —2-LW (2, z).

(iii) Let F be a differential field that contains all the entries of e=*4. Then F contains
all the entries of H.

Proof. (i) One can check that
2
/ e *ABCe A dz = e "4 Fe "4 — F (9.8)
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and it is then a simple matter to verify the Gelfand-Levitan equation (9.6).
(ii) By repeatedly differentiating the integral equation, and using periodicity, one

derives the identity

W 0PW d , ow
TOPW OPW
—/I <8x2 o )¢(z+y) dz =0 (9.9)
Since ABC — C'BA = 0, we obtain
ow

so (9.9) is a multiple of the original integral equation by H(z). By the assumptions on
|®||~ , the solutions are unique, hence the differential equation is satisfied.
(iii) This follows from the definition of W.

10. Integrable cases of Hill’s equation
In view of Proposition 8.1 and Theorem 9.2(b) and (c), it is natural to consider ¢(s)
with s a complex variable and to investigate the case when ¢ is periodic. When ¢(s) is

periodic, the differential equation —f” + ¢f = A\f is known as Hill’s equation.

(b) Elliptic potential

Let £ be the elliptic function field of functions of rational character on the complex
torus C/(Z+1iZ), and let P be Weierstrass’s elliptic function. Then & is equal to C(P)[P’],
and & has a Liouville extension & that Jacobi’s elliptic theta function 6;. By introducing
infinite block matrices, we now consider a linear system that has potential P and one can
interpret the following result as saying that Lamé’s operator — j—; + P has the scattering

function sin .

Definition. Given square matrices A, B and C, such that exp A = I, we let ¢(z) =
Ce™4B be the scattering function for (—A, B, C) and then

Wi(x,y) = Ce 74 (I - e_IABe_IA)_le_yAB. (10.1)

We call g(x) = —Q%trace W (x,z) the potential associated with (—A, B,C) and 7(x) =
[ trace W (z, z)dz the tau function.
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In particular, Let A, B and C be the infinite block diagonal matrices with 2 x 2
diagonal blocks

A = diagonallJ, J, J,.. ], (10.2)
B = diagonal[l, ¢*I,4¢*I,.. ], (10.3)
and
1
C = —2diagonal[§J, g, (10.4)

Proposition 10.1 The matrices satisfy the Gelfand—Levitan equation
—@(x +y) + W(z,y) = W(z,z)C™ ¢(z +y) =0, (10.5)
the traces satisfy trace ¢(z) = —2(1 + ¢*)(1 — ¢*)~! sinx and

Px) = %traeeW(m,x) +c (10.6)

for some constant ¢, where P is Weierstrass’s elliptic function.

Proof. One can easily verify that W and ¢ satisfy (10.5).

The Jacobi elliptic function satisfies

01 (z) = 2¢"/*sinz H (1 —2¢*" cos2z + ¢*")(1 — ¢*™) (10.7)

n=1

so that

0" (z COST  ~— 4¢%™ sin 2z
1( ) ‘ + Z q
01(z) sinz 1

= . 10.8
— 2¢2™ cos 2x + gAn (108)

Using simple linear algebra, one obtains the identity

2¢%" sin 2z
1 — 2¢g2™ cos 2z + ¢4n

= trace(J(I s eXp(—2xJ))_1) (n=1,2,...) (10.9)

and the corresponding identity

COS T —1
g trace(J(I — exp(—2zJ)) ) (10.10)
for n = 0; we deduce that
Orx) _ traceW (x, ) (10.11)
91 (LU) ’ ' '
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By a standard identity from the theory of elliptic functions [26, p132]

2 2

d
P(x) = ) log 01 (x) 4+ e1 + T2 log 01 ()| z=1/2 (10.12)

and the stated result follows directly.
O

Theorem 10.2 Let 7 be an elliptic function. Then j—; log 7(2x) is the potential of a linear
system (—A, B,C') where A, B and C are infinite block diagonal matrices with 2 x 2 blocks.

Proof. We may assume without loss that 7 is doubly periodic with respect to the lattice

Z2. Any elliptic function is the ratio of theta functions, so
1 0(z — a;)
= | | I 10.13

where a1 + ...+ a,, = b1 + ...+ b,,. We can use the proof of Proposition 10.1 to express
j—; log 6(2z —a;) in terms of a linear systems, and then we can combine the block diagonal
matrices to produce infinite block diagonal matrices A, B and C' with 2 x 2 block diagonal
entries such that ¢(z) = Ce 4B and

W(z,y) = Ce 24 (I+ e_IABe_IA)_le_yAB 0<z<y) (10.14)
satisfy
—¢(x+y) + W(x,y) + W(r,2)C ' d(z+y) =0 (10.15)
and
d? d
) log7(2x) = —%trace W(x,z). (10.16)
L
(c) Hyperelliptic potentials
We introduce the Schrodinger differential operator A = —j—; + q(z). Then we intro-
duce the Bloch spectrum of A, which is
op={A e C:Af=\f forsome fecL*}. (10.17)

One can show that the Bloch spectrum of an algebro-geometric potential has only

finitely many gaps. Suppose that

op = [)\0, )\1] U [)\2, )\3] Uu...u [)\29, OO) (10.18)
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with g gaps. The \; are the points of the simple periodic spectrum, such that —f” +qf =
A; f has a unique solution, up to scalar multiples, that is one or two periodic. Let ® be

the 2 x 2 fundamental solution matrix that satisfies

%@(x):{—qu(x) (1)]‘1)(93) QI>(0)=L1) ?] (10.19)

and let D(\) = trace ®(1) be the discriminant of Hill’s equation. We can characterize the
spectral gaps as {A € R: D(\)? < 4}.

The hyperelliptic curve C : y? = — H?i (@ — ;) has genus ¢, and we can form the
hyperelliptic function field £, = C(z)[y]. The torus

T = {%(D(xj) +1/D(z;)? —4) Aaj1 << Agjij = 1,...,g} (10.20)

has dimension g.

To obtain a model for the Riemann surface of C, we choose a two-sheeted cover of C
with cuts along op, and introduce a homology basis consisting of:

e loops a; that start from [Aag,00), pass along to top sheet to [A2j_2, A2j—1], then
return along the bottom sheet to the start on [Aag, 00);

e loops [3; that go around the intervals of stability [A2;_2, A2;—1] that do not intersect
with one another, for j =1,...,g.
Then we introduce the differentials

I~ Yz
dwj =
Yy

G=1...,9) (10.21)

and then we form the g x 2¢g Riemann matrix [27, 22 from the g x g matrix blocks

g

21:[/ dwjrk Loand 20- [/ dijk . (10.22)
ok jik= k=

k

Then the corresponding theta function is

O(s| Q) = Z exp (im(Qn, n) + 2mi(s,n)). (10.23)
neZ9

Example. Suppose that g = 2 and let
a b
°-[; 4

33



where Sa > 0,3d > 0 and b € Q. Then choose p € N such that pb € Z. One can easily
check that
p—1
O(s,t | Q) = Z e”(‘"2+2b”‘+d“2)62””62“”Q(ps + 7 | p?a)f(pt + p | p*d). (10.24)
r,u=0

Proposition 10.3. Suppose that q is a periodic potential with g spectral gaps, as above,
and that O( | Q) is a finite sum of products of Jacobi elliptic functions. Then there exist
(i) N < o0, z; € R, 0; € C with So; > 0;
(ii) block diagonal matrices A;, B; and C; with 2 x 2 diagonal blocks;
such that 0(x — z; | o;) is the tau function of (—Aj, B;,C;) and q belongs to the field
Cl(zx —xj |0j);5=1,...,N) that is generated by the elliptic theta functions.

Proof. McKean and van Moerbeke [25, p260] considered the manifold M of all the
smooth real one-periodic potentials such that the corresponding Hill’s operator has simple
spectrum {1, ..., Aag}, and showed that M is diffeomorphic to T9. Let A be the lattice
generated by the columns of [I; €], and note that C9/A is the Jacobi variety of C. They
have shown that g extends to a 2g-fold periodic function on the complexification of TY,
hence gives an abelian function which is periodic with period lattice A. The extended
function ¢ belongs to &,, hence is a theta quotient. Moreover, translation on the potential
is equivalent to ((linear motion on CY9/A at constant velocity.

Thus they solve the inverse spectral problem explicitly by showing on [25, p.262] that

I OX —wi/2| QO(X —wi/2| Q)

12) = X iG0x 2 [0)O(X w2 [0) (10.25)

Jj=0
where X = (z1,...,24-1,ax +b) has a,b,z1,...,x4_1 fixed, and the constants
* kk * kk o
gj,wi,w;™, wi, and wi are notionally computable.

By hypothesis, each factor ©(X —w*/2 | Q) may be written a a finite sum of products
of functions such as 6(ax +c¢; | d;), and we can apply Proposition 10.1 to each such factor.
O

Weierstrass and Poincaré developed a systematic reduction procedure for such elliptic
functions of higher genus, so we can describe the scope of Proposition 10.3. The Siegel

upper half-space is
Sy =1{0Q € My ,(C) : Q=040 > 0} (10.26)

Let X and J be the 2g x 2¢ rational block matrices

X:{?; ﬂ J:{? _OI} (10.27)
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such that XJX! = J; the set of all such X is the symplectic group Sp(2¢g; Q). Now X is

associated with a the transformation ¢ x of S, given by
px () = (a+BQ) ™ (v +69), (10.28)

thus Sp(2¢; Q) acts on S,.

Proposition 10.4. [1] (i) Suppose that €2 can be reduced to a diagonal matrix by action
of the symplectic group. Then ©( | §2) can be expressed as a series of products of Jacobian
elliptic theta functions.

(ii) The orbit of Sp(2g, Q) that contains il is dense in S,.
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