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Abstract

We create a new family of Banach spaces, the James—Schreier spaces, by amalgamat-
ing two important classical Banach spaces: James’ quasi-reflexive Banach space on the
one hand and Schreier’s Banach space giving a counterexample to the Banach—Saks
property on the other. We then investigate the properties of these James—Schreier
spaces, paying particular attention to how key properties of their ‘ancestors’ (that
is, the James space and the Schreier space) are expressed in them. Our main results
include that each James—Schreier space is cg-saturated and that no James—Schreier
space embeds in a Banach space with an unconditional basis.
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1 Introduction

The purpose of this paper is to introduce a new family of Banach spaces which we call the
James—Schreier spaces because they arise by amalgamating the definitions of the quasi-
reflexive James spaces with the Schreier space. The original motivation behind these spaces
was to produce a new example of a Banach sequence algebra with a bounded approximate
identity, in analogy with Andrew and Green’s study of the James space as a Banach
algebra [3]. This idea turned out to be successful, as essentially all results about the James
space as a Banach algebra carry over to our new spaces; see [9] for details.

Having thus reached our initial goal, we soon realized that a serious problem was lurking
in the background, namely: how can we distinguish the James—Schreier spaces from the
James spaces? Obviously, if they were isomorphic, our findings would be of no interest. In
order to resolve this problem, we turned to Banach-space properties and, as we shall see,
at that level differences abound; this is the main theme of the present paper.



We begin with surveys of the James spaces (Section 2) and the Schreier space (Sec-
tion 3), where we introduce notation and explain ideas and properties which we shall
subsequently pursue in the case of the James—Schreier spaces. In fact, as a spin-off of our
investigation, we generalize the concept of a Schreier space from just one Schreier space
(corresponding to the ¢;-norm) to a whole family, one for each p € [1,00) (corresponding
to the ¢,-norms). The basic theory of these spaces is developed in Section 3; our most
important findings are: (i) the standard unit vector basis is a shrinking, 1-unconditional
basis for each Schreier space; (ii) those right-shifts which define bounded operators on the
Schreier spaces can be characterized (see Corollary 3.17(ii) for details). The former of these
results leads to an explicit description of the biduals of the Schreier spaces, while the latter
implies that each Schreier space is isomorphic to its Cartesian square.

Section 4 contains the definition of the James—Schreier spaces, one for each p € [1, ),
together with an exposition of their basic theory. Results include: (i) the standard basis is
a monotone basis, shrinking for p > 1, but not unconditional (it will follow from results in
Section 6 that no basis is); (ii) each James—Schreier space contains a complemented copy of
the corresponding Schreier space; (iii) the standard right shift defines a bounded operator
on the James—Schreier spaces only in the trivial cases, but a suitably modified version of
it turns out to be bounded under conditions similar to those found for the Schreier spaces
(see Propositions 4.18(ii) and 4.20).

Sections 5 and 6 contain our two main results: the James—Schreier spaces are cp-satur-
ated (which means that each of their closed, infinite-dimensional subspaces contains a copy
of ¢p), and they do not have Pelczyriski’s property (u), so in particular they do not embed
in a Banach space with an unconditional basis.

As a consequence of these results, we can complete the ‘comparison theory’ of our
spaces: firstly, the James spaces are totally incomparable with both the Schreier and
the James—Schreier spaces (which means that they have no closed, infinite-dimensional
subspaces in common), and secondly, no James—Schreier space embeds in a Schreier space,
whereas each Schreier space embeds complementedly in a James—Schreier space, as already
mentioned in (ii) above.

We conclude this introduction with some general conventions on notation and termi-
nology. Throughout, K denotes the scalar field; either K =R or K = C.

By an operator we understand a linear mapping between vector spaces. We write [x
for the identity operator on a vector space X. A functional is a linear mapping from a
vector space to its scalar field. For a functional f on a vector space X and a vector z € X,
we usually write (z, f) instead of f(z).

Let X be a normed space. For a subset M of X, span M denotes the linear span of M
in X, while span M is its closure. We write X’ for the (continuous) dual of X, that is,
X’ consists of the bounded functionals on X. The canonical embedding of X into its
bidual X" is denoted by kyx, or just s if reference to X is unnecessary. We say that two
normed spaces X and Y are isomorphic, written X = Y, if there is a linear homeomorphism
from X onto Y.

By a basis for a Banach space X, we shall always understand a Schauder basis, that



is, a sequence (b, )nen in X such that, for each z € X, there is a unique sequence (., )nen
of scalars such that the series Y " a,b, is norm-convergent with sum z. If this series
converges unconditionally for each x € X, then the basis (b,)nen 18 unconditional. A
sequence (b, )nen in a Banach space is a basic sequence if (b,)nen is a basis for its closed
linear span, Span {b, : n € N}.

For m € N, the m™ biorthogonal functional b, associated with a basis (b,),en for a
Banach space X is given by (z,0/,) := o, for each x = 3 " | a,b, € X. This is a bounded
functional on X, and (0], )men is a basic sequence in X'. If (b, )men is a basis for X’ (that
is, if span {0/, : m € N} = X’), then the basis (b, )nen is shrinking.

We denote by KN the vector space of all sequences over K; cy is the subspace of KN of
finitely supported sequences. The vectors

e, :=(0,0,...,0, 1 ,0,0,...) (n € N) (1.1)
pos. n
form a Hamel basis for cgg, called the standard unit vector basis. For m € N, the m™
coordinate functional is given by
fm: (an)neN = Oy, KN i K, (12)

and for a set A (usually a subset of N), the natural projection associated with A is the
operator Py: KN — KY whose coordinates are given by

z, fm) ifmeA
(Paz, fr) = (2, fm) . (meN, r € KY). (1.3)
0 otherwise
This is clearly an idempotent operator. In the special case where A = {1,2,...,m} for
some m € N, we write P,, instead of P4, that is,
P (p)nen — (a1, ..., 0m,0,0,...), KY — ¢y (1.4)
we call P,, the m*" natural projection.
For a set A, we define x4 € KN by
1 ifmeAd
) = m € N);
Oxas fm) {0 otherwise ( )
the most important cases are
n+k
Xkl = Y € €cop  (mk€N) and  xy=(L1,...,1,1,...) (1.5)
j=n

Given a set B, we write A € B to indicate that A is a finite subset of B. In the case
where B is totally ordered (typically B = N), we write A = {n; < ny < -+ < ng} to
signify that {ny,no,...,ng} is the increasing ordering of A.

We denote by card A the cardinality of a set A. We shall not be concerned with the
subtleties of infinite cardinalities because we shall only consider cardinalities of subsets
of N; hence we think of card A as belonging to {0,1,2,...,00}.
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2 James’ quasi-reflexive Banach spaces

This section contains a brief survey of the James spaces and their most important prop-
erties, with special emphasis on the Banach-algebraic aspects; no proofs will be given.
However, at the end we shall outline James’ original construction because our subsequent
work will involve key components of it. An elementary introduction to the James spaces
is given in [30], while a much more comprehensive account can be found in [18]; both of
these references contain full proofs.

The original James space Jo was introduced by James in [22]. His main result states
that this Banach space is isomorphic to its bidual and quasi-reflerive (meaning that the
canonical image of Jy in its bidual has codimension 1). This resolved two major open
problems at the time:

(i) A Banach space with separable bidual need not be reflexive.
(ii) A separable Banach space which is isomorphic to its bidual need not be reflexive.

In a sequel (23], James defined an equivalent norm on Jy with respect to which the space
even becomes isometrically isomorphic to its bidual.

Subsequently, many other interesting properties of the James space have been added
to James’ list; we mention some of the most important here:

(iii) Bessaga and Pelczynski [8] observed that the quasi-reflexivity of J implies that
Jo % Jo @ Jo, making J, the first known example of an infinite-dimensional Banach
space which is not isomorphic to its Cartesian square.

(iv) Herman and Whitley [21] proved that Js is ¢5-saturated, that is, every closed, infinite-
dimensional subspace of J, contains a subspace X which is isomorphic to ¢y; Casazza,
Lin, and Lohman [14] subsequently showed that it is always possible to choose such
an X with the additional property that X is complemented in Js.

(v) Edelstein and Mityagin [17] calculated the homotopy type of the group of invertible
operators on Jy. As part of this calculation, they noted that the quasi-reflexivity of .J,
has the easy, but algebraically very important, consequence that the ideal #(Js)
of weakly compact operators has codimension 1 in the Banach algebra %(.J;) of
bounded operators on Jy, so that there is a character on %B(J;). No such examples
were previously known. Laustsen [25, 26| has subsequently shown that #/(J) is the
unique maximal ideal in %(.J;), while the scalar multiples of the character are the
only traces on #(Js).

(vi) Giesy and James [20] have shown that ¢ is finitely representable in Jo, that is, for
each € > 0 and each n € N, there is an operator 7': /2 — J, such that

(I =e)llelley <Tzlln <M +e)llelle (v ely)

Consequently, Jo does not have finite coptype. In contrast, Pisier [33] has proved
that the dual JJ has cotype 2 and, moreover, that J, has the Gordon—Lewis property
(which means that every 1-summing operator from .J, to an arbitrary Banach space
factors through L, ).



(vii) Casazza [13] has shown that Jy is primary, that is, X = Jy or Y = J, whenever X
and Y are closed, complementary subspaces of .Js.

(viii) Andrew and Green [3| have shown that .J; is a Banach algebra with respect to the
pointwise product. Further, this Banach algebra is Arens regular, and its multiplier
algebra can be identified with JJ with the Arens product.

(ix) Loy and Willis [29] have constructed a bounded right approximate identity in the
ideal #/(J2) of weakly compact operators on J. This allowed them to deduce that
derivations from Z#(J2) are automatically continuous. Willis [35] has subsequently
generalized this result by showing that homomorphisms from %(.J;) are automatically
continuous.

(x) Odell and Tylli [31] completed Loy and Willis’ work on bounded approximate iden-
tities in #(.J5) by showing that #/(J;) also has a bounded left approximate identity
and hence a bounded two-sided approximate identity.

(xi) Laustsen [24] has calculated the K-groups of the Banach algebra A(.Js).

(xii) Blanco [11] has proved that the ideal .# (J2) of compact operators on Jo is weakly
amenable. It is an open problem if J# (J;) is amenable; Blanco and Grenbaek [12]
have recently shown that JZ (J, @ JJ) fails to be amenable.

We shall now take a closer look at the formal definition of the James space and the
strategy which James followed when he proved that it is quasi-reflexive.

2.1 The James spaces. Let 1 < p < oo. For & = (a,)neny € KN and A € N, define

0 when card A < 1;

vy(x, A) = k v
vl 4) (Z lon,; — |p> when A ={n; <--- <ngy} for some k € N.
j=1

Using Minkowski’s inequality, one can easily check that v,(-, A) is a seminorm on K for
each A € N, and

|z, == sup{v,(z, A) : A € N}

k 1
P
:SUP{(E |04nj_04nj+1|p> tkony, .o ey €N, n1<n2<-~<nk+1}

J=1

defines a complete norm on the subspace J, :== {z € ¢ : ||z]|;, < 0o} of K. The Banach
space (Jp, || - ||,) is called the p™ James space.

2.2 Remark. James’ original definition corresponds to the case p = 2 above. Edelstein
and Mityagin [17| appear to have been the first to observe that it can be generalized to
arbitrary p > 1 and, moreover, that James’ proof of the quasi-reflexivity of .J, carries over
directly to J, for each p > 1. The proof does not, however, work for p = 1 because J; is
isometrically isomorphic to ¢; via the mapping (o, )nen — (0, — Qpi1)nen, J1 — 4.
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Most of the results (iii)—(xii) listed above have generalizations to .J, for p > 1. We state
the following generalization of (iv) explicitly for later reference.

2.3 Proposition. Let p > 1. Then every closed, infinite-dimensional subspace of J,
contains a subspace which is isomorphic to ¢, and complemented in .J,,.

The key element in James’ proof [22| that J; is quasi-reflexive is the following explicit
description of the bidual of a Banach space with a shrinking basis. We follow Megginson’s
presentation [30, Section 4.5].

2.4 The James representation of the bidual of a Banach space with a shrinking
basis. For a Banach space X with a fixed basis (b,),ecn, define

z][bip(x) = sup{ Zanbn tm € N} (z = (an)nen € KY). (2.1)
n=1 X
Then bip(X) := {z € KN : |lz|lpipx) < oo} is a subspace of K, and || - ||pipx) is a

complete norm on it.

Now suppose that the basis (b, )nen is shrinking. Then the operator T: X” — bip(X)
given by T(F) = ((V,, F ))neN for each F' € X" is an isomorphism which makes the
diagram

X (—> X//

N A

bip(X

commutative, where ¢ is the operator x — ((:(:, b;))neN, while « is the canonical embedding.
The isomorphism T is isometric if the basis (b, )nen 1S monotone.

2.5 Remark. There is no standard notation for the Banach space bip(X) considered
in §2.4; we have chosen the letters bip for ‘bounded initial projections’.

2.6 The quasi-reflexivity of the James spaces. The starting point of the proof that
Jp, is quasi-reflexive for each p > 1 is the observation that (e,)nen is a monotone, shrinking
basis for J,, so that the results of §2.4 apply. One then checks that J, and Kyy are closed,
complementary subspaces of bip(J,), and we therefore have a commutative diagram

Jp€ 3 gy
Jp & Kxny =——==bip(J,),

where ¢ is the natural inclusion, x is the canonical embedding, and T is the isometric
isomorphism from §2.4. This shows immediately that #(.J,) has codimension 1 in J) and,
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moreover, if we identify J;' with bip(.J,) via T, then x = ¢, that is, the canonical embedding
of J, into its bidual becomes the natural inclusion of J, into J, ® Kxy.

3 The Schreier spaces

Having proved that, for 1 < p < oo, each weakly convergent sequence (z,)nen in L, [0, 1] has

a subsequence (7, )jen Whose associated sequence of arithmetic means, (% Z;nzl :Enj)mGN’

is norm-convergent, Banach and Saks [5] went on to ask if a similar result would be true
in C[0,1]. Schreier [34] answered this question in the negative; his counterexample was
based on the following notion.

3.1 Definition. A subset A of N is admissible if 1 < card A < min A.

Thus, an admissible set is non-empty and finite, and for A = {n; < --- <ngx} €N, we
have
A is admissible <= k < n;.

Each non-empty subset of an admissible set is itself admissible; we shall use this simple

observation frequently.

3.2 The unrestricted Schreier spaces. Let 1 < p < co. For 7 = (a,,)nen € K and

1
A C N, define py(z, A) = (3, calan?)?. (Note: the sum over an empty index set is
zero by convention.) Minkowski’s inequality implies that p,( -, A) is a seminorm on K" for

each A @ N, and
|2z, == sup{py(z, A) : A C N is admissible}
k 1
:sup{<2|anj|p> ckng, oo €N ESng <ng < - <nk}
j=1

then defines a norm on the subspace Z, := {z € K" : |2z, < co} of KN. We call | - |z,
the p™ Schreier norm and Z, the p™ unrestricted Schreier space.

The following lemma records some basic facts about this space; we omit its easy proof.

3.3 Lemma. Let p > 1. Then:

(i) for each m € N, the restriction to Z, of the m™ coordinate functional f,, given
by (1.2) is bounded with norm 1,

(i) (z, fr,) — 0 as m — oo for each v € Z,;

(iii) for each A C N, Z, is an invariant subspace for the projection P4 given by (1.3), and
the restriction to Z, of P4 is bounded with norm 1 (except for A = (), in which case

PA = O),
(iv) Z, is a Banach space with respect to the coordinatewise defined operations inherited
from KN and the norm || - || z,.



3.4 The unconditional multiplier constant. Suppose that (b,),ecy is an unconditional
basic sequence in a Banach space, and let (o, ),en be a scalar sequence such that the series
> oo anb, converges. Then, for each scalar sequence (5,)nen With |5,] < |ay,| for each
n € N, the series > 7, (,b, converges, and there is a constant K > 1 (independent
of (ay)nen and (B,)nen) such that szozl ﬁnan <K szo:l anan. The smallest such
constant K is the unconditional multiplier constant of (b,)pen. If K = 1 (the smallest
possible), then (b,)nen is 1-unconditional (or monotone unconditional).

3.5 Proposition. For each p > 1, the sequence (e,)nen given by (1.1) is a normalized,
1-unconditional basic sequence in Zp.

Proof. Clearly we have |le,|z, = 1 for each n € N. Suppose that z = >, aye,
and y = > 7, e, are vectors in coy with |3,| < |ay| for each n € N. This implies
that 1, (y, AP < p,(z, A)P for each subset A of N, and consequently |y||z, < |||z,
The conclusion now follows from the 1-unconditional counterpart of Banach’s fundamental
characterization of basic sequences (analogous to [30, Corollary 4.2.33|, for instance). O

3.6 The restricted Schreier spaces. Lemma 3.3(iv) and Proposition 3.5 imply that
S, :=span{e, :n e N} C Z,

is a Banach space with a normalized, 1-unconditional basis (e,)nen for each p > 1. We
call S, the p™ (restricted) Schreier space and refer to (e,)nen as its standard unit vector
basis. More precisely, we usually call S, just the p™ Schreier space, inserting the adjective
‘restricted’ only if confusion with the unrestricted counterpart Z, seems likely. We write
| - ||s, for the restriction to S, of the norm || - ||z, .

Note that the m'™ biorthogonal functional associated with the standard unit vector
basis (e,)nen for S, is the restriction to S, of the m™ coordinate functional on K¥, that
is, €, = fmls,; Lemma 3.3(i) implies that this functional has norm 1.

3.7 Remark. The Banach space denoted by S7 in §3.6 is the one which is usually called
the Schreier space in the literature. Beauzamy and Lapresté formally introduced it in [6],
building on ideas from Baernstein’s thesis [4]; an introduction to this work, its context,
and many further developments is given in [15, Chapter 0].

We are not aware of any previous studies of the Banach spaces Z, and S, for p > 1.

3.8 Example. Let p > 1. As we shall see in Corollary 5.6, Z, contains a subspace iso-
morphic to /.. Hence Z, is non-separable and cannot, therefore, have a basis, so in
particular Z, is not isomorphic to S,. The purpose of this example is much simpler,
namely to prove that S, is a proper subspace of Z,. More precisely, we shall show that
z = (n_%)neN € Z,\'Sy.

Suppose that A = {n; < ny < --- < mng} C N is admissible. Since z is decreasing and
positive, we have

1 ni+k— 11 2n1711 1
NIV SR ST SR SR Bt
P =T "



s0 z € Zy with ||z]|z, < 1; in fact, z is a unit vector because (z, fi) = 1. On the other hand,
z ¢ S, because, for any y = Y| ane, € ¢, the set B := NN (m,2m + 1] is admissible,
and therefore

2m—+1 2m—+2
1 dt 2 2
Iz =9l > mplz—y, B = 3 —>/ A2 ga s,
p n:erln el t 1

We shall next prove that the standard unit vector basis for 5, is shrinking for each
p = 1. As a consequence, we obtain a description of the bidual of S, in terms of Z,. Our
approach relies on the following well-known characterization of shrinking bases (e.g., see [1,
Proposition 3.2.7]).

3.9 Lemma. A basis (b, )nen for a Banach space X is shrinking if and only if every nor-
malized block basic sequence of (b,)nen is a weakly null sequence in X.

The fact that the standard unit vector basis for S is shrinking is well-known, although
we have been unable to trace the original source of this result. We shall outline an elegant
proof communicated to us by Andras Zsak.

3.10 Proposition. The standard unit vector basis (e, )nen for Sy is shrinking.

Proof. Each subset A of N induces a functional w, on ¢y via the definition

(w,wa) =Y (&, f) (2 € o),

neA

and this functional is contractive with respect to the first Schreier norm if and only if the
set A is either empty or admissible. Thus, we may regard

Q:={ws: A=0 or ACN admissible}
as a subset of the closed unit ball of S}, and we have
Q= {fGS{ N flls; <1 and (en, f) € {0,1} (nGN)}

which implies that Q is weak*-closed and hence weak*-compact by the Banach—Alaoglu
Theorem.

For each = € Sj, the mapping Uz: f — (z, f), Q — K, is continuous with respect
to the weak*-topology on 2, so it induces a mapping U: S; — C(£2). Straightforward
verifications show that U is linear and contractive. Moreover, U is bounded below by

% for K=R
€=
}l for K=C

as we shall now prove. It suffices to show that, for each x € ¢y, there is a subset A of N,
either admissible or empty, such that |[(z,wa)| > el|z||s,.
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In the case where x has real coordinates, take an admissible subset B of N such that
|z||s, = pa(z, B). The sets By :={n € B: (z, f,) >0} and B_:={n € B: (z, f,) <0}
are then admissible or empty, and they satisfy

lzlls, = e, B) = Y (a, fa) = Y (& fu) = [{@ wp )] + (2, wp.)],

TlEB+ neB_

so we conclude that |(z,w4)| > ||z||s,/2 holds for either A := B, or A:= B_.

Now suppose that = has complex coordinates and define y := > Re(z, f,) e, and
z =y Im(z, f,) e,. Then z =y + iz, so that ||z]ls, < |lylls, + ||2]|s, and thus either
lylls, = llzlls, /2 or ||2|ls, = ||z]ls,/2. We consider the first case only; the second is similar.
As y has real coordinates, the first part of the argument applies, yielding an admissible (or
empty) set A such that |(y,wa)| > [|y|ls,/2, and consequently we have

(@, wa)| = [{y,wa) +i(z,wa)| = [{y,wa)| = ||y§sl > ||:BZ|1:|51,

as required.

In conclusion, U is an isomorphism of S; onto its image inside C'(2). Now let (uy,)nen
be a normalized block basic sequence of (e,,)nen in S7. By Lemma 3.9, we must prove that
(tn)nen 1s weakly null in S;. This is equivalent to (Uuy)nen being weakly null in C(Q)
because the weak topology on the image of U in C'(€2) is just the restriction of the weak
topology on C'(€2). For each wy € Q, we have (Uu,)(wa) = (un,wa) = 0 eventually because
A C N is finite, while (un)nen is a block basic sequence. Hence (Uty)nen converges
pointwise to 0 on €. As this sequence is also norm-bounded, [16, Corollary IV.6.4] implies
that it is weakly null in C'(€2), as required. O

The proof above does not work for p > 1, but fortunately an easier route is available
for such p. This relies on the following result.

3.11 Lemma. Let p > 1, and let (u,)nen be a normalized block basic sequence of the
standard unit vector basis (ey)nen for S,. Then the operator

) 00
T Zanen — Zanun, (Coo, |- ||zp) — Sp,
n=1 n=1

is contractive, and therefore it extends uniquely to a contractive operator T': £, — S,.
Proof. Choose integers 0 = My < M; < -+ < M,_1 < M,, < --- such that
u, € span{e; : M, < j < M,} (n € N).

Given an admissible subset A of N, define A, := AN (M,,_1, M,] for each n € N. Then
A is the disjoint union of (A, ),en, and each of the sets A, is either empty or admissible.
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Hence, for x = > 7 ane, € ¢, we have

o0

00 e’}
12117, =Y " lanl” = > lanlPpp(n, AP = pp(anttn, Ay)?
n=1 n=1 n=1

0o 00 p oo
= (Z ajuj, An) =) (T, An)? = (T, AY,
n=1 j=1 n=1

and the result follows by taking the supremum over all admissible sets A. O
3.12 Corollary. For each p > 1, the standard unit vector basis (e, )nen for S, is shrinking.

Proof. Let (uy)nen be a normalized block basic sequence of (e,)nen in Sy, and consider
the contractive operator T: ¢, — S, from Lemma 3.11. Since p > 1, the standard unit
vector basis (e, )nen is a weakly null sequence in £, so the boundedness of 7" implies that
the sequence (Te,)nen = (Un)nen is weakly null in S,. Hence the result follows from
Lemma 3.9. O

3.13 Lemma. Let p > 1. Then ||z |vips,) = |||z, for each x € KV, and so bip(S,) = Z,.
Proof. Comparing the definitions (2.1) and (1.4), we see that
2 [lbip(s,) = sup{ || Pnzlls, : m € N} (z € KM). (3.1)

Hence the inequality ||z||pips,) < |||z, follows from Lemma 3.3(iii) whenever x € Z,;
otherwise (that is, for x € KN\ Z,) it is trivial.
Conversely, let A be an admissible subset of N. Taking m := max A € N, we obtain

(1, A) = pip (P, A) < || Przlls, < ||7lbip(s,),
and therefore ||z]|z, < ||z ||bip(s,)- H

3.14 The unrestricted Schreier space and the bidual of S),. For each p > 1, we can
combine the results of Proposition 3.10, Corollary 3.12, Lemma 3.13, and §2.4 to obtain a
commutative diagram

Syt ]
Zp =====Dip(5),

where ¢ is the natural inclusion, k is the canonical embedding, and T is the isometric
isomorphism from §2.4. Thus, if we identify the bidual of S, with bip(S,) via T, then
Kk = t, that is, the canonical embedding of S, into its bidual becomes the natural inclusion
of S, into Z,,.
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3.15 Shift operators. Let 0: N — N be strictly increasing. We associate with o two
operators on ¢, the left shift A, and the right shift R, given by

Aoz = Z Qo(n)n and R,x = Z QnCo(n) (x = Z €y € Coo)~ (3.2)
n=1 n=1 n=1

They are clearly linear, and A, R, = Iy,
projection P,y given by (1.3).

Our interest in these operators lies primarily in understanding when they extend to
bounded operators on S,,. In order to treat both cases simultaneously (and for later use, see
the proof of Proposition 4.20 below), we introduce the mized shift operator Z. ,, associated
with a pair of injective mappings 7, w: N — N by

while R,A, is the restriction to coy of the

oo 0o
Srw g Qp€p — E Ar(n)€w(n), Coo — Coo-
n=1 n=1

Again, =, , is clearly linear, and writing ¢ for the identity mapping n — n, N — N, we see
that A, ==,, and R, ==, ,.

3.16 Lemma. Let p > 1, let 7, w: N — N be injective, and suppose that there is a
constant K € N such that w(n) < K7(n) for each n € N. Then [|Z, 2|5 < Kllzf5,
for each x € cyo, and thus =, extends uniquely to a bounded operator on S, of norm at

1
most K».

Proof. Let x € ¢y and an admissible subset A of N be given. If AN w(N) = 0,
then p,(Z;,2,A) = 0. Otherwise choose B C N such that A Nw(N) = w(B), and let
m := min7(B). Being a non-empty subset of the admissible set A, the set w(B) is itself
admissible, and this, together with our assumptions on w and 7, implies that

card B = cardw(B) < minw(B) < Kmin7(B) = Km,

so we can express B as the union of K disjoint sets By, ..., By, say, each having at most m
elements. Thus each of the sets 7(By),...,7(Bg) is admissible (or empty), and therefore
we have
K
p P p
K|, = > (2, 7(B)))" = my(, 7(B))" =D | {2, frtm)|
j=1 neB
= > [(Erws o) = tp(Brw, w(B))” = iy (Br s, A
neB

Taking the supremum over all admissible sets A, we conclude that K HxH@p > HET,wagp,
and the result follows. O

3.17 Corollary. Let p > 1, and let 0: N — N be strictly increasing. Then:
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(i) [|Aez|ls, < ||z||s, for each x € coo, so that A, extends uniquely to a contractive
operator on Sp, no matter what o is;
(ii) R, is a bounded operator on (coo, || - ||s,) if and only if there is a constant K € N
such that o(n) < Kn for each n € N. In the positive case, R, extends uniquely to a
1
bounded operator of norm at most K» on S,.

Proof. To prove (i), recall from §3.15 that A, = Z,,. Since o is strictly increasing, we
have o(n) > n = «(n) for each n € N, so that the condition in Lemma 3.16 is satisfied with
K =1, and therefore A, extends to a bounded operator on S, with norm at most 1.

The implication ‘<=’ in (ii) and the final clause follow in a similar fashion, so it only re-
mains to prove ‘=" in (ii). Thus, suppose that R, : (coo, || - [|s,) — (o0, || - I|5,) is bounded,
let n € N be given, and consider the unit vector z := (mfi)meN € Z, from Example 3.8.
If we define N :=n +o(n) —1 and A := NN [n, N|, then the set o(A) is admissible, and
Lemma 3.3(iii) implies that P4z € coo with norm at most 1, so that

N
1R |I” = | Ro Pazll, > ptp(RoPaz,0(A))" = > " |(RoPaz, foem)|”

Al | NHL gt N+1 o(n)
J— p_ - - — — - 7
_;‘(z,fmﬂ _;Im>/n ; log - log(1+ p )

from which we deduce that (ellel” — 1)n > o(n); hence any integer K > elfl” — 1 has
the required property. O

The following well-known observation will be called upon repeatedly in the sequel.

3.18 Remark. Let X and Y be normed spaces, and let I';: X — Y and I's: Y — X be
bounded operators with I'y1I'y = Iy. Then P := I';I'; is a bounded idempotent operator
on X whose image is isomorphic to Y. More precisely, we have im P = imI'y, and the
‘corestriction’ of I'y to im P (that is, the operator y +— I'sy, Y — im P) is an isomorphism;
its inverse is the restriction of I'y to im P.

3.19 Corollary. For each p > 1, the p'" Schreier space S, is isomorphic to its Cartesian
square Sy, © Sp.

Proof. Consider the strictly increasing mappings «, 3: N — N given by
a(n):=2n—1 and  B(n):=2n (n € N). (3.3)

Corollary 3.17 shows that the associated shifts A, R., Ag, and Rz extend to bounded op-
erators on S,. Consequently, the identities stated in §3.15 immediately after (3.2) together
with Remark 3.18 imply that @, = R,A, and Qs := RgAs are bounded idempotent
operators on .S, whose images are isomorphic to S, and therefore we have

S, @S, = imQ, ®imQs = S,,

13



where the final isomorphism follows from the fact that im ()3 = ker (),, so that im (), and
im ()g are closed, complementary subspaces of S),. O

3.20 Further results. We conclude this section by listing a few results from the literature
on Schreier spaces.

(i) Alspach and Argyros [2] have generalized the notion of admissible subset of N by intro-
ducing the Schreier families of finite subsets of N. The Schreier families are indexed
by the countable ordinals; the first one is exactly the collection of all admissible
subsets of N. In analogy with the definition of the p'" Schreier space based on the
admissible subsets of N (as presented in this section), one can associate a p'™® Schreier
space with each Schreier family. There is a substantial body of theory concerning
these spaces in the case p = 1; the case p > 1 appears to be unchartered territory.

(ii) Gasparis and Leung [19] have studied the complemented subspaces of the first Schreier
space S; (as well as those of the generalized Schreier spaces of Alspach and Argyros de-
scribed above). Their main result is that there are uncountably many non-isomorphic
subspaces among those of the form span {e, : n € A}, where A is an infinite subset
of N.

4 Introduction to the James—Schreier spaces

We shall now amalgamate the definitions of the p** James space and the p'" Schreier space
for each p > 1. Recall from §2.1 that, by definition, the p'" James norm of z € KV is
the supremum of v,(x, A) over all finite subsets A of N; our idea is to consider only those
sets A which satisfy an admissibility-like condition.

4.1 Definition. A subset A of N is permissible if
2<cardA <1+ minA.

Thus a permissible set must contain at least two elements and be finite, and for
A={ny <ng <--- <ngr1} €N, where k € N, we have

A is permissible <= k < n;.
4.2 Definition. Let 1 < p < co. For 2 = (ay,)neny € KV, we define

z|lw, = Sup{l/p(x,A) :ACNis permissible}
: :
= sup Z|anj—anj+l|p ckong,.ooonp ENJESng < -o- < ngyq gy
j=1

and we then let W, := {z € ¢ : ||z]lw, < co}. We call |- ||w, the p™ James-Schreier
norm and W), the p™" unrestricted James—Schreier space.

14



The following lemma is the James—Schreier counterpart of Lemma 3.3; we omit its
routine proof.

4.3 Lemma. Let p > 1 and m € N. Then:

(i) the restriction to W, of the m*" coordinate functional f,, given by (1.2) is bounded
with norm 1;

(ii) W, is an invariant subspace for the m'™ natural projection P,, given by (1.4), and
the restriction of P, to W, is bounded with norm 1;

(iii) W, is a Banach space with respect to the coordinatewise defined operations inherited
from KN and the norm || - ||w, .

We shall next show that, for each p > 1, W, contains a complemented subspace which
is isomorphic to the unrestricted Schreier space Z,. In the proof we require the following
well-known inequality

o+ 8PP <27 (lal”+187)  (p>1, @, €K) (4.1)
which is an easy consequence of the convexity of the function t — 7, [0,00) — [0, c0).
4.4 Definition. For z = (a)neny € KV, let

dx = (0,01,0, 9,0, 3, ...) € KN and Uz = (g — Qop_1)nen € KV (4.2)

4.5 Proposition. Let p > 1. The first equation in (4.2) defines a bounded operator ®

from Z, to W, of norm at most 21+%, while the second defines a bounded operator ¥
from W, to Z, of norm 1. These operators satisty Y® = I, , and hence ®V is idempotent
with

im(®V) = {()neny € Wyt 2p1 =0 (n€N)} = Z,.

Proof. Considered as mappings on KN, ® and ¥ are clearly both linear, so to establish the
first part of the proposition, it suffices to show that

(i) ®x e W, with |[|[Pz|w, < 21+%||x||gp for each x € Z,; and
(ii) Yz € Z, with ||Yz|z, < ||z|lw, for each x € W, with equality for some x € W,.

To prove (i), let € Z, be given. Lemma 3.3(ii) implies that = € ¢y, and therefore
dx € ¢y by the definition of ®. Now suppose that A = {n; < ny < --- < ngy1} is a permis-
sible subset of N. If AN2N = {), then v,(®x, A) = 0. Otherwise we choose ¢, my,...,m; € N
such that AN 2N = {2m; < 2my < --- < 2my}. Using the inequality (4.1), we obtain

k

k
(@, AV = 37| (@, fu, = Fu) <27 D2 (|(@0 )+ (@2, £, )

j=1 j=1

< 2, (B, A = 2y (B, AN AN = 27, (, BY, (4.3)
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where we have introduced B := {m; < my < --- < my} € N. Now let h := min{m,, (},
By:={m; <my <---<my} CN, and By := B\ B; C N; we claim that

pp(z, By) < |zllz,  (=1,2). (4.4)

This is immediate for j = 1 because the definition of h ensures that B; is admissible. If
h = ¢, then By = (), so that (4.4) is satisfied for j = 2 by convention. Otherwise h = m; < ¢
and By = {mp41 < mps2 < --- < my}, so that By is admissible because

minBy =mpp Z2mp+12mp 1 +22---2mi+h
=2my; > minA > (card A) —1 > ¢ —1> ¢ — h = card By,

and (4.4) for j = 2 follows. Since B is the disjoint union of B; and Bs, we conclude that
:U’P(x7 B)p = /J“P(xa Bl)p + :U’P(xv B2)p < 2“1’”%})

Substituting this into (4.3) and then taking the supremum over all permissible sets A, we
see that (i) is satisfied.

To prove (ii), let x € W,, and suppose that A = {n; < ny < --- < ny}
admissible, so that k& < n;. Then the set B := {2n; — 1,2n; : 1 < j < k}
permissible because card B = 2k < 2n; = 1 + min B, and consequently we have

C N is
C Nis

[, = vp(z, B)?

k—1
= Z(|<x7f2njfl - f2nj>‘p + |<x> f2nj - f2nj+171>’p) + ‘<$7 f2nk71 - f?nk>|p
P ‘
|<:U7f2nj71 - f2nj>‘p = Zquma fnj>’p = lup(kl}x’Ay’.

Jj=1 J=1

=

Taking the supremum over all admissible sets A, we conclude that ||z|w, > ||Vz|z,, as
required. Since We; = —e; and e; is a unit vector in both W, and Z,, equality does occur.
This completes the proof of (ii).

Direct application of the definitions (4.2) shows that ¥® = I, , so Remark 3.18 implies
that P := ®W¥ is a bounded idempotent operator with image isomorphic to Z,, and clearly

im P C {(a)nen € Wy : a2pm1 =0 (n € N)}.

Conversely, suppose that = (o, )nen € W, satisfies ag,—1 = 0 for each n € N; then we
have
im P 3 Px = ®Uz = (g )neny = (0, 02,0, 04,0, a4, ...) =z,

as required. O
4.6 Remark. We can now give an easy proof of Lemma 3.3(iv). Indeed, Proposition 4.5
implies that Z, is isomorphic to a complemented subspace of W), which is a Banach space

by Lemma 4.3(iii). Complemented subspaces are automatically closed, hence complete,
and therefore Z, is also complete.
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4.7 Proposition. For each p > 1, the sequence (e,)nen given by (1.1) is a monotone basic
sequence in W),

Proof. Lemma 4.3(ii) implies that ||Py,z|w, < |lz|lw, for each x € cop and m € N, and
hence the result follows from the monotone version of Banach’s fundamental characteriza-
tion of basic sequences (e.g., see |27, Proposition 1.a.3| or [30, Corollary 4.1.25]). 0

4.8 The restricted James—Schreier spaces. Lemma 4.3(iii) and Proposition 4.7 imply
that
V, :=span{e, :n € N} C W,

is a Banach space with a monotone basis (e,)nen for each p > 1. We call V, the p™
(restricted) James—Schreier space and refer to (e, )nen as its standard basis. As in the case
of the Schreier spaces, we omit the adjective ‘restricted’, unless confusion with W, seems
likely. We write || - ||y, for the restriction to V,, of the norm || - ||, .

Note that the m'" biorthogonal functional associated with the standard basis (en)nen
for V}, is the restriction to V, of the m™ coordinate functional on KY, that is, e/, = Jmlv,;
this functional has norm 1 by Lemma 4.3(i).

4.9 Remark. (i) Only the first two basis vectors e; and ey are normalized in the p'®
1
James—Schreier norm; for n > 3, we have |e,||v, = v, (e, {n — 1,n,n+ 1}) = 25.

(ii) The basis (e, )nen is not an unconditional basis for V,, because x[1 2, is a unit vector
for each n € N, whereas

2n 2n
Z(—l)jej = VP(Z(—1>j€j, {n,n+1,..., 2n}> —2nr 00 as m— oo.
j=1 Vp j=1

We shall prove a much stronger result in Section 6.

We observe next that Proposition 4.5 carries over to the restricted spaces.

4.10 Proposition. Let p > 1. The first equation in (4.2) defines a bounded operator ®

from S, to V), of norm at most 21+%, while the second defines a bounded operator ¥ from
Vp to S, of norm 1. These operators satisfy W® = Ig , and hence ®V is idempotent with
im(®V) = span{ey, : n € N} = 5.

Proof. The operators ® and ¥ given by (4.2) clearly leave ¢qg invariant. Since cgg is dense
in both S, and V,, and ® and ¥ are bounded on the unrestricted spaces Z, and W),
we conclude that ®(S,) C V, and ¥(V,) C S,. The result is now easy to deduce from
Proposition 4.5. O

The following example is the James—Schreier analogue of Example 3.8.

4.11 Example. Let p > 1. Using the vector z := (nii)neN € Z,\ S, from Example 3.8,
we can easily verify that V), is a proper subspace of W,,. Indeed, Proposition 4.5 implies that
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y = ®z € W, but y ¢ V, because if it were, Uy € S, by Proposition 4.10, contradicting
that Yy = 2 ¢ S,,.
The much stronger conclusion that W, 2 V,, will follow from Section 5.

We shall next show that the standard basis for V), is shrinking whenever p > 1; this will
enable us to describe the bidual of V,, in terms of W),.

4.12 Proposition. For each p > 1, the standard basis (e, )nen for V, is shrinking.

The proof of this result is identical to that of Corollary 3.12 provided that the operator T’
from Lemma 3.11 is replaced with the operator U from the following lemma throughout.

4.13 Lemma. Let p > 1, and let (u,)nen be a normalized block basic sequence of the
standard basis (e, )nen for V,. Then the operator

00 [oe)
Us > anen =Y antis (el llg) = Vi
n=1 n=1

is bounded, and therefore it extends uniquely to a bounded operator U: ¢, — V,,.

Proof. As in the proof of Lemma 3.11, choose integers 0 = My < My < --- < M, < ---
such that u,, € span{e; : M,y < j < M,} for each n € N. Given a permissible subset A
of N, take natural numbers k£ and n; < ny < --- < n; such that

AN (Mp—1,M,] #0 <= n € {ny,ne,...,nk} (n € N),
and define A; := AN (M,,_1,M,,;] for j = 1,2,..., k. Then A is the disjoint union

i
of the sets Aj,..., Ay, each of which is either a singleton or permissible, and for each
T =" ane, € Coo, we have

k k—1
vp(Uz, AP = Z vp(Uz, Aj)" + Z|<Ux, fmaxa; — fminAj+1>‘p
j=1 J=1
k k—1
St A+ 2 S (0 e+ 105 )
by (4.1) =5 o
k
< Z ’anj‘pHunj|’1XD/p
j=1
k—1
+ 2p71 Z <’anj ‘p} <unj7 fmaXAj>|p + |&”j+1 ’p‘ <unj+17 fminAj+1> ‘p>
j=1

k
< @+ fan, P < (22 + 1)l
j=1

The result now follows by taking the supremum over all permissible sets A. O
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We have not been able to decide whether or not Proposition 4.12 extends to the case
where p = 1, that is, the following question is open.

4.14 Question. Is the standard basis (e,)nen for V) shrinking?

Note added in proof. Question 4.14 has been answered in the positive; see [10].

4.15 Lemma. Let p > 1. Then W, and Kyy are closed, complementary subspaces of
bip(V,), and |(wl|w, = [|w]|bip(v,) for each w € W,,.

Proof. We have W, N Kxy = {0} because W,, C ¢y by definition.
Lemma 4.3(ii) implies that

[wllbipyy < wllw, — (w € W), (4.5)

so that in particular W, C bip(V,). Moreover, xy € bip(V,) because P,xn = X[1,m] IS 2
unit vector in V), for each m € N, and consequently W, + Kyy C bip(V},).

Conversely, suppose that x € bip(V,). We claim that the sequence z = ((x fn))n ey
convergent in K. If not, x fails to be a Cauchy sequence, so we can find € > 0 and mtegers
1=N; <Ny <+ <N <Njjqg <--- suchthat|fo fN]+1>|>5foreachjEN
Take keN such that ksp > x|}, p(v;)» and choose m € N such that N, > k. The set

={Npm < Npi1 < -+ < Npii} is then permissible, and therefore we have

m+k—1
2y = (P AP = > [, fry = fg )] = ke > 2l

which is clearly absurd. Thus z is convergent with limit o € K, say.
We now claim that w := o — axy belongs to W,; indeed, w € ¢y by the choice of o, and

[wllw, < [l]lbipev;) (4.6)

because, for each permissible subset A = {n; < mng < --- < ngy1} of N, we have

k
Vp(w>A)p = Z‘ ((SL’, fn3> - Oé) - (<x7fnj+1> - Oé)‘ = Vp(Pnka?A)p < ”ngip(Vp)'

Hence we conclude that © = w + axn € W, + Kxy, and therefore bip(V,) = W, + Kx.
To complete the proof, we note that if € W, in the argument given above, then a = 0,
so that w = x, and therefore (4.5)-(4.6) combine to show that |[wl|w, = [|w||pip(v;) for each
w € W,. In particular, this implies that the subspace W, is closed in bip(V},) because it is
complete with respect to the norm || - ||y, and thus also with respect to || - ||pip(v;). The
subspace Kyy is closed because it is finite-dimensional. O

4.16 Remark. Lemma 4.15 can be rephrased as follows: (bip(V},), || - [[bip(;,)) contains
(Wp, || - HWp) isometrically, and A: (a,)neny +— lim, . a, defines a bounded functional
on bip(V,) whose kernel is W,,.
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4.17 The unrestricted James—Schreier space and the bidual of V,,. For p > 1, we
can summarize our findings in the commutative diagram

K "
C
Vo p

L =T

Wy—— W, & Kxy bip(V;),

where both /’s are the natural inclusions, x is the canonical embedding, and T is the
isometric isomorphism from §2.4. Thus, if we identify the bidual of V,, with bip(V,) via T,
then x = ¢, that is, the canonical embedding of V,, into its bidual becomes the natural
inclusion of V,, into W, ® Kxx.

Finally in this section we take a look at shift operators on the James—Schreier spaces.
We begin with an easy result that characterizes the increasing mappings o: N — N for
which the associated left and right shifts A, and R, (as defined in (3.2)) are bounded as
operators on (cgo, | - [|v;)-

4.18 Proposition. Let p > 1, and let 0: N — N be strictly increasing. Then:
(i) [|Aez|lv, < [|z]lv, for each & € coo, so that A, extends uniquely to a contractive
operator on V), no matter what o is;

(i) the operator R, is bounded on (coo, || - ||v,) if and only if o(N) is cofinite in N.

Proof. (i). Given z € ¢gy and a permissible subset A = {n; < --- < ngy1} of N, we have

k k
I/p(AaZL'7 A)p = ZRAJZL‘) fnj o f?"bj+1>|p - Z|<ZE7 fa(nj) o fU(anrl))‘p
i=1 =t
= vy (2, 0(A))" <z},

where the final inequality follows from the fact that the set 0(A) is permissible (because o
is strictly increasing).

(ii). It is easy to see that R, is bounded if o(N) is cofinite in N.

Conversely, suppose that the set N\ o(N) is infinite, and take a strictly increasing
sequence (m;),en of natural numbers such that o(m;) + 1 ¢ o(N) for each j € N. Then,
for given k € N, we can find n € N such that o(m,) > 2k + 1. This implies that the set
A:={o(m;),o(m;) +1:n < j<n+k} is permissible, and therefore we have

HRUX[lymn+k] Hi)/p 2 VP(RUX[lymn+k]7 A)p = 2k + 1'

Since || xj1,mjllv, = 1, no matter what m € N is, while (2k + 1)% — o0 as k — oo, we
conclude that the operator R, is unbounded on (coo, | - ||Vp). O
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Thus, if we want to right-shift elements of V,, in a non-trivial way, a different approach
which does not introduce ‘gaps’ between coordinates is required. This is the motivation
behind the following definition.

4.19 Definition. Let 0: N — N be strictly increasing. We associate with o the block right
shift

O Za”e" = Zanx(ﬂ(n—l),a(n)]a Coo — Coo, (4.7)
n=1 n=1

with the standing convention that o(0) := 0.

This block right shift is bounded on (cgo, || - [|v,) under exactly the same condition that
the usual right shift is bounded on (coo, || - ||s,) (see Corollary 3.17(ii)), as the following
proposition shows; this result will be important in the study [9] of V,, as a Banach algebra.

4.20 Proposition. Let p > 1, and let 0: N — N be strictly increasing. The block right
shift ©, is bounded on (cu, || - ||v,) if and only if there is a constant K € N such that
o(n) < Kn for each n € N. In the positive case, ©, extends uniquely to a bounded

operator of norm at most Kv on Vp-

Proof. <. Suppose that there is a constant K € N such that o(n) < Kn for each n € N,
and let x € ¢y and a permissible subset A of N be given. Take natural numbers k£ and
my < mg < --+ < my, and non-empty sets Ay, ..., A, with A; C (o(m; — 1),0(m;)] for
each j € {1,...,k} (with the convention that ¢(0) = 0) such that A = U§:1 A Itk=1,
then v,(0,2, A) = 0, whereas for £ > 2, we have

k—1

(@, A = 3 (1@ A3)? + (B0, fruas 4, = finpu)|”) + vp(O, Ap)”
j=1
k—1 k—1
= ZR@O':C? fmaxAj - fminAj+1>|p - Z|<x7 fﬂ’Lj - fmj+1>‘p. (48)
j=1 j=1
The permissibility of A and our assumption on ¢ imply that
k<cardA<1l4+minA<1+o0(m) <1+ Kmy. (4.9)
If this inequality is strict, choose integers miixm, > Mgm, > -+ > myy1, all greater

than my. We can then define B; :== {my, : (j —1)m1 +1 < h < jmy + 1} C N for each
Jj=A{1,..., K}, and this set is permissible because card B; = 14+ m; < 1+ min B;. Hence
we conclude that

K Kmy
Klelt, > 3 (e B = S (0 foy = Fogen) [P = 1€, AV,
j=1 j=1
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where the final inequality follows from (4.8)-(4.9). Taking the supremum over all permis-
1
sible sets A, we obtain K||z[y, > [|©,z]]f, , so that ©, is bounded with norm at most K#.

=. Conversely, suppose that ©, is bounded on (cgo, || - [|v;,), and consider the strictly
increasing mappings v, 7: N — N given by v(n) := 2n + 1 and 7(n) := o(2n — 1) + 1 for
each n € N. We then see that the diagram

R,

(<00, [I - [Is,,) (coo0, I - IIs,)
o Zry
(co0, II - [Iv;) (coo0, I - IIs,)
O, \
(e - ) ———— (o )
is commutative because

=.70,0,%¢,

70 V0,002, = Zr o WO, X(0(2n-1),0(2n)

T,o‘\I/X(QU(Zn—l)+1,20'(2n)+1] - 57,0(60(271—1)—‘,-1 - eo‘(2n)+1>
7,0€7(n) — ET,aeo(2n)+1 = €o(n) — 0= Ro'en (n € N)

(11 [11 [1]

Moreover, the operators ®, ©,, ©,, ¥, and =, , are all bounded with respect to the norms
on their domains and codomains specified in the diagram; this follows from Proposition 4.10
for ® and ¥, from our assumption for ©,, from the implication ‘<’ proved above for ©,
(because y(n) = 2n + 1 < 3n for each n € N), and from Lemma 3.16 for =, , (because
o(n) < o(2n — 1)+ 1 = 7(n) for each n € N). Hence the commutativity of the dia-
gram implies that R, is bounded, and therefore we have o(n) < Kn for each n € N by
Corollary 3.17(ii). O

Recall that the p™ James space J, is not isomorphic to its Cartesian square for any
p > 1, whereas we saw in Corollary 3.19 that the p Schreier space S, is isomorphic to
its Cartesian square for each p > 1. We have not been able to answer the corresponding
question for the James—Schreier spaces, so we state it formally.

4.21 Question. Let p > 1. Is the p™ James-Schreier space V, isomorphic to its Cartesian
square V, ® V,?
5 The James—Schreier spaces are cop-saturated

5.1 Definition. Let X and Y be infinite-dimensional Banach spaces. We say that X is
Y -saturated if each closed, infinite-dimensional subspace of X contains a subspace which
is isomorphic to Y.
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The aim of this section is to prove the following result.

5.2 Theorem. For each p > 1, the p James-Schreier space V), is cy-saturated.

We isolate the key step in the proof of Theorem 5.2 in the following lemma.

5.3 Lemma. Let p > 1. Every block basic sequence of the standard basis for V,, has a
block basic sequence which is equivalent to the standard unit vector basis for cy.

Proof. Suppose that (u,)nen is a block basic sequence of (e,)nen, and choose integers
0=Ly < Ly <Ly <--- such that u, € span{e; : L, < j < L,,} for each n € N. By
induction, we shall construct sequences (M, ),en and (N, )pen of natural numbers with
M; < Ny < My < Ny < --- and a sequence (vp,)nen of unit vectors in V,, such that

1
v, € span{u; : M, < j < N, } and ‘(vml,fk)‘ <Ly, (n,k € N). (5.1)

To start the induction, take My := Ny := 1 and vy := uy/||ui]]v, € V,. Then vy is a
unit vector which satisfies the first part of (5.1) by definition; the second part is void in
this case.

Now let n € N, and assume that natural numbers M; < Ny < --- < M,, < N,, and unit
vectors vy, ..., v, in V, have been chosen in accordance with (5.1).

1
If there is an integer m > N,, such that |(um,, fi)| < Ly” [[tm]lv, for each k € N, then
we can simply take M, 1 := Nypq :=m and vnq1 = U /|[unllv, € Vp.
Otherwise, for each m > N,,, we can find k,, € N such that

1
| (s fion )| > L] It lv,.- (5.2)
In particular, (um,, fr,) # 0, so that
L1 < ko < Lon, (5.3)

and therefore the sequence (ky,)5_y, 4, is strictly increasing. We now choose an integer
K >277(L% —1)+1, we then pick an integer M, > N, such that ky, , > K, and
finally we define N,,.1 == M1 + K —1 > M,.;. These choices ensure that the set
A:=Aky : M1 < m < N,y + 1} is permissible, and consequently we can estimate the
James— Schreler norm of the vector

pas —1)7 (u, fr.)
Z ajuj € V), where Q= (=17 {u, fi) e K, (5.4)
as follows:
Nni1 Nni1 P
lwllf, = wplw, AP = > | > i ((wy, fin) = (U, frnir))
m=Mpy1'j=Mn+1
n+l 1
by (5 3) Z ‘O_/m Um, fk — Om+1 <um+17 fkm+1> ‘p + }O'/Nn-i-l <UNn+17 kan+1 > }p

n+1
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Npg1—1

S (Kum’fm . |<um+1,fkm+1>»>p+ (\<uNnH,kaw>»)p

by (5.4) | A | wm]lv, |1 |y, un, v,
Noa 71 ) 1 (K —1
-1 - —1)+1
> (2Ly") + (Ly')F = PE-D+1 > Ly, (5.5)
by 62 S Ly,

by the choice of K. In particular we have w # 0, so v,11 := w/||w||y, defines a unit vector
in V,, and (5.4) implies that this vector satisfies the first part of (5.1). To verify the second
part, we use the fact that (u;),en is a block basic sequence to obtain

1 )
|<Un+17fk‘>} = Hw”V max{‘aj <ujafk>‘ : Mn—l—l < J < Nn-‘rl}
P
1 2 1 _1
= maX{M My <j < NnH} < <Ly (keN),
[wllv, [[ujllv, [w]lv,

where the final inequality follows from (5.5). Hence the induction continues.

We shall next show that the block basic sequence (v, )nen constructed above is equivalent
to the standard unit vector basis of ¢g; this will clearly complete the proof. To this end,
we consider the linear mapping

U: Zﬁnen = ZﬁnUTH (COO7 H ’ ||CO) - ‘/;7
n=1 n=1

Our aim is to show that U is an isomorphism onto its image, that is, we want to prove
that there are constants C7, Cy > 0 such that
Cillzlley < Uzllv, < Collzlle, (2 € coo)- (5.6)

Given z = > | fne, € oo, take £ € N such that ||z||,, = |F¢|. Then we have

[Zlleo = | Bevellv,
[Py, U2)llv, < | Pry, | U], for £=1| _ SUa]
pu— < x
(Pry, = Poa, JUally, < |IPry, = Pry, [ 1Uslly, for ¢ >2 v

by Lemma 4.3(ii). Hence the first inequality in (5.6) holds with Cy :=1/2.

To prove the second, let a permissible subset A = {n; < ny < -+ < ngy1} of N be
given. Choose h € N minimal such that n; < Ly,, and then take g € {1,...,k + 1}
maximal such that n, < Ly,. If g =k +1, then A C (Ly,_,, Ln,] (with Ny :=01if h =1),
and we have

(U, A)” = v (Bron, AP < (| Bnonlly, = 16ul” < [l]1%,- (5.7)
Otherwise (that is, when g < k) we write
g—1 k
l/p(U:U:A)p = |<U$, fnj - f'ﬂj+1>’p + |<Ux> fng - fng+1>}p +Z |<U$7 fnj - fnj+1>’p:
j=1 j=g+1
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where we ignore the left-hand sum if ¢ = 1 and the right-hand sum if ¢ = k. Application
of the inequality (4.1) to the middle term and the right-hand sum (but not the left-hand
sum) yields

-1

VP(U‘r?A)p g |<U.T,fn] - fnj+1>‘p + 2P—1(|<Ux’ fng>}p + ‘(U'x?fng+1>‘p>

J=1

<

k
+ 2p1< Z |<U5Cv fnj>|p + ‘<U377 fnj+1>|p>

J=g+1
g—1 k+1
<ot (Z|<Ux,fnj — Fup) "+ }<Uw>fng>\p) +20 ) [ L)
=1 J=g+1

We estimate the two terms on the right-hand side of this inequality separately. Firstly, the
set B :={ny <ng <---<ny, < Ly, +1} is permissible because g < k < nq, and therefore
we have

g—1
ZRU‘T?JCR] - fnj+1>}p + ‘(Ul’,f”g>’p = VP(/BhUhaB)p < ||6hvh‘|€/p = |ﬂh|p < ||x||IC)0
=1

Secondly, we observe that

k+1

S W g < =g+ Vsup{ [(U, £} 1> e}
=g+1
T gksup{‘(Ux,fn>|p:n>LNh}

= ksup{ 1551 [{5, f) " s 1> Ly > B} < Rzl (L))" < Dl
because k < n; < Ly, . Hence we conclude that

vp(Uz, AP < 277 |Jzlle, + 27 ||z |l%, = 3 277zl

co)
and this, together with (5.7), shows that the second inequality in (5.6) is satisfied with
Cyi=(3-20"1)p =35 . 2175, O

Proof of Theorem 5.2. Let X be a closed, infinite-dimensional subspace of V,,. By a theorem
of Bessaga and Pelczynski (see [7], or [27, Proposition 1.a.11| for an exposition), X contains
a sequence (T, ),eny Which is equivalent to a block basic sequence (uy)en of the standard
basis for V,. Lemma 5.3 implies that (u,).en has a block basic sequence (vy,)nen which is
equivalent to the standard unit vector basis for ¢y. Since (uy,)nen is equivalent to (z,)nen,
(Un)nen 1s equivalent to a block basic sequence of (z,)nen, say (Yn)nen, and consequently
we have

X Dspan{x,:n €N} Dspan{y, : n € N} @ span{v, : n € N} X ¢,

as desired. O
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5.4 Corollary. For each p > 1, the p™h Schreier space S, is cy-saturated.

Proof. This is immediate from the fact that V,, contains a subspace isomorphic to S, (see
Proposition 4.10). O

5.5 Remark. (i) Corollary 5.4 is known in the case p =1 (e.g., see [15]).

(ii) Proposition 2.3, which is the counterpart of Theorem 5.2 and Corollary 5.4 for
James spaces, appears to be formally stronger as it states that every closed, infinite-
dimensional subspace of J, contains a complemented subspace which is isomorphic
to £,; however, Sobczyk’s Theorem (e.g., see |27, Theorem 2.£.5]) implies that every
subspace of V}, or S, (or any other separable Banach space) which is isomorphic to ¢
is complemented.

(iii) Corollary 5.4 implies that ¢; does not embed in S, for each p > 1. Since (e, )nen is an
unconditional basis for S,, a well-known theorem of James [22| shows that (e, )nen is
shrinking, thus giving an alternative proof of Proposition 3.10 and Corollary 3.12.

5.6 Corollary. For each p > 1, the p'™ unrestricted Schreier space Z, contains a sub-
space which is isomorphic to {; the same is true for the p** unrestricted James-Schreier
space W,

Proof. Since S, contains a subspace which is isomorphic to co, its bidual S contains
a subspace which is isomorphic to ¢j = {; this proves the first clause because Z, = S
by §3.14. The second follows immediately from this because Proposition 4.5 implies that W),

contains a subspace which is isomorphic to Z,. O

5.7 Definition. Two infinite-dimensional Banach spaces X and Y are totally incomparable
if no closed, infinite-dimensional subspace of X is isomorphic to a subspace of Y.

Any two distinct spaces from the family {¢, : 1 <p < oo} U{cp} are totally incompa-
rable, as is well-known (e.g., see |27, p. 54]).

5.8 Lemma. Let X, X5, Yi, and Y5 be infinite-dimensional Banach spaces, and suppose
that X; is Yj-saturated for j = 1,2 and that Y; and Y5 are totally incomparable. Then X;
and X, are totally incomparable.

Proof. Assume towards a contradiction that F is a closed, infinite-dimensional subspace
of X; which is isomorphic to a subspace of X,. Then E contains a subspace F' which is
isomorphic to Y;. Since F' is isomorphic to a subspace of X5, it contains a subspace which
is isomorphic to Ys, contradicting that Y; and Y5 are totally incomparable. a

5.9 Corollary. Let p,q > 1. Then:
(i) £, and S, are totally incomparable;

(ii) ¢, and V, are totally incomparable;
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(iii) J, and S, are totally incomparable;
(iv) J, and V, are totally incomparable.
Proof. We apply Lemma 5.8 with X; := ¢, or X; := J,, Xy := S, or Xy :=V,, and YV} := ¢,
and Y3 := ¢yp. As mentioned above, Y} and Y5 are totally incomparable, while |27, Proposi-

tion 2.a.2|, Proposition 2.3, Corollary 5.4, and Theorem 5.2 imply that X is Y;-saturated
for j =1,2. O

Evidence from other sequence spaces suggests that no two Schreier spaces with distinct
indices should be isomorphic and, likewise, no two James—Schreier spaces with distinct
indices should be isomorphic. We have, unfortunately, been unable to verify any of these
conjectures, so the following question is open.

5.10 Question. Is it true that S, 22 S, and V,, 22 V, whenever 1 < p < g < 00?

Note added in proof. Question 5.10 has been answered in the positive; see [10].

6 The p'" James-Schreier space does not embed in a
Banach space with an unconditional basis for p > 1

The aim of this section is to prove the result stated in the title; in particular, this will
imply that, for p > 1, the p'" James-Schreier space does not embed in any of the Schreier
spaces.

Our proof relies on the following technical notion which was originally introduced by
Petcezyniski [32] who, motivated by work of Orlicz, was studying the relationship between
weak completeness and weak unconditional convergence of series in Banach spaces.

6.1 Definition. A Banach space X has Petczyriski’s property (u) if, for every weak Cauchy
sequence (T, )nen in X, there is a sequence (Y, )nen in X such that

Z!(yn,f>|<oo and <xn—2yj,f>—>0 as m — oo (feX"). (6.1)
n=1 j=1

The reason that this notion is relevant for our purposes is immediately explained by
parts (i) and (ii) of the following result, which was stated in [32].

6.2 Theorem. (Petczyriski.)
(i) Every Banach space with an unconditional basis has Pelczyniski’s property (u).

(ii) Every closed subspace of a Banach space with Pelczyniski’s property (u) has Pelczyii-
ski’s property (u).

(iii) The James space Jy does not have Pelczyriski’s property (u).
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Detailed proofs of all three parts of Theorem 6.2 are given in [1, Section 3.5]. A more
general statement than Theorem 6.2(i) can be found in |28, Proposition 1.c.2|, namely:
every order continuous Banach lattice has Petczynski’s property (u).

We can now state the main result of this section, which is the counterpart of Theo-
rem 6.2(iii) for James-Schreier spaces.

6.3 Theorem. For eachp > 1, the p™" James-Schreier space V,, does not have Pelczytiski’s
property (u).

The proof of Theorem 6.3 goes via two lemmas. The first is easy, so we omit its proof.

6.4 Lemma. Let X be a Banach space with a shrinking basis (b, )nen, and let (b )men
be the associated biorthogonal functionals. A sequence (x,)nen in X is a weak Cauchy
sequence if and only if (x,)nen is bounded and the sequence ((xn, b’m)) y converges for
each m € N.

ne

6.5 Lemma. Let p > 1, and suppose that (y,)nen is a sequence in V,, such that

<X[l,n] - Zijfm> —0 as n— oo (m € N) (62)

j=1
Then the series Zle}@n, f)‘ diverges for some f € V.

Before we engage with the proof of Lemma 6.5, let us see how these two lemmas combine
to establish our main result.

Proof of Theorem 6.3. Assume towards a contradiction that V,, has Petczyiski’s prop-
erty (u), and let x, := xn for each n € N. Since p > 1, the standard basis for V, is
shrinking, so Lemma 6.4 implies that (z,),en is a weak Cauchy sequence in V,,. Then, by
assumption, we can choose a sequence (Y, )nen in V, which satisfies (6.1). This, however,
contradicts Lemma 6.5. O

6.6 Remark. Our proof of Theorem 6.3, like that of Theorem 6.2(iii) given in [1], starts
by taking x,, := X[1,,) and then proceeds by arguing that there is no sequence (y,,)neny Which
satisfies (6.1). This follows quite easily for J, from general structure theorems because no
subspace of J, is isomorphic to ¢y. As we saw in Section 5, this is no longer true for V),
and so a different and, as it turns out, more delicate, argument is required.

The following family of functionals will play a key role in the proof of Lemma 6.5.

6.7 Definition. Given a strictly increasing mapping o: N — N, we associate with it the
alternating harmonic functional

T Z (_1)n<x, fom)), oo — K. (6.3)
n=1

n
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As one might guess, our interest in £, stems from the fact that it extends to a bounded
functional on V,,. This can be conveniently proved using the following lemma which, roughly
speaking, states that in order to establish the boundedness of a functional on V,, it suf-
fices to consider its action on finite, positive vectors. To make this statement precise, we
introduce the notation cg, for the positive cone of ¢y, that is,

n
Co = {Zajej neN, a,...,aq, € [0,00)}.

Jj=1

6.8 Lemma. Let p > 1, let f be a functional on 0007 and suppose that there is a constant
C' > 0 such that |( | z, f) ’ C||z||y, for each x € cdo- Then f extends uniquely to a bounded
functional on V,, and the extension has norm at most 4C.

Proof. Given x € cqp, let 2 := (max{Re(z, f,), O})neN € cgp- Then, for each permissible
subset A = {n; < mng < --- < ngy1} of N, we have

k k
|l’|| Z‘ T fnj fnj+1 Z|R‘e z fnj Re<x7fnj+1>‘p
k
> Z‘max{Re(ac, fu;), 0} — max{Re(z, f,,,,), 0}" = v,(z+, AP, (6.4)

where the final inequality is an immediate consequence of the elementary estimate

la — B| > |max{a, 0} — max{3,0}| (a, B € R).

Taking the supremum over all permissible sets A in (6.4), we obtain [|z[|y, > ||z ||y, .
Now define 2= := (—z)T, 2’7 := (—iz)", and z'~ := (iz)T. (Strictly speaking, the

latter two definitions make sense only if the scalar field is C; if K = R, let 2'* := 0, no

matter what z is.) Then we have z = 7 — 2~ +i(z't —2'7), where 2%, 2™ € ¢J;, and each

of them has James-Schreier norm at most ||z||y, by the first part of the proof. Thus the
assumption on f implies that

(2, O] < [, O]+ [ O+ [ 0]+ [, 0] < 4C12lly,,
and the result follows from the density of cgo in V. O

6.9 Lemma. For each p > 1 and each strictly increasing mapping o: N — N, the func-
tional &, given by (6.3) extends uniquely to a bounded functional on V, of norm at most

425 (25 — 1)~

Proof. We begin with an elementary observation for later reference:

n n 1
> oyl <n1‘;(Z\ajlp) (neN, ai,..., o, €K); (6.5)
j=1 j=1
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indeed, this inequality is trivial for p = 1, whereas for p > 1, application of Holder’s
inequality to the n-tuples (1,1,...,1) and (g, s, ..., a,) gives the required estimate. We
note in passing that (4.1) is a special case of (6.5) corresponding to n = 2.

For each m € N, let A,, := NN [2™ — 1,2™"! — 2]: this is a permissible set because
card A,,, = 2™ = min A,, + 1, and therefore, as o is increasing, o(A,,) is also permissible.
Now, for given z € ¢, choose N € N such that (z, f,»)) = 0 whenever n > 2(2V — 1).
Then we have

2(2N -1) 2N _1
_1 n yJolin— yJo(4n
)= 5 Sl f) = 3 (g e} g
n=1 n=1

which is real because x € cgy; the following estimates yield an upper bound:

2N —1 N om_1
<x7.fo n _fo' n— > <x7fa n— _fa n>
n6) < Y 2 )2n (2n-1) <Z( 3 | @ 217>n (2n) \)

n=1 m=1 “p=2m—1
N 1 om+1__ 3
Z om D 1@ foty = Fotiam)|
j=2m-1
N 2m+1 3 1
(2 - 1) ( p) P
S T om Ty Jo(i) — Jo(j
by(\6.5)mz:1 2m '_; 1|< fot) = fot+1))]
N 11 N
2m —1
- Z %Vp Z (2m) 7w ||x|| “93||Vp
m=1 2 m=1 2P —1

by summation of the geometric progression.
On the other hand, pairing up neighbouring terms differently in (6.6), we obtain a lower
bound:

2N 1

fo’ 2n <ZL‘, f0(2n+1)>
<$7€o> - I fa(l) + Z ( om+ 1
oN —1 1
fa 2n) fa 2n 1> 2PH$HV
—”fL'HVp + Z ( +1) > — Ql 1p’

where the final inequality follows from estimates very similar to those used in the calculation
above. .

Combining the upper and lower bound, we obtain ‘(x,50>| < 28 (20 — 1) M|z, for
each = € cdy, and hence Lemma 6.8 gives the result. O

6.10 Remark. It would suffice to prove Lemma 6.9 for o = ¢ (the identity mapping on N)
because &, = A&, where A, is the left shift defined in (3.2). The proof of the boundedness
of £, is not, however, significantly simpler than the general proof given above.
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We are now ready to prove Lemma 6.5.

Proof of Lemma 6.5. We split in two cases. Suppose first that, for some £ € N and € > 0,
we have Z;’inRyj, fr)| > € for each n € N. Then the series Z;’;l‘@ja )| diverges, so in
this case we can simply take f := f, € V.

Otherwise, for each k € N and £ > 0, we can find n € N such that

Z‘(yjafm <e. (6.7)

In this case our strategy is to construct a strictly increasing mapping o: N — N such that
the series > 7 | ! (Yn, §J>‘ diverges. Fix a summable, decreasing sequence (&,,)men in (0, 00).
By induction, we choose integers 0 < Ny < 0(0) < Ny < o(1) < --- such that the following
three conditions are satisfied:

Z(yja fa(m—1)> >1- Em (m € Na n .z Nm)? (68)
j=1
HU%—PME:% <ém (meN, k>ao(m)—1, AC[1,N,]NN);  (6.9)
JEA Vo
> ke,
Z (w5, for))| < — (m=>2,1<k<m). (6.10)
J=Nm+1

To start the induction, we observe that (6.8)—(6.10) are vacuous for m = 0, so we can
simply take Ny := 0 and o(0) := 1. Now let £ € N, and assume inductively that integers
0< Ny <o(0) <Ny <o(l) <+ <Ny <o(f—1) have been chosen such that (6.8)—
(6.10) are satisfied for each m < ¢ — 1. For n > o(¢ — 1), our assumption (6.2) implies
that

1_Z<y]7f0'(f 1) <X[1n Zy]afa(f 1 >_>0 as n — oo,
j=1
so we can find N, > o(¢ — 1) such that (6.8) is satisfied for m = ¢ and each n > Nj. In the
case where ¢ > 2, ¢ — 1 applications of (6.7) yield a number N; € N such that

o0
k‘&g

> M few)| <57 (ke {l..0-1}).

J=N;+1

Thus (6.8) and (6.10) will both be satisfied for each m < ¢ provided that we define

v N =1,
£ max{N;, N/} otherwise.

Since there are only finitely many subsets of [1, N,]NN, and ||(Iy, — Py)z||y, — 0 as k — oo
for each = € V], because (e,,)nen is a basis for V,, we can find o(¢) > N, such that (6.9) is
satisfied for m = ¢, and hence the induction continues.
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Now let z,, := Zjv’"ﬁlﬂ y; € V, for each m € N; we then have

oo oo N1
Y um &) =D | D (&) Z\ Zmy €Y. (6.11)
m=1 m=1'j=Np,+1

Seeking a lower bound for the right-hand side of this inequality, we observe that
‘(Zma €a>’ 2 ’(Pa(erl)lema €a>| - ’(([Vp - Pa(erl)fl)Zma §a>|

— (=1)*
> |32 5 Brnsazms fooh| = e |05, = Py )2l
k=1
— (=1)*
> Z L <zm7f0(k)> _|‘£UHVZ;€m+1
k=1
<Zm’f‘7 — m7fak
g [ Lons o] — 1€ [lv; Emea (6.12)
k=1

for each m € N, where the penultimate inequality follows from (6.9) and the fact that
(met1 1 otk = fot ik <m
olm+1)= 0 otherwise.

If m = 1, we can ignore the second term on the right-hand side of (6.12). Otherwise it has
the following upper bound

m—1 m—1 Nm41 m—1
‘ Zmafo ‘ & ‘<yj7fcr(k)>| ke, o
k=1 k=1 j=Np+1 k=1

by (6.10). We find a lower bound for the first term on the right-hand side of (6.12) by
writing z,, = ZN’”“ Y — Z;V:”i y; and using the fact that P my—1Jo(m) =

Nm+1

Nm+1

‘(Zmafo'(m)” = Z yj>fo‘m) <Zy]7 [Vp )fom)>‘
> i Sotm)

j=1
(IVP a(m Z y]
j=1

>1—epi1—€Em (6.14)
by (6.8), (6.9), and Lemma 4.3(i). Substituting (6.13) and (6.14) into (6.12), we obtain

V

— | fowmllvy

l—¢emi1 —em 1
|<zm750>| 2 m —E&m — ||§O‘||VP/ Em+1 > E - (3 + ||€U||Vp’)€m'

Since the harmonic series diverges, whereas the series >~ e, converges, we conclude
that the series Yo7 |(2m, &) | diverges, and therefore, by (6 11) the same is true for the

series y *°_, ‘ (Y € O
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