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Painlevé’s first equation —q’/ = 6¢2 + 2z arises in string theory; let g be the
monotone solution for x > 0 as constructed by Slemrod. For suitable 2 x 2 real
matrices with zero trace, we introduce the differential equation

%\Il = (TeA? + Ty A + To) ¥, which generalises Airy’s equation, then form the Lax

1
pair of this with d%\l! = [ 1>\0_ g 0 } V. By analogy with the Airy kernel, we
2
introduce a kernel K from the solutions of %\IJ = (TeX? + T4\ +Tp)¥; so K is an

integrable operator of Tracy—Widom type. We introduce an energy matrix £ and
suppose that there exists a solution ¥ of bounded energy. We prove that K can be
factorised as K (&,n) = [;7(®(£ + w), c®(n + w)) dw for some constant signature
matrix o. We follow a similar procedure for a Lax pair associated with Painlevé’s
second transcendental equation.
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1. Introduction

The string equation arises in Hermitian matrix models of 2D quantum gravity, as
considered by Douglas [6]. One can consider the Schrédinger equation

2

ST )+ 20(@) (6 7) = A(E,2) (1)

where £ undergoes an evolution. With ¢g(&, z) = % f(&, x), Tracy & Widom observed
[14] that the kernel

f(fax)g(nvx) — f(’lvx)g(fvl")
T (1.2)

is analogous to kernels that arise in random matrix theory. For example, the differ-
ential equation

K(&n) =

2

Oz

f(s,2) +af(s,x) = =sf(s,x) (1.3)

arises when one considers the soft edge of the eigenvalue distribution of Hermitian
matrices with Gaussian random entries.
The Airy function

i(t) = = iteredss 46
Ai(t) /_ K e (1.4)

satisfies the equation Ai”(t) = tAi(t) and Ai(t) =< ir~1/2¢t~1/4exp(—2/3t3/?) as
t — o0 [9]. McLeod and Hastings ([9], theorem 1 (iii)) proved that there exists a
unique solution y(t) to the Painlevé II equation

(1) = 290 + ty(t) — 5~ 6 (15)
such that
y(t) = kAi(D) (1.6)

for some k > 0 as t — 0.
Tracy & Widom considered the integral operator on L?(0,00) that has solution
f(s,z) = Ai(s + x) and analysed the kernel

Ai(s + x)Ai'(t + x) — Ai(t + 2)Ai' (s + o)

1.7
1= 7 (17)
making essential use of the fundamental identity
Ai(fz+s,y+1t) = / Ai(z + s+ uw)Ai(y + t + u) du. (1.8)
0

In this paper we prove an analogous result.
2 3
Let L = 25 +2¢(z) and P = 25432 + 2¢ be the linear differential operators
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that are associated with the Schrodinger and Korteweg-de Vries equations. Then
the string equation

L, P]=1 (1.9)
reduces to a form of the Painlevé I equation
" o__ 2
—q =6q" +2zx+c (1.10)

(as in [13], p50) with 2¢ the potential of the Schrédinger equation (1.1) and ¢ a
constant. We assume without loss that ¢ = 0.

Let
T =T\ +T\+Tp, (1.11)

where

. [ —z 4q
TO__qZ—%x p }, (1.12)
[0 4
T = 4 0 ] , (1.13)
0 0

T = 10 } (1.14)

and z(x) and g(z) are real differentiable functions; note that all the matrices have
trace zero.

Let S = | 4 0 2 and ¥ = ! . We begin by introducing the Lax
5A—q 0 g
pair
0
— U =5V 1.15
5 (1.15)
and
i\I/ =-TV (1.16)
Y= . .

There are various linearizations of the Painlevé equations by Lax pairs [10, 11].
Here we use the Lax pair of Jimbo et al [10] which has the advantage of requiring
only 2 x 2 matrices.

Lemma 1.1. If q satisfies Py, then

or 9S8
87‘1'5 = [S,T] (1.17)

and the differential equations are compatible.
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Lemma 1.2. (Slemrod [13]) There exists a solution of (1.10) such that

1. s — q(—s) is monotone decreasing

2. q(—s) =< —%\/g as s — 0o

3. —%\/E— 1s73/4 < g(—s) < —%\/5

4. A+ %\/5<)\—2q(s) <)\+%\/§+8_3/4.

Proof. See Slemrod’s paper [13].

The choice of sign is due to scaling transformations carried out on the Painlevé I
equation, made to enable us to work with solutions defined on the positive rather
than the negative axis, as this is more natural.

We make further scaling transformations to allow us to use P; in the form of
(1.10); we introduce

Qs) = %q( _ 12%/5) (1.18)
which satisfies P; in the form
—Q'=Q%—s (1.19)
O
Setting A% = w gives
2%\1/ = (\/ET2 YT+ %To)\p. (1.20)

Making the transformation of variables A2 = w to get from (1.11) to (1.20)
preserves operator monotonicity. Whereas A — A2 is not operator monotone in-

creasing, w — /w and w —— —ﬁ are both operator monotone increasing on

(0, 00); the relevance of this was observed in [2].
For a solution ¥ of (1.20) take the energy

- <[ 1 0
- 4
0 Vw—q

U(w), \I/(w)> (w > 0) (1.21)

and let
CAIGR IO
K(&n) = B €#n) (1.22)
for the matrix
J:[? _01 } (1.23)

the kernel analogous to Tracy & Widom’s kernel.

In many significant examples of kernels in random matrix theory one has a fac-
torisation formula for K as in (1.8) and (1.24) below. This enables one to use
methods from the theory of linear systems to analyse K as in [1, 2].

The main result of this paper is the factorisation theorem, analogous to (1.8).
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Theorem 1.3. Suppose that U is a solution of (1.24) such that E is bounded. Let o
be a constant diagonal matriz with diagonal entries + 1. Then there exists a Hilbert
space H and @ : (0,00) — H such that

K(&n) = /Ooo<q>(5+w),acp(n+w)>dw. (1.24)

The remainder of the paper is arranged as follows. In §2 we recall basic identities
concerning Pick functions which we require in the proof of the factorisation theo-
rem. In §3 we state bounds on solutions of (1.20). In §4 we prove the main result.
Boutroux [3] identified a solution of P; which is asymptotic to the Weierstrass el-
liptic function. This requires a different kind of analysis to that contained within
this paper.

In §5 we prove an analogue to theorem 1.3 but for kernels associated with
Painlevé’s second equation. The Pj; equation can be expressed as the consistency
condition for the Lax pair

Ffa s o[y e AL e

(3 ][y S e

as considered by Harnad et al. [8] and stated in [11]. We obtain a similar factorisa-
tion to theorem 1.3.

Whereas Jimbo et al. [11] compute 2 x 2 Lax pairs for all the Painlevé transcen-
dental equations P; — Py, we have not yet obtained a factorisation theorem for
Py since this involves both A and A~2.

2. Matrices in the differential equation

In this section we make some basic definitions. Let \/w = exp (3 logw) where we
take the logarithm that has the principal branch of the argument. We consider

T(U)) = ;(\/ETQ + T1 + \/]-’ETO> . (21)

From the theory of Pick functions, we know

\/E_/Ooo\{l?(t_l t )dt (2.2)

w o 2+1

for Re w > 0. See [5] for a general theory of such representations.
The following lemmas are elementary.
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Lemma 2.1. For any w such that Re w > 0,

1.

1 1/°° 1 du
Vw 7w fy wtuu’

/o wrowrn T ety @4

For the remainder of the paper we work with functions and vectors that have
real values.

Definition 1. The rank of a finite n X m matrix B is the dimension of the image
of B on R™. The signature of an n x n real symmetric matrix is the number of
positive eigenvalues minus the number of negative eigenvalues.

Lemma 2.2. 1. The matrices J1y, J11 and JT5 are all real symmetric.

2. For large positive s, and q(—s) as in lemma 1.2(2)
(i) JTo has rank 2 and signature 0,
(i) JT1 has rank 2 and signature 0,
(iii) JTy has rank 1 and signature -1.

Proof. The proof of lemma 2.2 is by direct calculation from lemma 1.2(3). O

Remark 2.3. If we introduce a new variable w and calculate det(wl—T') we obtain
the equation

det(wl — T) = w? — 2% — 4\> — 4¢® + 2z + 2qz. (2.5)
The characteristic equation det(wl — T') = 0 reduces to
w? = 22 + 403 + 4¢3 — 202 — 2qu. (2.6)

The spectral curve given by (2.6) defines an elliptic curve in (w, A).

3. Transforming The Differential Equation

First we observe that for suitable choices of the constants, (2.1) reduces to a form
of Bessel’s equation.

Definition 2. The Hankel functions HS"(z) and HS(2) (see [7], 8.494 (10), p
922) are Bessel functions of the third kind defined by

_ J_,(2) —e V™, (2)

"D
v (2) isin(vm)

and

J_u(2) —e "™, (2)

—isin(vm)

H®(z) =

v

; (3.2)
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where

o _1)m . 2m—+v
B =2 m'F((m+)+1)<2> 3.3)

m=0
is the Bessel function of the first kind of order v.

In the case given by ¢ = 0 we can write down an explicit solution given by Bessel’s
equation, demonstrating that for certain choices of ¢ there exist bounded solutions
to (2.1).

0 2
Jo 0

Remark 3.1. 1. The differential equation %llf = { ] U has gen-

N|=

eral solution ¥ = [ 5, } where

y(w) = w'/? <a2H52> ( — \fuﬁ/‘*) +a HY ( — \fuﬁ/‘*)) (3.4)

2

= and constants a1 and as.

forv =

2. For some particular values of the constants,

y(w) < w8 cos §w5/4(1 +o(1)) asw — oc. (3.5)

3. For any solution of y" = —5+/wy,

Y (3.6)

s decreasing with increasing w, so y is bounded.
Now we return to the general case of (2.1).
Lemma 3.2. 1. Let ¥ be a solution of

4
dw

e <[ 1 0
- 4
0 Vw—q

Then for w > 1 there exists C(q, z, s) such that

W(w) = ;<ﬁ@ T+ 5%)\1/(@0) (3.7)

forw > 1 and let

U(w), \Il(w)> (3.8)

2
log E(w) < 5C(q, 2, 5)w”! + Ci(g, 2,9) (3.9)

where C1(q, 2z, 8) = fgC’(q, 2, s)wg’/4 + log E(wy).
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2. For suitable q,z and s, (3.9) holds with C(q,z,s) =0, so E is bounded.

Proof. After some reduction of £ we find, using (1.20), that

dE 2 —z(Vw —q) 4qyw —2s w). T (w
dw§<(\/ﬁ—q)\/@{ PV R LR T )>

C(q,z,8) 1 0
S 1/4 O 4
w Vw—q

U(w), \Il(w)> (3.10)

for some constant C(q, z,s). We obtain a suitable C' by simultaneously reducing
the quadratic forms to diagonal forms by Lagrange’s method. O

4. Factorisation Theorem

Let ¥ be a solution as in lemma 3.2(2) and

CAIGRION
K(&n) = B (4.1)

As (&) and ¥(n) both have real entries we use a real inner product. Moreover,
we have <J\I'(§), \I'(§)> =0, so K is an integrable operator in the style of [14].

Theorem 4.1. Suppose that ¥ is a solution of (1.20) such that E is bounded. Then
there exists a Hilbert space H and ® : (0,00) — H such that

¢
K(&m) = lim ; (@(§ +w), 0®(n +w)) dw. (42)
Proof. By lemma 3.2 a solution
| T
ve[ 7] 0

Let

o= { _OI” I?n ] (4.4)
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Consider

s o TV (¢ +(JU(¢
(2+2) T2 ZE
<JT &), () + (Jw(),
n—¢§
(U + T )P, V()
n—=_§
<”T2‘WT2 <§>,@<n>>
" <"T;jZT1\I/<5>»I/<n>>
JTy _ JTo
+<C7 S, \I'(n)>,

where we have used lemma 2.2(1).
The first term involves

JTg\/E+T§J\/ﬁ _ T (\/E— \/7])
2(n — €) L 2(n-¢)
JT, Vuw
Wl et
further the second term vanishes

JTy +TPJ =0

and by lemma 2.1(2), the final term gives

JTO e dw
21 Jo  (E+w)(n+w)yw’

(4.5)
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Thus

(885 + %)K(S,n)
- (3 /ooo T T )

A e e LR T

=%/ (§+w)((;w+w)\/m<JTo‘I’(§)v‘I’(77)>

- % /000 %<JTQ‘II(€% ‘I’(TI)>

where —JTy > 0 and JTy > 0.

Now
1 [ dw
— JTov (&), ¥
=y T e )
is bounded. Indeed, by lemma 3.2(2)

(0@, 90| < (e €75+ 277,

/°° Vwdw _ v
o E+wn+w) VE+m

by lemma 2.2, we therefore have

1 [ Vwdw
n ) e e v)
<\/gi\/ﬁ(c+£l/8)(6+n”8)-
Thus , ,
&8 + C
K A B Y R
) < E—
and hence

K(6m) — 0 as &n— oc.
Define the Hilbert spaces

Hy = L* ((0,00); \%)

and
Hy = L*((0, 00); Vw dw);

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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we consider w as the variable of integration and £ and 7 as parameters. For each &
we introduce ¢ ¢(w) € Ho and ¢2¢(w) € Hy by the common formulae

bo.c(w) = L (4.18)

+w
1
P2.e(w) = s (4.19)

Then ¢g¢(w) € Hy for each & and ¢g ¢ : (0,00) — Hp. Similarly for ¢g¢; we
have ¢9 ¢(w) € Hs for each £ and ¢o ¢ : (0,00) — Hs. Then

0.6 (w) 111, = ( / b M)/
C

< & (4.20)
and
w = ———dw
fo2elln, = ([ L mzaw)
c
< R (4.21)
As JTp has rank 2 and signature 0, we can write
—JTy = B [ (1) _01 } By (4.22)

for some 2 x 2 real symmetric matrix By. Let H = (Hy ® R?) @ (Hy ® R?) and
®: (0,00) — H be

o) © Bow (e
YO e | g |we

all components of which have real entries. Thus

o 0
(85 + 877>K(£,n)
= —(¢o.¢, bo.y)(—oBoP(E), Bo¥ (1))

@es(| o | w0 0 o)

:_<q>(g),{‘01 ? }@(n)>, (4.24)

For each ¢ > 0, we have

, (4.23)

¢
K(6n) — K(E+Cn+0) = / (B(E +w), 0@ (1 + w)) duw. (4.25)
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Indeed
0 0
<a§ + 677> (K(€n) — K(E+Cn+0))
= (&), B () + (B(€ + ), 0B (5 + C))
o 0 ¢
_ (ag ; 877) | @ w000+ w) au (4.26)

K(&n) - KE+Gn+Q)

¢
:/0 (B(E + w), o®(n + w)) dw + Re (€ — 1) (4.27)

where K(6,n) — 0 as &7 — o0 and JS(B(€ +w),ad(y + w)) dw — 0 as
&,m — o0; hence R¢ (€ —n) =0 and

¢
K(6m) — K(E+Cn+0) = / (B(E + w), 0B(n + w)) duw. (4.28)

Since K(§+¢,n+¢) — 0 as { — oo, we deduce that

¢
K(€m) = tim | (@( -+ w), o0+ w) du (4.29)

O

Remark 4.2. Peller [12] has considered the singular numbers of Hankel operators
with kernel ®(z + y).

5. Linearization of the Painlevé II equation

In this section we repeat the method of proof of §4 for the Painlevé II equation.
Here the analysis is simpler, as there are no square roots involved.
We introduce the matrices

0 1

=1y, } (5.1)
r _ o 2

A= | Y TEFWED } (5.2)
L 2 Y
0 0

w=| 5 ] (5.3)

which have zero trace, and let

1
Alp) =z + A+ - Ag (5.4)
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(analogous to (1.20). Suppose that y satisfies the Pr; equation

. 1
Y =2 + ty — 50 (5.5)
Then we have a Lax pair
aw 1
E = (,uAQ + Ay + Z;LAO)W (5.6)
aw 0 1 -y 0
i (Lo o [y ) 6

Direct calculation shows that the compatibility condition holds, as in lemma 1.1,
when we take

1
z=—y —y* - ot (5.8)

Observe that when z = § = y = t = 0, the equation (5.5) reduces to Airy’s
equation

‘ZVMV:[ ’é }W. (5.9)

Remark 5.1. If y is the solution (1.6) of Pr; then z < 0.

N O

Lemma 5.2. Let a € N. Then there exists a unique rational solution y of Prr and
z < 0 for all sufficiently large t.

Proof. By theorem 5.2 ([4], p348), there exist monic polynomials @, of degree
3n(n + 1) such that y,, gives a solution of (5.5):

2[4
n1(2) _ Qn(2)

= . 5.10
Qni(z) Qula) (5:10)
Let a,, be the largest real root of Q,,_1Q,. Then for t > a,,,
1
Yn = O(t) as t — 00. (5.11)
Now
2 2
J = n1(2)  Qu(z) [ @Quoa(z) N Qn(2)
" anl(z> Qn(z) anl Qn
= <t12) as t — o0. (5.12)
It follows that
1
a2
Z=—y Y 215
<0 (5.13)

for suitably large t. O
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We now prove an analogue of theorem 4.1. Let

(Iw(©). W)

K(&n) = £

(5.14)

Theorem 5.3. Suppose that there exists an L? solution W of (5.6) and let K be

the corresponding kernel. Let y be either
1. the solution (1.6) of Prr such that y(t) < Ai(t) ast — oo or
2. a rational solution of Pry.

Then
K(€n) = /OOO (AW (E+9).W (1 +5) ) ds

_Awwhwfgﬁﬁﬁquﬁ.

Proof. Consider

(2.2) (W@ W) _ (A + AW HWE. W)

o) en =

As in the proof of theorem 4.1, we can write

T+ AsTn _
E—n ?
JA; + ALJ
T
§—n
el Ao+ AvT5;  JA
E—n &n
So for large £ and n
a  d _ J Ao
((% + 877>K(§,77) = <JA2W(§), W(n)> - <HW(§),W(W)>~

We assume that W is square integrable; thus we can consider

L&) = - JAW (E+5),W(n+s))ds
IS )

- [T A EE I g

Then

0 0
(85 + 817) (K(faﬁ) - L(fﬂ?)) =0.

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)
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Now

K(&n) — L(&,n) = R(§ —n) (5.23)

for some function R.

But K(¢,7) — 0 and L(§,n) — 0 as £,7 — oo. Thus

R(£—n) =0. (5.24)

The statement follows.
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