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COMMENTS

Comments are short papers which criticize or correct papers of other authors previously publishedRhytsieal Review. Each
Comment should state clearly to which paper it refers and must be accompanied by a brief abstract. The same publication schedule as
for regular articles is followed, and page proofs are sent to authors.

Comment on “Nonlinear resonance and chaos in the relativistic phase space
for driven nonlinear systems”

D. G. Luchinsky, P. V. E. McClintock, S. M. Soskinand N. D. Stein
School of Physics and Chemistry, Lancaster University, Lancaster, LA1 4YB, United Kingdom

A. B. Neiman
Department of Physics, Saratov State University, Saratov, Russia
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Kim and Lee[Phys. Rev. E52, 473 (1995] report relativity-induced resonances in periodically driven
oscillators. We comment that zero-dispersion nonlinear reson@meR) will occur in some of the systems
considered, outline the physical origins of the ZDNR, and propose an explanation of a discrepancy noted by
Kim and Lee between their theoretical and numerical values of the energy at the stationary stable points of
Poincaresections.

PACS numbds): 05.45+b, 03.20:+i

In a recent papefrl], Kim and Lee have reported some can be seen from Fig.(l). Besides this, for trajectories
very interesting phenomena in the relativistic dynamics oftrapped in nonlinear resonance, the difference of the limiting
periodically driven oscillators. They pointed out that the de-values between which the slow phasagle oscillates ap-
pendence on energf of a frequency of eigenoscillation proaches 2zr in the case of NR, as seen in Fig(al For
Q(E) could acquire a local maximum at high energies—aZDNR, on the other hand, this difference is small&ig.
purely relativistic effect—leading to the appearance of reso1(b)] and tends to zero &5, grows. Apart from differences
nances that were absent in the nonrelativistic description. W& their pure dynamics, the distinctions between ZDNR and
should like to comment that while the simple resonance\R can be manifested very strongly in the presence of fluc-
analysis of[1] provides a good approximation under most tUations[4].

conditions, it fails when the dispersia)(E)/dE is very d Altcfjwoq?hh tf|1e a_nallysis ?nd di_scus_sié)n[tﬁf—S] :Neret:]nttro-
small, e.g., close to an extremum {R(E), such as the uced with classical systems in mind, it I1s clear that zero-

relativity-induced maximum reported []. dispersion phenomena including ZDNR also occur for some

An approach applicable to the case of very small disper—Of the relativistic systems considered[it]. The phenomena

. can be described in terms of slow variables, actioand
sion has, however, recently been develof@dIt has led to ~ . I
. e . . : hasey, that average over the high-frequency oscillations
the identification of zero-dispersion nonlinear resonanc

) {6]; the term proportional to the first power of the amplitude
(ZDNR) and related phenomena that occur in the close vi- ] proport Irst pow 2Mpit

cinity of extrema inQQ(E). ZDNR differs in several impor- of the d_rlvmg force is retaln_ed in the EXpression foor For
. . the periodn resonance, using the notation [f] [energy
tant respect$2-5] from conventional nonlinear resonance

(NR), including in the topology of its phase space, and it canE’ action | =1(E), driving force frequency and amplitude

occur even when the analysis used 19 would not predict t‘:;f??g':[oz;;a spectively, the dynamical equations can be writ-
any resonances at di]. '

An illustration of the topological change that occurs at the _ PV ;
ZDNR-NR transition for the driven double-well Duffing os- |=——, y=—, H=nE—wl+nFyq,cody), (1)
cillator of [1] is shown in Fig. 1. compare Fig(d), which P al
reproduces in more detail Fig(a& of [1], with Fig. 1(b), o ] ) ]
which corresponds to the same frequency but with a largewhere theq, are coefficients in the Fourier expansion of
driving force amplitude. In the NR stagéig. 1(@)], the d=0d(E,¥) =2 _,an(E)cosny). Stationary solutiong/
separatrix of the left resonance lies inside the separatrix ofan be either stable or unstable and can be of two types: with
the right one, whereas it is the other way round for ZDNR, asfs=0 or yg=. The stationary energieBg are derived

from

* Permanent address: Institute of Semiconductor Physics, Ukrai- 1— L = % @)
nian National Academy of Sciences, Kiev, Ukraine. nQ ~— °dE’

1063-651X/96/584)/42402)/$10.00 53 4240 © 1996 The American Physical Society



COMMENTS

200

15.0

10.0

5.0 +

-10.0

-150 |

0.03

4241

002\

001

—-0.01

-0.02

00,5 -35 15 05

] - ‘ L
25 45

25.0

200

15.0 |

40

60

80

2
E — mc¢

FIG. 2. Quantities + w/Q (full line) and =Fy(dg,/dE)
(dashed linesplotted as functions of enerdy for the same param-
eters as in Fig. (b). Their intersections, corresponding to stable and

unstable stationary solutions () in the range of large energies,

100 L are labeleds1,S2 andU1,U2, respectively.

T occurs[5] when theH values at the saddle points become
equal to each other. If the resonances lie close enough to the
local maximum ofQ)(E), where a parabolic approximation

is valid, the value of at which the ZDNR-NR transition
occurs(cf. [5]) is

£ 1 ( SHQ(Em) )1/2(1 ® )3/2
0" 39,(Em) | [d?Q(E,)/dEZ) nQ(E,|

55 YT 05 ET I (3)

q

FIG. 1. Poincaresections for the driven double-well Duffing whereE,, is the energy of the maximum @& (E). For the
oscillator considered ifil]: (a) for the same parameters as Figh)2 parameter values of Fig. 1, the transition occurs at
of [1], with F=0.1, and(b) with F,=0.3. The separatrices, sepa- F,=0.19. Note also that the stable points do not coincide
rating nonlinear resonancegions for which the energy oscillates with exact resonances, i.e., with intersections of the full
in a narrow band about the resonant energy and the phase oscillatggrye with the horizontal zero level in Fig. 2. This probably
within finite limits) from other regions of the phase space, are in-5ccounts for the discrepancy of up to 20% reportedlih
dicated by larger dotéthe gaps are due to a finite integration ime  patween the theoretical and numerical values of the energy at

the stationary stable points of the Poincagegtions.
where(Q=Q(E) is a frequency of eigenoscillation and the  |n conclusion, we comment that zero-dispersion phenom-
plus and minus correspond, respectively, #g=m7 and  ena may be expected to occur not only in some of the model
=0. relativistic systems considered [ifh], but also in certain real

Large energy solutions d®) for the same parameters as relativistic systems such as driven electron plasma wkjes
in Fig. 1(b) are shown in Fig. 2. Unstable solutions corre-and periodically focused intense beams of charged particles

spond to saddle points ¢f(1) and the ZDNR-NR transition [8].
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