MANIFOLDS OF HILBERT SPACE PROJECTIONS
R. H. LEVENE AND S. C. POWER

ABSTRACT. The Hardy space H?(R) for the upper half plane to-
gether with a multiplicative group of unimodular functions u(\) =
exp(i(A1901 + -+ 4+ Aptn)), A € R™, gives rise to a manifold M
of orthogonal projections for the subspaces u(\)H?(R) of L*(R).
For classes of admissible functions 1; the strong operator topology
closures of M and M U M are determined explicitly as vari-
ous n-balls and m-spheres. The arguments used are direct and
rely on the analysis of oscillatory integrals (Stein [17]) and Hilbert
space geometry. Some classes of these closed projection manifolds
are classified up to unitary equivalence. In particular the Fourier-
Plancherel 2-sphere and the hyperbolic 3-sphere of Katavolos and
Power [8] appear as distinguished special cases admitting nontrivial
unitary automorphism groups which are explicitly described.

1. INTRODUCTION

Let M be a set of closed subspaces of a Hilbert space 'H endowed
with the strong operator topology inherited from the identification of
closed subspaces K with their self-adjoint projections [K] : H — K. If
M is finitely parametrised in the sense that

M=1{K\]: e M CR"}

with M a topological manifold, then M may in fact be homeomorphic
to M. Furthermore M may admit a certain local unitary description
and an associated smooth structure under which it is a diffeomorph of
a differentiable manifold in R™. Natural examples of such manifolds
of projections are provided by Grassmannian manifolds and their sub-
manifolds. Also, operators T" in the first Cowen-Douglas class [1], [2]
for a complex connected domain €2 in C™ provide diverse realisations
(even for m = 1) of domains in R*™, namely

Mq = {[ker(T — wl)] : w € Q C R*™}.

However our primary motivating examples derive from invariant sub-
spaces for semigroups of unitary operators, such as the semigroup
W = {alUV; : s,t € Ry, |a| = 1} associated with jointly irreducible
one parameter unitary groups satisfying the Weyl commutation rela-
tions. Furthermore, such subspaces and their complementary spaces
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are generally infinite dimensional. These examples motivate the consid-
eration of general subspace manifolds as formulated in Definitions 2.1,
2.2 and 2.3.

The embracing realm we consider is the set of Hilbert space subspaces
of the form

uH*R), uH%*(R), L*(E)

where H?(R) is the Hardy space for the upper half plane, u(x) is uni-
modular, and L?(E) is the space of functions supported on a measur-
able set E. These spaces are fundamental in the analysis of various shift
invariant subspaces. They feature, in transposed form, in Beurling’s
celebrated characterisation of invariant subspaces for the shift operator
on H?(T) as well as in many other operator function theory perspec-
tives. See Nikolskii [13] for example. We examine subspace manifolds
of the form

M= M(S) = {["H*(R)] : () € S},

where S is a finite dimensional real vector space of real-valued func-
tions, we analyse limits of projections and we identify the associated
closed topological manifolds. Our approach and the ensuing identifica-
tions give a unified explanation for various so called “strange limits” of
projections. These include the special cases considered by Katavolos
and Power [7], [8] which were derived by ad hoc arguments leaning on
operator algebra methods. Specifically we show by direct methods that
the space of functions

S = {)\11‘ + )\21‘2 A= ()\1, )\2) < R2},

has subspace manifold M(S;) whose closure is homeomorphic to the
closed unit disc, while for the space

Sy = {)\1 1og |Ilf| + Xt + )\31‘_1 A€ RS},

the manifold M(S,) has closure homeomorphic to the closed unit ball
in R3. In contrast, the closures of Cowen-Douglas projection manifolds
are generally one point compactifications.

A consequence of the limit projection analyses in [7], [8] is that a re-
ducing invariant subspace for the Weyl semigroup W, or for the ax + b
unitary semigroup (with @ > 1 and b > 0), turns out to be a strong op-
erator topology limit of a sequence of purely invariant projections, that
is, a limit of those with no reducing part. We obtain in Theorem 3.7 a
similar phenomenon for the multiplication semigroup { M . : A > 0}
acting on L?(R). Equivalently, translating to the circle T, we show
that each reducing invariant subspace for the bilateral shift, which cor-
responds to a measurable subset of T, is a strong operator topology
limit of Beurling projections [uH?(T)]. We are not aware of any other
proof, direct or indirect, of this seemingly classical fact.

Our principal tool is Theorem 3.4 which, for a function v in a certain
admissible class, identifies the limit of the projections [e™¥ H?(R)], as
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n — oo, with the projection [L?((1)')~!(—00,0))]. The proof makes use
of methods of Stein [17] for the analysis of oscillatory integrals. We go
on to show that for quite general n dimensional spaces S of admissible
functions the subspace manifold M(S) has closure homeomorphic to
the closed unit ball in R”. Moreover, in these cases the two-component
subspace manifold M(S) U M(S)* has closure, denoted (S), which
is homeomorphic to an n-sphere. The 2-sphere Ypp = ¥(S;) is the
so-called Fourier-Plancherel sphere of [8]. (See Figure 5.1 and Exam-
ple 4.9.) It is natural to consider how such Hilbert space manifolds
may be classified geometrically, that is, up to unitary equivalence, and
in the examples of Section 4 and Section 5.3 we distinguish a number
of distinct 2-spheres and 3-spheres.

In Section 5 we consider the sphere 3(S;) and its hyperbolic variant,
the 3-sphere ¥(S;), from the point of view of their unitary automor-
phism symmetries. The analysis here exploits the nontrivial foliations
induced by the natural order on projections. Let F: L*(R) — L*(R)
be the Fourier-Plancherel transform, that is, the unitary operator

Ff(z) = %27 / T fe vy, f e IA(R).

It is shown that the group U (%(S;)) of unitaries which act bijectively
on X(8y) is generated by the set
{Mgre, M 2,0, F: N\ s €R, |a| =1}

e

consisting of two 1-parameter unitary groups, the scalar circle group
and F. In particular, this group contains the group of dilations {V; :
t € R}, as we show explicitly in Lemma 5.1. A similarly detailed
description is given for U(3(Ss)) and this leads to the identification of
the unitary automorphism group as a certain double semidirect product

AdU(E(S2))) = (R® x R) x (Z/2Z)*.

The manifolds M(S), Beurling subspace manifolds in our terminol-
ogy, may be regarded as smooth in the strict, locally unitary, sense
that a neighbourhood of a subspace K is given by the local action on
IC of a certain unitary group representation of R™. Furthermore the
Fourier-Plancherel 2-sphere Ypp is remarkable in being smooth in this
way at all points except the poles 0, 1. It of interest then to identify
similar compact projection manifolds which are smooth off a finite set.
In this regard we see in Section 5.3 that this is not generally the case
for other polynomial 2-spheres 3(S).

As we have intimated above our considerations lie entirely in the
realm of operator function theory tied to the Hardy space for the line.
However the oscillatory integral methods are expected to be effective
in multivariable function spaces and for higher rank settings in non-
commutative harmonic analysis. This should lead to the identification
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of other closed subspace manifolds with interesting topology and ge-
ometry.
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2. SUBSPACE MANIFOLDS

In this section we give some definitions and examples.

Let H be a separable Hilbert space, Proj(H) the set of self-adjoint
projections and Unit(H) the set of unitary operators. We shall rou-
tinely identify a closed subspace I with its associated orthogonal pro-
jection, denoted [K]. For U € Unit(H) and T € B(H) we will write
(AdU)T = UTU*, so that, in particular, AdU [K] = [UK].

Definition 2.1. (i) A topological subspace manifold in B(H) of di-
mension n is a set M C Proj(H), considered with the relative strong
operator topology, which is locally homeomorphic to R"™.

(ii) A C* projection manifold in B(H) (or C*° subspace manifold)
is a topological subspace manifold M of dimension n together with an
atlas of charts z; : R" — M (with open domains and ranges covering
M) for which the coordinate functions x; 'z; (with nonempty domain)
are C* and such that for each chart x with domain U, there is a dense
subspace D, of C'*° wvectors in ‘H; that is, for f,g € D,, the function
A= {(x(N)f,g)is C* on U,.

In fact we bypass the technicalities of (ii) in Definition 2.1 in view
of the fact that the smooth subspace manifolds we consider have a
stronger locally unitary structure as in the following formal definition.

Definition 2.2. A locally unitary subspace manifold of dimension n in
B(H) is a topological subspace manifold M such that for each P in M
there is a strong operator topology neighbourhood in M of the form

Np ={lpp(N)PH] : X € B, }

where pp : R™ — Unit(H) is a strong operator topology continuous
representation which is a homeomorphism of N, into Unit(H).

It is well-known that such a representation pp does possess a dense
subspace of C* vectors; see [18], for example.
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We shall consider Beurling subspace manifolds M, given formally
in the next definition, together with their complement completions, by
which we mean the strong operator topology closure of M U M-+,

Definition 2.3. A Beurling subspace manifold of dimension n is a
topological subspace manifold M C Proj(L?*(R)) of the form

M = {[uyH*(R)] : A € R"}

where A — uy is a weak star continuous representation of R" as uni-
modular functions, so that M is locally homeomorphic to R™ by the
single chart x(\) = [uyH*(R)].

If 7 is a non-constant real continuous function on the line then the
projections [exp(iAy) H%(R)], for A € R, give a one dimensional topo-
logical manifold. When t(x) = z the closure in Proj(L?(R)) adds the
subspaces {0} and L?*(R) and the complement completion, ¥, say, is
topologically a circle. On the other hand for ¢ (z) = 2% we shall see
that the closure of M({\z? : A € R}) adds [L*(R,)] and [L*(R_)]
and that the complement completion ¥, is a locally unitary C* sub-
space manifold diffeomorphic to the circle. We see later in Example 4.9
that >, and 3, are, respectively, the equator and a great circle of the
Fourier-Plancherel sphere.

The subspaces Ky, = ¢**¢*” H?(R), for s < 0 and A\ € R, form
a subspace manifold M which arises in the analysis of the invariant
subspaces for the Weyl semigroup

W ={aMxD, : A\, >0, |of =1},

where D, is the translation unitary D, f(z) = f(x — p). Indeed it was
shown in [7] that the invariant subspaces of W are the spaces K ¢ for
s < 0, together with L?(¢,00) for ¢ in R U {#o00} and, moreover, that
the latter subspaces are in the closure of M. Extending the parameter
range of s to include s > 0 and taking the complement completion one
obtains the Fourier-Plancherel sphere. The Volterra circle ¥, consists
of the subspaces L%(t, ), L*(—o00,t) for t € RU{+oco} and is unitarily
equivalent to the great circle ¥, via the Fourier-Plancherel transform.
Consider now the three dimensional subspace manifold

M = {[|z|*e? e HA(R)] : (s, A\, 1) € R?}
which is the Beurling subspace manifold M (S,) for the space
Sy = {slog|z| + Az + px™" : (s, \, ) € R*}.

In Section 4 we give a new direct proof that M is homeomorphic to a
closed 3-ball and that ©(S;) = M U M- is a topological 3-sphere.
The Beurling subspace manifolds given above might be more pre-
cisely specified as Euclidean Beurling subspace manifolds as there are
many other interesting C* projection manifolds associated with Hardy
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spaces and unimodular functions. We do not develop this here but we
note some fundamental examples.
Forn=1,2,... let

M, = {[uyH*(R)] : A= (Ay, ..., \,) € H"}

where uy(z) is a Blaschke factor inner function with zeros, possibly
repeated, at points A{,..., A, in the upper half plane H. Then M,, is
a C™ projection manifold in B(H?*(R)). Also, M; consists of codimen-
sion 1 projections and is locally unitary with respect to a representation
of the Md6bius group rather than the Euclidean group. The closure of
M, adds one extra projection, namely [H?(R)], and is a topological
subspace manifold homeomorphic to the 2-sphere, realised as the one
point compactification of H.

Manifolds analogous to these, with finite or cofinite dimensional
spaces, may be defined also for Bergman Hilbert spaces, and, more
generally, in the setting of Hermitian holomorphic vector bundles asso-
ciated with operators in the Cowen-Douglas theory [1]. For example,
with weighted Bergman Hilbert spaces in place of H?(R) one obtains
projection manifold realisations of the unit disc with one point com-
pactification closures. That these are unitarily inequivalent was es-
sentially shown in [1] by the construction of curvature invariants for
Hermitian holomorphic vector bundles. This underlines the fact that
unitary equivalence here is a strong form of geometric equivalence for
subspace manifolds. We note the following alternative curvature free
approach to this and in subsequent sections we find, similarly, that we
do not need to consider curvature. However, it would of course be inter-
esting and useful to define curvature invariants for general projection
manifolds.

Let a > 0 and let A2 be the weighted Bergman Hilbert space of
holomorphic functions in the unit disc that are square integrable with
respect to (1—|z|?)*dA, where dA is area measure. For A in D let u,(2)
be the inner function (A — z)/(1 — Az) and let M be the projection
manifold

M = {[uyA2] : X € D}
The range of the complementary projection [uyA2]* is one-dimensional
and is spanned by the function (1—Xz)>~®. (See Zhu [21], for example.)
A standard argument with eigenvectors (see Theorem 3.6 of Thom-
son [19] for example) shows that an operator which leaves invariant all
these subspaces is necessarily multiplication by the complex conjugate
of an H*® function. Thus if U is a unitary with AdU(M®) = M”
then we may deduce that AdU gives an isomorphism between the re-
spective H* multiplication algebras. Composing with a unitary au-
tomorphism of B(A3) which effects the inverse Mébius automorphism
on the range algebra we thus obtain a unitary operator W between
the Bergman spaces which intertwines multiplication: M,W = W M,.
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Thus if W1 = g then W2™ = 2™g. For a # 3 this is contrary to W
being isometric.

Proposition 2.4. For o, 3 > 0 the projection manifolds M and M?"
are unitarily equivalent if and only if o = 3.

3. STRANGE LIMITS

We now develop methods that will be useful for identifying the clo-
sures of various Beurling subspace manifolds.

If ¢ € L>(R) then we write M, for the corresponding multiplication
operator on L*(R). In particular, if B is a measurable subset of R
and xp denotes its characteristic function then M, , is the projection
[L*(B)].

Proposition 3.1. Let B be an open subset of R. A sequence of projec-
tions P, converges in the strong operator topology to M, , if and only
of

(i) | PuxEll2 = |lxEll2 for every compact interval E C B, and

(i) || Puxrll2 — O for every compact interval FF C R\ B.

Proof. Necessity is clear. Suppose that (i) and (ii) hold, and let £ and
F be disjoint compact intervals. If either is a subset of R\ B then
(Poxe, xr)| < |Puxell [|Poxrll — 0 as n — oo. On the other hand, if
E,F C B then for k € {0,1,2,3},

2Rei*(Puxe, xr) = [Pa(*xe + xp)I* = | Paxell® = [ Paxrl?
< Ixel® = 1Pxel® + Ixel* = | Paxel® — 0

as n — 00, and we again conclude that (P, xg, xr) — 0 as n — 0.

Since the unit ball of B(L*(R)) is compact and metrisable in the
weak operator topology, there is a positive contraction C' which is a
weak cluster point of {P,}, say P,, — C weakly. Now (C'xg, xr) =0
for disjoint compact intervals E, F' which are each contained in either
B or its complement; an approximation argument shows that this re-
mains the case whenever F and F' are disjoint bounded measurable
sets. Approximation by simple functions yields (C'xg, xpf) = 0 for
every [ € L*(R), and similarly (Cxgg, xrf) = 0 for all f,g € L*(R).
It follows that C' = M, for some ¢ € L>*(R) with 0 < ¢ < 1 and
supp C B. If E is a compact interval which is contained in B, then
| PacXl2 = (P X Xi) — Il = (i, Xi), which forces ¢ to be
equal to 1 almost everywhere on E. Since B is open, C' = M, . Thus
the weak limit of { P, } is a projection, M, ,, from which it follows that
SOT-limy .o P, = M, as well.

Thus every subsequence of {P,} has a subsubsequence whose limit
in the strong operator topology is M, . Since the unit ball of B(L?*(R))
is metrisable in this topology, this shows that P, — M, , strongly. [J
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We now determine conditions under which we can identify the strong
operator topology convergence P, — M, , for a sequence of Beurling
projections P, = [e*¥H?(R)] as k, — oo, where B is a subset of R
determined by ).

Definition 3.2. A partial function ¢ : R — R is admissible if the
following subsets of R are discrete (that is, they have no accumulation
points):
(i) the set I'(¥)) of points at which ¢ is undefined, or at which
fails to be twice continuously differentiable;
(i) (¢)7*(0); and
(iii) the set A(¢)) consisting of the points at which sgn(¢)”) is not
locally constant.

For example, non-constant rational functions and the trigonometric
functions are easily seen to be admissible, as is the map x — log |z]|.
Recall that F : L?*(R) — L*(R) is the unitary Fourier-Plancherel
transform. The Hardy space H?(R) is equal to F*L*(0, 00), so
[ H*(R)] = Ad(M_ixs F*)M.

X(0,00) *

Here, the multiplication operator M,y is unitary since e**¥ is unimod-
ular. In particular, if P = [e*¥ H?(R)] then

[Pxsll2 = [[(Ad(Meiwe F*) My, )xsll2
= [ Moo F* (Mo o FMZaux5) |2 = X (0,000 F (€ x5) 2.

It is therefore of interest to find an estimate for the Fourier-Plancherel
transform F'(e~*¥yg) on the positive half-line. This is done in the next

lemma for admissible functions v, using an integration by parts in the
spirit of [17], Chapter VIII.

Lemma 3.3. Let ¢ be admissible and let S C R be a compact interval
with non-empty interior S° such that T'(¢¥)NS = 0 and ¥'(S) C (0, 00).
Let A be the function A(z) = 2(z+a)~! where o = min{y/(z) : z € S}
and let N = |A(¢) N S°| +2. Then for k > 0 and almost every z > 0,
V21 |Fe ™y ) (k2)| < NETA(2).

Proof. Since A(v) is discrete, finitely many points in A(%)) lie in the
interior of S, say Ao < A3 < -+ < Ay_1. We also write A, Ay for the
boundary points of S so that S = [A, \y]. Since I'(¢)) N S = 0, the
function 1 is twice continuously differentiable on S and for z > 0,

VER |P(e s (k)| = | [ i) dgl
S

7 d
- [ e romya

f'ik(szrw(;r))) da:‘
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1

—ik(zz+(x)) 7 A .
_ ! [6—] N / 4 <;>ezk(m+w<x>> e
EIL 24+ (x) I g dx \z+ 1 (x)

<1 (00+ [ 2 ()| )

Let j € {1,2,...,N — 1}. For x € (\j, A\j+1), the quantity

d 1 B —¢"(x) "
o 3 (o) = Gy e )

is constant, say o; € {—1,0,1}. So

/‘d:p z+w' ‘dz_z(’f/mdi H;@zw))dx
_Zg][z_'_l/} i|)\j+1

< (N =DA(2).

The result follows. U

Theorem 3.4. Let k, be a sequence of positive numbers with k, — oo
as n — oo, let ¥ be admissible and let P, = [e¢?*Y H?(R)] for n € N.

Then P, % [L*(B_)] as n — oo, where B_ = (V)71 ((—00,0)).
Proof. Let By = (¢/)7'((0,00)) and By = (¢')7'(0). Let S be a

compact subinterval of B, of positive length which does not intersect

I'(¢). We will show that P,xs — 0. Since P,, = Ad(M_ ik, F*) M,
“xs)lI3

X(0,00) 7

1Paxsll3 = lx.00)F (e

= [T IFE s WP dy
0
= kn/ |F(e_ik”¢X5)(knz)|2dz
0

where we have made the change of variables y = k,z. We apply
Lemma 3.3:
2 N? 2
1Pocsl < 52 [ (7)) 1AER & = 5 I AlR 0

as n — oo, where A(z) € L? (X(O,oo) dz) and N € N are defined as in
Lemma 3.3.

So P,xs — 0 whenever S is a compact subinterval of By \ I'().
By the discreteness of By U T'(¢)), the same is true if S is a compact
subinterval of R\ B = B, U (ByUI'(¢)) where B = B_ \ I'(¢). Since
1 is continuously differentiable on R \ I'(¢) it follows that B is open.

Let o = —1, let Q,, = [e®*"¥H?(R)] and let C' be the conjugation
operator C'f = f for f € L*(R). Since CH?*(R) = H2(R) = H*(R)*, it
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follows that C'P-C' is a self-adjoint projection whose range is Q, L?(R),
so Q, = CPC. Applying the argument above to ¢ instead of 1 shows
that @Q,xr — 0 whenever T is a compact subinterval of B. Hence
PuxT — X

By Proposition 3.1, P, > M,, = M,, = [L*(B_)] asn —oco. [

The theorem enables us to compute immediately a wide variety of

strange limits P, iy P, so-called because while every nonzero function
in the range of P, has full support, those for P itself are supported in
a proper measurable set. For example, [e="*" H2(R)] = [L2(R,)] as
n — oo, and [e@ +be* ter) (2(R)] 25 [L2([a, 6])] if the roots {a, B} of
the equation 322 + 2bx + ¢ = 0 are real, and has limit 0 otherwise. We
also remark that when ¢ is admissible,

SOT-lim[e™ H(R)] = (sOT-lim[e~ "™ H2(R)]) ™.

While admissible functions are adequate for our applications one can
perhaps partially relax this constraint. However, we are unaware of a
general formula for the limit when 1 is real, measurable and locally
bounded.

The next corollary will play a part in the proof of Theorem 4.2.

Corollary 3.5. Let k,,, ¢ and B+ be as above, let 1, be a sequence of
admissible functions and let P, = [e¢®*Y» H*(R)]. Suppose that the set
I'=T)ul, I'(¢y) is discrete. Let

I={SCR\T:S=]a,pf], a<pf}

and suppose that the quantity N(S) = sup,, |A(Y,) N S°| is finite for
every S € L. If !, — o' uniformly on S for every interval S € T then
P, — [L*(B_)] strongly as n — oc.

Proof. Choose a compact subinterval S C B, \ T'. Let
a=min{¢'(z):z €S} and «, =min{y)(z):z € S} forn € N.

Pick n sufficiently large that |[¢;, —¢'||s < «/2; then a,, > a/2 > 0.
Writing

An(z) =2z +an) ™t and A(z) :==2(z 4 a/2)7,

Lemma 3.3 applies as before to show that

N(S)? N(S)? 5
P.xs|? < ——L ALl < o Al
I1Paxsl < 5 2 Il < 57 - IxemAlR
Since A(2) € L*(X(0.00) d2), this shows that P,xg — 0. The remainder
of the proof proceeds as in Theorem 3.4. U

Beurling’s characterisation of invariant subspaces for the bilateral
shift operator when transferred to the setting L?*(R) amounts to the
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identification of Lat{ M. : A > 0} with the disjoint union
{uH?*(R) :  unimodular} U {L?*(E) : F measurable}
= Mpue U Lat{M, : ¢ € L*(R)}.

Here Lat A denotes the lattice of closed invariant subspaces for a family
of operators A, and M. is the set of invariant subspaces K which
are purely invariant in the sense that the intersection of the subspaces
M., ixa K for A > 0 is trivial. We now use the methods of this section
to show that Lat (LOO(R)) C Mpure. This seems to be a previously
unobserved feature in the classical setting which may well have a wider
manifestation. However, the authors are unaware of any general results
of this nature.

Lemma 3.6. Let m denote Lebesque measure on R. If B C R is
measurable and € > 0 then there is a countable disjoint union of open
intervals V' such that OV is discrete and m(V A B) < e.

Proof. Fix n € Z and write B, = BN (n,n+ 1) and ¢, = 27"lg/3.
Using elementary properties of Lebesgue measure, we can find a set
Un = U;5 1 2 By such that {I;};>1 are disjoint open subintervals of
(n,n+1) and m(U, \ B,) < 3&,. Pick k so that > srmlly) < En
and let V,, = U, ;<. I;- Now

Vo 8B, = ((Uy \ B)) NVa) U (B \V,) CUN\ B, U T,

>k
som(V, A B,) < %en + %en =g,.
Repeat for each n € Z and let V' = .., V. Then
m(V A B) = Zm(Vn A B,) < Z&tn =¢
nez nez
and OV is discrete, since OV N [n,n + 1] is finite for each n. g

Theorem 3.7. If B is any measurable subset of R then there is a
sequence of projections P, = [e®*¥n H?(R)] where k, > 0 and each v,

is a real-valued function such that SOT-lim,,_.o P, = M, .

Proof. Let ¢ > 0. By Lemma 3.6, we can find a countable disjoint
union of open intervals V. such that dV% is discrete and m(V. A B) < e.
The function ¢.(z) = z(xr\v. — Xxv.) satisfies I'(1).) U A(zp.) € OVL
and (¢.)71(0) = 0, so 9. is admissible. Let P.,, = [e™H?*(R)]. By
Theorem 3.4, SOT-lim,, .o P, = M,,,_, and we also have M, — M,
strongly as € — 0.

Let d be a metric inducing the strong operator topology on the
unit ball of B(L*(R)) and let n € N. Choose g, > 0 such that
d(My,, ,M,;) < 1/2n and then choose k € N so that B, := P

satisfies d(Pp, My, ) < 1/2n. Now d(P,, M,,) < 1/nso P, — M,
strongly as n — oo. U
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4. CLOSURES OF BEURLING SUBSPACE MANIFOLDS

We now obtain sufficient conditions under which Beurling subspace
manifolds M(S) have closures, in the strong operator topology, which
are compact. Using this we construct various n-spheres and n-balls in
Proj(L*(R)). At the end of the section we pose some further lines of
enquiry.

Let f = (f1, fa,-.., fn) be an n-tuple of functions f; : R — R. We
write (f,A\) = A f1 + Aafo+ -+ A\ fn for A € R™, and
Sy={{f,\) : AeR}.
Definition 4.1. The n-tuple f is admissible if

(i) the set {f1, fa,. .., fn} is linearly independent over R;
(ii) every nonzero function in Sy is admissible; and
(ili) supges,\jop [K N A(g)] < oo for each compact set K C R.

We will also write I'(f) = (Jj_, I'(f;) and remark that this is equal to

Uye s; I'(g) and is plainly discrete.
Given an admissible n-tuple f, let § : R® — Proj(L*(R)) be the
map A — [e?/N H2(R)]. Observe that 6 is strongly continuous, since

if \®) — Xin R” then (f, A®)) — (f, \) uniformly on compact subsets
of R\ T'(f) and so

O(AM) = Ad(M_ ; \w, ) [H*(R)] =5 Ad(M,is ) [H*(R)] = 6())

as k — oo.
We write M(Sy) = 0(R"). We will shortly see that M(Sy) is a
Beurling subspace manifold.

Theorem 4.2. Given an admissible n-tuple f, the closure of the range
of 6 in the strong operator topology is

M(Sy) = O(R™) U {[L*((¥) " (=00, 0)))] : ¢ € Sy \ {0}}.

Proof. Let A\*) be a sequence in R™ and let P, = #(A\®)) be the corre-
sponding sequence of projections. Passing to a subsequence, we may
assume that A*) converges to a vector A € (RU {#o0})" as k — oo.
If A actually lies in R™ then P, — 6(\) by the continuity of 6. Other-
wise, if aj = max; |A§k)| then oy — oo as k — o0o. Let u®) = a ' AW,
Passing to a subsequence, we may assume that oy = |)\§l§)| for some
jo independent of k, and that pu®*) — pu for some p € [—1,1]". Since
tj, = +1, this limit g is nonzero. Now P, = [e™¥s H*(R)] where
U = (fr, p®), and if ¢ = (f, p) then v} — ¥ uniformly on compact
subsets of R\ I'(f). By Corollary 3.5, P, — [L*((¢/")}((—00,0)))].
Conversely, if ¢ € S¢ \ {0} then by Theorem 3.4,

[L*((0) 7 ((—00,0)))] = soT-lim[e™ H*(R)] € M(Sy). O




MANIFOLDS OF HILBERT SPACE PROJECTIONS 13

Definition 4.3. Given an admissible n-tuple f, let ~ be the equiva-
lence relation defined on B™ by A ~ p if A = p or

ANpe S and m({x: (f,\)(x) >0} a{x: (f,u)(x) > 0}) =0.

Here f" = (fi,..., ;) and m is Lebesgue measure on R. We write
B" /~ for the corresponding topological quotient space.

Proposition 4.4. The topological space B"/ ~ is homeomorphic to
M = M(Sy). In particular, M is compact.

Proof. Let 6 be the continuous map R® — M defined above. Observe
that 6 is injective: for #(\) = 0(p) if and only if e*/A=# H2(R) = H?(R)
which implies that the function ¢ = (f, A — u) is constant modulo
27 almost everywhere, so g cannot be admissible. Since g € Sy, we
conclude that g = 0; by linear independence, A = p.

Let o : R — B"™ be a homeomorphism of the form

a A p([AIDAA

where p : [0,00) — [0,1) is a homeomorphism. Consider the injective
continuous map ¢ = foa~! : B" — M. We extend this to B" by defin-
ing p(\) = lim,q1 p(rA) for A € S™~1; this limit exists by Theorem 3.4.
The extended map is also continuous by Corollary 3.5 and surjective
by Theorem 4.2. Since ¢p(A) = ¢(u) if and only if A ~ p, it follows that
¢ induces a homeomorphism from the compact space B"/~ onto the
Hausdorff space M. O

Remark 4.5. This proof shows that 6 : R" — M(Sy) is a homeo-
morphism when f is admissible, and so M(Sy) is indeed a Beurling
subspace manifold.

Determining the precise nature of the quotient space B"/~ seems
difficult in general. However, Proposition 4.8 below shows that there
are no surprises when n = 2.

Lemma 4.6. Let 7 be any set of closed, pairwise disjoint intervals,
each contained in (0,1). There ezists a continuous non-decreasing sur-
gection 3 :0,1] — [0,1] such that B(x) = B(y) if and only if x,y € I
for some I € T.

Proof. We may assume without loss of generality that each [ € 7 is
of the form I = [a,b] with 0 < a < b < 1. Observe that Z must be
countable since for each n > 1, the set {[a,b] € Z : b—a > n"'} is
finite. Enumerate Z in decreasing size, so that Z = {1y, I, ...} where
|I,| > |In41| for n > 1. Assign values a,, on I, to create a partially
defined increasing function 3; on |JZ as follows. Set 3;(0) = 0 and
f1(1) = 1. Then set a; = % and ay = }1 or %, according to whether the
new interval ay is to the left or the right of a;. Continue “interpolating
dyadically” in this way, so that a,; is chosen as the mean of (;(¢)
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and (31 (r) where ¢ (respectively, r) is the point of {0,1} U ; U---UI,
immediately to the left (respectively, right) of I,,,.

Let K be the closure in [0, 1] of {0, 1}UJZ. Let U be the complement
of K, an open set in [0, 1] and thus a union of open intervals, which we
call “gaps”. We call a gap “good” if it is of the form J = (b, a’) where
I, = [a,b] and I,,, = [/, V'] are intervals in Z, and “bad” otherwise. We
can extend (31 to a good gap J by linear interpolation between a, and
a,,. On the other hand, a bad gap J" must have at least one of its end
points a limit of endpoints of intervals I € 7, so (3; can be extended
to the closure J’ as a non-decreasing function in a unique way, namely
by being constant on J’. So we get a continuous increasing function 3
defined on [0, 1]. We now correct the constancy on the intervals .J' by
forming 33 = (31 + B2 where

and (3 is the continuous map on [0, 1] which takes the value 0 to the
left of J', the value |.J'| to the right and is linear on J’. (None of these
By spoil constancy on the I,,.) Continuity of 5 is clear. Finally, let
B =cfs with c = (143 .4 )" so that 5(1) = 1. O

Lemma 4.7. Let T be a set of closed, pairwise disjoint proper arcs in
T. Then D/T is homeomorphic to D.

Proof. We may assume that (1,0) does not belong to any set in Z.
Transfer Z to [0, 1] in the obvious manner and apply the previous lemma
to obtain an increasing continuous surjection [ : [0,1] — [0, 1] such
that 8(z) = B(y) if and only if {e*™ e*™} C I for some I € Z. The
map ¢ : D — D given by p(re?™®) = re2mir8@)+1="2) for r 2 € (0,1]
and ¢(0) = 0 induces a continuous bijection D/Z — D, which is a
homeomorphism since D/Z is compact. O

Proposition 4.8. For every admissible pair (f,g), the closure in the
strong operator topology of the Beurling subspace manifold M(S(y,g)) is

homeomorphic to D.

Proof. Let ~ be the equivalence relation on D of Definition 4.3, with
equivalence classes {[\] : A € D}. Observe that A ¢ —\ and A\ ~ p if
and only if —\ ~ —pu. Also, the equivalence classes are connected: if
A ~ u then the shorter of the two arcs joining A to u is contained in
[A] = [m].

We show that the equivalence classes are also closed. If there is a
non-trivial equivalence class then we can make a different choice of f
and g without changing the set Sy to arrange that (1,0) ~ (0, —1),
and so also that (—1,0) ~ (0,1). Any remaining equivalence classes
are of the form [A] where A = (Ay, A\y) with A\; Ay > 0; we may assume
that Ay > 0 and Ay > 0. Let h = ¢'/f’ and let & = —A;/Ay. Then
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[A] = [A]l+ N [A]- where
Ny ={p:{f>0n{h>a}lr{h>—pu/u}) is null} and
Ao ={p:{f<0}n({h<a}r{h<—p/ps}) is null}.
Here and below we employ abbreviations of the form {P(y)} to mean
the set {z € R : P(p(x))} where ¢ : R — R and P is a predicate
depending on a real parameter.

Note that for any constant k, the set {x : h(x) = k} is null; for if
not, then f' — kg’ takes the value 0 on a non-null set, so f — kg is
not admissible, whence f = kg; but f and g are independent. For
v > 0, let u, be the unit vector (v,1)/(y? + 1)%/2. Each [A], is clearly
connected. It is also closed, forif b > a > 0 and {u, : v € (a,b)} C [N+
then {o < h < =b} N {f" > 0} is equal to the union of the null sets
{f' >0, h==b} and 5, {a <h < =b—n""}N{f >0}, so is null;
hence w;,, and by a similar argument u,, lie in [A];. The class [A]_ is

closed for the same reasons, and hence each class [A] is a closed subarc
of T. Now Proposition 4.4 and Lemma 4.7 complete the proof. U

Given an admissible n-tuple f, let 3(Sy) denote the complement
completion of M(Sy); that is, the closure of M(S;) U M(Sy)* in the
strong operator topology. It is not hard to see that M(S;) and M(S;)*
are disjoint, and the boundaries of these sets are equal by Theorem 4.2.
From this it follows that provided M(Sy) is homeomorphic to B, the
set X(Sy) is homeomorphic to S™ since it is homeomorphic to the union
of two copies of B” joined at their boundaries.

Recall that if f € H?(R) and f # 0 then f~'(0) has Lebesgue
measure zero (see Theorem 6.13 of [4] and Corollary 6.4.2 of [13]).
This will be used several times below, where we refer to the result as
the F. & M. Riesz theorem.

We also remind the reader that if ‘H is a Hilbert space then the oper-
ations of closed linear span and intersection of closed subspaces impose
a natural lattice structure on Proj(H). The corresponding partial or-
der is simply [K1] < [Ky] <= K; C K, for closed subspaces K; C H.
A nest is a chain in Proj(H) containing 0 and I which is complete with
respect to these lattice operations [3]. A nest is said to be continuous
if it contains no element with an immediate predecessor in the nest.

Example 4.9. The Fourier-Plancherel sphere is the set of projections
Yrp = X(Sf) where f is the admissible pair f = (z, 2?).

By Proposition 4.8 or the direct arguments of [7], we see that M(Sy) is
homeomorphic to D, and as observed in [8], the order structure of Yrp
is that of a union of continuous nests which meet only at 0 and I and
dpp is homeomorphic to a 2-sphere on which the Fourier-Plancherel
transform F' acts as a quarter-rotation. In particular, Xpp \ {0, 1} is
a locally unitary subspace manifold: we clearly have a locally unitary
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structure on M(Sy) U M(S;)*, and we can use F to transfer this
structure to the remaining subspaces.

Example 4.10. Let f be the admissible pair f = (z7',z). An easy
extension of [8], Lemma 5.1 shows that every projection P € M(Sy)
lies in a continuum of non-commuting continuous nests which intersect
only in {0, P,I}. A simple calculation reveals that the equivalence
relation ~ has only two non-trivial equivalence classes and these are
antipodal closed quarter-circles, so B?/ ~ is homeomorphic to B2 and
the boundary projections are

{P,P*+: P=[L*(—a,a))], a € [0,00]}.

Now although ¥(S¢) is homeomorphic to a 2-sphere, ¥(S¢) \ {0, 1}
is not locally unitary. For if there were a strong operator topology
neighbourhood of Py = [L?((—a,a))] of the form

N ={lp(NPRL*(R)] : A € B*}

for some unitary-valued representation p of R?, then N would inter-
sect M(S;) and so contain a projection P = [p(\)PyL*(R)] for some
point A € B? such that every neighbourhood of P contains two non-
commuting projections which are comparable with P. Applying p(—\),
we see that A/ must contain two non-commuting projections which are
comparable with Fy. However, all the projections in (Sy) which are
comparable with Fy commute since by the F. & M. Riesz theorem, they
are of the form [L?(E)] for some E C R.

Example 4.11. If we take f = (32°, 322 2) then f' = (27, z,1) and it
is not hard to check that the corresponding equivalence relation ~ on
B2 has two non-trivial equivalence classes:

{(0,0,1)}U{(a,b,c) € S*:b* < 4ac, a >0} and
{(0,0,-1)} U {(a,b,c) € S*: b* < 4ac, a < 0}

which correspond to 0 and I respectively when we identify the quotient
space B3/~ with M(S;). These equivalence classes are closed and so
M(S;) is homeomorphic to B3. If P is a projection in M(S;) then
we claim that the projections [e**PL?*(R)] for k € R are the only
non-trivial elements of M(Sy) which are comparable with P. To see
this, recall that no proper subspace of the form L?(F) is comparable
with PL?(R) by the F. & M. Riesz theorem, and if ¢!/ H?(R) C
e H2(R) and A # p then A=W H2(R) C H?(R) and so €'/~ s
a nonzero continuous inner function. This must be of the form ae®® for
a unimodular constant a and 5 € R (see [6]), which verifies the claim.

On the other hand, the boundary of M(Sy) consists of the projections
[L*(E)] where E is either an interval or the complement of an interval.
As in the previous example, it follows that the topological 3-sphere
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2(Sy) cannot be locally unitary away from {0, I} since the local order

structure changes on the boundary of M(Sy).

Example 4.12. Let f = (z,log|z|, —x™!). Then f' = (1,27, 272) so
if A= (a,b,c) then sgn{f’, \) = sgn(ax?® + bx + ¢). The equivalence re-
lation for f on B3 is therefore identical to the relation considered in the
previous example, and M(Sy) is again homeomorphic to B3. The or-
der structure differs however, since M(Sy) contains the set M (S, 1))
from Example 4.10. We call the set Xy, = 3(Sy) the hyperbolic sphere.
This was first considered in [8], Section 7. We remark that as in Ex-
ample 4.10, Xy, \ {0, } cannot be locally unitary.

We can now easily establish the compactness of the “extended hy-
perbolic lattice” £ considered in [8]; this fact was alluded to but not
proven there. For 6 € T, let uyp : R — C be the two-valued func-
tion taking the value 1 on [0,00) and 6 on (—oo,0). Then £ may be
succinctly described as the set of projections

L= Ad(M,,)Snyp.

0eT

Now Xy, is homeomorphic to the compact space S* and L is a con-
tinuous image of T x ¥y, which is compact, so £ is also compact.

Example 4.13. The equivalence relation ~ need not have a finite
number of nontrivial equivalence classes. For example, consider the
admissible triple f = (322,log|z|, —2™') so that if A = (a,b,¢) then
sen(f’,\) = sgn(ax® + bx + ¢). A simple analysis of cases reveals
that the nontrivial equivalence classes for ~ in the upper hemisphere
{(a,b,c) € S? : a > 0} are

Li={MAl A= (1,8, —t(s + %)), s > =3t /4} U {w}, teR
where 11, = (1 +t2)7%/2(0,1, —t). The class I; corresponds to the pro-

jection [L*(—o0,t)] € M(S;). Since points of the form (1, s, —t(s+?))
for s € R form a straight line in the plane {(1,b,¢) : b,c € R}
it follows that I; is the geodesic on S? joining /|| \]| to u; where
A = (1, —3t%/4, —t3/4). In the a < 0 hemisphere the nontrivial equiv-
alence classes are the sets —I; which correspond to [L%(¢, 00)]. It is easy
to see that the quotient space Bﬁ/ ~ is homeomorphic to B3; indeed,
we may choose a homeomorphism which contracts each geodesic I; to
the point p; and extend this to all of B3 is a straightforward manner.

We again conclude that M(S;) is homeomorphic to B3.

Remark 4.14. We do not know if M(S;), or equivalently B"/~, is
homeomorphic to B” for every admissible n-tuple f. It is natural to try
to emulate the argument of Proposition 4.8, and it is not hard to show
that the equivalence classes [\] of ~ satisfy the following conditions:

i) [A] = {\}if A e B
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(i) [-A]=—[A and [-A\] N[\ =0 for A € S"L;

iii) if A ~ g then A ~ v for every v on the geodesic in S™~! joinin

(ii) ft y g joining
A to p; and

iv) if A\, ~ u, where A\, — X and u, — u are convergent se-

(iv) H o s g
quences in S™ ! then \ ~ p.

However, for n > 2 we have been unable to identify the quotient space
B" /~ for such an equivalence relation.

Remark 4.15. The order structure of the 2-sphere Xpp and the 3-
sphere ¥y, can be viewed as providing an inherent foliation. We ex-
ploit this structure in the next section in the determination of their
unitary automorphism groups. On the other hand we see in Lemma 5.8
that the 2-spheres determined by monomial pairs 2, x4, for |p|, |q| > 1
have a trivial order structure supported in the common boundary of
M and M+.

The Fourier-Plancherel sphere seems to be a particularly distin-
guished example amongst these 2-spheres. Furthermore its equator, .
yields an interesting compact 1-dimensional subspace manifold which is
locally unitary and is probably not (periodically) unitary. It would be
interesting to determine other (unitarily inequivalent) subspace mani-
folds of this form.

5. UNITARY AUTOMORPHISMS AND ISOMORPHISMS

Given a set of projections P C Proj(H), the unitary automorphism
group of P is

U(P) = {U € Unit(H) : (AdU)P = P}.

In this section we compute the unitary automorphism groups of the
Fourier-Plancherel sphere, the hyperbolic sphere and the extended hy-
perbolic lattice. These projection manifolds inherit a relatively rich
order structure from Proj(L?(R)) which we are able to exploit. In con-
trast we show in Section 5.3 that many other polynomial 2-spheres
are essentially rigid. Further operator algebra related to the two main
examples can be found in [15], [16], [12].

5.1. The Fourier-Plancherel sphere. Recall the definition of the
Fourier-Plancherel sphere ¥gp from Example 4.9. The following nota-
tion from [7] is convenient:

ws € L®(R), @4(x) = e_mg/Q, s €R,
V; € Unit(L*(R)), Vif(z)=e?f(e'z), teR.

The set YXpp contains two nests of particular interest, which we call the
analytic nest

N, = {[M,. HX(R)] : A € RY U {0, I}
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0

FIGURE 1. A natural realisation of Ygp, the Fourier-
Plancherel sphere, on which the Fourier-Plancherel trans-
form F' acts as a quarter-rotation.

and the Volterra nest
N, = {[L*(t,00)] : t e RYU {0, T}.

If we denote the nest Ad(M,, )N, by N; for s € R then
Sre =N, UNF U [NV, UND),

seR

and the order structure that Ypp inherits from Proj(L?(R)) is such that
it P,Q € Spp \ {0,1} with P # Q then PVQ = [ and PAQ = 0
unless {P, @} C N for some nest A in this union.

It is easy to see that M., , M. and V; all lie in U(Xpp) for s, ¢, A € R,
as does the Fourier-Plancherel transform F' since

(1) (ALFIN, = N, (AP, = s 920
T T N—l/s 5<0

by [8], Theorem 7.1. We first show that V;, may be expressed solely in
terms of {M,,, : s € R} and F.
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Lemma 5.1. For ¢t € R, the dilation operator V; lies in the group

generated by {M,,, F, eI : s,¢ € R}. In fact,
_ im/4

‘/t =€ Msoexp(t) FMSOexp(ft) FMSOexp(t) F

Proof. Let us write S, for the operation of convolution with a function
g € L*(R), defined on the Schwartz space S(R); that is,

ng(x):/Rg(m—t)f(t)dt, feSMR), zeR.

For ¢ € C\ R_, let ¢(*'/2 denote the square root of ¢(*' with non-

negative real part. Let F be the alternate Fourier transform defined
on S(R) by

Fir) = / fwe v dy, feSR), k.

Observe that F = VlogQ,,F\S(R) and that ViM,, = M%Qts
In Section XI.1 of [9] it is shown that

FS,, . =(ib)™V*M, , F, beR\{0},

P2mb P—2m/b™

Vi.

or, writing s = 27b and rearranging,

Se.f = (27T/’L'8)1/2F*M§071/5Ff, feSR), seR\ {0}
Observe that @y (z —t) = e (x)ps(t) for z,s,t € R. Hence for
reR, s<0and f € S(R),

Spf(x) = [ ps(x =) f(t)dt

= gos(x)/Rei“tgos(t)f(t) dt

= (2m)" () (F* M, f)(sx)
= (27’[’/(—3))1/2M¢5%0g(78)FMSDSf(x)'

Equating these expressions for S, f and using the density of S(R) in
L*(R) gives

‘/log(fs) = 6i7r/4M<p—sF*M

P-1/s

FM, F*.

Now F* = F? and F? commutes with M, for any o € R, since p, is
even and F2f(z) = f(—z). So

FM, F*=F'M, F and F*M, F*"=FM,F.
Using this and setting ¢t = log(—s) completes the proof. O

Theorem 5.2. The unitary automorphism group of YXgp is generated
by
{M,,, More, F,e™ 1 : s, \, ¢ € R}.
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Proof. Let U € U(Xpp) and let X, X, and X, denote the “great circles”
Ya=NoUNS, S, =M UNS, S, =N UN; for s € R,

The map Ad U preserves orthogonality and the order structure on Xgp,
so it must permute these great circles. If (AdU)X, = X, then Ad FU
fixes 3,; if (AdU)E, = 3, for some s € R, then M, U fixes 3,. So
we may assume that (AdU)X, = 3,.

If (AdU)%, # %y, then (Ad U)X, = X for some s # 0. If s > 0 then
by (1), (AdF)Xs = ¥_4/s and (AdF)X, = Xy, so U' = F*M,, , FU
satisfies (AdU" )X, = X, and (AdU")E, = X,. So we may assume that
(AdU)E, =%, and (AdU)XE, = X,.

There are now four cases to consider:

(i) (AAU)N, = N,, (AdU)N, = N;;
(i) (AAdU)N, =N, (AdU)N, = N5
(i) (AAU)N, = NF, (AdU)N, = N;
(iv) (AdU)N, =N, (AdU)N, = N .

Replacing U with F?U interchanges cases (i) and (ii) and also inter-
changes cases (iii) and (iv), so it suffices to consider cases (i) and (iii)
only.

Suppose that case (iii) holds. We claim that (AdU)N; = N2, for
some s > 0. To see this, let 91 be the set of nests

N = (N, N} U N NE s € R}

so that Xgp is the union of all nests in . Since U is unitary, it maps
nests onto nests and so induces a bijection of .
Let Y. be the “equator” of Xpp,

%, = {L2(R,), L(R_)} U {M,, H*(R), M, ’(R) : s € R},
Here H2(R) is the set of complex conjugates of functions in H?*(R),
which is equal to H?(R)* [13]. The set ¥, contains exactly one subspace
from each nest in N, so the action (AdU) : ¥, — (AdU)E., K —
(AdU)K of AdU on %, determines the action of Ad U on N. Moreover,
AdU is a homeomorphism between ¥, and (Ad U)X, and X, is itself
homeomorphic to the circle T. Let us give 91 the topology induced
by the topology on ¥,. The bijective action of AdU on I is then a
homeomorphism.
It follows that the closed connected set

W, N = [ MU,

s>0
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must be mapped by Ad U onto
either [N, N,] = U./\f,j UNFU UA/S UN,

s>0 seR

or [N, N =N, U N

s<0

If (AdU)[N,,N,] = [N, N;] then there is some s > 0 such that
(AAdU)N, = N, Since (AdU)N, = N, and U is unitary,

N = (AdUNG)T = (AdUING = A,

which is impossible by the F. & M. Riesz theorem.

So (AdU)[N,, N,] = [N, Nt and so (AdU)N; = N2, for some
s> 0. Since (AdU)N, = N, it follows from [3], Chapter 17 that there
exist a unimodular function o € L*(R) and an order-preserving almost
everywhere differentiable bijection g : R — R such that U = M,C,
where Cy is the unitary composition operator corresponding to g. Thus

UM,, H*(R) = M,CyM,, H*(R) = M, M. H2(R)

for some A € R. Moreover, (AdU)N, = N, so UH?*(R) = Mo H2(R)
for some p € R. Since CyMy = My,,C, for f € L*(R),
My, 0gMoCyH?*(R) = My, ogMine HX(R) = M, M. H2(R).
Taking orthogonal complements, we see that
M, M —ixe My, 09 Mine H*(R) = uH?*(R) = H*(R),
where u : R — C is the unimodular function
z— expi( — 5(g(x)* + s2®) + (n — N)z).

So w must be constant almost everywhere. But s > 0 and g(z) — o
as r — 00, so this is impossible.

So we are reduced to case (i): AdU fixes both the analytic nest and
the Volterra nest, and so is a unitary automorphism of Alg(N, UN,),

the Fourier binest algebra. By [7], Lemma 4.1, U = € M_ . D,,V, for
some Y, \, i, t € R. Now apply Lemma 5.1. U

Remark 5.3. It can be shown that, modulo scalars, this automor-
phism group is isomorphic to the semidirect product R?* x SLy(R).
The isomorphism is implemented by the map sending

1 1 1
A1 0}, 1 —s and 0 —1
w01 0 1 1 0

to Ad(M.ix.D,,), Ad(M,,,) and Ad(F') respectively. We refer the reader
to [11] for the details.
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It is perhaps surprising that {Ad(U) : U € U(Zpp)} has such a
simple description. The authors do not know if the same can be said
for U(Xpp) itself.

5.2. The hyperbolic sphere and the extended hyperbolic lat-
tice. Recall the definitions of the hyperbolic sphere Y, and the ex-
tended hyperbolic lattice LD Yhyp from Example 4.12. For A, € R,
let My, = M inosne—1y and for (0,s) € T x R let

Ug,s = Mzjisuyzy Where as before, s = X(0,00) + 0X(=00,0)-
A typical projection in M (S 1og ||, —2-1)) 1S
[UysM, ,H*(R)] where (s, pn) € R

If ugs = X[0,00) + 0€° X (—o0,0) then it is shown in [8] that Uy H*(R) =
M,, H*(R) for (6,s) € T x R. We further define operators

Nf(@) =27 f(=2z7") and  Jof(z) = f(-=z), feL*(R);
these are the unitary composition operators corresponding to the sym-
metries © — —a 7! and x — —x, respectively. The linear span of the
set of functions z +— (z — &)~ for I¢ < 0 (or ¢ > 0) is dense in
H?(R) (or in H%(R), respectively). Applying J; and J, to these sets
reveals that J; H?(R) = H*(R) and JoH?*(R) = H2(R). Tt is easy to
see that all of these operators are unitary automorphisms of L, and
if we fix # = 1 then we obtain unitary automorphisms of Y,,. We
will show that in each case, these operators generate the whole unitary
automorphism group.

Lemma 5.4. Let v be a conformal automorphism of the upper half
plane H. For each nonzero s € R, the subspace M,, .o, H*(R) has zero
intersection with each subspace in M(Sy 10g|a|,—2-1)) unless 7y is either
of the form y(x) = ax for some a > 0 ory(x) = —bz™' for some b > 0.

Proof. Suppose that M,, o, H*(R) N Uy .M, ,H*(R) # {0}. Let

f _ (ul,s o 7)9 _ uljaei(/\z—i-uzfl)h

be a nonzero function in this intersection, where g, h € H?*(R). Multi-
plying this equation by e~ if X < 0 and by e~#* " if i1 > 0 and writing
a = (u1507)/ur, gives ap = 9 for nonzero functions ¢, € H?*(R).
Observe that «a takes at most four values, since

1 rey I (RO)NR,

es™ rey H {RONR,

e  zevyY(Ry)NR_

es=™ r ey HRO)NR

Applying the F. & M. Riesz theorem to the function cp —1) = 0 reveals

that o must be constant almost everywhere; in particular, since s # 0,
no three of these intersections can have nonzero Lebesgue measure.

az) =
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Since v induces a conformal automorphism of the upper half plane,
either y(x) = ar+b witha > 0 and b € R or y(z) = a—b(z — )" with
a,b,c € Rand b > 0. Applying the condition in the previous paragraph
forces v(z) = ax with a > 0 or vy(z) = —bz~! with b > 0. O

Theorem 5.5. (i) The unitary automorphism group ofﬁ s equal to
the union G U GJ; U GJy U GJyJs where

G = {aUp My, Vi : (a,0,8,\ p1,t) € T? x R*}.

(i) The unitary automorphism group of Xy, is equal to the union

(;oLJ(;0J1LJ(;QJéLJ(;oJiJé’wh€T€
Go = {aU, ;M) ,V; : (a,s,\, 1, t) € T x R}

Proof. (i) We exploit the order structure of L, given in Proposition 5.2

of [8]. Suppose that U lies in U (L), the unitary automorphism group
of L. Let us write M for the set

M = M(S(z 10z, —o-1)) = {AA(U1 s My, )[H*(R)] : s, A, p € R}

and let M be the topological boundary of M, which by Theorem 4.2
is the set of projections in £ of the form [L2(E)]. Observe first that
OM must be mapped onto itself by AdU. This will follow if we can
show that the set ﬁ\@/\/l may be intrinsically described as the union of
all non-commutative sublattices of £ which are order-isomorphic to the
slice £19 = {Ad(M,,)[H*(R)] : A\, p € R} and whose closure contains
{0, I'}. Writing

Loy = {Ad(Up My, [HX(R)] : A, p € B}
for (8,s) € T x R, observe that each of the slices Ly, EeL,s has this

property. Hence this union contains £ \ OM. On the other hand,
suppose that £ is such a non-commutative sublattice and that P €
OMN L. Since L = Ly there are two continuous nests Ny, Ny con-
tained in £LU {0, I} which do not commute with one another such that
N NNy ={0,P, I}. Now P is of the form P = [L*(F)| and all the
non-trivial projections @, R in £ which satisfy Q < [L*(E)] < R are
all contained in OM by the F. & M. Riesz theorem, so N}, Ny C OM.
But all projections in M commute, so we obtain a contradiction and
OM N L must be empty.
Hence (AdU)OM = M. Observe that

L\OM = | JAdUy )M U | J(Ad Uy ) M*

0eT 0eT

and that the terms in this union are the components of £\ &M, which
Ad U must therefore permute. If UH*(R) = Uy M, ,H?*(R), then we
may replace U with JoU to ensure that UH?*(R) € Uyerp(Ad U1 ) M,
and then replacing U by Uy ;M ,U for suitable 0, s, A, 1 we can arrange
that UH?*(R) = H*(R), and so also that (AdU)M = M.
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TABLE 1. Commutation relations for U(L)

Y
XY | U, M,, Vi S )
Ups | Upy sts
My s | commute  Myiy g
X Vi | €Uy Ve My oo, Vo o View

Ji| Ug_h M_, N V_i i I
Jo | Ugg)a M_y_,J> commute commute [

Since (AdU)OM = OM, AdU maps projections in (OM)” to pro-
jections in (OM)” and so induces an automorphism of L>*(R). Von
Neumann’s theorem of [20] shows that this is necessarily induced by a
Borel isomorphism 7. (See also Nordgren [14]). Since L*°(R) is max-
imal abelian it follows readily that U = M,C., for some unimodular
function ¢ where C, is the unitary composition operator for v. More-
over, U induces an automorphism of H*(R), since if h € H*(R) then
M, H?*(R) C H*(R) and so

H*(R) = UH*(R) 2 UM,H*(R) = M,C., M), H*(R)
= Mo, M,C, H*(R)
= M., UH?*(R)
= Mo, H*(R).

It follows from the Beurling-Lax theorem [10] that hoy € H*(R). The
same argument applied to U* shows that the map A — ho~ is indeed an
automorphism of H*°(R). Hence v induces a conformal automorphism

of the upper half plane.
Fix s # 0. Since (AdU)M = M, the subspace

U(U1sH?*(R)) = UMy, H*(R) = My, .oy UH*(R) = My, o0 H*(R)

must lie in M. By Lemma 5.4, either y(z) = e'z or vy(z) = —(e'z) ™! for
some t € R. Hence C, € {V;, J;V;}. Multiplying by CZ reduces to the
case U = M,. Since C,H*(R) = H*(R), we have M, H*(R) = H*(R)
and so ¢ is constant almost everywhere.

(ii) Following the first paragraph of the proof of (i) with Xy, in place
of £, we may assume that U € U(Syyp) satisfies (AdU)OM = OM.
Now Ypyp \ OM = M U M* has two components, which Ad U must
permute. We may again assume that (AdU)M = M by multiplying
by Js if necessary. The remainder of the proof proceeds as above. [J

From Table 1, we see that Ad(U(£)) is isomorphic to the double
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semidirect product

((T x R?) x4 R) x5 (Z/2Z)?,

a(t)(0,s, A, 1) = (0,5, '\ e ),
ﬁ(l,O)(g,S,)\,pJ, ) = (0 =8, =, — A, _t)7
6(071)(0787)‘7/~L7 ) ( ) 7_)‘7 —H, t)
The map sending
1 -1 -1
a 1 0 10 1 0
s 01 , 0 1 and 0 —1
A et 0 0 1 10
o 0 et 10 0 1
to Ad(Ueia s M, V;), Ad(J1) and Ad(J,) respectively for a, s, A, u,t € R

is a homomorphism onto Ad(U/(L£)) with kernel 277,

5.3. Polynomial 2-spheres. Finally, we consider isomorphisms be-
tween 2-spheres of the form %,,,, = X(M,,,,) where

Mo = {[X" I H2R)] - A, p € R} for m,n € Z\ {0}.

We write OM,,,, for the topological boundary of M,,,. This can be
easily computed using the results of Section 4:

Lemma 5.6. Let m > n be nonzero integers and let v be the residue
class of (m,n) in (Z/27)?, which we identify with {0,1} x {0,1}. Then
OM . = OM, depends only on a. In fact OM 1) = X, the Volterra

circle,
OMauyy ={P,P~: P =[L*E)], E=[-a,a], a€[0,00]}
and if = (1,1) — « then
OMp={PM,,_ + PLMX(_OO,(» : P eoM,}.

We now examine the order structure on X, ,,, which is rather simple
in many cases.

Lemma 5.7. Suppose that u(x) = exp(i(yz™ +0x™)) is an inner func-
tion, where n,m are distinct integers and ~v,0 € R. If v #% 0 then
m € {—1,0,1}, and if  # 0 then n € {—1,0,1}.

Proof. Given h(z) € H*(R), there is a unique function, n(z) € H*(H)
whose nontangential limit boundary value function n* € H*(R) is
equal to h almost everywhere. Suppose that k(z) is analytic on an open
disc U with U NR = (a,b) for some a < b, and that h agrees with x*
almost everywhere on (a,b). Then n(z) = x(z) on UNH. Indeed n and
x both have restrictions in H*°(U N H) and their boundary functions
agree on a set of positive measure, so the conclusion follows from the
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F. & M. Riesz theorem together with the Riemann mapping theorem.
(See also Fisher [5].)

We apply this principle to h(z) = exp(i(yz™+0dx™)). If h is inner and
n € H*°(H) with n* = h, consider the analytic function x : C\{0} — C,
z +— exp(i(y2™+62")). Since k is analytic on each of the open discs U
which meet the right half line and the union of these discs contains H,
we conclude that » = k on H. However, it is routine to check that
this function is bounded in the upper half plane only under the stated
conditions. O

Lemma 5.8. Let m,n be distinct integers in Z \ {—1,0,1}. If P and
Q are distinct projections in X, , with 0 # P < Q) # I then they must
lie in OMy, ..

Proof. Suppose that P ¢ OM,,,. By the F. & M. Riesz theorem,
Q & OM,, . Suppose without loss of generality that P € M,, ,,; if this
is not the case, then apply the unitary automorphism .J5 induced by
x +— —x, which maps Mﬁm onto M,, ,, to make it so. If @) € /\/l#m
then there exist «a, 3, A\, u € R such that

ei(/\xm+ux”)H2(R) C ei(axm—i—ﬁx")m’
where these subspaces are the ranges of P and @), respectively. Let
u(r) = expi(ya™ +dx") where v = A —a and § = p — 3, so that
ul?*(R) C H*(R). Taking complex Conjugates yields ZH2(R) C H%(R),
so H2(R) C uH?*(R) and thus uH?(R) = H2(R). So
(H

H(R) = (F(R))" = (uH*(R))* = uH*(R) = v’ H(R).

It is well-known that a unimodular function which preserves HZ(R)
must be constant almost everywhere, so v = § = 0, which would imply
that H*(R) = H2?(R), an obvious contradiction.

S0 @ € My, ,, say

P =[O A R)] Q= [0 H(R))

Now u(x) = expi(yz™ + dz") leaves H?(R) invariant, so is an inner
function. Hence v = § = 0 by Lemma 5.7 and P = @, a contradiction.
So P € OM,,,,, hence Q € OM,,,, by the F. & M. Riesz theorem.
U

The conclusion of Lemma 5.8 holds nontrivially precisely when m, n
are not both even and it follows that the boundary OM,,, is a uni-
tary invariant for X,,, and also for the balls M,,,. Furthermore,
Lemma 5.6 shows that OM,,,, generates L>(R) precisely when m,n
are not both odd. When both these conditions prevail we can classify
the spheres and balls by an argument similar to that of Theorem 5.5.
In fact we expect that a somewhat deeper analysis will show that in
general the (unordered) set

{{m, n},{—m, —n}}
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is a complete unitary invariant.
We shall need the following elementary lemma.

Lemma 5.9. Let m,n, p,q be nonzero integers with m,n > 1 such that
p#qandm#n. If y: R — R induces a conformal automorphism of
the upper half plane and o, 5 are real constants such that

P — 2% = ay(z)" + By(x)" + 2nN(x) almost everywhere,
where N : R — 7Z then
{{m7 n}7 {_m7 _n}} - {{pu Q}, {_pa _Q}}

Proof. Without loss of generality, suppose that p > ¢ and m > n.
Either v(z) = ax + b where a > 0 and b € R, or y(z) = a — b(x — ¢)™*
for a,c € R and b > 0. Suppose first that v(x) = ax + b; without loss
of generality, we may take a = 1. Since N is then continuous and so
constant on (0, 00) it follows that p,q > 1 and so N is constant on R.
The equation

2P —a?=alx+b)"+ [(x +b)" + 21N

holds almost everywhere. Considering the coefficient of aP gives a = 1
and m = p, so we suppose that n # ¢. Differentiating gives

prP~t — gz = p(ax 4+ b)P + Bn(x + b))V

If ¢,n > 1 then we set x = —b to deduce that b is algebraic, and set
x equal to any other algebraic number to see that ( is also algebraic.
Simple arguments show that the same holds if ¢ > 1 and n = 1 or
if g =1 and n > 1. Now equate the constant terms in the original
expression:

2TN = — (b + Bb").

Since N € Z and the right hand side is algebraic, N = 0. By counting
repeated roots, it now follows that n = q.

If on the other hand v(z) = a — b(z — ¢)~! then N is continuous and
so constant on the components of R\ {0, ¢}, so p,¢q < —1 and N(z) =0
almost everywhere for z > max{0, ¢} and for z < min{0, c}. Since the
left hand side is locally unbounded only at = 0 and has limit 0 as
x — Foo, we must have ¢ = 0 and N(z) = 0 almost everywhere. It
only remains to consider the order of growth and decay at 0 and +oo
to see that p = —n and ¢ = —m. O

Theorem 5.10. Letp,q € Z\{—1,0,1} with p # q and let m,n > 1 be
integers with m Zn mod 2. The spheres ¥,,, and X, , are unitarily
equivalent if and only if

{{m’ n}’ {_mv _n}} = {{p, Q}’ {—p, _Q}}'
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Proof. First observe that the spheres are unitarily equivalent if these
sets are equal, since the composition operator J; corresponding to the
map x — —z ' satisfies (Ad J1)Zn = X n-

Let U € Unit(L*(R)) with (AdU)%,,, = ¥,,. Consider the sub-
space UH*(R) € %,,. Since AdU preserves the order structure, it
must map dM,,,, onto OM, , by Lemmas 5.6 and 5.8. By composi-
tion with 2 — —z if necessary, we may assume that UH?*(R) € M,
and then translating by the “obvious” inner automorphisms of M, ,,
that UH?*(R) = H*(R).

Let o be the residue class of (m, n) in (Z/27Z)?, which by assumption
is in {(0,1),(1,0)}. Observe that by Lemma 5.6, the von Neumann
algebra generated by OM,,, = OM, is the multiplication algebra
L>(R), and the only possibilities for the algebra A = (OM,,)" are

A=L*R) or A={M;:[feL*R), f(z)=f(-z)}

The latter algebra has uniform multiplicity 2. Since AdU sends pro-
jections in (OM,, )" to projections in (OM,,,)”, it induces an isomor-
phism between L*°(R) and .A. Spatial isomorphisms preserve multi-
plicity, so in fact A = L>®(R).

Now AdU is an isomorphism L*(R) — L*°(R) and it follows that
U = M,C, where ¢ € L*(R) is unimodular and C., is a unitary
composition operator with symbol v, a Borel isomorphism. Exactly as
in the proof of Theorem 5.5, v induces a conformal automorphism of
the upper half plane. Since Ad U is a homeomorphism with

UHY(R) = H*(R) and UMy, = OM,,,

it maps the two components M, , and M;;, | of Xy \ OMopy, to M,
and Mﬁ’q respectively. In particular, there exist real «, § such that

ei(zp—xq)HQ (R) _ Uei(azm—i—ﬂw")HQ (R)
— il (@) +6v(2)") 7 2 (R)
= (@)"+0(@)") g2(R).

Hence the hypotheses of Lemma 5.9 are satisfied and the result follows.
O
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