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SOME SELF-ADJOINT QUANTUM SEMIMARTINGALES

ALEXANDER C. R. BELTON

1. Introduction

The following quotation [21, Introduction], with which we agree strongly, refers to
the Hudson—Parthasarathy theory of quantum semimartingales [10].

Examples of symmetric quantum semimartingales are easy to find, but
essentially self-adjoint quantum semimartingales have, in general, proved
elusive. This is not unexpected since a quantum semimartingale is in some
sense an indefinite integral of a family of unbounded operators, and strong
conditions are required to ensure that the sum of even two unbounded
self-adjoint operators is self-adjoint.
The vacuum-adapted theory makes a striking contrast to this: the gauge integral
preserves self-adjointness. More precisely, if H is a vacuum-adapted, self-adjoint

process then
t

U, =R, 9tH1+J (e ™) — 1) dA? (1.1)
0

is a unitary process for all s € R and (Us(t) : s € R) is a strongly continuous,

one-parameter unitary group for all ¢ > 0; unitarity is a simple consequence of

the multiplicativity of the vacuum-adapted gauge integral. (It seems necessary to

impose conditions on H in order to ensure the integrand in (1.1) is measurable and

vacuum-adapted.) Furthermore, in the strong sense,

Uut)—1 '
lim L = J H(r)dA; forallt >0,
s—0 18 0
where the integral has its maximal domain.
One way of viewing this result is as the commutativity of the maps

H— e — T and HHJHdAO

on a large class of vacuum-adapted, self-adjoint processes. This relationship extends
to a functional It6 formula: if f: R — C is a bounded, Borel-measurable function
then

f(JHdA") = 50)+ (st - ) ase (12)

If H is a self-adjoint process which is adapted in the sense of Hudson and Partha-
sarathy, the isomorphism [6] between vacuum-adapted semimartingales and those
adapted in the HP-sense yields, in many cases, a self-adjoint process K such that

K= J(H — K)dA°.

(Some care must be taken interpreting this integral; we follow Attal [3].)
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With either type of adaptedness, the processes obtained may be perturbed by
bounded, self-adjoint quantum semimartingales to produce further examples.

Although our central idea is very simple, certain technicalities have to be
addressed to ensure that e’*# inherits adaptedness and measurability properties
from the self-adjoint process H. It appears, for H unbounded, that neither problem
has been examined before.

We prove that various conditions for measurability, given in terms of the
associated unitary groups, resolvents and spectral measures, are all equivalent and
we provide a sufficient condition for these to hold which may readily be verified for
various processes of interest in the quantum stochastic framework.

The adaptedness condition we adopt is the strong generalization of that which
holds in the bounded case: operators are required to have closure equal to the
ampliation by a particular projection, which is the identity in the usual theory and
equal to the vacuum projection for the vacuum-adapted case. (As some interest
has been shown in other possibilities, and it involves no extra working, we consider
these as well.) We show that this requirement for a process F' to be vacuum adapted
is essentially equivalent to the condition EFE = F, where E is the conditional
expectation on Fock space.

The results stated above are in their simplest form; however, we work throughout
with an arbitrary (separable) initial space and in multiple Fock space of countable
multiplicity.

The idea of using vacuum adaptedness in quantum stochastic calculus goes
back to Hudson and Krée [9], who employed it for the investigation of processes
consisting of Hilbert—Schmidt operators (which clearly cannot be adapted in the
usual sense).

1.1. Conventions

The restriction of a function f to a subset A of its domain is denoted by f|4. The
indicator function of a set A is denoted by 14: this function equals 1 if its argument
lies in the set A and equals 0 otherwise. The Kronecker delta is denoted by d: the
expression 6; equals 1 if a = b and 0 otherwise.

All vector spaces herein have complex scalar field and all inner products are
conjugate linear in their first argument. The orthogonal complement of a subset A
of a Hilbert space is denoted by A+. The algebraic tensor product of vector spaces
X and Y is denoted by X ©®Y and H ® K denotes the Hilbert-space tensor product
of Hilbert spaces H and K.

An operator is a densely defined, linear transformation in a Hilbert space. The
closure of a set or a closable operator A is denoted by A. The von Neumann
algebra of bounded operators on a Hilbert space H is denoted by B(H) and B(H;K)
denotes the Banach space of bounded operators from a Hilbert space H to a Hilbert
space K.

2. Operators

In this section we consider properties of tensor products of operators, self-adjoint
operators and reduction of operators to invariant subspaces which will be used in
the sequel; some routine proofs are omitted.
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PROPOSITION 2.1. If A, B and BA are operators then (BA)* O A*B*, with
equality if B is bounded.

Proof. See [19, Theorem 13.2]. O

2.1. Tensor products

If A and B are linear transformations in the Hilbert spaces H and K, respectively,
then A ® B is the linear transformation in H ® K with domain D(A) ® D(B) and
action on elementary tensors given by

(A®B)(u®v)=Au® Bv for all u € D(A) and v € D(B).

ProroSITION 2.2. For any operators A and B,
A*©B*C(AGB)".

If A and B are closed then A ® B is closable, with closure denoted by A ® B, and
(A® B)* = A* ® B*.

Proof. See [11, Propositions 11.2.27 and 11.2.37]. U

2.2.  Self-adjoint operators
NoOTATION. If H is a self-adjoint operator in the Hilbert space H then
E":BR) — B(H); X — EY

denotes its spectral measure, where B(R) is the o-algebra of Borel subsets of R.

ProrosiTiON 2.3. If A is an operator in the Hilbert space H, and U is an
isometric isomorphism with domain H, then
(i) UAU™ is an operator such that (UAU*)* = UA*U*;
(ii) if A is closable then so is UAU*, with closure U AU*;
(i) if A is self-adjoint then so is UAU* and Uf(A)U* = f(UAU*) for any
Borel-measurable function f: R — C.

PropPoOSITION 2.4. If H is a self-adjoint operator and P is an orthogonal
projection then H ® P is self-adjoint and has spectral measure

X — E¥ =FB{ ® P+ 6o(X)I ® P, (2.1)

where &y denotes the Dirac measure on R with support {0}.
Conversely, if H is a closed operator such that H @ P is self-adjoint, where P is
a non-zero orthogonal projection, then H is self-adjoint.

Proof. Self-adjointness of H® P is immediate from Proposition 2.2. It is readily
verified that (2.1) defines a spectral measure; recall that C — C ® D is strong-
operator continuous on norm-bounded sets if D is a bounded operator. If X C R
is Borel, u,v € D(H) and z,y € D(P) then

(@, B (v@y)) = (u, BY v){z, Py) + 6o(X)(u, v)(z, PTy);
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so, if K denotes the self-adjoint operator with spectral measure EX | then

| Hol]? | Py])? = j 2 d{v, B ) (y, Py)

— | #iwen et oo - [ SaEsoo
which shows that v ® y € D(K). Furthermore,

u@z,(HoP)(vey)) = Jde<u,Efv><x,Py>

:Jde<u®x,Ef(v®y)> = (u®, Kvay)),

so H® P C K. Taking closures and using the fact that self-adjoint operators are
maximally symmetric gives the equality claimed.

For the converse, we show first that H is symmetric: let  be a unit vector such
that Px = z and note that D(H) ® D(P) C D(H ® P); hence, for all u,v € D(H),

(u, Hv) = (u®z,( HR®P)(v®z)) ={((H® P)(u®x),v®x) = (Hu,v).

Next, suppose that H is not self-adjoint; by [15, Theorem VIIIL.3] there exists a
unit vector w € D(H*) such that H*w = +iw. With x as before,

(H*®@ P")(w®z)=+ilw® )

and therefore H* ® P* = (H ® P)* has an eigenvector with eigenvalue +4. This
contradicts the fact that H ® P is self-adjoint. |

ProrosITION 2.5. If H is a self-adjoint operator and P is an orthogonal
projection then H ® P is the generator of the unitary group

R3s—U, =" @P+1P". (2.2)
The next lemma may be proved in the same manner as [8, Theorem 10.5.4].

LEMMA 2.6. Let U = (U, = € : s € R) be a strongly continuous, one-
parameter unitary group on the Hilbert space H. If u € H is such that there exists
a sequence (s,)52; C R\ {0} and v € H with

1
lim —(w,Us, u — u) = (w,v) forallwéeH
n—oo 18,

then u € D(H) and Hu = v.

2.3. Reduction

It is fundamental to the interpretation of a non-anticipating calculus that a
process can have no dependence upon the future. In mathematical terms this leads
to the component operators having certain invariant subspaces.

PROPOSITION 2.7. Let Pk denote the orthogonal projection onto K, a closed
subspace of the Hilbert space H. If A is an operator in H then PxA C APy if and
only if

P«<D(A) C D(A), A(D(A)NK)CK and A(D(A)NK*) C K. (2.3)
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Proof. See [1, Theorem 40.2]. O

DEFINITION 2.8. If A and K are as in Proposition 2.7 then K reduces A and
the reduction of A to K is the operator

Alk: D(A)NK — K; u+— Au. (2.4)

(It is immediate that Ak is densely defined: if u € K then there exists a sequence
(un )22, € D(A) such that w, — u, but as D(A k) := D(A) N K = P<D(A),
(Pxuy, )22, is a sequence in D(Alk) that converges to u.)

Note that A is reduced by K if and only if it is reduced by K+ and, if B is also
reduced by K, so are A+ B and AB (if AB is densely defined), with (A + B)[k =
Alk + Blk and (AB)[x = Alk Blk-

ProrosITION 2.9. If A is a closable operator in the Hilbert space H, and K is
a closed subspace of H that reduces A, then K reduces A* and (Alk)* = A*[k. In
particular, if A is self-adjoint then Al is also and, if f: R — C is Borel measurable,
f(A) is reduced by K and f(Alk) = f(A)lk.

Proof. Note that

PKA - APK — PKA* - (APK)* - (PKA)* = A*PK; (25)

the first inclusion and the equality follow from Proposition 2.1. If v € D(A* [k)
then

(A" u,v) = (A%u,v) = (u, Av) = {(u, Alx v) for allv € D(A)NK,
sou € D((Alk)*) and (AJk)*u = A*k u. Conversely, if u € D((A[k)*) then
((Alk)*u,v) = (u, Alk v) for all v € D(AJk) = D(A) N K.
If w e D(A) then Pkxw € D(A)NK and
(u, Aw) = (u, Pk Aw) = (u, APcw)
= (u, Alk Pxw) = ((Alk)*u, Pxw) = {(Alk)*u,w).

Hence u € D(A*)NK and A*[x u = A*u = (A[k)*u.

That f(A) is reduced by K if A is self-adjoint follows from [22, Theorem XI.12.1]
(which states that if B is a bounded operator and BA C AB then Bf(A) C f(A)B).
Finally, since E4 = 1x (A) is reduced by K, E4 [k is well defined for all X € B(R);
it is immediate that X — Efé [k is a spectral measure and, if u € K and v € D(A[k),

(u, Ak v) = {u, Av) = J sd(u, EAv) = J sd{u, E4 g v).
R R
Hence Alk has spectral measure X — E4 [x; that f(A)[x = f(Alk) is immediate
from this. U

2.4. Fock space

NoTATION. Let F(I) := I';(L?*(I;k)) denote Boson (that is, symmetric) Fock
space over L2(I;k), the space of strongly measurable, square-integrable, k-valued
functions on I, where I is any Borel subset of Ry := [0,00) and k is a separable
Hilbert space, the multiplicity space.



796 ALEXANDER C. R. BELTON

One way to view F(I) is as the closure of £(I), the linear span of the linearly
independent family of exponential vectors {e(u) : u € L?(I;k)}, with respect to the
inner product

(e(u),e(v)) 71y = exp(u, v)p2(r;k) = €xp (L(U(t)7 v(t))x dt)- (2.6)

If I; and Iy are disjoint, Borel subsets of Ry then F(I;) ® F(I3) is isometrically
isomorphic to F(I; U I2), via ¢, 1,, the continuous extension of the linear bijection

E(I1) ©E(I2) — E(I1 U I); e(ur) @ e(uz) — e(ur © ug), (2.7)
where u; @ ug € L?(I1 U I3; k) is given by

ul(t) ifte]l,

(u1 (&) UQ)(t) = {
(Note that LIy, Iy (5([1) O) 5(12)) = 5([1 U Ig))
For t > 0 we let F := F(Ry), F = F([0,t)) and F' := F([t,00)); note that
F: @ F! =2 F via the isometric isomorphism ¢; := L[0,1),]t,00)- 1t is useful to introduce
the notation wu; := ulj;) and u' := uly ), so that v = u; ® u' and

i te(u) = e(uy) @e(u')  for all u € L*(Ry; k). (2.9)

We also regard u; and u' as elements of L?(R;k): u; = 1jo,yu and ut = Lt 00)U-

DEFINITION 2.10. A subset S C L?(R;k) is admissible if

(i) & :=lin{e(u) : u € S} is dense in F;

(ii) uy € Sfor allw € Sand ¢t > 0.
We let (1) := lin{e(u) : u € L*(I;k) N S}, with L?(I;k) regarded as a subspace
of L?(R;k) in the natural manner,

Es:=Es(Ry), Esy:=Es([0,t)) and &L := Es([t,0)),
so that & = 1 (Es © EL).

NoTAaTION. Let h be a separable Hilbert space (the initial space) with dense
subspace hg and define

F=h®F, F =heof,

E:=hy®&RyY), & :=hy©& and &, :=hyoEs,,

so that 5-and gs are dense subspaces of ]E" and 7; := Iy ® (; is an isomorphism
between F; ® F' and F such that & = i, (Esy © EL).

Henceforth, we omit the product sign between the components of elementary
tensors in F: if a € h and € € F then af denotes a ® 0 € F.

PROPOSITION 2.11. If B is a closed operator in .7-'t, C is a bounded, self-adjoint
operator on F' such that Ce(0) = £(0), and A = ;;(B ® C)i;* then F; reduces A
and Alz = B.



SOME SELF-ADJOINT QUANTUM SEMIMARTINGALES 797

Proof. Note that Pz = Lt(I ® Pre(oy)i;: this is immediate on £, so holds
everywhere by continuity Hence

Pz A=04(B® Pe.(0)0)iy" and APz =0(B® CPe(0)i)'
so F; reduces A if Ce(0) reduces C, but this is trivial:
Pe.0)D(C) = Ce(0) C F' = D(C), C(D(C)NCe(0)) = CCe(0) = Ce(0),
and if x € D(C) N Ce(0)* then Cz € Ce(0)* because
(Cx,ve(0)) = (x,7Ce(0)) =0 for all v € C.
)

For the last part, note that 7, (ac(u) ® £(0)) = ae(u) for all a € h and u € L?[0, 1),
50 ;"0 = 0 ® £(0) for all § € &4, and thus for all § € F;, by continuity. Hence

e DANF — 0x¢e(0)e DB C)
and if € D(B) then
9 ®e(0) € D(B)® D(C) C D(B® C);
so 0 € D(Alz ) and
Al 0 =10;(BO @ Ce(0)) = BY.

It remains to show that D(A[z ) C D(B); for this, let € D(Alz ) and note that
0 ®¢e(0) € D(B® C), so there exists a sequence '

(X otm@ei) € D(B)@D(C)
n=
such that
Mn 1n 2,n 1,n 2,n .
Z ¢l ®¢;" —0®e(0) and (Z Bo;" @ Cop ) s convergent.
Let 7" € C be such that PCE(O)QSIQ’" = 7/'¢(0) and note that
t 1,n
S el @ e(0) = (1@ Pe) (X 6" @ 6" )= 09 2(0),
from which it follows that Zlm”l V] 11 " — 0. Since Pg. 0 C = CPc(0),
1,n 2,n M 1,n

(19 Peo) (X0 Bot" @ Cop") = 3" By we(0),

o (BY e "), is convergent and thus 6 € D(B). O

PROPOSITION 2.12. If A is a closable operator in F such that Pﬁ AP;E[ =A
then F, reduces A and

A=1 (Af ®P(CE(0))

Proof. The fact that F; reduces A (and so A) is immediate from the definition.
As Pz 0 =1,(Pz 0 ®e(0)) for all 0 € F and Pz = i;(Iz @ Pee(o))iy" if ¢ € D(A)
then

Ap=Al; P ¢=Z(Ar; Pz ¢ @¢(0))

(Z[ @ Ir)i fcb—bf( ft®P<c5(o))Zf,*¢;

/.

oall
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this shows that 7;* A7y C Z[ﬁ[ ® Pce(0) =: B. For the reverse inclusion, let

my

b= & @¢" € D(Alg) © D(Pecn) = D(Al5) © F'
=1

be such that ¢, — ¢ and B¢, — B¢. If ' € C is such that 7/'¢(0) = P(CE(O)(;S?’"
then &g, — i1, Pz iy = >/ 7' ¢ " € D(A) and

mpy My

iF AL G, = i APz b = 17 Y 1 AG" =Y Alz 6" @7,e(0) = Béy,
=1 =1

so i Al ¢, — Bo, ¢ € D(i;fAiy) and i Aiy¢ = Bg, as required. O

3. Processes

After studying certain questions of measurability for collections of operators, we
introduce the notion of process and types of adaptedness.

3.1. Measurability

For a function with values in a separable Hilbert space, the concepts of weak and
strong measurability coincide, by a theorem of Pettis [22, Theorem V.4]. As all the
Hilbert spaces occurring in this work are separable, we shall henceforth apply the
adjective ‘measurable’ to such functions without any qualifying adverb and shall
exploit both notions interchangeably.

LEMMA 3.1. IfH is a separable Hilbert space, ¢: Ry — H is measurable and
E = (E(t):t>0) is a family of operators in H such that
(i) Ry 3t — E(t)u is measurable for all u € D(E) := (5, D(E(1)),
(ii) ¢(t) € D(E(t)) for allt > 0,
(iii) D(E*) =50 D(E()*) is dense in H,
then Ry 3t +— E(t)p(t) is measurable.

Proof. If v € D(E*) then Ry >t — (E*(t)v,u) = (v, E(t)u) is measurable for
all w € D(E), so, as this set is dense, Ry 3 ¢ +— E*(t)v is as well. Let (¢,,)52; and
()22 1 be sequences of simple functions converging almost everywhere to ¢ and to
Ry >t — E*(t)v, respectively; Ry 2t — (¢, (t), o, (t)) is a simple function for all
n and these converge almost everywhere to Ry 3 ¢t — (E*(t)v, ¢(t)) = (v, E(t)o(t)).
Since D(E*) is dense in H, the result follows. |

COROLLARY 3.2. IfH is a separable Hilbert space and F, G: Ry — B(H) such
that Ry > t — F(t)u and Ry > ¢ — G(t)u are measurable for all w € H then
Ry 3t~ F(t)G(t)u is measurable for all u € H.

Proof. Take E = F and ¢(t) = G(t)u in the previous result. O
If H=(H(t):t > 0) is a family of self-adjoint operators, we should like the

function Ry > ¢ — f(H(t)) to inherit some form of measurability from H. If H
consists of bounded operators then this is straightforward (and well known).
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THEOREM 3.3. Let H = (H(t) : t > 0) be a family of bounded, self-adjoint
operators such that Ry > t — H(t)u is measurable for all w € H. If f: R — C
is continuous then f(H) = (f(H(t)) : t > 0) is such that Ry >t — f(H(t))u is
measurable for all u € H.

Proof. The case where f is a polynomial function is immediate, by Corollary 3.2.
Next, suppose that H has locally bounded norm and, for NV € N, let

vy = sup{|[H(®)|| : ¢ € [0, N]}.

By Weierstrass’s approximation theorem, there exists a sequence of polynomials
(pN)oo, with p — f uniformly on [~vy,vx] and so

pN (H(t))u — f(H(t))u forallu € Hand t € [0, N].

Hence Ry > t + 1po n(t)f(H(t))u is measurable for all u € H and the result
follows, since 1[g, yj/ — I pointwise in norm as N — oo. Finally, if H does not have
locally bounded norm, let

={teRy: [H®)| <n}=[H)|'0,n]

and note that, because A, is measurable (a straightforward exercise), so too is
Ry >t 1y, (H)H(t)u for all w € H. As 14, H has bounded norm, the previous
working yields measurability of Ry 3 ¢ — f(14, (t)H(t))u for all u € H. Finally,
f(la, ®)H(t)) — f(H(t)) in norm as n — oo, for all ¢ € R, whence the required
result follows. U

COROLLARY 3.4. If H is as in Theorem 3.3 and f: R — C is Borel measurable
then Ry >t f(H(t))u is measurable for all u € ();5 D(f(H(1))).

Proof. While this may be proved directly, it follows from the previous theorem
(with f: z + €% where s € R), Theorem 3.7 and Proposition 3.6. O

The technique used above is not applicable to the unbounded case, however; a
stronger notion of measurability seems to be required.

LEMMA 3.5. If H = (H(t) : t > 0) is a collection of self-adjoint operators in
the separable Hilbert space H and M denotes the class of elements X in B(R) such
that Ry >t~ E)I?(t)u is measurable for all u € H then M is a o-algebra.

Proof. As
H(t) H(t) H(t) H(t) H(t) H (t)
Ey = =0, ER\X =I1-FEy and  Ey vy, =FEx By,

we see that M contains (), is closed under complements and is closed under finite
intersections, respectively; thus M is a subalgebra of B(R). If (X,,)32; C M then,
without loss of generality, these sets may be assumed to be disjoint and

E)I?(t) Z E Dy for all u €H,
so X € M, as required. O

The next proposition indicates the correct choice for measurability.
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PROPOSITION 3.6. Let H = (H(t) : t > 0) be a family of self-adjoint operators
in the separable Hilbert space H, such that R, >t +— E)b([ )y is measurable for all
u € Hand X € B(R). If f: R — C is a Borel-measurable function then Ry >t —
f(H (t))u is measurable for all u € (,5o D(f(H(t)))-

Proof. Let f: R — C be Borel measurable and let (f,)S2; be a sequence of
simple functions that converges pointwise to f such that |f,| < 2|f| for all n > 1
[7, Theorem 13.5]. Since

R, >t HJ Ly (s) d{u, E¥ Dv) = (u, BX V)
R

is measurable for all u,v € H and X € B(R),
R 50 [ 76t B O0) = lim | f,(5)du, EXO)
R oo Jr

is measurable for all w € H and v € (,5( D(f(H(?))); the equality holds by the
dominated-convergence theorem of Lebesgue. |

THEOREM 3.7. Let H = (H(t) : t = 0) be a collection of self-adjoint operators
in the separable Hilbert space H. The following are equivalent:
(i) Ry >t (H(t)+iI)tu is measurable for all u € H;
(i") Ry ot~ (H(t) +iyI) " u is measurable for all v € R\ {0} and u € H;
(i) Ry >t ey is measurable for all s € R and u € H;
(iii) Ry ot E)I?(t)u is measurable for all X € B(R) and u € H.

Proof. (i)=(1'). Recall that if A is a self-adjoint operator and Ao € C\ R, then
(A+ XD =" (Ao = N)"™(A+ X)) with [\ = Xo| < [ImAe|  (3.1)
m=0
(see [22, VIIL.2(1),VIIL.1(2)]); so the measurability of Ry > t +— (H(t) +il)~!
implies that of Ry 3 ¢ +— (H(t) +iyI)~! for all v € (0,2): take A\g = i and \ = iy
in the above. Next, note that if A\g = iy with 79 > 0 then the identity (3.1) holds
for all A = iy with v € (0, 2vp); hence the result holds for all v > 0. The case where
~v < 0 follows by taking the adjoint.
(i")=(ii). Note that (1 —isr/n)™" — € as n — oo and
2,.2

isr 1T\ " §2r2\ /2
e _(1_7) <1+ 1+? < 2,

for all s,7 € R and n > 1. Hence, by the dominated-convergence theorem,

‘ isH(t)\ "
eSH My = lim (Izs ()> u forallueH, t>0.

n—00 n

If s # 0 then
(10" < (2 (o 20)

and so the claim follows by Corollary 3.2.
(ii)=(iii). If u € H then, since R, 3 s+ ¢ )y is continuous for all ¢ > 0, the
map R x Ry > (s,t) s eis4 ()4 is measurable, which follows from approximation
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with functions piecewise-constant in s (see [7, Proof of Theorem 37.2]). If f: R — C
is a continuous function such that it and its Fourier transform

_ 1 .

:R—>(C;80—>7J r)e " dr

f 57 ). f(r)
are both Lebesgue integrable then f is bounded (since t — f(t) = f(—t) is
continuous and tends to 0 at infinity [18, Theorem 9.11]); a simple Fubini-Tonelli
argument proves that

PO = <= | Fpe Ouds
for all ¢ > 0 and that the map Ry > ¢ — f(H(t))u is measurable. Finally, for
s € Rlet (f,: R — [0,1])22, be a sequence of infinitely differentiable functions
with compact support that converges pointwise to 1, ,41]; such a sequence may
be constructed as in [19, §1.46]. By the dominated-convergence theorem and the
previous working, we have the measurability of Ry > ¢t — E[IS{(L)_I]
follows from Lemma 3.5.

(iii)=>(i). This follows from Proposition 3.6 with f(s) = (s + i)' O

u and the result

REMARK 3.8. Condition (i) of Theorem 3.7 is the measurability condition
used by Reed and Simon [17, § XIII.16, p. 283]; condition (ii) is (essentially) that
employed by Pathmanathan [14]. Vincent-Smith states [20, §12; 21, §2] that
() .t > 0) is a unitary process (as in Definition 3.14) for any s € R and
any self-adjoint quantum semimartingale H (see [2]) but provides no proof of
measurability.

DEFINITION 3.9. If H = (H(t) : t > 0) is a family of self-adjoint operators that
satisfies the conditions of Theorem 3.7 then H is spectrally measurable.

LemMmA 3.10. If H, Hy, Ho,... are self-adjoint operators with common core D
such that H,u — Hu for all u € D then e'*" — ¢*H strongly for all s € R.

Proof. These hypotheses imply the convergence of (H,, )%, to H in the strong
resolvent sense [15, Theorem VIII.25(a)] and thus the result follows from a theorem
due to Trotter [15, Theorem VIII.21]. O

PROPOSITION 3.11. Let H = (H(t) : t > 0) be a family of self-adjoint operators
in the separable Hilbert space H with common core D = Un>1 D,., where each D,
is a closed subspace of H and D,, C D, 41 for alln > 1. If Ry > t — H(t)u is
measurable for all w € D then H is spectrally measurable.

Proof. Let P, denote the orthogonal projection onto D,,; since D is dense in H,
P, — I strongly. If A= H(t) for some t > 0 then D(P, AP,) = D(AP,) = H and,
by Proposition 2.1,

(P, AP,)* D P*(P,A)* = P,A*P* = P, AP,.

Thus, by the Hellinger—Toeplitz theorem [19, Theorem 13.11(a)], P, AP, is bounded
and self-adjoint. If v € D then P,u = wu for all sufficiently large n; therefore
P,AP,u — Au; hence Lemma 3.10 implies that e**"»4P — ¢4 strongly for
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all s € R. If w € H then P,u € D,, C D, so Ry 3¢+ P,H(t)P,u is measurable;
thus, by Theorem 3.3, Ry 3 t — e H()Pny; is also and the result follows. a

ExXAMPLE 3.12 [4]. Recall that Boson Fock space has the chaos decomposition

F=CQo éLﬁym(Ri; k) =: é Hp.

n=1 n=0

Let p € C{z,y, z) be a polynomial in the non-commuting indeterminates x, y and z
such that p' = p, where the anti-isomorphic involution f satisfies T = y and z = 21.
If E(t) = p(Ay, A, A?) is a polynomial in the basic integrators of (one-dimensional)
quantum stochastic calculus then E(t) has a representation as a #-symmetric matrix
of bounded operators, E(t) = (E}, (1)), =0, Where E}, (t) = E}' (t)* € B(H,;Hy)
for all m,n € Z, := {0,1,2,...}. Furthermore, there exists d € Z; such that
E! =0if [n—m| > d, so D(E) 2 Hgo := Y.~ Hy, the algebraic sum of the spaces
H,, (the finite-particle space), and if each E(t) is self-adjoint then Hyg is a core for
E. Since t — EP (t) is strongly continuous for all m,n € Z,, if E is self-adjoint
then it is spectrally measurable.

ProposITION 3.13. If H = (H(t) : t > 0) and K = (K(t) : t > 0) are
each spectrally measurable collections of self-adjoint operators and H(t) + K (t) is
essentially self-adjoint on D(H(t)) N D(K (t)) for all t > 0 then the collection

H+K=(H@{t)+K(t):t>=0)

is spectrally measurable.

Proof. This follows from condition (ii) of Theorem 3.7 and Trotter’s product
formula [15, Theorem VIIL.31]. O

3.2. Processes

DErFINITION 3.14. If H is a separable Hilbert space then an H-process F'is a
collection of (necessarily closable) operators (F(t) : t > 0) in H ® F such that, for
all ¢t > 0,

(i) D(1jo)F) and D(1jg)F*) are dense in H ® F;

(i) Ry 3 s (10, F)(5)0 := 1) (s)F(s)0 is measurable for all 6 € D(1jy ;) F).
The adjoint process F* = (F(t)* : t > 0) is also an H-process. A process F (we
suppress the space H if it is not relevant) has core D if D C D(F') and F(t)|p = F(t)
for all ¢ > 0. A process F is bounded or unitary if F(t) is bounded or unitary,
respectively, for all ¢ > 0; a process H is self-adjoint if H(t) is self-adjoint for all
t > 0 and H is spectrally measurable.

REMARK 3.15. Note that the collection of bounded processes is a *-algebra
and that the sum of any process and a bounded process is also a process (where all
algebraic operations are defined pointwise).

REMARK 3.16. A spectrally measurable collection of self-adjoint operators is
an H-process if D (1) H) is dense in H® F for all ¢ > 0, by Proposition 3.6.
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3.3. Adaptedness

The continuous tensor-product structure of Fock space gives rise to notions of
adaptedness: a process of operators is adapted if each term corresponds to the
ampliation by some non-zero orthogonal projection. (This form is imposed by
the requirement that such processes be causal, that is, non-anticipating, and for
algebraic reasons.) The simplest examples involve ampliation by the identity
operator (the usual, Hudson—Parthasarathy type of adaptedness) or vacuum
projection (vacuum adaptedness); other possibilities have been explored (for
example, Lenczewski’s colour-filtered calculus [12]).

NOTATION. Let p be an orthogonal projection onto some subspace of k; the
operator p acts pointwise on L?(I;k) in the obvious manner: (pu)(t) = p(u(t))
for all t € I. Let II} denote the second quantization of this operator: IT} is an
orthogonal projection in B(F(I)) and acts on £(I) so that ITfe(u) = (pu).

DEFINITION 3.17.  An H-process F' is p-adapted if, for all ¢ > 0, there exists a
closed operator F; in H® F; such that

F(t) Cu(F @I, )i (3:2)
A process F' is strongly p-adapted if
Fit)=Ft)=u(F,® Hﬁ,m))zt* for all ¢ > 0. (3.3)

NOTATION. Vacuum-adapted and HP-adapted processes are referred to as O-
adapted and 1-adapted, respectively.

REMARK 3.18. If F'is a strongly p-adapted H-process then F(t) is reduced by
H® F; for all t > 0, by Proposition 2.11. The orthogonal decomposition

HeF=MHoR) e He R
yields a block-diagonal decomposition [1, Theorem 40.1] as follows:

_ Ft) .7 0
F(t)<—>< ()(T)Hw,, F(t)“@ﬁi) for all t > 0.

In the particular case of 0-adaptedness, F(t)[HGNﬂ: 0 because
t

F(t)PHeaﬁL AGE: H([)t,oo)) (IH®ﬁ, ® P(CLE(O))Z: = ir (Fi @ Pee (o) Pec ()2 ) -
In particular, if F' — I is strongly 0-adapted then
— F(t)] ez 0
F(t) < Ol for all ¢ > 0;

this explains why it is natural, in the 0-adapted set-up, to require a unitary process
U to be such that U — I is 0-adapted. (Clearly U cannot be 0-adapted.)

PROPOSITION 3.19. An H-process I’ such that ' = (Iy ® E)F(Iq ® E) is
strongly 0-adapted, where the conditional expectation Ry > t — E;, € B(F)
satisfies Eas(u) = ae(u) for all a € h and uw € L*(Ry;k). Conversely, if F is
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a strongly 0-adapted H-process then there is an H-process G such that

Proof. If F = (I ® E)F(I ® E) then, by Proposition 2.12, F is strongly 0-
adapted. Conversely, if F is strongly O-adapted then G: Ry > t — F(t)(I ® E;)
is as required: Proposition 2.11 shows that D(G(t)) 2 D(F(t) ez ) ©@ F' and
G(t) = (In ®E;)G(t)(In ® Et), the inclusion D(G(t)*) D D(F(t)*) is obvious from
Proposition 2.1, and measurability for G holds by Lemma 3.1. Finally, G(¢) is closed

(by Proposition 2.1) and G(t),7 = F(t)lyez - U

PROPOSITION 3.20. A p-adapted H-process F' with D(F) 2 Hy ® Es satisfies
the inner-product identity
(ag(u), F(t)be(v)) = (ae(uz), F(t)be(ve)){e(u'),e(pv')) for all t > 0, (3.4)

for all a,b € Hy © hg and u,v € S. Conversely, an H-process F' with domain or
core Hy ® & is p-adapted or strongly p-adapted, respectively, if (3.4) holds for all
a,b € Hy ®hg and u,v € S.

Proof. By definition, if F' is p-adapted then
(ag(u), F(t)be(v)) = (as(uz), Fibe(vy)){e(u'),e(pv’)) for all t > 0,
for all a,b € Hy ©® hg and u,v € S; taking u = u; and v = v; yields the identity

(3.4). Conversely, (3.4) implies that F'(t)|, .z  has range in H® F; (take v = vt)

and so
Ft)lyy0s = t(FOln, 0z, © T ole)i
taking closures gives the result, by Propositions 2.2 and 2.3. |

ProposITION 3.21. Let H be a strongly p-adapted, self-adjoint H-process. If
f: R — C is Borel measurable with f(0) = 0 and f(H(t)) has core Hy ® & for all
t > 0 then f(H) is a strongly p-adapted process.

Proof. Proposition 3.6 implies that f(H) is an H-process. Let a,b € Hy ® hg
and u,v € S; for t > 0 we have

(as(u), f(H)(t)be(v)) = (as(ur) @ e(u'), ij" f(H) ()i (be(v) ® £(v")))
= (as(uy) @ e(u'), (I H(t)ir) (be(vr) @ £(v'))),

by Proposition 2.3. Since H is strongly p-adapted, Propositions 2.9 and 2.11 imply
that H(t) | 7 = H; is self-adjoint, and the last inner product above equals

(as(ue) @ e(ul), f(H, @ T, ) (be(vr) © (1))
- j £(5) d{as(uy), B be(u)) (), 11, <(0"))

+ F(O){as(u), be (o) e(u), (T, Ye(w)),
by Proposition 2.4. As f(0) = 0 the second term vanishes, and the first equals

(as(ur), f(Hp)be(ve))(e(u'),e(pv")) = (ae(ur), f(H)(E)be(ve)) (e(u'), e(pv')).
This yields strong p-adaptedness, by Proposition 3.20. |
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PROPOSITION 3.22. If H is a self-adjoint H-process and Ry > t — e?s# () — T
is strongly p-adapted for all s € R then H is strongly p-adapted.
Proof. Since e'*H — [ is strongly p-adapted, for all £ > 0 and s € R there exists
a bounded operator K;(s) such that

6isH(t) —I=10 (Kf (S) ® IIP )Zt* (35)

[t,00)

For the claim, it suffices to prove that, for all ¢ > 0, the operator G;, where
~ 1 1
D(Gy) = {9 EH® F : liH(l) —Ki(s)0 exists} and G = lir% — K, (s)0,
s—0 18 s—0 18

is self-adjoint, since Z; (G,, ® H‘E’t oo))Zt* C H(t). Equivalently, it suffices to show that
(Ki(s) + I :s €R)is a strongly continuous, one-parameter unitary group. Strong

continuity is immediate from (3.5) and if

M(s) := Zt((Kt(s)—l—I)@Hp )Zt*:eiSH(t)—I-i—Zt(I@Hp )Zt*

[t.00) [t,00)

then M(s)* = M(—s), M(0) = (I ® Hﬁ,w))zt* and M(r)M(s) = M(r + s) for all
r,s € R. Since M(s)lyy,7 = Ki(s) + I, the result follows. O

ProOPOSITION 3.23. If F' is a strongly p-adapted H-process then there exists a
strongly 0-adapted H-process E such that E(t) Mme? = F(t) Mgz for all t >0,
which is unique up to closure: if G is a strongly 0-adapted H-process such that
G(t) ez = F(t) ez for allt >0 then G = E. The process E is self-adjoint if
and only if F' has the same property.

Proof. For ¢t > 0 define
A) =0 (FWlhez O o)l = (In @E)L (F(D)lyez O )T
and note that

Et):=A@{) D (InE)iy (f(t) o7 ®H’[;’OO))Z;‘ = (In@E)F(t),
so D(E(t)) 2 D(F(t)), and
Et) =A@)" = (Z,, (F(t)[H®ﬁ @H’[’tm))it*(IH @]Et))* D(InRE)F(t)",
so D(E(t)*) 2 D(F(t)*). As [0,t) 2 s — E(s)u = (In @ E,)F(s)u is measurable
if u € D(1}4)F), by Lemma 3.1, a simple argument using the inner product and

the density of D(1jg ) E*) yields measurability for all uw € D(1j4)E), so E is an
H-process. It is also clear from the definition that

E(t) =i (F()lher @) )0,

so F is strongly O-adapted. Uniqueness is immediate and the claim about self-
adjointness is a consequence of Proposition 2.4; the necessary measurability follows
from Proposition 2.5. |

DEFINITION 3.24. The closed process E in Proposition 3.23 is the 0-adapted
projection of the process F'.

REMARK 3.25. If F is a bounded, strongly p-adapted H-process then

HRF, [t,00)
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is a bounded, strongly g-adapted process, the g-adapted projection of F, for any
projection ¢; measurability may be established by the use of exponential vectors. In
general, a strongly p-adapted process F may be shown to have a strongly g-adapted
projection, that is, (3.6) defines a process, if ¢ < p (with respect to the usual order
on projections; the proof is as above) but for other ¢ it is possible that domain
problems arise.

EXAMPLE 3.26. For each t > 0, let H; be a self-adjoint operator in H ®]?f, with
domain containing Hy ® &+, where Hy is dense in H, and let
H(t) = Zt (Hf ® H‘T[)t,oo))zt*'
If Ry >t (as(uy), e be(vy)) is measurable for all a,b € Hy ® hg and u,v € S
then H is a strongly p-adapted, self-adjoint H-process.
3.4. Quantum stochastic integration
We adopt the very elegant formalism for quantum stochastic integration due to

Lindsay [13]. Let k :== C @ k, 7 := (1) for all z € k and

- o~ — 1
A=kt f(t) = ,
where f: A — k is any function with values in k.
PROPOSITION 3.27. There exists a linear contraction D: F — L2(Ry;k ® F),
the adapted gradient, such that, for all a € h and u € L?(R;k),
Diae(u) := (Dae(w))(t) = u(t) ® as(uz) (3.7)
for almost all t € R...
Proof. Let (e’ : i € I) be an orthonormal basis of k, where [ = N := {1,2,...}
or I ={1,....n}, and, for each i € I, define
E;: F— k®f; 6 — e 6.

It is readily verified that F; is a linear isometry and EfE; = 5;[ 7 foralli,j €.
Suppose first that h = C and let

S:=1lin{R, > s+ f(s)e': f € L*(Ry), i €T}.
Define De(u), for all u € S, by setting
De(u): Ry = k@ F; (De(u))(t) = Die(u) == u(t) ® e(uy)
and note that if x € k and v € L?(R4;k) then
Ry 3t (z@e(v), Dre(u)) = (z,u(t))(e(v), e(ur))
is measurable, so Ry >t — D;e(u) is measurable. If u;(¢) := (€', u(t)) then

Die(u) = ZuL (t)e' @e(uy) = Z el @ui(t)e(u) = Z E;(ED")e(u),
iel iel iel
where ED? is the composition of the conditional expectation (that is, the bounded
C-process such that E,e(u) = e(u;) for all ¢ > 0 and u € S) and the adapted gradient
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in direction €’ [6, §5.2]. Hence, with D extended by linearity, if § € & then

ID:6)* = || Y Ei(ED")
iel
= Y (E:(ED'):0, E;(ED?),0) = > || E;(ED"),0]> = > | (ED")0]>.
i,jeI iel iel

By [6, Proposition 35], if ¢ > 0 then

t t
| 1Dt as = | ST IEDY.012 ds = B0 - 1201 < o)
0 0ier
which gives the result, by the density of &. The extension to a non-trivial initial
space is straightforward: if D is the adapted gradient acting on F = C ® F,
T:h@k®F — k®h®F:k®f; aRbRc—bRa®c

is the isometric isomorphism given by exchanging elements of the first two spaces,
and

k:h® LRy k®F) — L2(Rysk @ F); kla® f)(t) =1(a® f(t))
is the natural isometric isomorphism, then k(I, ® D) = D. O

PRroPOSITION 3.28. The adjoint of the adapted gradient acts isometrically on
LRy k@ F) = {f € PRk @ F) : f(t) = it (f ®2(0)) for ae. t € Ry}

Proof. We employ the Brownian interpretation of Fock space: let (e');c1 be a
basis for k and let L?(£2) be the Wiener space of a collection of independent standard
Brownian motions (B?);cy, so F = L*(Q;h) via the map k such that

ag(u) — az(u) := aexp(ZJ U dBi’—%J u? dt) for all a € h, u € L*(Ry; k),
iel "R+ Ry

where w;(t) := (e',u(t)) for all i € T and t € Ry. If a,b € h, v € L?(Ry;k) and

uw€ L2 (Ry;k@F) = L2, (R4 xQ; k), the L2-space of adapted Brownian functionals,

then

(0@ w, D(be(v)) = {a, HE jR+<u<s>,v<s>z,<vs>>ds]
= {(a,b)E JR Zul v; ( st}

= (4, b)E XH;E W dB’ <1+X%J : dB;)]

if desired, the issue of convergence may be finessed by choosing u such that w; is
non-zero for only finitely many ¢ € 1. Since

2
ZJ u; dB* —ZJ |ui|2dt:||u”%2(}?+;k)7

iel YR+ L2(Q iel

the map D*: a @ u — k! (a Yicl IR+ U; dB") is an isometry, as claimed. O
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REMARK 3.29. The two previous results may be deduced from the fact that
the adapted gradient is a partial isometry with initial space h ® Ce(0)* and final
space de(RJr; k ® F), which we learned from Lindsay; the Skorohod isometry [13,
Proposition 3.2] provides a short proof of this.

DEFINITION 3.30. Let

Bi F — u(Riska P (B0)0) = D= (g )

where L2 _ refers to functions which are locally square-integrable, and note that, if
a € h and u € L*(R;k), then

Dyae(u) = U(t) ® ae(uy)
for almost all t € R,..
NOTATION. Let Py dgnotg the orthogonal projection on k with range k and let
A = B ®I]f- If Ae B(k@f), let
A8 = ALAAJ‘, Ag = AJ‘AA, AOX = AAAT  and A% = AAA,

so that
A2 40
Ao ( 0 >
AO A><

with respect to the decomposition k@ F=Fa (k® F ). We extend this notation
to bounded k-processes in a pointwise manner.

NoraTiON. If Ry 3¢+ X(t) is Banach-space valued and Ry > ¢ — || X (t)]] is
measurable then, for all ¢ > 0,

t 1/p
e d (J 1xras) it € [1,00),

ess sup{|| X (s)| : s € [0,t]} ifp=occ.

DEFINITION 3.31. If Fisa E—process then
T,(F) := {0 € F : D,6 € D(F(s)) for almost all s € [0,¢] and ||6]|]" < oo},

where
10l = [|ALFDO|1; + | AFDO|s,,

is its domain of integrability on [0,]. (Measurability of [0,£] 5 s — F(s)D,6 follows
from Lemma 3.1.)

THEOREM 3.32. Let F' be a strongly p-adapted E—process. For all t > 0 there
exists a linear transformation [ F OA(t): Z,(F) — F such that

(4, J FoA(®R) = E (D6, F(s)D,0) ds (3.9)

for all ¢ € F and 0 € T,(F). If T,(F) and I,(F*) are dense in F for all t > 0 then
[ F OA is a strongly 0-adapted C-process, the O-adapted QS integral of F; if F is
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bounded and admissible, that is,

1F Nl = 11F e + 1F N2 + 12 + 1 F oo < 00 for all £ >0,

then [ F OA is a strongly 0-adapted, bounded C-process, the equality (3.8) holds
for all ¢,0 € F, and

H J'FaA(t)H < ||Fly forall t > 0.

Proof. 1ft>0,0 € Z,(F) and ¢ € F then, for almost every s € [0, ¢],

(E,¢, A*F(s)D,0)| + |(Dsd, AF(5)D,0)|
D,

(D¢, F(5)Ds8)| < | 0
< [l A E(s)Dsb|| + 1D 8|l |AF (s)Ds8]| =2 dy,0(s)

and dy ¢ lies in L'[0,¢]. Thus the right-hand side of (3.8) exists and has absolute
value dominated by |4 160]|F. The Riesz—Fréchet theorem implies the existence of
a unique vector ¥ € F such that ||¢| < ||€]|F and

r (Ds¢, F(s)D,0) ds = (¢,1) for all ¢ € F,
0

so existence of [ F OA(t)d is proven. If Z; (F) and Z; (F*) are dense in F for all ¢ > 0
then we have a process: measurability of [ F'OA follows immediately from (3.8) and
this equality also implies that ([ F9A)" D [ F*9A. To see that [ F OA is strongly
0-adapted, note that if 6 € Fand t >0 then

D,E,0 = D,0 for almost all s € [0,1],

so E,0 € Z,(F) if and only if § € Z,(F) and E; [ FOA()E, = [ FOA(t). Hence
J F 9A(t) is of the required form, by Proposition 3.19. Finally, if I is bounded and
admissible then Z,(F') = Z,(F*) = F for all ¢t > 0 and

lds.ollre < NIHIEGES 1o + Il 1FXDO] 1.
+ Dl | F5 O] 2.4 + |DPll2.t || F DIl
< ElellHIo1,

which gives the results claimed for this case. O

REMARK 3.33. As is immediate from the previous proof, the integral [ F oA
depends only on (F(t) [;®]j.t 1t > 0), so if E is the 0-adapted projection of F' then
[EOA = [ FOA. Vacuum adaptedness is the correct sort for the integrand, as the
next remark makes clear.

REMARK 3.34. The validity of the identity

t

<as(u),JF8A(t)b5(v)> _ J (u(s) @ as(u), F(s)o(s) @ be(w)) ds  (3.9)

0

is the key property of the quantum stochastic integral (perhaps expressed in an
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unfamiliar manner); it follows from (3.8) if F' is 0-adapted and has a suitable domain
because

(u(s) ® ae(uy), F(s)v(s) ® be(vs)) = (u(s) @ as(u), F(s)v(s) ® be(v)),

and this enables us to work with the bounded adapted gradient (as opposed to
the unbounded gradient operator V of the Malliavin calculus). The fact that 0-
adaptedness is not required in the proof of Theorem 3.32 corresponds to the fact
that (3.9) holds for this integral only if F' is 0-adapted.

THEOREM 3.35 (It6 product formula). If E and F are 0-adapted, bounded,
admissible k-processes, M = [ EOA, and N = [ F A, then

G =Ry >t (PF @ M(t)F(t)+ E(t)(P+ ® N(t)) + E(H)AF(t)

is a 0-adapted, bounded, admissible k-process and JEOA[FOA= [GOA.
Proof. 'This is a coordinate-free way of expressing a result in [6, §5], which
itself follows from the usual quantum It6 product formula for bounded processes

[2, Theorem 18; 13, Corollary 3.16] and the isomorphism between 0-adapted and
l-adapted quantum semimartingales [6]. O

4. Semimartingales

4.1. Vacuum-adapted semimartingales

LEmMMA 4.1. If H is a strongly p-adapted, self-adjoint H-process then, for all
s € R, (7" — T :t > 0) is a strongly p-adapted, bounded H-process with
uniformly bounded norm.

Proof. This follows immediately from Proposition 3.21. |

PROPOSITION 4.2. If A is a linear transformation in k ® F then

AFeDA) —FokeR) —keF () (0
01 Af,

is a linear transformation in k ® F and A* = A* if A is densely defined.

Proof. We write § = (g‘l)) et cetera. If A is densely defined then so is A and

) () = o = o= (1) 7 ()

for all & € D(A) and 1 € D(A*), so A* C A*. Conversely, if § € A* and ¢ = A*0
then

(61, A = (0, AY) = (,9) = (o, %o) + (d1,¢1) for all % € D(A).

Taking 1o = 0 and ¥y = ¢g shows that ¢9 = 0, so 6; € D(A*) and A*0; = ¢, and
therefore § € D(A*) with A*0 = ¢ = A*0, as required. U
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NoTATION. The ™ notation is used to mean four different things, each of which
refers to some form of extension with k replaced by k:

~ 1 ~
T = (m) € k for any vector x € k;

f: t— f/(?) for any k-valued function f;

D CE 10)) for the adapted gradient D;

Ao <8 S}) for any linear transformation in k ® F.

This should not cause confusion.

THEOREM 4.3. If H is a strongly 0-adapted, self-adjoint k-process and
Uy =1+ J(e“H — 1) OA fors€R, (4.1)

then, for all t > 0, the collection U(t) := (Us(t) : s € R) is a strongly continuous,
one-parameter unitary group.

Proof. Lemma 4.1, Theorem 3.32 and Theorem 3.35 show that U(¢) is a one-
parameter unitary group, for all ¢+ > 0. To see that Ry > s — U,(t) is weakly
continuous, let ¢,0 € F and note that

t

(¢, (Us, = Us,)(1)0)] < L (D g, (¢1710) — 2N, ) dr

t t
<\/J I%Wﬂ J(eie) — st 0D, G
0 0

) is strongly continuous on F for all 7 > 0 and

as Ry > s+ e H0
[[(ePs1 ) — giszH (YD 9)12 < 2||D,0||? € L1[0,t] for all 51,59 € R,

the dominated-convergence theorem gives the claim. Weak continuity implies strong
continuity for unitary groups and so the result follows. |

LEMMA 4.4. If F is a strongly 0-adapted, bounded k-process that has locally
essentially bounded norm then

JE@A(t) =D* (1o E)D forallt >0,
where 119, E acts pointwise on L?>(Ry;k® .7-:)
Proof. This follows immediately from Theorem 3.32. |

THEOREM 4.5. If H is a strongly 0-adapted, self-adjoint k-process, t > 0 and
K (t) is the generator of the unitary group

R, 5 s Uy(t) =1+ J(ef&’H — 1) OA(t),

then K(t) = J"PAI OA(t) and K is a strongly 0-adapted, self-adjoint C-process.
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Proof. If 6 € D(K(t)) then, by Lemma 4.4 and Proposition 3.28,

lim —D* #H _ ))DO exists in F
9%28 (Lo, (e )) DY exists in F

1 . ~
= lir% — (e — IDO exists in L([0,t];k @ F),
5—0 is
so there exist f € L2(]0,¢]; k®F) and a sequence (s,)>, C R\{0} such that s, — 0
and (e" () — 1D,/ (is,) — f(r) for almost all r € [0,t]. For such 7, Lemma 2.6
implies that D,8 € D(H(r)) and H(r)D,0 = f(r), so 6 € I,(H). Conversely, if
r > 0and ¢ € D(H(r)) then

ZSH(T)"ZJ 7#}
li H
lim — (r)¢
and, if s € R\ {0},
ei,sH(r elst _ 1 2 o
e I N R Tl
R

- | 222 s 0w < el

this inequality holds because 2(1 — cosz) < 22 for all z € R. Hence, if t > 0, ¢ € F
and 0 € T;(H) then

’<¢, (U(?S_I - JﬁaA(t)>9>
~|[ (oo ()0
< ||¢||2J; (BH()_I - H(r)>D,.e i

d 4.2
is " (4.2)
by the Cauchy—Bunyakovskii-Schwarz inequality and Proposition 3.27. Thus

2

2

0 e D(K(t)) and K(t)f = Jf[&A(t)&

if the final integral in (4.2) tends to zero as s — 0, but this follows from the
dominated—convergcncc theorem: the integrand converges to zero almost everywhere
n [0,t], by our initial working, and is bounded there by 4| H (r)D, 0||2, using the
result which follows that (and the fact that ||z — ylI? < 2(||z]|% + ||ly||?) for all z,y).
Since D(K(t)) = It(H) is dense and Z; (H) C T,(H) for all s < t, D(1pp.nK) is
dense for all ¢ > 0. Spectral measurability is immediate from the definition of K
and strong 0-adaptedness follows from Proposition 3.22. |

DEFINITION 4.6 [2, 5]. Let S and S; denote the algebras of regular quantum
semimartingales on F which are 1-adapted and 0-adapted, respectively: each M €
S U Sq is a bounded process admitting the representation M = [FdA or M =
J FOA, with F a bounded, admissible process which is either 1- or O-adapted.
Since M* = [ F*dA or M* = [ F* 9A, as appropriate, M is self-adjoint if and only
if F is self-adjoint almost everywhere. (The extension of S and Sg to a non-trivial
initial space is straightforward.)
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COROLLARY 4.7. If H and K are as in Theorem 4.5 and K1 = [ H; O\ € Sq
is self-adjoint then K + K, is a strongly 0-adapted, self-adjoint process and

K+ K, = J(fuﬂl)aA.

Proof. This is an immediate consequence of Theorem 4.5 and the Kato—Rellich
theorem [16, Theorem X.12]; measurability follows from Proposition 3.13. O

COROLLARY 4.8. If H is a strongly 0-adapted, self-adjoint k-process then

~

f(JﬁaA) = 1(0) + J(f(H) — £(0)) oA (4.3)

for any bounded, Borel-measurable function f: R — C.
Proof. TIf f € L'(R) is such that f € L*(R) then f is bounded and

F([Froa)w = £0) = o= | Fe)(e I 700 — 1 as

_L ~5 eisH_ s —: F:
_mJRf()J( 1V OA(t) ds =: F;

the result follows by exchanging the order of integration: if ¢, € F then
(5,7) = |f(s)(Dro, (#70) — 1D, 0)| < 2 f ()] D0 | D, 6] € L' (R x [0,1])

and
t

(6. F60) = —— J f<s>J (D6, (7" — IYD, 0) dr ds

V2r 0
[ L FayisHG) >
L <D,.<;S, W JR f(s)(e I)dsD,0 ) dr

- J (D6, (F(H(r)) — [(0))D,8) dr
- <¢7J(f(H) _FO)) aA<t>e>.

If (f,)92 is a sequence of Borel-measurable functions such that f, — f pointwise
and (]| fnlloo )22 is bounded then the dominated-convergence theorem implies that,
for any self-adjoint operator K,

(wn F(K)0) = Jim | (o), B 0) = i (. £, (o),

n—00

and so

(Dr o, (fu(H(r)) = £2(0))D;0) — (Dr ¢, (f(H(r)) — £(0))D:6)

for almost every r € R,. Hence the collection of bounded, Borel-measurable
functions for which (4.3) holds is a unital %-algebra closed under pointwise limits
of uniformly bounded sequences and containing {f € L'(R) : f € L'(R)}.
The smallest such algebra is the set of all bounded, Borel-measurable functions
f: R — C, as required. |
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4.2. HP-adapted semimartingales

DEFINITION 4.9 [3]. A strongly 1-adapted C-process M of closable operators
is the 1-adapted QS integral of the strongly 1l-adapted k-process F', denoted by
M = [FdA, if, for all t > 0, F; reduces M(t) and

M(t)fﬁ: J(F + B ®M) 8A(t>[]_-t,

where [(F + Px® M) OA is the 0-adapted integral of Theorem 3.32. If & C D(M)

then
¢

~

(ae(ug), M (t)be(vt)) = J (Dse(ur), (F+ P ® M)(s)ﬁss(vt)) ds

0

= L(ﬂ(s) ® ae(ug), F(s)v(s) @ be(vs)) ds

+ J. (u(s),v(s))(ae(us), M(s)be(vs)) ds
0

and it is a simple exercise to verify that
t

(as(u), M(H)be(v)) = L ((s) ® ae(u), F(s)5(s) ® be(v)) ds.

In particular, this definition agrees with the usual one in the case of regular quantum
semimartingales [2].

REMARK 4.10. If E is strongly l-adapted and M = [ EdA is its 1-adapted
integral then, if N and F are the 0-adapted projections of M and F, respectively,
N = [(F 4+ Bc® N) 9A. (More in this vein may be found in [6].)

ProrosiTiON 4.11. If H is a strongly 1-adapted, self-adjoint k-process then let
G be the 0-adapted projection of H and let

Us = I+J(6“G - I)AaA for all s € R.

If Vi, — I is the 1-adapted projection of Us — I then V; is a strongly 1-adapted,
unitary C-process and

V, = 1+J(e“H —I®V,) d\A forall s € R.

Proof. The process Uy is unitary, for all s € R, by Theorem 4.3, and therefore
Vs (t) is unitary for all (s,t) € R x R,:

Vi) =T+ 0 ((Us(t) = DIz @10 )i =0 (Us(0)] 2 @10, o))

so each Vj is a strongly 1-adapted, unitary C-process, as claimed. Furthermore, by
[6, Corollary 40],

~

Ve~ Dlg, = | (" =D =& (V.= D] dAlg

for the admissible subset S = lin{fe’ : f € L*(Ry),4 € I}, where (¢’ : i € I) is an
orthonormal basis for k; this holds because the 1-adapted projection of e — I is
e — I by Proposition 2.5. As Z; (e — I ® V,) = F for all t > 0, the result
follows. |
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THEOREM 4.12. If H and V are as in Proposition 4.11 and, for all t > 0,

K(t):=i (J HOA(t) 7 ® H[lt_,oo)ﬁ;
then
Vit) =1

K = g ==

where the limit is taken in the strong sense, and K is a strongly 1-adapted, self-
adjoint C-process such that, if D(1j+)(H — I ® K)) is dense in k® F for all t > 0,

K:J(H—I@K)AdA.

Proof. If U and G are as in Proposition 4.11 then
J@Z?A(t) - (JéaA(t) 7 ®H‘ftm))zt*,
SO f@BA(t) [ 7 is self-adjoint and, since G is the 0-adapted projection of ﬁ,

K@) =1, (J GoA(t)lz ® H[ltﬁoo))zt*.
By Proposition 2.5, this is the generator of
R3s 0 (Us(t) g @I )5 = Vi(1),

and the final result follows if H — I ® K is a k-process, which is an immediate
consequence of the domain condition. |

ExAMPLE 4.13. If H is a strongly 1-adapted, self-adjoint k-process such that
ko © & C D(H(t)) for all t > 0, where kg is a dense subspace of k and

Ry >t H(t)(u(t)®e(us)) € LE (Ry; k) forallu €S,
then ko ® & € D(H(t) — I ® K(t)) for all t > 0, since

D(K(t)) 2 D(J?I@A(f)rﬁ) OF D(MH)NF)OE D&, 0 EL = Es.

COROLLARY 4.9. If H and K are as in Theorem 4.12, with D(1}4)(H —I® K))
dense in k® F for allt > 0, and K; = J'Hl dA € S is self-adjoint then K + K1 is a
strongly 1-adapted, self-adjoint C-process and

K+ K, :J((H—I®K)A+Hl)dA. (4.4)

Proof. This is the same as for Corollary 4.7. |
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